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Cavity materials are a frontier to investigate the role of light-matter interactions on the properties of
electronic phases of matter. In this work, we raise a fundamental question: can non-local interactions
mediated by cavity photons destabilize a topological electronic phase? We investigate this question
by characterizing entanglement, energy spectrum and correlation functions of the topological Su-
Schrieffer-Heeger (SSH) chain interacting with an optical cavity mode. Employing density-matrix
renormalization group (DMRG) and exact diagonalization (ED), we demonstrate the stability of the
edge state and establish an area law scaling for the ground state entanglement entropy, despite
long-range correlations induced by light-matter interactions. These features are linked to gauge
invariance and the scaling of virtual photon excitations entangled with matter, effectively computed
in a low-dimensional Krylov subspace of the full Hilbert space. This work provides a framework for
characterizing novel equilibrium phenomena in topological cavity materials.

I. INTRODUCTION

Ever since Purcell’s seminal discovery [1] that light-
matter interactions (LMI) can be controlled by engineer-
ing electromagnetic vacuum, cavity quantum electrody-
namics (cQED) [2, 3] has been a fruitful platform to create
and manipulate light-matter hybrids. Notable experi-
mental progress in the last decade has enabled ultra-
strong coupling regimes where LMI is comparable to or
even more significant than the bare cavity and matter
excitation energy scales, [4–7] opening a promising path
to alter the equilibrium properties of quantum materials
with quantum light. [8–15]

Quantum entanglement is inherently part of the de-
scription of strongly interacting light-matter systems,
for LMI entangles photons and charged particles, re-
sulting in hybrid many-body states containing virtual
excitations.[16] Nevertheless, the nature of quantum en-
tanglement when light strongly interacts with many-
body electronic systems remains to be harnessed. In
particular, contrasting with the pivotal role played by
entanglement as a universal marker of long-range en-
tangled topological order[17–20] and short-range entan-
gled symmetry-protected topological states [21–26], the
scaling regimes of entanglement in topological matter
interacting with cavity fields remain poorly understood.
Not only does entanglement provide a new framework to
characterize topological phenomena in cavities[27–32],
but it also is central to a potential classification of hy-
brid light-matter phases, as well as a timely endeavor
given the observed breakdown of topological protection
in quantum Hall systems [33] strongly interacting with
THz cavity modes.

In this Letter, we investigate the one-dimensional (1D)
Su-Schrieffer-Heeger (SSH) spinless fermionic chain [34]
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FIG. 1. Fermionic Su-Schrieffer-Heeger chain interacting with
an optical cavity mode (purple). Intra- and inter-hopping am-
plitudes te and to respectively represented by red and blue
bonds.

coupled to a single optical mode as a paradigm to ad-
dress the effects of LMI onto equilibrium properties of
topological fermionic matter. At half-filling, the SSH
chain has a trivial and a topological gapped phase sep-
arated by a phase transition upon tuning the intra- and
inter-unit cell hopping amplitudes, as shown in Fig.1.
While both phases display similar area law scaling of
the ground state entanglement entropy (EE), the low
eigenvalues of the entanglement spectrum are two-fold
degenerate due to the presence of non-trivial edge states
[21–23]. In the SSH-cQED system with electrons strongly
interacting with a single photonic mode, a burning ques-
tion is to characterize the role of photon-mediated non-
local interactions on the system’s short-range entangle-
ment and topological properties.

We address these issues through analytical and nu-
merical methods that reveal a detailed account of the en-
tanglement features, spectral properties, and edge states
of SSH-cQED low energy states. Departing from previ-
ous mean-field [30] and small-system exact diagonaliza-
tion [31] studies, we employ density-matrix renormal-
ization group (DMRG) as a non-perturbative method
to extract the structure of entanglement between light
and electrons of the SSH chain as a function of light-
matter coupling and of system size. Our DMRG analysis
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FIG. 2. DMRG simulation of cavity SSH system for light-matter coupling g ∈ [0.1, 2.5] (color coding legend on the right) for system
sizes incremented in steps of 4 up to L = 200. (a) Change in ground state energy in the presence of light-matter coupling in the
dimerized limit (te = 0), ∆E = E(g)− E(0). Diamagnetic response (∆E > 0) saturates to a finite value for large L. (b) Average
number of photons Nph = ⟨a†a⟩ in presence of light-matter coupling in the dimerized limit (te = 0). Nph also saturates to a finite
value, much smaller than one for the considered values of g. (c) Electron density nj = ⟨c†jcj⟩ for L = 200 shows the robustness
of topological edge states away from dimerized limit te = to/2 = 0.5, for a system at half-filling minus one electron. The states
can be seen as charge deficit at the two ends of the chain, which is insensitive to the strength of the light-matter coupling within
numerical precision. Inset shows ED spectral gap ∆ for (L ≤ 12) exhibiting the expected exponential decay with system size.

shows that, while LMI induces an expected increase in
EE due to LMI, this entanglement contribution saturates
with system size despite the non-locality of light-matter
interactions. This behavior is associated with a many-
body state characterized by dressed photon and elec-
tronic states which, nevertheless, preserves the area-law
scaling of entanglement and the topological edge states,
which are the central results of this work.

Our DMRG analysis establishes an interesting corre-
lation between EE saturation and the diamagnetic re-
sponse of the ground state. This response is a non-
perturbative feature that highlights the importance of
gauge invariance in describing the interaction of Bloch
electrons with quantum light [35, 36]. While gauge in-
variant diamagnetic effects have been linked with sta-
bility against superradiant phase transitions [37–41], the
link between diamagnetism and quantum entanglement
is a new aspect of LMIs that this work uncovers.

Furthermore, we corroborate the DMRG results by
performing exact diagonalization (ED) and by iden-
tifying a closed Krylov subspace where light-matter
entanglement can be efficiently described when the
number of virtual photons in the ground state is small.
The Krylov subspace is generated from the decoupled
state of matter and photons by action of a composite
operator involving creation and annihilation photons
operators and a many-body fermionic current operator.
This subspace spans the many-body ground state
characterizing short-range entanglement of light and
matter degrees of freedom observed in DMRG.

II. MODEL

Adopting the Coulomb gauge [42], we consider a half-
filled chain of spinless fermions with L = 2N sites de-
scribed by creation (annihilation) operators c†j (cj) cou-
pled to a single cavity transverse photonic mode of fre-
quency ω represented by bosonic operators a† and a,
described by the Hamiltonian

H =
∑
j

tje
i e

ℏ ℓA0 (a+a†)c†j cj+1 + H.c. + ℏω a† a , (2.1)

where interactions Vijc†i cic
†
jcj mediated by the longitu-

dinal component of the gauge field are disregarded since
fermionic matter is weakly correlated. In the regime of
a single electron orbital per site adopted in this work,
the absence of orbital mixing effects [35, 36, 43] leads to
the LMI being encoded via the gauge invariant Peierls
substitution.

Nearest-neighbor intra- (inter-) unit cell real hopping
amplitudes are, respectively, t2j = te and t2j+1 = to (see
Fig. 1), with to > te giving the topological SSH phase.
The distance between neighboring sites is ℓ, and e is the
electron charge. The vector potential, polarized along
the chain direction, has amplitude A0 =

√
ℏ

2ωV ϵ where
V is the cavity volume and ϵ is the dielectric constant.

The Hamiltonian Eq. 2.1 is symmetric under time-
reversal symmetry, inversion, and an anti-unitary
chiral/sublattice symmetry S taking cj → (−1)jc†j and
i→ −i. We fix the cross-sectional area of the cavity and
consider the same length L for the cavity and the chain
(Fig. 1). As such, the Peierls phase in (2.1) e ℓA0

ℏ ≡ g/
√
L

explicitly encodes the chain size and the dimensionless
strength g of LMI, which shall be varied from weak- to
ultra-strong coupling regimes. We measure length in
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units of ℓ and regard L as dimensionless.

III. NUMERICAL ANALYSIS

Using TeNPy [44], we conducted a DMRG study of
the model Eq. 2.1, varying the system size up to
L = 200 and capping the the number of photons to
100. The DMRG results presented here are for the
quasi-resonance condition ℏω = 2to = 2, but we have
verified that no qualitative changes incur upon vary-
ing ω. In this study, the dimensionless coupling g is
varied over a wide range between the weak coupling
(g ≪ 1) and ultra-strong coupling (g ≫ 1) regimes,
with DMRG analysis for g ∈ [0.1, 2.5] presented here,
and additional data including for smaller system sizes
with g = 100 shown in the Appendix A. As shown in
Figs. 2(a)-(b) obtained for the dimerized limit to = 1
and te = 0, both the ground state energy change due
to light-matter coupling ∆E = E(g) − E(g = 0) and
the number of photons Nph = ⟨a†a⟩ plateau to a con-
stant value as system size L increases, with the value
of the plateau increasing with increasing g. Notably,
while the lowest-order term in expansion of the Hamil-
tonian (2.1), δH1 = (g/

√
L)(a+a†)

∑
j i tj c

†
j cj+1+H.c.,

yields a negative Lamb shift [42], the ∆E > 0 plateau in
Fig. 2(a) highlights important diamagnetic effect, which
contributes to the suppression of the number of ground
state virtual photons as displayed in Fig. 2(b).

An important finding of this work is the stability of
the topological edge states, despite the non-locality of
the cavity mode. This is seen explicitly in the dimerized
limit te = 0 where the edge fermion operators c0 and
cL remain decoupled from the bulk owing to the gauge
invariant form of the LMI. We explicitly confirmed the
stability of the edge states away from the dimerized limit
by studying the case to = 1 and te = 0.5; the resulting
electron density ⟨nj⟩ = ⟨c†jcj⟩ along a chain of length
L = 200 for a system at half-filling minus one electron
is shown in Fig. 2(c), where the edge states are clearly
seen as positive charge excess on both sides of the SSH
chain. Note that the electron density for different g are
identical within numerical precision, indicating that the
light-matter coupling does not affect the electron density
at all. Furthermore, an ED analysis [see inset of Fig. 2 (c)]
confirms the existence of two quasi-degenerate lowest
energy states separated by a gap ∆ that exponentially
decreases increasing system size.

The robustness of the edge states in DMRG is verified
deep in the ultra-coupling regime (g ∼ 100), see Ap-
pendix A. The same plateau behavior displayed in Fig.2
is observed for ∆E and Nph away from the dimerized
limit, though the plateaus are not reached as quickly as in
the dimerized limit. In contrast to [31], we find that chiral
symmetryS is not spontaneously broken, and, moreover,
that the edge states transform canonically under inver-
sion symmetry. Furthermore, the topologically trivial

chain (to < te) displays similar bulk behavior for ∆E,
Nph and nj , except for edge states that are not present in
this case.

The spectral features described above are consistent
with the structure of entanglement in the many-body
ground state found in the DMRG simulation. This can
be seen in Figs. 3 (a-b) for the dimerized limit, show-
ing the system size scaling of the entanglement en-
tropy (EE) between the photon and the chain of elec-
trons Sph = −Tr [ρph ln ρph], and the EE of half of the
electron chain (with the entanglement cut across the
strong bond) with the rest of the chain and the photon
Sel = −Tr [ρel ln ρel], where ρph and ρel are the corre-
sponding reduced density matrices. The observed area
law scaling of EE in the presence of light-matter coupling
is another key result of this work. The behavior of Sph in
Fig. 3 (a) is similar to the saturation of the virtual pho-
tons Nph in Fig. 2 (b), as further discussed in Eq.(4.5).
Moreover, LMI generates an additional contribution to
the electronic EE Sel in addition to ln 2 for g = 0 in the
dimerized limit te = 0 (assuming L is divisible by four
such that a non-trivial bond is cut in the bipartition), sig-
nifying that electronic states are dressed by the photon
while the system remains short-ranged entangled. The
stability of the short-range entangled SPT phase of the
SSH chain is further confirmed by the double degener-
acy of the entanglement spectrum of ρel [21–23] (in both
dimerized and non-dimerized limits, see Fig. 4). We
confirm that the area law holds away from the dimer-
ized limit as well, see Fig. 5.

The additional EE indicates the presence of
interaction-induced correlations in the system: al-
though, as seen in Fig. 2 (c), the excess electron density
⟨δnj⟩ = ⟨nj⟩ − 1/2 is unchanged by the light-matter
coupling, we find that it induces charge fluctuations
⟨δniδnj⟩ (for i ̸= j, j ± 1) with a characteristic 1/L
decay while having an infinite correlation length for
fixed system size, as seen in the constant value of⟨δniδnj⟩
as a function of separation between the sites |i − j|
at fixed system size L = 200 (the fluctuations change
sign between even and odd values of |i − j|; only even
values are shown for clarity). This infinite correlation
range persists to changes away from dimerized limit
and stronger LMI, and is an important signature of the
LMI. In the dimerized limit, it follows from a permu-
tation symmetry of Hamiltonian (2.1) that exchanges
pairs of dimers, resulting in many-body states where
photons are entangled with gas of delocalized dimers
that mediate such long-range correlation functions.
However, despite the constancy of these correlations
for fixed system size, the 1/L behavior indicates the
absence of long-range order in the thermodynamic limit.
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FIG. 3. Entanglement entropy and density correlations of the cavity SSH system in the dimerized limit (te = 0) found in DMRG
for the same parameters as in Fig. 2. (a-b) The entanglement entropies between the photon and the fermions, Sph, and between
the right half of the chain and the rest of the system, Sel, versus system size. Both exhibit area law behavior in the thermodynamic
limit. In the absence of light-matter coupling, Sel = ln 2 due to the non-trivial topology of the SSH chain. (c) Charge density
correlation function ⟨δniδnj⟩ for i and j not belonging to the same dimer; as shown in the inset, the charge correlation function is
independent of i and j (however, the sign alternates as ⟨δniδnj⟩ ∝ (−1)i+j ; not shown in the figure for clarity). The correlation
length is infinite for fixed L, with a magnitude that decays as 1/L.

FIG. 4. The entanglement entropy spectrum ξ = −2 log λ (where λ are the singular values of ρel) found for g ∈ [0, 1.75], ℏω = 1.5,
L = 100, to = 1 and (a) te = 0 and (b) te = 0.2. In both cases, we find that the spectra are two-fold degenerate, within numerical
accuracy in (a) and within at most 0.01% in (b). We note that distinct ξi are equally spaced in the dimerized limit te = 0, with the
spacing decreasing with increasing g in both (a) and (b).

IV. PHYSICAL INTERPRETATION OF LOW ENERGY
STATES

Physical insight into numerical results can be gained
by recasting Hamiltonian (2.1) as

H = H0 cos
g√
L
(a+a†)+J sin

g√
L
(a+a†)+ℏωa†a (4.1)

where H0 =
∑

j tjc
†
jcj+1 + H.c. and J =

∑
j itjc

†
jcj+1 +

H.c. are the SSH Hamiltonian and electron current op-
erators in the absence of LMI, respectively. Importantly,
the hopping imbalance to ̸= te of the SSH chain is re-
sponsible for quantum fluctuations ([J,H0] ̸= 0) that
manifest in matter sector of the ground state, as fol-

lows. In the dimerized limit, many-body eigenstates
of H0 are tensor products of dimer states |ψl±⟩ =

(|02l−1, 12l⟩ ± |12l−1, 02l⟩)/
√
2 expressed in occupation

number basis, where l = 1, . . . , Nb = (L − 2)/2 is a
dimer index, Nb being the number of non-trivial bonds
(recall that the j = 0, L sites decouple from the Hamilto-
nian). Observe that J =

∑
l Jl =

∑
l itoc

†
2j−1c2j + H.c.,

where Jl act as ladder operators on the dimer states:
Jl|ψl±⟩ = ±ito|ψl∓⟩. Let us therefore denote product
states with dimers l1, . . . , ln in excited states |ψlj+⟩ as
|Ψl1,...,ln⟩. This allows us to identify the Krylov subspace
of the ground state H0 |Ψ(0)⟩ =

⊗
l |ψl−⟩ by successive

applications of J . This subspace is spanned by |Ψ(0)⟩ and
the orthonormal states |Ψ(n)⟩ describing uniform super-
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FIG. 5. (a) Ground state energy change ∆E, (b) number of photons Nph, (c) entanglement entropy between the photon and the
fermions Sph, and (d) between the the right half of the chain and the rest of the system Sel, versus system size L, away from the
dimerized limit: ℏω = 1, to = 1, and te = 0.2. Similar behavior as in Fig. 2 (a-b) and Fig. 3(a-b) is seen, including in particular the
area law of the entanglement entropy.

positions of all
(
Nb

n

)
states with n excited dimers, similar

to Dicke states [45]:∣∣∣Ψ(n)
〉
=

1√(
Nb

n

) ∑
0<l1<l2<···<ln<Nb−1

|Ψl1,l2,...,ln⟩ , (4.2)

Importantly, the Hamiltonian can thus be brought into
block-diagonal form with one of the blocks acting only
on this (Nb + 1)-dimensional Krylov subspace.

At weak coupling, the ground state wavefunction is in
the Krylov subspace of |Ψ(0)⟩ and can thus be expressed
as |Ξ⟩ =

∑
n ξn|Ψ(n)⟩|γn⟩ where |γn⟩ are photon states.

Furthermore, noting that Nph ≪ 1 for small g as seen
in Fig. 2 (b), the ground state can be further approxi-
mated by capping the photon number to one, yielding
an effective Hamiltonian

H ′ = H0 cos
(
g/

√
L
)
+ J sin

(
g/

√
L
)
σx − ℏω

2
(σz − 1)

(4.3)

where the Pauli matrices σj act on the two-state trun-
cated photon Hilbert space. Upon projecting the Hamil-
tonian Eq. (4.3) onto the Krylov subspace, we obtain
|γn⟩ = |n mod 2⟩ and the matrix equation

E + (Nb − 2n)to cos
(
g/

√
L
)
+ (1− (−1)n)ℏω/2

to sin
(
g/

√
L
) ξn =

= i
√
(n+ 1)(Nb − n)ξn+1 − i

√
n(Nb − n+ 1)ξn−1

(4.4)

for E and ξn, which can be efficiently solved numeri-
cally for large system sizes. Remarkably, all observables
including the energy, entanglement entropies and cor-
relation functions obtained by solving (4.4) are identi-
cal within numerical precision to those obtained in DMRG
with photon number restricted to at most one, confirm-
ing that |Ξ⟩ is an exact ground state of H ′. In particular,
the number of photons is Nph =

∑
m |ξ2m+1|2 and the
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photon EE takes an intuitive Gibbs form

Sph = −(1−Nph) ln(1−Nph)−Nph lnNph , (4.5)

since either a photon is created or not created in the weak
coupling limit. Eq.(4.5) then relates the area law for the
photon EE seen in Fig. 3 (a) and the saturation of the
photon numberNph in Fig.2 (b) Analogous but lengthier
expressions for Sel and ⟨δniδnj⟩ are given in Appendix
B.

We next perform perturbation theory of the Krylov
theory to leading order in g by taking ξn = 0 for n > 1.
Note that the first-order perturbation theory for H and
H ′ are equivalent as only zero and one photon states
appear in both cases. This yields

Nph = |ξ1|2 =
g2

4

1− 2/L

(1 + ℏω/2to)2
, (4.6a)

∆E =

(
1 +

ℏω
2to

)
ℏωNph , (4.6b)

Sel = −(1−Nph) ln
1−Nph

2
− Nph

2
ln
Nph

8
, (4.6c)

⟨δn2l+1δn2l′+1⟩ =
Nph

L− 2
, (4.6d)

with l ̸= l′ in the last expression; for Sel, we further
assumed that L is large. We note that the charge fluctu-
ations are related to current fluctuations in the space of
dimer states, since δn2l+1|ψl±⟩ = ∓iJl/(2to)|ψl±⟩, and in
particular ⟨JlJl′⟩ = 4t2⟨δn2l+1δn2l′+1⟩ to leading order
in perturbation theory. This is in agreement with the re-
cent result in [46] that found that Sph = 0 iff ⟨JlJl′⟩ = 0.
However, the scaling analysis of the EE and the stability
of the topological edge states, which are central results
of this work, were not discussed in Ref. [46]. The excess
in EE may therefore be measurable in transport exper-
iments, which are sensitive to current fluctuations, for
example in a setup proposed in [47].

Eqs. (4.5) and (4.6)) capture all of the qualitative as-
pects of the DMRG results shown in Fig.’s 2 and 3: since
∆E,Sph, andSel are determined byNph, the saturation of
Nph in the thermodynamic limit dictates similar behav-
ior for all other quantities. The EE in particular follows
the area law. Because the photon couples to fermions via
the total current J , Nph scales linearly with L; however,
it is also proportional to the square of the light-matter
coupling strength g2/L. It is the precise cancellation
between these two factors that result in the saturation

of Nph. Furthermore, DMRG simulations confirm that
the qualitative features of the weak coupling regime de-
scribed by (4.5) and (4.6)) persist all the way to the ultra-
strong coupling (see Appendix A). In particular, while
more photons are virtually created in the ground state
at stronger LMI, correlation functions ⟨δniδnj⟩ in the
dimerized limit display long range behavior consistent
with the ground state being spanned by a uniform su-
perposition of dimers belonging to the Krylov subspace
of |Ψ(0)⟩. The identification of this subspace strongly
suggests a remarkable connection between light-matter
entanglement and Hilbert space fragmentation [48–52],
a scenario worthy of further examination.

V. DISCUSSION

In summary, we have characterized the effects of
light-matter interaction on the SSH-cQED low energy
states, employing numerical methods (DMRG, ED) and
a low-dimensional Krylov subspace effective theory. We
have established the stability of the topological edge
states despite long-range correlations induced by the
interaction of electrons with a uniformly extended cavity
mode. This work highlights how gauge invariance,
diamagnetic effects, and electron-photon entanglement
give rise to an area law scaling of the entanglement
entropy despite the non-locality of light-matter interac-
tions. Extending this approach to higher dimensional
topological phases in cavity material systems, and in-
vestigating the interplay between topology and photon
condensation in magnetic cavities [53–58] are promising
paths to classify novel light-matter hybrid states. We
leave such matters for future investigation.
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Appendix A: Additional DMRG Data

Here we present some plots for additional parameter
values. Fig. 6 shows the same plots as in Figs. 2 and
3, but with the number of photons capped to at most
one, i.e. for the Hamiltonian in Eq. (4). Both DMRG
and expression found using solutions of Eq. (5) in the
Krylov subspace produce identical plots (a-b) and (d-f),
within numerical precision. We note that the number of
photons, and consequently other quantities, is somewhat
overestimated for larger values of g. Fig. 7 is also the
same as Figs. 2 and 3, but with g increased by a factor
of ten. Some slight changes can be seen as the average
number of photons exceeds 1, in particularNph develops
an inflection point and is no longer always increasing in
g at fixed small L. In the thermodynamic limit, however,
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the qualitative behavior is the same as at small g.

Appendix B: Calculations of EE and Correlations from
Solutions of Eq. (5)

Here we calculate EE for arbitrary connected bipar-
titions of the cavity-SSH system in the dimerized limit
and with the number of photons capped to one, given
the solution of Eq. (5) |Ξ⟩ =

∑
n ξn|Ψ(n)⟩. Since

∣∣Ψ(n)
〉

are uniform superpositions of |Ψl1,l2,...,ln⟩ that are all or-
thonormal states, the singular values for an arbitrary cut
of the chain are relatively easy to find. We need to per-
form a a Schmidt decomposition over the bonds and the
photon. First let us assume the cut happens on a non-
trivial bond, with nL bonds/dimers fully on the left of
the cut and nR fully on the right, so thatNb = nL+nR+1

(nL = nR = Nb−1
2 for a half-chain cut). To carry out the

Schmidt decomposition we first need to write the eigen-
state as

|Ξ⟩ =
nL∑

m=0

nR∑
n=0

ψmn±|Ψ(m)⟩L|ψ±⟩C |Ψ(n)⟩R
∣∣∣∣(n+m+

1± 1

2

)
mod 2

〉
=

=
∑
l=0,1

nL∑
m=0

nR∑
m=0

αm,2n+l|Ψ(m)⟩L|ψ(−1)m+n+l⟩C |Ψ(n)⟩R |l⟩ (B1)

where

|Ψ(m)⟩L/R =
1√(
nL/R

m

) ∑
j1<j2<···<jm

|Ψj1,j2,...,jm⟩L/R

(B2)
with |Ψj1,j2,...,jm⟩L/R defined the same way as
|Ψj1,j2,...,jm⟩ but with the dimer indices restricted to the
left or right sides, j1, . . . , jm ∈ L or R. α is conse-
quently a (nL + 1) × 2(nR + 1) matrix with elements
αm,2n+l = ψmn,(−1)m+n+l , and we have

ψmn+ = ξm+n+1

√(
nL
m

)(
nR
n

)/(
Nb

n+m+ 1

)

ψmn− = ξm+n

√(
nL
m

)(
nR
n

)/(
Nb

n+m

)
(B3)

which we note means that |ψmn±|2 asymptotically follow
the hypergeometric distribution.

Since the central dimer is split into left and right parts
as well

|ψ±⟩C =
1√
2
(|0⟩L|1⟩R ± |1⟩L|0⟩R) (B4)

the matrices we actually want to carry out the singu-
lar value decomposition on are α/

√
2 and α′/

√
2 with

α′
m,2n+l = (−1)m+n+lαm,2n+l. Note that α′ and α have

the same singular values (since we can take |ψ±⟩ →
±|ψ±⟩). There are thus in general 2min[nL+1, 2(nR+1)]
two-fold degenerate singular values λm of α, and the en-
tanglement entropy is given by

SV N = −2
∑
m

λ2m lnλ2m (B5)

with Sel = SV N for nL = nR = (Nb − 1)/2 (which as-
sumes Nb is odd).

The calculation is essentially the same when the chain
is cut at a trivial bond, and in fact a bit simpler, since
now the eigenstate can be written simply as

|Ξ⟩ =
nL∑

m=0

nR∑
n=0

ψmn|Ψ(m)⟩L|Ψ(n)⟩R |(n+m) mod 2⟩ =

=
∑
l=0,1

nL∑
m=0

nR∑
n=0

αm,2n+l|Ψ(m)⟩L|Ψ(n)⟩R |l⟩ (B6)

with αm,2n+l = ψmnδl,(m+n) mod 2 and

ψmn = ξm+n

√(
nL
m

)(
nR
n

)/(
Nb

n+m

)
(B7)

but now with nL + nR = Nb. In this case the singular
values are not doubly degenerate. The entanglement en-
tropy is computed the same way as before. As a special
case, we consider the entanglement entropy of the pho-
ton with the whole chain, i.e. nL = Nb and nR = 0. We
then have n = 0, m = 0, . . . , Nb, so ψm,0 = ξm. To find
the singular values, we can compute αα†, which in this
case is a 2× 2 matrix:

[αα†]l,l′ =
∑
m

αm,lα
∗
m,l′ =

∑
m

(|ξ2m|2δl0+|ξ2m+1|2δl1)δll′

(B8)
so the squares of the singular values are simply λ20 =∑

m |ξ2m|2 and λ21 =
∑

m |ξ2m+1|2. Note that Nph =
⟨a†a⟩ = λ21
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FIG. 6. (a-c) Same as Fig. 2, (d-f) same as Fig. 3, but with the number of photons capped to at most one. Both DMRG and
expression found using solutions of Eq. (5) in the Krylov subspace produce identical plots (a-b) and (d-f), within numerical
precision. For plot (c) showing edge states in the local electron density we took L = 40 and g = 0 and 100, which have equal
electron densities within numerical precision.

FIG. 7. (a-c) Same as Fig. 2, (d-f) same as Fig. 3, but with the g increased by a factor of ten. For plot (c) showing edge states in
the local electron density we took L = 40 and g = 0 and 100, which have equal electron densities within numerical precision. We
note that in subfigure (e) the Sel ≈ 0 points at L = 4 appear to be numerical aberrations, as varying g slightly above 25 again gives
Sel = ln 2; we speculate that this may be due to states from two different Krylov subspaces being close in energy around those
values of g.
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1. Correlation Functions

Here we compute the correlation function ⟨δniδnj⟩,
with δni = c†i ci − 1/2. To do this, we first observe that
when acting on dimer states,

δn2i+1|ψi±⟩ = δn2i+1 (|02i+1, 12i+2⟩ ± |12i+1, 02i+2⟩) /
√
2

= |ψi∓⟩/2 (B9)

and similarly

δn2i+2|ψi±⟩ = −|ψi∓⟩/2 (B10)

so that acting on the dimer states δn2i+1 ≡ ∓iJi/(2t)
where Ji = itc†2i+1c2i+2 + h.c..

From this, we can deduce the action of δnj on the
|Ψ(n)⟩ states:

2δn2i+1|Ψ(n)⟩ =
√

1− n

Nb
|Ψ(n+1)

i ⟩+
√

n

Nb
|Ψ(n−1)

�i
⟩

(B11)
where we defined

|Ψ(n)
i ⟩ = 1√(

Nb−1
n−1

) ∑
jn−1 ̸=i

∑
i ̸=jn−2<jn−1

· · ·
∑

i̸=j1<j2

|Ψj1,...,jn−1,i⟩

|Ψ(n)

�i
⟩ = 1√(

Nb−1
n

) ∑
jn ̸=i

∑
i ̸=jn−1<jn

· · ·
∑

i ̸=j1<j2

|Ψj1,...,jn⟩

(B12)

Thus |Ψ(n+1)
i ⟩ comes from applying δn2i+1 to dimer

states in |Ψ(n)⟩ in which the ith dimer is not excited (and
becomes excited), while |Ψ(n)

�i
⟩ comes from the dimer

states in which the ith dimer is excited (which becomes
unexcited).

We then need to compute the inner products for the
|Ψ(n)

i ⟩ and |Ψ(n)

�i
⟩ states. First, we have

⟨Ψ(m)
i |Ψ(n)

j ⟩ = δij + (1− δij)δmn
n− 1

Nb − 1
. (B13)

The second coefficient comes from the fact that the inner
product of the dimer states |Ψi1,...,im−1,i⟩ in |Ψ(m)

i ⟩ and
|Ψj1,...,jm−1,j⟩ in |Ψ(n)

j ⟩ are non-zero only for i ̸= j when
one of il = j (there is then exactly one |Ψj1,...,jm−1,j⟩with
the same excited dimer configuration). There are

(
Nb−2
n−2

)
such |Ψi1,...,im−1,i⟩, while the normalization is 1/

(
Nb−1
n−1

)
.

By similar reasoning, we find

⟨Ψ(m)

�i
|Ψ(n)

�j
⟩ = δij + (1− δij)δmn

Nb − n− 1

Nb − 1
(B14)

and

⟨Ψ(m)
i |Ψ(n)

�j
⟩ = (1− δij)δmn

√
n(Nb − n)

Nb − 1
. (B15)

Using these expressions, we compute

⟨δn2i+1δn2j+1⟩ = ⟨Ξ|δn2i+1δn2j+1|Ξ⟩ =
∑
nm

ξ∗mξn⟨Ψ(m)|δn2i+1δn2j+1|Ψ(n)⟩ (B16)

for i ̸= j (when i = j we simply get 1/4). The result is

⟨δn2i+1δn2j+1⟩ =
1

4Nb(Nb − 1)

Nb∑
n=0

(
2n(Nb − n)|ξn|2 + 2Re

[
ξ∗n−2ξn

√
n(n− 1)(Nb − n+ 2)(Nb − n+ 1)

])
(B17)

(for concreteness, we take ξ−2 = ξ−1 = 0). We also observe that the current-current correlations have a similar form:

⟨JiJj ̸=i⟩ =
t2

Nb(Nb − 1)

Nb∑
n=0

(
2n(Nb − n)|ξn|2 − 2Re

[
ξ∗n−2ξn

√
n(n− 1)(Nb − n+ 2)(Nb − n+ 1)

])
(B18)

with the main difference being the sign in the second
term.

2. Perturbation Theory

Assuming sinβ ≪ 1 (i.e. β ≪ 1), in leading order of
perturbation theory we can keep ξn only up ton = 1. The

Hamiltonian projected onto this restricted space reads
simply

H ′ →
(

−Nbt cosβ −i
√
Nbt sinβ

i
√
Nbt sinβ ℏω − (Nb − 2)t cosβ

)
(B19)

From this, we find that for the ground state
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E =
1

2

(
ℏω − 2(L− 1)t cosβ −

√
(ℏω + 2t cos g)2 + 4Lt2 sin2 β

)
≈ −Nbt+

tℏωβ2Nb

4t+ 2ℏω

(ξ0, ξ1) ≈
(
1− Nbt

2β2

2(2t+ ℏω)2
,−i

√
Nbtβ

2t+ ℏω

)
(B20)

Eq. (7) in the main text follows with β = g/
√
L.
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