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Abstract 

Strain engineering has been established as an effective approach to control phase 

equilibria, domain configurations, and functional properties of ferroelectric thin films. 

Temperature-strain phase diagrams have been used as powerful tools for providing 

insights into strain engineering. However, almost all existing phase diagrams 

established using the phase-field approach assume quenching conditions without 

considering actual cooling rates during the post-deposition annealing process of 

ferroelectric thin films. Within this work, we systematically investigate the influence of 

cooling rates on domain structures and the strain-phase diagram of ferroelectric thin 

films using phase-field simulations, taking PbTiO3 thin films as a model system. We 

found that both the position of phase boundaries in the strain phase diagrams and the 

domain morphology are significantly influenced by the cooling rates. It is revealed that 

while the paraelectric-ferroelectric phase boundary remains invariant, the phase 

boundaries between single-phase and multi-phase regions tend to shift toward the 

corresponding multi-phase region as the cool rate reduces. Slow cooling generally leads 

to more ordered domain structures with increased domain size. Using the obtained 

equilibrium domain structures, we calculated effective thermal conductivities and 

found significant variations that can be tuned by the cooling rates. This work reveals an 

underexplored yet critical impact of cooling rates on phase equilibria and domain 

structures in ferroelectric thin films, which may inspire further fine-tuning of domains 

and domain walls in low-dimensional ferroelectrics for multifunctional applications. 

 

Keywords: Ferroelectric thin films; Domain structures; Phase diagrams; Phase-
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1. Introduction 

Ferroelectric thin films have garnered significant theoretical and experimental 

research interest due to their exceptional functional properties, including remnant 

polarization [1], piezoelectric [2], dielectric [3], pyroelectric [4], electro-optic [5], and 

nonlinear optical properties [6]. These properties are influenced not only by the intrinsic 

lattice structures of ferroelectric phases but also by the types and spatial arrangements 

of ferroelectric domains [7–11]. 

Strain engineering has emerged as an effective method to control the domain 

structures of ferroelectric thin films [12–15]. Biaxial strains up to a few percentages 

can be imposed on the film through epitaxial growth on different substrates. The 

temperature-strain phase diagrams play a crucial role in the rational design of 

ferroelectric thin films through strain engineering [16–18]. These diagrams can be 

established using various computational methods, including ab initio approaches 

[19,20], thermodynamic modeling [21–28], and phase-field modeling [29–31]. While 

strain phase diagrams based on ab initio or thermodynamic approaches often assume 

homogeneous single-domain or simple multi-domain states, they neglect factors such 

as heterogeneous strains, electrical interactions, and domain wall contributions [19–

28]. In contrast, phase diagrams obtained through phase-field simulations can account 

for these factors, providing better interpretations of experimental observations and 

enabling the theory-guided discovery of novel domain structures [29–31]. 

However, most existing phase diagrams of ferroelectric thin films established 

using the phase-field approach are determined by simulations of equilibrium domain 

structures under quenching conditions, where the temperature remains constant during 

domain formation. In experimental settings, ferroelectric thin films deposited at high 

temperatures typically cool down to room temperature at a finite rate [32]. It is well-

established that cooling rates influence the position of phase boundaries in temperature-

composition phase diagrams and the solid-state microstructures of metallic alloys 

[33,34]. This raises an important question: Do cooling rates similarly affect the 

temperature-strain phase diagram of ferroelectric thin films, particularly in terms of 

phase boundaries and equilibrium domain structures? This study aims to address this 

fundamental question and explore its implications for the design of ferroelectric thin 

films.  
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To address this question, we computationally establish the temperature-strain 

phase diagram of biaxially strained PbTiO3 (PTO) at various cooling rates using the 

phase-field approach. For each cooling rate, we track the evolution of volume fractions 

of phases and domain variants during cooling to accurately determine phase boundary 

positions and obtain equilibrium domain structures at room temperature. Our findings 

reveal that while the phase boundary between paraelectric and ferroelectric phases 

remains invariant to cooling rates, some boundaries between single-phase and multi-

phase regions shift depending on the cooling rates. Furthermore, the domain size, 

domain wall density, and volume fraction of domain variants in the equilibrium domain 

structure at room temperature are influenced by cooling rates. To understand these 

findings, we designed various regular domain patterns as initial states and analyzed 

their evolution during cooling using phase-field simulations. Notably, we discovered 

that certain exotic domain structures form only at specific cooling rates, aligning with 

experimental observations. Additionally, through effective property calculations, we 

demonstrate that altering cooling rates can significantly change domain wall density, 

thereby allowing substantial tuning of the thermal conductivity in PTO thin films. This 

study provides crucial insights into the role of cooling rates in determining the phase 

diagram and domain structures of ferroelectric thin films, offering new avenues for 

tailoring their properties through controlled cooling processes. 

The rest of the article is organized as follows. In the Method section, we describe 

the phase-field approach of PTO thin films to establish the strain phase diagrams, 

emphasizing how cooling rate effects are incorporated and how phase boundary 

positions are determined. The Results section presents the temperature-misfit strain and 

room-temperature misfit strain-misfit strain phase diagrams of PTO films, derived from 

phase-field simulations at various cooling rates. In the Discussion, we propose a 

mechanism to explain why cooling rates only alter certain phase boundaries and how 

they influence equilibrium domain structure features. We also compare our theoretical 

predictions with experimental observations from the literature. Furthermore, we utilize 

the obtained domain structures and effective property calculations to demonstrate how 

the apparent thermal conductivity of PTO films can be tuned by manipulating domain 



5 

 

wall densities through cooling rates control. Finally, we summarize our findings and 

discuss their implications for computational and experimental research in ferroelectric 

materials. 

2. Methods 

In this work, we employed the phase-field method of ferroelectric thin films, using 

the spontaneous polarization P = (P1, P2, P3) as the order parameter. And the evolution 

of which is governed by the time-dependent Ginzburg-Landau (TDGL) equation [35]: 

                 
( , )

( 1, 2,3)
( , )

i

i

P x t F
L i

t P x t






= − =


，                  (1) 

where L and F represent the kinetic coefficient and the total free energy density of 

the system, respectively. The total free energy density F for the film consists of Landau 

free energy density fbulk, gradient free energy density fgrad, electric free energy density 

felec, and elastic free energy density felas, which can be obtained using the following 

equation [35]: 

                    
bulk elas elec grad( ) ,

V

F f f f f dV= + + +                    (2)

 

the detailed expression for fbulk, felas, felec, and fgrad can be found in [35]. 

This study focuses on (001)-oriented PTO thin films, whose Landau coefficients, 

gradient energy coefficients, elastic stiffness tensor, and electrostrictive tensor can be 

found in the literature [30]. In the simulation, the system dimensions of the PTO thin 

films are 128Δx×128Δy×36Δz, where Δx=Δy=Δz=1 nm. The PTO thin film, substrate, 

and air layer have thicknesses of 20 nm, 12 nm, and 4 nm, respectively. In our 

simulations, the strain is assumed to remain constant during the cooling process, 

thereby neglecting the strain variation that may arise due to the mismatch in thermal 

expansion coefficients between the substrate and the film [36]. Additionally, the system 

is treated as isothermal, with a uniform temperature field throughout the simulation. 

The stable domain configurations in our work are obtained through the solution of the 

TDGL equation, starting from an initial polarization noise state and relaxed for a 
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sufficient time [16,18,37,38], except for those in Fig. 6, which are initialized from a 

preset domain structure. These simulated equilibrium domain structures can be used to 

determine the different phase regions in the phase diagrams by analyzing the volume 

fractions of each domain variant in the domain configurations. If the volume fraction 

of a primary domain variant exceeds 80%, it is considered a single-phase region. In 

multiphase regions, phase coexistence is defined by the volume fraction of the minor 

phase, with a 20% threshold based on our previous work [18]. For instance, if a 

simulated domain structure contains more than 20% of the a1-phase in addition to the 

dominant c-phase, it is classified as a coexisting state of the a1+c-phases. 

In our work, the relationship between the simulation time step (Δt) and real time 

(in ps) has the following expression [39]:   

0

,
m

t
L

 =                               (3) 

where m controls the size of the marching step, and we typically set m = 0.01. Here 

α0 denotes the absolute value of α1 at 25°C, with α1 being a Landau coefficient [30], 

expressed as α0 = |α1|t=25°C = 1.7252×10⁸ C⁻²m²N, L = 58 s⁻¹m⁻²C²N⁻¹ represents the 

dimensionless kinetic coefficient governing domain mobility. Using this expression, the 

simulation time step (Δt) corresponds to 1 ps. 

In this study, we simulate the four cooling rates (quenching, 0.18 K/ps, 0.06 K/ps, 

and 0.03 K/ps) in our work using the following method: For quenching, the system is 

instantaneously cooled from the initial polarization noise state to each given 

temperature and relaxed for a sufficient time, as shown in Fig. 1. For the other three 

linear cooling processes, the system starts from an initial polarization noise state, and 

the temperature is uniformly decreased from a high-temperature state (above the Curie 

temperature (Tc)) to each given temperature at constant cooling rates of 0.18 K/ps, 0.06 

K/ps, and 0.03 K/ps, followed by sufficient relaxation (Fig. 1). 

3. Results 

3.1 Temperature-misfit strain phase diagrams with different cooling rates 

Firstly, we conduct phase-field simulations to determine equilibrium domain 

configurations in (001)-oriented PTO thin films across various temperatures (from 300 
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K to 1200 K), misfit strains (ranging from −1% to 1%), and four cooling rates from 

quenching (fastest cooling) to 0.03 K/ps. From these simulations, we construct 

temperature-strain phase diagrams under varying cooling rates, as shown in Fig. 2(a). 

Under quenching condition, there are mainly four different phase regions including the 

cubic paraelectric phase, c-phase, a1+a2+c-phase, and a1+a2-phase, which are 

consistent with the previous findings [30,40]. For the other three cases, with cooling 

rates of 0.18 K/ps, 0.06 K/ps, and 0.03 K/ps, the phase diagrams are morphologically 

similar to the quenched case. By further comparing the phase diagrams for the above 

four cooling rates, it can be found that the phase boundary between the c and a1+a2+c 

phase regions shifts significantly to the right as the cooling rates decrease, while the 

other three phase boundaries remain invariant, including the paraelectric-ferroelectric 

phase boundary and the a1+a2//a1+a2+c phase boundary. Here, '//' represents the phase 

boundary. This shift indicates a prominent change in the critical strain and temperature 

for the c to a1+a2+c phase transition, which underscores the critical role of cooling rates 

in phase transitions. 

Additionally, cooling rates also influence the polarization configuration of 

equilibrium domain structures at different phase regions of the above temperature-

misfit strain phase diagram in Fig. 2(a). To better show the configuration changes, we 

select four typical points from the phase diagrams at various cooling rates as examples 

and compare the morphology of the equilibrium domain configurations in Fig. 2(b-e). 

The corresponding strain and temperature for the four selected points are marked in Fig. 

2(a). It can be observed that the equilibrium domain morphologies at room temperature 

evolve from irregular to ordered configurations as the cooling rates decrease, which are 

accompanied by an increase in domain width and domain area. This coarsening 

behavior of the domain structures with decreasing cooling rates is discussed in detail in 

section 4.2 (Fig. 7). It is worth noting that, as shown in Fig. 2(c), under the strain 

conditions ( 11 22 0.2% = = − ) near the phase boundary between c and a1+a2+c phase 

regions, a reduction in cooling rates induces a phase transformation, from a mixed-

phase (a1+a2+c) to a single-phase (c), which is consistent with the shift of 

corresponding phase boundary in Fig. 2(a). Furthermore, as illustrated in Fig. 2(d), 

under a different strain condition (ε11 = ε22 = 0.5%), the resulting a1+a2+c domain 
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configurations across varying cooling rates consist of coexisting a+c and a1+a2 domain 

regions, in agreement with prior experimental observations [38]. 

To quantify this phase transition behavior under different cooling rates, we track 

the evolution of volume fractions of c domains and a domains (
c

fV and 
a

fV ) for the 

equilibrium domain configurations during the cooling process under different cooling 

rates with a misfit strain of 11 22 0.2% = = − . As shown in Fig. 3, the volume fraction 

curves of c domains (
c

fV ) under three different cooling rates nearly overlap during the 

cooling process from the initial paraelectric state to the ferroelectric state, which 

indicates that the cooling rates have a minor effect on the Curie temperature (Tc). 

However, the transition temperature from the c domains to the a1+a2+c domains is 

highly sensitive to the cooling rates. For instance, when cooling at a rate of 0.18 K/ps, 

the a domains first emerge around 600 K, whereas a slower rate of 0.06 K/ps delays 

their appearance to approximately 450 K. In contrast, under the slowest cooling rate of 

0.03 K/ps, the c domains always remain stable until room temperature without forming 

any a domains. The difference in phase transition temperature between c domains and 

a domains induced by cooling rates is primarily attributed to the variation in the density 

of charged domain walls. A more detailed analysis of this mechanism is provided in 

section 4.1.  

3.2 Misfit strain-misfit strain phase diagrams with different cooling rates 

When films are deposited on orthogonal substrates, the lattice mismatch between 

the substrate and the film induces anisotropic mismatch strain, which significantly 

influences the domain morphologies of ferroelectric thin films [18,30]. In this study, 

we investigate the effect of cooling rates on the misfit strain-misfit strain phase diagram. 

Similar to Fig. 2, we also establish the room-temperature misfit strain-misfit strain 

phase diagrams of PTO films, with the strain range from −5% to 5%. As shown in Fig. 

4(a), the simulated phase diagrams under four cooling rates (quenching, 0.18 K/ps, 0.06 

K/ps, 0.03 K/ps) consistently exhibit seven phase regions: a1-phase, a2-phase, c-phase, 

a1+c-phase, a2+c-phase, a1+a2-phase, and a1+a2+c-phase, in agreement with prior 

reports based on quenching assumptions [30]. Notably, when the cooling rates are 
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reduced from quenching to 0.03 K/ps, the three single-phase regions (a1-phase, a2-

phase, and c-phase) expand significantly, leading to the corresponding phase 

boundaries between single-phase and two-phase regions shifting toward the two-phase 

regions. In contrast, boundaries between two-phase and triple-phase regions exhibit 

differentiated behavior: the boundaries of a2+c//a1+a2+c and a1+c//a1+a2+c migrate 

toward the triple-phase region (a1+a2+c), whereas the a1+a2//a1+a2+c phase boundary 

remains invariant.  

Next, we compare domain configurations under four anisotropic strains at different 

cooling rates in Fig. 4(b-e). As the cooling rates decrease, the domain configurations 

transition from disordered to ordered states, consistent with the trend shown in Fig. 2(b-

e). This trend qualitatively agrees with previous experimental observations [41]. 

Additionally, similar coarsening behavior induced by decreasing cooling rates is also 

observed under anisotropic strain conditions, with a detailed discussion provided in 

Section 4.2 (Fig. 7). Moreover, reducing the cooling rates causes the domain structure 

to transition from a mixed a2+c-phase to a single a2-phase under the strain of 

11 223%, 3% = − = . This transition verifies the shift of the a2+c//a2 phase boundary 

depicted in Fig. 4(a). 

4. Discussion 

4.1 The mechanism of the cooling rates-dependence of the strain phase diagrams 

To explore the underlying mechanisms why cooling rates only alter certain phase 

boundaries, we systematically compare the temperature-dependent evolution of domain 

configurations during rapid (0.1 K/ps) and slow (0.01 K/ps) cooling processes under 

the strain conditions of the three representative phase boundaries, as shown in Fig. 5(a-

f). The representative phase boundaries and their corresponding strain conditions are as 

follows: (i) c//a1+a2+c, (ii) a1//a1+c, and (iii) a1+a2//a1+a2+c, which correspond to strain 

conditions of ( 11 22 0.2%  = −=  ), ( 11 223%, 3% = = −  ), and ( 11 22 0.5% = =  ), 

respectively. 

First, we examine the effect of cooling rates on the phase boundary (c//a1+a2+c). 

We analyze the evolution of domain structures with temperature under different cooling 
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rates for the corresponding strain conditions, as shown in Fig. 5(a-b). Under rapid 

cooling (0.1 K/ps), the initially formed c domains at high temperature are rich in 

charged domain walls. As the temperature decreases to the nucleation temperature of a 

domains, the a domain nuclei tend to form at the charged domain walls (dashed squares 

in Fig. 5(a)). Upon continued cooling, the a domains grow and eventually stabilize into 

an a1+a2+c domain configuration at room temperature. In contrast, such charged 

domain walls are not observed under the slower cooling rate (0.01 K/ps), and the c 

domain structure stabilizes at room temperature. This may be attributed to prolonged 

structural relaxation that eliminates the charged domain walls. A similar phenomenon 

is observed for another phase boundary (a1//a1+c), as illustrated in Fig. 5(c-d). Under 

rapid cooling (0.1 K/ps), the charged domain walls between 
1a+   and 

1a−   domain 

variants provide nucleation sites for the growth of c domains (dashed squares in Fig. 

5(c)). In contrast, no such phenomenon is observed under slow cooling (0.01 K/ps, Fig. 

5(d)), and the a domain structure remains stable at room temperature. The above-

mentioned comparison of domain evolution under different cooling rates demonstrates 

that reducing the cooling rates changes the equilibrium domain structure, leading to the 

shift of phase boundaries between single-phase and multi-phase regions. Next, as 

shown in Fig. 5(e-f), we investigate why the phase boundary (a1+a2//a1+a2+c) remains 

invariant under different cooling rates. Unlike the previous two cases, the a1+a2 domain 

structure exhibits higher complexity due to the coexistence of 
1a+ , 

1a− , 
2a+ , and 

2a−

domain variants. Consequently, the charged domain walls cannot be eliminated through 

prolonged structural relaxation under the slow cooling rate. The remaining charged 

domain walls serve as nucleation sites (dashed squares in Fig. 5(e-f)), promoting the 

phase transition from a1+a2-phase to a1+a2+c-phase. Therefore, the cooling rates have 

a minor effect on the boundary between two multiphase regions (a1+a2+c and a1+a2). 

In Fig. 5, the non-equilibrium structures labeled “Before nucleation” and “After 

nucleation” contain charged domain walls. As no charge compensation mechanism is 

implemented in this study, these charged domain walls gradually transform into stable 

neutral domain walls during subsequent cooling and relaxation through promoting the 
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nucleation of new domains. 

To better understand the reason why the charged domain wall can promote the 

formation of new domains, we design two types of simple domain structures as initial 

states and analyze their evolution (Fig. 6(a-f)), along with their corresponding energy 

density variations (Fig. 6(g-h)) during cooling, using phase-field simulations.  

In Fig. 6(a-f), two distinct c domain configurations are designed as initial states 

for the simulations: one containing charged domain walls and the other lacking charged 

domain walls, both subjected to biaxial compressive strain ( 11 22 0.2% = = −  ), and 

cooled at a rate of 0.1 K/ps to obtain the equilibrium domain configurations. Their 

corresponding domain evolution exhibits significant differences, as shown in Fig. 6(a-

f). For the case with charged domain walls (Fig. 6(a-c)), the initially preset c domain 

configuration undergoes nucleation of a domains during the cooling process (Fig. 6(b)), 

eventually evolving into an a1+a2+c domain structure at room temperature (Fig. 6(c)). 

In contrast, for the case without charged domain walls (Fig. 6(d-f)), the initially preset 

c domain configuration remains stable until room temperature. Compared to the 

nucleation processes observed in more complex domain morphologies (Fig. 5(a-d)), the 

charged domain walls in this simple preset structure are more clearly observed to serve 

as preferential nucleation sites for the new a domains (Fig. 6(a-c)), providing direct 

evidence for the role of charged domain walls in regulating phase transitions. 

We also investigate the intrinsic mechanism of charged domain walls in promoting 

new domains formation from an energy perspective. A detailed analysis of the energy 

density evolution and corresponding electrostatic energy density distributions for the 

above-mentioned preset domain morphologies is provided in Fig. 6(g-h). In Fig. 6(g), 

for the case with charged domain walls, the reduction in total free energy is dominated 

by electrostatic free energy density (felec) and Landau free energy density (fbulk). And the 

reduction in Landau free energy density correlates with the temperature-dependent 

polarization enhancement, whereas that in electrostatic free energy density results from 

the transition of charged domain walls to a non-charged configuration through domain 

nucleation. However, in Fig. 6(h), for the case without charged domain walls, the 
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decrease in total free energy density is dominated by the Landau free energy density 

due to the absence of charged domain walls. 

Additionally, the corresponding electrostatic free energy density mappings for 

both the preset and final stable structures in the two processes described above are 

shown in the insets of Fig. 6(g-h). For the case with charged domain walls, we compare 

the electrostatic free energy density mappings in the insets of Fig. 6(g). It can be 

observed that the electrostatic energy density is significantly high at charged domain 

walls, and markedly reduces after nucleation. Conversely, for the case without charged 

domain walls presented in the insets of Fig. 6(h), the electrostatic energy distribution 

remains unchanged, preserving the initial domain structure. 

Based on the analysis in Figs. 5 and 6, it can be deduced that the shift in boundaries 

between single-phase and multiphase regions is attributed to the dependence of charged 

domain wall density on the cooling rates. This dependence arises because the high local 

electrostatic energy density at charged domain walls promotes the nucleation of new 

domain variants. 

4.2 Cooling-rate dependence of domain size in a1+a2, a1+c, c domain structures 

To further describe the cooling-rate dependence of domain morphology, we 

investigate the variations in domain size of three representative domain configurations 

as a function of cooling rate. The representative domain configurations and their 

corresponding strain conditions are as follows: (i) a1+a2 domains (Fig. 7(a)), (ii) a1+c 

domains (Fig. 7(b)), and (iii) c domains (Fig. 7(c)), which correspond to strain 

conditions of ( 11 22 1% = =  ), ( 11 222%, 3% = = −  ), and ( 11 22 1% = = −  ), 

respectively. For the a1+a2 and a1+c domain configurations shown in Fig. 7(a-b), the 

domain size is quantified by measuring the domain width (DW) of a pair of domains 

(e.g., a1+a2 or a1+c domain pairs). On the other hand, for the c domain configuration 

shown in Fig. 7(c), the domain size is characterized by calculating the average domain 

area (DA) of c+ domains. Fig. 7(d) reveals a clear inverse correlation between domain 

size (DW and DA) and cooling rate. This negative correlation is consistent with 

previous experimental observations [42,43]. Notably, the variation in domain size of 
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the c domain configuration with cooling rates is significantly more pronounced than 

that of the other two domain structures (a1+a2 and a1+c domains), which is consistent 

with the coarsening behavior of the domain structures with decreasing cooling rates, as 

shown in Figs. 2 and 4. This analysis provides quantitative insights into the cooling-

rate-mediated regulation of domain size in ferroelectric thin films. 

4.3 Comparison of domain structures and evolution laws between phase-field 

simulations and experimental observations 

In this work, it should also be mentioned that a series of exotic domain structures 

can be stabilized by selecting appropriate cooling rate, which are consistent with 

experimental findings. We selected three representative configurations as examples, 

which are presented in Figs. 8-9. Fig. 8(a-b) compares room-temperature domain 

structures stabilized under a non-equibiaxial strain condition ( 11 22 2.7%,  3% = = ) 

at cooling rates of 1 K/ps and 0.01 K/ps. At the slower rate (0.01 K/ps), a threefold 

vertex domain emerges in Fig. 8(b), formed by the two 90° domain walls and one 180° 

domain wall. To better illustrate the threefold vertex domain, a magnified view of the 

corresponding structure in Fig. 8(b) is provided in Fig. 8(c). This simulated 

configuration closely matches the experimentally observed domain structures under 

identical strain conditions (Fig. 8(d)), where the analogous morphologies are achieved 

by cooling rates modulation [42]. 

The other two exotic domain structures formed at specific cooling rate also merit 

attention. We present the domain structures at cooling rates of 1 K/ps and 0.01 K/ps, 

under another strain condition ( 11 222.4%, 3% = = ) as shown in Fig. 9(a-b). As the 

cooling rates decrease to 0.01 K/ps, the domain configuration becomes significantly 

more ordered, accompanied by the emergence of two exotic domain structures (I and 

II), as highlighted in Fig. 9(b). To better illustrate these domain morphologies, 

magnified views are provided in Fig. 9(c-d). Fig. 9(c) shows the Type I structure from 

Fig. 9(b) in greater detail, where the 
1 1 2 2/ / /a a a a+ − + −   domain variants form a flux-

closure domain. This low-dimensional flux-closure domain, owing to its unique 

topological conservation and excellent stability, holds promise as a structural unit for 
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ultra-high-density information storage [44]. Fig. 9(d) shows the Type II configuration 

from Fig. 9(b) in greater detail, revealing a quadrupole superstructure composed of 

1 1 2 2/ / /a a a a+ − + −  domain variants. Experimental results confirm that this structure can 

occur in localized regions of PTO thin films (Fig. 9(e-f)) [45]. This ordered structure 

can function as specialized optical gratings for metamaterials, enabling the fabrication 

of nanoscale optical and acoustic devices [46]. Overall, our findings propose a novel 

strategy for engineering exotic structures, including flux-closure domains and 

quadrupole superstructures, by varying the cooling rate. Notably, the feasibility of 

realizing flux-closure domain structures through cooling rate control has already been 

confirmed experimentally, supporting the validity of the proposed strategy [9]. 

Additionally, several results obtained in other sections of this work are also in good 

qualitative agreement with experimental findings. For instance, in Sections 3.1 and 3.2, 

we showed that a slower cooling rate promotes more ordered domain structures, 

consistent with experimental studies of Pb(Zr0.4Ti0.6)O3 and BiFeO3 thin film systems 

[41]. Furthermore, in Section 4.2, we found that a lower cooling rate leads to an increase 

in domain size, which agrees with several experimental studies of epitaxial PbTiO3 

films grown on (110)-oriented NdScO3 substrates [42] and BiFeO3 films epitaxially 

grown on (001)-oriented SrTiO3 substrates [43]. 

While our simulation results agree well with experimental observations in many 

respects, certain discrepancies remain, such as the findings reported for PbZr0.1Ti0.9O3 

films grown on DyScO3 substrates under different cooling conditions [36]. In the 

experiment, the room-temperature domain structure obtained under rapid cooling 

shows only a few a domains embedded within the c domains, whereas slow cooling 

results in a noticeable increase in the a domain fraction. This trend differs from the 

simulation results shown in Fig. 2(c) in Section 3.1. The difference between the 

experimental and simulation results can be attributed to two main reasons: (1) the 

simulation assumes a constant, anisotropic compressive strain (ε11 = ε22 = –0.2%), in 

contrast to the temperature-dependent strain in the experiment; and (2) in the simulation, 

the system is relaxed for a sufficient time after cooling to the target temperature, 
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allowing it to reach a stable state. When both the mismatch in thermal expansion 

coefficients between the substrate and the film , as well as the limited relaxation time 

are considered, our preliminary results are consistent with the key experimental 

observations [36], i.e., slow cooling induces a domains within the c domain matrix. 

However, some additional assumptions need to be introduced (i.e., thermal expansion 

coefficients, relaxation time), which are beyond the main assumption of the present 

work (constant strain upon cooling). These aspects will be investigated in future work. 

4.4 Tuning the thermal conductivity of PTO thin films by misfit strains and cooling 

rates 

For low-dimensional ferroelectric materials such as BaTiO3 and PbTiO3 thin films, 

the polarization inhomogeneity around the domain walls causes these regions to act as 

interfaces for phonon scattering. Specifically, the polarization gradient in the domain 

wall region induces local lattice distortions and polarization differences between 

domains, which collectively lead to phonon scattering, thereby reducing the thermal 

conductivity of the thin films. Therefore, variations in the fraction of domain walls and 

domains can significantly influence the effective thermal conductivity of PTO thin 

films. To investigate the effects of cooling rates on thermal conductivity, we evaluate 

the thermal conductivity of the obtained domain structures under different cooling rates 

based on effective property calculations. Fig. 10(a) shows the effect of cooling rates on 

the thermal conductivity under different misfit strains at room temperature. Here, the 

thermal conductivity (k) is obtained by 
domain wall domain wall domain domain = f fk k V k V+   [47], 

domaink  and 
domain wallk   represent the thermal conductivities of the domains and the 

domain walls, respectively, while 
domain

fV and 
domain wall

fV  denote the volume fractions of 

the domains and the domain walls. Based on the previous study [47], it is assumed that 

domaink   is 10 times higher than 
domain wallk  . All calculated effective thermal 

conductivities (k) are normalized by k/k0, where k0 represents the thermal conductivity 

of a single-domain structure, as shown in Fig. 10(a). 

The comparative analysis of the thermal conductivity mappings in Fig. 10(a) at 

different cooling rates reveals that slower cooling rates lead to an increase in thermal 

conductivity. Specifically, the region where k/k0 is greater than 0.9 shows a significant 

expansion as the cooling rates decrease from quenching to 0.03 K/ps. To better quantify 
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the enhancement induced by slowing cooling rates, we calculate the 
quench/k k  within 

a region of 5% misfit strains. Here can be expressed as: 

quench 0.03 K/ps quench quench/ / 100%,k k k k k = − （ ）  where 
quenchk  and 

s 0.03 K/pk  correspond to 

the thermal conductivity of domain structures formed under quenching and 0.03 K/ps, 

respectively. It can be observed that a minimum enhancement of 10% occurs in most 

strain regions considered in the simulation. Notably, the enhancement of thermal 

conductivity can reach up to 35% under a strain condition of 11 225%, 3% = = , which 

suggests an effective way to modulate the thermal conductivity of ferroelectric thin 

films by varying the cooling rates. 

5. Conclusion 

In this work, we systematically investigate the effects of cooling rates on the strain 

phase diagrams and equilibrium domain structures of PTO ferroelectric thin films using 

phase-field simulations. Our results reveal that slower cooling enhances domain 

regularity, increases domain width and area, and promotes the formation of flux-closure 

and quadrupole domain structures. Furthermore, slower cooling expands the single-

phase region, significantly affecting the phase boundary position between single-phase 

and multiphase regions, while boundaries between two multiphase regions remain 

unaffected. We attribute this phenomenon to the dependence of charged domain walls 

density on cooling rate, as the high local electrostatic energy density at charged domain 

walls promotes nucleation of new domain variants. Additionally, we predict that the 

apparent thermal conductivity of PTO ferroelectric thin films can be significantly 

influenced by controlling the cooling rate, with a maximum increase of 35%. This work 

offers both scientific insights into the kinetic effects on phase equilibria in strained 

ferroelectrics and practical guidance for domain engineering in thin films. By providing 

a straightforward but effective strategy for accurate control of domain structures and 

consequently the overall functional properties, our findings have profound implications 

for nanodevices in electromechanical and phononic applications. 
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Figure and captions 

Fig. 1 

 

Fig. 1 Schematic illustration of four cooling cases: quenching, 0.18 K/ps, 0.06 K/ps, 

and 0.03 K/ps. 
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Fig. 2 

 

Fig. 2 The temperature-misfit strain phase diagrams of (001)-oriented PTO thin films 

and the typical domain structures at different cooling rates. (a) The temperature-misfit 

strain phase diagrams at different cooling rates. (b-e) Room-temperature domain 

structures under different isotropic misfit strains and cooling rates. (b) 11 22 1% = = − ; 

(c) 11 22 0.2% = = − ; (d) 11 22 0.5% = = ; (e) 11 22 1% = = . The configurations are 

shaded according to the orientation of the polar vectors, as indicated on the right. 
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Fig. 3 

 

Fig. 3 The curves of 
a

fV  and 
c

fV  as a function of temperature at different cooling rates 

with 11 22 -0.2% = = . The curves for different cooling rates and phases are plotted as 

different symbols and lines, with symbols and lines in red, green, and blue representing 

cooling rates from fast (0.18 K/ps) to slow (0.03 K/ps), respectively, as shown in the 

lower-right corner of the figure. 
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Fig. 4 

 

Fig. 4 The misfit strain-misfit strain phase diagrams of (001)-oriented PTO thin films 

and the typical domain structures. (a) The room-temperature misfit strain-misfit strain 

phase diagrams under four different cooling rates. (b-e) Room-temperature domain 

configurations under different anisotropic misfit strains and cooling rates. (b) 

11 223%, 3% = − =  ; (c) 11 222%, 3% = = −  ; (d) 11 223%, 2% = =  ; (e) 

11 223%, 2% = − = . The domains are shaded according to the orientation of the polar 

vectors, as indicated on the right. 
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Fig. 5 

 

Fig. 5 The evolution of initial domain structures dominated by polarization noise under 

varying strain conditions and cooling rates. 'Before nucleation', 'After nucleation', and 

'Stable structure at 300K' represent the domain morphologies before nucleation, after 

nucleation, and the equilibrium state at room temperature, respectively. The cooling 

rates are marked in the figures, such as 0.1 K/ps and 0.01 K/ps. (a-b) 11 22 0.2% = = − . 

(c-d) 11 223%, 3% = = − . (e-f) 11 22 0.5% = = . The dashed squares in (a), (c), (e), 

and (f) highlight preferential nucleation sites, where subsequent domain growth is 

localized. 
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Fig. 6 

 

Fig. 6 The evolution of two types of preset c domain structures and corresponding 

energy density variations under biaxial strain conditions ( 11 22 0.2% = = −  ) during 

cooling at 0.1 K/ps. (a-c) The evolution of the preset c domain structure with charged 

domain walls. (d–f) The evolution of the preset c domain structure without charged 

domain walls. Three stages are shown: (1) Initial domain structure (artificially preset 

domain structure), (2) After nucleation (post-nucleation morphology), and (3) Stable 

structure at 300K (equilibrium domain structure at room temperature). (g-h) 

Corresponding energy density variations for (a-c) and (d-f). The insets in (g-h) are the 

electrostatic energy density distributions at selected states. 
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Fig. 7 

 

Fig. 7 The cooling rate dependence of domain size for three representative domain 

structures. (a-c) The plan-view images of representative domain structures: (a) a1+a2 

domains under 11 22 1% = =  . (b) a1+c domains under 11 222%, 3% = = −  . (c) c 

domains under 11 22 1% = = − . (d) The correlation between domain size (DW and DA) 

and cooling rates (0.01-1 K/ps). Domain size is quantified by the domain width (DW) 

of a1+a2 and a1+c domains (green and red circles) and the average domain area (DA) 

of c+ domains (bule circles). 
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Fig. 8 

 

Fig. 8 The comparison of threefold vertex domain between phase-field simulations and 

experimental observations. (a-b) The simulated domain configurations after cooling at 

1 K/ps (a) and 0.01 K/ps (b) under 11 222.7%, 3% = = . The dashed squares in (b) 

represent the threefold vertex domain. (c) The local polarization distribution within one 

of the dashed squares in (b). (d) The experimentally observed threefold vertex domain 

and its local polarization mapping. Fig. 8(d) reprinted with permission [39]. Copyright 

2019 Royal Society of Chemistry Publishing. 
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Fig. 9 

 

Fig. 9 The comparison of flux-closure domain and quadrupole superstructure between 

phase-field simulations and experimental observations. (a-b) The simulated domain 

configurations after cooling at 1 K/ps (a) and 0.01 K/ps (b) under 11 222.4%, 3% = = , 

with exotic configurations labeled as I (flux-closure) and II (quadrupole) in (b). (c) The 

magnified view of the region I (solid square) in (b), showing a flux-closure domain 

composed of 
1 1 2 2/ / /a a a a+ − + −   domain variants. (d) The enlarged view of region II 

(dashed square) in (b), revealing a quadrupole superstructure with 
1 1 2 2/ / /a a a a+ − + −  

domain variants. (e-f) The experimentally observed quadrupole superstructure (dashed 

regions) in PTO thin films and corresponding polarization arrangements. Fig. 9(e-f) 

reprinted with permission [41]. Copyright 2013 AIP Publishing. 
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Fig. 10 

Fig. 10 The room-temperature thermal conductivity mappings and enhancement in PTO 

thin films under different cooling rates. (a) The thermal conductivity mappings for four 

cooling conditions: quenching, 0.18 K/ps, 0.06 K/ps, and 0.03 K/ps. (b) The mapping 

of the thermal conductivity enhancement (relative to quenching), the maximum value 

is marked by '★ '. (
0.03 K/ps quenchk k k = − ) 
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