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Abstract

This paper presents a novel diffuse-interface electrochemical model that simultaneously simulates the

evolution of the metallic negative electrode and interfacial voids during the stripping and plating

processes in solid-state batteries. The utility and validity of this model are demonstrated for the

first time on a cell with a sodium (Na) negative electrode and a Na-β′′-alumina ceramic solid elec-

trolyte (SE) separator. Three examples are simulated. First, stripping and plating with a perfect

electrode/electrolyte interface; second, stripping and plating with a single interfacial void at the elec-

trode/electrolyte interface; third, stripping with multiple interfacial voids. Both homogeneous SE

properties and polycrystalline SEs with either low or high conductivity grain boundaries (GBs) are

considered for all three examples. Heterogeneous GB conductivity marginally impacts the thickness

of the Na electrode in cases with a perfect electrode/electrolyte interface. Moreover, it results in local

changes to void growth due to the interactions between the void edge and the GBs. The void growth

rate is a linear function of the flux of Na atoms at the void edge, which in turn depends on the applied

current density. We also show that the void coalescence rate increases with applied current density

and can be marginally influenced by GB conductivity.

Keywords: Batteries, Electrodeposition - modeling, Interfacial voids, Theory and Modelling

1. Introduction

Since the 1990s, lithium (Li)-ion batteries (LIBs) have been the prevalent form of energy-storage

technology used in portable devices and electric vehicles [1, 2]. However, conventional LIBs with a
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graphite negative electrode are soon expected to reach their specific energy limit (∼ 250 Wh/kg) [3–5].

By replacing graphite with Li metal as the negative electrode, cells with higher specific energy (> 500

Wh/Kg) and voltage could be potentially realized because Li has ∼ 10 times higher specific capacity

(3861 mAh/g) than graphite (372 mAh/g); and has one of the lowest standard reduction potentials

(−3.04 V vs standard hydrogen electrode) [5–7]. However, the global reserves of Li are limited, and the

future cost of Li is expected to increase given the rising energy-storage demands [8, 9]. Batteries with

metallic sodium (Na) negative electrodes are an attractive alternative to Li metal batteries because

Na is more abundant and has a lower cost than Li and has a higher specific capacity (1166 mAh/g)

than graphite.

Batteries with metallic negative electrodes and ionically-conducting liquid electrolytes fail due to

dendrite-induced cell shortcircuiting [7, 10–12]. Another disadvantage of liquid electrolytes is that they

are highly flammable [1]. Substituting liquid electrolytes with ionically-conducting ceramic-based solid

electrolytes is a promising strategy to enable metallic negative electrodes and mitigate the fire risk

associated with LIBs. Consequently, all-solid-state batteries (ASSBs) with metallic negative electrodes

and ceramic-based solid-state electrolytes are considered a safer and promising alternative to LIBs [13].

Despite these advantages, ASSBs can fail due to void-induced dendrite formation at relatively

high cycling current densities [14, 15], making them unsuitable for fast-charging applications. Several

researchers have reported Na or Li dendrite penetration through the ceramic-based solid electrolyte

separators at cycling current densities that are well below the desired current densities required for fast-

charging applications [16–21] [22] [11], [23]. Recently, Kasemchainan et al. [19] pointed out two critical

current densities that are relevant in understanding dendrite formation during the cycling of ASSBs.

First is the critical current density for plating (CCP), above which cell failure invariably occurs due to

dendrite formation. Second is the critical current density for stripping (CCS), above which cell failure

occurs due to void-induced dendrite formation. Cycling above CCS inevitably leads to void formation

at the electrode/solid electrolyte separator interface. These voids increase the interfacial resistance

[24] and cause the current to get concentrated near the void edges. During subsequent charging cycle,

these current density hotspots induce dendrite formation as the local current density may well exceed

CCP [19], [21] [25–27]. Consequently, the CCS determines the maximum cycling current density below

which ASSBs can be safely cycled without dendrite formation [28]. Thus, understanding factors that

mitigate void formation and increase CCS can help design practical and fast-charging ASSBs.

Several experimental groups [14, 15, 28–31], including Kasemchainan et al. [19], have suggested
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factors that enhance CCS in ASSBs with metallic electrodes. One is applying an increased stack

pressure on the metallic negative electrode as it suppresses void growth due to creep deformation.

Another factor that helps reduce void formation is using alkali metal electrodes with lower creep

resistance, such as Na or potassium [32]. This explains why Na-metal ASSBs typically exhibit higher

CCS than Li-metal ASSBs for a given applied stack pressure and temperature [15]. For instance, Jolly

et al. [28] reported CCS to be around 1.5 − 2.5 mA/cm2 at room temperature in an ASSB with a

Na negative electrode and a Na-β′′-alumina ceramic solid electrolyte separator when cycled under a

stack pressure of 4 − 9 MPa. Although these factors are useful indicators in mitigating void growth,

a quantitative understanding of the impact of metallic electrodes and solid electrolyte properties on

void evolution is still lacking.

Moreover, atomistic [33, 34] and continuum scale [35–37] models have been proposed in the liter-

ature to understand void formation and growth in ASSBs. However, these works have been applied

only to Li metal batteries. For instance, Yang et al. studied the impact of adhesion energy and pres-

sure on void formation in a Li-metal/Li7La3Zr2O12 (LLZO) cell using large-scale molecular dynamics

simulations. Their results suggest strong interface adhesion and high pressure mitigate void formation

during stripping [33]. At the continuum scale, Zhao et al. [36] used the phase-field method to simulate

the evolution of micron-sized single and multiple interfacial voids in a Li/LLZO cell. Consistent with

experimental observation [19], they showed that an interfacial void grows during stripping and shrinks

during plating preferentially along the electrode/solid electrolyte interface. Agier et al. [35] used a

sharp-interface approach to show that sufficient Li flux concentration is required for void growth to

occur during stripping in a Li/LLZO cell. Barai et al. [37] showed the impact of both bulk and sur-

face diffusion of Li on void growth in a Li/LLZO cell. One limitation of these works is that they all

assume a homogenous solid electrolyte separator. Typical solid electrolyte separators in ASSBs are

polycrystalline, consisting of grain boundaries (GBs) with an ionic conductivity higher or lower than

the grain interior [38–41]. These GBs are believed to provide paths for dendrite propagation in ASSBs

[16, 42, 43]. Thus, quantifying the impact of GB transport properties on interfacial void evolution is

essential.

Another aspect missing from these continuum-scale models is the shrinkage and expansion of the

negative electrode that occurs during the stripping and plating of an ASSB. The thickness of the elec-

trode changes because of the movement of the electrode/electrolyte interface at a rate proportional to

the interfacial current density [44]. Capturing the movement of the electrode/electrolyte interface while
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simultaneously considering the inhomogeneities at this moving interface is numerically challenging. To

overcome this issue, Narayan and Anand [45] proposed a mechanics-based model that simulates the

shrinkage and growth of the negative electrode using a hypothetical interphase layer between the Li

metal and the LLZO solid electrolyte with a perfect interface with no voids. Alternatively, Jang et

al. [46, 47] introduced a phase-field model similar to immersed-interface approaches to simulate the

evolution of Li negative electrode with a liquid electrolyte by explicitly considering the moving sharp

interface condition at the electrode/electrolyte interface. Since they model a liquid electrolyte, their

approach assumes that the electrode/electrolyte interface remains perfect during stripping and plating.

This work presents a novel phase-field model that can simultaneously simulate the evolution of

metallic negative electrodes and interfacial voids in an ASSB. Furthermore, we consider homogenous

and polycrystalline solid electrolytes with low-conductive and high-conductive GBs. Although phase-

field models considering solid-electrolyte GB properties exist in the literature [42], these models neither

consider the evolution of interfacial voids nor that of the negative electrode. Moreover, contrary to

previous works, we apply our model to an all-solid-state cell with a Na negative electrode and Na-

β′′-alumina ceramic solid electrolyte separator. To the best of our knowledge, stripping and plating

of a Na metal solid-state cell has never been simulated. Our goal in this work is twofold. First, to

model the shrinkage and growth of the metallic negative electrode during stripping and plating under

an applied current density, assuming a perfect electrode/electrolyte interface. Second, to model the

evolution of interfacial voids while simultaneously considering the volume change occurring in the

negative electrode. In addition, we report on the impact of solid electrolyte GBs on the evolution of

the metallic negative electrode and interfacial voids.

This paper is organized as follows. In Section 2, we formulate a multi-phase-field model and provide

the governing equations with the interfacial and boundary conditions. In Section 3, we parameterize the

model to simulate a cell with a Na negative electrode and a Na-β′′-alumina solid electrolyte separator.

In Section 4, we use three test cases in each subsection to demonstrate the utility and validity of our

model. These subsections are subdivided into a homogeneous solid electrolyte case and polycrystalline

solid electrolyte cases with low-conductive and high-conductive GBs. In Section 5, we finish with some

concluding remarks and indicate possible future directions.
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2. Formulation

We aim to model two processes occurring in a solid-state cell with a metallic negative electrode.

First, we want to simulate the shrinkage and growth of the metallic negative electrode during stripping

and plating, assuming a perfect contact between the electrode and the solid electrolyte separator.

Second, we want to introduce initial voids at the electrode/electrolyte interface and simulate their

evolution during stripping and plating while concurrently simulating the evolution of the metallic

negative electrode. We assume that void nucleation has already occurred and focus only on void growth

and shrinkage. We then wish to use this model to quantify the impact of applied current density and

solid-electrolyte grain boundary diffusivity/ionic conductivity on (i) deposition and depletion rates and

(ii) void migration and coalescence rates during electroplating and stripping.

In this work, we use the phase-field approach to simulate the shrinkage and growth of the metallic

negative electrode during stripping or plating since it does not require explicitly tracking the moving

interface. Specifically, we introduce an “auxiliary” phase into our model representing the empty

space that is sandwiched between the metallic negative electrode and the current collector using a

spatially-varying phase-field variable field, ξa (Fig. 1a). Note that we do not explicitly represent the

current collector for simplicity. Likewise, the negative electrode is modeled using a variable field, ξm.

These variables equal 1 in their corresponding phases and 0 elsewhere. They smoothly vary across

a submicron-thick diffuse aux/electrode interface region, loosely indicated by a grey dotted line in

Fig. 1a. On the other hand, the solid electrolyte does not change and the electrode/electrolyte interface

is modeled as stationary and sharp, as indicated by a solid purple line in Fig. 1a. Consequently, the

negative electrode grows or shrinks at the cost of the auxiliary phase due to the movement of this diffuse

aux/electrode interface instead of the electrode/electrolyte interface, as is done in electrochemical

models with liquid electrolytes [44, 46, 47]. This is shown schematically in Fig. 1b.

Moreover, the interfacial voids are modelled using a variable field, ξv, that equals 1 in a void and 0

elsewhere. A dotted blue line indicates the diffuse void/electrode interface in Fig. 1a. Note the voids

are purposefully placed at the electrode/electrolyte interface, as shown by experiments [19], [28]. Thus,

these voids act as barriers to the migration of metal ions across the electrode/electrolyte interface dur-

ing stripping or plating. Our approach to model voids resembles that of Zhao et al. [36]. Nevertheless,

unlike their approach, our model can capture both void migration and the evolution of negative elec-

trodes simultaneously during stripping or plating without explicitly tracking the electrode/electrolyte

interface. Further, unlike [36], we also consider the impact of solid electrolyte grain boundaries on
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void evolution. We employ the phase-field approach to model these grain boundaries, as indicated by

dotted red lines in Fig. 1a. We assume these boundaries to be static since we simulate stripping and

plating near room temperature (300 K).

We divide our simulation domain into two subregions, as shown in Fig. 1. One region, referred

to as Ωed, contains the negative electrode and auxiliary phases, which we simulate with or without

void(s). The other region corresponds to the solid electrolyte separator, referred to as Ωel. The static

electrode/electrolyte interface lies between these two subregions and is indicated as Γed/el in Fig. 1a.

The following subsections provide the electrode/electrolyte interfacial conditions and the governing

equations in the two subregions. The governing equations are derived for a generic pure alkali metallic

negative electrode. We hereafter refer to the diffusing metal atoms by the letter M . During strip-

ping, the metal atom oxidises at the electrode/electrolyte interface as M(ed) → Mz+

(el) + ze−(ed) .

Subsequently, the metal cation Mz+

diffuses through the solid electrolyte separator domain into the

positive electrode. These cations migrate in the opposite direction during plating and reduce at the

electrode/electrolyte interface. For simplicity, we use a half-cell model and do not mesh the positive

electrode.

electrode/electrolyte 
interface

𝜉 !
=
1

au
x/

el
ec

tr
od

e 
in

te
rf

ac
e

SE GBs 

void/electrode
interface

𝒙

𝒚

𝛀𝒆𝒅

𝚪𝒆𝒅/𝒆𝒍

𝛀𝒆𝒍

𝚪𝑳 𝚪𝑹

Auxiliary
phase

Metallic negative 
electrode

Solid electrolyte (SE)
𝜉( = 1 𝜉) = 1

𝑴𝒛"

C
ur

re
nt

 c
ol

le
ct

or Positive electrode

𝒏𝑹
𝒏𝒆𝒅/𝒆𝒍

𝑒*

𝑗!!"
"# = 0

(a)

Au
xi

lia
ry

ph
as

e

SE GBs 

𝛀𝒆𝒍

Au
xi

lia
ry

ph
as

e

𝛀𝒆𝒅

𝑀! flux

Metallic negative 
electrode

Metallic negative 
electrode

SE GBs 

aux/electrode interface 
at time 	𝑡 = 0	

aux/electrode 
interface after 

stripping for time
𝑡 > 0

(b)

Fig. 1. Schematics demonstrating the functioning of our model, where (a) shows how the domain is subdivided
into two subregions: Ωed containing the negative electrode and Ωel representing the solid electrolyte separator.
The grey and blue dotted lines mark the diffuse aux/electrode and void/electrode interfaces, respectively. The
sharp electrode/electrolyte interface is marked with a solid purple line. Note that the flux of metal cation
(jel

Mz+
) is zero along the void/electrolyte interface. (b) The shrinkage of the negative electrode during stripping

due to the movement of the aux/electrode interface under an applied current density.
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2.1. Negative electrode and auxiliary region with a void

We must first define an energy functional to derive the evolution equations for the phase-field

variables representing the metallic negative electrode, auxiliary phase and void. This work follows the

grand-potential-based phase-field formulations [48, 49] and can be regarded as a special case of the

general phase-field model proposed by Aagesen et al. [50], incorporating three phases and one diffusing

component. Furthermore, our formulation is similar to a recent electrochemical molten salt corrosion

model [51]. These formulations assume that the phases have equal diffusion potential in the diffuse

interfacial regions but have different phase compositions, similar to the Kim-Kim-Suzuki model [52].

This assumption is important because it separates the interfacial and bulk driving forces required to

model microstructures at the micrometer length scales [48]. Specifically, the grand-potential functional,

Ψed, is defined as

Ψed =

∫
Ωed

∑
p=

a,m,v

α

2
(∇ξp)

2
+m


∑
p=

a.m,v

(
ξ4p
4

−
ξ2p
2

)
+ 1.5

(
ξ2aξ

2
m + ξ2aξ

2
v + ξ2mξ2v

)
+

1

4

+ ωed
bulk

 dV

in Ωed,

(1)

where α is the gradient-energy coefficient, m is the barrier height, and ωed
bulk is the bulk grand potential

density. α and m are calculated using the interfacial energy γ and interface width lw according to the

relations [53]: α = (3/4)γlw and m = 6.0 (γ/lw). The bulk grand potential density is defined as:

ωed
bulk =

∑
p=

a.m,v

hed
p ωp = hed

a ωa + hed
mωm + hed

v ωv in Ωed, (2)

where ωa, ωm and ωv are the bulk grand potential densities of the auxiliary, negative electrode and

void phases, respectively. The bulk grand potential density of a given phase is defined as [48]:

ωp(µ
ed
M ) = fp(µ

ed
M )− µed

M

cpM (µed
M )

vm
, p = a,m, v in Ωed, (3)

where vm is the molar volume of the metal, µed
M (x, t) is the diffusion potential of the metal M in the

region Ωed, fp=a,m,v(µ
ed
M ) and cp=a,m,v

M (µed
M ) are the free energy densities and phase mole fractions of

the auxiliary phase, metallic negative electrode, and the void, respectively. Note that these properties

are functions of the metal diffusion potential because it is the independent variable in a grand-potential-
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based model [48]. hed
p is the interpolation function, which is defined as follows [53]:

hed
p =

ξ2p
[ξ2a + ξ2m + ξ2v ]

, p = a,m, v in Ωed (4)

By taking the variational derivative of Eq. (1) and using the Allen-Cahn equation [54], it follows that

the phase-field variables ξp=a,m,v evolve according to:

∂ξp
∂t

+ Lϕ

m
ξ3p − ξp + 3ξp

∑
q=a,m,v

q ̸=p

ξ2q

− α∇2ξp +
∑

q=a,m,v

∂hed
q

∂ξp
ωq

 = 0 p = a,m, v in Ωed,

(5)

where Lϕ denotes the phase-field kinetic coefficient assumed to be a constant and equal for all phases

for simplicity.

We assume that the flux of metal atoms in the region Ωed, i.e., j
ed
M , is directly proportional to the

gradient in the diffusion potential of the metal atoms. This yields:

jedM = −

[(
hed
a Ma + hed

mMm + hed
v Mv

)
vm

∇µed
M

]
in Ωed, (6)

where Ma, Mm and Mv denote the mobilities of the metal in the auxiliary phase, negative elec-

trode and void, respectively. Further, these mobilities are related to the diffusivities using the re-

lation Mp = Dp
MdcpM/dµed

M , where dcpM/dµed
M is the inverse of the thermodynamic factor or suscepti-

bility [48] of phase p. The thermodynamic factor of a phase p is defined as the second derivative of

the free energy density of a phase with respect to the phase mole fractions [55] and is denoted as

dµed
M/dcpM = vmd2fp/(dcpM )2. Moreover, it should be noted that Eq. (6) in the bulk of the negative

electrode, i.e., ξm = 1, reduces to jedM

∣∣∣
ξm=1

= − (Dp
M/vm) ∇cedM

∣∣
ξm=1

(see Appendix A.1), that is the

flux of metal species is directly proportional to its concentration gradient. This shows that our flux

relation is identical to other approaches if metal diffusion inside the electrode is considered (see, for

instance, [56–58]). Moreover, the flux in Eq. (6) must obey the mass conservation equation, which

reads:

1

vm

∂cedM
∂t

+∇ · jedM = 0 in Ωed. (7)

We, however, do not directly solve for Eq. (7). Several grand-potential-based phase-field formalisms
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[48, 59–61] have formulated an evolution equation for diffusion potential from Eq. (7). In this work,

we take a similar approach. Thus, Eq. (7) may be equivalently written as follows (see Appendix A.2

for the derivation):

∑
p=

a,m,v

dcpM
dµed

M

hed
p

vm

 ∂µed
M

∂t
+∇jedM +

∑
p=

a,m,v

( ∑
q=a,m,v

∂hp

∂ξq

∂ξq
∂t

)
cpM
vm

= 0 in Ωed, (8)

Thus, we obtain the diffusion potential of metal in the region Ωed by solving Eq. (8) in combination

with the flux relation Eq. (6).

Moreover, we assume that electrons are the sole charge-carrying species in the auxiliary phase,

negative electrode, and void region. Thus, Ohm’s law gives the electric current density in the region

Ωed, i.e., i
ed:

ied = −
(
σah

ed
a + σmhed

m + σvh
ed
v

)
∇ϕed in Ωed, (9)

where σa, σm and σv are the electronic conductivities of the auxiliary phase, metallic negative electrode,

and void phases, respectively, and ϕed is the electric potential in the region Ωed. Since charge must

be conserved, the electric potential is obtained by solving the charge conservation equation assuming

that there are no free charges in the region Ωed, which yields [58]:

∇ · ied = 0 in Ωed. (10)

It is important to note that, although the governing equations for the diffusion potential and the

electric potential are not directly derived from the grand-potential functional, Ψed[ξp, µ
ed
M ], this does

not render our model non-variational. The functional is dependent only on the phase-field variables

ξp=a,m,v and the diffusion potential of metal atoms in the electrode µed
M . The variational derivative

with respect to these variables results in Eqs. (5) and (A.2), thereby ensuring that the model is varia-

tional. Equation (A.2) is incorporated into the final form of the mass conservation equation, specifically

Eq. (8). The mass conservation equation, Eq. (7), and the constitutive equation for mass flux, Eq. (6),

are independent equations that are not derived from the minimization of an energy functional. This

assertion is equally valid for the charge conservation equation, Eq. (10), and the constitutive equation

for current, Eq. (9). Furthermore, unlike Refs. [51, 59, 62], our formulation ignores the electrostatic

energy contribution to the energy functional. This is because, within each electrode phase, the charge
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density is zero (ρed = 0) since the metal atoms are the sole diffusing species in the electrode.

2.2. Solid electrolyte separator region

We model the solid electrolyte separator as a single-ion conductor and ignore any concentration gra-

dient because Na-β-alumina solid electrolytes generally exhibit a transference number close to unity

[63, 64]. Consequently, we solve only the charge conservation equation inside the solid electrolyte.

Ignoring free charges, the charge conservation equation may be written as [36] [58] [46]:

∇ · iel = 0 in Ωel, (11)

where iel is the ionic current density in the solid electrolyte. As we ignore concentration gradients in

the solid electrolyte, the ionic current density is simply given by Ohm’s law [58], [46]:

iel = −
[
κel
g (h

el
g − hel

gb) + κel
gbh

el
gb

]
∇ϕel in Ωel, (12)

where ϕel is the solid electrolyte electric potential, κel
g and κel

gb are the ionic conductivities of the grain

and grain boundary, respectively. The interpolation functions, hel
g and hel

gb, denote the solid electrolyte

grains and the grain boundaries, respectively. Specifically, we assume that these functions take the

following form [65]:

hel
g =

∑Ng
i=1(ξ

el
gi)

2∑Ng
i=1(ξelgi)

2 , hel
gb = 16

∑Ng

i=1

∑Ng

j>i

(
ξelgi
)2 (

ξelgj
)2

in Ωel, (13)

where ξelgi represents an order parameter, which assumes a value of 1 inside the grain, varies smoothly

across the interfaces and is 0 elsewhere in the bulk. The subscript i indicates a single grain g of the solid

electrolyte and Ng is the number of solid electrolyte grains. As we aim to study stripping and plating

near room temperature, we assume that the grain boundaries of the solid electrolyte are stationary,

that is, ∂ξelgi/∂t = 0 for all i.

2.3. Interfacial and boundary conditions

Similar to Zhao et al. [36], we assume the current density and electric potential are continuous at
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the electrode/electrolyte interface. This yields the following equations:

ied
∣∣∣
Γed/el

ned/el = iel
∣∣∣
Γed/el

ned/el, (14)

ϕed
∣∣
Γed/el

= ϕel
∣∣
Γed/el

, (15)

where ned/el is the unit normal at the electrode/electrolyte interface that points from the electrode

to the electrolyte (Fig. 1a). Equation (15) implies that our model does not consider charge transfer or

activation overpotential at the electrode/electrolyte interface.

Moreover, the flux of metal cations, jel
Mz+ , in the solid electrolyte must be related to the ionic

current density
(
iel
)
by Faraday’s law, that is, jel

Mz+ = iel/zF [58], where F is the Faraday constant

and z is the charge number. Thus, mass conservation at the electrode/electrolyte interface gives:

jedM

∣∣∣
Γed/el

ned/el = jel
Mz+

∣∣∣
Γed/el

ned/el =
(
iel/zF

)∣∣∣
Γed/el

ned/el =
ielx |Γed/el

zF , (16)

where ielx
∣∣
Γed/el

is the x component of the solid electrolyte current density. Strictly speaking, the current

ielx , and thus the flux of metal cations jel
Mz+ , must be zero at the void/electrolyte interface because no

electrochemical reaction, i.e. M(ed) → Mz+

(el) + ze−(ed), occurs at this interface [36]. However, the

flux at the void/electrolyte interface may not always be exactly zero because the conductivity of the

void phase is not exactly zero in our model (Table 1). In our simulations, we found that this leads to

poor numerical convergence and causes the metal concentration cedM in the void to be significantly lower

than zero during stripping. Therefore, to avoid this issue, we multiply the current ielx by (1− ξv|Γed/el
),

where ξv|Γed/el
is the void phase field variable at the interface Γed/el. This ensures that the flux is

always zero along the void/electrolyte interface. In addition, the electric potential is set to zero at the

leftmost boundary, ΓL, which indicates the electrode/current collector interface (Fig. 1a):

ϕed
∣∣
ΓL

= 0. (17)

To simulate galvanostatic charging/discharging conditions, we apply a current density iapp at the

rightmost solid electrolyte separator boundary as follows:

iel
∣∣∣
ΓR

nR = iapp, (18)
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where nR is the unit normal at the rightmost solid electrolyte separator boundary. Except for this

non-homogenous natural boundary condition, we assume zero flux boundary conditions at all external

surfaces for all variables.

It is worth noting that it is possible to develop a unified grand-potential model for the entire sys-

tem, specifically Ωed +Ωel, by assuming the electrode/electrolyte as a diffuse interface and considering

the electrolyte as a distinct phase within the system, as demonstrated in Refs. [59], [51], [66]. The

obvious advantage of such a formulation is that it obviates the need to explicitly enforce the interfacial

boundary conditions at the electrode/electrolyte interface, specifically Eqs. (14) – (16). However, a

potential drawback would be that the concentration/diffusion potential evolution equation within the

electrolyte domain has to be solved, thus requiring additional input parameters, such as the free energy

density for the solid ceramic electrolyte and ion diffusivities. Given the experimental evidence [63, 64]

that β-alumina solid electrolytes are single ion conductors with a transference number approaching

unity, solving the concentration evolution equation along with the charge conservation equation would

render the model unnecessarily complex because no concentration or diffusion potential gradients can

emerge within the solid electrolyte. Another potential limitation is the difficulty in explicitly enforcing

the electrochemical boundary conditions at the interface, particularly Eq. (16); even though there are

phase-field models [67, 68] capable of explicitly enforcing such interfacial boundary conditions.

3. Numerical method and model parameters

Equations (5), (8), (10), and (11) are the governing equations of the model in the two subregions

Ωed and Ωel. The variables in the two subregions are connected through the interfacial conditions at

the electrode/electrolyte interface, i.e., Eqs. (14), (15) & (16). We have implemented these equations

in the Multiphysics Object-Oriented Simulation Environment (MOOSE) framework, an open-source

finite-element-based software [69]. We use the phase-field module in MOOSE [70, 71] to implement

the governing equations. We apply a Newton solver with a LU preconditioner to solve these equations

implicitly in MOOSE. An adaptive time-stepping scheme is employed to reduce the computation time.

The relative and absolute tolerances for convergence are set at 10−8 and 10−9, respectively. For

numerical convergence reasons, the equations are non-dimensionalized. The dimensionless forms of

these equations are provided in Appendix A.3.

To illustrate the utility of our model and verify its implementation, we parameterize the model for

a pure metallic Na negative electrode and a Na-β′′-alumina (NBA) ceramic solid electrolyte separator.
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The properties and parameters we use in the model are shown in Table 1. As Table 1 shows, two

parameters related to the interfacial properties of the aux/electrode and void/electrode interfaces are

assumed in this study. The first is the interface width, which is an independent parameter chosen to en-

sure that the computational costs of the simulations remain feasible [48]. The second is the phase-field

kinetic coefficient Lϕ, which is known to influence the rate of void evolution [36]. In this study, this

parameter was selected so that the evolution of the electrode or void is diffusion-limited rather than

reaction-limited. However, this parameter can be optimized in future studies while comparing model

predictions such as cell failure time and void/pore depth against experimental data, as in Ref. [37].

Next, we discuss the chemical grand potential densities defined in Eq. (3). For simplicity, we assume

that the chemical free energies of the auxiliary phase, Na negative electrode, and void have parabolic

forms, i.e., fp = Ap/2(cpNa−ceq,pNa )2 for p = a,m, v. Using this expression, the chemical grand-potential

densities in Eq. (3) may be expressed as: ωp = −
[(
µed
Na

)2
/
(
v2mAp

)
+
(
µed
Nac

eq,p
Na

)
/vm

]
(see Section S.1

of the Supplementary Information). For each phase in Ωed, two parameters are required to calculate

these grand potential densities: i) the equilibrium mole fractions of Na, ceq,pNa , and ii) the parabolic

coefficient Ap. The numerical values of these parameters are provided in Table 1. Note that dilute or

ideal solution-free energy expressions could also be used to model these phases. However, employing

logarithmic functions for phases with dilute concentrations leads to numerical convergence issues [72],

and therefore we use parabolic expressions.

We assume that the Na concentrations in the auxiliary phase and void are negligible compared

to the electrode. Specifically, the equilibrium mole fractions of Na in the auxiliary phase and void

c
eq,a/v
Na are both chosen to be 10−8. The equilibrium mole fraction of Na in the metal phase ceq,mNa is

obtained from the equilibrium vacancy concentration ceqv using ceq,mNa = 1− ceqv . Moreover, since there

is no experimental data to fit the parabolic free energies, the parabolic coefficients Ap of the auxiliary

phase, negative electrode, and void are chosen to be high enough to ensure Na concentrations inside

these phases do not deviate significantly from their equilibrium values during stripping or plating. This

assumption is similar to modelling stoichiometric compound phases in phase-field models [72, 73]. Nev-

ertheless, we found that the assumed value of Ap cannot be arbitrarily high (say 103 times higher than

the values reported in Table 1), because it causes instability in the phase-field variable representing

the void phase, which is demonstrated in Section S.13 of the Supporting Information.

The 0 V boundary conditions should be applied at the auxiliary/electrode interface. However,

applying a boundary condition at the moving diffuse interface requires changes to the model formulation
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[67]. To simplify the model, we apply the 0 V boundary condition at the left boundary and assume that

the electronic conductivity in the auxiliary phase equals the Na negative electrode, i.e., σa = σm. The

electronic conductivity of the void phase is taken to be nearly 10−14 times smaller than that of the Na

negative electrode. The ionic conductivities of the NBA solid electrolyte grains and grain boundaries

are calculated from an Arrhenius-type equation [74], i.e., κel
p = (Kp/T )e

−Ep/kBT , where p = {g, gb}. It

has been found that the ionic conductivity of NBA grain boundaries is usually lower than that in the

grain interior [74]. Nevertheless, it has been reported that the grain boundary conductivity of ceramic

solid electrolytes may be enhanced by surface modification [41, 75]. Thus, we also consider a scenario

where the grain boundary conductivity is 10 times higher than in the grain interior. Moreover, for

simplicity, the Na diffusivity in the auxiliary phase is assumed to be equal to that in the negative

electrode, i.e., Da
Na = Dm

Na. In the void regions, the Na diffusivity is set to 0 (Table 1). It is worth

noting that this study assumes a single-crystal Na electrode. However, polycrystalline metallic elec-

trodes having high-grain boundary diffusivity may enhance the diffusivity of Na within the electrode,

as modelled in Ref. [76]. Future studies may extend our model to further investigate this aspect.

The aux/electrode and void/electrode interfaces have a fixed width lw of 0.5 µm. Note that this is

also the assumed grain boundary width of the static solid electrolyte grain boundaries. The assumed

width is significantly smaller than the mean solid electrolyte grain size, yet almost 103 times higher

than the physical interface width. This results in significantly faster GB transport in the model than

would occur in the real system. To compensate for the wide GBs, the GB conductivity can be reduced,

as shown in Ref. [65].

We model the behavior in 2D to reduce the computational cost, though the actual void and GB

structures are 3D in a real material. The grid spacing ∆x is one-third of the interface width to resolve

the interface regions accurately. The simulation domain is 50 µm thick, while the solid electrolyte

separator is 18.5 µm thick along the x-axis in all the simulations. The domain is 80 µm wide along the

y-axis. The simulations are performed on a uniform finite element mesh generated within MOOSE. The

2D mesh is discretized using four-noded quadrilateral elements. The solid electrolyte microstructure

is synthetically generated in MOOSE using a Voronoi tessellation and is shown in Fig. S4 of the

Supporting Information.
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Table 1
Model and numerical parameters used to perform the simulations.

Parameter Value Units Refs.
Constants
T 300 K —
R 8.314 J/(mol K) —
F 96487 C/mol —
z 1 — —
kB 8.62× 10−5 eV/K —
vm 23.78 cm3/mol —

Interfacial properties
γ 0.22 J/m2 [77]
lw 0.5 µm —
α (3/4)γlw J/m [53]
m 6.0 (γ/lw) J/m3 [53]
Lϕ 10−4 m3/Js —

Auxiliary-Na-electrode-void
ceqv e−2.0e−0.157/kBT [78]
ceq,aNa , ceq,mNa , ceq,vNa 10−8, 1− ceqv , 10−8 — —
Aa/fc, A

m/fc, A
v/fc 310, 11, 310 — —

Dm
Na 6.33× 10−13 m2/s [79]

Dv
Na 0 m2/s —

Da
Na 6.33× 10−13 m2/s —

σm 2.1× 105 S/cm [80]
σv 2.1× 10−9 S/cm —
σa 2.1× 105 S/cm —

Na-β′′-alumina solid electrolyte separator
Eg 0.20 eV [74]
Egb 0.35 eV [74]
Kg 8.537× 103 (S K)/cm [74]
Kgb 4.786× 103 (S K)/cm [74]

κel
(g or gb)

[
K(g or gb)/T

]
e−E(g or gb)/kBT S/cm

Non-dimensionalization and mesh
∆x lw/3.0 µm —
lc 1× 10−9 m —
τ l2c/D

m
Na s —

fc RT/vm J/m3 —
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4. Results and discussion

In this section, we show the utility of our model by simulating three cases. First, we show the evo-

lution of the negative electrode during stripping and plating, assuming a perfect electrode/electrolyte

interface. Second, we simulate stripping and plating, assuming a single interfacial void exists at the

electrode/electrolyte interface. Finally, we consider the case in which multiple interfacial voids form

at the electrode/electrolyte interface. To assess the impact of GBs, each of these cases is subdivided

into two subcases: one with a homogenous solid electrolyte (SE) and another with polycrystalline SEs

with low-conductivity and high-conductivity grain boundaries (GBs).

4.1. Perfect electrode/electrolyte interface

4.1.1. Stripping and plating simulations with a homogeneous SE

We first simulate the shrinkage and growth of a metallic sodium (Na) negative electrode in perfect

contact with a homogeneous SE during stripping and plating for different applied current densities.

For validation, we compare our depletion/deposition rates with a sharp interface model [44]. We define

the applied current density during stripping or discharge as positive. The applied current density has

the same magnitude during plating, but it has the opposite sign. The starting thickness of the negative

electrode is 28.6 µm and 5.6 µm during stripping and plating, respectively. All stripping and plating

simulations are performed for a duration of 3 h.

Figure 2a depicts the shrinkage of the Na negative electrode during stripping for an applied cur-

rent density of 0.5 mA/cm2 at 0.5 h, 1.5 h, and 3 h. The diffuse aux/electrode interface moves to

the right, causing the negative electrode to shrink during stripping (see also Supplementary Video

S1 in the Supporting Information), while the sharp electrode/electrolyte interface remains stationary.

Furthermore, we track the position of the moving aux/electrode interface (ξm = 0.5) in the x direction

over time to quantify the electrode shrinkage rate. Fig. 3a shows that the negative electrode thickness

decreases linearly with the stripping time for any applied current density. The slopes or the depletion

rates obtained after linear fitting are shown in Fig. 3a and Table 2. These depletion rates are roughly

proportional to the applied current density. Thus, the electrode thickness decreases with increasing

applied current density after stripping for 3 h, as shown in Fig. 4a.

Figure 2b shows the growth of the Na negative electrode during plating or charging for an applied

current density of −0.5 mA/cm2 again at 0.5 h, 1.5 h and 3 h. In contrast to stripping, the diffuse

aux/electrode interface moves incrementally to the left, causing the growth of the negative electrode
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Fig. 2. (a) Stripping and (b) plating simulations with a perfect electrode/electrolyte interface and a homo-
geneous SE separator at three different times under an applied current density magnitude of 0.5 mA/cm2

magnitude. Ωed is shaded by the Na concentration and Ωel by the ratio of the local current density to the
applied current density.
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Fig. 3. The variation in the Na electrode thickness with time during (a) stripping and (b) plating. In (a) and
(b), the black markers labelled (i)–(iii) correspond to the microstructures shown in Figs. 2a and 2b. Values of
the slopes obtained by linear fitting the curves are shown in (a) and (b).

Table 2
Depletion and deposition rates during stripping and plating calculated using the sharp-interface electrochemical
model [44] and our predicted values. The predicted depletion and deposition rates were obtained by linearly
fitting the simulated curves shown in Figs. 3a and 3b, respectively.

iapp [mA/cm2] ±0.1 ±0.2 ±0.3 ±0.5

Sharp[µm/h] ∓0.885 ∓1.770 ∓2.655 ∓4.425
StrippingThis paper [µm/h] −0.854 −1.731 −2.620 −4.431
PlatingThis paper [µm/h] +0.865 +1.732 +2.583 +4.273

during plating (see Supplementary Video S2 in the Supporting Information). As in stripping, we again

calculate the Na negative electrode thickness over time by tracking the aux/electrode interface. Fig. 3b

shows that the electrode thickness increases linearly with the plating time, and the slopes, i.e. the de-

position rates, are shown in Fig. 3b and Table 2. This implies that the final thickness of the electrode

increases with increasing magnitude of applied current density (Fig. 4b).

For validation, Table 2 shows the depletion/deposition rates of a sharp interface model [44] (see

Section S.2 of the Supplementary Information for details), and they are comparable to those from

our model. Table 2 also shows that the difference in the simulated deposition and depletion rates is

negligible (≤ 2%) as the applied current densities in the plating and stripping simulations have the

same magnitude. In Section S.3 of the Supporting Information, we verify that our model ensures mass

and charge conservation by validating it against analytical solutions. Section S.3 also shows that the

area-averaged normal flux of Na at the electrode/electrolyte interface remains constant over time and

is equal to the ratio of the applied current density to the Faraday constant, i.e. iapp/F , as expected.
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Fig. 4. Impact of applied current density on Na electrode thickness during stripping and plating. The
aux/electrode interface contour for ξa = 0.5 after (a) stripping and (b) plating for 3 h with different ap-
plied current densities. The dotted black lines indicate the initial position of the aux/electrode interface. In
(a) and (b), the region Ωel is shaded by the current density normalized by the applied current density and the
arrows indicate the direction of Na+ flux, jelNa+ .

4.1.2. Cyclic simulations with a polycrystalline solid electrolyte (SE)

Next, we investigate the role of the SE GB properties on the deposition and depletion kinetics of

the Na-negative electrode during cycling. Specifically, we consider two SEs, one with low-conductivity

GBs and the other with high-conductivity GBs. The spatial distributions of ionic conductivities along

the GBs and grains for these two SEs are presented in Fig. S4 in Section S.6 of the Supporting In-

formation. We compare the behavior for cases where the conductivity of the GBs is the same as that

of the grains (κel
gb/κ

el
g = 1), is higher than that of the grains (κel

gb/κ
el
g = 10), and is lower compared to

the grains (κel
gb/κ

el
g = 0.067). It is important to note that the SE grain conductivity (κel

g ) is the same

as that provided in Table 1 in all cases, whereas the SE grain conductivity (κel
gb) varies.

In our cyclic simulations, we simulate stripping for 3 h and then plating for 3 h under an applied

cycling current density of 0.5 mA/cm2. Figures 5a and 5b depict the evolution of the Na negative

electrode during cycling in contact with SE having low-conductivity and high-conductivity GBs, re-

spectively (see also Supplementary Videos S3 and S4). The Na negative electrode evolution is similar in

both cases, i.e., it shrinks during stripping and grows during plating, as discussed in Section 4.1.1. As

before, no concentration gradient of Na occurs in the electrode and the auxiliary phase during cycling.

However, the gradient in the diffusion potential of Na (µed
Na) within the electrode is non-negligible, as

illustrated in Figs. S8a and S8b in Section S.11 of the Supporting Information. Further, this diffusion

potential gradient shows nonuniform variation along the electrode/electrolyte interface in both SEs
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Fig. 5. Cycling simulations assuming a perfect electrode/electrolyte interface and polycrystalline SE separator.
Evolution of the Na negative electrode during cycling under an applied current density of 0.5 mA/cm2 with
(a) κel

gb/κ
el
g = 0.067 and (b) κel

gb/κ
el
g = 10. Ωed is shaded by the Na concentration and Ωel by the ratio of the

local current density to the applied current density. The arrows indicate the direction of Na+ flux, jelNa+ .
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with low-conductivity and high-conductivity GBs, particularly where the SE GB intersects the elec-

trode (Figs. S8a and S8b). This variation is attributed to the nonuniform flux boundary condition at

the electrode/electrolyte interface. However, this leads to negligible concentration gradients within the

electrode, as these gradients are related to the diffusion potential gradient via ∇cedM = ∇µed
M/ (vmAm),

where Am is the parabolic coefficient of the metal phase and vm is the molar volume (see Eq. (A.1)). As

indicated before, our choice of the parabolic coefficient ensures that the mole fraction of Na within the

electrode remains close to the equilibrium value during cycling, irrespective of whether homogeneous

or polycrystalline SE separators are employed.

However, in the polycrystalline SE cases, the current density within the SE separator is heteroge-

neous. Figures 5a and 5b show that the current density is comparatively lower and higher along the

GBs than within the grains in the case of low-conductivity and high-conductivity SEs, respectively. It

is also evident from Fig. 5a that the SE current density is relatively more concentrated near the triple

junctions than within the grains. This is because the charge must be conserved at the triple points [81].

Consequently, the net current entering from any two connected GBs must equal the current leaving

through the other connected GB, leading to current concentration near the triple junctions.

Furthermore, the GB width influences the current density within the SE, as the effective ionic

conductivity depends on this parameter. The diffuse interface width in our model is selected based on

computational considerations and is significantly thicker than the actual width of a GB. Nevertheless,

the impact of this choice on effective conductivity can be reduced by employing Eq. (26) from Ref. [65],

which demonstrates this method for effective diffusivity.

Moreover, after stripping for 3 h, the aux/electrode interface exhibits a slight curvature in both

SEs with low-conductivity (Fig. 5a) and high-conductivity (Fig. 5b) GBs, in contrast to the homo-

geneous SE case (Fig. 2a). This curvature is attributed to the non-uniform flux distribution along

the electrode/electrolyte interface. To confirm this observation, we calculated the thickness of the Na

electrode along the x axis and at the center of the domain. This thickness decreases linearly with time

during stripping and then increases linearly during plating (Fig. 6a). The thickness after six hours is

close to, but not equal to the original thickness. For the homogeneous SE case, this difference (< 1%)

is due to the small nonlinear regions at the start of the simulation and when the system cycles from

stripping to plating. The small nonlinear region arises because our simulations start with a sharp

aux/electrode interface. This interface gradually becomes diffuse and subsequently begins to migrate

in the direction of the applied current density. The change in the thickness with time is marginally
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Fig. 6. Analysis of the cycling simulations assuming a perfect electrode/electrolyte interface and polycrys-
talline SE separator. The variation with time of the (a) Na negative electrode thickness, and (b) percentage
difference in the electrode thickness relative to the homogeneous SE case. In (a), the black markers labelled
(i)–(iv) correspond to the microstructures shown in Fig. 5a.

dependent on the conductivity of the GBs, with the behavior being nearly indistinguishable across all

three κel
gb/κ

el
g ratios. To quantify any potential differences, we calculate the percentage difference in the

thickness of the Na electrode relative to the homogeneous SE case (Fig. 6b). The maximum percentage

difference is about ∼ 2.5%, which supports our assertion that the thickness of the Na electrode is

marginally impacted by the SE GB conductivity.

Furthermore, Section S.7 of the Supporting Information shows that mass is conserved during cy-

cling with polycrystalline SEs. This section also demonstrates that the variation in the average normal

flux at the interface with time is almost equal in the case of SEs with both low-conductivity and

high-conductivity GBs when compared to the homogeneous SE case.

4.2. Single void at the electrode/solid electrolyte interface

4.2.1. Stripping and plating simulations with a single-crystal solid electrolyte (SE)

Next, we simulate the evolution of a single void at the electrode/electrolyte interface during strip-

ping for different applied current densities. Similar to Zhao et al. [36], we begin all our simulations

with a semi-circular void of radius 4.8 µm at the electrode/electrolyte interface. However, unlike Zhao

et al. [36], the thickness of the negative electrode in our model varies during stripping. The initial

Na negative electrode thickness is assumed to be 28.6 µm in all simulations. The simulations are

run for a stripping time of 1 h, or until the void completely spans the electrode/electrolyte interface,

i.e. complete contact loss occurs. Once complete contact loss occurs, the flux of Na/Na+ at the
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electrode/electrolyte interface becomes effectively becomes zero and further stripping cannot occur.

Figure 7a shows the evolution of a single void during stripping under an applied current density of

0.5 mA/cm2. The void grows due to the formation of vacancies at the electrode/electrolyte interface

as Na atoms diffuse into the electrolyte during stripping. These vacancies cause the void to change

its shape from a semi-circle to a pancake, which qualitatively agrees with the void shapes observed in

experiments [19, 28] and void simulations in Li/LLZO system [35, 36]. The void growth normal to the

electrode/electrolyte interface is small compared to its growth along the interface. While the negative

electrode shrinks during stripping, it shrinks more on the top and the bottom than it does in the center

because the void blocks the flux of Na+ across the electrode/electrolyte interface (Fig. 7a). Thus, the

aux/electrode interface is no longer flat (see Supplementary Video S5 in the Supporting Information).

Also, the current density in the SE separator is higher near the void edges and lower near the void

center due to contact loss.

Figure 8 shows the temporal variation in the distribution and direction of Na flux within the elec-

trode. The Na flux distribution is nonuniform and concentrated near the void edges during stripping.

The Na flux is concentrated because the current density within the solid electrolyte is focussed near the

void edges, as illustrated in Figure 7a. Consequently, the magnitude of Na flux concentration increases

with increasing void size during stripping (Fig. 8). It is also interesting to observe that the Na flux

around the void edges is oriented away from the void surface and into the electrolyte (Fig. 8). Since the

vacancy flux must be equal in magnitude and opposite to the direction of the Na flux, it implies that

the vacancies are flowing into the void edges, causing the void to grow along the electrode/electrolyte

interface during stripping. The Na flux around the void tip is almost negligible (Fig. 8), which explains

why the void tip shows limited growth normal to the electrode/electrolyte interface. On moving away

from the void region and into the electrode, the direction of Na flux becomes increasingly aligned with

the x axis and its magnitude reduces to the flux normalization factor, i.e., iapp/F (Fig. 8).

The magnitude of the applied current density has a large impact on the void growth, as shown in

Fig. 7b after stripping for 0.6 h. The void shapes and electrode thickness are similar in all cases, but

the void size and current constriction increase with increasing applied current density, which is similar

to Zhao’s analysis for the Li/LLZO system [36]. Moreover, the choice of the diffuse interface width

influences the final void size and the peak current density within the electrolyte (see Appendix A.4).

To quantify the void growth rate during stripping, we approximate the void size by doubling the

distance from the void edge (the position where ξv = 0.5 along the electrode/electrolyte interface) to
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Fig. 7. Stripping simulations with a single interfacial void at the electrode/electrolyte interface and a homo-
geneous solid electrolyte separator with different applied current densities. (a) Void evolution with an applied
current density of 0.5 mA/cm2. (b) Void morphology for different applied current densities after stripping for
0.6 h. Ωed is shaded by the Na concentration and Ωel is shaded by the ratio of the local current density to the
applied current density.
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Fig. 8. The temporal variation in the spatial distribution of Na flux within the region Ωed in the presence of a
single interfacial void during stripping under an applied current density (iapp) of 0.5 mA/cm2. Ωed is shaded
by the phase-field variable, ξv, representing the void phase. The arrow glyphs denote the direction of the Na

flux vector (
−−→
jedNa) at a point and are colour-coded according to the magnitude of the flux obtained after nor-

malization. The normalization factor is equal to iapp/F , indicating the flux for a perfect electrode/electrolyte
interface. The length of an arrow glyph is proportional to the normalized magnitude of the flux at that point.
For clarity, the maximum number of arrow glyphs displayed is fixed at 6500.
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Fig. 9. Analysis of stripping simulations with a single interfacial void at the electrode/electrolyte interface
and a homogeneous solid electrolyte separator with different applied current densities. (a) Void size (twice
the distance between the void center and edge along the electrode/electrolyte interface) over time. In (a), the
solid lines indicate the actual void size obtained by explicitly tracking the void edge, while the dotted lines are
obtained by time integrating the data in (c). The black markers labelled (i)–(vi) correspond to the microstruc-
tures shown in Figs. 7a and 7b. (b) The magnitude of the normalized Na flux along the electrode/electrolyte
interface after stripping for 0.6 h. The flux magnitude, jedNa, is normalized by iapp/F . The dotted horizontal line
indicates the void edge flux magnitude for iapp = 0.3 mA/cm2. (c) Void edge velocity calculated using Eq. (19)
as a function of stripping time. The solid lines indicate the moving average value over 15 time steps.
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the void center. Figure 9a shows the void size with time for different applied current densities. The

growth of the void size increases with increasing applied current density, as shown qualitatively in

Fig. 7b. The void size grows almost linearly with time at first but then accelerates with time. This

acceleration is most clear for the larger applied current densities, i.e., 0.5 and 0.6 mA/cm2. The the-

oretical model of Lu et al. [30] assumes a linear void growth rate (see Eq. (7) in Ref. [30]). However,

our results indicate that this assumption may not be accurate.

To investigate what controls the void growth rate, we plot the spatial distribution of the magnitude

of the Na flux along the electrode/electrolyte interface, i.e. jedNa

∣∣
Γed/el

=
√

(jedx,Na)
2 + (jedy,Na)

2 for three

selected applied current densities after stripping for 0.6 h (Fig. 9b). This interfacial flux is normalized

by the interfacial flux assuming a perfect interface, that is, iapp/F . The interfacial flux is zero along

the void/electrolyte interface, jumps to a maximum at the void edge, and gradually decreases along

the electrode/electrolyte interface until it equals the flux in the case of a perfect interface. The void

size and the maximum flux value at the edge increase with increasing applied current density. Based

on these results, we assume that the maximum interfacial flux at the void edge controls the rate at

which the void elongates along the electrode/electrolyte interface, i.e., Γed/el. Specifically,

dytr

dt

∣∣∣
Γed/el

= ±2vmjtr(t), (19)

where dytr/dt|Γed/el
is the velocity of the void edge along the electrode/electrolyte interface, vm is the

molar volume of Na, jtr(t) = jedNa

∣∣ξv=0.5

Γed/el
is the magnitude of the flux at the void edge, and ± is used

to indicate a stripping (+) or plating (−) simulation. The superscript ξv = 0.5 indicates the value of

the void phase-field variable used to approximate the position of the diffuse void/electrode interface.

Figure 9c depicts the velocity of the void edge obtained using Eq. (19) as a function of time

for different applied current densities. The velocities are close to linear for a time and then rapidly

accelerate for the larger applied current densities, and we expect similar behavior would be seen with

the lower applied current densities if longer times were simulated. We integrate this data with time to

estimate the change in the void size and compare it with the actual void size, as shown in Fig. 9a. The

approximate void sizes obtained by integrating Eq. (19) compare reasonably well with the actual sizes,

though the differences are larger for high applied current densities and stripping durations ≥ 0.8 h.

One possible explanation for this deviation could be that Eq. (19) does not consider the contact angle

between the void, metal electrode and the SE separator. Thus, these results suggest an improved
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approach to predicting the void growth than that used by Lu et al. [30], but a more quantitative

analytical model is still needed to predict the void growth rate, which is beyond the scope of this work.

We also simulate the shrinkage of a single void at the electrode/electrolyte interface during plating

for 1 h (or once the void completely disappears) for different applied current densities. Like stripping,

a semi-circular shaped void of radius 4.8 µm is placed initially at the electrode/electrolyte interface.

The initial width of the Na negative electrode is assumed to be 28.6 µm in all of our simulations.

Figure 10a shows that the interfacial void preferentially shrinks along the electrode/electrolyte

interface during plating for an applied current density of −0.5 mA/cm2, which is consistent with

experiments [19], [28] and simulations in Li/LLZO systems [36]. However, unlike Zhao et al. [36], our

plating simulations indicate that a single void disappears at the end of the plating cycle instead of

forming occluded voids, as also observed in the experiments [28]. One possible reason could be that

our system and initial void sizes are smaller than those from Zhao’s simulations [36] (system size and

initial void radius in [36] is 80 × 250 µm2 and 10 µm, respectively). In addition to void shrinkage,

Fig. 10a shows that the negative electrode grows during plating (see also Supplementary Video S6 in

the Supporting Information). This growth, however, is limited because the simulation ends after a

short time, approximately in ≤ 0.52 h, i.e., when the void disappears. Once the void disappears, the

behavior should be identical to the plating case without a void (Fig. 2b).

The applied current density has a large impact on the void evolution rate during plating, as shown

in Fig. 10b. Although the void evolution is qualitatively similar in all cases, the final void size after

plating for 0.2 h decreases with increasing magnitude of the applied current density. This suggests

that the void shrinkage rate increases with increasing magnitude of the applied current density.

We further analyse the void shrinkage during plating by plotting the void size with time, similar

to our void growth analysis during stripping (see Fig. 11a). The void size decreases linearly with time

until the void disappears, and the shrinkage rate increases with the magnitude of the applied current

density. As with stripping, we attribute this behaviour to the rate at which the flux of Na at the void

edge varies with time. Figure 11b shows the normalized flux of Na along the electrode/electrolyte

interface for three applied current densities after plating for 0.2 h. Like with stripping, the Na flux is

zero along the void, it then peaks at the edge, and gradually decreases to the flux assuming a perfect

interface near the top of the electrode/electrolyte interface.

We again calculate the velocity of the void edge using Eq. (19) by determining the Na flux at

the edge, jtr(t), as shown in Fig 11c. The velocity is negative because the void size decreases with
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Fig. 10. Plating simulations with a single interfacial void at the electrode/electrolyte interface and a homoge-
neous solid electrolyte separator. (a) Void evolution with an applied current density of −0.5 mA/cm2. (b) Void
morphology for different applied current densities after plating for 0.2 h. Ωed is shaded by the Na concentration
and Ωel is shaded by the ratio of the local current density to the applied current density.

29



(𝑖𝑖)

(𝑖)

(𝑖𝑖𝑖)

(𝑣)

(𝑖𝑣)

(𝑣𝑖)

(a)

(b) (c)

Fig. 11. Analysis of plating simulations with a single interfacial void at the electrode/electrolyte interface and
a homogeneous solid electrolyte separator. (a) Void size (twice the distance between the void center and edge
along the electrode/electrolyte interface) over time. In (a), the solid lines indicate the actual void size obtained
by explicitly tracking the void edge, while the dotted lines are obtained by time integrating the data in (c).
The black markers labelled (i)–(vi) correspond to the microstructures shown in Fig. 10a and 10b. (b) The
magnitude of the normalized Na flux along the electrode/electrolyte interface after plating for 0.2 h. The flux
magnitude, jedNa, is normalized by iapp/F . (c) Void edge velocity calculated using Eq. (19) as a function of
plating time. The solid lines indicate the moving average value over 15 time steps.
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plating time. The magnitude of the edge velocity, and thus, the Na flux at the edge, increases with

increasing magnitude of the applied current density. Subsequently, we estimate the void size over

time by integrating velocity and the results are shown in Fig. 11a with dotted lines. Our estimated

void sizes are in reasonable agreement with the actual void sizes, though the deviation increases with

increasing applied current density. This result further supports our argument that the void migration

rate is directly proportional to the magnitude of the Na flux at the edge.

4.2.2. Cyclic simulations with polycrystalline solid electrolyte (SE) separators

Next, we perform cyclic simulations to investigate the impact of SE GBs on void evolution. The

cyclic simulations involve stripping for 1 h and then plating for 1 h at an applied cycling current

density of 0.5 mA/cm2. Similar to Section 4.1.2, polycrystalline SEs with low-conductivity and high-

conductivity GBs are considered. The initial interfacial void size and thickness of the negative electrode

are identical to the cases discussed in Section 4.2.1 for all simulations.

Figures 12a and 12b show the evolution of a single interfacial void during cycling in contact with

a SE having low-conductivity and high-conductivity GBs, respectively. The void evolution is almost

identical in both cases, i.e., the interfacial void elongates along the electrode/electrolyte interface

during stripping for 1 h, which leads to current constriction in the SE separator near the void edges.

Subsequently, the void shrinks during plating. Although the Na electrode thickness also varies during

cycling, the net change in thickness is small and not apparent in Figs. 12a and 12b. The void size

increases during stripping and decreases during plating, and is not significantly changed by the GB

conductivity (see Fig. 13a). This is most clear when we plot the percentage change in the void size

compared to the case with a homogeneous SE, as shown in Fig. 13b for the stripping half (see Fig. S7

in Section S.9 of the Supporting Information for the full cycling plot). The largest deviation is just

over 6%. Thus, the impact of SE GB conductivity on the overall void evolution is negligible.

While the impact on the overall void evolution is negligible, there are local effects of the GB

conductivity on the void evolution. Figure 13b shows that, relative to the homogeneous SE case, the

void evolution tends to be faster (indicated by peaks in Fig. 13b) as the void upper edge nears a

high conductivity GB, whereas it tends to be slower (indicated by troughs in Fig. 13b) as the void

upper edge approaches a low-conductivity GB. The slope of the lines in Fig. 13b is a measure of the

percentage change in void velocity relative to the homogeneous SE case. An increase or decrease in

slope signifies an increase or decrease in void velocity relative to the homogeneous SE case. These

deviations in void size result from interactions between the void edge and SE GBs that intersect the
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Fig. 12. Cycling simulations with a single interfacial void at the interface between the negative electrode and
a polycrystalline SE separator. Evolution of the void and the negative electrode during cell cycling in solid
electrolytes with (a) low-conductivity and (b) high-conductivity GBs under an applied current density of 0.5
mA/cm2. Ωed is shaded by the Na concentration and Ωel is shaded by the ratio of the local current density to
the applied current density.
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Fig. 13. Analysis of cycling simulations with a single interfacial void at the interface between the negative
electrode and a polycrystalline SE separator. (a) Half-void size above the void center with cycling time for low-
conductivity (κel

gb/κ
el
g = 0.067), homogeneous (κel

gb/κ
el
g = 1.0), and high-conductivity (κel

gb/κ
el
g = 10) GBs. The

black markers labelled as (i)–(iv) correspond to the microstructures shown in Fig. 12a. (b) Percentage change
in upper half-void size relative to the homogeneous SE as a function of stripping time for κel

gb/κ
el
g = 0.067, 1 and

10. In (b), the black markers labelled (v)–(viii) correspond to the microstructures shown in Figs. 13c and 13d
and the peaks and troughs correspond to the instances when the void edge interacts with a SE GB. Zoomed-in
image of the simulation domain when the void edge touches a SE GB at a distance of (c) 6.2 µm and (d)
16.5 µm above the void centre. (e) The magnitude of the normalized Na flux along the electrode/electrolyte
interface after stripping for 0.6 h for κel

gb/κ
el
g = 0.067, 1 and 10. In (e), the black dotted vertical line indicates

the position of a SE GB at a distance of 16.5 µm above the void center. (f) Void edge velocity using Eq. (19)
with time for different GB-to-grain conductivity ratios. In (f), the solid lines indicate the moving average value
of the last 15 time steps and the markers (v)–(viii) correspond to the microstructures in (c) and (d).
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electrode/electrolyte interface, as depicted by the instances in Figs. 13c and 13d. More specifically, the

nonuniform flux distribution due to differences in GB conductivity impacts the void growth behaviour

along the electrode/electrolyte interface. Figure 13e shows that the flux near the SE GB, located at a

distance of 16.5 µm from the void center, is high in the presence of high conductivity GB and low in

the presence of low conductivity GB, in comparison to the homogeneous case. This difference in the

magnitude of flux near the SE GB causes differences in the void edge velocity. To verify this, the void

edge velocity was calculated over time using Eq. (19) and is plotted in Fig. 13f. Two instances when the

void edge velocity jumps in the presence of high-conductivity SE GB compared to the homogeneous SE

case are marked with labels (vi) and (viii) in Fig. 13f. The difference in void edge velocity is relatively

less in the presence of low-conductivity SE GB as compared to the homogeneous SE case. This indi-

cates that the magnitude of the deviation in the void edge velocity depends on the relative difference

in the magnitude of local flux near the SE GB compared to the homogeneous SE case. The lower void

edge also interacts with SE GBs along the negative y axis as the void elongates during stripping, as

shown in Fig. S6 of the Supporting Information. Moreover, Section S.12 of the Supporting Information

demonstrates that the void growth is marginally asymmetric in the homogeneous SE case, and this

asymmetry marginally varies with GB conductivity.

To further support our argument that GB conductivity locally affects void evolution, we have sim-

ulated the growth of a single void in contact with bicrystal and tricrystal SEs during stripping under

an applied current density of 0.5 mA/cm2. The initial conditions and the SE GB-to-grain conductivity

ratios are the same as in the polycrystalline SE cases. In the bicrystal SE cases, a horizontal GB is

placed at a distance of 10 µm above the center of the void, as illustrated in Fig. 14c. On the other

hand, in the tricrystal SE cases, two horizontal GBs are placed at a distance of 10 µm above and 15

µm below the center of the void, respectively, as illustrated in Fig. 14d.

Figures 14a and 14b show the half-void size along the positive and negative y-axes as a function of

the stripping time in the case of bicrystal and tricrystal SEs with low-conductivity and high-conduc-

tivity GBs. The case with homogeneous SE (green curve) is also shown in these figures. As expected,

the void edge grows along the electrode/electrolyte interface during stripping in all cases. However,

the rate at which the void edge grows depends slightly on the SE GB conductivities. To quantify this,

we calculated the percentage change in half-void size relative to the homogeneous SE case along both

positive and negative y-axes. Figure 14e shows that the percentage change in half-void size along the

+y-axis reaches a maximum value of approximately 10% and 9% in the cases of bicrystal and tricrystal
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Fig. 14. Stripping simulations with a single interfacial void located at the interface between the negative elec-
trode and bicrystal and tricrystal SEs under an applied current density of 0.5 mA/cm2. Temporal variation in
the half-void size along the (a) positive and (b) negative y-axes for SEs with low-conductivity (κel

gb/κ
el
g = 0.067),

homogeneous (κel
gb/κ

el
g = 1) and high-conductivity (κel

gb/κ
el
g = 10) grain boundaries (GBs). In (a) and (b), the

dotted black lines indicate the positions of the SE GBs located 10 µm above and 15 µm below the center of the
void, respectively. Snapshots of the simulation domain as the void edge touches the SE GB positioned (c) 10
µm above and (d) 15 µm below the center of the void. In (c) and (d), Ωed is shaded by the Na concentration
and Ωel by the normalized current density. Temporal variation in the percentage change in half-void size along
the (e) positive and (f) negative y-axes relative to the homogeneous SE case for κel

gb/κ
el
g = 0.067, 1 and 10. In

(e) and (f), the black markers labelled (i)–(iv) correspond to the microstructures shown in (c) and (d).
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SEs with high-conductivity GBs. These peaks correspond to the instances when the upper void edge

touches the high-conductivity SE GB at a distance of 10 µm above the center of the void (Fig. 14c (ii)).

Similarly, the percentage change in half-void size along the negative y-axis reaches a maximum value

of approximately 8% when the lower void edge interacts with the high-conductivity SE GB, located

15 µm below the center of the void (Fig. 14d (iv)).

In contrast, the percentage change in half-void size along the +y-axis drops to 2% for bicrystal and

tricrystal SEs with low-conductivity GBs, as indicated by label (i) in Fig. 14e. This corresponds to

the instance when the upper void edge touches the low-conductivity SE GB, located 10 µm above the

center of the void (Fig. 14c (i)). In the tricrystal SE case, a similar drop is evident when the lower void

edge touches the low-conductivity SE GB, positioned 15 µm below the center of the void, as indicated

by label (iii) in Fig. 14f. As previously noted, a decrease in the slope of the percentage change plot in

the low-conductivity GB case suggests a slower void migration rate relative to that of the homogeneous

SE case. Thus, these cases corroborate that the impact of GB conductivity on void migration rate is

marginal because the percentage change in void size relative to the homogeneous case is ≤ 10%.

4.3. Multiple voids at the electrode/solid electrolyte interface

4.3.1. Stripping simulations with a homogeneous solid electrolyte (SE)

It has been experimentally observed [19, 28] that contact loss between the electrode and SE during

cycling occurs due to the growth, accumulation and coalescence of multiple interfacial voids. So, we

investigate the time to contact loss and the coalescence rate in simulations of multiple interfacial voids

during stripping. Similar to Zhao et al. [36], we initialize our simulations with seven semi-circular-

shaped voids of different radii at the electrode/electrolyte interface, as shown in Fig. 15a. We assume

an initial negative electrode thickness of 28.6 µm. The simulations run until complete contact loss

occurs between the electrode and the SE separator.

Figure 15a shows the evolution of interfacial voids during stripping with an applied current density

of 0.5 mA/cm2. As stripping progresses, the void area increases while the number of voids decreases

due to coalescence until complete contact loss occurs. Multiple current hot spots develop in the SE

separator near the void edges with increasing contact loss. Once complete contact loss occurs the flux

of Na/Na+ leaving the electrode/electrolyte interface becomes effectively zero, which hinders further

shrinkage of the negative electrode.

The applied current density directly impacts the void coalescence rate during stripping. Figure

15b compares the void morphology after stripping to the same capacity, 0.55 mAh/cm2. Although the
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Fig. 15. Stripping simulations with multiple interfacial voids at the electrode/electrolyte interface and a
homogeneous solid electrolyte separator for different applied current densities. (a) Void morphology at three
times with an applied current density of 0.5 mA/cm2. Ωed is shaded by the Na concentration and Ωel by the
normalized current density. (b) Void morphology after stripping to the same capacity of 0.55 mAh/cm2 with
different applied current densities. Variation with time in the (c) number of voids and (d) mean void area. In
(c), the black markers labelled (i)–(vi) correspond to the microstructures shown in (a) and (b). (d) Critical
stripping capacity as a function of applied current density.
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voids appear qualitatively similar after stripping to the same capacity, fewer voids have coalesced in

the case of 0.3 mA/cm2 as compared to 0.4 mA/cm2 and 0.5 mA/cm2 (Fig. 15b), indicating that the

coalescence rate increases with applied current density.

To quantify the coalescence rate, we calculate the number of voids and the mean void area, i.e.,

the total void area divided by the number of voids, as a function of time, as shown in Figs. 15c and

15d, respectively. The decrease in the number of voids due to coalescence accelerates with increasing

applied current density, and the growth of the void area increases with increasing applied current

density. Thus, the time to complete contact loss decreases with increasing applied current density. To

quantify this, following Agier et al. [35], we calculate the critical stripping capacity Ccrit = iapptf ,

which is the product of applied current density and the time to contact loss tf . Precisely, the time to

contact loss is defined as the onset time when only a single void remains in the simulation domain.

The critical stripping capacity decreases with increasing applied current density, which is in qualitative

agreement with experiments [29] and simulations in Li/LLZO systems [35, 37]. To compare with the

experimentally measured critical stripping capacity at 0.1 mA/cm2 [29] [37], we linearly extrapolate

these data to 0.1 mA/cm2. The extrapolated data are shown as a dotted line in Fig. 15e. The predicted

critical stripping capacity is about 22% lower compared to the measured critical cell capacity, which

is generally around ∼ 1 mAh/cm2 for a Li/LLZO system when operated under a stack pressure of

0.7 MPa and an applied current density of 0.1 mA/cm2 [29], [37]. Note that due to the higher diffu-

sivity of Na+ compared to Li+ in the solid electrolyte, the critical stripping capacity should be even

higher in the former than in the latter. Two reasons for this discrepancy are that i) our simulations

begin with voids already present at the interface, meaning that we have effectively skipped past cycles

during which voids nucleated at the interface, and ii) our model does not consider the effect of the

stack pressure, which suppresses void growth and thus increases the time to failure. Another factor

that could explain this discrepancy is the effect of surface diffusion on void growth, which was not

considered in our model.

4.3.2. Stripping simulations with a polycrystalline solid electrolyte (SE)

Finally, we perform simulations to investigate the role of SE GBs on void coalescence. The initial

void radii and the electrode thickness are identical to Section 4.3.1. The only difference is that we

include polycrystalline SEs with low-conductivity and high-conductivity GBs instead of a homogeneous

SE, as in Section 4.2.2. The simulations are performed under a fixed applied current density of 0.5

mA/cm2 and run until complete contact loss occurs between the electrode and the SE. For discussion
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purposes, we have labelled the voids as 1 to 7 starting from the top to bottom, as shown in Fig. 16a.

Figures 16a and 16b show the evolution of interfacial voids during stripping in the case of SEs

with low-conductivity and high-conductivity GBs, respectively. The void morphologies are almost

identical, indicating that GB conductivities only have small effects on the void evolution. Similar to

Section 4.3.1, multiple current density hot spots occur in the SE separator near the void edges due

to contact loss. We again plot the number of voids and the mean void area versus time, as shown

in Figs. 16c and 16d. There are noticeable differences in the void coalescence times between the

low-conductivity, homogeneous, and high-conductivity GB cases.

We believe the time to coalescence depends on the location at which the voids coalesce relative to

the intersecting SE GB along the electrode/electrolyte interface. If the location of void coalescence

lies near a SE GB, as in the case of the coalescence of voids 2 and 3 (Fig. 16f), then the coalescence

rate is faster with high-conductivity GBs. This is because the void edge velocity is faster near a high-

conductivity GB, as shown in Section 4.2.2. If the location of void coalescence lies away from a SE

GB, as in the case of the coalescence of voids 6 and 7 (Fig. 16e), then the coalescence rate is faster in

the case of low-conductivity SE separators than in homogeneous and high-conductivity SE separators.

To support our assertion that SE GB conductivity marginally affects void coalescence, we performed

additional simulations involving two interfacial voids, with their centers located at the electrode/SE

interface. Bicrystal SEs with both low-conductivity and high-conductivity GBs are considered under

an applied stripping current density of 0.5 mA/cm2. The voids are initially semi-circular with a radius

of 4.8 µm. Two scenarios are simulated. In the first scenario, voids are placed such that their point of

coalesce is near a SE GB, as illustrated in Fig. 17c. In the second scenario, voids are placed such that

their point of coalesce is away from the SE GB, as illustrated in Fig. 17d. The centers of the voids are

20 µm and 15.8 µm apart in the first and second scenarios, respectively.

Figure 17a shows the mean void area as a function of the stripping time for different GB-to-grain

conductivity ratios in the first scenario, i.e., when the SE GB is located near the coalescence point of

the voids. The sharp increase in the mean void area demonstrates that voids near a high-conductivity

GB coalesce after stripping for 0.94 h (Fig. 17a). On the other hand, voids near a low-conductivity GB

and in the homogeneous SE case remain unconnected even after stripping for 1.2 h, as evidenced by the

absence of a sharp increase in the mean void area (Fig. 17a). Figure 17c illustrates that voids near a

high-conductivity SE GB have coalesced after stripping for 0.94 h, whereas voids remain unconnected

near a low-conductivity GB. Moreover, the void shapes are slightly asymmetric as they prefer to grow
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Fig. 16. Stripping simulations with an applied current density of 0.5 mA/cm2, multiple interfacial voids, and
a polycrystalline SE separator with different values of κel

gb/κ
el
g . Void morphology at three times with (a) low-

conductivity and (b) high-conductivity GBs. The initial voids are numbered in (a). Ωed is shaded by the Na
concentration and Ωel by the normalized current density. Variation with time of the (c) number of voids and
(d) mean void area. In (c), the black markers labelled (i) − (iii) correspond to the microstructures shown in
(a). Zoomed-in image of void morphologies when (e) voids 6 and 7 and (f) and 2 and 3 coalesce.
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Fig. 17. Stripping simulations involving two interfacial voids and a bicrystal solid electrolyte (SE) separator
under an applied current density of 0.5 mA/cm2. Temporal variation in the mean void area when a SE GB
is located (a) near and (b) away from the coalescence point of voids. In (b), the inset shows the temporal
variation in the percentage change in the mean void area relative to the homogeneous SE case (κel

gb/κ
el
g = 1).

In (a) and (b), the black markers labelled (i)–(iv) correspond to the microstructures shown in (c) and (d).
Simulation domains after stripping for 0.94 h in the case when a SE GB is located (c) near and (d) away from
the coalescence point of voids. In (c) and (d), Ωed is shaded by the Na concentration and Ωel is shaded by the
ratio of the local current density to the applied current density.
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away from the point of coalescence. This shows that voids near high-conductivity GBs tend to coalesce

faster compared to voids near low-conductivity GBs because void migration becomes marginally faster

in the presence of high-conductivity SE GBs, as discussed in Section 4.2.2.

In contrast, in the second scenario, the voids remain unconnected in all cases even after stripping

for 1.2 h, as evidenced by the absence of a sharp increase in the mean void area (Fig. 17b). Fig. 17d

shows that voids prefer to grow away from the point of coalescence instead of towards it, regardless of

the GB conductivity. This result shows that the void coalescence behaviour depends on the position

of the SE GB relative to the point of coalescence. Nonetheless, on closer inspection, it is observed that

the SE GB does slightly affect the rate of change in the mean void area in the second scenario. To

quantify this, we calculated the percentage change in the mean void area relative to the homogeneous

case over time. As the inset in Fig. 17b shows, the percentage change in the mean void area increases

to a maximum value of 1.2% at around 0.2 h in the high-conductivity SE case. In contrast, it decreases

by 0.2% in the low-conductivity SE case after stripping for about 0.2 h. These deviations in the mean

void area occur due to the marginal impact of GB conductivity on the void evolution rate.

5. Conclusions

We have presented an electrochemical phase-field model to simulate the evolution of a metallic

negative electrode during the stripping and plating of an all-solid-state battery, first assuming a per-

fect contact between the electrode and the solid-electrolyte separator. We extended this model to

simultaneously simulate the evolution of single and multiple interfacial voids at the electrode/solid-

electrolyte separator interface during stripping and plating. The model was numerically solved using

the finite-element method. For the first time, the stripping and plating processes in a solid-state cell

with a metallic Na electrode in contact with a Na-β′′-alumina (NBA) ceramic solid electrolyte sep-

arator were simulated. Nonetheless, it is essential to note that, while our model has been applied

to Na-metal solid-state batteries (SSBs), it is equally applicable for simulating electrode and/or void

evolution during stripping/plating in Li-metal SSBs.

Both homogeneous and polycrystalline solid electrolytes were considered in this work. We demon-

strated the impact of applied current density on electrode deposition/depletion and void edge velocities.

The unique contribution of this work compared to previous works [35–37, 45, 46] is that the role of

the solid electrolyte grain boundary properties on deposition/depletion rates and void edge migration

rates were directly considered. Our results show that:
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• The Na negative electrode shrinks and grows during stripping and plating, respectively. The

depletion and deposition rates are proportional to the applied current density and consistent with

sharp-interface electrochemical models [44], assuming a perfect electrode/electrolyte interface.

• In cases with a perfect electrode/electrolyte interface, the thickness of the Na electrode exhibits

a slight curvature during cycling in both SEs with low-conductivity and high-conductivity GBs

owing to the non-uniform flux distribution along the electrode/electrolyte interface, as opposed

to the homogeneous SE case.

• Interfacial voids preferentially grow and shrink along the electrode/electrolyte interface during

stripping and plating. Their migration rate is proportional to the flux of Na/Na+ at the void

edge, which depends on the applied current density. These voids block the shrinkage and growth

of the Na-negative electrode during stripping and plating.

• SE GB properties impact the local interfacial void migration rate and the void coalescence rate,

though the effect is small.

Though this work has made significant progress in modeling solid-state Na batteries, additional

work is needed. First, the charge-transfer kinetics at the electrode/electrolyte interface are currently

ignored but should be included in the future model. Second, the effect of applied stack pressure on

void growth should be incorporated into this model. Third, multiple charge/discharge cycles should

be simulated to predict cell failure accurately. Although we have presented only 2D results, our model

can be readily extended to 3D, as MOOSE is inherently dimension-agnostic [69]. A 3D simulation is

particularly relevant when comparing computational predictions with experimental data. For instance,

in the experimental study of void formation in a Na/Na-β′′-alumina cell [28], the authors reported the

number of voids and the total void volume with cycle number. To make a quantitative comparison

with such data, it is essential to perform 3D simulations, as even initializing with so many voids while

having comparable volume ranges as in experiments, is impractical in a two-dimensional domain.
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Appendix A

A.1. Reduction of Eq. (6) to Fick’s law

It is important to note that in a grand-potential-based formulation, the overall concentration is

a function of the phase-field variables and the diffusion potential of the species. This is because by

definition, cedM ({ξ}, µed
M ) = −δΨ/δµed

M , where {ξ} represents the set of three phase-field variables ξa,

ξm and ξv. Consequently, its gradient may be written as:

∇cedM =
∑

p=a,m,v

∂cedM
∂ξp

∇ξp +
∂cedM
∂µed

M

∇µed
M . (A.1)

Moreover, using the definition of cedM and Eq. (1), it follows that

cedM ({ξ}, µed
M ) =

∑
p=a,m,v

hed
p cpM , (A.2)

where we have used the relation cpM = −∂ωp/∂µ
ed
M that follows from Eq. (3). Using Eq. (A.2), Eq. (A.1)

may be equivalently written as:

∇cedM =
∑

p=a,m,v

( ∑
r=a,m,v

∂hed
r

∂ξp
crM

)
∇ξp +

∂cedM
∂µed

M

∇µed
M . (A.3)

Note that the first term in Eq. (A.3) vanishes in the bulk regions of the phases since ∇ξp = 0 and

∂hed
r /∂ξp = 0. We can, therefore, say that in the bulk regions ∇cedM

∣∣
ξp=1

= (∂cedM/∂µed
M )∇µed

M , where

the subscript ξp = 1 indicates the bulk regions of either the auxiliary phase, metallic negative electrode

or the void phase. Thus, using Mp = Dp
MdcpM/dµed

M , Eq. (6) in the bulk regions reduces to:

jedM

∣∣∣
ξp=1

= −
Dp

M

vm
∇cedM

∣∣
ξp=1

, p = a,m, v. (A.4)

A.2. Derivation of Eq. (8)

To derive Eq. (8), we start by taking the time derivative of Eq. (A.2). This yields:

∂cedM
∂t

=
∑

p=a,m,v

∂hp

∂t
cpM +

∑
p=a,m,v

hp
∂cpM
∂t

. (A.5)
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Further, it can be shown that:

∂hp

∂t
=

∑
q=a,m,v

∂hp

∂ξq

∂ξq
∂t

(A.6)

∂cpM
∂t

=
∂cpM
∂µed

M

∂µed
M

∂t
. (A.7)

Substituting Eqs. (A.6) and (A.7) in (A.5) yields:

∂cedM
∂t

=
∑

p=a,m,v

( ∑
q=a,m,v

∂hp

∂ξq

∂ξq
∂t

)
cpM +

∑
p=a,m,v

hp
∂cpM
∂µed

M

∂µed
M

∂t
. (A.8)

Using Eq. (6) in Eq. A.5 yields Eq. (8), i.e.,

∑
p=

a,m,v

hp

vm

∂cpM
∂µed

M

 ∂µed
M

∂t
+∇jedM +

∑
p=

a,m,v

( ∑
q=a,m,v

∂hp

∂ξq

∂ξq
∂t

)
cpM
vm

= 0. (A.9)

A.3. Non-dimensionalization of the governing equations

This section provides the non-dimensional form of the governing equations assuming Na is the

diffusing species in the auxiliary-electrode-void region, i.e., Ωed. For numerical convergence reasons,

we scale the gradient operator, time, energy density and the field variables as follows:

∇̃ = ∇lc, t̃ = t
τ , ω̃p =

ωp

fc
, µ̃ed

Na =
µed
Na

RT , ϕ̃el = Fϕel

RT , ϕ̃ed = Fϕed

RT , (A.10)

where tilde (̃·) indicates a non-dimensional quantity; lc is a characteristic length; τ is a characteristic

time; R is universal gas constant, T is temperature; F is Faraday constant; and fc is characteristic

energy density. For our simulations, we assumed τ = l2c/D
m
Na and fc = RT/vm. These parameters are

listed in Table 1. Using the variables in Eq. (A.10), Eq. (5) may be written as:

∂ξp

∂t̃
+ L̃ϕ


ξ3p − ξp + 3ξp

∑
q=a,m,v

q ̸=p

ξ2q

− κ̃∇̃2ξp +
fc
m

∑
q=a,m,v

∂hed
q

∂ξp
ω̃q

 = 0 p = a,m, v, in Ωed,

(A.11)
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where L̃ϕ = Lϕτm and κ̃ = κ/
(
ml2c

)
. It should be noted that the dimensionless grand potential

densities in Eq. (A.11) are related to Eq. (S.3) via:

ω̃p

(
µ̃ed
Na

)
= −

[(
µ̃ed
Na

)2
Ãp

+ µ̃ed
Nac

eq,p
Na

]
=

ωp

fc
p = a,m, v in Ωed, (A.12)

where Ãp = Ap/fc for p = {a,m, v} denote the non-dimensional parabolic coefficients of the auxiliary

phase, negative electrode and void. These values are provided in Table 1. Similarly, substituting

Eq. (6) in Eq. (8) and using the variables in Eq. (A.10) yields:

∑
p=

a,m,v

dcpNa

dµ̃ed
Na

hed
p

 ∂µ̃ed
Na

∂t̃
− ∇̃

(
hed
a M̃a + hed

mM̃m + hed
v M̃v

)
∇̃µ̃ed

Na

+
∑
p=

a,m,v

( ∑
q=a,m,v

∂hp

∂ξq

∂ξq

∂t̃

)
cpNa = 0 in Ωed,

(A.13)

where M̃p = (MpτRT ) /l2c for p = {a,m, v} denote the non-dimensional mobilities in the auxiliary

phase, negative electrode and void. The phase mole fractions of Na in these phases, which are required

in Eq. (A.13), are obtained from Eq. (S.2) and can be written in a non-dimensional form as

cpNa

(
µ̃ed
Na

)
=

µ̃ed
Na

Ãp
+ ceq,pNa p = a,m, v in Ωed. (A.14)

Using Eqn (A.14), the inverse of thermodynamic factors, which are required in Eq. (A.13), can be

written in a non-dimensional form according to

dcpNa

dµ̃ed
Na

=
1

Ãp
p = a,m, v in Ωed. (A.15)

Likewise, substituting Eq. (9) in Eq. (10) and using the variables in Eq. (A.10) yields:

−∇̃
[(
σ̃ah

ed
a + σ̃mhed

m + σ̃vh
ed
v

)
∇̃ϕ̃ed

]
= 0 in Ωed, (A.16)

where σ̃p = (σpRTτvm) /
(
F 2l2c

)
for p = {a,m, v} denote the non-dimensional electronic conductivities

of the auxiliary phase, negative electrode and void.

Following a similar procedure, we can obtain the non-dimensional form of the equations in the
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region Ωel. Specifically, combining Eq. (11) with Eq. (12) yields:

−∇̃
[{

κ̃el
g (h

el
g − hel

gb) + κ̃el
gbh

el
gb

}
∇̃ϕ̃el

]
= 0 in Ωel, (A.17)

where κ̃el
p =

(
κel
p RTτvm

)
/
(
F 2l2c

)
for p = {g, gb} are the non-dimensional ionic conductivities of the

solid electrolyte grains and grain boundaries.

A.4. Influence of interface width on single interfacial void simulations

This section demonstrates the sensitivity of void size and current density to variations in the width

of the diffuse interface. Specifically, the growth of a single interfacial void in contact with a homoge-

neous solid electrolyte during stripping is simulated for three different diffuse interface widths, lw. As in

Section 4.2.1, the initial void radius is 4.8 µm and the void center is located at the electrode/electrolyte

interface. The applied current density is 0.5 mA/cm2 in all cases.

Figure A.1 shows the morphology of the void after stripping for 1 h with three different interface

widths. The void shape and the current density distribution within the solid electrolyte exhibit qual-

itative similarities in all cases. However, the maximum value of the magnitude of the current density

near the void edges decreases as the width of the interface increases. This indicates that the magnitude

of flux concentration near the void edge decreases with interface width for a given applied current den-

sity. In Section 4.2.1, it was demonstrated that the rate of void growth depends on the magnitude of

flux concentration near the void edges. Consequently, the void size decreases with increasing interface

width, as shown in Fig. A.1.

𝑙! =	0.5 𝜇𝑚 𝑙! =	0.6 𝜇𝑚 𝑙! =	0.7 𝜇𝑚

26.73	𝜇𝑚 26.51	𝜇𝑚 23.16	𝜇𝑚

𝛀𝒆𝒅 𝛀𝒆𝒍

Fig. A.1. Simulation domain with a single interfacial void at the electrode/electrolyte interface and a homoge-
neous solid electrolyte separator after stripping for 1 h under an applied current density of 0.5 mA/cm2 with
different interface widths, lw. Ωed is shaded by the Na concentration and Ωel is shaded by the ratio of the local
current density to the applied current density.
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S.1. Derivation of the grand-potential expressions

As discussed in Section 3, we assume that the free energy densities of the auxiliary phase, metallic

negative electrode, and void are parabolic functions of the Na mole fractions. This yields:

fp (c
p
Na) =

Ap

2
(cpNa − ceq,pNa )2 p = a,m, v in Ωed. (S.1)

The diffusion potential of Na in the region Ωed is then obtained from Eq. (S.1) using µed
Na = vm (dfp/dc

p
Na),

which yields: µed
Na (c

p
Na) = vmAp(cpNa − ceq,pNa ). This relation can be inverted to obtain the phase mole

fractions as functions of Na diffusion potential, which is the independent variable in our model:

cpNa

(
µed
Na

)
=

µed
Na

Apvm
+ ceq,pNa p = a,m, v in Ωed. (S.2)

Substituting Eq. (S.2) in Eq. (3) yields the grand-potential densities of the auxiliary phase, metallic

negative electrode, and void as functions of Na diffusion potential:

ωp

(
µed
Na

)
= −

[(
µed
Na

)2
v2mAp

+
µed
Nac

eq,p
Na

vm

]
p = a,m, v in Ωed. (S.3)
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S.2. Stripping and plating rates based on a sharp-interface electrochemical model

In a sharp-interface electrochemical model, the velocity of the electrode/electrolyte interface, ved/el,

is given by Faraday’s law [1]:

ved/el = −Mw

ρ

ied/el

F
, (S.4)

where Mw is the molar mass of the metal, ρ is the density of the metal, F is Faraday constant,

and ied/el is the interfacial current at the electrode/electrolyte interface. It should be noted that the

deposition/depletion rates depend on the velocity of the electrode/electrolyte interface in a sharp-

interface model. Thus, we refer to Eq. (S.4) as the sharp-interface deposition/depletion rates.

We make two assumptions to compare our simulated deposition/depletion rates with the sharp-

interface rates. First, we assume the molar mass Mw and density ρ of the Na negative electrode to be

22.98 g/mol and 0.9688 g/cm3 [2], respectively. Second, we assume that the interfacial current density

in Eq. (S.4) equals the applied current density in our simulation, i.e., ied/el = iapp. This is reasonable

because the electrode/electrolyte interface is perfect and planar, which leads to a homogeneous current

density distribution, as shown in Fig. S3.

S.3. Verification of charge and mass conservation equations and interfacial flux evolution in cases with

perfect electrode/electrolyte interface.

To verify that the charge is conserved in our model, we compare the simulated electric potential

and current density in cases with a perfect electrode/electrolyte interface (Section 4.1.1) with an ana-

lytical solution (see Section S.4 of the Supporting Information for details). Figures S1a and S1b show

that the electric potential is almost negligible along the x axis within the auxiliary and Na electrode

phases, while it varies linearly across the homogeneous SE separator during stripping and plating for

any given applied current density. Note that these results are independent of time. Furthermore, the

slope of the electric potential in the solid electrolyte separator varies with the applied current density

and is consistent with the analytical solution. Consequently, the current density is constant along the

x axis and equal to the applied current density during stripping and plating (Figs. S1c and S1d).

Since the domain and boundary conditions are homogeneous in the y direction, the electric potential

is constant in the y direction and the current density in the y direction is zero (Fig. S3). These results

verify that the charge is conserved in our model.

2



Metal/SE separator 
interface

(a)

Metal/SE interface

(b)

(c) (d)

Fig. S1. Verification of charge conservation equation in cases with perfect electrode/electrolyte interface. The
spatial distribution of electric potential during (a) stripping and (b) plating. Spatial distribution of current
density along the x axis during (c) stripping and (d) plating.
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Fig. S2. Variation in volume-averaged Na mole fraction cNa with time during (a) stripping and (b) plating.
Values of the slopes obtained by linear fitting of the curves are shown in (a) and (b). The temporal variation
in the x component of the area-averaged mass flux of Na at the electrode/electrolyte interface, denoted as
jedx,Na, during (c) stripping and (d) plating. The dotted lines in (c) and (d) indicate the ratio of applied current
density to the Faraday constant.
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Next, we verify that mass is conserved in our model. It should be noted that due to the shrinkage

and growth of the Na electrode, the overall Na concentration in the electrode-auxiliary (Ωed) region

decreases and increases during stripping and plating, respectively. To verify this, we calculated the

volume-averaged mole fraction of Na using Eq. (S.17) provided in Section S.5 of the Supporting Infor-

mation. Figures S2a and S2b show that the overall Na concentration decreases and increases linearly

with time during stripping and plating for different applied current densities. Note that the growth of

the auxiliary phase does not contribute significantly to the overall Na concentration because the mole

fraction of Na in the auxiliary phase is negligible (≈ 10−6), as shown in Fig. S3. The concentration in

the auxiliary phase deviates slightly from the equilibrium value (10−8) because the diffusion potential

within the auxiliary phase is not exactly zero. This shift in the diffusion potential from zero is due to

the flux boundary condition at the electrode/electrolyte interface (Eq. (16)) which induces a gradient

in the diffusion potential within the electrode. The slopes, i.e., the Na loss and gain rates, obtained

after linear fitting are also shown in Figs. S2a and S2b, and are proportional to the applied current

density. We also analytically calculate the Na loss and gain rates (see Section S.5 of the Supporting

Information). Table S.1 shows that the calculated Na loss rates agree with the analytical values. Note

that the difference between the Na loss and gain rates is negligible (≤ 1%). This verifies that the mass

is conserved in our simulations. It is important to note that mass conservation in moving sharp-inter-

face electrochemical models is often an issue, especially during cycling simulations, and can require

a reformulation of the interfacial conditions at the moving electrode/electrolyte interface [1, 3]. Our

approach naturally conserves mass and does not require interfacial conditions at the moving interface.

Finally, we also verify that the flux at the electrode/electrolyte interface is constant with time

in the perfect interface cases. Thus, we calculate the area-averaged flux of Na in the x direction at

the electrode/electrolyte interface using Eq. (S.21) (see Section S.10 of the Supporting Information).

Figures S2c and S2d depict the area-averaged flux of Na in the x direction at the electrode/electrolyte

interface as a function of time during stripping and plating for different applied current densities. As

expected, the average interfacial flux remains constant over time and is equal to the ratio of the applied

current density to the Faraday constant, specifically iapp/F . The ratio is indicated by dotted black

lines in Figs. S2c and S2d.
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Table S.1
Na loss and gain rates during stripping and plating calculated using an analytical approach and our predicted
values. The analytical approach is described in Section S.5 of the Supporting Information. The predicted loss
and gain rates were obtained by linearly fitting the simulated curves shown in Figs. S2a and S2b, respectively.

iapp [mA/cm2] ±0.1 ±0.2 ±0.3 ±0.5

Analytical [h−1] ∓0.028 ∓0.056 ∓0.084 ∓0.141
StrippingThis paper [h−1] −0.027 −0.055 −0.082 −0.136
PlatingThis paper [h−1] +0.028 +0.055 +0.083 +0.139

S.4. Analytical solution for the charge conservation equation
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Fig. S3. Results of the stripping simulation with a perfect electrode/electrolyte interface and a homogeneous
SE separator after 3 h. The first column shows the applied stripping current densities, iapp in units of mA/cm2;
the second column shows the spatial distribution of electric potential ϕ across the domain in units of volts;
the third column shows the spatial distribution of current density along the x-axis normalized by the applied
current density, ix/iapp; the fourth column shows the spatial distribution of current density along the y-axis
normalized by the applied current density, iy/iapp.

In this section, an analytical solution for the charge conservation equation is derived assuming a

perfect electrode/electrolyte interface and a homogeneous solid electrolyte separator. Figure S3 shows
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that the spatial distributions of electric potential and current density along the y axis are uniform in

cases with a perfect electrode/electrolyte interface. Thus, the electrostatic problem can be reduced to a

one-dimensional problem. Since the electronic conductivity of the auxiliary phase equals the metallic

negative electrode, the electric current in the region Ωed may be written as ied = −σm

(
dϕed/dx

)
.

Consequently, Eq. (10) yields:

σm
∂2ϕed

∂x2
= 0 in Ωed. (S.5)

Likewise, since the solid electrolyte separator is homogeneous, the ionic current in the region Ωed may

be written as iel = −κel
g

(
dϕel/dx

)
. Consequently, Eq. (11) yields:

κel
g

∂2ϕel

∂x2
= 0 in Ωel. (S.6)

The general form of electric potentials that satisfy Eqs. (S.5) and (S.6) are:

ϕed(x) = Aedx+ Bed, (S.7)

ϕel(x) = Aelx+ Bel, (S.8)

where Aed, Bed, Ael, and Bel are four unknown constants. These four unknowns can be determined

from the four boundary conditions. Two of these boundary conditions follow from the interfacial

conditions, i.e., Eqs. (14) and (15). Thus, using Eqs. (S.7) and (S.8) in Eqs. (14) and (15), we obtain

ϕed
∣∣
x=xin

= ϕel
∣∣
x=xin

=⇒ Aedxin + Bed = Aelxin + Bel, (S.9)

ied
∣∣
x=xin

= iel
∣∣
x=xin

=⇒ σmAed = κel
g Ael, (S.10)

where xin is the position of the electrode/electrolyte interface. Note that the electrode/electrolyte

interface does not vary with time in our simulations. The remaining two boundary conditions are at

the left and right boundaries. At the left boundary, i.e., x = 0, Eq. (17) yields:

ϕed
∣∣
x=0

= 0 =⇒ Bed = 0. (S.11)
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Similarly, at the right boundary, i.e., x = L, where L is the length of the domain, Eq. (18) yields

iel
∣∣
x=L

= iapp =⇒ Ael =
iapp
κel
g

. (S.12)

The remaining two unknowns are obtained by substituting Eqs. (S.11) and (S.12) into Eqs. (S.9) and

(S.10), which gives:

Bel =

[
κel
g

σm
− 1

]
iappxin (S.13)

Aed =
κel
g

σm
Ael =

κel
g

σm

iapp
κel
g

(S.14)

S.5. Analytical solution for Na loss and gain rates

In this section, we calculate the Na loss or gain rates during stripping or plating analytically using

the mass conservation equation, i.e., Eq. (7):

1

vm

∂cedNa

∂t
+∇ · jedNa = 0, in Ωed. (S.15)

Since the flux of Na is non-zero only at the electrode/electrolyte interface, taking the volume-integral

of this equation and using the divergence theorem, Eq. (S.15) may be written as:

∫
Ωed

1

vm

∂cedNa

∂t
dv = −

∫
Aed

j
ed/el
Na · ned/elda, (S.16)

where
∫
Aed

indicates the surface integral of the flux over the electrode/electrolyte interface, j
ed/el
Na is

the flux at the electrode/electrolyte interface, and ned/el is the unit normal at the electrode/electrolyte

interface (Fig. 1a). Further, the volume-averaged Na mole fraction, ⟨cNa⟩, is defined as:

⟨cNa⟩ =
∫
Ωed

cedNadv

Ved
, (S.17)

where Ved is the volume of the subregion Ωed. Dividing Eq. (S.16) by Ved and using Eq. (S.17) yields:

∂⟨cNa⟩
∂t

= − vm
Ved

∫
Aed

j
ed/el
Na · ned/elda. (S.18)
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By integrating Eq. (16) over the area of the electrode/electrolyte interface and assuming that the

normal component of the solid electrolyte current density is uniform along the electrode/electrolyte

interface, the integral term in Eq. (S.18) can be expressed as

∫
Aed

j
ed/el
Na · ned/elda =

ielx |Γed/el
Aed

F , (S.19)

where Aed is the area of the perfect electrode/electrolyte interface. In cases with a perfect elec-

trode/electrolyte interface, the normal current density at the electrode/electrolyte interface ( ielx
∣∣
Γed/el

)

is uniform and equal to the applied current density iapp (Fig. S3). Thus, substituting Eq. (S.19) in

Eq. (S.18) and using Aed/Ved = Led, where Led is the thickness of the region Ωed, yields:

∂⟨cNa⟩
∂t = − vm

Led

iapp

F , (S.20)

where ∂⟨cNa⟩/∂t denotes the analytically obtained Na loss or gain rate.

S.6. Spatial variation in conductivity in cases with a single void at the electrode/electrolyte interface

In the simulations with polycrystalline SE, the grain structure is created using a Voronoi tesselation.

The value of the ionic conductivity varies along the grain boundaries, as shown in Fig. S4.

S.7. Interfacial flux and mass conservation during cycling of a Na electrode in perfect contact with a

polycrystalline solid electrolyte

Figure S5a shows the temporal variation in the average flux of Na at the electrode/electrolyte inter-

face for different GB-to-grain conductivity ratios. As expected, the steady-state fluxes are independent

of the GB-to-grain conductivity ratios and are equal to the ratio of applied cycling current density

divided by the Faraday constant, iapp/F . This explains the absence of significant variations in the

deposition and depletion rates during cycling with different GB-to-grain conductivity ratios, as shown

in Fig. 6a. It also confirms our assertion that the deposition and depletion rates mainly depend on the

magnitude of the applied current density.

Figure S5b shows the total Na concentration during cycling for different GB-to-grain conductivity

ratios. The overall Na loss and gain rates during cycling are independent of the GB-to-grain conduc-

tivity ratios. This is also consistent with our analysis in Section 4.1.1, which shows that the Na loss

or gain rates depend only on the applied flux at the electrode/electrolyte interface. Since this flux is

9
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Fig. S4. Simulation domain for the simulations with polycrystal SE separators. (a) Spatial distribution of
electronic conductivity in the region Ωed. Spatial distribution of ionic conductivity in the region Ωel for (b)
homogeneous SE (κel

gb/κ
el
g = 1), (c) low-conductivity SE (κel

gb/κ
el
g = 0.067), and (d) high-conductivity SE

(κel
gb/κ

el
g = 10).
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Fig. S5. (a) The temporal variation in the x component of the area-averaged mass flux of Na at
the electrode/electrolyte interface, denoted as jedx,Na, during cycling with SEs having low-conductivity
(κel

gb/κ
el
g = 0.067), homogeneous (κel

gb/κ
el
g = 1) and high-conductivity (κel

gb/κ
el
g = 10) GBs. The dotted lines

in (a) indicate the ratio of applied current density to the Faraday constant. (b) Volume-averaged Na mole
fraction over time for different GB-tog-grain conductivity ratios. In (b), the black dotted line indicates the
initial and final concentrations of Na in the system.
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identical in the case of polycrystalline and homogenous SEs, as shown in Fig. S5a, the Na loss and gain

rates during cycling are identical. The initial and final total Na concentrations are equal, indicating

that the mass of Na is conserved in our cyclic simulations regardless of the SE GB properties.

S.8. Void/GB interaction along the negative y axis
St
rip

pi
ng Plating

SE GB at 7.5	𝜇𝑚

(𝑐)

(a)

(𝑖𝑥)

7.5	𝜇𝑚(𝑐)

(b)

7.5	𝜇𝑚

0.231	h

SE grain boundary at	7.5	𝜇𝑚
below the void center

𝛀𝒆𝒅 𝛀𝒆𝒍

(c)

Fig. S6. Analysis of cycling simulations with a single interfacial void at the interface between the negative
electrode and a polycrystalline SE separator. (a) Half-void size below the void center with cycling time for SEs
with low-conductivity (κel

gb/κ
el
g = 0.067), homogeneous (κel

gb/κ
el
g = 1.0), and high-conductivity (κel

gb/κ
el
g = 10)

GBs. (b) Percentage change in lower half-void size relative to the homogeneous SE as a function of stripping
time for κel

gb/κ
el
g = 0.067, 1 and 10. Simulation domain at the instant when the lower void edge touches a high-

conductivity SE GB at a distance of 7.5 µm below the void centre. In (c), Ωed is shaded by the Na concentration
and Ωel by the normalized current density. In (a) and (b), the black marker labelled (c) corresponds to the
microstructure shown in Fig. S6c.
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S.9. Complete plot of the percentage change in half-void size along the +y-axis with cycling time

Stripping Plating

Fig. S7. Pecentage change in upper half-void size relative to the homogeneous solid electrolyte (SE) (κel
gb/κ

el
g =

1) as a function of cycling time for low-conductivity (κel
gb/κ

el
g = 0.067) and high-conductivity (κel

gb/κ
el
g = 10)

grain boundaries (GBs).

S.10. Definition of area-averaged flux of Na

The area-averaged flux of Na in the x direction at time t is defined as follows:

jedx,Na(t) =
1

Aed

∫
Aed

jedx,Na(x, t)
∣∣
Γed/el

da, (S.21)

where Aed is the area of the perfect electrode/electrolyte interface and jedx,Na

∣∣
Γed/el

is the flux of Na at

the electrode/electrolyte interface, which may vary with position x and time t.
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S.11. Spatial distribution of the gradient in the diffusion potential of sodium within the electrode
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Fig. S8. Cycling simulations assuming a perfect electrode/electrolyte interface and polycrystalline SE separa-
tor. Evolution of the Na negative electrode during cycling under an applied current density of 0.5 mA/cm2 with
(a) κel

gb/κ
el
g = 0.067 and (b) κel

gb/κ
el
g = 10. Ωed is shaded by the magnitude of the diffusion potential gradient

(|∇µed
Na|) and Ωel by the ratio of the local current density to the applied current density.
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S.12. Asymmetry in void growth during stripping

(a) (b)

Max. 𝑖!"# at 
lower void edge

Max. 𝑖!"# at 
upper void edge

(c)

Max. 𝑖!"# at 
lower void edge Max. 𝑖!"# at 

upper void edge

(d)

Fig. S9. The variation in the asymmetry ratio as a function of stripping time for different (a) GB-to-grain
conductivity ratios and (b) applied current densities. The asymmetry ratio is defined as the ratio of the dis-
tances from the void center to the upper and lower void edges. Spatial distribution of the normal component
of the electrolyte current density (ielx ) along the electrode/electrolyte interface, Γed/el, at times (c) 0.25 h and
(d) 0.50 h. The current density is normalized by the applied current density, iapp, which equals 0.5 mA/cm2.
In (b) and (c), the block dotted lines indicate the maximum value of current near the void edges.

Figure S9a shows the temporal variation in the asymmetry ratio for cases with homogeneous

(κel
gb/κ

el
g = 1), low grain boundary conductivity (κel

gb/κ
el
g = 0.067) and high grain boundary conduc-

tivity (κel
gb/κ

el
g = 10) SE separators during stripping under an applied current density of 0.5 mA/cm2.

The asymmetry ratio is determined as the ratio of the distance from the void center to the upper and

lower void edges. This ratio marginally deviates from 1 in the homogeneous SE case, suggesting that

void growth is not perfectly symmetric (Fig. S9a), which is counterintuitive. To account for this, note

that the void growth rate depends on the magnitude of the flux of Na concentrated near the void
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edges (Section 4.2.1). The magnitude of this flux, in turn, is proportional to the normal component of

the electrolyte current density, ielx , as discussed in Section 2.3. Thus, if the distribution of the normal

component of the electrolyte current density ielx is not perfectly symmetric about the void center and

along the electrode/electrolyte interface, it can result in asymmetric void growth.

Figures S9c and S9d show the spatial distribution of the normal component of electrolyte current

(ielx ) along the electrode/electrolyte interface after stripping for 0.25 h and 0.50 h, respectively, in the

case of a homogeneous SE separator. In these figures, the current density is normalized by the applied

current density (iapp), which equals 0.5 mA/cm2. These figures reveal that the spatial distribution

of the normal component of the current density along the electrode/electrolyte interface is slightly

asymmetric during stripping. This is evident by the asymmetry in the maximum current densities at

the lower and upper void edges, thus explaining the observed asymmetry in the void growth rate in

the homogeneous SE case in Fig S9a. The figures also depict that the current is concentrated and ex-

hibits significant gradients near the void edges. The current density distribution is slightly asymmetric

because the electrolyte domain has been discretized using linear quadrilateral finite elements. Employ-

ing higher-order finite elements or a more refined mesh may improve the symmetry of the current

distribution near the void edges by reducing the discretization error, though at higher computational

costs. As demonstrated in Section 2.1, the electrolyte current density becomes more concentrated with

increasing magnitude of the applied current density. This consequently causes increased gradients in

current density near void edges and increases the asymmetry in the current density distribution. As a

result, the asymmetry in void growth also increases with the magnitude of the applied current density,

as illustrated in Fig. S9b. However, the maximum deviation relative to a perfectly symmetric growth

is marginal (≤ 8%).

Figure S9a also shows that the asymmetry ratio, and thus void size, marginally varies with grain

boundary (GB) conductivity, which is intuitive, because the magnitude of the normal component of

the current density along the electrode/electrolyte interface depends on the GB conductivity. This ex-

plains why the deviation in the asymmetry ratio, as compared to the homogeneous SE case, is higher

in the high-GB conductivity SE case than in the low-GB conductivity SE case (Fig. S9a).

S.13. Instability in phase-field variables in case with arbitrarily high Ap

In Section 3, we suggested that the value of Ap is selected “high” enough so that the Na concen-

trations within the void and electrode phases do not significantly deviate from the equilibrium values.

However, this value cannot be arbitrarily high as it may lead to instability in the void phase-field
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variable.

To show this, we performed a stripping simulation with an interfacial void in contact with a ho-

mogeneous SE separator under an applied current density of 0.5 mA/cm2 with Ap values 103 times

higher than the values reported in Table 1. The initial and boundary conditions are identical to the

cases discussed in Section 4.2.1.

Figures S10a and S10b show that the phase-field variable representing the void phase (ξv) ex-

hibits instability during stripping with high Ap values. To understand why this occurs near the elec-

trode/electrolyte interface, note that a high Ap value would reduce the mobilities Mp for a given

diffusivity value, as Mp = Dp
MdcpM/dµed

M = Dp
M/(Apvm). Reduced mobilities can induce significantly

large gradients in the diffusion potential of Na within the electrode. This, consequently, would increase

the absolute value of the diffusion potential of Na along the electrode/electrode interface for the same

magnitude of the applied current density. Consequently, the bulk driving force of the phase-field vari-

able becomes very high, thus causing its instability. In a grand-potential-based phase-field model, the

bulk driving force of the phase-field variable is defined as the difference in the bulk grand potential den-

sities of the adjacent phases [4]. In our context, this can be specifically written as: ωm(µed
Na)− ωv(µ

ed
Na).

Note that this driving force depends on the diffusion potential of Na. Thus, if the absolute value of the

diffusion potential increases, the bulk driving force of the phase-field variable also increases, thereby

causing its instability. It is important to acknowledge that the instability of the phase-field variable

due to high bulk driving forces has also been reported by other researchers [5, 6].

Instability in 𝜉!

𝜉"

(a)

𝜉!

Instability in 𝜉"
grows

(b)

Fig. S10. Spatial distribution of the phase-field variables denoting the void phase (ξv) and metal phase (ξm)
along the electrode/electrolyte interface after stripping for (a) 0.1 s and (b) 1 s.
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