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and Peraire (2017). Attempting to capture such small pertur-
bations inside the boundary layers with low-order methods
requires very fine meshes that render them less efficient than
higher-order methods. As a result, high-order methods are
often used to predict unsteady turbulent flows.

High-order DG methods possess a number of unique
features that make them well-suited to predicting turbu-
lent flows past complex geometries. First, DG methods are
based on a strong mathematical foundation that can be
exploited for error estimation and mesh adaptation, as pre-
sented by Klaij, van Raalte, van der Ven and van der Vegt
(2007); Yano and Darmofal (2012); Ceze and Fidkowski
(2013); Kast and Fidkowski (2013); Dahm and Fidkowski
(2014). Second, DG methods provide local conservation and
a stable discretization of the convective operator, which is
important for convection-dominated flows (Cockburn and
Shu, 1998a; Nguyen and Peraire, 2012). And third, DG
methods allow for high-order discretizations on complex
geometries and unstructured meshes, which is crucial to
simulate turbulent flows past complex three-dimensional
geometries (Froehle and Persson, 2014; Nguyen, Terrana
and Peraire, 2022). For moderate polynomial degrees (be-
tween 2 and 4), DG methods introduce numerical dissipation
in under-resolved computations of convection-dominated
flows, which acts as an implicit filter to dissipate the unre-
solved turbulent features (Fernandez, Moura, Mengaldo and
Peraire, 2019). In addition, they are well-suited to emerg-
ing computing architectures, including graphics processing
units (GPUs) and other many-core architectures, due to their
high flop-to-communication ratio (Arndt, Fehn, Kanschat,
Kormann, Kronbichler, Munch, Wall and Witte, 2020; Kirby
and Mavriplis, 2020; Nguyen et al., 2022; Vila-Pérez, Van
Heyningen, Nguyen and Peraire, 2022). Indeed, the use of
discontinuous Galerkin (DG) methods for computational
fluid dynamics has gained considerable attention from mul-
tiple researchers, such as van der Vegt and van der Ven
(1998); Uranga, Persson, Drela and Peraire (2011); Gassner
and Beck (2013); Beck, Bolemann, Flad, Frank, Gassner,
Hindenlang and Munz (2014); Renac, de la Llave Plata, Mar-
tin, Chapelier and Couaillier (2015); de Wiart and Hillewaert
(2015); Murman, Diosady, Garai and Ceze (2016); Fernan-
dez et al. (2017); Frère, de Wiart, Hillewaert, Chatelain and
Winckelmans (2017).

DG methods have been widely used in conjunction with
explicit time-stepping schemes for unsteady calculations
(Cockburn and Shu, 1998a, 2001; Stanglmeier, Nguyen,
Peraire and Cockburn, 2016). However, explicit time in-
tegration is often impractical for moving domains –such
as in aeroelasticity problems– (van der Vegt and van der
Ven, 2002; Klaij, van der Vegt and van der Ven, 2006)
or for resolving boundary layers due to the severe time-
step size restriction –an issue that can be overcome by
using implicit time integration (Persson and Peraire, 2008).
When they are paired with implicit time-marching schemes,
most DG methods yield large systems of equations due
to the duplication of degrees of freedom along the ele-
ment faces (Peraire and Persson, 2008; Persson and Peraire,

2008; Nguyen and Peraire, 2012). The hybridizable DG
(HDG) methods were introduced in Cockburn, Gopalakrish-
nan and Lazarov (2009a) as part of the effort of devising
efficient implicit DG methods and subsequently extended
to CFD problems (Peraire, Nguyen and Cockburn, 2010;
Moro, Nguyen and Peraire, 2011; Nguyen, Peraire and Cock-
burn, 2011a; Nguyen and Peraire, 2012; Schütz and May,
2013). Indeed, the HDG methods guarantee that only the
degrees of freedom of the approximation of the scalar vari-
able on the element boundaries are globally coupled and that
the approximate gradient attains optimal order of conver-
gence for diffusion-dominated problems (Cockburn, Dong
and Guzmán, 2008; Cockburn, Guzmán and Wang, 2009b;
Cockburn, Gopalakrishnan and Sayas, 2010). A novel vari-
ant of the HDG method is the embedded DG (EDG) method
(Nguyen, Peraire and Cockburn, 2015), which has the same
global degrees of freedom as the static condensation of the
continuous finite element method. Hence, the EDG method
has the lowest global degrees of freedom compared to any
other DG methods. The significant reduction in the number
of global unknowns results in savings in terms of com-
putation times and memory storage for the EDG method.
However, unlike the HDG method, the EDG method does
not possess superconvergence properties. Blending EDG
and HDG methods in a single discretization yields the IEDG
method (Fernandez et al., 2017). The IEDG method allows
for the HDG discretization to be used on any part of the
domain to enhance solution accuracy in that region, while
using the EDG discretization elsewhere.

Iterative methods have been developed to solve discrete
systems stemming from DG discretizations. In Gopalakrish-
nan and Kanschat (2003), a Gauss-Seidel block smoother
(GS) was shown to have optimal behavior for linear convection-
diffusion systems combined with the multigrid method. In
Nastase and Mavriplis (2006), linear and nonlinear multi-
grid methods combined with block Jacobi and block GS
smoothers were demonstrated for subsonic inviscid flows
on fairly isotropic meshes. In Fidkowski, Oliver, Lu and
Darmofal (2005), a multigrid smoother based on the solution
of block tridiagonal systems was shown to significantly
outperform block Jacobi smoother for DG discretizations of
the Navier-Stokes equations. In Persson and Peraire (2008),
block-Jacobi and Gauss-Seidel smoothers were shown to
lack robustness for low Mach numbers, stretched grids
or high Reynolds number turbulent flows. The block in-
complete LU factorization with coarse grid correction was
shown to outperform the above-mentioned preconditioners
(Persson and Peraire, 2008). In Fernandez et al. (2017), a
restricted additive Schwarz preconditioner combined with
block ILU0 was developed for Newton-GMRES solution of
nonlinear systems arising from the HDG discretization of
the Navier-Stokes equations and applied to implicit LES of
transitional flows at moderate Reynolds. Finally, in recent
years, Nguyen et al. (2022) introduced a reduced basis (RB)
preconditioning technique suitable for matrix-free iterative
methods.
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The formation, propagation, and interaction of shock
waves represent one of the most challenging problems in hy-
personic flows. Difficulties in simulating shock flows are that
(1) at the very moment a shock is formed it poses a source of
instability in the shock region, which then leads to numerical
instabilities if no treatment of shock waves is introduced;
(2) it is hard to predict when and where new shocks arise,
and track them as they propagate through the physical do-
main and interact with each other and with boundary layers
and vortices; and (3) numerical treatment of shock waves
should not cause deterioration in resolution and reduction
of accuracy in domains where the solution is smooth. In
addition to shock waves, a number of other sharp features
such as contact discontinuities, high thermal gradients, and
thin shear layers may also appear in turbulent hypersonic
flows. For high-order methods, insufficient resolution or an
inadequate treatment to capture these shocks often results
in oscillations, which can grow rapidly and contribute to
numerical instabilities. These challenges have been a driving
force behind the development of shock capturing methods
designed to detect and stabilize shocks.

A number of shock detection methods rely on the non-
smoothness of the numerical solution to detect shocks as
well as other sharp features Cook and Cabot (2004, 2005);
Fiorina and Lele (2007); Kawai and Lele (2008); Kawai,
Shankar and Lele (2010); Klöckner, Warburton and Hes-
thaven (2011); Krivodonova, Xin, Remacle, Chevaugeon
and Flaherty (2004); Mani, Larsson and Moin (2009); Ol-
son and Lele (2013); Persson and Peraire (2006); Persson
(2013). Among them, the sensor by Krivodonova et al.
(2004), devised in the context of DG methods, takes ad-
vantage of the theoretical convergence rate of DG schemes
for smooth solutions in order to detect discontinuities. The
shock sensor by Persson and Peraire (2006); Persson (2013)
is based on the decay rate of the coefficients of the DG
polynomial approximation. Other methods that rely on high-
order derivatives of the solution include Cook and Cabot
(2004, 2005); Fiorina and Lele (2007); Kawai and Lele
(2008); Kawai et al. (2010); Klöckner et al. (2011); Mani
et al. (2009); Olson and Lele (2013); Premasuthan, Liang
and Jameson (2010, 2014), and apply to numerical schemes
for which such derivatives can be computed, such as spec-
tral methods and finite difference methods. The most sim-
ple shock-detection method is to take advantage of the
strong compression that a fluid undergoes across a shock
wave and use the divergence of the velocity field as a
shock sensor Fernandez, Nguyen and Peraire (2018b); Moro,
Nguyen and Peraire (2016); Nguyen and Peraire (2011).
Shock stabilization methods lie within one of the following
two categories: limiters and artificial viscosity. Limiters,
in the form of flux limiters Burbeau, Sagaut and Bruneau
(2001); Cockburn and Shu (1989); Krivodonova (2007),
slope limiters Cockburn and Shu (1998b); Krivodonova et al.
(2004); Lv and Ihme (2015); Sonntag and Munz (2017)
or WENO-type schemes Luo, Baum and Löhner (2007);
Qiu and Shu (2005b); Zhu, Qiu, Shu and Dumbser (2008);
Zhu, Zhong, Shu and Qiu (2013), and sub-cell filtering

methods Dumbser, Zanotti, Loubère and Diot (2014); Zan-
otti, Fambri, Dumbser and Hidalgo (2015); Dumbser and
Loubère (2016); Panourgias and Ekaterinaris (2016b); Lv
and Ekaterinaris (2023) pose implementation difficulties for
implicit time integration schemes and high-order methods
on complex geometries. As for artificial viscosity methods,
Laplacian-based Barter and Darmofal (2010); Hartmann
(2013); Lv, See and Ihme (2016); Moro et al. (2016); Nguyen
and Peraire (2011); Persson and Peraire (2006); Persson
(2013) and physics-based Abbassi, Mashayek and Jacobs
(2014); Chaudhuri, Jacobs, Don, Abbassi and Mashayek
(2017); Cook and Cabot (2004, 2005); Fernandez et al.
(2018b); Fiorina and Lele (2007); Kawai and Lele (2008);
Kawai et al. (2010); Mani et al. (2009); Olson and Lele
(2013); Persson and Peraire (2006) approaches have been
proposed. An assessment of artificial viscosity methods for
LES is presented in Johnsen, Larsson, Bhagatwala, Cabot,
Moin, Olson, Rawat, Shankar, Sjögreen, Yee, Zhong and
Lele (2010). A more recent shock capturing scheme Zahr,
Shi and Persson (2020) aims to align mesh elements along
shocks and employ DG methods to handle shocks.

The quality of meshes has a significant impact on the
accuracy of numerical solutions. This is particularly so for
hypersonic flows because numerical solutions of hypersonic
flows are much more sensitive to mesh resolutions, element
types, and element orders than those of transonic and super-
sonic flows Barter and Darmofal (2010). For DG methods,
it is important to generate high-order meshes that have
sufficient resolutions to resolve shock waves and boundary
layers. Insufficient mesh resolution can result in inaccurate
predictions or even lead to numerical instability due to
the oscillatory behavior of the numerical solution. Mesh
adaptation encompasses a wide array of techniques, each has
its advantages and complexities. The 𝑟-adaptivity methods
Zahr and Persson (2018); Nguyen, Vila-Pérez and Peraire
(2023c); Ameur and Lani (2021) move the nodes of the
mesh elements without changing the mesh topology. The
advantage of 𝑟-adaptivity is that the numerical accuracy can
be enhanced for a fixed number of elements. In contrast to
𝑟-adaptivity, ℎ- and 𝑝-adaptivity methods do not move the
nodes of the mesh, but instead locally refine/coarse individ-
ual elements or vary polynomial degrees. DG methods are
compatible with automatic mesh refinement (AMR) tech-
niques Panourgias and Ekaterinaris (2016a) and anisotropi-
cally adapted meshes Hecht (1998), the latter of which can be
especially useful for adapting to shocks Barter (2008); Moro
et al. (2016). The advantage of ℎ- and 𝑝-adaptivity is that
each element can be refined to obtain arbitrary resolution in
any region of the mesh regardless of the shape and size of the
original mesh. While combinations of the individual adap-
tation techniques such as ℎ∕𝑝 Bey and Oden (1996); Brazell
and Mavriplis (2013), ℎ∕𝑟 Edwards, Oden and Demkowicz
(1993); Antonietti and Houston (2009); Dobrev, Knupp,
Kolev, Mittal and Tomov (2022), and 𝑟∕𝑝 Bhatia, Roy and
Gosse (2013) adaptation can improve the quality of meshes
even further, their implementation is complicated due to sev-
eral reasons. Designing algorithms that dynamically adjust
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both mesh sizes and polynomial degrees is complex. Man-
aging data structures to accommodate variable mesh sizes
and polynomial degrees while ensuring compatibility with
iterative solvers can be challenging. Transferring solutions
between different meshes with variable polynomial degrees
demands sophisticated interpolation schemes to maintain
accuracy. These methods require some form of indicator to
drive mesh refinement. Feature-based indicators use features
of the solution such as flow field gradients Panourgias and
Ekaterinaris (2016a) or Hessians Moro et al. (2016), while
goal-oriented methods use error estimates of quantities of
interest to drive adaptation Yano, Modisette and Darmofal
(2011); Rangarajan, May and Dolejsi (2020)

Numerical results are presented to illustrate DG methods
for a wide range of hypersonic flow phenomena. We present
numerical solutions of hypersonic flow past a circular cylin-
der at 𝑀∞ = 17.6 and 𝑅𝑒 = 376, 000, and type IV
shock-shock interaction over a cylinder in free stream Mach
number 8.03 and 𝑅𝑒 = 388, 000, which are computed using
the HDG method with polynomial degree 4 on 𝑟-adaptive
meshes. These examples serve to demonstrate the robustness
and accuracy of the high-order HDG discretization equipped
with shock capturing and mesh adaptivity. Furthermore, we
present direct numerical simulations of hypersonic transi-
tional flow past a flared cone at 𝑅𝑒 = 10.8×106, and hyper-
sonic transitional shockwave boundary layer interaction flow
over a flat plate at 𝑅𝑒 = 3.97 × 106. These simulations run
entirely on hundreds of GPUs and demonstrate the ability
of DG methods to directly resolve hypersonic transitional
flows, even at high Reynolds numbers, without relying on
transition or turbulence models.

The remainder of the paper is organized as follows. In
Section 2, we survey state-of-the-art DG methods in com-
putational fluid dynamics. In Section 3, we discuss iterative
methods and preconditioners for implicit DG methods. We
describe shock capturing algorithms in Section 4 and mesh
adaptation techniques in Section 5. In Section 6, we dis-
cuss boundary-layer instabilities, receptivity mechanisms,
and boundary conditions for introducing disturbances into
boundary layers. In Section 7, we present numerical results
to demonstrate DG methods for hypersonic flows. The paper
is concluded with our perspectives on error estimation, tur-
bulence modeling, and real gas effects in hypersonic flows.

2. Discontinuous Galerkin Methods
2.1. Governing equations

We consider the conservation laws of 𝑚 state variables,
defined on a physical domain Ω ∈ ℝ𝑑 and subject to
appropriate boundary conditions, as follows

𝜕𝒖
𝜕𝑡

+ ∇ ⋅ 𝑭 (𝒖,∇𝒖) = 0 in Ω × (0, 𝑇 ], (1)

where 𝒖(𝒙, 𝑡) ∈ ℝ𝑚 is the solution of the system of conser-
vation laws at (𝒙, 𝑡) ∈ Ω × [0, 𝑇 ] and the physical fluxes
𝑭 = (𝒇1(𝒖,∇𝒖),… ,𝒇𝑑(𝒖,∇𝒖)) ∈ ℝ𝑚×𝑑 include 𝑑 vector-
valued functions of the solution. The initial condition is

𝒖(𝒙, 0) = 𝒖0(𝒙), where 𝒖0 is the initial state. This paper
focuses on compressible flows in the hypersonic regime.

For the compressible Euler equations, the state vector
and physical fluxes are given by

𝒖 =
⎛

⎜

⎜

⎝

𝜌
𝜌𝑣𝑖
𝜌𝐸

⎞

⎟

⎟

⎠

, 𝑭 (𝒖) =
⎛

⎜

⎜

⎝

𝜌𝑣𝑗
𝜌𝑣𝑖𝑣𝑗 + 𝛿𝑖𝑗𝑝
𝜌𝑣𝑗𝐻

⎞

⎟

⎟

⎠

(2)

with density 𝜌, velocity 𝒗, total energy 𝐸, total specific
enthalpy 𝐻 = 𝐸 + 𝑝∕𝜌 and pressure 𝑝 given by the ideal
gas law 𝑝 = (𝛾 − 1)𝜌(𝐸 − 1

2𝑣𝑖 𝑣𝑖). Let Γwall ⊂ 𝜕Ω be the
wall boundary. The boundary condition at the wall boundary
Γwall is 𝒗 ⋅ 𝒏 = 0, where 𝒗 is the velocity field and 𝒏 is
the unit normal vector outward the boundary. Supersonic
inflow and outflow conditions are imposed on the inflow
and outflow boundaries, respectively. For supersonic inflow,
a free-stream boundary condition is imposed at the inflow
boundary using the free-stream state 𝒖∞. The free-stream
Mach number𝑀∞ enters through the non-dimensional free-
stream pressure 𝑝∞ = 1∕(𝛾𝑀2

∞), where 𝛾 = 𝑐𝑝∕𝑐𝑣 denotes
the specific heat ratio, 𝑐𝑝 and 𝑐𝑣 are the specific heats at
constant pressure and volume.

For the compressible Navier-Stokes equations, the fluxes
are given by

𝑭 (𝒖,∇𝒖) =
⎛

⎜

⎜

⎝

𝜌𝑣𝑗
𝜌𝑣𝑖𝑣𝑗 + 𝛿𝑖𝑗𝑝
𝜌𝑣𝑗𝐻

⎞

⎟

⎟

⎠

−
⎛

⎜

⎜

⎝

0
𝜏𝑖𝑗

𝑣𝑖𝜏𝑖𝑗 + 𝑓𝑗

⎞

⎟

⎟

⎠

. (3)

For a Newtonian, calorically perfect gas in thermodynamic
equilibrium, the non-dimensional viscous stress tensor and
heat flux are given by

𝜏𝑖𝑗 = 𝜇𝑓

[

( 𝜕𝑣𝑖
𝜕𝑥𝑗

+
𝜕𝑣𝑗
𝜕𝑥𝑖

)

− 2
3
𝜕𝑣𝑘
𝜕𝑥𝑘

𝛿𝑖𝑗

]

, 𝑓𝑗 = 𝜅𝑓
𝜕𝑇
𝜕𝑥𝑗

,

respectively. Here, 𝑇 denotes the temperature, 𝜇𝑓 the dy-
namic (shear) viscosity, 𝜅𝑓 = 𝑐𝑝 𝜇𝑓∕𝑃𝑟 the thermal con-
ductivity, 𝑃𝑟 the Prandtl number, and 𝛽𝑓 = 0 the bulk
viscosity under Stokes’ hypothesis. For high Mach number
flows, Sutherland’s law is used to obtain the dynamic vis-
cosity which is dependent on the temperature. The bound-
ary conditions at the wall impose zero velocity and either
isothermal or adiabatic conditions for the temperature. Other
boundary conditions are similar to those of the compressible
Euler equations. In Section 8, we extend our discussion to
turbulence modeling and real-gas effects. The DG formalism
described in this section is applicable to these models either
without or with little modifications.
2.2. General weak formulation

We denote by ℎ a collection of disjoint regular elements
𝐾 that partition Ω, and set 𝜕ℎ ∶= {𝜕𝐾 ∶ 𝐾 ∈ ℎ} to be the
collection of the boundaries of the elements in ℎ. Let ℎ be
a collection of faces in ℎ. Let 𝑘(𝐷) denote the space of
complete polynomials of degree 𝑘 on a domain 𝐷 ∈ ℝ𝑛, let
𝐿2(𝐷) be the space of square-integrable functions on𝐷. We
introduce the following discontinuous finite element spaces:
𝑘
ℎ =

{

𝒒 ∈ [𝐿2(ℎ)]𝑚×𝑑 ∶ 𝒒|𝐾 ∈ 𝑾 (𝐾), ∀𝐾 ∈ ℎ
}

,
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𝑘
ℎ =

{

𝒗 ∈ [𝐿2(ℎ)]𝑚 ∶ 𝒗|𝐾 ∈ 𝑽 (𝐾), ∀𝐾 ∈ ℎ
}

,

𝑘
ℎ =

{

𝝁 ∈ [𝐿2(ℎ)]𝑚 ∶ 𝝁|𝐹 ∈ 𝑽 (𝐹 ), ∀𝐹 ∈ ℎ
}

,

where 𝑾 (𝐾) ≡ [𝑘(𝐾)]𝑚×𝑑 and 𝑽 (𝐾) ≡ [𝑘(𝐾)]𝑚. Next,
we define several inner products associated with these finite
element spaces as

(𝒘, 𝒗)ℎ =
∑

𝐾∈ℎ

(𝒘, 𝒗)𝐾 =
∑

𝐾∈ℎ
∫𝐾

𝒘 ⋅ 𝒗,

(𝑾 ,𝑽 )ℎ =
∑

𝐾∈ℎ

(𝑾 ,𝑽 )𝐾 =
∑

𝐾∈ℎ
∫𝐾

𝑾 ∶ 𝑽 ,

⟨𝒘, 𝒗⟩𝜕ℎ =
∑

𝐾∈ℎ

⟨𝒘, 𝒗⟩𝜕𝐾 =
∑

𝐾∈ℎ
∫𝜕𝐾

𝒘 ⋅ 𝒗,

for 𝒘, 𝒗 ∈ 𝑘
ℎ, 𝑾 ,𝑽 ∈ 𝑘

ℎ, where ⋅ and ∶ denote the scalar
product and Frobenius inner product, respectively.

The DG discretization of the governing equations reads
as follows: find (

𝒒ℎ, 𝒖ℎ
)

∈ 𝑘
ℎ × 𝑘

ℎ such that
(

𝒒ℎ, 𝒓
)

ℎ
+
(

𝒖ℎ,∇ ⋅ 𝒓
)

ℎ
−
⟨

𝒖ℎ, 𝒓 ⋅ 𝒏
⟩

𝜕ℎ
= 0, (5a)

(𝜕 𝒖ℎ
𝜕𝑡

,𝒘
)

ℎ
−
(

𝑭 ,∇𝒘
)

ℎ
+
⟨

𝒇ℎ,𝒘
⟩

𝜕ℎ
= 0, (5b)

for all (𝒓,𝒘) ∈ 𝑘
ℎ × 𝑘

ℎ and all 𝑡 ∈ (0, 𝑇 ], as well as
(

𝒖ℎ|𝑡=0 − 𝒖0,𝒘
)

ℎ
= 0, (5c)

for all 𝒘 ∈ 𝑘
ℎ. Here 𝒖ℎ is the numerical trace and 𝒇ℎ is the

numerical flux. For DG methods, both the numerical trace
and flux must be continuous across element boundaries.
2.3. Numerical trace and flux

The general form of the numerical trace and flux on
the interior faces that satisfies the continuity requirement is
given by
𝒖ℎ = {𝒖ℎ} + 𝑪21[𝒖ℎ] + 𝑪22[𝑭 (𝒖ℎ, 𝒒ℎ)] ⋅ 𝒏,

𝒇ℎ = {𝑭 (𝒖ℎ, 𝒒ℎ)} ⋅ 𝒏 + 𝑪11[𝒖ℎ] + 𝑪12[𝑭 (𝒖ℎ, 𝒒ℎ)] ⋅ 𝒏,
(6)

where {𝒖ℎ} = (𝒖ℎ + 𝒖−ℎ )∕2, [𝒖ℎ] = 𝒖ℎ − 𝒖−ℎ , {𝑭 (𝒖ℎ, 𝒒ℎ)} =
(𝑭 (𝒖ℎ, 𝒒ℎ) + 𝑭 (𝒖−ℎ , 𝒒

−
ℎ ))∕2, [𝑭 (𝒖ℎ, 𝒒ℎ)] = 𝑭 (𝒖ℎ, 𝒒ℎ) −

𝑭 (𝒖−ℎ , 𝒒
−
ℎ ), and 𝑪11,𝑪12,𝑪21,𝑪22 are matrix-valued stabi-

lization functions. Note that (𝒖−ℎ , 𝒒−ℎ ) denotes the numerical
solution from the neighboring elements that share the same
faces as the element𝐾 . On the boundary faces, the definition
of the numerical trace and flux depends on the boundary
conditions. For supersonic inflow condition, we can set 𝒖−ℎ =
𝒖∞, 𝒒−ℎ = 0. For supersonic outflow condition, we can set
𝒖−ℎ = 𝒖ℎ, 𝒒−ℎ = 𝒒ℎ. We refer to Fernandez et al. (2017);
Nguyen and Peraire (2012) for the implementation of the
iso-thermal and adiabatic boundary conditions.

2.4. Another form of the numerical flux
A number of DG methods define the numerical flux as

follows
𝒇ℎ = {𝑭 (𝒖ℎ, 𝒒ℎ)} ⋅𝒏+𝑪11[𝒖ℎ]+𝑪12[𝑭 (𝒖ℎ, 𝒒ℎ)] ⋅𝒏, (7)

where
𝒒ℎ = ∇𝒖ℎ + 𝑙([𝒖ℎ]𝒏). (8)

Here 𝑙(⋅) is known as the lifting operator. Different defi-
nitions of the lifting operator yield different DG methods,
such as the interior penalty (IP) method Douglas and Dupont
(1976), the second Bassi Rebay (BR2) method Bassi, Criv-
ellini, Rebay and Savini (2005), the compact DG (CDG)
method Peraire and Persson (2008). These DG methods have
compact connectivity in the sense that only the degrees of
freedom belonging to neighboring elements are connected in
the discretization. DG methods with compact connectivity
require less memory storage and operation counts to solve
the resulting system of equations than their non-compact
counterparts. Note that the LDG and BR1 methods do not
have compact connectivity.
2.5. Stabilization functions

The stabilization functions play an important role in the
stability and accuracy of the resulting DG discretization.
Indeed, different choices of the stabilization functions result
in different DG methods. The choice𝑪22 = 0 yields the LDG
method Cockburn and Shu (1998a), while 𝑪11 = 𝑪12 =
𝑪21 = 𝑪22 = 0 leads to the first Bassi-Rebay (BR1) method
Bassi and Rebay (1997). It is known that the LDG method
is stable for elliptic problems, whereas the BR1 method is
only weakly stable Arnold, Brezzi, Cockburn and Marini
(2002). The stability of the LDG method comes from the
stabilization function 𝑪11.

For general convection-diffusion systems, the stabi-
lization function 𝑪11 should include both the convection-
stabilizing term 𝑪conv

11 and the diffusion-stabilizing term
𝑪dif f
11 , namely 𝑪11 = 𝑪conv

11 + 𝑪dif f
11 , so that the resulting

DG method can be stable in both pure convection limit and
pure diffusion limit.

The convection-stabilizing term is usually computed by
using approximate Riemann solvers such as Roe’s scheme
Roe (1997), Lax-Friedrich scheme Nguyen and Peraire
(2012) or HLL/HLLEM schemes Vila-Pérez, Giacomini,
Sevilla and Huerta (2021), while the diffusion-stabilizing
term is proportional to the diffusion coefficient. See Fer-
nandez et al. (2017); Nguyen and Peraire (2012); Vila-Pérez
et al. (2021); Terrana, Nguyen, Bonet and Peraire (2019) for
additional discussion on the stabilization of DG methods.
2.6. Hybridization of DG methods

With 𝑪22 = 0, the numerical trace 𝒖ℎ depends solely on
𝒖ℎ. In this case, we can locally solve (5a) for 𝒒ℎ in terms
of 𝒖ℎ and substitute it into (5b) to obtain a global system
in terms of the degrees of freedom of 𝒖ℎ only. Hence, the
DG method with 𝑪22 = 0 is referred to as the local DG
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(LDG) method. For 𝑪22 ≠ 0, because 𝒖ℎ depends on both
𝒖ℎ and 𝒒ℎ, (5a)-(5b) is a globally coupled system of the
degrees of freedom of both 𝒖ℎ and 𝒒ℎ. As a result, the DG
method with 𝑪22 ≠ 0 can be much more expensive than
the LDG method if both 𝒖ℎ and 𝒒ℎ are solved together. It
is known that, for diffusion-dominated problems, the DG
method with 𝑪22 ≠ 0 yields the optimal convergence rate
for 𝒒ℎ and superconvergence properties that can be exploited
to obtain a postprocessed solution 𝒖∗ℎ that converges faster
than the approximate solution 𝒖ℎ Cockburn et al. (2009b);
Nguyen, Peraire and Cockburn (2009b,a). Furthermore, the
DG method with 𝑪22 ≠ 0 can be efficiently implemented by
using the hybridization technique as discussed below.

The choice 𝑪12 = 𝑪21 = 0 is known as the hybridiz-
able DG (HDG) method Cockburn et al. (2009a). In the
HDG method, the numerical trace 𝒖ℎ becomes a dependent
variable to be solved together with (𝒖ℎ, 𝒒ℎ) by introduc-
ing another equation that weakly imposes the continuity of
the numerical flux. This process is known as hybridization
Cockburn et al. (2009a) and is widely used to implement
mixed, CG, and DG finite element methods. The HDG
discretization of the governing equations reads as follows:
Find (

𝒒ℎ, 𝒖ℎ, 𝒖ℎ
)

∈ 𝑘
ℎ × 𝑘

ℎ ×𝑘
ℎ such that

(

𝒒ℎ, 𝒓
)

ℎ
+
(

𝒖ℎ,∇ ⋅ 𝒓
)

ℎ
−
⟨

𝒖ℎ, 𝒓 ⋅ 𝒏
⟩

𝜕ℎ
= 0, (9a)

(𝜕 𝒖ℎ
𝜕𝑡

,𝒘
)

ℎ
−
(

𝑭 ,∇𝒘
)

ℎ
+
⟨

𝒇ℎ,𝒘
⟩

𝜕ℎ
= 0, (9b)

⟨

𝒇ℎ,𝝁
⟩

𝜕ℎ∖𝜕Ω
+
⟨

𝒃̂ℎ,𝝁
⟩

𝜕Ω
= 0, (9c)

for all (𝒓,𝒘,𝝁) ∈ 𝑘
ℎ × 𝑘

ℎ × 𝑘
ℎ. Here 𝒃̂ℎ is the bound-

ary flux whose precise definition depends on the boundary
conditions. For instance, we define 𝒃̂ℎ = 𝒖ℎ − 𝒖∞ for inflow
condition, and 𝒃̂ℎ = 𝒖ℎ − 𝒖ℎ for outflow condition. We refer
to Nguyen and Peraire (2012) for the definition of 𝒃̂ℎ for wall
boundary conditions.

The HDG method is computationally efficient for im-
plicit time integration because it results in a global system of
the degrees of freedom of 𝒖ℎ. By locally solving (9a)-(9b) for
(𝒒ℎ, 𝒖ℎ) in terms of 𝒖ℎ and substituting it into (9c), we obtain
the desired global system. Since 𝒖ℎ often has much fewer
degrees of freedom than 𝒖ℎ, the HDG method can be more
efficient than the LDG method. Due to its superconvergnce
properties, the HDG method is more accurate than the LDG
method for diffusion-dominated problems.

A novel variant of the HDG method is the embedded
DG (EDG) method Nguyen et al. (2015). The EDG method
results from (9) by replacing 𝑘

ℎ with the following space

̃
𝑘
ℎ =

{

𝝁 ∈ [𝐶0(ℎ)]𝑚 ∶ 𝝁|𝐹 ∈ 𝑽 (𝐹 ), ∀𝐹 ∈ ℎ
}

.

The EDG method has the same global degrees of freedom
as the static condensation of the continuous finite element
method. Hence, it has the lowest global degrees of freedom
compared to other DG methods. The significant reduction in
the number of global unknowns results in savings in terms
of computation times and memory storage for the EDG

method. However, unlike the HDG method, the EDG method
does not possess superconvergence properties. Combining
both the EDG and HDG methods in a single discretization
yields the IEDG method Fernandez et al. (2017). The IEDG
method allows HDG discretization to be used on any part of
the domain to enhance solution accuracy in that region while
using EDG discretization everywhere else.

3. Solution Methods
3.1. Implicit time integration

For any DG method, the spatial discretization of the gov-
erning equations yields the following index-1 differential-
algebraic equation (DAE) system

𝐌𝑑𝐮
𝑑𝑡

+ 𝐟 (𝐮,𝐰) = 0, 𝑡 > 0, (10a)
𝐠(𝐮,𝐰) = 0, 𝑡 ≥ 0, (10b)

with initial condition 𝐮(𝑡 = 0) = 𝐮0 and 𝐌 being mass
matrix. Here 𝐟 and 𝐠 are non-linear vector-valued functions
which result from spatial discretization and depend on the
DG method used. Note that 𝐮 is the vector of degrees of
freedom of 𝒖ℎ for all DG methods. While 𝐰 is the vector
of degrees of freedom of 𝒒ℎ for LDG, BR1, BR2, CDG, IP
methods, whereas it is the vector of degrees of freedom of
both 𝒒ℎ and 𝒖ℎ for HDG, EDG, IEDG methods. In this paper,
we focus on implicit time-marching methods to integrate the
above DAE system in time Nguyen, Peraire and Cockburn
(2011b); Nguyen and Peraire (2012).
3.1.1. Linear multistep methods

We denote by 𝐮𝑛 an approximation for the function 𝐮(𝑡)
at discrete time 𝑡𝑛 = 𝑛Δ𝑡, where Δ𝑡 is the time step and 𝑛 is
an integer. Linear multistep (LM) methods use information
from the previous 𝑠 steps, {𝐮𝑛+𝑖}𝑠−1𝑖=0 , to calculate the solution
at the next step 𝐮𝑛+𝑠. When we apply a general LM method
to the differential part (10a) and treat the algebraic part (10b)
implicitly, we arrive at the following algebraic system:

𝑠
∑

𝑖=0

(

𝑎𝑖𝐌𝐮𝑛+𝑖 + Δ𝑡 𝑏𝑖𝐟 (𝐮𝑛+𝑖,𝐰𝑛+𝑖)
)

= 0, (11a)

𝐠(𝐮𝑛+𝑠,𝐰𝑛+𝑠) = 0. (11b)
The coefficient vectors 𝐚 = (𝑎0, 𝑎1,… , 𝑎𝑠) and 𝐛 =
(𝑏0, 𝑏1,… , 𝑏𝑠) determine the method. If 𝑏𝑠 = 0, the method
is called explicit; otherwise, it is called implicit. Backward
difference formula (BDF) schemes with 𝑠 steps have 𝐛 =
(0,… , 0, 𝑏𝑠) with 𝑏𝑠 > 0.
3.1.2. Implicit Runge-Kutta methods

The coefficients of an 𝑠-stage Runge-Kutta (RK) method,
𝑎𝑖𝑗 , 𝑏𝑖, 𝑐𝑖, 1 ≤ 𝑖, 𝑗 ≤ 𝑠, are usually arranged in the form of
a Butcher tableau:

𝑐1 𝑎11 𝑎12 … 𝑎1𝑠
𝑐2 𝑎21 𝑎22 … 𝑎2𝑠
⋮ … ⋮ ⋮
𝑐𝑠 𝑎𝑠1 𝑎𝑠2 … 𝑎𝑠𝑠

𝑏1 𝑏2 … 𝑏𝑠

(12)
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For the family of implicit RK (IRK) methods, the RK matrix
𝑎𝑖𝑗 must be invertible. Let 𝑑𝑖𝑗 denote the inverse of 𝑎𝑖𝑗 ,and let 𝐮𝑛,𝑖 be the approximation of 𝐮(𝑡) at discrete times
𝑡𝑛,𝑖 = (𝑡𝑛+ 𝑐𝑖Δ𝑡), 1 ≤ 𝑖 ≤ 𝑠. The 𝑠-stage IRK method for the
DAE system (10) can be sketched as follows. First, we solve
the following 2𝑠 coupled systems of equations

𝑠
∑

𝑗=1
𝑑𝑖𝑗𝐌

(

𝐮𝑛,𝑗 − 𝐮𝑛
)

+ Δ𝑡𝐟 (𝐮𝑛,𝑖,𝐰𝑛,𝑖) = 0,

𝐠(𝐮𝑛,𝑖,𝐰𝑛,𝑖) = 0,

(13a)

for (𝐮𝑛,𝑖,𝐰𝑛,𝑖) and 𝑖 = 1,… , 𝑠. Then we compute 𝐮𝑛+1 from

𝐮𝑛+1 =
(

1 −
𝑠
∑

𝑗=1
𝑒𝑗

)

𝐮𝑛 +
𝑠
∑

𝑗=1
𝑒𝑗𝐮𝑛,𝑗 , (13b)

where 𝑒𝑗 =
∑𝑠
𝑖=1 𝑏𝑖𝑑𝑖𝑗 . Finally, we solve the following

system of equations for 𝐰𝑛+1:
𝐠(𝐮𝑛+1,𝐰𝑛+1) = 0. (13c)

If the RK matrix 𝑎𝑖𝑗 is a lower-triangular matrix, then the
method is called diagonally implicit RK (DIRK) scheme
Alexander (1977). In the case of a DIRK method, each stage
of the system (13) can be viewed as the backward Euler step
due to the fact the matrix 𝑑𝑖𝑗 is lower-triangular.
3.2. Matrix-based solvers

Implicit time integration of the DAE system (10) yields
a nonlinear system of equations. Newton’s method is usually
used to linearize the nonlinear system. At each Newton’s
iteration, we need to solve a linear system. For DG methods,
the resulting linear system can be statically condensed to
yield a smaller linear system

𝐉𝛿𝐱 = 𝐫 (14)
where 𝐉 is the Jacobian matrix, 𝐫 is the residual vector, and
𝛿𝐱 is the Newton increment vector. The size and sparsity
pattern of 𝐉 depends on which DG method is used for
spatial discretization. The size of 𝐉 is equal to the degrees
of freedom of 𝒖ℎ for LDG, CDG, BR, IP methods, and of
𝒖ℎ for HDG, EDG, IEDG methods. The sparsity pattern
of 𝐉 is compact, meaning that only degrees of freedom
in neighboring elements are connected, for BR2, CDG, IP
methods. For the HDG method, only degrees of freedom in
neighboring faces are connected. For the EDG method, 𝐉
has the same sparsity pattern as that of statically condensed
continuous FE methods.

Krylov subspace methods are widely used to solve the
linear system (14). In general, Krylov methods must be
preconditioned to perform well. This amounts to applying
Krylov methods to the preconditioned linear system

𝐏−1𝐉𝛿𝐱 = 𝐏−1𝐫 (15)
where 𝑃 is an appropriate preconditioner. Popular choices
for 𝐏 include block Jacobi, block Gauss Seidel, and block

ILU preconditioners Persson and Peraire (2008). Although
it is harder to implement, block ILU is significantly more
effective than block Jacobi and Gauss Seidel. The perfor-
mance of an ILU factorization depends on the ordering of
the unknowns, assuming the elimination is done from top to
bottom. The minimum discarded fill algorithm is often used
to reorder the unknowns Persson and Peraire (2008).

Multigrid methods are often used to solve the linear
system (14) by introducing coarser level discretizations
Gopalakrishnan and Kanschat (2003); Fidkowski et al.
(2005); Nastase and Mavriplis (2006); Shahbazi, Mavriplis
and Burgess (2009). This coarser discretization can be
obtained either by using a coarser mesh (ℎ-multigrid) or, for
hig-horder methods, by reducing the polynomial degree (𝑝-
multigrid) Nastase and Mavriplis (2006). For DG methods,
it is natural to consider coarser scales obtained by reducing
the polynomial degree Persson and Peraire (2008). The
residual is restricted to the coarse-scale discretization (lower
polynomial degree), where an approximate error is com-
puted, which is then applied as a correction to the fine-scale
discretization. Some iterations of a smoother are applied to
the residual before and after the correction to reduce the
high-frequency errors. Block Jacobi, Gauss Seidel, and ILU0
are commonly used as smoothers for multigrid methods.
Multigrid methods can be used either as an independent
iterative solver or a preconditioner in Krylov subspace
methods.

For large-scale problems, it is necessary to solve the
linear systems on many processors. Restricted additive
Schwarz (RAS) method Cai and Sarkis (1999) with 𝛽-level
overlap is widely used as a parallel preconditioner. This
approach is based on the distribution of the unknowns among
parallel workers. The RAS preconditioner for𝑁 subdomains
is defined as

𝐏−1
𝑅𝐴𝑆 ∶=

𝑁
∑

𝑖=1
𝐑0
𝑖 𝐉

−1
𝑖 𝐑𝛽𝑖 , (16)

where 𝐉𝑖 = 𝐑𝛽𝑖 𝐉 𝐑𝛽𝑖 is the Jacobian matrix on the 𝑖th
subdomain, and 𝐑𝛽𝑖 is the restriction operator onto the sub-
space associated to the nodes in the 𝛽-level overlap of the
𝑖th subdomain. One-level overlap provides the best balance
between the communication cost and the computational cost.
The subdomain problems 𝐉−1𝑖 𝐑𝛽𝑖 can be solved using Krylov
or multigrid methods as discussed earlier. In practice, we
replace the exact subdomain problems with𝐏−1

𝑖 𝐑𝛽𝑖 to reduce
the computational cost, where 𝐏𝑖 denotes the preconditioner
of 𝐉𝑖 Fernandez et al. (2017).
3.3. Matrix-free solvers

Iterative methods require calculation of matrix-vector
products, which can be expensive if we have to form the
Jacobian matrix and perform matrix-vector multiplication.
Instead, the product of the Jacobian matrix 𝐉(𝐱) with any
vector 𝐲 can be approximately computed by the Taylor
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expansion as follows

𝐉(𝐱) 𝐲 ≈
𝐫(𝐱 + 𝜖𝐲) − 𝐫(𝐱)

𝜖
, (17)

for small enough 𝜖, where 𝐱 is the state vector at which the
Jacobian matrix is evaluated. With this approach, matrix-
vector products can be computed approximately by evaluat-
ing the residual vector without the need to compute and store
the Jacobian matrix. However, the choice of the parameter
𝜖 can affect the performance of iterative methods. Auto-
matic differentiation (AD) approach can be used to compute
matrix-vector products exactly Vila-Pérez et al. (2022).

The main challenge in matrix-free iterative methods is
to construct an effective preconditioner without forming and
storing the Jacobian matrix. Block Jacobi is a popular choice
for matrix-free methods since it only requires the block
diagonal of the Jacobian matrix, whereas block Gauss Seidel
and ILU require the entire Jacobian matrix. The recent work
Nguyen et al. (2022) introduces a matrix-free preconditioner
based on the reduced basis (RB) approximation of the linear
system Grepl, Maday, Nguyen and Patera (2007); Nguyen
and Peraire (2008), where the reduced basis subspace com-
prises the solutions at previous time steps. This RB pre-
conditioning technique demonstrates high effectiveness for
unsteady simulations and can be easily implemented on
graphics processors Terrana, Nguyen and Peraire (2020);
Nguyen et al. (2022); Nguyen, Terrana and Peraire (2023a).

4. Shock Capturing Methods
The existence of strong shock waves in hypersonic flows

is one of the major challenges for DG methods. Many shock
capturing methods have been developed to handle shock
waves effectively while maintaining accuracy in smooth
solution regions. These methods generally fall into three
categories: limiting, fitting, and artificial viscosity.
4.1. Limiting methods

Limiting methods involve modifying the numerical so-
lution to prevent un-physical oscillations near shocks with-
out overly damping the solution in smooth regions. Slope
limiters control the steepness of gradients of the numerical
solution within elements, while flux limiters regulate the
numerical fluxes across element interfaces. Flux and slope
limiters, as are often used in finite volume methods, have
been extensively developed for DG methods. The classical
RKDG method of Cockburn and Shu uses a slope limiter
that reverts to a linear expansion around shocks and applies
a slope limiter that preserves the TVD property Cockburn
and Shu (1998b). This strategy was extended to higher order
in Burbeau et al. (2001); Krivodonova (2007) using the
moment limiter approach of Biswas, Devine and Flaherty
(1994). The application of this approach to unstructured
grids is involved, though it has been demonstrated recently
in Giuliani and Krivodonova (2019, 2020).

Oscillations can also be dealt with using WENO-based
reconstruction procedures. In WENO-based limiters, oscil-
latory solutions are replaced with a WENO reconstruction.

They were introduced in Qiu and Shu (2005b), with recent
work going towards simplifying the method for structured
and unstructured grids Zhong and Shu (2013); Zhu et al.
(2013) and developing limiters with increased accuracy Li,
Wang and Ren (2020). Hermite WENO reconstructions,
which use values of the solution and its gradient can also
be used Qiu and Shu (2004, 2005a); Luo et al. (2007). These
reconstructions have a smaller stencil, making them more
complementary to the compact stencil of DG methods.

Limiters are particularly well suited for explicit time
stepping, making them somewhat less often used for hy-
personic flow than for other applications. One exception is
the application of the RKDG minmod limiter to hypersonic
flow in thermochemical nonequilibrium over a double cone
shown in Papoutsakis, Nompelis and Ekaterinaris (2014).
The hMLP limiter introduced in Park and Kim (2014) and
improved in You and Kim (2018) for unstructured grids
was demonstrated on hypersonic with 11-species air in equi-
librium for blunt body flows in You, Kim, Yune and Kim
(2023).
4.2. Shock fitting methods

An advantage of discontinuous Galerkin methods is that
they can capture discontinuities in a solution exactly given
an appropriate Riemann solver and a mesh that is exactly
aligned with the shock. This has been taken advantage of
in low-order simulations of hypersonic flow for years, where
techniques such as grid tailoring iteratively deform the mesh
to align with a bow shock Saunders, Yoon and Wright
(2007). This approach still finds use in state-of-the-art hy-
personics codes including NASA’s DPLR, LAURA, and
FUN3D codes, US3D Candler, Johnson, Nompelis, Gidzak,
Subbareddy and Barnhardt (2015) and the Sandia Parallel
Aerodynamics Reentry Code (SPARC) Howard, Bradley,
Bova, Overfelt, Wagnild, Dinzl, Hoemmen and Klinvex
(2017).

High-order elements are more readily able to capture
curved and intersecting shocks. This has led to a recent surge
of activity in developing shock tracking DG methods. The
high-order implicit shock tracking (HOIST) method forms
a PDE-constrained optimization statement that iteratively
aligns the mesh and solves the PDE, with regularization
terms to promote good mesh quality (Persson, 2018; Zahr
et al., 2020; Shi, Persson and Zahr, 2022). It has been
used in 2D and 3D, for supersonic and hypersonic prob-
lems, including problems with chemical reactions (Zahr
and Powers, 2021), and for steady and unsteady problems
using the method of lines (Persson, 2022) or space-time dis-
cretizations (Naudet and Zahr, 2023), a methodology already
introduced by van der Vegt and van der Ven (2002) which
satisfies the geometric conservation law associated with the
moving mesh (Mavriplis and Nastase, 2011). Recent work
has focused on improving the robustness of the method for
high-speed flows Huang and Zahr (2022); Huang, Naudet
and Zahr (2023) and improving high-order mesh operations
in higher dimensions Shi and Persson (2023).
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Developed around the same time, the moving discon-
tinuous Galerkin method with interface conservation en-
forcement (MDG-ICE) methods enforce the interface or
Rankine-Hugoniot conditions across element faces and treat
the geometry as a solution variable to be solved along
with the flow Corrigan, Kercher and Kessler (2019a). The
method has been modified to target improved boundary layer
meshes with a discontinuous Petrov-Galerkin formulation
in Kercher, Corrigan and Kessler (2021). A reformulation
proposed by Luo decreases the number of interface con-
servation equations needed by treating the geometry with a
continuous variational formula Luo, Absillis and Nourgaliev
(2021). These methods have been demonstrated for viscous
hypersonic flows Kercher et al. (2021); Ching, Kercher
and Corrigan (2023), unsteady flows using a space-time
approach Corrigan, Kercher and Kessler (2019b), and flows
in thermochemical nonequilibrium Luo, Absillis, Goodson,
Salazar, Brown, Cooley and Mazaheri (2023).

For both HOIST and MDG-ICE methods, an optimiza-
tion solver is used to solve for the degrees of freedom of the
numerical solution and the computational mesh simultane-
ously. Although the mesh movement problem is challeng-
ing, especially in higher dimensions, the potential of these
methods lies in their ability to retain high-order accuracy
in the presence of shocks. This means that significantly
fewer elements can be used around shock waves, which will
hopefully make the cost of mesh motion more manageable.
4.3. Artificial viscosity methods

Shock capturing using artificial viscosity may date back
as early as 1950 Von Neumann and Richtmyer (1950). The
main idea is to add an artificial viscous term into the gov-
erning equations to stabilize shock waves without affecting
the solution away from the shock region. When the amount
of viscosity is properly added in a neighborhood of shocks,
the solution can converge uniformly except in the region
around shocks, where it is smoothed and spread out over
some length scale. On the one hand, excessive addition
of artificial viscosity may negatively affect the computed
solution not only in the shock region but also in other parts
of the domain where the solution is smooth. On the other
hand, inadequate addition of artificial viscosity can lead to
oscillatory solutions and even numerical instability. Artifi-
cial viscosity has been widely used DG methods Hartmann
and Houston (2002); Persson and Peraire (2006); Barter and
Darmofal (2010); Ching, Lv, Gnoffo, Barnhardt and Ihme
(2019); Bai and Fidkowski (2022); Vila-Pérez et al. (2021).
Both Laplacian-based Persson and Peraire (2006); Hartmann
(2013); Lv et al. (2016); Nguyen and Peraire (2011); Moro
et al. (2016); Persson (2013) and physics-based Cook and
Cabot (2005); Cook (2007); Fiorina and Lele (2007); Kawai
and Lele (2008); Bhagatwala and Lele (2009); Mani et al.
(2009); Kawai et al. (2010); Premasuthan et al. (2010); Olson
and Lele (2013); Abbassi et al. (2014) artificial viscosity
methods have been used for shock capturing.

4.3.1. Physics-based artificial viscosity
In order to deal with shock waves and discontinuities, we

add artificial viscosities to the physical ones as follows:
𝛽 = 𝛽𝑓 + 𝛽∗, 𝜇 = 𝜇𝑓 + 𝜇̄∗, 𝜅 = 𝜅𝑓 + 𝜅̄∗, (18)

where 𝛽∗, 𝜇̄∗, and 𝜅̄∗ are the artificial bulk viscosity, ar-
tificial shear viscosity, and artificial thermal conductivity,
respectively. In the governing equations, the physical vis-
cosities of the fluid are replaced with those in (18). The
artificial viscosities are defined below.

𝛽∗ = 𝑠̂
𝑘𝛽ℎ
𝑘

√

|𝒗|2 + 𝑎∗2,

𝜇∗ = 𝑘𝜇𝛽
∗,

𝜅∗ = 𝑘𝜅𝑐𝑝 𝜇
∗∕𝑃𝑟.

(19)

Here ℎ is a mesh size field, 𝑘 is the polynomial degree,
𝑘𝛽,𝜇,𝜅 are parameters that control the amount of artificial
viscosities, 𝑎∗ is the critical speed of sound, and 𝑠̂ denotes
the smoothly bounded value of the shock sensor

𝑠̂ = 𝓁min(𝓁max(𝑠 − 𝑠0) − 𝑠max) + 𝑠max, (20)
where

𝑠 = −ℎ
𝑘
∇ ⋅ 𝒗
𝑎∗

(∇ ⋅ 𝒗)2

(∇ ⋅ 𝒗)2 + |∇ × 𝒗|2 + 10−8
,

𝓁max(𝑠) =
𝑠
𝜋
arctan(100𝑠) + 𝑠

2
− 1
𝜋
arctan(100) + 1

2
,

𝓁min(𝑠) = 𝑠 − 𝓁max(𝑠),

(21)

Here the first parameter 𝑠0 represents the starting point of
the limiting function 𝓁 where it begins to increase with 𝑠,
while the second parameter 𝑠max > 0 is the upper bound
of the non-negative variable 𝑠. The parameters are chosen
as 𝑠max = 2 and 𝑠0 = 0.01 according to Fernandez et al.
Fernandez et al. (2018b).

Since the artificial viscosity (AV) fields (𝛽∗, 𝜇∗, 𝜅∗) are
discontinuous, we use a node-averaging operator to make
them 0 continuous by averaging all the multiple values
along the element boundaries to obtain continuous fields.
The proposed reconstruction is particular to the DG dis-
cretization. Let 𝒙𝑛, 1 ≤ 𝑛 ≤ 𝑁𝑘𝑁𝑒, be DG nodes of
ℎ, where 𝑁𝑘 is the number of nodes per element and 𝑁𝑒is the number of elements. For every node 𝒙𝑛, 𝛽∗(𝒙𝑛) =
1
𝐽𝑛

∑𝐽𝑛
𝑗=1 𝛽

∗(𝒙𝑛)|𝐾𝑗 , where 𝐾𝑗 , 1 ≤ 𝑗 ≤ 𝐽𝑛, are all the
elements in which 𝒙𝑛 is located. If a mesh node 𝒙𝑛 is located
inside an element then 𝐽𝑛 = 1, and it is located on a face
then 𝐽𝑛 = 2. If it is located on an edge or at an element
vertex, then 𝐽𝑛 is equal to the number of elements connected
to that edge or that vertex, respectively. In essence, 𝛽∗ is a
polynomial of degree 𝑘 on every element and continuous
across element boundaries.

This physics-based AV method has been successfully
applied to unsteady simulations Fernandez, Christophe, Ter-
rana, Nguyen and Peraire (2018a); Fernandez et al. (2018b);
Ciucă, Fernandez, Christophe, Nguyen and Peraire (2020);
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Terrana et al. (2020); Nguyen et al. (2022, 2023a); Van
Heyningen, Nguyen and Peraire (2023). In this method, the
AV field is computed from the flow state at the previous
time step or at the previous DIRK stage. While this simpli-
fies implementation, especially for implicit time integration
methods, it might not be as well-suited for steady-state
problems. The reliance on previous time steps introduces a
dependency on the temporal evolution of the solution. This
dependence can impact convergence and stability, posing
challenges in achieving steady-state solutions.
4.3.2. Adaptive viscosity regularization

In recent work Nguyen et al. (2023c), an adaptive vis-
cosity regularization method is introduced for steady-state
compressible flows

∇ ⋅ 𝑭 (𝒖,∇𝒖) = 0 in Ω, (22)
with appropriate boundary conditions. The method involves
solving the following minimization problem

min
𝜆1∈ℝ+,𝜆2≥1,𝒖,𝜂

𝜆1𝜆2 (23a)
s.t. (𝒖, 𝜂,𝝀) = 0 (23b)

𝒖 ∈ . (23c)
Here  represents a set of constraints on the solution 𝒖,
and  represents the spatial discretization of the following
regularized problem

∇ ⋅ 𝑭 (𝒖,∇𝒖) − 𝜆1∇ ⋅𝑮(𝒖,∇𝒖, 𝜂) = 0 in Ω, (24a)
𝜂 − 𝜆22∇ ⋅

(

𝓁2∇𝜂
)

− 𝑠(𝒖,∇𝒖) = 0 in Ω, (24b)
where 𝜂(𝒙) is the solution of the Helmholtz equation (24b)
with homogeneous Neumann boundary conditions

𝜂 = 0 on Γwall, 𝓁2∇𝜂 ⋅𝒏 = 0 on 𝜕Ω∖Γwall . (25)
Here 𝜆1 is the first regularization parameter that controls
the amplitude of artificial viscosity, and 𝜆2 is the second
regularization parameter that controls the thickness of ar-
tificial viscosity. Furthermore, 𝓁 is an appropriate length
scale which is chosen as the smallest mesh size ℎmin. For
convenience of notation, we denote 𝝀 = (𝜆1, 𝜆2).A homotopy continuation method is used to solve (23).
The key idea is to solve the regularized system (24) with a
large value of 𝝀 first and then gradually decrease 𝝀 until any
of the constraints on the solution is violated. At this point,
we take the value of 𝝀 from the previous iteration, where the
solution still satisfies all the constraints. This procedure is
summarized in the following algorithm:

• Given an initial value 𝝀0 = (𝜆0,1, 𝜆0,2) and 𝜂0 such
that ‖𝜂0‖∞ = 1, solve (24a) with 𝜆1 = 𝜆0,1, 𝜂 = 𝜂0 to
obtain the initial solution 𝒖0.

• Set 𝜆𝑛,1 = 𝜁𝑛−1𝜆𝑛−1,1 and 𝜆𝑛,2 = 1 + 𝜁𝑛−1(𝜆𝑛−1,2 − 1)
for some constant 𝜁 ∈ (0, 1); solve the Helmholtz
equation (24b) with 𝜆2 = 𝜆𝑛,2 and the source term
from 𝒖𝑛−1 to obtain 𝜂𝑛; and solve (24a) with 𝜆1 =
𝜆𝑛,1, 𝜂 = 𝜂𝑛 to obtain the solution 𝒖𝑛 for 𝑛 = 1, 2,…
until 𝒖𝑛 violates any of the constraints.

• Finally, we accept 𝒖𝑛−1 as the numerical solution of
the compressible Euler/Navier-Stokes equations.

The initial AV field 𝜂0 is set to 1 in most of the physical
domain Ω except near the wall boundary, where it smoothly
vanishes to zero on the wall. The initial value 𝝀0 is chosen
large enough to make the initial solution 𝒖0 very smooth.

The artificial flux operator 𝑮 provides a viscosity regu-
larization to smooth out discontinuities in the shock region.
There are several different options to define 𝑮. In Nguyen
et al. (2023c), we use the Laplacian flux of the form

𝑮(𝒖,∇𝒖, 𝜂) = 𝜇(𝜂)∇𝒖, (26)
where

𝜇(𝜂) = (𝜂̄ − 𝜂̄T)
(

arctan(100(𝜂̄ − 𝜂̄T))
𝜋

+ 1
2

)

−
arctan(100)

𝜋
+ 1

2
(27)

Here 𝜂̄ = 𝜂∕‖𝜂‖∞ is the normalized function with ‖𝜂‖∞ =
max𝒙∈Ω |𝜂(𝒙)| being the 𝐿∞ norm. Note that 𝜂̄T is the
artificial viscosity threshold that makes 𝜇(𝜂) vanish to zero
when 𝜂̄ ≤ 𝜂̄T. In other words, the artificial viscosity is added
only to the shock region where 𝜂̄ exceeds 𝜂̄T. Therefore, the
threshold 𝜂̄T will help remove excessive artificial viscosity.
Since ‖𝜂̄‖∞ = 1, 𝜂̄T = 0.2 is a sensible choice. Note that
the artificial viscosity field is equal to 𝜆1𝜇(𝒙), where 𝜇(𝒙)
is bounded by 𝜇(𝒙) ∈ [0, 1 − 𝜂̄T] for any 𝒙 ∈ Ω. We can
also consider a more general form 𝑮 = 𝜇(𝜂)∇𝒖∗ Barter and
Darmofal (2010); Nguyen and Peraire (2011), where 𝒖∗ is
a modified state vector. Another option is the physics-based
artificial viscosities described earlier.

The source term 𝑠 in (24b) is required to determine 𝜂 and
is defined as follows

𝑠(𝒖,∇𝒖) = 𝑔(𝑆(𝒖,∇𝒖)) (28)
where 𝑔(𝑆) is a smooth approximation of the following step
function

𝑔̃(𝑆) =

⎧

⎪

⎨

⎪

⎩

0 if 𝑆 < 0,
𝑆 if 0 ≤ 𝑆 ≤ 𝑠max,
𝑠max if 𝑆 > 𝑠max.

(29)

The quantity 𝑆(𝒖,∇𝒖) is a measure of the shock strength
which is given by

𝑆(𝒖,∇𝒖) = −∇ ⋅ 𝒗 , (30)
where 𝒗 is the non-dimensional velocity field that is de-
termined from the state vector 𝒖. The use of the veloc-
ity divergence as shock strength for defining an artificial
viscosity field follows from Nguyen and Peraire (2011);
Moro et al. (2016); Fernandez et al. (2018b). The parameter
𝑠max is used to put an upper bound on the source term
when the divergence of the velocity becomes too negatively
large. Herein we choose 𝑠max = 0.5‖𝑆‖∞, where ‖𝑆‖∞ =
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max𝒙∈Ω |𝑆(𝒙)| is the 𝐿∞ norm. Since 𝑆 depends on the
solution, its norm may not be known prior. In practice, we
employ a homotopy continuation scheme to iteratively solve
the problem (24). Hence, 𝑠max is computed by using the
numerical solution at the previous iteration of the homotopy
continuation.

The constraint set  is introduced to ensure the quality
of the solution. First and foremost, both pressure and density
must be positive. In order to impose a smoothness constraint
on the solution, we express an approximate scalar variable 𝜉
of degree 𝑘 within each element in terms of an orthogonal
basis and its truncated expansion of degree 𝑘 − 1 as

𝜉 =
𝑁(𝑘)
∑

𝑖=1
𝜉𝑖𝜓𝑖, 𝜉∗ =

𝑁(𝑘−1)
∑

𝑖=1
𝜉𝑖𝜓𝑖 (31)

where 𝑁(𝑘) is the total number of terms in the 𝑘-degree
expansion and 𝜓𝑖 are the basis functions Persson and Peraire
(2006). Here 𝜉 is chosen to be either density, pressure, or
local Mach number. We introduce the following quantity.

𝜎(𝝀) = max
𝐾∈ shock

ℎ

𝜎𝐾 (𝝀), 𝜎𝐾 (𝝀) ≡
∫𝐾 |𝜉∕𝜉∗ − 1|𝑑𝒙

∫𝐾 𝑑𝒙
, (32)

where  shock
ℎ is the set of elements defining the shock region

 shock
ℎ = {𝐾 ∈ ℎ ∶ ∫𝐾

𝜂̄𝑑𝒙 ≥ 𝜂̄T|𝐾|} (33)

The constraint set  in (23) consists of the following con-
traints

𝜌(𝒙) > 0, 𝑝(𝒙) > 0, 𝜎(𝝀) ≤ 𝐶0 𝜎(𝝀0), (34)
with 𝐶0 = 5. The first two constraints enforce the positivity
of density and pressure, while the last constraint guarantees
the smoothness of the numerical solution. The smoothness
constraint imposes a degree of regularity on the numerical
solution and plays a vital role in yielding sharp and smooth
solutions.

5. Mesh Adaptation Techniques
The quality of meshes has a significant impact on the ac-

curacy of numerical simulations. For DG methods, it is im-
portant to generate high-order meshes which are capable of
resolving highly localized features such as shock waves and
boundary layers. This is particularly so for hypersonic flows
because numerical solutions of hypersonic flows tend to be
more sensitive to mesh quality than those of subsonic flows.
Various mesh adaptation techniques such as ℎ-adaptivity,
𝑟-adaptivity, 𝑝-adaptivity, and their combinations such as
ℎ∕𝑝-adaptivity, ℎ∕𝑟-adaptivity can be used to enhance mesh
quality. The application of these techniques is critical in
achieving reliable and accurate numerical simulations of
hypersonic flows.

5.1. ℎ∕𝑝-adaptivity
The ℎ-adaptivity refines the mesh by selectively adjust-

ing the mesh size or resolution in specific regions based on
solution behavior or error indicators. Of particular interest
for steady hypersonic flows is the use of goal-oriented mesh
adaptation by way of dual-weighted residual (DWR) error
estimates and solution adjoints. See Section 8.1 for further
discussion on error estimation.

Goal-oriented mesh adaptation has also been applied
to 2D inviscid hypersonic flow over an airfoil in May,
Devesse, Rangarajan and Magin (2021). In Barter (2008),
anisotropic mesh adaptation using the method of Fidkowski
(2007) is coupled with the PDE-based AV detailed in Barter
and Darmofal (2010). The combination of PDE-based AV,
anisotropic mesh adaptation, and a BR2 discretization is
used to simulate a Holden compression ramp at Mach
11.68 and the Gnoffo Mach 17.605 cylinder. More recently,
the Mesh Optimization via Error Sampling and Synthesis
(MOESS) algorithm Yano and Darmofal (2012) for goal-
oriented mesh adaptation has been applied to steady hyper-
sonic flow using the Variational Multiscale with Discontin-
uous Subscales (VMSD) method, a stabilized CG method
that shares similarities with EDG and is identical to EDG in
many cases. It has been used to study uncertainty in high-
speed RANS modeling over a compressions corner at Mach
9.22 Waligura, Couchman, Galbraith, Allmaras and Harris
(2022) and a flat plate at Mach 11.1 Onyeador, Waligura,
Lopez, Sabo and Harris (2022). This method was also used
to analyze inviscid flow in thermochemical nonequilibrium,
comparing the use of more standard QoIs, like drag and total
enthalpy, to one specific to nonequilibrium flow, a local mea-
sure of thermochemical nonequilibrium Sabo, Couchman,
Harris and Darmofal (2022). The work of Coder, Couchman,
Galbraith, Allmaras and Wyman (2022) analyzes the dif-
ference between shock-aligned meshes and meshes attained
with MOESS for hypersonic flows over a cylinder. The
authors point out that, when compared to a shock-alignment
approach, a goal-oriented method using drag as an output
will more heavily refine along the stagnation streamline and
the sonic line, while placing less emphasis on the shock
towards the outflow boundaries.

Similar patterns are pointed out in the study of Bai and
Fidkowski (2022), using a variant of MOESS Fidkowski
(2016) and DG and HDG discretizations for high-speed
flows over a cylinder. They note that adapting to outputs
based on the total enthalpy provides reasonable refinement
along the shock, while targeting the drag on the cylinder
can sometimes lead to spurious solutions owing to a lack of
resolution near the outflow boundaries.

These works have shown the potential of goal-oriented
mesh adaptation with DG for high-speed flows, although
some works mention a lack of robustness in the adaptation
procedures when applied to high-speed flows Barter (2008);
May et al. (2021); Bai and Fidkowski (2022).

The 𝑝-adaptivity refines the mesh by adjusting polyno-
mial orders within elements to enhance accuracy in crit-
ical regions while maintaining lower orders elsewhere. It
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often relies on error indicators derived from the solution,
gradients, or other criteria to identify areas where higher
or lower polynomial orders are required. This technique is
commonly used in DG methods Sonntag and Munz (2017);
Huerta, Casoni and Peraire (2012) due to its ability to fine-
tune accuracy with a relatively straightforward implemen-
tation compared to other mesh refinement techniques. This
simplicity has allowed it to be extended to 3D hypersonic
flows in Brazell and Mavriplis (2013). DG methods with
ℎ∕𝑝 adaptivity were used to simulate inviscid hypersonic
flow over a cylinder in Wang and Mavriplis (2009) and
viscous flow in Burgess and Mavriplis (2012), while an 𝑟∕𝑝
adaptivity was used for hypersonic flow in thermochemical
nonequilibrium in Bhatia et al. (2013), all in 2D. Recent
works have demonstrated the ability to perform ℎ∕𝑝 adap-
tation for 3D for transonic and supersonic flows Panourgias
and Ekaterinaris (2016a); Mossier, Beck and Munz (2022).
5.2. 𝑟-adaptivity

In 𝑟-adaptivity, mesh points are neither created nor
destroyed, data structures do not need to be modified in-
place, and complicated load-balancing is not necessary
Aparicio-Estrems, Gargallo-Peiró and Roca (2023). There
has been considerable interest in 𝑟-adaptive mesh gen-
eration by the optimal transport theory via solving the
Monge–Ampère equation Delzanno, Chacón, Finn, Chung
and Lapenta (2008); Budd and Williams (2009); Budd,
Russell and Walsh (2015); Browne, Budd, Piccolo and
Cullen (2014); Chacón, Delzanno and Finn (2011); Weller,
Browne, Budd and Cullen (2016); McRae, Cotter and Budd
(2018); Sulman, Williams and Russell (2011); Sulman,
Nguyen, Haynes and Huang (2021) due to its ability to avoid
mesh entanglement and sharp changes in mesh resolution.
Mesh adaptation is based on the principle of equidistri-
bution, which equidistributes a target density function 𝜚′
on Ω Delzanno et al. (2008); Chacón et al. (2011). The
equidistribution principle leads to a constant source density
𝜃 = ∫Ω′ 𝜚′(𝒙′)𝑑𝒙′∕ ∫Ω 𝑑𝒙. The r-adaptive mesh 𝝓 is found
by solving the Monge–Ampère equation:

𝜚′(𝝓) det(∇𝝓) = 𝜃, in Ω,
𝝓 − ∇𝑢 = 0, in Ω,
𝑐(𝝓) = 0, on 𝜕Ω,

(35)

with the constraint ∫Ω 𝑢(𝒙)𝑑𝒙 = 0. Here 𝑐(⋅) is a function for
which the root of the equation 𝑐(𝒙) = 0 defines 𝜕Ω.

In the context of mesh adaptation, 𝜚′(𝒙′) is the mesh
density function and ℎ is the initial mesh. The optimal map
𝝓(𝒙) = ∇𝑢(𝒙) drives the coordinates of the initial mesh to
concentrate around a region where the mesh density function
is high. Therefore, we need to make 𝜚′(𝒙′) large in the shock
region and small in the smooth region. It is also necessary
for 𝜚′(𝒙′) to be sufficiently smooth, so that the numerical
approximation of the Monge–Ampère equation (35) is con-
vergent. To this end, we compute 𝜚′(𝒙′) as solution of the
Helmholtz equation

𝜚′(𝒙′) − ∇ ⋅
(

𝓁2∇𝜚′(𝒙′)
)

= 𝑏(𝒙′) in Ω, (36)

with homogeneous Neumann boundary condition. Here 𝑏 is
a resolution indicator function based on the physical density
gradient

𝑏(𝒙′) =
√

1 + 𝛽𝑔(|∇𝜌(𝒙′)|) (37)
where 𝑔(⋅) is given by (29) Nguyen, Heyningen, Vila-Perez
and Peraire (2023b). Other indicator functions are possi-
ble, such as those based on some combination of physics-
based sensors that can distinguish between shocks, large
temperature gradients, and other sharp features. The mesh
density function is the solution of the Helmholtz equation
(36) whose source term depends on the flow state 𝒖. In
practice, we compute the approximate solution of the flow
state by using the adaptive viscosity regularization method
to solve the problem (23) on the initial mesh ℎ or on the pre-
vious adaptive mesh during the mesh adaptation procedure
described below.

We start mesh adaptation with an initial mesh ℎ and
compute the initial solution 𝒖ℎ. Next, we compute a mesh
density function based on 𝒖ℎ and solve the Monge-Ampère
equation to obtain an adaptive mesh  ∗

ℎ Nguyen and Peraire
(2023). Finally, we interpolate 𝒖ℎ onto  ∗

ℎ and use it as
an initial guess to solve for the final solution 𝒖∗ℎ on the
adaptive mesh. The mesh adaptation procedure is described
in Algorithm 1. The adaptation procedure can be repeated
by using the adaptive mesh as an initial mesh in the next
iteration until ‖𝒖∗ℎ − 𝒖ℎ‖Ω is less than a specified tolerance.
It should be pointed out that we do not perform the homotopy
continuation at every mesh adaptation iteration, but only at
the final iteration to reduce the computational cost.
Algorithm 1 Mesh adaptation procedure.
Require: The initial mesh ℎ.
Ensure: The r-adaptive mesh  ∗

ℎ and the numerical solu-
tion 𝒖∗ℎ on  ∗

ℎ .
1: Solve (23) for 𝒖ℎ on ℎ using the adaptive viscosity

regularization method.
2: Compute the mesh density 𝜚′ℎ(𝒙′) based on 𝒖ℎ by solv-

ing r-density.
3: Solve the Monge-Ampère equation (35) on ℎ using the

fixed-point HDG method.
4: Average 𝒒ℎ at duplicate nodes to obtain the adaptive

mesh  ∗
ℎ .

5: Interpolate 𝒖ℎ onto  ∗
ℎ and use it as the initial guess.

6: Solve (23) for 𝒖∗ℎ on  ∗
ℎ using the adaptive viscosity

regularization method.

6. Synthetic Disturbance Generation
6.1. Hypersonic boundary layer instabilities

Significant advancements in predicting transition in low-
speed flows can be attributed to the relative simplicity of the
disturbance spectrum in such flows. Specifically, transition
phenomena observed in low-speed flows are predominantly
initiated through the excitation and subsequent amplifica-
tion of Tollmien-Schlichting (T-S) waves. The analysis and
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understanding of the growth of T-S waves are essential in
predicting the critical point at which a laminar flow will
transition into turbulence. For low-speed flows, other modes
of the discrete spectrum remain stable, and their eigenvalues
are distinct from those of the T-S waves. Consequently, the
interaction between T-S waves and these other modes is
often considered negligible, leading to a single-mode analy-
sis approach Fedorov (2011). Such a single-mode approach
is widely used in linear stability theory (LST) analysis to
predict the transition onset Malik (1989). Central to the LST
analysis is the concept of the𝑁 factor defined as the logarith-
mic growth of the amplitude of a disturbance measured from
its initial value. The transition from laminar to turbulent flow
in a boundary layer is correlated with a critical 𝑁 factor
value. The critical 𝑁 factor is generally determined through
empirical methods and is known to vary according to specific
flow conditions and geometric configurations.

Compared to low-speed flows, transition mechanisms of
hypersonic boundary layers are more complex and less un-
derstood. In contrast with low-speed transition, hypersonic
flow transition reveals the following distinctive features:

• Coexistence of many instability modes. Linear Sta-
bility Theory (LST) analysis, as per Mack (1984),
shows that there exist second and higher modes along-
side the first mode (Tollmien-Schlichting waves).
These modes are part of the family of trapped acoustic
waves. The supersonic mean flow relative to the
disturbance phase velocity creates a unique environ-
ment where the boundary layer acts as an acoustic
waveguide. In this setting, acoustic rays are reflected
off the wall and circulate near the sonic line. The Mack
second, third, and higher modes are essentially waveg-
uide normal modes and represent inviscid instabilities
of an acoustic nature.

• Dominance of modes based on mach Number. It
is also known from LST that while the first mode
is dominant at lower supersonic Mach numbers, the
second mode becomes predominant at Mach numbers
above 4 Mack (1984). This shift occurs because the
growth rate of the second mode tends to surpass that
of the first mode at high Mach numbers.

• Synchronization and branching in the discrete
spectrum. Gushchin and Fedorov (1990) show that
second-mode instability occurs in regions where two
modes of the discrete spectrum synchronize, meaning
their frequencies and wave numbers merge. This
synchronization leads to branching in the discrete
spectrum, with the Mack second-mode instability
resulting from the branching of slow and fast modes
near their synchronization point.

• Inadequacy of LST analysis. Experiments by Kendall
(1975); Stetson, Kimmel, Thompson, Donaldson and
Siler (1991) on stability and transition in high-speed

boundary layers reveal that low-frequency distur-
bances grow, contradicting predictions by linear sta-
bility calculations that these should be stable.

• Nonlinear interactions. When the amplitudes of var-
ious instability modes grow to sufficiently high levels,
nonlinear interactions among these modes become a
dominant factor. Their interactions lead to breakdown
to turbulence and a highly non-unique transition pro-
cess in hypersonic boundary layers, in which slight
changes in disturbance environments or geometry can
significantly impact the transition.

Given these complexities, LST often falls short in ade-
quately analyzing instabilities in hypersonic boundary-layer
flows. Therefore, more sophisticated theories like the Parab-
olized Stability Equations (PSE) and Nonlinear Parabolized
Stability Equations (NPSE) are required for a more precise
analysis. These advanced theories incorporate more physics
of hypersonic transitions than LST and offer a more accurate
description of the transition processes Herbert (1997).

The path of transition associated with hypersonic boundary-
layer instabilities can be broadly divided into three stages
(see Figure 1): (i) receptivity, (ii) linear eigenmode growth
or transient growth, and (iii) nonlinear breakdown to turbu-
lence. Receptivity is the first stage in which external distur-
bances are sensed by the boundary layer and converted into
the initial instability waves (such as first-mode or second-
mode instability waves) in the boundary layer. During the
second stage, the boundary-layer instability waves undergo
linear eigenmode growth which can be derived according to
linear stability theory. Besides the Mack modes, the Gortler
mode may undergo considerable growth in certain cases (e.g.
along with a concave surface). As the instability waves grow
to certain amplitudes, secondary instability or other nonlin-
ear interactions begin to take effect and eventually lead to the
nonlinear breakdown to turbulence. Bypass transition may
occur when the receptivity to large-amplitude free-stream
disturbances leads to transition without the second stage.

Figure 1: Sketch of the instability mechanisms producing the
hypersonic laminar-turbulent transition for the flared cone.

6.2. Receptivity mechanisms
In the context of hypersonic boundary layers, receptivity

refers to the process by which external disturbances (e.g.,
free-stream disturbances due to acoustic and vortical pertur-
bations, surface roughness, or wall disturbances) enter and
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interact with the boundary layer waves, potentially leading
to the amplification of instabilities like Tollmien-Schlichting
waves and Mack modes. The receptivity process converts ex-
ternal forcing into boundary-layer waves and provides their
initial conditions of amplitudes, frequencies, and phases.
Resonant interactions between external forcing waves and
boundary layer waves are the main receptivity mechanisms
in hypersonic boundary layers Zhong and Wang (2012). The
efficiency of the receptivity mechanisms depends on the
amplitudes, frequencies, and phases of the external forcing
waves and the characteristics of the hypersonic boundary
layers Choudhari and Streett (1990); Choudhari (1996). In
hypersonic flows, boundary-layer shock wave interactions
can greatly amplify the instability waves and potentially lead
to an earlier transition to turbulence.

Understanding receptivity mechanisms is vital for de-
signing the shape and surface characteristics of hypersonic
vehicles to manage or delay the transition to turbulence.
Modeling hypersonic flows and their receptivity mecha-
nisms is computationally demanding due to the need to
capture a wide range of scales and complex physics. Direct
Numerical Simulation (DNS) or Large Eddy Simulation
(LES) are often used to predict and analyze these receptivity
mechanisms and their impact on transition Zhong and Wang
(2012). In DNS and LES simulations, forcing waves are
often introduced at or near the inlet to induce instability
waves. Examples of forcing waves include periodic wall dis-
turbances, free-stream disturbances, surface roughness, or
boundary-layer waves obtained by LST or PSE. Free-stream
disturbances are important disturbances that hypersonic ve-
hicles experience in real flight conditions. The receptiv-
ity and instability of hypersonic boundary layers to wall
disturbances, including blowing suction, is also important.
Blowing suction is not only the most sensitive wall distur-
bance for hypersonic boundary layers but also widely used
to control the boundary-layer transition. In what follows, we
discuss means of introducing free-stream disturbances into
boundary layers.
6.3. Generating free-stream disturbances

Free-stream disturbances include acoustic waves, turbu-
lence, and entropy waves. Physically, acoustic waves are
related to pressure disturbances, turbulence is related to
vorticity disturbances, and entropy waves are related to tem-
perature or density disturbances. Acoustics waves propagate
at the speed of sound with respect to the flow, whereas
turbulence and entropy waves travel with the flow. Free-
stream disturbances are generally imposed at the inlet.

To model free-stream wind tunnel noise, Hader and
Fasel (2019) introduced random pressure perturbations to
the inflow boundary of their computational domain of the
form

𝑝′(𝑥, 𝑦, 𝑧, 𝑡) = 𝐴(2𝑟 − 1). (38)
Where𝐴 is the amplitude and 𝑟(𝑥, 𝑦, 𝑧, 𝑡) is a field of random
numbers generated by FORTRAN’s pseudo-random number
generator. This random forcing was applied at the symmetry

line in the azimuthal direction, up to the last five grid points
before the top boundary in the wall-normal direction, and
from the sixth to tenth grid points in the streamwise direc-
tion. No random pressure perturbations were introduced in
the first five grid points in the streamwise direction and the
last five grid points in the wall-normal direction so as to
not interfere with the Dirichlet boundary condition used for
the laminar base flow. Random pressure perturbations were
only added at the symmetry line in the azimuthal direction
to ensure a broad range of azimuthal wavenumbers.

Sandham, Schülein, Wagner, Willems and Steelant (2014)
added periodic perturbations to the density field at the inflow
boundary of the computational domain of the form

𝜌′(𝑦, 𝑧, 𝑡) = 𝐴𝑊 (𝑦)
16
∑

𝑗=1
cos

(

2𝜋𝑗𝑧
𝓁𝑧

+ 𝜙𝑗

)

×

20
∑

𝑘=1
sin

(

0.04𝜋𝑘𝑡 + 𝜓𝑘
)

. (39)

Where 𝐴 is the amplitude, 𝓁𝑧 is the spanwise extent of the
computational domain, and 𝜙𝑗 and 𝜓𝑘 are fixed phases set to
random numbers between 0 and 2𝜋. A windowing function
𝑊 (𝑦) was used to force the magnitude of the perturbations
to go to zero at the wall as well as the top boundary. This had
the desired effect of adding disturbances inside the boundary
layer at the inflow.

To generate free-stream disturbances, we add periodic
perturbations to the velocity field at the inlet. We employ
the synthetic random Fourier method proposed by Kraichnan
(1970) and further developed by Béchara, Bailly, Lafon and
Candel (1994), and Bailly and Juvé (1999). The synthetic
turbulence velocity field is given by

𝒗′(𝒙, 𝑡) = 2
𝑁
∑

𝑛=1
𝑢̂𝑛𝝈𝑛 cos

(

𝒌𝑛 ⋅ (𝒙 − 𝒗𝑐𝑡) + 𝜓𝑛 + 𝜔𝑛𝑡
)

. (40)

Here 𝑢̂𝑛, 𝝈𝑛, 𝜓𝑛, and 𝜔𝑛 are the amplitude, direction vector,
phase angle, and angular frequency of the 𝑛th Fourier mode,
respectively. The convective velocity vector 𝒗𝑐 is taken to be
the same as the free-stream velocity vector 𝒖∞, and the wave
vector 𝒌𝑛 is chosen randomly on a sphere with radius equal
to the wave number 𝑘𝑛 to ensure isotropy of the generated
velocity field. The amplitude 𝑢̂𝑛 of each mode is computed
so that the turbulence energy spectrum 𝐸(𝑘𝑛) correspond to
the energy spectrum for isotropic turbulence

𝑢̂𝑛 =
√

𝐸(𝑘𝑛)Δ𝑘𝑛 (41)
where Δ𝑘𝑛 = 𝑘𝑛 − 𝑘𝑛−1 is a small interval in the energy
spectrum. We use a logarithmic distribution for the wave
numbers 𝑘1,… , 𝑘𝑁 , because it results in a better resolution
of the spectrum for low wave numbers corresponding to the
most energy containing eddies. The last wave number 𝑘𝑁 is
set to 𝑘𝜂 , while the first one 𝑘1 is set to 𝑘1 = 𝑘𝑒∕5. Here 𝑘𝜂and 𝑘𝑒 correspond to the Kolmogorov wave number and the
wave number associated with the most energetic turbulent
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eddies, respectively. Then 𝑘𝑛 = 𝑟𝑘𝑛−1, where the constant
𝑟 is determined such that 𝑘𝑁 = 𝑘𝜂 for a specific value of
𝑁 . We refer to Bailly and Juvé (1999) for the calculation of
𝝈𝑛,𝒌𝑛, 𝜓𝑛, and 𝜔𝑛.The turbulence energy spectrum 𝐸(𝑘𝑛) is simulated by a
von Kármán-Pao spectrum

𝐸(𝑘) = 𝛼
𝐼2𝑢2∞
𝑘𝑒

(𝑘∕𝑘𝑒)4

[1 + (𝑘∕𝑘𝑒)2]17∕6
𝑒−2(𝑘∕𝑘𝜂)

2
, (42)

where 𝐼 is the free-stream turbulence intensity, 𝑢∞ is the
magnitude of the free-stream velocity, 𝑘𝜂 = 𝜀1∕4𝜈−3∕4 is
the Kolmogorov wave number corresponding to the smallest
turbulent structures, 𝜈 is the molecular viscosity, and 𝜀 is
the dissipation rate. The dissipation rate is related to the
turbulence length scale Λ and the turbulent kinetic energy
𝑘̄ = 1.5(𝑢∞𝐼)2 as

𝜀 = 𝑐3∕4𝜇 𝑘̄3∕2Λ−1 = (1.5)3∕2𝑐3∕4𝜇 (𝑢∞𝐼)3Λ−1

where 𝑐𝜇 = 0.09 is a typical value. The constant 𝛼 can
be determined by requiring that the integral of the energy
spectrum 𝐸(𝑘) over all wave numbers should be equal to the
total turbulent kinetic energy

𝑘̄ = ∫

∞

0
𝐸(𝑘)𝑑𝑘,

which yields 𝛼 = 1.453. Assuming that the turbulence length
scale Λ is the same as the integral length scale for isotropic
turbulence, we get the following relation

Λ = 𝜋
2(𝑢∞𝐼)2 ∫

∞

0

𝐸(𝑘)
𝑘

𝑑𝑘.

This relation yields the most energetic wave number 𝑘𝑒 =
9𝜋𝛼∕(55Λ). The turbulence length scale is set to Λ =
10ℎmin, where ℎmin is the minimum grid length at the wall.
The free-stream intensity 𝐼 controls the amplitude of the
free-stream disturbance. We will study the effects of this
parameter on boundary layer instabilities and the onset of
laminar-to-turbulent transition in hypersonic flows.

To limit these disturbances to the boundary layer region,
each component of the synthetic turbulence velocity field is
multiplied by a windowing function

𝑊 (𝑦) = 𝑒−4(𝑦∕(2𝑦𝑏𝑙𝑒))
6
, (43)

where 𝑦𝑏𝑙𝑒 is the approximate y-location at the inflow of
the computational domain of the boundary layer edge. The
velocity components in the streamwise, wall-normal, and
spanwise directions for the Dirichlet inflow boundary con-
dition are thus

𝑢𝑖𝑛(𝒙, 𝑡) = 𝑢̄(𝒙) +𝑊 (𝑦)𝑢′(𝒙, 𝑡) (44a)
𝑣𝑖𝑛(𝒙, 𝑡) = 𝑣̄(𝒙) +𝑊 (𝑦)𝑣′(𝒙, 𝑡) (44b)
𝑤𝑖𝑛(𝒙, 𝑡) = 𝑤̄(𝒙) + 𝐶𝑊 (𝑦)𝑤′(𝒙, 𝑡), (44c)

where 𝑢̄, 𝑣̄, and 𝑤̄ are the mean velocity components. The
constant 𝐶 ≥ 1 in equation (44c) is used to increase
the amplitude of the spanwise synthetic turbulence velocity
component relative to the streamwise and wall-normal com-
ponents.

7. Results and Discussion
7.1. Laminar hypersonic flows past a cylinder

The first test case involves the viscous hypersonic flow
past a unit circular cylinder at 𝑀∞ = 17.6 and 𝑅𝑒 =
376, 000. The free-stream temperature is 𝑇∞ = 200 K. The
cylinder surface is isothermal with wall temperature 𝑇wall =
500 K. Supersonic inflow and outflow boundary conditions
are imposed at the inlet and outlet, respectively. This test case
serves to demonstrate the high-order HDG method equipped
with shock capturing and 𝑟-adaptivity for very strong bow
shocks and extremely thin boundary layers. This problem
was studied by Gnoffo and White Gnoffo and White (2004)
comparing the structured code LAURA and the unstructured
code FUN3D. The simple geometry and strong shock make
it a common benchmark case for assessing the performance
of numerical methods and solution algorithms in hypersonic
flow predictions Barter and Darmofal (2010); Ching et al.
(2019); Gnoffo and White (2004); Kitamura and Shima
(2013); Terrana et al. (2020).

The HDG method with polynomial degree 4 is used to
solve this problem. Figure 2 shows the initial and adaptive
meshes as well as the mesh density function used to obtain
the adaptive mesh. The mesh density function is computed
from the mesh indicator (37) with using the numerical
solutions on the initial mesh. The optimal transport moves
the elements of the initial mesh toward the shock and the
boundary layer regions because the mesh density function
is high in those regions. As a result, the optimal transport
can adapt meshes to capture shocks and resolve boundary
layers. To see this feature more clearly, in Figure 2(e), we
plot the logarithm of the element size along the horizontal
line 𝑦 = 0 on both the initial mesh and the adaptive mesh.
That is, log10(ℎ𝑛), where ℎ𝑛 denotes the element size of the
𝑛th element starting from the cylinder wall along 𝑦 = 0.
We see from Figure 2(f) that the adaptive mesh has smaller
element sizes than the initial mesh near the wall and in the
shock region. As a result, the adaptive mesh should be able
to resolve the boundary layer and shock better than the initial
mesh.

We present the numerical solution calculated on the
initial mesh and on the adaptive mesh in Figure 3. We
observe that temperature rises rapidly behind the bow shock,
creating a very high pressure and temperature environment
surrounding the cylinder. We notice that the numerical solu-
tion on the adaptive mesh is sharper and more accurate than
that on the initial mesh in the shock region and boundary
layer. This is because the adaptive mesh has more grid
points to resolve those features than the initial mesh. By
redistributing the elements of the initial mesh to resolve the
bow shock and boundary layer, the optimal transport can
considerably improve the prediction of heating rate as shown
in Figure 3. We see that while the pressure coefficient on
the initial mesh is very similar to that on the adaptive mesh,
the heat transfer coefficient on the initial mesh is lower than
that on the adaptive mesh. The heat transfer coefficient on
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Figure 2: (a) Initial mesh ℎ, (b) computed density 𝜌ℎ∕𝜌∞, (c)
target density function 𝜚′, (d) adaptive mesh  ∗

ℎ , (e) logarithm
distribution of the mesh size ℎ𝑛 along the line 𝑦 = 0, and (f)
the mesh size ratio ℎinitial𝑛 ∕ℎadaptive𝑛 for the hypersonic laminar
flow past a circular cylinder. These meshes consist of 1500 P4
quadrilaterals.

Figure 3: (a)-(b) AV field and computed temperature on the
initial mesh, (c)-(d) AV field and computed temperature on
the adaptive mesh, and (e)-(f) pressure coefficient and Stanton
number along the cylinder surface for the hypersonic laminar
flow past a circular cylinder.

the adaptive mesh agrees very well with the prediction by
Gnoffo and White Gnoffo and White (2004).
7.2. Hypersonic type IV shock-shock interaction

Type IV shock-shock interaction results in a very com-
plex flow field with high pressure and heat flux peak in a
localized region. It occurs when the incident shock impinges
on a bow shock and results in the formation of a supersonic
impinging jet, a series of shock waves, expansion waves, and
shear layers in a local area of interaction. The supersonic im-
pinging jet, which is bounded by two shear layers separating
the jet from the upper and lower subsonic regions, impinges
on the body surface, and is terminated by a jet bow shock
just ahead of the surface. This impinging jet bow shock
wave creates a small stagnation region of high pressure and
heating rates. Meanwhile, shear layers are formed to separate
the supersonic jet from the lower and upper subsonic regions.

Type IV hypersonic flows were experimentally stud-
ied by Wieting and Holden (1989). Over the years, many
numerical methods have been used in the study of type
IV shock-shock interaction Hsu and Parpia (1996); Terrana
et al. (2020); Thareja, Stewart, Hassan, Morgan and Peraire
(1989); Yamamoto, Kano and Daiguji (1998); Xu, Mao and
Tang (2005); Zhong (1994). In the present work, we con-
sider an type IV interaction with free-stream Mach number
𝑀∞ = 8.03 and 𝑅𝑒 = 1.94 × 105 and isothermal boundary
conditions of the cylinder wall. Based on the experimental
measurement and the numerical calculations, Thareja et al.
Thareja et al. (1989) summarized that the position of inci-
dent impinging shock on the cylinder can be approximated
by the curve 𝑦 = 0.3271𝑥 + 0.4147 for the experiment
(Run 21) Wieting and Holden (1989). Boundary conditions
are the same as those for the previous test case, where the
freemstream state 𝒖∞ is represented by a hyperbolic tangent
function to account for the incident impinging shock.

The HDG method with polynomial degree 4 is used to
solve this problem. Figure 4 shows the initial and adaptive
meshes as well as the mesh density function used to obtain
the adaptive mesh. The mesh density function is computed
from the mesh indicator (37) using the numerical solution on
the initial mesh. The optimal transport moves the elements
toward the shock region and aligns them along the shock
curves. Furthermore, it also distributes elements around
supersonic impinging jet, jet bow shock, expansion waves,
and shear layers according to the mesh density function. As
a result, the optimal transport can adapt meshes to capture
complicated flow features without increasing the number of
elements and modifying data structure.

We present the numerical solution computed on the
initial mesh and the adaptive mesh in Figure 5. We notice
that the numerical solution on the second adaptive mesh
reveals supersonic impinging jet, jet bow shock, expansion
waves, and shear layers of the flow, whereas the solution on
the initial mesh does not possess some of these features. This
is because the initial mesh does not have enough grid points
to resolve those features even though it has the same number
of elements as the second adaptive mesh. By redistributing
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Figure 4: (a) Initial mesh ℎ, (b) computed density 𝜌ℎ∕𝜌∞,
(c) target density function 𝜚′, and (d) adaptive mesh  ∗

ℎ for
the hypersonic type IV shock-shock interaction over a circular
cylinder. These meshes consist of 3600 P4 quadrilaterals.

the elements of the initial mesh to resolve shocks, imping-
ing jet, jet bow shock, expansion waves, and shear layers,
the optimal transport considerably improves the numerical
solution. This test case shows the ability of optimal transport
for dealing with complex shock flows.

Finally, we present in Figure 5(e)-(f) the profiles of
the computed pressure and heat flux along the cylindrical
surface, where the symbols ◦ are the experimental data
from Wieting and Holden (1989). We see that the profiles
on the adaptive mesh have larger peak than those on the
initial mesh. This is because the adaptive mesh has a lot
more elements in the supersonic jet region than the initial
mesh and the first adaptive mesh. As a result, the computed
pressure and heat flux on the adaptive mesh agree with the
experimental measurements better than those on the initial
mesh.
7.3. Transitional hypersonic flow past a flared cone

Hypersonic laminar-turbulent transition is one of the
major unresolved problems in fluid dynamics, which com-
bines the inherent complexities of transitional flows with
the associated increased heat transfer effects of hypersonic
flows. This section presents the study of the hypersonic
boundary-layer transition for a flared cone, whose geometry
and flow conditions are described in Figure 6.

This example, which has been experimentally inves-
tigated using the Boeing/AFOSR Mach 6 Quiet Tunnel
(BAM6QT) at Purdue University (Wheaton, Juliano, Berridge,
Chou, Gilbert, Casper, Steen, Schneider and Johnson, 2009;
Chynoweth, Schneider, Hader, Fasel, Batista, Kuehl, Juliano
and Wheaton, 2019) and numerically reproduced by means
of DNS studies (Chynoweth et al., 2019; Hader and Fasel,
2019), describes a hypersonic flow in a low-disturbance
environment, a common setting in flight conditions. In this
case, boundary-layer transition generally occurs through
the linear and nonlinear growth of instabilities, such as
the second-mode instability. This kind of instability occurs
after the growth and breakdown of a set of primary streaks,

Figure 5: (a)-(b) AV field and temperature computed on the
initial mesh, (c)-(d) AV field and temperature computed on
the adaptive mesh, and (e)-(f) pressure coefficient and Stanton
number along the cylinder surface for the hypersonic type IV
shock-shock interaction over a circular cylinder.

Figure 6: Geometry and flow conditions for the flared cone
study.

which act as acoustic waves trapped between the surface
and the sonic line of the flow, inside the boundary layer.
These primary streaks are directly attributed to the steady
streamwise vortices, which are generated by fundamental
resonance. As they convect in the downstream convection,
linear and nonlinear growth occurs until the pressure fluc-
tuations cause the breakdown of such vortices, which are
pushed back toward the wall and secondary streaks appear
with an increased streak count in the azimuthal direction. A
schematic of such instabilities is displayed in Figure 1.

To study the hypersonic boundary-layer transition of the
flared cone, we carry out numerical implicit LES (ILES)
studies of the Purdue flared cone, employing our high-
performance GPU-based DG code, Exasim (Terrana et al.,
2020; Vila-Pérez et al., 2022; Nguyen et al., 2023a). The
synthetic free-stream turbulence approach is employed to an-
alyze the effects of the free-stream disturbances on the tran-
sitional flow and thus better characterize the experimental
conditions. Three different turbulent free-stream intensities,
namely 𝐼 = 0.125%, 0.25%, and 0.5%, are considered. A
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computational grid consisting of more than 6 millions of
quadratic hexahedral elements is considered. A DIRK(3,3)
scheme is used for the temporal discretization, with non-
dimensional step sizeΔ𝑡 = 5×10−5, performing 35,000 time
steps. The numerical simulations were performed using 48
GPU nodes at the OLCF’s Summit supercomputer (a total of
288 V100 GPUs), taking 15 hours of run time. A sketch of
the numerical solution is depicted in Figure 7, which shows
the time-averaged pressure, skin friction coefficient and heat
transfer coefficient on the surface of the flared cone for a
free-stream disturbance intensity of 𝐼 = 0.125%.

Figure 7: Time-averaged numerical solution of the hypersonic
flow past a flared cone: (a) pressure, (b) skin friction coefficient
and (c) heat transfer coefficient, computed with a turbulence
intensity of 𝐼 = 0.125%.

In order to study the laminar-turbulent transition, the
instantaneous 𝑄-isosurfaces (𝑄 = 80, 000), colored by
the value of the streamwise vorticity, are shown in Fig-
ure 8 for the three considered turbulence intensities. The
image displays the flow structures, in particular the vortical
breakdown of the flow, and reveals the effect of the free-
stream disturbances on turbulent transition. We observe an
earlier onset of transition for higher turbulence intensities,
together with a denser configuration of vortical structures.
Clearly, the amplitude of free-stream disturbances has a very
significant impact on the boundary layer instabilities and the
subsequent onset of transition to turbulence.

Figure 8: Instantaneous visualization of the 𝑄-criterion iso-
contours in a portion of the flared cone domain, colored
by the streamwise vorticity, displaying the structures of the
fundamental vortical breakdown of the flow for different
turbulent intensities.

In this same spirit, Figure 9 shows a top view of the com-
puted instantaneous pressure on the flared cone surface for

the three different turbulence intensities. The plot displays
the succession of instabilities and mechanisms that intervene
in the laminar-turbulent transition. On the first section, we
observe the presence and growth of Mack modes (Mack,
1984), a primary instability of the flow caused by free-stream
disturbances which enter the boundary layer and excite the
second-mode instability, a two-dimensional instability of
acoustic nature that grows between the boundary surface
and the sonic line. As the second-mode instability packet
grows downstream, formation and growth of Görtler vortices
occurs. Due to the second-mode instability and the formation
of the Görtler vortices, the pressure fluctuations increase
rapidly and reach a sufficient magnitude to cause the vortices
to break down. At this point, transition to turbulence begins
and the flow quickly becomes fully turbulent.

Mack mode growth

Mack mode growth

Mack mode growth

Görtler vort.

Görtler vortices

Görtler vortices

Breakdown

Breakdown

Breakdown Turbulence

Turbulence

Turb.

I = 0.5%

I = 0.25%

I = 0.125%

Figure 9: Instantaneous pressure distributions on the flared
cone surface, showing the growth of the second-mode waves,
breakdown of Görtler vortices, and transition to turbulence for
different disturbance intensities.

Similarly to the previous analysis based on the 𝑄-
criterion isosurfaces, the pressure fluctuations shown in Fig-
ure 9 shift leftward, closer to the nose tip, as the turbulence
intensity increases. This effect can be better observed in
Figure 10, which displays the normalized pressure fluctu-
ations of the mean azimuthal flow for the three considered
turbulence intensities. The analysis also includes the experi-
mental data from Chynoweth et al. (2019) and the numerical
DNS results from Hader and Fasel (2019). The image reveals
that an increase on the free-stream disturbance intensity
accelerates the onset of transition, which takes place closer
to the nose tip of the flared cone. In particular, the location of
the onset of transition predicted by the DG numerical results
with 𝐼 = 0.125% agrees well with the experimental data,
even though the magnitude of the pressure fluctuations is
certainly higher. In turn, the numerical DNS results by Hader
and Fasel (2019) show much stronger pressure fluctuations
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