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1 Introduction

Entropies in gravitational theories have a deep significance as their leading order value in
weakly gravitating system is encoded in classical geometry via the Bekenstein-Hawking [1, 2]
and Hubeny-Rangamani-Ryu-Takayanagi [3, 4] area formulas. These can be derived in the
long-distance effective theory, explaining their universality, using thermodynamic relations
such as the Euclidean free energy [5, 6]! and the replica trick [10]2calculations. It is therefore
of great interest to find the string theory generalization of the area-entropy relation. This
is the question we will address for the BTZ black hole — what is the o/ exact analog of
the area operator on the worldsheet?3

There are two conceptual hurdles to overcome in attempting to perform the Gibbons-
Hawking-York Euclidean black hole calculation of the entropy in string theory. First, our
interest is in the leading term in the (logarithm of the) partition function, of order g;2, which
comes from the genus zero diagram with no insertions. This corresponds to the on-shell

! Alternatively, the Bekenstein-Hawking entropy can be calculated using the method of orbifolds [7, 8].
Further gravitational loop corrections were found Sen [9].

?In this paper we need only the leading order in small g, version of Lewkowycz-Maldacena [10]. The
first quantum correction was found by Faulkner-Lewkowycz-Maldacena [11]. For further sub-leading order
corrections and current status see the work of Engelhardt-Wall [12].

3More precisely we are looking at string compactifications of the type BTZ xM, where M is an compact
internal manifold. To have a tractable description of the worldsheet in the NSR formalism we will consider
the bosonic string analog of the setup in [13] with pure NS-NS flux.



action of the target space theory. This sphere diagram is notoriously difficult to define, due to
the unfixed PSL(2,C) gauge group? (more so because there is no natural regularization that
assigns a finite volume to PSL(2,C)%) and the infinite volume of the zero mode integration
over the target space.® Furthermore, string theory, even in its formulation as string field
theory, is defined with respect to a background, so the only well-posed question appears to
be the difference in the on-shell action of one background with respect to another.

We resolve these issues by using an exact dual description of the BTZ worldsheet theory
in terms of an Euclidean time winding condensate on a free field background [20-22]. This
description is strongly coupled in the large k limit, however, we can perform the calculations
exactly. Note that these backgrounds have the same asymptotics, so they differ by a finite
normalizable deformation (assuming the length of AdS in the strings unit is large”). The
free linear dilaton background provides the reference point for the genus zero calculation,
which can be performed using the standard technique of analytic continuation away values
with integer numbers of insertions of the winding interaction vertex operators. The residual
conformal transformations can now be fixed by localizing three of those insertions.

The second conceptual point is that the result of the above computation in fact vanishes.
This corresponds to the fact that the bulk on-shell action of string field theory is zero [23]
by the dilaton theorem [24] (considerations of a boundary in spacetime is much more
subtle [8, 25, 26], see [27] for a review), and the our worldsheet calculation does not add any
boundary terms (like the Gibbons-Hawking-York term, these boundary terms are responsible
for the nonzero result in spacetime gravity, the Einstein-Hilbert bulk term can be written
(up to total derivatives) in terms of the 5 functions of the worldsheet sigma model which
vanishes on-shell to all orders in o/ [28-31]).

Therefore, we turn to the Lewkowycz-Maldacena method of computing the entropy from
analytic extrapolation of the Z,, quotient of the n'" Renyi geometries, which only requires
knowledge of the bulk action. In semi-classical gravity, the result is that the entropy can be
extracted from the change in the bulk action upon the addition of an infinitesimal conical
defect in the interior [32-36] (see also [37]), keeping fixed the asymptotic geometry. The
string theory analog is an analytic continuation of the worldsheet theories corresponding to
a Z, orbifold in the interior and the same Euclidean black hole asymptotics.

This is somewhat related to the proposal of Susskind-Uglum [34], utilizing the off-shell
worldsheet formalism of [28, 29]. Here one is instructed to take a derivative of the off-shell

“In a beautiful recent work [14], the zero temperature partition function in AdSs is analyzed. In their
approach, a new parameter p is introduced in the worldsheet CFT. The triple derivative of the partition
function with respect to p is studied, thereby avoiding the issue of unfixed gauge modes.

5The partition function on the disc is also plagued by similar issues of unfixed gauge modes. In this case,
Polchinski showed how to get a sensible finite answer for the volume of the residual unfixed gauge group using
a suitable regularization [15]. For a re-derivation of D-brane tension [16] using this result see [17].

5The problem of unfixed gauge degrees of freedom also appears in on-shell two or lower-point amplitudes of
string theory. In the context of the two-point amplitude in flat-space string theory, the authors of [18] showed
that the divergence from the unfixed gauge modes is canceled by the IR divergence of zero modes in target
space to produce a sensible result (a similar conceptual point was speculated in [19] for the one-point function
of the central charge operator in AdSs. A non-trivial laqs/ls = vk — 2 dependent map between the IR, cut-off
in the target space and the regulator used to define the volume of PSL(2,C) is proposed).

"More precisely we are considering k > 3.



worldsheet non-linear sigma model partition function with respect to the renormalization
group UV cut-off to produce the string theoretic partition function (for a recent discussion of
it see [38, 39]). The method relies on the details of the perturbative renormalization group
flow and the simplest way of performing the path integral produces the bulk term in the
target space, order by order in o/ expansion. In this paper, we will produce exact in o’
results without dealing with renormalization group flow.

The conical deformation we will use corresponds, in the winding condensate description,
to a background obtained by adding a non-integer winding operator to the free theory. Such
operators are not mutually local with the properly quantized Matsubara frequency vertex
operators, but they are local amongst themselves, so the sphere diagram remains well-defined.
Moreover, this conical defect-inducing operator is weight (1,1) in the free worldsheet theory.

One might worry that such a (1, 1) deformation would correspond to the inclusion of a
physical source for the curvature of the conical defect, which would result in a cancelation of
its contribution to the action (at the linear order relevant for the entropy). However, the
non-integer winding deformation that we use precisely does not include the reflected wave
component in the radial direction. Including the reflected wave would result in a deformation
that was not normalizable at the AdS boundary, and not including it corresponds to taking
a singular conical bulk geometry without a compensating brane, as desired.

The worldsheet sphere amplitude associated with this deformed background is non-
vanishing, and we compute it with the same free field methodology. From this, we find the
g5 2 leading order contribution to the BTZ entropy in string theory, exact in o/, which in
o/ — 0 limit reproduces the expected result. The derivative of the winding operator with
respect to the non-integer replica number gives a non-local worldsheet operator that is the
stringy generalization of the area.

Beyond the leading order in string coupling the thermal entropy gets a contribution
both from the one-point function of the stringy area operator mentioned above and the
entanglement entropy of the graviton and the other bulk fields outside the horizon. A
systematic discussion of the finite value of entanglement entropy of the bulk fields at one loop
including all stringy corrections can be obtained by the ‘extrapolated’ (order of the orbifold
is fractional) Dabholkar-Witten orbifold method in [40, 41] (see also [42]).

The paper is organized as follows. In section 2 we review the sigma model and the
winding condensate description of the worldsheet CFT. Then in section 3 we calculate
the sphere path integral for BTZ carefully separating the divergent and finite parts. In
section 4 we formulate the replica trick on the worldsheet. We conclude by discussing several
open questions in section 5.

2 Review of the duality

In this paper, we will consider bosonic strings on AdSsxM, M is a compact manifold,
supported purely by Kalb-Ramond flux (the left and right central charges of the holographic
dual CFT; are taken equal to each other). We will focus our discussion on the worldsheet
CF'T for the AdS3 part. In subsection 2.1 we review the standard description of the worldsheet
CFT in terms of WZW model. In subsection 2.2 we review the winding condensate description



developed in [20, 21]. Throughout this section, we will follow the notation and the conventions
used in [21].
2.1 Sigma model description

The usual sigma model description of the worldsheet CFT in Poincare patch® takes the
following form

_ k 2, (9690 - FL a2
Swgme = 5- / 20 (9904 + o) (2.1)
The Kalb-Ramond flux k determines the radius of AdS in string units

Inas = VE — 21, (2.2)

For the rest of the paper, unless otherwise noted, we choose to work with the units set by
ls = 1. The sigma model description in (2.1) is exact at leading order in the large k limit.
It is well known that for finite values of k, the (Euclidean target) worldsheet CFT is given
by the SL(2,C);/SU(2) WZW model.

The most convenient way to represent the simplest set of vertex operators in the large
k limit is the following:’

Vimm(2,2) = /de xj+mij+m@_1_j(az,§:|z, Z)

2j 41
Y

(2.3)
Qi(z,z)2,2) = —

) o L
<|F(z,2) _ g|?eH=?) +€—¢(z,z)) j

The function ®;(z,z) satisfies the massive scalar Laplace equation in the target space

(V2 = M2)®; (2,72, %) = 0, M = (2) +2)(2)) (2.4)
with the following boundary condition
lim ?@42, (7|2, 2) = 6(F — 2)5(T — @) (2.5)
¢p—00

These properties dictate ®; represent a field of mass M [44, 45] (see appendix A for important
details on proper normalization of vertex operators).

For the purpose of this work will not need to look into more general vertex operators,
see [43-52] and [53-56] for more details.

2.2 Winding condensate description

Thermal AdSs has a dual description obtained by deformation of a free theory by a winding
condensate on the spatial circle [20, 21]

1 _
Stads = o [ 2d°0(00 R+ B0y + B0 VitV 2.6
s =5 [ 0(9030+4b,s0 +5 7+ﬁv+2b,2( +V) (263)
(3 gy (49 12y 2
VE = EE0H) ejF 0,0 P4 +f(0 0 ? ‘P, w=2b"* <'u b )> ) (2.6b)
s

/ 1 112 "2 \\1/(b'"2) 7 1 7 b

b= ﬁ) T ’Y(b ) = (WN V(b )) ’ b" = T — 27 = p (260)
8The metric in our convention is given by ds® = 34 (d<£2 + 62‘£df’df‘).
“There is a sign different between the convention here and in [43]: ®_;_;(here) = —®;(there).



The geometric meaning of the fields becomes apparent in large k limit: ~ = é —I—ié, o = —Vkf
(8 is an auxiliary field that keeps track of the amount of winding in space circle é), where
f,é ,é are standard global co-ordinates. At leading order in large k the metric and the

Kalb-Ramond field are given by
ds? = I3 45 (sinh?(7)d0? + cosh?(#)dé? + dr?) e
B = il% 4gsinh?(?) (df © dé — dé @ df) '

Putting this background at temperature T', as seen by the spacetime CFTs living on the
boundary of thermal AdS3, amounts to the following identification of coordinates

E~ &+ (Tlaas) ™, O~0+2n (2.8)

Vertex operators of relevance are

- 1 _
Voaa = eTTaY Q2o (2.9)

They are dual to the vertex operators in (2.3)

(7 kl/ _ _ k;]/
Va,aﬁHVj,m,fm a:—%, a:m—Z, a:yn_Z

These vertex operators carry no winding in either the space or time circle.

(2.10)

The focus of this paper is string theory around the Euclidean BTZ black hole. It can
be described by the background given in (2.7) with a different identification'”

£~ E+An (Tlpas), 0~ 0+ 27 (2.11)

In EBTZ background the winding around the temporal circle é is not conserved. This is not
apparent in this presentation. This feature becomes visible in an equivalent description of
EBTZ at temperature 71" obtained by exchanging the roles of £, 8§ and switching the holomorphic
and anti-holomorphic coordinates on the worldsheet (needed to keep the same B field)
ds? = 13 45 (cosh?(7)d0? + sinh®(#)dé? + di?)
B = —il3 4q sinh?(7) (df @ dé — dé @ df) (2.12)
0 ~ 0+ 47%(Tlpgs), E~E+2n

The worldsheet theory in this background is given by!'!

1 = 1 = —._ T _
=— [ 2d® — Wt 4+w 2.1
Seprz = o [ 200(0pdp + JpeR+ 50y + BOT+ SLOVE W) (213)
o (2,2) 1 ((22) 7,
WE = £ ei’(f(o,o) Bd='=J 9,0y P4Z) b0 (2.13Db)

The coupling constant p is still given by its expression in (2.6). Geometrically we still identify
v = f—}—ié,é ~ t§+4772(TlAds), é ~ é—{— 27 as a result W+ above carries non-trivial winding on
the temporal circle é as opposed to V* which carries non-zero winding on the spatial circle 0.

10Note that trying to convert this identification to the one in (2.8) while keeping the background metric and
B field fixed through field redefinition is a non-trivial exercise because in the process one generates a non-zero
B field on the boundary torus.

"This is obtained from (2.6) by the replacement v — i%,3 — —if, 2 — z along with their complex
conjugates. While presenting (2.12) we dropped hats on variables.



3 Thermal free energy

The goal of this section is to calculate the leading order in g5 partition function of string theory
in the EBTZ background staying entirely within the framework of on-shell string theory.

We will proceed to evaluate the partition function of the worldsheet CFT on unit sphere.
This includes AdS3, compact manifold M and ghosts, such that the total central charge
vanishes. This ensures that the partition function of the worldsheet CFT is well-defined
and independent of the radius of the sphere [57].

Zorr((Tlags) Y laas/ls) = ZM 2848 7, (3.1)

The sphere partition function of the worldsheet CFT with target space M is given by ZM.
We will not discuss the evaluation of ZM except the assumption that the integration of
compact zero modes on M is normalized to give a factor of volume Vi in string units, and
contribution of non-zero modes are sub-leading in large k£ limit, more precisely

M =zMcl, ZVM =vy, CH=1+0 (2) (3.2)
The AdSs part of the partition function is defined with the measure as in [21] — the
normalization of the measure on Liouville-like field ¢ is the same as in [58], and the measure
of the non-zero modes of the Jv system is same as in [59]. To understand the zero mode
structure of the 5 system we note that the free 5v system is a type of ‘toric’ sigma model
whose Hilbert is analyzed in section 5 of [60]. After we integrate out the radial constant
mode we will be left with the free 8 system (see next subsection for explanation). The
zero mode contribution from translation in é,é gives

75855 = 873 (Tl pgs) (3.3)
The non-zero mode +',~’ contributes as
ol = / dpdB'd~' dp!dvy' e~ EBT2 (3.4)

These two factors C§§S3, ZE)AG'ISS together give ZA953 The remaining k, 3 independent factor
Z., taking care of the contribution of b, ¢ ghosts (omitting the ghost zero modes).

The same factors ZM, Z. appear in the calculation of the effective three-dimensional
Newton’s constant. Therefore when the entropy of the BTZ black hole is expressed in terms
of the three-dimensional Newton’s constant these factors disappear. For this reason we will

not be determine them in this paper explicitly.

3.1 Non-zero modes on AdSj3
3.1.1 Radial constant mode

First we focus on the radial constant mode . defined by

©(2,2) = pc + ¢'(2, 2) (3.5)



where . denotes the kernel of the scalar Laplacian and ¢'(z, z) is the space of functions
orthogonal to the kernel, using the following identity [58, 61-63]

+0o0 2bpc —
d . 2ap.—ae _ F
/m vec ~ % <b>

We can integrate out ¢, exactly to get

CAdSJ_il—\( 04 )( 17 >28,
4 2b/2

Skl

(3.6)

y /d@/dﬁ/dvldlg/d,;/efSEBTz|u=0 (/ a2z (WH(z,2) + W(z,i)))zs (3.7)

Here we have defined

2
3.1.2 Wick contractions

After integrating out the radial constant mode the leftover path integration is very simple due
to winding and momentum conservation — see [21] for more details. Essentially only a very
specific expression of the winding condensate contributes to the path integral when s’ is a
positive integer.'? For this special case, we perform the Wick contractions on (3.7), to write!?

21 2125 +1) al
AdS ] [ 2 l [ 2
Cor™ = T2 )<2b’2) I(s' +1)2 / i / &z
=1

(3.9)
x [T (i) Gi)] T1Hzi)(Z)] II[@@0L4T%fV_ﬂ
i<y’ i<j i.j’
Here z;; = z; — zj, 250 = 2 — Z;/,Zi/j/ =z}, — zé,. Before going forward we notice that if
we change variables as
Zi = Nziy Zi = Az, 2h— Az, Zh— A2 (3.10)
Then all the factors of A cancel out since s'(k —2) = 1
)\25’><2+s’(s’—1)/2><4+2(1—k:)s’2 _ /\45’+2s’(s’—1)—23’2(k—1) (3.11)

Thus we have effective scale invariance even after integrating out the radial constant mode.

k:2(1+1)
S

Therefore the calculation done for the residue is valid for small k. This is no surprise given that the winding

12YWe remind the reader that

condensate description is best suited for calculation in this range. This in particular implies k is not an integer.
This is compatible even with compact internal manifolds, for example arising from the compactification of M
theory on a Calabi-Yau fourfold singularity (see for instance [64]).

13The skeptical reader might ask for the justification of not including a factor corresponding to the partition
function of the linear dilaton and free 8 (and complex conjugate) system at this step. The contribution
of the non-zero modes of 3+ system is independent of k, 5, so it is assumed to be absorbed in Z.. For the
linear dilaton note that the curvature coupling on unit radius is only through the zero mode as a result the
contribution is again independent of k.



We single out zq,a = 1,2, 2,,,a = 1 (this process works only for s’ = 2,3,4,.. — we focus
on this particular case) to write the above expression as

AdS — '(2s'+1) 5 ) ) )
G blr<2)<2b’2> [(s'+1)2 /HdZaHdZI/Hd '/Hdsz
X |212|2|211/!2(1_k)|221'|2(1_k) H KH%IP) (H\Za1'|2(1_k)>]

a I I’

1| (Teor* 0 ) (o) T[] T[] T -]

I I r<J I<J 1,J'
(3.12)

We make the following transformations (and their conjugates) in the given order below

Z1 = 21+ 21,2p = 2p + 21

, , (3.13)
2] = Z21Z[, R — 2212
Due to the scale invariance discussed above
CAdSs _ 27rF( )<—/,L>28,F(28/+1)
52 v 2b72 F(s’+1)2
2 2(1—k) 2(1—k)
2 2 1 2 2 / 1212’ |z11] ’Z v
X/Hd Za/ H 'z Hd / H d’z |212| G220 —R)+2(1=)
a=1 =1 (3.14)

x KHIZr!zlzz—lFIw—x\Q(l’“)> (H\Z}/\2(1'“)\Z}/—l\Q(lk)!Z’p—xl2>1

1 I

< 11 UZI/J'|2] 11 [!ZIJﬂ II [|ZIJ’|2(1_k)]

I'<J! I<J 1,J'
Here we have defined = = 212'1 Next we do the following change of co-ordinates for all I, 7’

= =1
Zrr , Zpx

=T = 3.15

S L Ay e | (8.15)

This transformation has a non-trivial Jacobian associated with it

x(x—1)

doy = L= 2
T a1y

dz (3.16)

This transformation has the following properties

s (x—1) ~ —x(r—1)
a-l=G-Vemm =y a-r= gy
B B z(zx —1)
ZI—ZJ—(ZI—ZJ)(EI_i_w_l)(gJ_i_w_l) (3.17)
o B z(x—1)
=z = (E—2r) Gr+z—-1)Epr+z-1)
The change of variables becomes simple because the factor
1



for a given I drops out of the integration over zy

NAH2X242(1=k)+2(s' =3)+2(1—k) (s 1) _ \4+6-2k+25'—6+2' (1—k)=2(1—k) _ \2+25'(2—k)) _ 1 (3.19)

Similarly for each I’ integration this factor drops out.'* As a result the integrations over
z1, 27 does not involve any factor of z,, z.,. We can present the result of the manipulation as

C’Ads3 = Zgiy 2 (3.20)

where

J[20-R)] 1, [20-F) 1
Zfllv_/l_[Clg'Za/d2 Ll |Z()H2‘ 2(1— k!222l k 2(2—k 2(2—k
|212|0+2+2(-k)+2(1=k)  |3|22=F)|1 — z|2(2-k)

1
= d?z /de
/QII ¢ ENEEEEE

(3.21)

and

!

2s /
— I'( 25 +1 o 9
2()’2) F Hd / H d ZI/

[ (W) (wa -pecs)] 3:22)
< IT [lzeo ] TI [z T [lers O]

r<J I<J I,J'

z= ?F(—ZS/) (

In the next two subsections, we will show how z4;, gets cancelled against the volume of
unfixed gauge group and simplify the expression of z in terms of Liouville theory.

3.2 The divergent factor

The divergent factor zg;, can be identified with the volume of the unfixed residual gauge
group PSL(2,C) (after fixing the conformal gauge). To show this we follow the footsteps
of [18] and write zero temperature three-point functions in two different ways'®

C2(®;, (0]0) @5, (1[1) @5 (00[00))
Cg2

= 7/d221d222d223< ]1(0’21,21) ]2(1’22722)@]3(00’23,23» (323)
ZPSL(2,0)

Here Cg2 is the normalization factor for the sphere diagram at zero temperature given in (A.7).
The expectation value on both sides is taken in AdS3 sigma model, i.e., with the measure
(note that the zero mode path integration is included)

[ dpdpdydBdye BTz

(0= [ dpdB'dy'dB dy e=Seerz

(3.24)

1 Essentially due to

/\4+2(1—k)x2+2+2(s’—2)+2(1—k)(s’—2) _ >\4+4(1—k)+2+25’—4+2s’(1—k)—4(1—k) -1

5The actual on-shell vertex operators in the BRST cohomology of string theory are (1,1) on the worldsheet
made up of ®; multiplied with an operator on the internal manifold M. Once this is taken into account the
final conclusion made through arguments presented here remains unchanged.



On the Lh.s. of (3.23) we fixed the position of three operators, thus we have inserted three
factors of ¢, ¢ ghosts at those locations in the complete worldsheet path integral (see section 5.3
of [59] for more explanation). The three-point function of ghosts cancels the z;, z; dependence
of the matter three-point function just as in flat space and we are left with the three-point
function of the matter vertex operators at three fixed points with the conformal factor
involving z;, z; stripped off. On the r.h.s. of (3.23) we have not fixed the location of any
vertex operator as a result there is no insertion of the ghost operator (and we are supposed to
ignore the ghost zero modes in r.h.s.!%), however in this case we have divided by the explicit
factor zgy,2,c) of the volume of the residual gauge group. This gives

ZPSL(2,0) = Zdiv (3.25)

This is similar to the cancellation discussed in the context of Liouville theory in [65, 66].

3.3 The finite factor

Now we turn to simplify the finite part in terms of Liouville theory correlator. Note that in
effect the finite factor is obtained by fixing location of three winding operator insertions after
radial zero mode integration (just like ordinary string theoretic three point funtion, a careful
consideration including b, ¢ ghosts shows in effect the ghost zero modes are taken into account).

/

2s r23'+1

27 n o —
z = FF(_%) (%l,é) T 12 H d2 / H 222,
X [(HZIIQIZI— 1!2> <H|zp12 (1=k) |5, — 1)20-H) )1 (3.26)

1 I

X H [ZI’J/ } H {|ZIJ|2] H [|ZIJ’|2(1_k)]

rr<J’ I<J 1,J’

We integrate out z}, using the integral identity in appendix B of [21] with

n=s —1, m =20
tj = Zj, j: 1,...,8/—2, [ :0, ty = 1 (327)
pjzl_k;’ pS’—lz(l_k)v ps =1—k

We remind the reader that the expression for the finite factor here is only valid when
s =23,4... (for s = 1 we do not have enough winding operators to fix), resulting in

16 Another equivalent way of saying it is as follows: we could include the ghost zero modes in r.h.s. of (3.23)
and then the r.h.s. of (3.25) includes ghost zero mode contribution. In this process we also include ghost zero
modes in r.h.s. of (3.4) and in effect the final result is unchanged.

,10,



the following formula for the residue

- 27{_ _,u 2’ 1 WS/_IF(S,)’V(Q _ k)s/
Ress—os 327 2 = v (2()’2) (s’ +1) v(s'(2 —k))

/Hd221 H |27 429) H|Z AR — 5y [42H)

I<J

R
Ty <2b/2) (s' —1)(s)2 v(s'(2 — k) L(s' = 1) (=) (3.28)

X RGSZZ Oti:Q/—(S/—Q)b/ C(b/ /) (b, b/ b/)
() T ek
Y\ 2b2 (s = 1)(s)? ~(s'(2—k))
X ReSZi i=Q'—(s'—2)V/ C(blaﬂl) (b/7 b/7 b/)

!

(—p/)*

We have written down the residue using Liouville theory three-point function (see appendix A
for conventions)

Q- ok / 3
o2 Y7,(0) [Tiey Yo (2c
Cy (a1, az,a3) = {TFM/V(b/Z)b/Q 21’2} ’ a ,) Hk:s_l (2o
Ty (g ar — Q) [Ti=1 Yo Xk ok — 200)
(3.29)
The Yy (z) functions have zeros at
z=-mb —nbY, 2=Q +mb+nb"t, mn=012,... (3.30)
Ress~ =g/ (52 C(@1, 02, a3) = V' Res P @0 Clan, oz, a3)
S'= o7
(3.31)

Q— a;

2 (0) Ty (2H)?
i Ty (—(s" —2)b" )Yy (V)3
Here we get a pole when s’ = 2,3,4,.. from Yy (—(s' — 2)b’). As discussed above there

are precisely the values of s’ where we also get a pole in z. We generalize this result for
all values of s’ as follows!”

_ 2s’ T s -1 _ ,
5 = (_1)2ls’ < :U’> ( ’Z;2 k) (_MI)Qfs
(

/2
— b Res ,,2+Q’*Z-“i [ﬂlu/,y(b/z)ba 2b ]

27) (-7 (&2 k)

Q-> . / 3
o2\ 2—262] T Ty (0) Yy (20")
X [77# ()b } ’rb,( (s — 2)b’)Tb'(b’)3

e (S whe-n
=(-1) <2b’2> (51_1)(3/)2 v(s'(2 — k)) (=) (3.32)

F g 2—op2]5 2 T/’(O)T '(26/)3
x [mt () } Tb,(_l()s’—2l3b’)Tb'(b')3
_ N T w3y (2 — k)7
= (=1)*(-1) <2b/2> (s —1)(s)? (s'(2—k)
128 72—2p215 —2 17, (0) Ty (20)°
b R e

"We used

Resasr 072 = 2Resyr 722
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Here [ is an unfixed integer, since we are analytically continuing from integer values of
', | is not determined at this stage. Later by demanding reality of the resulting formula
will determine I.

We can actually simplify the above expression a lot owing to the special argument of
Ty. We use the following identities [67]

(1 Ty (z+ &
T (Q =) = Yylo), Tule) = Ao — (b)(( ?) (3.33)

First factor in (3.32) simplifies to (see (3.33))

, 3 >
m _ (7(6’2)6’1_% )3 (3.34)

The other factor can be manipulated as follows

1 / 1
Tb/(—(s’ — 2)[)/) = Tb/(—s/b/ + 2bl) = Tb/ (21)’ — b/> = ")/(b/2 - 1)[)/37%2’1‘1,/ (b/ — b’)

—_2p2 1
— ’}/(b/2 o 1)b/3 2 b/3,y(_1)’rb/ (_bl)
(3.35)
The last two factors are divergent and zero respectively. A proper limiting process can be

obtained by using s’ = (k — 2)7! + ¢

1
Y(=1) = y(=1— 61712) = 2%

2
1 / Ty (—eb') It ot (3.36)
T () Tl = S <

So in summary, we have

o2 1
Tb/(—(S/ — 2)b/) = —’)/(blz — l)blﬁ Qbeﬁb, Z/(O)<l)
T\ (3.37)
_ —b/6_2b/2+b%’}/(b/2 . 1)

Putting it back into (3.32) we get

B y M 2s’ 1 7r2s’73,y(2 _ k)s’
F= 0 (55) e e )

2\ p1—262 )2
X [’y(blz)b/2—2b’2rl’2 (7(6 )b )
_b/6—2b’2+b%,y(b/2 _ 1) 1 . (3.38)
7(=3z)
()P o (1P (R - 3)(k - )T H R T ()
— 'u/k72
I'(-1) r (1 + ﬁ)
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Now we substitute the value of cosmological constant from (2.6)

Plugging it back into (3.38), and setting | = —1 to get rid of the complex phase we get

= e (2 ) e R (o)) e

Curiously, the dependence of z on k is exactly given by the slope of the linear dilaton of
the dual conformal field theory on the boundary of AdS [68].

Ve

=2k —2)*n"

3.4 Thermal entropy

The string theoretic thermal free energy of BTZ black hole gets contributions from connected
worldsheets only [69], thus it is determined by combining results from (3.3), (3.25), (3.40) to be

1 Zepr(1/(Tlags), Laas/1s)
2

log Zp1z(1/(Tlags), ladas/ls) =
9s ZPSL(2,0)

(3.41)

Here g, is the string coupling at the tip of the Euclidean cigar.'® To the leading order
in large k we find

87Z. V, Vk 8Z. Vi
log Zprz(1/(Tlads), lads/ls) = F(_U?A;(TlAdS)_l) =T 92]‘; laas(Tlaas)  (3.42)
S svs

This is precisely the formula for the entropy for BTZ black hole found from target space

gravity analysis [13] (up to constant factors). We remind the reader that the radius of the
horizon is related to the inverse temperature measured in AdS units (7 Ads)*l according to
TH 2w

— 3.43
lags  (Tlaas)™! (343)

The factor I'(—1)~! is 0, and tells us that our method is insensitive to the boundary terms in
the target space effective action. In the next section, we will carefully discuss the conceptual
origin of the overall factor I'(—1)~! in terms of the replica trick.

4 Stringy replica trick

In the previous section, we performed the calculation of the thermal entropy of the BTZ
black hole using the on-shell worldsheet description and noticed that the final result is zero.
In section 4.1 we will show that the technical reason for the factor of zero is a brunch cut
becoming transparent. As a remedy in section 4.2 we will develop a precise version of the
replica trick [10-12] in the language of non-integer winding condensates.

8In the BTZ geometry given by (2.12) the angular circle remains of the finite size at the tip, whereas the
Euclidean time circle shrinks. When one takes into account the perturbative o’ corrections to it and the effect
of winding tachyon in near horizon geometry, the physical meaning of the tip might be more subtle [70].
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4.1 Understanding the zero

The integral identity in appendix B of [21] was used to obtain (3.28) that generated the
factor of v(s'(2 — k))~!. We turn to understand this factor of zero for the simplest case
of the identity'?

Gla,b) = /dzz\z|2“\1 P ﬂ(}yé i)Z(iESb) (4.1)

We write z = z + 1y, =,y € R and analytically continue the integration over y as follows

y — iye 2, € — 0+ (4.2)

This gives

Glab) = —- /+°° i (2 — ie(zs — 22))% (25 — 1 —i€(zs — 2_))
o (43)
x / do (o +ie(zy — 7)) (2 — 1+ ic(z4 — 2_))"

—0o0
Here we defined z4 = = +y. Say z4 € (—00,0), the contour of integration over z_ runs
below the singularity at z_ = 0,1. Provided the integration contour can be deformed away
near infinity on the lower half-plane, the contribution is zero. A similar argument holds for
zy € (1,00) (in this case we can deform the contour in the upper half plane). For z; € (0,1),

the contour of integration over z_ runs above the singularity at z_ = 0 and below at z_ = 1.
We can deform the contour to run around z_ € (1,00) encircling the point at z_ = 1. If the
integration over the circle around z_ = 1 does not contribute anything, we get

1 [ee)
G(a,b) = —sin(wb)/o dz+(z+)a(1—z+)b/l do (2 )%(z_ — 1)

— _sin(b) /1 Ty (20) 2 (2 — 1) /1 e (2 )= — 1)

The factor of sin(7wb) comes from the fact that the integration around the branch cuts

(4.4)

starting at z_ = 1 has the opposite orientation. To go from the first to the second line
we changed variables from z; — 1/z;. It is easy to check that this gives the same answer
as in (4.1) by using
I'(1+a)'(1+0b) T
rz)ra-=z = 4.5
ot Tera- (45)

sin(7z)
The first factor in the second line of (4.4) shows when

[z -2 =
0

24a+b=0-1,-2,... (4.6)

we have a transparent branch cut that makes the integral vanish. This explains the origin of
the overall factor of I'(—1)~! we had in our calculation in the previous section. A branch
cut becoming transparent is highly suggestive of the smooth limit of a replica geometry. We
make this precise in the next sub-section.

Tn the notation of [21], this corresponds to

n:17 m=0, tl:07t2:17p1:a>p2:b
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4.2 Getting rid of the zero

In this sub-section, we will propose a precise version of the replica trick on the worldsheet
that is valid for all orders in . In order to do that we need to first discuss operators that
create a conical singularity in the target space. Given that this is a subtle topic we proceed
for notational convenience by first discussing it in the thermal AdS3 background made out
of a spatial winding condensate, and then proceed to Euclidean BTZ.

A generic vertex operator in TAdS3 carrying spatial winding v takes the following form
(see (see [21] for more details)

ot _ (2,2) ’ (2,2) 5 ,-,
Volzja a = Naua a et 6n( (0,0) Pz +f(0,o> pdz) e2ap (47)
with )
14

We start with a vertex operator with no spatial winding, i.e., v = 0 and with angular

momentum i
m=m= — (4.9)

\)

At this stage the radial momentum j is arbitrary. We proceed by turning on v = 1 unit of
spatial winding. The resulting operator carries no momentum in any circle.

m’:m—guzo (4.10)

/
= _ = :0’
m m 2V

Then j is fixed by requiring the resulting operator to be on-shell (and decaying at the
AdS boundary ¢ — —o0) in the free theory

j=1- (4.11)

2
This gives us V.

The off-shell background for the replica trick with 27(1 — d) opening angle is obtained as
follows. We start with a vertex operator carrying no winding and momentum close to (4.9).

m=m= g(l—cd) (4.12)
Here c is an order one constant. After turning on winding
v=1-9¢ (4.13)
we require that the resulting operator conserves momentum on both circles which fixes?’

c=1 (4.14)

Now we fix the radial momentum by requiring the operator to be (1,1) to get

(22) 5o, (22 7, 1—-—L-6 | vVE—2
Vi = 5 1=0)(r+7) (FU=0Jq o) A2 +foo P47 e( =k ) ’ (4.15)

2OHere we are assuming the expression of the currents in terms of free fields remain unchanged as we
introduce the conical singularity.
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This operator is not on-shell in the interacting theory because it does not have integer
quantized winding (so it is not even a local operator). Consider the theory obtained by
replacing V* with V;* in the action of TAdS3 (2.6). The operator V% has a non-zero
reflection coefficient of order §. Therefore to have a smooth interior we would have to add
the reflected wave as well in the action (moreover, the reflected wave would change the AdS
asymptotics for k& > 3). Our proposal is that we just add V(;jE to the action and do not
add any reflected wave associated with it. This keeps the AdS asymptotics unchanged but
creates a conical singularity in the 7,0 plane.

This discussion is easily generalized to Euclidean BTZ and we propose the replica geometry
required for the evaluation of the BTZ black hole entropy is given by replacing W= by?!

s 23) = 1 s \VE—
Wi _ eii%(lfé)('yffy) eii(lfJ)(f( , )de/if( ) >6d2’) €<1 1_% ) 2¢

§ (4.16)

n (2.13) (with no reflected wave added).

For the purpose of calculating the thermal entropy, we need to understand the variation
of the free energy of this theory to first order in §. We need to evaluate the free energy with
the insertion of winding operators Wai. However, since evaluation of entropy requires only
the knowledge of the first derivative with respect to & we can set all Wgt to Wgt: o €xcept one.
In the context of the calculation in the previous section, we fix the W(;;O to be at the origin.

After carefully taking into account the symmetry factor (2s’), the regulated expression is
given by (all the terms of order §2 or higher are thrown away)

— 23 1)
b’F( )<2b/’é) T(s 5 T(s' +1)° Hd2 /Hd2zf’
X [(Hzlﬁ(lﬂigs%)zl_ 12> <H12/1,12(1—“(2%;23)8/5)‘Z/I, _ 1,2(1—%:))] (4.17)
I

[l

< 1 [|ZI’J/’2} II [|ZIJ|2] II [|ZIJ"2(1_k)}

r<J I<J 1,0/

Now we turn to simplify this expression in terms of Liouville theory correlators. We integrate
out zp with

n=s —1, m=20
tj = Zj, j = 1,...,8/—2, ts/,l :0, ts/ =1 (418)
pj=1—k  py_1=1—k+a(k)d, py =1—k

Interestingly, we have a k dependent factor in the regulator

a(k) = <2+ klg) (kz) (4.19)

#'Note that W3 remains weight (1,1) if we change the coordinate periodicities to 8 ~ 0 + 472(Tlaas), € ~
€ + 2r(1 — &), which corresponds to a background with asymptotic temperature 7'(1 + &). Then it would have

been a conventional on-shell vertex operator.
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We remind the reader that the expression for the finite factor here is only valid when
s =2,3,4... (for s =1 we do not have enough winding operators to fix). This gives the
following formula for the residue at those values

Ress—2s 307 2

2w (—u)%' 1 7 I0()y(2 = k) (2 — k + a(k)d)
v \2v2) T(s'+1) v(s'(2 — k) + a(k)d)

/HdZIH|ZIJ| —4(k— Q)H‘ |f 4(k— 2(1*m)|1_zl|—4k 2)
I=3

I<J

2w (—p 2 1 s *11“(3 72— k)¥ 19 (2 — k + a(k)d)
=5 (75) wovwer 1+ ath)d) (4.20)

> F(S/ o 1)(_ul)2—s/ReSZi i =Q'—(s'—2)¥ C(b/,u’)
k k
! 1/ 1 o / 1 o
< (¥ (1= gogia—g?) ¥ 0+ mae=o7)

2 — K 26/ 1 1_q / 2_g!

X RGSZZ_ ai=Q'—(s'—2)b C(b’”u/) (b/7 b” b/)

In the second line of (4.20), we have written down the residue using the Liouville theory
three-point function. To go from the second to the third line of (4.20) we have kept only
terms of leading order in § — 0 limit. This is precisely the expression in section 3.3 up to
the overall factor of the regulator —a(k)d.

In this language, the entropy is obtained from

Sprz = lim <—5n(10g Zprz(n) — nlog Zprz(1))

) (4.21)
n=1+4

We get the following exact in [aqs/ls expression for the entropy of the BTZ black hole

Stz = 162, (gi%) k (1 - 2(;_2)> (Tlaas)
- (;QZCZM TlAdg) 16f< t g0 (]:2»

s

(4.22)

On the other hand, from the target space gravity analysis the entropy of the BTZ black
hole is given by

Sprz = 27TgVM (2nTlras) (27VE) (1 +0 (i)) (4.23)

s

The numerical coefficient matches precisely if the path integral is normalized according to

Zo=— (4.24)
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4.3 The area operator

The calculation performed in this note makes it clear that for the purpose of evaluating
thermal entropy, we need to only go away from the on-shell background by an infinitesimal
amount, in particular, this leads to the fact that entropy comes entirely from one point
function of the stringy area operator

1 0 _
A= bﬂ/d% %(W; +Wy) (4.25)

6=0

This operator is not a local operator, in the sense that it has a logarithmic branch cut
attached to it. This can be seen from the following OPE

a0 —ab’<1—1_136> —im(1-8) —ab’(l—l_lg,(s)ﬂ‘mu—(s)
W5 (2,2)Vi,0,a(0,0) ~ (2) F (2) * (1+...)

0 —ab/<1—1_136>+z'm(1—5) B —ab’<1—1_13 )—z‘mu—a)
Wy (2,2)V2, 4(0,0) ~ (2) ¢ (2) ¢ (1+...)

a,a,a

(4.26)

Because of these branch cuts the area operator A given in (4.25) is not a local operator
and therefore evaluation of its one-point function is tricky (see a similar discussion for
non-normalizable operators in [71]).

5 Summary and future directions

In this paper, we have calculated the thermal Bekenstein-Hawking entropy of the BTZ black
hole in bosonic string theory on AdS3xM from a first principles analysis using the winding
condensate description of the worldsheet theory. Here, we want to emphasize to the reader
the significance of the derivation and its underlying logic. From the point of view of the
worldsheet, there are two dimensionless quantities

s Tlags (5.1)

The free energy is order g;2 on a spherical worldsheet due to the usual contribution of
the string dilaton. Integration over the angular zero modes of the worldsheet fields in the
BTZ background produces a factor of Tlaqg in free energy. At this point, the dependence
on laqs/ls is completely unknown (the curious reader might demand here that we use the
additional input from target space physics that entropy must be order G&l, and since Gy
has a scale it will fix the laqs dependence of the answer when laqs/ls is scaled to infinity).
The central point of this paper is to avoid any such inputs from the target space physics
and derive the result intrinsically. Naively one might expect a very simple answer for the
coefficient of the linear in temperature dependence of the entropy of the BTZ blackhole,??
based on AdS3/CFTy, in terms of central charge of the dual conformal field theory (although
there are potential subtleties in the present context due to long strings rendering the dual

22As an observation we note that the explicit k dependence in (4.22) is the same as the product of the
central charge of the SL(2,R) WZW model and the maximum allowed Liouville-like momentum of an operator
in the boundary conformal field theory corresponding to the discrete representations [68].
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theory not a standard CF'Ts, as the spectrum is not discrete, and our setting in the bosonic
string which has a closed string tachyon, so it is not truly a valid background). However, it is
not clear that the states which contribute to the Cardy formula of the boundary CFT all
come from black holes as we enter the highly stringy regime.?® Moreover, the nature of BTZ
as a quotient makes it clear that the worldsheet genus zero free energy is exactly linear in
T, since the temperature therefore only enters through the volume of zero modes, and there
are no worldsheet instantons corresponding to maps of S? into the angular directions of the
target space which is contractible to S!. In this work, we determined the exact dependence
on k using the following ingredients —

1. We performed an honest path integration of the AdSs3 part of worldsheet CF'T, however,
we did not attempt to consider the path integration over the worldsheet CFT on the
compact manifold M in detail. The functional dependence of the entropy on the
compact manifold M is only through an overall factor that also appears in the three-
point function of vertex operators contained entirely in AdSs (such vertex operators
always exist in compactifications of the type AdSsxM). Therefore, the dependence on
M is absorbed in the definition of effective lower dimensional Planck constant. Keeping
this in mind, it will be very interesting to compare our results against higher derivative
corrections in the target space [72-74]. We leave this to future work.

2. We proposed a prescription for the replica trick based on the expectation that non-
integer winding introduces a conical singularity at the origin. This procedure is uniquely
fixed by the symmetries. In summary, the calculation presented here is correct up to the
leading order in small g, and we have managed to identify the o/ exact ‘area’ operator
whose one-point function produces the leading order entropy of the BTZ black hole.
Given the explicit form of the area operator (4.25), we can extend the calculation of its
one-point function to higher orders in g5, say when the worldsheet is a torus. From
the point of view of the replica trick in the bulk effective field theory, the one-loop
contribution to the thermal entropy comes from two pieces — the entanglement of the
bulk fields (including gravitons) outside the horizon of the classical black hole geometry,
and the first derivative of the log of the partition function of the replica geometry,
having a conical singularity in the interior, with respect to (the inverse of) the opening
angle of the conical singularity. Therefore it is likely that the one-point function of the
area operator is related to the latter and presumably the former corresponds to the
correction to the entropy obtained through the use of the orbifold method developed
in [40, 41]. It is a fascinating open problem to explore these questions further possibly
keeping in mind any potential connection to logarithmic conformal field theories [75]
and algebra, of observables in the target space [76-79].24

Any consistent quantum theory of gravity must provide a microscopic explanation for the
thermal Bekenstein-Hawking entropy [1, 2] of a black hole. In the context of string theory,

23 Arbitrary higher derivative corrections to the entropy of non-rotating BTZ black holes can be put in a
suggestive form of a Cardy formula, i.e, the entropy is proportional to the temperature (we are considering a
non-chiral theory), however it is not clear if the coefficient of proportionality is given by the central charge of
the dual CFT3 in general.

24Also see the prospectives in [80].
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Strominger and Vafa showed the microstates of a certain black hole at zero temperature
belong to the Hilbert space of the theory living on the world volume of the constituent
D-branes [81] (see also Sen’s work on black holes built out of elementary strings [82, 83]).
Later, Gokakumar and Vafa formulated a different approach to microstate counting in M
theory exploiting its connection with topological strings [84, 85].25 Over the years these
techniques greatly developed [87-91], however, the reliance on supersymmetry?® implied that
the explanation of the thermal part of the entropy remained elusive [98]. For instance, in the
example of black D3 branes, the temperature dependence of the entropy can be obtained using
extensivity and conformal properties of the theory on the brane [99], however, dependence on
the 't Hooft coupling remains unknown. The similar scaling of entropy with temperature
in DO brane quantum mechanics is determined in [100] based on the added assumption of
the existence of certain scaling behavior of the effective theory of the ‘moduli’ [101, 102].27
Conceptually, thermal physics is inherently much more complicated due to the presence
of chaotic dynamics.?® Nevertheless, in this paper, we have presented a well-controlled
worldsheet exact calculation for the thermal Bekenstein-Hawkin entropy of the BTZ black
hole.?? A state counting picture of our calculation is still lacking. It would be fantastic to
interpret the calculation in terms of the state counting in the Hilbert space of the worldsheet
in angular quantization [116] following the proposal in [20] for the Lorentzian meaning of time
winding operators, or through the effective ‘mini-superspace’ approximation of [117, 118].

The major success of the target space version of the replica trick is to produce system-
atic quantum corrections to the Hubeny-Rangamani-Ryu-Takayanagi formula [3, 4] for the
entanglement entropy of a region on the spacetime CFT and its crucial role in the discussion
of the black hole information paradox (consult [119, 120] and references therein for a review).
It would be very interesting to understand this generalization from the thermal entropy to
entanglement entropy of a sub-region of the spacetime CFT directly on the worldsheet.3°
Perhaps a good starting point for discussion involves understanding the area operator here in
terms of metric deformation using the map of the tachyon vertex operator to the graviton
vertex operator as given in [126-128].

Acknowledgments

We thank Yiming Chen for collaboration in the initial stage of this project. We thank
David Kolchmeyer, Prahar Mitra, David Tong, Aron Wall, Xi Yin, and especially Nicholas
Agia, Amr Ahmadain, Juan Maldacena and Douglas Stanford for insightful discussions and

#5For the successful evaluation of BPS entropy along these lines see [86].

26For more discussion on the contribution of complex thermal geometries to supersymmetric index see [91-95]
(see also [96, 97]).

?"In the context of disorder averaged Sachdev-Ye-Kitaev (SYK) model and Jackiw-Teitelboim (JT) gravity,
the leading order thermal entropy of a black hole (further quantum corrections to thermal entropy in JT
gravity is calculated in [103, 104]) has been evaluated on the field theory side by Maldacena and Stanford [105].

28At strong coupling, black holes act as the maximally chaotic quantum systems [106-111].

9For a discussion of absorption coefficients in AdS3;/CFT2 based on thermal two-point functions
see [112-115].

308ee [121-125] for some of the related discussions.

— 20 —



comments. TH is supported by the Harvard Quantum Initiative Fellowship. The work of DLJ
and IH is supported in part by DOE grants DE-SC0007870 and DE-SC0021013.

A Three point function at zero temperature

In this appendix, we will compare the three-point function as calculated from the worldsheet
with that of the gravity in target space for large values of laqs/ls. The process is not
completely fixed in principle because of the unknown normalization of vertex operators (in
flatspace string theory, the normalization of vertex operators is unambiguously fixed by
demanding the unitarity of spacetime S matrix). In AdS, there is no notion of S-matrix. One
might hope to take advantage of the unitarity of the spacetime CFT living on the boundary of
AdS. This procedure is tricky in the AdSs background we are talking about. This is because
of the issues related to the normalization of spacetime stress tensor [129], which in turn
related to the issues of normalization of the vacuum [130]. We will fix the normalization of
vertex operators by looking at the example of AdS5 x S° up to an order one constant factor.
It will be easier to work in the Poincare patch in [aqg = 1 unit for this purpose:

N a2 du? 4+ dr?
ds? = di? + ebapdl = LT (A1)
u
Here we used the following change of variables
w=e"% di* = dldl (A.2)

By the complete analogy with the discussion of AdSs x S° in [131], we demand the following
effective action for a set of three scalar fields ¢; of mass M;

1 _Vu
ZS ggls

S, = % / Pidu/g (90,0006 + M6 + VVisdr6263) . (A-3)

In direct quantization, the bulk-to-boundary propagator Ka,(u,Z; ) from (u, &) to  satisfies

(V2= MK, (u,7;9) =0, A;=1+/1+ M? (A.4)
with the following boundary condition

lim w2 KA, (u, Z; §) = 6@(& — §) (A.5)
u—0
Comparing (A.4), (A.5) with (2.4), (2.5) (note the former is calculated in [pqs = 1 units,
whereas later is calculated in [y = 1 unit) suggests that ®; represents a scalar field in the
target space with the map A(j) = —25. To make this claim sharp we calculate the three-point
function using the Witten diagram. Up to a constant factor it is given by [132]
A—2A;
A 3 T (T) 3
Cias = V13T - Ul 2=24 (A.6)
i=1

o D(Ai=1) 7

Now we turn to calculate the string theoretic three-point function from the point of
view of the worldsheet. We have to multiply the three-point function of ®; in SL(2,R)
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WZW model with the normalization of path integration chosen in this paper with the sphere
partition function of the worldsheet CFT. The sphere partition function is already determined
in the main text for non-zero temperature. The only difference with the zero temperature
calculation considered here is due to the zero mode integral in v+ 7. Here the zero mode ends
up giving a conservation law for the momentum of the external operators (see section 6.2
of [59] for more explanation), as a result, the normalization is given by

Z. 1
ZsL2,c) U3

1
Cg2 = ?cggsszéw cM (A.7)

Here we omitted any order one constant. The three-point function in WZW model is given
by [21, 43] (we stripped off the conformal factor involving x, )

1 l,y(b//2)b//2—2b”2‘| 727Zk Jk

<(I)j1 (0‘0)@j2(1‘1)@j3(00|00)> - 273

™

(A.8)
1(0) [Tz Yo (0" (24k + 1)
Yo (=" (X i + 1)) TTimy Yo (=" (X, i — 24))

For the purpose of obtaining the large & limit of the formula, we use [133]

Ty(ob) = 1?(_0) Fyv/be~ 7z logbt 3 +0( logh)
g
F; 1 R ) (A.9)
= T3(0)) = \—}e‘mlogbm—zmw log b)
b

Here Fj; are two constants whose value will not be important for our purpose. Using

these formulae we get
lim L b (0) TTR =y Yo (=0 (251 + 1)
0=0b" Yy (0" (e i + 1)) Ty Yo (=0 (X4 i — 24))

ol (s [Tiy T (= (55 i — 24k)) (A.10)
g ( (Z] i 1)) [T, T(— (2 + 1))

lim 7(()//2)()//2—21)//2 =1

b’ —0

This shows, the string theoretic three-point function of operators @? defined as3!
5 = /I3 77 B ¢ ¢ with A(j) = —2j (A.11)

evaluated using (A.8) multiplied with (A.7) in large k& limit matches precisely (up to order
one factor) with the result of Witten diagram in (A.6).

To compare our result against the one in [134] (see also [68]), one must carefully take into
account the relation between g, ZM and the order of the symmetric product on the spacetime
CFT (N in the notation of [134]).32 At present these relations are not known precisely because
of the issues related to the normalization of spacetime stress tensor [129], which in turn related
to the issues of normalization of the vacuum [130] and we leave these questions to the future.

31There overall factor of v/I3 is obtained by keeping in mind the large central charge expansion of the
spacetime CFT (two-point function in the space-time CFT is normalized to be order one). Here we introduced
the factor of 7 arbitrarily.

32For a recent attempt see [14].
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