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ABSTRACT

A plasma heated by inverse bremsstrahlung absorption of laser light develops a non-Maxwellian electron distribution function, called the
Langdon effect [A. B. Langdon, Phys. Rev. Lett. 44, 575 (1980)]. These non-Maxwellian distributions are sufficiently long-lived to impact the
absorption processes itself as well as the transport of heat by electrons. The theory of the Langdon effect in a homogeneous plasma is reviewed
to clarify some aspects of Langdon’s derivation as well as to confirm that the widely used super-Gaussian approximation works fairly well to
describe the shape of the distribution function and reduction of the absorption rate. The Langdon effect on thermal conduction in an inho-
mogeneous plasma is developed by considering perturbations in a homogeneous absorbing plasma, which develops a heat flux due to both
temperature and density gradients. A practical theory of the heat flux is developed by fitting the results of Vlasov–Fokker–Planck simulations,
which avoids several approximations that compromised the usefulness of past theoretical predictions, most critically, the effect of electron–
electron collisions on the fluxes. The present fits parameterize the coefficients of the temperature gradient (thermal conductivity) and the
density gradient for a plasma of any ionization state and for any laser intensity where the theory of the Langdon effect remains locally valid.
It is expected that this generalized theory of heat flow in an absorbing plasma will improve the predictive capability of radiation-
hydrodynamics simulations of laser-produced plasmas, especially those formed in inertial confinement fusion experiments.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0266182

I. INTRODUCTION

Inverse bremsstrahlung (IB) absorption and thermal conduction
are two fundamental processes governing the energetics and perfor-
mance of laser-produced plasmas.1 IB absorption converts the incident
laser light into electron thermal energy, and conduction determines
how that thermal energy is transported. In the context of inertial con-
finement fusion (ICF), correctly modeling both processes in radiation-
hydrodynamics simulations is essential to the design and interpreta-
tion of experiments. In laser direct-drive ICF, the laser light is absorbed
in the coronal plasma and conducted radially inward to drive an
implosion.2 The efficiency of the laser absorption and transport of
energy to the ablation front are key to determining the overall drive
efficiency. In indirect-drive ICF, the implosion is driven by x-rays
emitted by the highly ionized hohlraum blowoff plasma.3 The strength

and symmetry of the drive depend on the electron density and temper-
ature distribution inside the Marshak wave resulting from absorption
and conduction in a complicated arrangement of overlapping laser
beams. Outside of ICF, experiments on laser-heated gas-jet plasmas
have provided valuable tests of fundamental laser-plasma interaction
physics.4–8 The thermodynamics of these plasmas is governed mainly
by energy input via laser absorption and energy loss via heat
conduction.9

The Langdon effect is one such laser-plasma phenomenon. It is
the prediction that the electron distribution function will attain a
long-lived non-Maxwellian shape in a plasma undergoing IB
absorption.10 In Langdon’s original work, it was shown that this
leads to a reduction in the IB absorption rate compared to a
Maxwellian with increasing laser intensity. The effect is characterized
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by the parameter a ¼ Zv2E=v
2
T , where Z is the ion charge,

vE ¼ eE=ðmexÞ is the oscillation speed of a free electron in an alter-
nating electric field with amplitude E and angular frequency x, and
vT ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kBT=me

p
is the electron thermal velocity. Fokker–Planck sim-

ulations by Matte et al. showed that these non-Maxwellian distribu-
tion functions could be approximated by super-Gaussians, and they
prescribed a relationship between a and the parameters of the super-
Gaussian.11 It has recently been experimentally verified that these
non-Maxwellian distributions do occur and do reduce absorption.6,7

The experimental confirmation of the Langdon effect renewed interest
in producing accurate models for its effect on absorption suitable for
radiation-hydrodynamic simulations.8,12 A natural question is how
the Langdon effect impacts other electron kinetic processes and
whether these effects too can be distilled into simple models.

Such simple models will be especially valuable in mid- and high-Z
plasmas, which can access modest to large values of a with realistic laser
intensities and plasma temperatures. This is easiest seen by expressing
a � 0:4Zk2lmI15=TkeV , which relates it to the laser wavelength in
microns, intensity in 1015 W/cm2, and electron temperature in keV.
This shows that any mid- or high-Zmaterial ablated by an intense opti-
cal or ultraviolet laser should be expected to exhibit the Langdon effect
to some degree. The preeminent example is the gold plasma produced
by indirect-drive ICF experiments. However, directly driven glass
(SiO2) spheres used for basic plasma experiments also meet these crite-
ria.13,14 Another recently identified example is laser-driven extreme
ultraviolet light sources, with applications to nanolithography.15 There
is evidently a wide range of laser-produced plasmas which could benefit
from being able to predictively account for the Langdon effect.

The main new result of this work is a practical model for how the
Langdon effect impacts electron thermal conduction. Modifications of
the electron heat flux due to the Langdon effect have been investigated
in many theoretical works over the past four decades, but none of these
seem to have precipitated a model suitable for widespread adoption in
radiation-hydrodynamics simulations. An early work by Mora and
Yahi demonstrated the two main qualitative effects: a reduction in the
thermal conductivity and the onset of a heat flux proportional to the
electron density gradient.16 Their calculations, however, involved two
critical assumptions that limited their usefulness in practice. First, they
neglected electron–electron collisions, which are essential in a quanti-
tative theory of electron transport. Second, they assumed the unper-
turbed distribution function to be a super-Gaussian, but they offered
no means of relating the shape of that super-Gaussian to the macro-
state of the plasma, i.e., information that would be accessible in a
radiation-hydrodynamics simulation. Mora and Yahi’s work has been
extended to include magnetization17 and gradients in the super-
Gaussian index,18 but still without accurately treating electron–electron
scattering. Maximov et al.19 as well as Goncharov and Li20 took a dif-
ferent approach by performing a Chapman–Enskog analysis, treating
the laser electric field in the same order as the plasma gradients as per-
turbations to a local Maxwellian distribution. With this approach, they
obtained novel ponderomotive contributions to the heat flux, but their
heat flux lacks the expected density-gradient term and reduced thermal
conductivity. Shaffer et al. used Vlasov–Fokker–Planck simulations to
identify the reduction in the thermal conductivity without neglecting
electron–electron collisions, but only a few values of Z were consid-
ered, and density gradients were not studied at all.21 This work
addresses both of these issues by providing a model for any Z based on

Vlasov–Fokker–Planck simulations that predict both the thermal con-
ductivity and density-gradient contributions to the heat flux for a
plasma undergoing IB absorption.

In Sec. II, we first consider a homogenous plasma in some detail.
This is important because a uniform absorbing plasma serves as the
“equilibrium” situation for studying how the Langdon effect impacts
conduction in an inhomogeneous plasma. We emphasize some subtle
theoretical points that are often overlooked, identify analytic properties
of the distribution function, and compare numerical solutions for the
distribution function to the common super-Gaussian model. We also
highlight the approximations made and potential areas for generaliza-
tion. In Sec. III, the problem of the Langdon effect in heat conduction
is taken up. After presenting some general features of the problem, the
thermal conductivity work of Ref. 21 is extended by providing fits that
can be evaluated at any values of Z and a. The contribution of density
gradients is then considered, and new Vlasov–Fokker–Planck simula-
tions are analyzed to provide a practical model for the density-gradient
contribution to the heat flux.

II. INVERSE BREMSSTRAHLUNG ABSORPTION

Langdon’s original work considered a homogeneous plasma in a
high-frequency, low-amplitude laser field10

EðtÞ ¼ Re ~Ee�ixtf g: (1)

The electrons respond to this field on both fast and slow timescales,
which can be represented by the following ansatz for their distribution
function:

f ðv; tÞ ¼ f0ðv; tÞ þ Re ~f ðv; tÞe�ixt
n o

; (2)

where it is assumed that the amplitudes f0 and ~f vary slowly in time
compared to the laser oscillation. Two coupled kinetic equations result
from collecting low- and high-frequency terms

@t f0 � e
2me

Re ~E
� � @v~f

n o
¼ Cei f0½ � þ Cee f0; f0½ � þ 1

2
Re Cee

~f
�
;~f

h in o
;

(3)

@t~f � ix~f � e
me

~E � @vf0 ¼ Cei
~f
h i

þ Cee
~f ; f0
h i

þ Cee f0;~f
h i

; (4)

where Cei and Cee are collision operators for electron–ion and elec-
tron–electron scattering, respectively.

Langdon’s theory may be obtained from neglecting the explicit

time dependence of ~f , neglecting electron–electron collision terms

involving ~f , assuming f0 is an isotropic function of velocity, and taking
Cei to be an elastic pitch-angle scattering operator. One finds

~f ¼ �ei þ ix

�eiðvÞ½ �2 þ x2

e~E � v
mev

@vf0; (5)

where

�eiðvÞ ¼ 4p
e2

4p�0me

� �2
X

j
Z2
j njKej

v3
(6)

is the electron–ion scattering rate, which involves a sum over all ion
species with charge number Zj, density nj, and Coulomb logarithm
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Kej, which may depend on velocity in general. Eliminating ~f from the
f0 equation yields

@t f0 ¼ v2E
6v2

@v v2�eiðvÞgðvÞ@vf0
� �þ Cee f0; f0½ �; (7)

where vE ¼ ej~Ej=ðmexÞ is the electron quiver speed. The function
gðvÞ ¼ ½1þ �2eiðvÞ=x2��1 sharply transitions from zero at low veloci-
ties to unity at high velocities. The transition happens where
�eiðvÞ ¼ x, which is typically a very low velocity. For a thermal veloc-
ity electron, it follows that

�eiðvTÞ
x

¼
ffiffiffiffiffiffiffiffi
ne
ncrit

r P
j Zj

2njKejP
j Zjnj

1

4pnek
3
De

; (8)

where ncrit ¼ �0mex2=e2 is the critical density of the laser, and
kDe ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0kBTe=ðe2neÞ

p
is the electron Debye length. Thus, for any

plasma that is underdense (ne < ncrit) and weakly coupled
(nek

3
De � 1), the function gðvÞ will be different from unity only for

v � vT . For this reason, the theory that follows will take gðvÞ � 1; the
ramifications will be discussed at the end of the section.

The interpretation of the right-hand side of Eq. (7) is straightfor-
ward. The first term represents IB absorption of the laser light, which
tends to drive f0 away from a Maxwell–Boltzmann distribution. This is
impeded by electron–electron collisions, which drive f0 toward a
Maxwell–Boltzmann distribution. Since both electron–electron colli-
sions and IB absorption are diffusion operators in velocity space, the
balance between the two is given by the ratio of their characteristic dif-
fusion coefficients. For electron–electron collisions, this is, v2T�eeðvTÞ,
where �eeðvTÞ ¼ 4p e2

4p�0me

� �2
neKee
v3T

is the electron–electron collision

rate with Coulomb logarithm Kee. For IB absorption, the diffusion
coefficient is v2E�eiðvTÞ. The ratio of the two is

v2E�eiðvTÞ
v2T�eeðvTÞ

¼ Z
v2E
v2T

¼ a; (9)

where Z ¼
X

j
Z2
j njKej

neKee
is an effective ion charge.

While the shape of f0 varies in time, so too does the temperature

kB@tTe ¼ � 2pmev2E
9ne

ð1
0
v3�eiðvÞgðvÞ@vf0dv; (10)

� 2p
9
mev

2
E�eiðvTÞ

v3T
ne

f0ð0; tÞ; (11)

where the second line follows by setting gðvÞ equal to unity and
neglecting any velocity dependence in the Coulomb logarithm.
Since the temperature increases monotonically, there are no true
steady-state solutions of Eq. (7); however, there do exist quasi-
steady normal solutions, defined as being solutions where f0
depends on time only implicitly via the temperature.22 This is real-
ized by the change of variables23

x ¼ v=vTðtÞ f0ðv; tÞ ¼ ne

ð2pÞ32v3TðtÞ
/ðxÞ: (12)

Since this ansatz scales out the density and temperature dependence of
the distribution function, the definitions of these two moments pro-
duce two consistency conditions on /ðxÞ

ne
3neTeðtÞ

 !
¼ 4p

ð1
0

v2

mev4

 !
f0ðv; tÞdv

)
ffiffiffi
2
p

r ð1
0

x2

x4

 !
/ðxÞdx ¼ 1

3

 !
: (13)

When a Fokker–Planck collision operator is used for Cee, the time-
dependent kinetic equation for f0ðv; tÞ may be reduced to a univariate
integro-differential equation for /ðxÞ

0 ¼ /ðxÞAðxÞ þ /0ðxÞBðxÞ; (14)

AðxÞ ¼ I0ðxÞ þ a
18

ffiffiffi
p
2

r
/ð0Þx3; (15)

BðxÞ ¼ x
3
I2ðxÞ þ J�1ðxÞ½ � þ a

6x
; (16)

where

xrIrðxÞ ¼
ffiffiffi
2
p

r ðx
0
yrþ2/ðyÞdy; (17)

xrJrðxÞ ¼
ffiffiffi
2
p

r ð1
x
yrþ2/ðyÞdy (18)

are integral operators arising from the electron–electron collision oper-
ator for an isotropic distribution.24,25 To arrive at Eq. (14), from Eq.
(7), one first must eliminate the time derivative using the chain rule
and Eq. (11). This produces a second-order integro-differential equa-
tion, which may be integrated once to produce the first-order equation,
Eq. (14).

A simple way to solve Eq. (14) is to set up an iteration

/nþ1ðxÞ ¼ /nþ1ð0Þ exp �
ðx
0

AnðyÞ
BnðyÞ dy

	 

; (19)

where An and Bn are evaluated using the current estimate /nðxÞ.
During the iteration, /nðxÞ may not exactly respect the consistency
conditions Eq. (13), but these may be restored by rescaling /n and x
after each iteration.

Some basic features of the distribution can be obtained by analy-
sis of the low- and high-velocity limits. The limiting behavior of the A
and B functions as x ! 0 follows from Taylor series expansion of the
integrals I0ðxÞ, I2ðxÞ, and J�1ðxÞ. The results are

AðxÞ ¼ 1
3

ffiffiffi
2
p

r
1þ a

6

� �
/ð0Þx3 þ Oðx5Þ; (20)

BðxÞ ¼ a
6x

þ Oðx2Þ; (21)

which implies that for velocities less than the thermal speed, the shape
of the distribution function is

/ðxÞ � /ð0Þ exp � 1
15

ffiffiffi
2
p

r
1þ 6

a

� �
/ð0Þx5

" #
: (22)

The singular behavior at a ¼ 0 results from replacing the func-
tion gðvÞ with unity. This is not an issue, since the a ¼ 0 solu-
tion is a Maxwellian. The limiting behavior as x ! 1 is
obtained by taking the integration limits in I0ðxÞ, I2ðxÞ, and
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J�1ðxÞ to be infinity and using the consistency conditions,
Eq. (13). Doing so yields

AðxÞ 	 1þ a
18

ffiffiffi
2
p

r
/ð0Þx3; (23)

BðxÞ 	 1þ a
6

� �
1
x
; (24)

which imply that for velocities much larger than the thermal speed, the
shape of the distribution function is

/ðxÞ 	 /ð0Þ exp �
x2 þ a

45

ffiffiffi
2
p

r
/ð0Þx5

2 1þ a
6

� �
2
6664

3
7775: (25)

Observe that as a ! 1, the small- and large-x limits coalesce into

/ðxÞ ¼ /ð0Þ exp � 1
15

ffiffiffi
2
p

r
/ð0Þx5

" #
; (26)

which is the exact solution of Eq. (14) in this limit.
Numerical solutions of Eq. (14) are shown in Fig. 1, which also

compares them to the widely used super-Gaussian parameterization
by Matte et al.11

/mðxÞ ¼ cm exp �ðx=xmÞm
� �

; (27)

xm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Cð3=mÞ
Cð5=mÞ

s
; (28)

cm ¼
ffiffiffi
p
2

r
m

Cð3=mÞx3m
: (29)

The exponent of the super-Gaussian is prescribed to be

mðaÞ ¼ 2þ 3
1þ 1:66a�0:724

; (30)

which interpolates between the analytic limits mð0Þ ¼ 2 and
mð1Þ ¼ 5. Matte et al. determined the numerical coefficients by
fitting to time-dependent solutions of Eq. (7) rather than by
parameterizing the normal solutions. Nevertheless, Fig. 1 demon-
strates that their fits reproduce the normal solutions very well
overall. A notable exception is intermediate values of a, where the
low-velocity part of the distribution is somewhat underestimated.
This leads to an overestimate of the tail population, since normal-
ization must be preserved.

In spite of its imprefections, the super-Gaussian parameterization
is very accurate for describing how the IB absorption rate is impacted
by a non-Maxwellian distribution. In Langdon’s theory, the fractional
reduction is simply/ð0Þ, which is plotted in Fig. 2 for both the numer-
ical normal solutions and the super-Gaussian model. The two are diffi-
cult to distinguish.

Langdon’s theory10 and Matte et al.’s model11 for the distribution
function and absorption rate are attractive in their simplicity. For the
remainder of this work, they are taken to be an adequate local descrip-
tion of laser absorption and its kinetic effects on the electron distribu-
tion function. That said, there are several caveats worth mentioning.
Some of these are minor approximations in the above theory that may
easily be relaxed when necessary. Others are more difficult theoretical

questions which are interesting, if not immediately relevant to the rest
of the present work.

First, the direct relationship between the absorption rate and the
zero-velocity value of the distribution function is quite special. It holds

FIG. 1. Distribution function of a homogenous plasma undergoing IB absorption.
Upper: focus on the low-velocity component relevant to the absorption rate. Lower:
focus on the high-energy tails relevant to conduction. Black dotted curves are a
Maxwellian distribution. Solid curves are solutions to Eq. (14). Dashed curves are
the super-Gaussian model of Matte et al.11

FIG. 2. Absorption rate reduction factor. Squares are the numerical solutions to Eq.
(14). The solid curve is derived from the super-Gaussian model of Matte et al.11
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only when the electron–ion collision rate has exactly a v�3 dependent
on velocity. Sherlock et al. recently revisited the calculation of the
absorption rate reduction, taking into account more realistic velocity
dependence in the Coulomb logarithm.12 They found a slightly milder
reduction of the absorption rate at intermediate a compared to
Langdon’s theory and provided practical interpolation formulas for
their results.

Second, replacing the function gðvÞ with unity breaks down at
velocities where �eiðvÞ > x. This corresponds to electrons that can-
not even complete one oscillation in the laser field before scattering
off an ion. Accounting for this effect in numerical solutions for
/ðxÞ involves modifying the function BðxÞ, which causes the small-
x dependence of /ðxÞ to develop a Maxwellian boundary layer that
abruptly transitions to Eq. (22). For the low densities, high temper-
atures, and short wavelengths typical of laser absorption in current
ICF experiments, this boundary layer is so narrow that it may be
safely neglected for most practical purposes. For example, if one is
interested in positive moments of f (e.g., density, temperature, cur-
rents), the subthermal velocities make little contribution, and so a
small error in the distribution function at these velocities has no
impact.

Third, Langdon’s theory assumes that the slowly varying compo-
nent of the distribution function is isotropic. However, the laser accel-
erates each electron in the direction of the laser polarization. If the
amplitude of the oscillatory motion is comparable to the random ther-
mal motion, then the parallel and perpendicular components of the
electron’s motion will damp at different rates and give rise to a slowly
varying anisotropy.26–30 This anisotropy not only affects the heating
rate but also can lead to unequal temperatures in the parallel and per-
pendicular directions.31–33 The characteristic parameter for these
strong-field effects is v2E=v

2
T . In typical ICF experiments, these are not a

major concern relative to the Langdon effect, since IB absorption
mainly happens via relatively highly charged ions (carbon for direct-
drive and gold for indirect-drive).

Fourth, there are unresolved questions about whether
Langdon’s theory adequately accounts for electron–electron colli-
sions. Recall that in order to obtain Eq. (7), electron–electron
scattering terms involving the high-frequency response of the
electrons were neglected. Fourkal et al. reported particle-in-cell
simulation results showing Maxwellian tails in the distribution
function that are not predicted by Langdon’s theory.23 They also
derived (but did not solve) a kinetic equation like Eq. (14) with
additional electron–electron collision terms. We were not able to
find a stable method of solving that equation to verify if it
indeed produces a Maxwellian tail. That equation involves third-
order derivatives, and it can be shown that near x ¼ 0, one of
its three general solutions diverges like e

1ffiffi
x

p
. It appears that

numerical solutions are prone to getting polluted by the diver-
gent mode, which causes the whole solution to blow up, even
when implicit integrators with nominally excellent stability
properties are used. Even if a solution could be obtained, there
is the further complicating matter that these additional terms
are of order v2E=v

2
T . It stands to reason that once they become

relevant, so too should be the above-mentioned anisotropy
effects. Nevertheless, it would be very valuable to solve the issue
of numerical instability so that the hypothesis of Maxwellian
tails can be either supported or refuted.

III. ELECTRON HEAT FLOW
A. Basic theory and thermal conductivity

After accepting that the “equilibrium” distribution function for a
laser-absorbing plasma is non-Maxwellian, the immediate question is
how transport processes are affected when the plasma is inhomoge-
neous. In unmagnetized laser fusion, electron thermal conduction is
the most important of these processes. We consider a slightly inhomo-
geneous plasma, meaning that the temperature and density gradients
have a long length scale compared to the electron collision mean free
path.

In the absence of any gradients, the distribution function is iso-
tropic, so their inclusion will induce a weak anisotropy

f ðx; v; tÞ ¼ f0ðx; v; tÞ þ v
v
� f1ðx; v; tÞ: (31)

The induced electric and energy current densities, J and Q, respec-
tively, are moments of f1

ðJ;QÞ ¼ 4p
3

ð1
0

�e;
1
2
mev

2

� �
v3f1ðvÞdv: (32)

The two components of the distribution function satisfy the kinetic
equations

@t f0 þ v
3
r � f1 � e

3mev2
@vðv2E � f1Þ ¼ C0 þ CIB; (33)

@tf1 þ vrf0 � e
me

E@vf0 ¼ ��eiðvÞf1 þ C1; (34)

where E is a quasi-static electric field, C0 and C1 are, respectively, the
isotropic and anisotropic projections of the electron–electron collision
operator, and CIB is the absorption operator from Eq. (7). Note that by
coupling the transport processes and IB absorption in this way, we are
assuming that the transport processes take place on a time scale that—
like the IB heating time scale—is much longer than that of the laser
oscillation. If f1 is a small perturbation like the gradients and quasi-
static field, then it may be neglected in the kinetic equation for f0

@t f0 ¼ C0 þ CIB; (35)

which is just Eq. (7) describing the shape of f0 according to the local
value of a. Assuming that f1 varies in time only implicitly via f0, we
may take @tf1 ¼ 0 and apply the chain rule to obtain

f1 � ��1
ei C1 ¼ �kei

@f0
@ne

rne þ @f0
@T

rT � e
mev

@f0
@v

E

	 

; (36)

where kei ¼ v=�ei is the electron–ion collision path.
For a fixed model of f0—for example, a super-Gaussian—one

could solve Eq. (36) to obtain the components of f1, treatingrne,rT ,
and E as linearly independent. Evaluating the moments J and Q then
allows for identifying the transport coefficients. In an unmagnetized
plasma, one typically imposes a J ¼ 0 quasi-neutrality condition. This
allows for eliminating the electric field from the energy current, which
can then be identified as the proper heat flux. The general form will be

Q ¼ �jrT þ lrne: (37)

The first term corresponds to the usual Fourier heat law, while the
second one is unusual. When f0 is Maxwellian, one finds always that
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l ¼ 0 and only Fourier’s law remains. However, if there is some
means of sustaining a non-Maxwellian “equilibrium,” then l will be
nonzero. In the current work, we are concerned with laser absorption
only, but a similar situation arises anytime there is some non-elastic
collision process affecting f0, as in granular gases.34

The only technical difficulty in determining the transport coeffi-
cients is the inversion of the electron–electron collision operator C1. In
the Lorentz approximation, this term is neglected, and the transport
coefficients for a super-Gaussian f0 may be found analytically to be16

jm
j2

¼ amð7bm � 5cmÞ
a2ð7b2 � 5c2Þ ; (38)

nelm
Tj2

¼ � 2amðbm � cmÞ
a2ð7b2 � 5c2Þ ; (39)

where

j2 ¼ 128ffiffiffiffiffi
2p

p nek2BT
me�eiðvTÞ (40)

is the Maxwellian limit, and the parameters of the super-Gaussian cor-

rections are am ¼ ½Cð3=mÞ�52½3=Cð5=mÞ�72, bm ¼ Cð10=mÞ=12, and
cm ¼ ½Cð8=mÞ�2=½9Cð6=mÞ�. Here,m is the super-Gaussian exponent,
as in Eq. (27). One can confirm that the coefficient l vanishes for a
Maxwellian.

Spitzer and H€arm carried out numerical solutions of Eq. (36) for
a Maxwellian f0 and obtained numerical correction to j2 at several val-
ues of Z.35 One widely used parameterization of this electron–electron
collision correction is36

jSH ¼ j2
Z þ 0:24
Z þ 4:2

; (41)

which shows that the Lorentz limit, j2, is approached quite slowly as
Z ! 1 and is wrong by about a factor of four for hydrogen.

An analogous solution of Eq. (36) for either super-Gaussians or
the normal solutions discussed in Sec. II has not been carried out to
date. However, time-dependent Vlasov–Fokker–Planck solutions of
Eqs. (33) and (34) were recently used to obtain corrections to the
Spitzer–H€arm thermal conductivity as a function of a.21 These
involved simulating the decay of a sinusoidal temperature perturbation
in a plasma being uniformly heated by a laser with a fixed intensity.
The a dependence of the correction was fitted to

j
jSH

¼ c0ðZÞ þ c1ðZÞa
1þ c2ðZÞa ; (42)

and the coefficients were tabulated for Z ¼ 1; 3:5; 10; 29; 80. To com-
plete the model, we provide here interpolation formulas for the Z
dependence of these coefficients

ckðZÞ ¼ pkZ�qk ðk ¼ 0; 1; 2Þ;
p0 ¼ 0:986 p1 ¼ 1:327 p2 ¼ 4:961;

q0 ¼ 0:003 q1 ¼ 0:171 q2 ¼ 0:147:

(43)

Since the Z dependence is quite weak, these formulas should extrapo-
late to Z > 80 in a sensible way. In Fig. 3, the accuracy of the interpo-
lation is checked by plotting Eq. (42) with ck taken either from the
tabulated values in Ref. 21 or using the interpolation formula Eq. (43).

Note that each curve is shifted for clarity. The interpolation is seen to
be quite accurate, thanks to the very weak Z dependence of the model.

B. Density gradients

Obtaining the density-gradient coefficient from time-
dependent simulations is more challenging. The reason is that when
a density gradient is superposed on a uniform and isothermal
plasma, regions of higher density will absorb more rapidly than
those of lower density. One thus ends up with a temperature gradi-
ent that is perfectly correlated with the density gradient. For exam-
ple, in the case of a sinusoidal density perturbation, the temperature
perturbation will be perfectly in phase, preventing any direct identi-
fication of their separate contributions to the heat flux. Our
approach to isolating the density-gradient contribution is to rely on
Eq. (42) to model the temperature-gradient contribution and sub-
tract it from the total heat flux. This is not ideal, because the
temperature-gradient contribution is expected to be a significant
part of the total heat flux, so errors in the model for j will propagate
to the determination of l in a way that is difficult to quantify.
Further, the normalized coefficient nel=ðTjSHÞ is smaller in magni-
tude than j=jSH, so small relative errors in the model for j can
become large relative errors in the determination of l.

Despite these difficulties, we were able to obtain high-quality
simulation results for Z < 10 as well as Z ¼ 1. As in Ref. 21, the
K2 Vlasov–Fokker–Planck code was used to simulate sinusoidal
perturbations in a linear simulation domain with periodic bound-
ary conditions.37 The domain size was L ¼ 1mm, divided equally
into 96 cells. The electrons were initialized to be locally Maxwellian
with a temperature of 200 eV and a density profile neðxÞ
¼ 1:46
 1021cm�3½1þ 10�3 cosð2px=LÞ�. The velocity grid
extended to 15 times the initial thermal speed and used 200 equal-
sized cells. The laser wavelength was 351 nm, and its intensity
varied from 1012 to 5
 1015 W=cm2. The instantaneous value of l
was obtained from the heat flux Qx as

FIG. 3. Comparison of interpolation formulas for the thermal conductivity. Solid
curves are the fits to Vlasov–Fokker–Planck simulations using Eq. (42) at specific
values of Z. Dashed curves are the parameterization of the Z dependence, Eq.
(43), evaluated at the same values of Z to check the accuracy of the Z interpolation.
Curves are shifted by multiples of 0.25 for clarity.
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l ¼ 1
L

ðL
0

Qx þ j@xT
@xne

dx; (44)

where j was obtained using Eq. (42). Only a small window of time was
useful for obtaining l. At early times, there is a transient as the initial
Maxwellian relaxes to the correct distribution, which lasts 1–2 ps at the
chosen conditions. At later times, the rapid heating of the electrons
causes truncation errors in velocity space when the initial grid can no
longer contain the distribution function of the heated electrons. This
happens quite rapidly at high Z and prevented obtaining useful results
for Z > 10 or higher intensity. For this reason, only the regime a� 1
could be assessed in this work.

To select the window of time corresponding to reliable simulation
data, we filtered based on two requirements. The first is that
TðtÞ < 1250 eV, which removes data at late times where too much
heating has occurred, causing truncation errors in velocity space. The
value 1250 eV corresponds to the temperature at which the highest
velocity grid point is equal to 6vTðtÞ. The second requirement is that
running the same simulation at two different mean densities yields
consistent values for nel=ðTjSHÞ, which must be independent of den-
sity. We found that a good heuristic for this is to inspect DT=T , the
instantaneous ratio of the temperature perturbation amplitude to its
mean value. This is illustrated in the upper panel of Fig. 4, where each

track of points comes from a simulation with a different laser intensity.
Whenever DT=T is a decreasing function of a (increasing function of
time), calculations at different densities are in agreement. The lower
panel of Fig. 4 shows how the two requirements are used to downselect
the data used for further analysis. The small markers are the instanta-
neous values of nel=ðTjSHÞ and a for the whole simulation; those that
satisfied both requirements above were marked with larger open sym-
bols. These are the ones retained in the analysis below.

The Vlasov–Fokker–Planck results for l are plotted in Fig. 5,
together with analytic fits. The fits are parameterized as

nel
TjSH

¼ b0ðZÞ
1þ b1ðZÞa�b2ðZÞ ; (45)

which interpolates between zero as a ! 0 and b0 as a ! 1.
Coefficients are listed in Table I. It is interesting that compared to the
thermal conductivity, j=jSH, the density gradient coefficient appears
to have a stronger Z dependence. This indicates that electron–electron
scattering, specifically the operator C1 of Eq. (34), is quite important
for accurately determining l. Another indication of the importance of
electron–electron collisions is that there does not seem to be a conver-
gence toward the Lorentz limit with increasing Z, except as a ! 1.
This was also seen in the thermal conductivity and is due to the
unphysical nature of taking Z ! 1 but keeping a finite.21 Only in the
limit where both Z and a go to infinity does the Lorentz limit make

FIG. 4. Typical results for a density-perturbation simulation, shown here for Z
¼ 3:5 and two different densities: n0e ¼ 1:46
 1021cm�3 (orange) and n0e=2
(blue). In both panels, each track of points corresponds to a simulation with a differ-
ent laser intensity (increasing from left to right). Upper panel: heuristic for determin-
ing consistency at different densities. Lower panel: full simulation results (small
symbols) and downselected results (large open symbols).

FIG. 5. Density gradient coefficient of the heat flux as a function of a for various Z,
as well as for a Lorentzian plasma. Symbols are Vlasov–Fokker–Planck simulation
results. Lines are fits based on Eq. (45).

TABLE I. Fit parameters for the density gradient coefficient, as in Eq. (45).

Z b0 b1 b2

1 0.119 0.247 0.760
2 0.099 0.172 0.887
3.5 0.098 0.272 0.734
6 0.091 0.208 0.807
10 0.075 0.166 0.876
1 0.062 0.020 0.904
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sense. This is further supported by our Lorentz plasma simulation
results, which extrapolate to nel=ðTjSHÞ ! 0:062 as a ! 1, which
is in fairly good agreement with the value 0.066 expected for anm ¼ 5
super-Gaussian.

In order to interpolate these results at arbitrary Z, we propose the
following formulas for the coefficients bk:

bkðZÞ ¼ rk þ bkð1ÞskZ
1þ skZ

ðk ¼ 0; 1; 2Þ; (46)

where bkð1Þ are the limiting values in Table I, and

r0 ¼ 0:136 r1 ¼ 0:240 r2 ¼ 0:754
s0 ¼ 0:351 s1 ¼ 0:037 s2 ¼ 0:085

are the fit parameters. The use of the Lorentz limit helps to constrain
the model to produce sensible values even for Z > 10, where Vlasov–
Fokker–Planck results were not obtained. The accuracy of this interpo-
lation is checked in Fig. 6, which compares the predictions of Eq. (45)
using values of bk obtained either from Table I or Eq. (46). While not
perfect, the Z-interpolation should be accurate enough to be able to
assess the effect of density gradients on the heat flow in integrated
radiation-hydrodynamic simulations of laser-produced plasmas.

IV. DISCUSSION AND OUTLOOK

This work is concerned entirely with the local theory of absorp-
tion and transport due to small departures from that homogeneous
state. It should be acknowledged, however, that sharp gradients do
occur in many laser-produced plasmas, and the local theory of heat
flow breaks down. In this situation, hydrodynamic modeling must
appeal to non-local electron conduction models, which typically take
the form of flux-limiting schemes,38 convolution approximations,39 or
reduced kinetic models.40–43 In either situation, the local electron heat
flux often remains a key ingredient. The results of Sec. III show that it
should be modified in absorbing regions to account for the a depen-
dence of the thermal conductivity as well as the novel effect of electron
density gradients.

One important detail is that the theory of conduction presented
here is predicated on Langdon’s theory being a good representation of
the local state of the plasma. In Sec. II, we listed some scenarios where
Langdon’s theory may not be reliable, for example, if vE 	 vT . The
practical formulas we propose will still produce finite, plausible
answers in these cases, though one cannot be entirely sure that they
are still quantitatively accurate. Another situation which requires cau-
tion is that of very short laser pulses. If the intensity of the laser varies
on a timescale that is shorter than the electron–ion collision time, then
the absorption and conduction processes are transient and kinetic. In
this case, the evolution of the electron distribution function cannot be
understood using the normal solution method used here.

Since the Langdon effect concerns changes to the electron distri-
bution function, its impact is not limited to absorption and conduc-
tion; all aspects of electron kinetics are affected in principle. Two
processes of special experimental interest are x-ray emission and ioni-
zation kinetics.

The emission of x-rays was studied by Matte et al.11 within the
super-Gaussian approximation, but as shown in this work, the tails of
the distribution function are not correct in this model for moderate val-
ues of a. Further, that work did not consider the full velocity dependence
of the emission Gaunt factor. It should be straightforward to revisit the
Langdon effect on x-ray emission using the normal solutions of Eq. (14)
and a detailed treatment of the bremsstrahlung Gaunt factor, similar to
Refs. 8 and 12. Another interesting question for future consideration is if
the emission of these x-rays could happen rapidly enough to modify the
temperature balance of Eq. (11). In this work, we have assumed that the
laser absorption process occurs on a sufficiently rapid time scale to
neglect all other heating or cooling mechanisms for the purposes of
determining the shape of the distribution function. If this breaks down,
then the development of the normal solution method here would have
to be extended to account for these other thermodynamic processes.

The interplay between ionization kinetics with the Langdon effect
is a more complex problem. On the one hand, it should be straightfor-
ward to evaluate how the relevant ionization, excitation, and recombi-
nation cross sections are modified by the Langdon effect. However, it
was shown by Le et al.44 using Vlasov–Fokker–Planck simulations
coupled to atomic rate equations that the ionization and recombina-
tion themselves can influence the shape of the distribution function.
Since the various atomic rates introduce additional material-
dependent timescales, it seems unlikely that the interplay of ionization
kinetics with the Langdon effect can be reduced to a simple model like
those developed in the present work.

In summary, we have reviewed the theory of the Langdon effect
as it pertains to IB absorption. Taking the resulting distribution func-
tion as the local “equilibrium,” we have provided the first comprehen-
sive quantitative theories of how the Langdon effect impacts heat
conduction in unmagnetized plasmas. The results of Vlasov–Fokker–
Planck simulations have been parameterized in a simple way that
should aid in the adoption of this model in radiation-hydrodynamics
simulation codes.
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