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Abstract

Modeling multimetallic systems efficiently enables faster prediction of desirable
chemical properties and design of new materials. This work describes an initial imple-
mentation for performing multireference wave function method localized active space
self-consistent field (LASSCF) calculations through the use of multiple graphics pro-
cessing units (GPUs) to accelerate time-to-solution. Density fitting is leveraged to
reduce memory requirements, and we demonstrate the ability to fully utilize multi-
GPU compute nodes. Performance improvements of 5-10x in total application runtime
were observed in LASSCF calculations for multimetallic catalyst systems up to 1200
AOs and an active space of (22¢,400) using up to four NVIDIA A100 GPUs. Written
with performance portability in mind, comparable performance is also observed in early

runs on the Aurora exascale system using Intel Max Series GPUs.
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1 Introduction

Computational modeling and prediction of molecules and materials with multiple transi-
tion metals require methods that can accurately and efficiently model electron correlation.
Single reference methods such as Hartree Fock (HF)," density functional theory (DFT),?
Moller-Plesset perturbation theory (MP2)® and coupled cluster (CC)#™ are often inade-
quate to model the multiconfigurational electronic structure of transition-metal systems in
their ground or excited states. Multireference (MR) methods excel at capturing electron cor-
relation in these systems, however, for extended systems containing transition metals, they
usually face two challenges: a large number of correlated electrons and a large number of
inactive orbitals, typically from ligands. The traditional MR method, complete active space
self-consistent field (CASSCF),® is not feasible because the cost scales exponentially with the
size of the active space (AS), which in turn grows rapidly with multiple metal centers present.
Controlling the size of the active space through automatic reduction in configuration space
functions (or Slater determinants) using methods such as selected configuration interaction
(SCI)®" or density matrix renormalization group (DMRG)" has been explored, aiming to
lower computational cost and enhance the practical viability of MR calculations. Another
class of methods involves the reduction of the Hilbert space through fragmentation tech-
niques guided by chemical intuition, such as the restricted active space SCF (RASSCF), 1
generalized active space SCF (GASSCF), 182l cluster mean field (¢cMF)*¥ or localized ac-
tive space self-consistent field (LASSCF).“#4% These methods exhibit reduced scaling with
respect to the size of the total active space compared to CASSCF. In this work, we focus
on LASSCF that scales exponentially with the size of the active space of each fragment but
polynomially with the size of the total AS.

The presence of inactive orbitals increases the cost of CASSCF polynomially, and several
techniques are employed to control this cost. A common technique is to simply reduce
the number of inactive orbitals through truncation of atoms. Some examples are replacing

tertiary amines ligands with ammonia,?® or benzoates with formates.?92® This approach



proves to be effective for qualitative studies of target properties. However, when conducting

9 or aiming to fine-tune them with ligands,® it

quantitative investigations of properties,?
becomes essential to model all inactive orbitals. The second technique uses embedding
methods such as DMET®Y and QDET"# but these are not feasible when dealing with large
AS typical in multimetallic systems. LASSCF offers a promising solution to deal with systems
with large AS however, the cost of modeling a system with large AS and a large number of
inactive orbitals with LASSCF is still limiting and improving the time-to-solution is vital to
using LASSCF for such systems.

Any meaningful improvement in computational speed is achieved by first accelerating the
calculation bottleneck. Focusing on fundamental operations instead of the entire method as
a whole also has the potential to provide algorithm-independent acceleration if multiple al-
gorithms utilize the same functionality. One way to improve computational speed is through
the use of specialized hardware for core computational tasks, such as matrix multiplica-
tion. Graphics Processing Units (GPUs) are designed to perform a large number of (simple)
calculations simultaneously, making them ideal candidates for some scientific computing ap-
plications. Modern supercomputers derive most of their floating point operations from GPUs
as observed in the recent TOP5002? list, where the top 5 systems deployed AMD, Intel, and
NVIDIA GPUs. The heterogeneity of GPU vendors and software ecosystems today requires
application developers to be mindful of performance portability for users to effectively use
modern computing resources. Although most of the GPU-accelerated quantum chemistry
codes have relied on NVIDIA GPUs,**% progress has been made to adapt these implemen-
tations to other GPU vendors. 4?42

Efforts on GPU-accelerated quantum chemistry codes for large systems have been mainly
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focused on integral generation and single-reference methods, primarily HF,*® DFT% and

its relativistic counterpart®¥, MP2:04240 and CC420 GPU accelerated HF, DFT and MP2
have been applied on large systems. Specifically, HF calculations have been performed on

organic molecules, water and glycine clusters,?™* DFT calculations have been performed



on organic molecules,** model systems,”? solids®", and gold clusters for relativistic DFT#4,
MP2 calculations have been performed on glycine® and water clusters.”” Among multicon-
figurational methods, CASSCF,*50 DMRG, 2 non-orthogonal CI®® and auxiliary field
quantum Monte Carlo® have been implemented to utilize GPUs. Within the traditional
CASSCF method AS up to (26e, 230)% can be achieved, but (18e,180) is considered the
limit for routine calculations.®® GPU-accelerated variational 2-body reduced density matrix
(v2RDM) CASSCF? has been used with (50e,500) AS for polyacenes. GPU-accelerated
DMRG can treat AS with (113e,760) for FeMo cofactor® and (114e,730) for P-cluster,®® but
only to solve the CI problem on GPUs. We also highlight the adoption of GPU accelerated
DMRG as a CI solver for CASSCF.©8

The memory bottleneck of electronic structure methods such as HF, DFT, MP2, and
CASSCF is the processing of 4-center 2-electron (4c-2e) electron repulsion integrals (ERIS)
which scales as O(NZ), where N, is the number of atomic orbitals. While utilizing direct-
SCF principles,®” where integrals are calculated on the fly, are common, within the realm of
methods using precomputed integrals, this scaling makes the study of large systems quickly
intractable with an increasing number of orbitals, often in the case of many inactive or-
bitals. Weakly correlated systems like water clusters or organic compounds have sparse
ERIs and methods exploiting the sparsity of ERIs on GPUs™™ can achieve significant
speedups while keeping memory requirements low. However, sparsity may not exist when
solving for organometallic compounds of heavier atoms with diffused orbitals Another way
to reduce memory requirements is to approximate the 4c-2e integrals using Cholesky density
fitting techniques™ to decompose a 4c-2e ERI into a 3c-2e Cholesky vector. This reduces
the memory requirement to O(N,u, N2,) where N, is the number of auxiliary orbitals and
is usually 5-10x of N,,. Other methods to approximate ERI like chain of spheres™ and
semi-numerical-K™ have also been developed. Although various single-reference methods
with density fitting techniques have been explored in GPU accelerated computational chem-

istry codes, the use of density fitting with multi-reference methods on GPUs is less common,



except the work by Mullinax et al.®”

In this paper, we present an initial implementation of LASSCF with density fitting tech-
nique capable of leveraging multiple GPUs on a node. We show a 7-10x reduction in time-to-
solution for up to 1200 atomic orbitals (AOs) and the AS of (22¢,400) for a realistic system
and up to (64e,640) for a model system. By focusing on core mathematical operations and a
seamless integration, we are able to accelerate HF and CASSCF calculations as well without
additional effort. Finally, we show the benefits of developing performance portable software
by running and competitive performance on both Intel and NVIDIA GPUs, and without any

tuning for Intel GPUs.

2 Theory

2.1 Notation

Orbitals are indicated as sk, where s represents the type of orbital, K, L, ... the fragment
index and n = 1,2,... distinguishes multiple indices of the same type and fragment in a
given expression. When the orbitals span the entire molecule (as opposed to a particular
fragment), the orbitals are represented by s,. The symbols u,p,e,a,v and d represent
atomic, molecular, embedding, active, virtual (or unoccupied) and doubly occupied orbitals
respectively. As an example, ag, is the n'™ active orbital of K*® fragment. The active-space
wave function for the entire molecule is denoted by W, and the active-space wave function
of a fragment is denoted by W,,. The auxiliary basis orbitals are represented by P. E
represents an energy, { £} ¢ represents the energy derivative with respect to the CI vector
and {EM1Y represents the derivative of the energy with respect to orbital rotation between
orbitals z and y. There are N,, atomic orbitals (AOs), Ny, molecular orbitals (MOS), Nuux
auxiliary orbitals, N,. total active orbitals, N,. ; active orbitals in each fragment and Ny, ;
embedding orbital in each fragment. Repeated internal indices are implicitly summed. Table

contains all the notations used throughout the manuscript.



Table 1: All notation used in this work.

Symbol Meaning Counts
K,L,.. Fragment Index N
K, n'® Orbital index on K fragment
Sn Full system orbital of type s € {u, p,v,d}
Sk, Fragment orbital of type s € {p, e, v, d}
1 Atomic orbital Nao
P Molecular orbital Npo
a Active space orbital Ny
e Embedding space orbital Nemb,
ax Fragment active space orbital Ny ;
v Virtual orbital Nyir
d Doubly occupied orbital Noce
P Auxiliary orbital Naux
{EM}y 8;;1 for orbitals x,y
{EM} ¢ %
WA, Fragment active-space wave function

2.2 LASSCF algorithm

The LASSCF wave function is expressed as a direct product of fragment active space wave

functions and a single determinant of the doubly occupied orbitals |¢p):

[LAS) = AR [Wa,) Alép) |

The energy of the LAS wave function is given as

LASSCF optimizes the fragment wave function ¥4, by minimizing the fragment energy

where |®g, ) is the determinant containing embedding space inactive orbitals. At conver-

Eras = (LAS| H |LAS)

Ex = <(I)EK| A <‘I]AK| I:IEK |\I[AK> A ‘(I)EK>



gence, Fx = Fpas. The embedding space Hamiltonian H By 1S

Hp,e = (heg, + {07 Yo — {0 }eid)el e,

gy
K1€K3 st At 4 A
+ §g€K28K4 CeKlo' CeK3T C€K4T c€K2a (4)

omitting an irrelevant constant (Ref.** Eq. 12-14), where

{2 = ghute Dis — ghite {11 (5)

(Self) €Kq o eK16K3 6K3 eK13K3 6K3
{U }6K1 - geK2€K4 D€K4 - g€K4eK2 {70}€K4 (6)

are the effective embedding potential and effective self potential respectively. élKn and Cep,
are the creation and the annihilation operators with ¢ and 7 spin; h and g are 1- and
2- electron molecular Hamiltonian matrix elements, respectively; and D and +, are the
spin-summed and spin-separated 1-body reduced density matrices, respectively. Eq. [3| can
be minimized with a standard CASSCF solver with Nemp ; "atomic" orbitals (embedding
orbitals form the basis), Nye ; active orbitals and the H £, Hamiltonian. This corresponds to

solving the equation
1 1) e
{ENYar = {EW}x =0 (7)

The total number of fragment embedding orbitals (Nemb,) can be up to 2(Nac; + Npy)
where N,. ;18 the number of user-selected fragment active orbitals and Ng, is the number
of user-selected fragment orbitals.

These CASSCF subproblems or tasks require repeated calculations of effective potentials
and ERIs with specific indices pattern of ghift and g2 where a and p respectively refer
to active and embedded space orbitals for orbital optimization.™ For a realistic system,

Nemp,; and Ny, do not scale with the system size since fragments necessary for modeling

multireference nature would remain similar. Cases where larger fragments may need to be



considered, such as extended aromatic systems will have Neypn, and N,e, scale with the
system size.

Once all embedded CASSCEF tasks are completed, the active orbitals of all fragments are
not necessarily orthogonal since they are optimized independently and must be reorthogo-
nalized. The active orbitals and CI vectors are then frozen and the whole molecule’s inactive
orbitals are optimized. Additionally, the energy is minimized with respect to rotation be-
tween two active subspaces (K, L) and their CI vectors. This corresponds to solving the
equation

(BV}ar = (VYo = (B} =0 ®)

ar

Eq. [§|is satisfied through a second order algorithm that optimizes
EWY + E@x =0, (9)

where x is a unitary generator containing all orbital and CI transformation variables, E®)

is the second-order derivative. We omit details of exact forms of derivatives in Eq. [§| and

refer the reader to ref. 23. Eq. [§ requires a HF-like effective potential repeatedly and ERIs
Ak, anM,

of index pattern ga 'ay," -

The overall LASSCF calculation is converged when

{EW}P2 =0 (10)

{EW}ar=0 (11)

is satisfied. Evaluating the gradient on the right-hand side of Eq. requires the evaluation
of ERIs of index pattern gi;‘ﬁMl once per cycle.
Diagrammatically, the algorithm can be represented as in Figure[l] In the algorithm, the

orange boxes represent the CASSCF tasks; the green boxes represent processing before and
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Figure 1: Flowchart of LASSCF algorithm. Highlighted boxes represented various phases of
calculations. The green box represents constructing an embedding space for each fragment,
orange box for performing a CASSCF task and blue box for active orbitals of a fragment are
relaxed with respect to other fragments.

after a fragment CASSCF, e.g. embedding potential in Eq. [5} and the blue boxes represent

the recombination algorithm.

2.3 Identification of computational bottlenecks
We used LASSCF within a density-fitting framework that splits a 4c-2e integral into 3c-2e

integral™ given as

Qﬁiﬁi ~ (M1M2|P)(P’Q)71(Q’N3M4)

= ((pap2| PYT)(T(Qlpapia)) = bly b,

(12)

where b/ . are the three-center two-electron Cholesky vectors of size O(NauxN2,), and T is
(P \Q)’%. We profiled CPU-only LASSCF calculations using simple Python timer functions

within PySCF to collect the total time spent during the various stages of the algorithm.



This was done for all systems described in section {4 and results for the iron-sulfur cluster

are shown as a representative example in figure [2]

FesS4 system

Bl Recombination
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o .
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Figure 2: CPU run profile for iron-sulfur cluster. Computer details: Polaris compute node:
One Milan CPU with 32 cores.

All embedded CASSCF calculations (in the orange boxes of Fig. (1)) combined accounted
for about 33% of the total wall time. Within fragment CASSCFs, the evaluation of effective

potentials consumed 50% of the CASSCF wall time, while the computation of ERIs (ghraL

and ¢gP*P2) accounted for another 48%. The pre- and post- processing of CASSCF fragments

aijas
(shown in the green boxes of Fig. [1)) contributed 28% of the total wall time, with over
90% of this time spent on evaluating effective potentials. Finally, the recombination of all
fragments (blue boxes of Fig. |1|) consumed 37% of the total wall time with 72% dedicated to

P1aM,

effective potential evaluations and 15% to LASSCF ERIs (ga;, ax, ). A similar breakdown was
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observed for the other systems. Analyzing where time was spent in the code was repeated
throughout the software development process to ensure priority was given to the next largest

time-consuming step in the calculation.

2.4 Analysis of computational bottlenecks
2.4.1 Calculation of effective potentials

The calculation of effective potentials is performed as follows:

{09} = Ty — {Ko )y (13)
where J;; are calculated as
Vp = bf;DZ] (14)
Jij = vpbl; (15)
and
vi = b {7 1 (16)
{Ko}ij = vighi, (17)

Here i, j represent both atomic orbitals and embedded orbitals since effective potentials are
calculated with both. The computation of the Coulomb matrix J and exchange matrix K is
collectively referred to as a “JK call”. The calculation of .J has a complexity of O(N,uxN2) if

performed for the full system (or O(Nyu N2

emb, ) for a single fragment) for both steps, namely

Eq. |14] and Eq. With output of size O(N2) (or O(N?2

emb,))- The exchange matrix (K), on

the other hand, has a complexity of O(NawNg,) (08 O(NawNg,y,,)) for both steps (Eq.

and Eq. [17), an order of magnitude more expensive than ./, but with the same size of output

11



(O(N2) (or (’)(Ngmbf))) as J. Performing singular value decomposition (SVD) on the density
matrix could reduce the complexity of and memory requirements for the calculation of the
K matrix. We show later that JK is no longer the largest computational bottleneck after
being GPU-accelerated. That said these algorithmic improvements will be implemented in
the future to further reduce the time-to-solution. For each effective potential calculation, the
input is a density matrix and the AO (or embedded basis) Cholesky vectors and the output
is J and K. For each call, we ensure that the relevant Cholesky vectors and density matrix
are present on the GPUs, we calculate J and K, and transfer them back to the CPU.

Since the calculation of full K at once requires at least 2N,,, N2 memory (one to store
original AO basis ERI and one for the intermediate), it becomes taxing on the available
computer memory. Most modern software, including PySCF, perform this calculation in
blocks of size Ny along P. We currently have kept the PySCF default Ny, = 240 for this
work. Initial investigations showed smaller blocks help in load balancing, and examples of
such explorations are presented in SI (Fig. SS7 and SS8). Tuning based on the number of
GPUs or dynamically changing Ny could help to ensure work is evenly distributed across
GPUs. Dynamically changing the blocksize would require some data reorganization across
GPUs (leveraging GPU-GPU links), but ensuring consistency with the rest of the PySCF
code will be important.

The Cholesky vectors are often stored in triangular form of size NuuxNVao(Nao + 1)/2.
After transferring a block of this lower-triangular matrix to the GPU, it must be unpacked
to the square-matrix form before proceeding. Eq. generates an intermediate (v}) of the
same size as this block. Furthermore, in order to carry out Eq. efficiently, the Cholesky
vector factor must be transposed. Therefore, the total peak memory usage for the build of

{K,}ij 18 Naux N2, /2 + 3N V2. We will discuss data transfer optimizations later.

o)
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2.4.2 Calculation of ERIs in fragment CASSCF

The CASSCF orbital optimization requires explicit ERI (95252 and g£§;Z§;)75=76 given by
P __ 1P PK
b6K2pK1 - b€K1€K2 MeKll (18>
P __ 1P PK.
bPKIPKQ o beKQPKl M6K22 (19>
PK1OK, P P
pK;“Kzl T UPKPKy 0K OK, (20)
PK1PKy _ 1P P
“KiaKz T UPK QK| PK5OK, (21)

Here, M is the matrix of MO coefficients that transforms from AO basis to MO basis. We
refer to this kernel as AO2MO.

The complexity of the first two steps (Eq. (18 and Eq. is O(NauxNSmbf) and of the
last two steps (Eq. 20jand Eq. is O(NauxNezmbf N2, f). If the first two steps are performed

on the GPU and the next two on the CPU, we transfer b ( of size O(N,ux N2, .)) back

PK{PKy embf
to the CPU. A GPU memory allocation of 2NblkNe2mbf is required to perform the calculation.

If, instead, we perform Eq. [I8 Eq. [I9 and Eq. 20 on the GPU and Eq. 21 on the CPU,

we pull gplax! and belaKl (Nawb,; Nac, + NawxNewb, Nac, data) back and require a memory

allocation of 2Nb1kN62 this

2081

by + Nezmbf N2 on GPUs. Since Naux > N2

acy acy

and Nembf > N,

cr
approach significantly reduces data transfer compared to the previous option, where only
Eq. and Eq. were executed on the GPU. Furthermore, given that the JK call already
requires 3Ny N2, memory and N, > Nemp ; and Ny = 240 > N2, ; for most practical cases,
this strategy does not impose any additional memory overhead beyond what is required for
the JK call.

Finally, performing all 4 steps on a GPU would transfer 2 x N2 = N2 data back to

emb; -~ Yacy

CPU and require a minimum GPU memory allocation of 2Ny N2 In most

2 2
emb ¢ + 2NaCfN

emby *
practical cases, the data transferred is smaller than in the previous approach, as Nemp; Nac, <
N.ux- Currently, we execute the first three steps on the GPU and the final step on the CPU

because Eq. is not relatively expensive. This approach makes CASSCF ERIs no longer a

13



bottleneck of LASSCF (see Sec. , although further optimizations may be explored in the

future.

3 Implementation

The mrh research code,™ which implements LASSCF, builds upon the PySCF® code. No
modification or special version of PySCF is required and users of mrh can simply import the
relevant PySCF modules and objects needed for LASSCF calculations. Within the LASSCF
algorithm, low level functionalities, such as JK calls, are transparently accessed from PySCF.
In designing the framework for GPU-accelerated LASSCF calculations, there was a strong
emphasis on maintaining a similar level of transparency with PySCF to reduce the installa-
tion burden on users while enabling them to fully leverage GPU accelerators. Additionally,
there was a strong emphasis on enabling performance-portable calculations, allowing users
to take full advantage of GPU accelerators from various vendors, including AMD, Intel, and
NVIDIA. This approach aims to support a broader user community. From a software devel-
opment perspective, the goal was to minimize code duplication while maintaining flexibility
in optimizing the mapping of LASSCF and mrh to GPUs. This was achieved, in part, by
relying on vendor-optimized matrix-multiply routines to ensure good performance.

The majority of the GPU-related code is self-contained in a stand-alone C/C++ library
libgpu. Python bindings for the C++ functions are created using the header-only py-
bind117® library, facilitating data exchange between the two programming models. This
lightweight Python/C++ interface helps keep the mrh code organized, as it is only utilized
during GPU-enabled runs. The core development of multiconfigurational algorithms in the
Python mrh code continues uninterrupted, while the algorithms can be patched to leverage
accelerated core functionalities for speedup. A key benefit of this development approach is
that other algorithms can also take advantage of the same core functionalities for accelera-

tion, without additional development effort.

14



Adding new GPU-accelerated functionality is straightforward, and as demonstrated be-
low, the overall application speedup is already promising across several multi-metallic sys-
tems on NVIDIA and Intel GPUs. We prioritized which functionalities to accelerate using
profiling tools, and NVIDIA’s profiling tools such as NVIDIA Nsight Systems™ on Polaris
and Intel’s profiling tools such as VTune and Advisor with profilers such as THAPI and iprof
to ensure multiple GPUs were utilized effectively. These decisions enabled the development
of mini-apps for quicker and independent prototyping and optimization of GPU-accelerated
kernels. The trade-off of focusing only on key, separate computational tasks is potentially

additional data transfers to ensure the remaining CPU code runs correctly.

Python Layer (PySCF, MRH)
LASSCF/CASSCF algorithms

Y

C++/Python Interface
Setup and execute GPU code

Programming Model Layer Math Layer
Data management Computations

CUDA, SYCL, HIP cuBLAS, MKL, ROCm

Figure 3: General code structure for offloading computational hotspots.

3.1 Python layer

The LASSCF algorithm leverages several functionalities provided by PySCF. For example,
the CASSCF task defined by eq. [3]is solved directly by PySCF drivers, and all effective

15



potential calculations of LASSCF are performed with PySCF’s JK engine.

An example file of how to run LASSCF is provided in Fig. [ First, we instantiate
PySCF’s mol object with the geometry, charge and basis set information and perform a
ROHF with density fitting. The LASSCF object las then uses the PySCF’s mean field
object (mf) along with, for this example, two fragments defined with no1,no2 orbitals and
nel,ne2 electrons localized on atom_listl, atom_list2, respectively. The orbitals are

localized on each fragment, and used to perform the LASSCF calculation.

1 from pyscf import gto, scf
mol=gto.M(atom='geom.xyz', basis=basis)
mf=scf.ROHF (mol) .density_fit() .run()
from mrh.my_pyscf.mcscf.lasscf_async import
— LASSCF
las=LASSCF(mf, (nol, no2), (nel, ne2))
6 lo=las.set_fragments_

s ((atom_listl,atom_list2) ,mf.mo_coeff)
7 las.kernel(lo)

= W Bk

£n

Figure 4: A sample code to run a LASSCF calculation with a geom.xyz geometry file,
two fragments of active spaces with (nel,ne2) electrons, (nol,no2) orbitals, localized on
(atom_listl,atom_list2) atom numbers. LASSCF is started with an initial guess orbitals
lo.

To avoid modifying the PySCF library, we monkey-patched the JK operation (eq. [14H17))
and AO2MO functionalities (eq. — using decorators on existing PySCF functions, redi-
recting these calls to our GPU accelerated versions. This is identical to how gpudpyscf=#0
modifies code executed at runtime. Additionally, we patched the mol object in PySCF to
include a use_gpu flag, which readily enables branching for GPU usage without cluttering
code too much. To minimize changes on the Python side of mrh, we used this flag to create
if-else branches that direct the code to utilize the GPU-accelerated functionalities where

applicable.
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A sample code for running a GPU-accelerated calculation is provided in fig. 5} We import
the libgpu library (subsection to access GPU functionalities and call patch_pyscf
that performs the monkey-patching described above. We initialize the GPU device(s) and
pass the use_gpu flag in the SCF and LASSCF methods to enable the GPU-accelerated
branches. Finally, after retrieving the relevant statistics for GPU usage, we free all allocated
memory and release the GPUs. Overall, running a GPU-accelerated calculation is relatively

straightforward requiring minimal changes to the Python script.

Figure 5: A sample code to run a GPU-accelerated LASSCF calculation. The LASSCF
setup is similar as previous example, with libgpu imported for instructing code to use
GPU-accelerated library, gpudmrh being used to patch pyscf functionalities. use_gpu is
tagged to LASSCF method that ensures all GPU accelerated branches are used.

1 from mrh.my_pyscf import libgpu

import pysct

from gpudmrh import patch_pysct

from pyscf import gto, scf

gpu = libgpu.libgpu_init()

¢ mol = gto.M(atom='geom.xyz', basis=basis,
—+ use_gpu = gpu)

7 mf = scf.ROHF(mol) .density_fit().run()

8 from mrh.my_pyscf.mcscf.lasscf_async import
— LASSCF

9 las = LASSCF(mf, (nol, no2), (nel, ne2),
—» use_gpu = gpu)

10 lo = las.set_fragments_
s ((atom_listl,atom_list2) ,mf.mo_coeff)

11 las.kernel(lo)

12 libgpu.libgpu_destroy_device (gpu)

Wb

o
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3.2 CH+ layer

The C++ layer is written with portability in mind such that developers (and users) can
take advantage of various accelerators without rewriting algorithms. The GPU accelerated
C/C++ library libgpu is bound to python and exchanges data through pybind11, avoiding
deep copies and instead using pointers to data when possible. The library has a concise
programming model layer that is responsible for data management and streams/queues for
scheduling work on the GPUs. The underlying programming model can be switched out
to CUDA, SYCL, or HIP depending on the GPU accelerator. Similarly, math library ab-
stractions for routine matrix multiplications (GEMM and Batched GEMM) are used. Other
mathematical operations like transposes and packing/unpacking data were developed as
hand-written kernels using CUDA as much of the initial development leveraged NVIDIA
GPUs. These hand-written CUDA kernels are then translated with SYCLomatic®!' and
HIPify®? to generate the corresponding SYCL and HIP versions respectively. Only minor
modifications to the translated code are made to resolve compilation issues and for the
purpose of this paper they have not been optimized further. The high-level algorithms im-
plemented in libgpu, such as JK, leverage the interfaces (programming model and math)
such that they only need to be written once, and automatically run on any supported GPU
once the needed kernels have been translated. The goal with developing the software in this
manner was not to recreate a robust abstraction framework like Kokkos,®¥ 2 but remain
agile while understanding how best to leverage GPUs in LASSCF calculations and keeping
additional dependencies to a minimum. It is straightforward to add support for and explore
external optimized libraries for select tasks, such as MAGMA®Y and cuTENSOR,,®” without
needing to edit the quantum chemistry algorithms. There is also a CPU backend available,
but that is only used to aid in the initial development of new algorithms. The performance
of the CUDA version on NVIDIA A100 GPUs and the SYCL version on Intel Max Series
GPUs is discussed in section Ml Results from the HIP version will be discussed in a future

work.
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3.3 Algorithms for Performance

The JK and AO2MO functions are fundamental operations that are called thousands and
hundreds of times, respectively, within a single LASSCF calculation. Because the implemen-
tation is not fully GPU-resident, the GPU portions of the calculation are interleaved with
CPU operations. These functions require the same Cholesky vectors as input, and naively
transferring them to the GPU every call would be extremely inefficient, as the data transfer
time would negate any performance gains. While on-the-fly integral generation techniques
on the GPU are available, we opted to store all Cholesky vectors blockwise on the GPUs
and use an efficient hashing scheme to access vector blocks. This hashing technique utilizes
all GPUs on a node without relying on MPI.

To fully utilize all GPUs, we must ensure that kernels are launched asynchronously on
GPUs, and any barriers are removed. Operations involving GPU memory or interactions
with CPU pageable memory would typically require the CPU to wait until the operation
completes before starting new tasks, such as scheduling additional work on the GPUs. To
minimize this delay, new allocations are kept to a minimum, and existing allocations are
reused whenever possible. Intermediate results from different kernels executed on GPUs
are stored in a common scratch space. Data transfer is performed using pinned memory as

necessary to optimize performance.

4 Results and Discussion

The calculations were performed on two of Argonne’s Leadership Computing Facility (ALCF)
supercomputers: Polaris and Aurora. Polaris compute nodes have 1 AMD “Milan" 32-core
CPU and 4 NVIDIA A100 40GB GPUs. All A100s are linked to each other with NVLink.
Aurora compute nodes have 2 Intel Xeon Max Series 52-core CPUs and 6 Intel Data Center
Max Series GPUs code-named "Ponte Vecchio (PVC)". All PVCs are linked to each other

with Xe link. Each Intel GPU in Aurora consists of two physical stacks that can be separately
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targeted to run independent work. All Aurora runs reported here distributed work across
individual stacks (i.e. 12 separate queues of overlapping work when running on 6 GPUs).
CPU runs are performed on Polaris with a single CPU using 32 threads. Polaris’ GPU runs
are performed with a single CPU using 32 threads and up to 4 A100 GPUs. Aurora runs
are performed using a single CPU with 32 threads only, with up to 6 PVC GPUs. We refer
readers to the technical paper on Polaris supercomputer for specific details on the technical
paper.®® Technical paper for Aurora is currently under preparation. Briefly, the Polaris node
Milan CPU’s peak performance is 1.4 Tera floating point operations (TFLOPs), and each
A100 has peak performance of 19.5 TFLOPs.

4.1 Systems under study

We used polyacetylenes of form (CyHs),Hs, where n is the number of monomers, for basic
profiling, testing accuracy, understanding effects of performance with varying system param-
eters and limits of LASSCF calculations within given resources. This system can however be
misleading and be an unreasonable approximation for the workload of a chemically mean-
ingful system. This can lead make priorities skewed for acceleration when the goal is to
accelerate LASSCF for meaningful systems. Three multi-metallic systems were considered
to assess the performance of the GPU-accelerated LASSCF implementation. As a stress test
of the algorithm, we were able to perform at least one LASSCEF iteration for a (96e,960)
calculation for a 48 fragment polyacetylene with a GPU accelerated run within an hour.
The first system under consideration is an iron-sulfur (Fe;S4) cluster (Fig[6j(a)). We refer
to this as system A in the remainder of the manuscript. Conventionally, the iron sulfur

tetramer is thought of as two iron sulfur dimers with Fet2

interacting antiferromagentically
to form a singlet ground state, we designate two Fe centers as Fe*? and the other two as
Fe™. The local active spaces for Fe™ and Fe™ are (5e,100) and (6e,100) respectively, which

include the 5 and 6 3d electrons and all the 3d and 4d orbitals of each Fe center. This

results in a total active space of (22e,400), which is a typical size for systems with multiple
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(a) System A

(c) System C (d) System D

Figure 6: Systems under study. (a) FesS, cluster: System A, (b) FeoNi trimetallic MOF
node: System B, (c) Homobimetallic nickel hydride catalyst: System C, and (d) AlFe,
trimetallic oxo complex: System D. Color: Atom - Yellow: Fe, Purple: Ni, Lime Green: Al,
Olive Green: S, Pink: C, Red: O, Blue: H.
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metal atoms, such as the MoFe cofactor and Photosystem [ The Fe and S atoms are
described using a cc-pV'TZ basis set, while for C and H, a cc-pVDZ basis is used. This gives
the total number of orbitals as 660 and the total number of auxiliary orbitals as 4236.

Next, we performed LASSCF on the model of a node of the MIL-127 metal-organic
framework (MOF) (system B) used in propylene oligomerization.” The structure (Fig. [6(b))
consists of one Ni™? and two Fe™ centers, bridged by six benzoate linkers and one HyO
molecule. The active spaces of Nit2 and Fe™, (8e,100) and (5e,100) respectively, include the
3d electrons and 3d and 4d orbitals, resulting in a total active space of (18e,300). The basis
set used for Ni, Fe and central O is cc-pVTZ™ and cc-pVDZ™ is used for the rest of the
atoms. The total number of orbitals in this system is 1164 and the total number of auxiliary
orbitals is 8905.

The third test system is a homobimetallic nickel hydride catalyst (system C) shown in
Fig. @ (c). The system has two Ni*? centers, corresponding to an active space of (8¢,100) on
each atom which includes all 3d electrons and orbitals and 4d orbitals. This compound can be
immobilized on silica support to be used for hydrogenation of unsaturated hydrocarbons.??
The Ni atoms were modeled with the def2-TZVP basis while all other atoms with the def2-
SVP basis. This gives 1378 orbitals in total and the total number of auxiliary orbitals is
10296.

The rationale for selecting these systems is to explore cases with different number of
fragments, active space and basis set sizes. From A to C the number of fragments and total
active space size decreases, while the number of basis functions increases. Strictly speaking,
performance from A to C is not directly comparable as the total active space, number of
fragments, number of basis functions and complexity of each part (number of iterations in
each SCF cycle of CASSCF and recombination) changes, making it difficult to predict the
time-to-solution going from A to B to C.

After those heuristics, we present the results denoting the end-to-end time to converge

a LASSCF calculation for A and B with the same initial guess both with CPU-only and
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GPU-accelerated implementations. The results presented below focus exclusively on perfor-
mance profiling and the differences between GPU and CPU implementations. We computed
total electronic energies for fixed geometries; these calculations do not explore any chemi-
cal properties of the systems. Their sole purpose is to demonstrate the feasibility of such
computations.

While end-to-end time of a converged LASSCF calculation provides a way to evaluate
an implementation’s practical usefulness, it may be difficult to perform a detailed analysis
of the performance of the accelerated implementation using this data for two reasons. First,
the overall optimization may require different number of LASSCF cycles with the same
input due to different convergence paths, including overcoming local minima, leading to
different workloads (see SI fig. S1-S6). Second, the workload for various parts of a single
LASSCF cycle, like CASSCF or recombination steps can vary substantially cycle to cycle
(see SI fig S1-S6). For these reasons, we also present more robust tests of CPU-only and
GPU-accelerated LASSCF iterations where two parameters, namely, maximum number of
recombination cycles and total number of LASSCF cycles are arbitrarily fixed at 10 to give
similar workloads for all runs for a given system.

We also performed a CASSCF calculation (not LASSCF) on a Al-Fe oxide cluster (sys-
tem D), as shown in Fig. |§] The rational for these calculations is that, as discussed in
Subsection the effective potentials and CASSCF ERIs dominate the computational cost
in fragment-based calculations. Therefore, accelerating these functionalities should also re-
sult in performant CASSCF calculations. We used an (11e,100) active space, including all
3d orbitals and electrons for the two Fe centers. Hydrogen and carbon atoms were modeled
with the cc-pVDZ"! basis set, while oxygen, aluminum, and iron were modeled with the
ce-pVTZ™ basis set, resulting in a total of 674 atomic basis functions and a total of 3998
auxiliary basis functions.

Finally, for completeness, we demonstrate how varying the number of GPUs impacts the

performance of LASSCF (system A) and CASSCF (system D). Analyzing the calculation
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profiles helps further identify potential serialization and its effect on performance.
The atomic coordinates of the systems, input files, output files, and a sample analyzing

script for all calculations can be found in ref. [93.

4.2 LASSCF scaling heuristics with polyacytelene systems

The plots for all runs are presented in SI Sec. V. As we increase the basis set from 6-31g to
cc-pVDZ to cc-pVTZ while maintaining the same number of fragments and the total active
space size where a total of ((24,24) active space is partitioned into 12 fragments of (2,2), the
processing cost escalates most rapidly. This is because it predominantly comprises almost
entirely of JK calls that scale with system size. Recombination costs go up with the system
size, but contain other computations as well, making the scaling not so dramatic. Finally,
CASSCF costs also increase, but tend to do so slowly since the embedding size does not
increase linearly with system size. Consequently, we also see an increase in the acceleration
as JK calls are highly accelerated.

Changing fragment active space sizes while keeping the total active space constant, i.e.,
a (24,24) active space being split into 2 spaces of (12,12), 3 spaces of (8,8), 4 spaces of (6,6),
6 spaces of (4,4) and 12 spaces of (2,2) increased the cost of CASSCF processing linearly
with the number of fragments. CASSCF costs decrease due to decrease in FCI costs and
possible simplification of fragment leading to a lower number of CASSCF iterations being
performed. Recombination costs should remain about the same.

Finally, while varying the total active space as 2 spaces of (4,4), 2 spaces of (6,6), 2 spaces
of (8,8) and 2 spaces of (12,12), we expect the cost of LASSCF to grow due to increase in
FCI costs. However, the FCI problems are still very small compared to other parts of the

algorithm. Therefore, no clear heuristics can be derived for this system.
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4.3 Performance of LASSCF and CASSCF for multi-metallic sys-

tems

The performance of LASSCF and CASSCF till convergence is presented in Fig. [7] The
figure presents a CPU-only run on a Polaris node, a GPU-accelerated run with Polaris (4
A100 GPUs) and with Aurora (4 PVC GPUs). Only 4 of the 6 GPUs on an Aurora node
were used in these plots in an attempt to make an apples-to-apples comparison. The results
are further discussed in the first two and third rows of table 2 for LASSCF and CASSCF
respectively. We present the wall time for all runs, their speedups, and GPU active time,
which shows how heavily GPUs are being used. Finally, we discuss the speedup of individual
parts of LASSCF in table [3]in the first two columns.

LASSCF to Convergence: System A LASSCF is accelerated by about 7x for both
architectures, and B LASSCF is accelerated by about 13x for both architectures. Going
from A to B, the workload on recombination and CASSCF processing increases significantly
due to increase in the N,,, resulting in JK operations with substantially more work and
ultimately leading to a higher speedups. Fragment CASSCFs, on the other hand, are similarly
accelerated because the individual fragments are similar in embedding size and have similar
active spaces.

CASSCF to convergence: For system D, profiling CASSCF in manner similar to
Fig. 2| showed that the effective potentials take about 77% of the wall time, and ERIs take
about 22% of the wall time (Fig. [7|c)), the functionalities that we accelerated for LASSCF.
Other parts of the calculation, including the exact FCI solver (not visible as a small green
bar) are relatively very small for this system. The GPU-runs are accelerated by 15-20x.
Since over 98% of the CASSCF runtime was from kernels that were accelerated, we see
a very high relative speedup. This speedup is significantly higher compared to fragment
CASSCFs ran within LASSCF since each cycle performs multiple CASSCFs of varying sizes
and complexity, and as the number of LASSCF cycles goes on, fragment CASSCFs tend

to converge very quickly in 3-4 iterations, leading to a much lower workload and hence
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Figure 7: Calculation profiles for: (a) LASSCF on system A with (22e,400) active space,(b)
LASSCF on system B with (18e,300) active space, (¢) CASSCF on system D with (11e,100)
active space, with Polaris and Aurora nodes. Resources used: Polaris: Milan CPU 32
Threads + 4 A100 GPUs; Aurora: Max Series CPU 32 Threads + 6 PVC GPUs with 2
queues per GPU.
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lower speedups. Additionally, the embedding space size is significantly smaller in LASSCF’s
CASSCFs, leading to smaller workloads. For a smaller CASSCF problem, we have presented
absolute performance metrics in SI section VII.

Controlled Workload LASSCEF: For a more controlled workload comparison, each
LASSCF run for A, B and C were executed with identical parameters: LASSCF maximum
cycles were fixed to 10, CASSCF maximum cycles were fixed at 50, and recombination
maximum cycles were fixed at 10. CASSCF or recombination may converge earlier than the
maximum cycles but this setup limits unreasonably large number of iterations in one phase
of the calculation, which may happen due to a variety of reasons such as local minimas or
moving out of convergence basin altogether for a specific iteration. The results are presented
in Fig. |8 and further discussed in the last three rows of table [2] and last three columns of
table [Bl

For system A (fig. [§(a)) and B (fig. [§(b)), the processing has the same speedup as
running till convergence because the number of calls is the same for both CPU and GPU
runs. We believe that the recombination speedup from unit runs are much closer to actual
performance because the workload can vary substantially in production runs due to numerical
convergence of the SCF algorithms.

From A to C, the processing step gets more accelerated due to it being mostly a JK call
that gets accelerated with increased workload. The recombination step performance increases
from A to B, and decreases from B to C. From A to B, it’s simply an increased workload
leading to higher speedup. However, for C, the calculations have highly variable workloads
among runs. For the specific run presented, the CPU run perform 37 total SCF cycles
during the recombination step over 10 LASSCF cycles, compared to 51 of Polaris and 55 of
Aurora run. Rerunning the same calculations may change the number of cycles significantly.
Comparing per recombination SCF cycle speedups in system C, we get an approximate
speedup of 8x, much closer to B. For fragment CASSCFs, we take all of them to have about

the same speedups because the embedding space size and active space size is similar for
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all systems. The difference in cost comes from two areas. First, the number of CASSCF
steps can differ significantly in the runs with same input based on convergence patterns, and
second, often the CASSCF can converge quickly, sometimes in one or two cycles, within a
LASSCEF cycle, leading to insufficient workloads for performance to be apparent.

We note that a higher speedup is generally characterized by higher amount of time spent
utilizing the GPUs, which is expected for larger workloads and when the CPU-GPU data
transfers are minimized. The overall GPU usage is still low with considerable work still
being done on the CPU, but we are achieving 7-10x speedups for LASSCF with 25% active
time, and about 20x speedup for CASSCF with 50% active time. Individual bottleneck
acceleration and overall acceleration does not exactly match the peak efficiency of processing
power provided because of several reasons that include modest GPU utilization, CPU-only
kernels, single-GPU kernels, communications overheads with GPU, and serialization and
load imbalance with multi-GPU kernels. Effort is underway to further improve performance

by moving more of the computation to GPUs and make existing computations more efficient.

4.4 Performance scaling with multiple GPUs

For scaling tests, the Polaris runs are performed on 1 CPU with 32 cores and varying the
number of GPUs as 1, 2 and 4. The Aurora runs are performed on 1 CPU with 32 cores and
number of GPUs are varied as 1, 2, 4 and 6. We perform the same CASSCF run on system
D as in (fig. [7|(c)) subsection and the same LASSCF run on system A (fig. [§(a)). For each
run, we plot the time for each phase of the calculation in Fig. [9] and the relevant statistics
are presented in Table

LASSCF and CASSCF scaling (Fig. @, in the case of the Polaris node, performance
increases visibly when going from 1 GPU to 4 GPU; however, the scaling is not ideal. For
the Aurora node, end-to-end time decreases from 1 GPU to 2 GPUs, remains constant with
4 GPUs, and then increases again on 6 GPUs. The accumulation of results from multiple

GPUs to CPU is serialized in this implementation and is one of the main reasons for the
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Table 2: Performance of LASSCF and CASSCF on Polaris and Aurora nodes. Speedup
shown in GPU Run Wall Time column in parenthesis. % active time for GPU is shown in

GPU Time Column.

CPU GPU Wall Run Time (s) GPU Time (s)
Only
Method System Wall Polaris Aurora Polaris Aurora
Time (s)
A 11938 1644 1927 445 736
LASSCF convergence (7.3%) (6.2x) (26%) (38%)
B 63993 5045 5044 1994(39%) 2057
(12.6x) (12.6x) (40.7%)
CASSCF D 4931 230 332 146 195
(21.4x) | (14.9%) 63%) | (59%)
A 3307 488 564 131 204
LASSCF unit (6.8x) (5.9x) (27%) (36%)
B 22260 1842 1833 747 753
(12.1x) | (12.1x) (40%) | (41%)
C 23105 2895 2214 1217 998
(8x) (10.5x) (42%) (45%)

slowdown on 6 Aurora GPUs (i.e. 12 separate SYCL queues). This effect is compounded

by load imbalance, where an unevenly distributed workload, such as 1 GPU getting three

blocks of work and the rest getting two blocks would still cost three blocks” worth of time.

A similar effect is seen in CASSCF runs but the penalty is more pronounced since the GPU

accelerated kernels have started to account for the majority of run time. Removing these

deficiencies is a work currently in progress to improve the code.

Table 3: Speedup of individual parts of LASSCF with Polaris and Aurora Nodes

Convergence Units

LASSCF part | Node A \ B A \ B \ C
Processin Polaris | 7.5 | 11.2 6.7 | 11.6 | 14.2
& | Aurora| 6.6 | 127 | 5.9 | 140 | 16.1

Polaris | 11.8 | 13.0 10.2 | 16.0 | 7.0

CASSCF Aurora | 10.6 | 9.5 82 | 13.7 | 85
Recombination Polaris | 5.4 12.8 4.9 9.6 5.8
Aurora | 4.8 | 12.8 44 | 104 | 5.6
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Table 4: Scaling performance of LASSCF and CASSCF with multiple GPUs

Wall Time (s) GPU Time (s)
Method nepy (Active time %)
Polaris | Aurora | Polaris ‘ Aurora
374 320
4 461
L 06 0L (80%) | (69%)
209 195
2 301 328
CASSCF on D (69%) | (59%)
146 195
2 2
1 U332 639 | (59%)
— 234
6 - 363 (64%)
323 363
22
Lo 68 7 47%) | (50%)
184 229
2 549 592
LASSCF on A (33%) | (39%)
4 488 565 131 204
(26%) | (36%)
228
6 - 587 — (39%)
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5 Conclusions

We have demonstrated an overall speedup of up to 10x for the LASSCF method using
GPUs and up to 30x speedup in some fundamental operations. We were also able to run
at least a full LASSCF cycle with a (96e,960) active space on a polymer chain. We were
able to converge iron-sulfur tetramer with up to (22e,400) active space and 660 orbitals and
also able to converge a MIL-127 MOF node with an (18e,300) active space and about 1200
atomic orbitals. Focusing on speeding up low-level computational bottlenecks has yielded
up to 20x speedup of CASSCF algorithm without additional effort. We have used density
fitting algorithms to keep memory cost low and followed a code development philosophy to
more easily explore GPU algorithms and retain some degree of portability. To that end, we
demonstrate portable performance with NVIDIA A100 GPUs and Intel Max Series GPUs
without further tuning (as well as on an AMD MI250 GPU not discussed here). Work
continues in moving more bottlenecks to GPU-accelerated algorithms and improving the

scaling efficiency of leveraging all GPUs on larger compute nodes.

6 Outlook

Within the paradigm of making the program more performant with the same resources, i.e.,
a single node with multiple GPUs, optimization of individual kernels and GPU accelerated
versions of more kernels is high on our priority list. Examples of such kernels within CASSCF
would be matrix-vector products during Hessian calculations and within LASSCF, CASSCF
bottlenecks, along with matrix-vector products during LASSCF Hessians, transition density
matrices and reorthogonalization algorithms would be ideal targets depending on the current
cost. Additionally, we currently solve the CI problem exactly with FCI on CPUs. If this
step becomes a bottleneck, GPU accelerated version of variations of FCI solvers such as
non orthogonal CI®® DMRG,®*2 y2RDM®" are available. These could be transparently

switched out in case of using NVIDIA GPUs. Further work is needed to solve the CI
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problems on Intel and AMD GPUs. All of the new development highlighted above will
be guided by profiling efforts that hint at the next biggest bottlenecks. To access larger
systems, available memory on a GPU to store Cholesky vectors becomes a bottleneck. Since
transferring Cholesky vectors every iteration is not a reasonable solution, the storage can be

4042 or distributed parallelism via

replaced by GPU-accelerated integral generation schemes
MPI can be used to leverage multiple compute nodes. The work can be easily switched to
using single precision in all operations to reduce memory cost, most likely, without the loss
of accuracy as has been shown by several others for HF %4 MP2 #3950 03nd CC.P%98 With
GPUs being optimized for lower than single precision datatypes such as BFloat16 (BF16),
floating point 16-bit precision (FP16), and even integers, there is the potential for significant
gains if reduced precision datatypes can be leveraged. While we do not perform calculations
related to spin ladders in this paper, differences in energy of spin states can be on the order
of 1 cm ~!, which is about 2 x 107 E}, on an order of 1 x 103E),, a precision higher than FP16
or BF16, and nearing the edge of FP32, which may suggest the need for mixed-precision
algorithms. Algorithmic advances and optimizations to incorporate reduced precision data
types is becoming ever more important considering the GPU roadmaps from vendors. With
all of the GPU-specific code being abstracted within the programming model and device
software layers supporting the different GPU vendors, we have been able to compile and
run the code on newer generations of GPUs, such as NVIDIA GH200, with minimal effort.
For maximum performance it will be important to fully leverage reduced datatypes whether
directly or via software emulation. It will also be important to ensure individual GPUs are
still fully utilized when running science workloads and additional levels of parallelism may
need to be explored (e.g. executing multiple streams/queues per device similar to what we
currently do in Aurora).

To access computational resources beyond one node, we plan to use MPI. Currently, in
LASSCEF, all fragment CASSCEFs are performed sequentially but are fundamentally inde-

pendent of each other. This presents an opportunity for MPI parallelization distributing
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fragment CASSCF tasks across compute nodes in a load-balanced fashion. Additionally, the
recombination step can also be split up into smaller workloads that focus on recombining
two or more fragments at a time instead of all the fragments together, and be parallelized
with MPI. Load balancing of LASSCF is arguably more complicated than methods like HF,
DFT, MP2 or CASSCF in general because there are several phases of calculation that can
have varying complexity and scaling depending on the system under study. A single large
fragment or large number of fragments makes CASSCF expensive, a large number of frag-
ments could make recombination challenging, a system with few active space orbitals and a

lot of inactive orbitals could mean a cheap CASSCF but expensive recombination.

Finally, post LASSCF methods like LASSI or PDFT allow us to correct LASSCF wave
function when direct product of active spaces gives qualitatively incorrect wave function. #2900

Acceleration of those calculations will reduce simulation time drastically in performing chem-

ically meaningful calculations of complex multi-metallic systems.
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