
Analytic Nuclear Gradients for Complete Active Space Linearized
Pair-Density Functional Theory

Matthew R. Hennefarth,1 Matthew R. Hermes,1 Donald G. Truhlar,2, a) and Laura Gagliardi3, 4, b)
1)Department of Chemistry and Chicago Center for Theoretical Chemistry, University of Chicago, Chicago, IL 60637,
USA
2)Department of Chemistry, Chemical Theory Center, and Minnesota Supercomputing Institute,
University of Minnesota, Minneapolis, MN 55455-0431, USA
3)Department of Chemistry, Pritzker School of Molecular Engineering, The James Franck Institute,
and Chicago Center for Theoretical Chemistry, University of Chicago, Chicago, IL 60637,
USA
4)Argonne National Laboratory, 9700 S. Cass Avenue, Lemont, IL 60439, USA

Accurately modeling photochemical reactions is difficult due to the presence of conical intersections and
locally avoided crossings as well as the inherently multiconfigurational character of excited states. As such,
one needs a multi-state method that incorporates state interaction in order to accurately model the potential
energy surface at all nuclear coordinates. The recently developed linearized pair-density functional theory
(L-PDFT) is a multi-state extension of multiconfiguration PDFT, and it has been shown to be a cost-effective
post-MCSCF method (as compared to more traditional and expensive multireference many-body perturbation
methods or multireference configuration interaction methods) that can accurately model potential energy
surfaces in regions of strong nuclear-electronic coupling in addition to accurately predicting Franck-Condon
vertical excitations. In this paper, we report the derivation of analytic gradients for L-PDFT and their
implementation in the PySCF-forge software, and we illustrate the utility of these gradients for predicting
ground- and excited-state equilibrium geometries and adiabatic excitation energies for formaldehyde, s-trans-
butadiene, phenol, and cytosine.

I. INTRODUCTION

Accurate characterization and modeling of electroni-
cally excited states is important for a variety of chemical
and biochemical processes including light-harvesting,1–5

photochemistry,6,7 photocatalysis,8,9 vision,10,11 and UV
damage to DNA.12–14 However, since excited states are
typically strongly multiconfigurational, a multireference
method is necessary for quantitative and qualitative ac-
curacy. Additionally, since conical intersections and lo-
cally avoided crossings are common topological features
of excited-state potential energy surfaces, the method
should also be able to properly incorporate state interac-
tion so that states of the same symmetry do not unphys-
ically cross or cross on surfaces of the wrong dimension-
ality.

While state-averaged complete active space self-
consistent field (CASSCF) theory15,16 is a multirefer-
ence method that can properly account for static cor-
relation, it does not include dynamic correlation outside
of the active space. Multireference many-body perturba-
tion theories such as CAS second-order perturbation the-
ory (CASPT2)17 or n-electron valence state second-order
perturbation theory (NEVPT2)18 are able to recover
external dynamic correlation; however, they are com-
putationally very expensive. Multiconfiguration pair-
density functional theory (MC-PDFT)19–21 is an alterna-
tive post-MCSCF approach that combines wave function
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theory and density functional theory where the final elec-
tronic energy of a multiconfigurational wave function is
computed using an on-top energy functional for the non-
classical component of the energy. MC-PDFT recovers
the missing correlation energy with an accuracy similar
to CASPT222 and NEVPT223 but with a significantly
reduced computational cost.

MC-PDFT is inaccurate in regions of strong
nuclear-electronic coupling because it is a single-state
method.24–26 Linearized PDFT27 is a recently devel-
oped multi-state extension of MC-PDFT that incorpo-
rates state interaction by defining an effective Hamilto-
nian that is a functional of a set of densities. It has been
shown to be as accurate as extended multi-state CASPT2
(MS-CASPT2)28 in modeling potential energy surfaces
near conical intersections and locally avoided crossings,27

and it is as accurate as NEVPT2 for predicting Franck-
Condon vertical excitations.29 L-PDFT also has the ben-
efit of being computationally faster than MC-PDFT since
its computational cost is independent of the number of
states included in the model space, making it an excellent
method to study photochemical reactions and dynamics.

Nuclear gradients are used to optimize molecular ge-
ometries to study vertical and adiabatic excitations and
to perform molecular dynamics simulations. While it is
always possible to calculate gradients numerically, it is
often very slow to converge the gradients with respect
to the stepsize. Here we report the derivation and im-
plementation of analytic gradients for L-PDFT based
on a SA-CASSCF reference wave function. Since the
L-PDFT energy is not fully variational with respect to
all wave function parameters, we use a Lagrangian-based
approach similar to SA-CASSCF gradients,30 SA-MC-
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PDFT gradients,31 state-specific MC-PDFT (SS-MC-
PDFT) gradients,32 and MC-PDFT gradients with den-
sity fitting.33 We then validate our implementation by
comparing the analytic gradients to numerical gradients
for the diatomic systems HeH+ and LiH. Finally, we
show the utility of L-PDFT gradients in predicting both
ground- and excited-state geometries, as well as vertical
and adiabatic excitation energies for formaldehyde, phe-
nol, s-trans-butadiene, and cytosine.

II. THEORY

Throughout this manuscript, lowercase roman letters
p, q, r, s, t, u, v, w, x, y indicate general spatial molecular
orbitals (MO), and lowercase Greek letters τ, µ, ν, ξ in-
dicate atomic orbital (AO) basis functions. I, J refer to
CASSCF eigenstates in the state-averaged space (which
is taken to be the same as the model space); Λ,Γ la-
bel L-PDFT eigenstates (within the model space); and
M,N label CASSCF eigenstates within the complemen-
tary part of the state-averaged space (outside the model
space). κ is used for MO rotations, λ for general nuclear
coordinates, and P for the state-transfer operator. Bold-
faced variables are tensors (vectors, matrices, etc.). Ein-
stein summation notation is used throughout (repeated
indices are summed implicitly). An efficient implemen-
tation of the following equations should make use of the
partitioning of orbitals into inactive, active, and virtual,
and our code does this; however, our derivation presented
in this manuscript does not account for such partitioning
for simplicity.

A. L-PDFT

The L-PDFT energy27 of a given state |Γ⟩ is defined as
the first-order Taylor expansion of the MC-PDFT energy
expression19 in the one- and two-reduced density matrix
(RDM) elements around the zero-order density (γ̌).

EL−PDFT
Γ = EPDFT[γ̌]+

∂EPDFT

∂γpq

∣∣∣∣
γ̌

∆p
q+

∂EPDFT

∂γprqs

∣∣∣∣
γ̌

∆pr
qs

(1)

∆p
q = γpq − γ̌pq (2a)

∆pr
qs = γprqs − γ̌prqs (2b)

Here, γpq and γprqs are the one- and two-RDM elements of
state |Γ⟩, γ̌pq and γ̌prqs are the one- and two-RDM elements
of the zero-order density, ∆ represents the difference be-
tween in RDM elements between the state |Γ⟩ and zero-
order density, and EPDFT[γ̌] is the MC-PDFT energy
expression evaluated with the zero-order RDM elements.

EPDFT[γ̌] = hqpγ̌
p
q +

1

2
J q

p [γ̌]γ̌
p
q + Eot[ρ⃗γ̌ ] + V nuc (3)

J q
p [γ̌] = gqsprγ̌

r
s (4)

hqp and gqspr are the normal one- and two-electron inte-
grals respectively, V nuc is the nuclear-nuclear repulsion,
J q

p [γ̌] is the Coulomb interaction of the density γ̌, and

Eot[ρ⃗γ̌ ] is an on-top energy functional that depends on
the collective density variables ρ⃗γ̌ .

ρ⃗⊤γ̌ =
[
ργ̌ Πγ̌ ρ′γ̌ Π′

γ̌

]
(5)

The density (ρ), on-top pair density (Π), and their gra-
dients are generated through the one- and two-RDM el-
ements as

ργ̌ = ϕpγ̌
p
qϕ

q (6)

Πγ̌ =
1

2
ϕpϕrγ̌

pr
qsϕ

qϕs (7)

ρ′γ̌ =
(
ϕ′pϕ

q + ϕpϕ
′q)γ̌pq (8)

Π′
γ̌ =

1

2
(ϕ′pϕrϕ

qϕs + ϕpϕ
′
rϕ

qϕs

+ ϕpϕrϕ
′qϕs + ϕpϕrϕ

qϕ′s)γ̌prqs

(9)

Note that ρ, Π, and ϕp are all functions of one three-
dimensional variable r; and ϕp is the p’th MO. Ap-
pendix A describes how the current generation of on-top
functionals are evaluated using existing Kohn-Sham (KS)
functionals via translated and fully-translated schemes.
The L-PDFT energy is expressible as27

EL−PDFT
Γ =hqpγ

p
q +

(
J q

p [γ̌] + V q
p [ρ⃗γ̌ ]

)
∆p

q +
1

2
vqspr[ρ⃗γ̌ ]∆

pr
qs

+ Eot[ρ⃗γ̌ ] +
1

2
J q

p [γ̌]γ̌
p
q + V nuc

(10)

V q
p = V q

p [ρ⃗γ̌ ] =
∂Eot

∂γpq

∣∣∣∣
ρ⃗γ̌

(11a)

vqspr = vqspr[ρ⃗γ̌ ] = 2
∂Eot

∂γprqs

∣∣∣∣
ρ⃗γ̌

(11b)

The L-PDFT energy contains derivatives of the on-top
functional with respect to the one- (V p

q ) and two-RDM
(vprqs ) elements (which we call the one- and two-electron

on-top potential terms31,32).
In L-PDFT, all functional terms (Eot, V q

p , v
qs
pr) are eval-

uated only at the zero-order density. In practice, the
zero-order density is taken to be the weighted average of
densities within the state-averaged manifold.

γ̌pq = ωI ⟨I|Êp
q |I⟩ (12a)

γ̌prqs = ωI ⟨I|êprqs |I⟩ (12b)
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Êp
q and êprqs the one- and two-electron excitation operators

respectively. We take ωI to be the same weight as in
the underlying SA-CASSCF or state-averaged complete
active space configuration interaction calculation. For
the analytic L-PDFT gradients, we require equal weights
(ωI = ωJ) so that the zero-order density is invariant to
rotation among states within the model space, as is done
in SA-CASSCF.30

Because the L-PDFT energy depends linearly on the
one- and two-RDM elements of the state, it is possible to
express it as the expectation value of a Hermitian opera-
tor which we call the L-PDFT Hamiltonian (ĤL−PDFT).

EL−PDFT
Γ = ⟨Γ|ĤL−PDFT|Γ⟩ (13)

ĤL−PDFT =
(
hqp + J q

p [γ̌] + V q
p

)
Êp

q +
1

2
vqspr ê

pr
qs + hconst

(14)
Here hconst is a constant term that only depends on γ̌.

hconst = V nuc+Eot−
(
1

2
J q

p [γ̌] + V q
p

)
γ̌pq−

1

2
vqsprγ̌

pr
qs (15)

The final L-PDFT energies and states are the solutions
to the eigenvalue equation of the operator ĤL−PDFT de-
fined within the model space spanned by the eigenvectors
of the underlying SA-CASSCF calculation.

|Γ⟩ ⟨Γ|ĤL−PDFT|Λ⟩ = δΛΓE
L−PDFT
Λ |Γ⟩ (16)

Note that |Γ⟩ and |I⟩ span the same model space, but the
state |I⟩ are chosen such that they diagonalize the normal
electronic Hamiltonian projected within that space.

B. The L-PDFT Energy Lagrangian

The Hellmann-Feynman theorem34–36 implies that if
an energy E is stationary with respect to all parameters
defining the wave function (|Ψ⟩), then

dE

dλ
= ⟨Ψ|dĤ

dλ
|Ψ⟩ (17)

As such, one does not have to account for the response of
the wave function to a change in nuclear coordinate (λ).
The L-PDFT energy is not stationary with respect to

MO rotations and state rotations out of the model space;
hence, the Hellmann-Feynman theory cannot be applied.
However, one can avoid calculating the response of the
wave function with respect to a nuclear displacement
by using Lagrange’s method of undetermined multipli-
ers. This requires us to enumerate the variables defining
the wave function and the systems of equations that set
them to their particular values.

Similarly to SA-CASSCF, the final L-PDFT eigen-
states can be parameterized as

|Γ⟩ = eP̂
Γ

eκ̂ |0⟩ (18)

where κ̂ is the orbital rotation operator

κ̂ =
∑
p<q

κqp

[
Ê− Ê†

]p
q

(19)

and P̂Γ is the state transfer operator for state |Γ⟩. P̂Γ

can be decomposed into rotations within the model space
(P̂Γ

∥ ) and those outside the model space (P̂Γ
⊥).

P̂Γ = P̂Γ
⊥ + P̂Γ

∥ (20)

P̂Γ
⊥ = PΓ

M (|M⟩⟨Γ| − |Γ⟩⟨M |) (21)

P̂Γ
∥ = PΓ

Λ (|Λ⟩⟨Γ| − |Γ⟩⟨Λ|) (22)

Since our reference wave function comes from a SA-
CASSCF calculation, the parameters κqp and PΓ

M are op-

timized with respect to the SA-CASSCF energy (ESA).

∂ESA

∂κqp
= 0 (23)

∂ESA

∂PΓ
M

= 0 (24)

The PΓ
Λ parameters are determined by diagonalizing

ĤL−PDFT, which is equivalent to making the energies
stationary with respect to interstate rotations.

∂EL−PDFT
Γ

∂PΓ
Λ

= 0 (25)

For equal weights, ESA is invariant to rotation within the
model space, and hence

d

dx

(
∂ESA

∂PΓ
Λ

)
= 0 (26)

for any parameter x.30

Our constraints are given by Eqs. 23 and 24; therefore,
our Lagrangian for state |Γ⟩ takes the form

LΓ = EL−PDFT
Γ + κ̄ · ∇κE

SA + P̄⊥ · ∇P⊥ESA (27)

As a reminder κ̄ and P̄⊥ are the associated Lagrange
multipliers for the orbital rotations and state rotations
out of the model space respectively. Both κ̄ and P̄⊥ are
determined by making the Lagrangian stationary with
respect to κqp and PΛ

M .

∂LΓ

∂κqp
= 0 =

∂LΓ

∂PΛ
M

(28)

As indicated by Eqs. 25 and 26, LΓ is already invariant
to rotations within the model space, and therefore does
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not need to be accounted for. Substituting Eq. 27 into
Eq. 28 yields a system of coupled linear equations.[

∇κE
L−PDFT
Γ

∇P⊥EL−PDFT
Γ

]
= −

[
HESA

κκ HESA

κP⊥

HESA

P⊥κ HESA

P⊥P⊥

] [
κ̄
P̄⊥

]
(29)

The left-hand side is the energy response of the L-PDFT
energy, and the first factor on the right is the Hessian
of ESA with respect to κqp and PΛ

M ; these terms will be
discussed in Section IIC. Equations 27 and 29 are almost
identical to those presented in the SA-CASSCF analytic
gradients,30 with the difference being that the wave func-
tion energy response terms on the left side have been re-
placed with the L-PDFT energy response terms. As such,
Eq. 29 can be solved using the standard SA-CASSCF
preconditioned conjugate gradient iterative solver.37,38

C. Energy Response

The SA-CASSCF Hessian that appears in Eq. 29 is
well established30,39 and unchanged in this derivation.

In practice, we evaluate HESA

within the L-PDFT eigen-
state basis, rather than the SA-CASSCF eigenstate ba-
sis, which slightly modifies the form of the equation as is
described in Appendix B.

As seen on the left side of Eq. 29, we need the re-
sponse of the L-PDFT energy with respect to orbital and
CI rotations. However, it is important to realize that
EL−PDFT

Γ depends on the model space, and changing ei-
ther the orbitals or CI parameters for any state within
the model space changes the zero-order density. Hence,
we break each component into an explicit and implicit
part; the explicit part represents the response of only the
state, whereas the implicit part accounts for changes due
to the zero-order density.

1. Explicit Dependence

The derivatives of γ with respect to κqp are given by

∂γqp
∂κyx

= δxpγ
q
y − δypγ

q
x − δqyγ

x
p + δqxγ

y
p (30a)

∂γqspr
∂κyx

=δxpγ
qs
yr + δqxγ

ys
pr − δypγ

qs
xr − δqyγ

xs
pr

+ δxr γ
qs
py + δsxγ

qy
pr − δyrγ

qs
px − δsyγ

qx
pr

(30b)

Therefore,

∂EL−PDFT
Γ

∂γ
· ∂γ
∂κyx

= 2
[
Fex − F †

ex

]x
y

(31)

where Fex is the explicit part of the L-PDFT generalized
Fock matrix.

[Fex]
x
y =

(
hqy + J q

y [γ̌] + V q
y

)
γxq + vqsyrγ

xr
qs (32)

The derivative of γ with respect to PΓ
M is given by

∂γpq
∂PΛ

M

= 2δΓΛγ
Mp
Λq (33a)

∂γprqs
∂PΛ

M

= 2δΓΛγ
Mpr
Λqs (33b)

where γMp
Λq and γMpr

Λqs are the transition density matrix

elements from |M⟩ to |Λ⟩.

γMp
Λq = ⟨Λ|Êp

q |M⟩ (34a)

γMpr
Λqs = ⟨Λ|êprqs |M⟩ (34b)

Therefore, the explicit response of the L-PDFT energy
to state rotations out of the model space is given by

∂EL−PDFT
Γ

∂γ
· ∂γ

∂PΛ
M

= 2δΓΛ ⟨Λ|ĤL−PDFT|M⟩ (35)

In general, these expressions are similar to the SA-
CASSCF response equations30 but with modified one-
and two-electron integrals.

2. Implicit Dependence

Since the L-PDFT energy directly depends on the first
derivatives of Eot with respect to γ, the energy response
involves explicit second derivatives. We define the ele-
ments of the Hessian of Eot with respect to the RDM
elements as

F q,s
p,r =

∂2Eot

∂γpq∂γrs

∣∣∣∣
ρ⃗γ̌

(36a)

F q,su
p,rt = F su,q

rt,p = 2
∂2Eot

∂γpq∂γrtsu

∣∣∣∣
ρ⃗γ̌

(36b)

F qs,uw
pr,tv = 4

∂2Eot

∂γprqs∂γtvuw

∣∣∣∣
ρ⃗γ̌

(36c)

Since Eot is the integral of the on-top kernel (ϵot) over
all space,

Eot[ρ⃗] =

∫
ϵot[ρ⃗(r)]dr (37)

we can move the derivatives of Eq. 36 inside the integral.
Applying the chain rule twice gives

F =

[ {
F q,u
p,t

} {
F qs,u
pr,t

}{
Fu,qs
t,pr

} {
F qs,uw
pr,tv

}]

=

∫
dr

 { ∂ρ⃗
∂γp

q

}
2
{

∂ρ⃗
∂γpr

qs

} · fot ·
[{

∂ρ⃗
∂γt

u

}
2
{

∂ρ⃗
∂γtv

uw

}] (38)



5

∂ρ⃗

∂γpq
=

 ϕpϕ
q

0
2ϕ′pϕ

q

0

 (39a)

∂ρ⃗

∂γprqs
=

1

2

 0
ϕpϕrϕ

qϕs

0
4ϕ′pϕrϕ

qϕs

 (39b)

where fot is the Hessian of the on-top potential kernel
with elements

fot =


∂2ϵot

∂ρ2
∂2ϵot

∂ρ∂Π
∂2ϵot

∂ρ∂ρ′
∂2ϵot

∂ρ∂Π′

∂2ϵot

∂ρ∂Π
∂2ϵot

∂Π2
∂2ϵot

∂Π∂ρ′
∂2ϵot

∂Π∂Π′

∂2ϵot

∂ρ∂ρ′
∂2ϵot

∂Π∂ρ′
∂2ϵot

∂ρ′2
∂2ϵot

∂ρ′∂Π′

∂2ϵot

∂ρ∂Π′
∂2ϵot

∂Π∂Π′
∂2ϵot

∂ρ′∂Π′
∂2ϵot

∂Π′2

 (40)

See Appendix D for a description of how fot is evaluated.
As we will see, F is always contracted with the ∆ den-

sity elements. We define the Hessian-vector product∆·F
to be the on-top gradient response.

[∆ · F]ut = F q,u
p,t ∆

p
q +

1

2
F qs,u
pr,t ∆

pr
qs (41a)

[∆ · F]uwtv = F q,uw
p,tv ∆p

q +
1

2
F qs,uw
pr,tv ∆pr

qs (41b)

We directly compute the elements of ∆ · F on the grid
by moving the contraction with ∆ within the integral,
thereby avoiding constructing tensors of up to rank 8.
We see this by first noting that the density variables ρ⃗
are linear with respect to the RDM elements

ρ⃗∆ =
∂ρ⃗

∂γpq
∆p

q +
∂ρ⃗

∂γprqs
∆pr

qs =
∂ρ⃗

∂γ
·∆ (42)

Thus, contracting Eq. 38 with the elements of the ∆, we
find that the elements of ∆ · F are given by

[∆ · F]qp =

∫
drρ⃗⊤∆ · fot · ∂ρ⃗

∂γpq
(43a)

[∆ · F]qspr = 2

∫
drρ⃗⊤∆ · fot · ∂ρ⃗

∂γprqs
(43b)

The derivative of the EL−PDFT
Γ with respect to the

zero-order density matrix elements is given by

∂EL−PDFT
Γ

∂γ̌tu
= J u

t [∆] + [∆ · F]ut (44a)

∂EL−PDFT
Γ

∂γ̌tvuw
=

1

2
[∆ · F]uwtv (44b)

Using Eq. 30, we see that the L-PDFT energy implicit
response to MO rotations is

∂EL−PDFT
Γ

∂γ̌
· ∂γ̌
∂κyx

= 2
[
Fimpl − F †

impl

]x
y

(45)

where Fimpl is the implicit contribution to the L-PDFT
generalized Fock matrix.

[Fimpl]
x
y =

(
J q

y [∆] + [∆ · F]qy
)
γ̌xq + [∆ · F]qsyrγ̌xrqs (46)

Additionally, if we consider Eq. 33, we find that

∂γ̌pq
∂PΛ

M

= 2ωΛγ
Mp
Λq (47a)

∂γ̌prqs
∂PΛ

M

= 2ωΛγ
Mpr
Λqs (47b)

Therefore, we have that the implicit response of
EL−PDFT

Γ to state rotations out of the model space is
given by

∂EL−PDFT
Γ

∂γ̌
· ∂γ̌

∂PΛ
M

= 2ωΛG
M
Λ (48)

where we have defined GM
Λ as

GM
Λ = ⟨M |Ĝ|Λ⟩ (49)

Ĝ =
(
J q

p [∆] + [∆ · F]qp
)
Êp

q +
1

2
[∆ · F]qspr êprqs (50)

3. Response Summary

Given the above decompositions, we have the L-PDFT
energy response to orbitals rotations is given by

∂EL−PDFT
Γ

∂κyx
= 2
[
F − F †]x

y
(51)

where F is the full L-PDFT generalized Fock matrix.

F x
y =[Fex + Fimpl]

x
y

=
(
hqy + J q

y [γ̌] + V q
y

)
γxq + vqsyrγ

xr
qs

+
(
J q

y [∆] + [∆ · F]qy
)
γ̌xq + [∆ · F]qsyrγ̌xrqs

(52)

Additionally, we have that the L-PDFT energy response
to state rotations out of the model space is given by

∂EL−PDFT
Γ

∂PΛ
M

= 2

(
δΓΛ

[
ĤL−PDFT

]M
Λ

+ ωΛG
M
Λ

)
(53)

Note that when there is only one state within the model
space, γ̌ → γ and the L-PDFT energy is exactly the
same as the SS-MC-PDFT energy. Correspondingly, one
can see that all of the implicit terms would vanish from
Eqs. 52 and 53, which would result in the same response
equations as derived for the SS-MC-PDFT gradients.31
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D. Derivative of the Lagrangian

Having solved for the Lagrange multipliers in Eq. 27
via Eq. 29, the gradient of LΓ yields the same gradient
as fully differentiating EL−PDFT

Γ . Differentiating Eq. 27
with respect to nuclear displacements yields

dLΓ

dλ
=
dEL−PDFT

Γ

dλ

= ⟨Γ|dĤ
L−PDFT

dλ
|Γ⟩+ κ̄ · ∇κ

(
ωΛ ⟨Λ|dĤ

el

dλ
|Λ⟩
)

+ P̄⊥ · ∇P⊥

(
ωΛ ⟨Λ|dĤ

el

dλ
|Λ⟩
)

(54)

Both the electronic Hamiltonian and the L-PDFT
Hamiltonian in Eq. 54 are expressed within second quan-
tization, which requires that the MOs always be or-
thonormal. A change in nuclear coordinates can cause
the underlying MOs to no longer be orthogonal. In par-
ticular, if we consider the following AO to MO transfor-
mation at a fixed geometry (λ0),

|ϕp;λ0⟩ = Cp
µ |ϕµ;λ0⟩ (55)

then for any slight nuclear displacement δ, the overlap
between the perturbed MOs at the this perturbed geom-
etry is no longer orthonormal.

⟨ϕp;λ0 + δ|ϕq;λ0 + δ⟩ ≠ δqp (56)

To ensure that our MOs are orthogonal regard-
less of the geometry, we introduce the orthogonal
molecular orbital (OMO) picture40 (using the Löwdin
orthonormalization41),∣∣ψp̃;λ

〉
=
[
S− 1

2 (λ)
]p̃
p
Cp

µ |ϕµ;λ⟩ (57)

where S(λ) is the overlap matrix in the MO basis

Sp
q (λ) = ⟨ϕq;λ|ϕp;λ⟩ (58)

At the reference geometry (λ = λ0), the OMOs are the
same as the MOs since S(λ0) is the identity matrix.
Equation 57 also highlights that the transformation from
AOs to OMOs also depends on the nuclear coordinates.
The derivatives of the one- and two-electron integrals in
the OMO basis are given by

dhq̃p̃
dλ

= hqp,λ − 1

2

(
Sx
p,λh

q
x + Sq

x,λh
x
p

)
(59)

dgq̃s̃p̃r̃
dλ

= gqspr,λ−
1

2

(
Sp
x,λg

xr
qs + Sr

x,λg
px
qs + Sx

q,λg
pr
xs + Sx

s,λg
pr
qx

)
(60)

where hqp,λ and gqspr,λ are the derivatives of the one- and

two-electron integrals in the MO basis, and Sp
q,λ is the

derivative of the overlap matrix element. The term in-
volving the derivative of the overlap elements is often
called the “connection” or “renormalization” contribu-
tion. The one- and two-electron derivative integrals and
the overlap matrix elements are obtained in the AO basis
as

hµτ,λ = ⟨ϕτ,λ|ĥ|ϕµ⟩+
〈
ϕτ

∣∣∣ĥ∣∣∣ϕµ,λ〉+ ⟨ϕτ |
∂ĥ

∂λ
|ϕµ⟩ (61)

gµξτν,λ =
〈
ϕτ,λϕν

∣∣ĝ∣∣ϕµϕξ〉+ 〈
ϕτϕν,λ

∣∣ĝ∣∣ϕµϕξ〉
+
〈
ϕτϕν

∣∣∣ĝ∣∣∣ϕµ,λϕξ〉+
〈
ϕτϕν

∣∣∣ĝ∣∣∣ϕµϕξ,λ〉 (62)

Sµ
τ,λ = ⟨ϕτ,λ|ϕµ⟩+

〈
ϕτ

∣∣∣ϕµ,λ〉 (63)

where ϕτ,λ represents the partial derivative of ϕτ with
respect to the nuclear coordinate.

ϕτ,λ =
∂ϕτ
∂λ

(64)

Within the L-PDFT Hamiltonian, there are no explicit
two-electron integrals, but only Coulomb integrals. The
Coulomb derivative integrals, generated from a density
γ, are given by

J q
p,λ[γ] =

(
⟨ϕp,λϕr|ĝ|ϕqϕs⟩+

〈
ϕpϕr

∣∣ĝ∣∣ϕq,λϕs〉)γrs (65)

The derivative of the Coulomb contribution can be re-
written in terms of the Coulomb derivative integrals. For
example,

∂J q
p [γ̌]

∂λ
∆p

q = gqspr,λγ̌
r
s∆

p
q

= J q
p,λ[γ̌]∆

p
q + J q

p,λ[∆]γ̌pq

(66)

Since the on-top energy and on-top potential terms de-
pend on the collective density variables (which are con-
structed from the OMOs), they will also give a renormal-
ization contributions.31,32

dEot

dλ
= Eot

,λ − Sy
x,λ

(
V p
y γ̌

x
p + vqsyrγ̌

xr
qs

)
(67)

dV q̃
p̃

dλ
∆p̃

q̃ = V q
p̃,λ∆

p
q − Sy

x,λ

(
V p
y ∆

x
p + [∆ · F]pyγ̌xp

)
(68a)

dvq̃s̃p̃r̃
dλ

∆p̃r̃
q̃s̃ = vqspr,λ∆

pr
qs − 2Sy

x,λ

(
vqsyr∆

xr
qs + [∆ · F]qsyrγ̌xrqs

)
(68b)

The explicit derivatives of the on-top energy (Eot
,λ) and

one- and two-electron on-top potentials (V q
p,λ and vqspr,λ)

can be evaluated in various forms since the tensor con-
tractions can be performed in different orders. Here we
present the derivatives as they are implemented in our
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PySCF-forge implementation. The nuclear derivative
of the collective density variables can be written as

∂ρ⃗⊤γ
∂λ

=
[
∂ργ

∂λ
∂Πγ

∂λ

∂ρ′
γ

∂λ

∂Π′
γ

∂λ

]
+ δλ(r)∇ρ⃗γ · n⃗λ (69)

∂ργ
∂λ

= 2ϕp,λγ
p
qϕ

q
,λ (70)

∂Πγ

∂λ
= 2ϕp,λϕrγ

pr
qsϕ

qϕs (71)

∂ρ′γ
∂λ

= 2
(
ϕ′p,λϕ

q + ϕ′pϕ
q
,λ

)
γpq (72)

∂Π′
γ

∂λ
= 2
(
ϕ′p,λϕrϕ

qϕs + 3ϕ′pϕr,λϕ
qϕs
)
γprqs (73)

where δλ(r) is 1 if r is evaluated at a grid point associated
with the atom of the coordinate λ and is 0 otherwise,
and n⃗λ is the Cartesian unit vector for the coordinate
direction λ. The explicit derivative of the on-top energy
with respect to nuclear coordinates is given as

Eot
,λ =

∫
dr

(
vot · ∂ρ⃗γ̌

∂λ

)
+
{
ϵot
}
r∈G

· ∂w⃗
∂λ

(74)

where G is the set of all grid points, w⃗ is the correspond-
ing set of quadrature weights, vot is the derivative of the
on-top kernel with respect to the density variables,

vot = ∇ρ⃗ϵ
ot =

[
∂ϵot

∂ρ
∂ϵot

∂Π
∂ϵot

∂ρ′
∂ϵot

∂Π′

]
(75)

and {
ϵot
}⊤
r∈G

=
[
ϵot(r1) ϵot(r2) . . . ϵot(rn)

]
(76)

is the on-top kernel evaluated at every grid point (as a
vector). See Appendix C for how vot is evaluated. The
nuclear derivative of the on-top potential is given as

V q
p,λ =

∫
dr

(
∂ρ⃗⊤

∂γpq
· fot · ∂ρ⃗γ̌

∂λ
+ vot · ∂2ρ⃗

∂γpq∂λ

)
+

{
vot · ∂ρ⃗

∂γpq

}
r∈G

· ∂w⃗
∂λ

(77a)

vqspr,λ = 2

∫
dr

(
∂ρ⃗⊤

∂γprqs
· fot · ∂ρ⃗γ̌

∂λ
+ vot · ∂2ρ⃗

∂γprqs∂λ

)
+ 2

{
vot · ∂ρ⃗

∂γprqs

}
r∈G

· ∂w⃗
∂λ

(77b)

However, because the density variables are linear with
respect to the RDM elements (Eq. 42), we can move the
contraction with ∆ in Eq. 68 within the integral (just like
in Eq. 43). Additionally, to reduce quadrature loops, we
evaluate the on-top energy derivative at the same time

such that the nuclear derivative due to all on-top terms
is given as

Eot
,λ + V q

p,λ∆
p
q +

1

2
vqspr,λ∆

pr
qs

=

∫
dr

(
ρ⃗⊤∆ · fot · ∂ρ⃗γ̌

∂λ
+ vot · ∂ρ⃗γ

∂λ

)
+
{
ϵot + vot · ρ⃗∆

}
r∈G

· ∂w⃗
∂λ

(78)

We can therefore write the full gradient of the L-PDFT
energy for state |Γ⟩ as

dEL−PDFT
Γ

dλ
= ⟨Γ|dĤ

L−PDFT

dλ
|Γ⟩

+ hqp,λγ̆
p
q +

1

2
gqspr,λγ̆

pr
qs − Sy

x,λF̆ x
y

(79)

where γ̆ are the effective RDM elements, which contain
the Lagrange multiplier terms as

γ̆pq =
(
γ̌xq κ̄

p
x − γ̌pxκ̄

x
q

)
+ ωΛP̄Λ

M

[
Ê+ Ê†

]Mp

Λq
(80a)

γ̆prqs =
(
γ̌xrqs κ̄

p
x − γ̌prxsκ̄

x
q + γ̌pxqs κ̄

r
x − γ̌prqxκ̄

x
s

)
+ ωΛP̄Λ

M

[
ê+ ê†

]Mpr

Λqs

(80b)

and F̆ is the effective Fock matrix,

F̆µ
τ = hντ γ̆

µ
ν + gνξτηγ̆

µη
νξ (81)

The L-PDFT Hellmann-Feynman contribution is given
as

⟨Γ|dĤ
L−PDFT

dλ
|Γ⟩ =hqp,λγpq + J q

p,λ[γ̌]∆
p
q + J q

p,λ[γ]γ̌
p
q

+ V nuc
,λ + Eot

,λ + V q
p,λ∆

p
q +

1

2
vqspr,λ∆

pr
qs

− Sy
x,λF x

y

(82)

where F is the generalized L-PDFT Fock matrix (defined
in Eq. 52). Equations 80 and 81 are essentially the same
as those that appear in other Lagrange-based analytic
gradient approaches.30–32,52

III. COMPUTATIONAL METHODS

All calculations used PySCF53,54 (Version 2.3, commit
v1.1-8104-g6c1ea86eb) compiled with the libxc55,56

(Version 6.1.0) and libcint57 (Version 6.0.0) libraries,
mrh58 (commit SHA-1 b3185fe), and PySCF-forge59

(commit SHA-1 c503f41). Geometry optimizations were
performed with the geomeTRIC60 package (version 1.0)
within PySCF. All PDFT calculations used a numeri-
cal quadrature grid size of 6 (80/120 radial points and
770/974 angular points for atoms of periods 1/2 re-
spectively). All L-PDFT calculations used the model
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TABLE I. Systems studied along with the symmetry, basis set, number of states (N), number of active electrons (ne), active
space orbitals, and the on-top functional used.

System Sym.a Basis Set N ne Active Orbitals Functional

HeH+ C1 cc-pVDZ42 2 2 σ, σ∗ tPBE19,43

ftSVWN3b

LiH C1 aug-cc-pVTZ42,48 2 2 σ, σ∗ tPBE19,43

ftPBE43,44

formaldehyde C1 jun-cc-pVTZ42,48–51 2 12 full valence tPBE19,43

s-trans-butadiene C2h jul-cc-pVTZ42,48–51 2 (1Ag) 4 2(π, π∗) tPBE19,43

phenol C1 jul-cc-pVDZ42,48–51 3 12 3(π, π∗), pz of O tPBE19,43

σOH, σ
∗
OH, σCO, σ

∗
CO

cytosine Cs jul-cc-pVTZ42,48–51 3 (1A′) 14 5π, 3π∗, and 2 lone-pairs tPBE19,43

a Point group symmetry
b ftSVWN3 is a fully-translated44 local-spin-density approximation with the exchange functional being the one called Slater
exchange45,46 in libxc and the correlation functional being correlation functional number 3 of Vosko, Wilk, and Nusair 47 .

space spanned by the SA-CASSCF eigenvectors to con-
struct ĤL−PDFT and equal weights (ωI = ωJ). System-
specific computational details including symmetry, basis
set, number of states in the model space, active space,
and on-top functional used are summarized in Table I.

Numerical gradients were computed using the central
difference method. Because there is a dependence on the
step size (δ), we calculated numerical gradients with dif-
fering δ and extrapolated to the δ → 0 limit. Specifically,
a linear regression of the numerical gradient versus δ2 is
performed for a subset of data where the correlation coef-
ficient R2 is greater than 0.9, and the y-intercept is taken
to be the extrapolated numerical gradient.

Both numerical and analytic gradients suffer from nu-
merical error since they rely on a wave function that is
only converged to finite precision. For all comparisons
between analytic and numerical gradients, we use an en-
ergy convergence threshold of 10−12 hartree and an or-
bital and CI rotation gradient threshold of 10−6. For
convenience, we will refer to the numerical gradient as
the reference for the rest of this manuscript (as we have
done previously32,61). We also define the unsigned error
(UE) (in units of hartree/bohr) and relative error (RE)
(unitless) as

UE = |Analytic−Numerical| (83)

RE =

∣∣∣∣Analytic−Numerical

Numerical

∣∣∣∣ (84)

IV. RESULTS AND DISCUSSION

A. Validation of Analytic Gradients Using Diatomic
Molecules

We first test our analytic gradient implementation with
translated and fully-translated functionals at a variety of
points on the potential energy curves of two diatomic sys-
tems: HeH+62–66 and LiH.67–71 Analytic and numerical
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FIG. 1. Distribution of the common log of the unsigned (a,c)
and relative (b,d) error of analytic gradients relative to nu-
merical gradients for all states of HeH+ at various internuclear
distances. The top row (a,b) is using the tPBE functional and
bottom row (c,d) is using the ftSVWN3 functional.

gradients were computed for interatomic distances in the
range 0.4 Å to 4.0 Å with a step size of 0.1 Å. As both
the common log of UE and RE occur in roughly standard
distributions, we present the errors as histograms.

HeH+ is the simplest possible system for which many
terms in the programmable equations for L-PDFT an-
alytic gradients do not vanish due to symmetry. The
log10(UE) and log10(RE) distributions for both the tPBE
and ftSVWN3 functional are shown in Fig. 1. For the
tPBE functional, the majority of the UEs are below
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FIG. 2. Distribution of the common log of the unsigned (a,c)
and relative (b,d) error of analytic gradients relative to nu-
merical gradients for all states of LiH at various internuclear
distances. The top row (a,b) is for the tPBE functional, and
the bottom row (c,d) is for the ftPBE functional.

1 × 10−5 hartree/bohr whereas for the ftSVWN3 func-
tional they are below 1 × 10−6 hartree/bohr. The RE is
fairly constant throughout the potential energy curve for
both functionals (Fig. S1 and S2) with the RE for tPBE
being an order of magnitude greater than for ftSVWN3.

The log10(UE) and log10(RE) distributions using both
the tPBE and ftPBE functionals for the lowest two 1Σ+

states of LiH are summarized in Fig. 2. We see that
the majority of UEs are below 1 × 10−4 hartree/bohr
for tPBE and below 1 × 10−5 hartree/bohr for ftPBE.
There are slightly larger REs for both functionals in the
dissociation region of the potential energy curve (Figs.
S3 and S4) which are likely due to the flatness of the
potential. For example, the largest REs for tPBE and
ftPBE occur on the upper 1Σ+ state at 2.7 Å and 2.8 Å
with analytic gradients of 1.7532×10−3 hartree/bohr and
9.0825× 10−5 hartree/bohr respectively.

Table II summarizes the statistical agreement be-
tween the analytic and numerical gradients for both
systems and all functionals. Overall, tPBE has mean
unsigned error (MUE) of 1.4 × 10−5 hartree/bohr and
2.5× 10−5 hartree/bohr for HeH+ and LiH respectively;
these are consistent with our previous implementations
of MC-PDFT gradients. There, we saw that the analytic
and numerical gradients for LiH computed with tPBE
and CMS-tPBE had MUEs of 4 × 10−5 hartree/bohr32

and 4.9× 10−5 hartree/bohr61 respectively.

The fully-translated functionals have better agreement

TABLE II. Mean signed error (MSE), mean unsigned error
(MUE), and root-mean-squared error (RMSE) of the analytic
gradients relative to the numerical gradients. All values are
in hartree/bohr.

HeH+ LiH

Functional tPBE ftSVWN3 tPBE ftPBE

MSE 2.2× 10−6 −1.2× 10−7 −3.8× 10−6 5.3× 10−7

MUE 1.4× 10−5 9.0× 10−7 2.5× 10−5 4.4× 10−6

RMSE 5.1× 10−5 1.9× 10−6 5.1× 10−5 9.1× 10−6

with the numerical gradients for both HeH+ and LiH
(Table II). This can likely be attributed to the fact that
translated functionals have a discontinuity in the first
derivative of the translation scheme (where values of R in
Eq. A9 equal 1); and since L-PDFT gradients require the
second derivative, this discontinuity leads to larger nu-
merical instabilities. The fully-translated functionals, on
the other hand, use a polynomial interpolation to avoid
the discontinuity (Appendix A), and this likely leads to
more accurate gradients.
Overall, we find good agreement between the analytic

and numerical gradients at all geometries considered for
both HeH+ and LiH using both translated and fully-
translated functionals.

B. Formaldehyde

Here we consider calculations with a full-valence active
space of the optimized ground state (S0) and the first ex-
cited state of n→ π∗ character (S1) of formaldehyde. In
the ground state, formaldehyde is a planar molecule with
C2v symmetry. For the first excited state of formalde-
hyde, it is known that the C––O double bond is elongated,
and the molecule is no longer planar. We define η to be
the angle between the H–C–H plane and the C––O bond,
which is a measure of the nonplanarity of the structure.
We will take as our reference the experimental ground-
and excited-state geometries reported by Duncan 72 and
Jensen and Bunker 73 respectively.
The L-PDFT ground- and excited-state structural pa-

rameters are summarized in Table III, where they are
compared to results obtained by other methods including
MC-PDFT32 and CASPT2.74 Both the MC-PDFT and
CASPT2 calculations utilize a full-valence active space,
with the MC-PDFT calculation also including two ad-
ditional oxygen lone-pair orbitals. Additionally, there
are results61 from MC-PDFT and compressed multi-state
PDFT (CMS-PDFT)26 using a smaller (6,5) active space.
This smaller active space was chosen using the ABC2
automatic active-space selection scheme75 by setting the
parameters A, B, and C to 3, 2, and 0 respectively. We
also include results from high-level single-reference meth-
ods computed by Budzák, Scalmani, and Jacquemin 74

including second-order algebraic diagrammatic construc-
tion (ADC(2)),76 second-order coupled cluster (CC2),77
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TABLE III. L-PDFT ground and first excited state bond lengths, bond angles, and out-of-plane dihedral (η) for formaldehyde
compared with various methods. All bond lengths are in Å and all angles are in degrees. Experimental uncertainty shown in
parentheses.

State Method Basis Set rCO rCH θHCH η

S0

L-PDFT(12,10) jun-cc-pVTZ 1.210 1.115 116.4 0
SA-CASSCF(12,12)32 aug-cc-pVTZ 1.214 1.103 117.3 0
MC-PDFT(12,12)32 aug-cc-pVTZ 1.210 1.114 116.1 0
MC-PDFT(6,5)61 jun-cc-pVTZ 1.202 1.112 115.8 0
CMS-PDFT(6,5)61 jun-cc-pVTZ 1.203 1.112 115.8 0
CASPT2(12,10)74 aug-cc-pVTZ 1.209 1.102 116.1 0
ADC(2)74 aug-cc-pVTZ 1.209 1.096 116.5 0
CCSD74 aug-cc-pVTZ 1.201 1.097 116.4 0
CCSDR(3)74 aug-cc-pVTZ 1.207 1.100 116.4 0
CC274 aug-cc-pVTZ 1.217 1.098 116.4 0
CC374 aug-cc-pVTZ 1.208 1.100 116.2 0
expt.72 1.207(1) 1.117(1) 116.2(1) 0

S1

L-PDFT(12,10) jun-cc-pVTZ 1.328 1.100 118.1 35
SA-CASSCF(12,12)32 aug-cc-pVTZ 1.356 1.079 118.1 32
MC-PDFT(12,12)32 aug-cc-pVTZ 1.323 1.102 117.6 28
MC-PDFT(6,5)61 jun-cc-pVTZ 1.333 1.095 119.9 30
CMS-PDFT(6,5)61 jun-cc-pVTZ 1.333 1.095 119.9 30
CASPT2(12,10)74 aug-cc-pVTZ 1.326 1.090 118.1 38
ADC(2)74 aug-cc-pVTZ 1.380 1.081 123.8 19
CCSD74 aug-cc-pVTZ 1.300 1.087 118.9 30.9
CCSDR(3)74 aug-cc-pVTZ 1.320 1.089 118.2 37
CC274 aug-cc-pVTZ 1.353 1.085 121.3 29.5
CC374 aug-cc-pVTZ 1.326 1.089 118.3 37
expt.73 1.323(3) 1.103(1) 118.1(1) 34

third-order coupled cluster (CC3),78,79 and coupled clus-
ter response method with single and double excitations
and noniterative connected triple excitations from CC3
(CCSDR(3)).80

Relative to the experimental geometry, the L-PDFT
ground-state C––O bond length differs by 0.003 Å, the
C–H bond length differs by 0.002 Å, and the H–C–H
bond angle differs by 0.2◦ (Table III). For the excited
state, the L-PDFT structure has a deviation of 0.005 Å
for the C––O bond length, 0.003 Å for the C–H bond
length, and 1◦ for the out-of-plane dihedral (η) relative
to the experimental geometry (Table III). The L-PDFT
H–C–H bond angle agrees with the experimental value
to within 0.1◦. L-PDFT has the most accurate η and
H–C–H bond angle values of any of the methods pre-
sented.

Overall, for predicting the ground- and excited-state
structures of formaldehyde, L-PDFT performs similarly
to MC-PDFT with the slightly larger (12,12) active space
and also similarly to the much more expensive CASPT2
method with the same active space.

Table IV summarizes the adiabatic and vertical excita-
tion energies calculated by L-PDFT and compares them
with results from the literature. All values exclude the
vibrational ZPE. We take the experimental vertical exci-
tation energy measured by electron-impact spectroscopy
as our reference.82 It is not possible to compare the adia-

TABLE IV. L-PDFT adiabatic and vertical excitations in
eV (not including vibration ZPE) for the first excited state of
formaldehyde compared to reported values in the literature.

Method Basis Set Adiabatic Vertical

L-PDFT(12,10) jun-cc-pVTZ 3.61 3.98
SA-CASSCF(12,12)32 aug-cc-pVTZ 3.56 4.04
MC-PDFT(12,12)32 aug-cc-pVTZ 3.58 3.92
MC-PDFT(6,5)61 jun-cc-pVTZ 3.65 4.07
CMS-PDFT(6,5)61 jun-cc-pVTZ 3.65 4.07
CASPT2(12,10)74 aug-cc-pVTZ 3.53 3.92
ADC(2)74 aug-cc-pVTZ 3.92
CCSDR(3)74 aug-cc-pVTZ 3.97
CC374,81 aug-cc-pVTZ 3.58 3.96
expt.82 3.79

batic excitation energy to experiments without the vibra-
tional ZPE. Instead, since the CC3 method is known to
get within 0.03 eV of the extrapolated full configuration
interaction for a variety of molecules,81 we take CC3 to
be our reference for the adiabatic excitation energy.

Like MC-PDFT, L-PDFT overestimates the vertical
excitation energy with a difference of 0.19 eV relative to
the experimental value.82 However, this should be con-
sidered in the context that all methods presented in Ta-
ble IV deviate by more than 0.1 eV from the experimen-
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tal vertical excitation energy, which may itself have some
uncertainty. The L-PDFT predicted vertical excitation
energy only differs from the CC3 result by 0.02 eV and
the much more expensive CASPT2 by 0.06 eV. Addition-
ally, L-PDFT almost exactly reproduces the CC3 adia-
batic excitation energy, with a slightly higher excitation
energy as compared to CASPT2. Overall, L-PDFT per-
forms similarly to CC3, MC-PDFT, and CASPT2 in pre-
dicting both the adiabatic and vertical excitation energies
of formaldehyde.

C. s-trans-butadiene

Unlike formaldehyde, s-trans-butadiene has been
shown to have a strong multireference character even
in its 1Ag ground state.84 Table V summarizes the se-
lected optimized structural parameters of the 1 and 2
1Ag states of s-trans-butadiene as calculated by L-PDFT
and other multireference methods.32 All active spaces are
comprised of four electrons in two π orbitals and two
π∗ orbitals. Our reference for the ground-state struc-
ture is the experimental geometry from Haugen et al. 83 ,
whereas for the excited-state structure we take our prior
results calculated at the CASPT2(4,4) level of theory as
our reference.32

In general, L-PDFT performs similarly to both MC-
PDFT and CASPT2 at predicting the equilibrium struc-
tures. For the ground state, L-PDFT deviates slightly
from MC-PDFT for the C–C bond length (difference
of 0.007 Å), but still does better than CASPT2. Both
L-PDFT and MC-PDFT deviate the most from the ex-
perimental C––C bond length. For the excited state, L-
PDFT and MC-PDFT agree on nearly every parame-
ter except for the C–C bond length where they differ
by only 0.002 Å. Overall, L-PDFT performs similarly to
both MC-PDFT and CASPT2 at predicting the ground-
and excited-state structures of the challenging s-trans-
butadiene molecule.

The theoretical best estimate (TBE) of the vertical
excitation energy of s-trans-butadiene to the 2 1Ag state
is 6.39 eV.85 Multi-state CASPT286 using a (4,4) active
space at the equilibrium geometry predicts a vertical ex-
citation of 6.69 eV,84 0.3 eV above the TBE. Table VI
summarizes the adiabatic and vertical excitation ener-
gies of L-PDFT as compared to the previously computed
SA-CASSCF, MC-PDFT, and CASPT2 energies using a
two-state model space with a (4,4) active space.32 Al-
though the L-PDFT vertical excitation energy differs by
only 0.1 eV from the CASPT2 predicted adiabatic ex-
citation energy and by only 0.01 eV from MC-PDFT, it
overestimates the vertical excitation energy by more than
0.5 eV as compared to the best available estimate.

D. Phenol

The photochemistry of phenol has been extensively
studied as it is a prototype of the 1πσ∗ motif which
is common in a variety of biomolecules and aromatic
compounds.12,87–94 In the original L-PDFT paper, we
studied the O–H photodissociation potential energy sur-
face and found that L-PDFT was able to correctly model
the potential energy surface near the conical intersection,
whereas MC-PDFT surfaces unphysically crossed.27 Our
active space in this paper is the same as in our prior
studies of phenol26,27,61 consisting of 3(π, π∗), the pz of
O, and the C–O and O–H σ and σ∗ orbitals.
Selected L-PDFT optimized ground- and first excited-

state internal coordinates of phenol are presented in Ta-
ble VII and are compared with results from other, simi-
lar methods. Our reference for the ground- and excited-
state geometries are the experimental structures deter-
mined by Larsen 95 and Spangenberg, Imhof, and Klein-
ermanns 96 respectively. All of the PDFT and CASSCF
methods in Table VII use the same (12,11) active space.
We also include results from a high-level semiempirical fit
that was designed to replicate the ZPE-inclusive exper-
imental adiabatic excitation energy.92 All of the meth-
ods in the table predict relatively similar ground-state
geometries, in line with the experimentally determined
geometry.95 Of interest is that the excited-state geometry
optimized with MC-PDFT is nonplanar, with a substan-
tial C–C–O–H dihedral of 14.3◦.61 It was noted that
CMS-PDFT does not suffer from this incorrect nonpla-
narity because it correctly incorporates the state inter-
action between S0 and S1. L-PDFT also correctly pre-
dicts a planar excited-state geometry, in agreement with
CMS-PDFT61 and experimental results.96 This confirms
that L-PDFT accounts for the state interaction as well
as CMS-PDFT does. Overall, L-PDFT performs better
than MC-PDFT in accurately predicting the first excited-
state geometry of phenol, and the results are similar to
those for CMS-PDFT and other high-level methods.
Table VIII contains a summary of the vertical and adi-

abatic excitation energies of phenol as obtained by L-
PDFT and other methods. As in our previous work,61

we take as our reference the high-level semiempirical fit
by Zhu, Malbon, and Yarkony 92 for both excitation en-
ergies. We also include results from CC299 (for which
the ground-state geometries are optimized at the second-
order Møller-Plesset perturbation theory (MP2)104,105),
internally contracted multireference configuration in-
teraction (MRCI)106 based on a CASSCF(10,9) wave
function,100 and CASPT2 using a (8,8)97 and (10,10)98

active space. Both the MRCI and CASPT2 results were
computed at their respective reference CASSCF opti-
mized geometries.

L-PDFT performs similarly to the previously reported
MC-PDFT results61 and overestimates the vertical and
adiabatic excitation energy relative to the reference by
about 0.2 eV. Comparatively, CASPT2 using both an
(8,8)97 and (10,10)98 active space underestimates the
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TABLE V. Selected L-PDFT optimized internal coordinates for the ground and excited 1Ag states of s-trans-butadiene as
compared to results from other methods. All bond lengths are in Å and all bond angles are in degrees. Experimental uncertainty
shown in parentheses.

State Method Basis Set r
C−−C

rCC θCCC

1 1Ag

L-PDFT(4,4) jul-cc-pVTZ 1.335 1.460 124.1
SA-CASSCF(4,4)32 aug-cc-pVTZ 1.345 1.456 124.3
MC-PDFT(4,4)32 aug-cc-pVTZ 1.336 1.470 124.1
CASPT2(4,4)32 aug-cc-pVTZ 1.342 1.454 123.6
expt.83 1.343(1) 1.467(1) 122.8(5)

2 1Ag

L-PDFT(4,4) jul-cc-pVTZ 1.496 1.399 124.1
SA-CASSCF(4,4)32 aug-cc-pVTZ 1.489 1.413 123.2
MC-PDFT(4,4)32 aug-cc-pVTZ 1.496 1.397 124.1
CASPT2(4,4)32 aug-cc-pVTZ 1.488 1.394 122.1

TABLE VI. L-PDFT adiabatic and vertical excitations in eV
(not including vibrational ZPE) for the 2 1Ag state of s-trans-
butadiene compared to reported values in the literature. The
experimental uncertainty is shown in parentheses.

Method Basis Set Adiabatic Vertical

L-PDFT(4,4) jul-cc-pVTZ 5.78 6.92
SA-CASSCF(4,4)32 aug-cc-pVTZ 5.42 6.57
MC-PDFT(4,4)32 aug-cc-pVTZ 5.77 6.91
CASPT2(4,4)32 aug-cc-pVTZ 5.68 6.68
CCSDa84 6-31G** 7.69
MS-CASPT2(4,4)a84 6-31G** 6.69
TBEb85 6.39(7)

a Excitation energy calculated at experimental equilibrium
geometry.

b Theoretical best estimate.

vertical and adiabatic excitation energy by more than
0.2 eV. The relative difference between the L-PDFT ver-
tical and adiabatic excitation energies is 0.18 eV which is
similar to the relative difference of 0.17 eV predicted by
the semiempirical fit.92

E. Cytosine

Finally, we report the optimized ground- and excited-
state geometries and the adiabatic and vertical excita-
tion energies of the nucleobase cytosine (Fig. 3). Pre-
vious studies have shown that the (14,10) active space
composed of five π, two lone-pair, and three π∗ orbitals
is sufficient for studying the low-lying excited states of
cytosine.107–109

For the ground state, we take the experimental struc-
ture determined by Barker and Marsh 102 as our ref-
erence. Tables IX and X contain selected optimized
bond lengths and angles respectively obtained from L-
PDFT and other methods. All methods presented in
Table IX perform similarly with a mean unsigned devia-
tion (MUD) of 0.02 Å relative to the experimental bond

C1

N2

C3

C4

C5

N6

N7

O8

FIG. 3. Ground-state geometry of cytosine optimized with
L-PDFT.

lengths. L-PDFT performs identically to MC-PDFT for
determining the cytosine bond angles with an MUD of
1.6◦ for both methods.

Due to the lack of experimental data for the 2 1A′ re-
laxed geometry, we take the MS-CASPT2 with an (8,7)
active space from the study by Nakayama, Yamazaki, and
Taketsugu 103 as our reference. Tables XI and XII com-
pares the same selected 2 1A′ optimized bond lengths
and bond angles for L-PDFT and other methods. All
methods give similar optimized bond lengths for the ex-
cited state with L-PDFT and MC-PDFT both having
a MUD of 0.02 Å. CASPT2 and SA-CASSCF have rel-
atively larger MUDs of 0.04 Å and 0.05 Å respectively.



13

TABLE VII. L-PDFT selected internal coordinates for the ground- and first excited-state of phenol compared with various
methods. All bond lengths are in Å and all angles are in degrees. The experimental uncertainty is shown in parentheses.

State Method Basis Set Avg. rCC rCO rOH θCOH τCCOH

S0

L-PDFT(12,11) jul-cc-pVDZ 1.400 1.369 0.962 109.4 0.0
SA-CASSCF(12,11)61 jul-cc-pVDZ 1.399 1.384 0.966 109.3 0.0
MC-PDFT(12,11)61 jul-cc-pVDZ 1.401 1.370 0.964 109.2 0.0
CMS-PDFT(12,11)61 jul-cc-pVDZ 1.398 1.367 0.966 109.2 0.0
semiemp. fit92 1.395 1.382 0.965 108.5 0.0
expt.95 1.393 1.375(5) 0.957(6) 108.8(4) 0.0

S1

L-PDFT(12,11) jul-cc-pVDZ 1.431 1.346 0.964 109.4 0.0
SA-CASSCF(12,11)61 jul-cc-pVDZ 1.434 1.379 0.960 109.3 0.0
MC-PDFT(12,11)61 jul-cc-pVDZ 1.429 1.337 0.975 108.2 14.3
CMS-PDFT(12,11)61 jul-cc-pVDZ 1.435 1.362 0.962 109.2 0.0
semiemp. fit92 1.427 1.367 0.963 108.7 0.0
expt.96 1.423 1.356 0.992 108.8 0.0

TABLE VIII. L-PDFT adiabatic and vertical excitations in
eV (not including vibration ZPE) for the first excited state of
phenol compared to reported values in the literature.

Method Basis Set Adiabatic Vertical

L-PDFT(12,11) jul-cc-pVDZ 4.85 5.03
SA-CASSCF(12,11)61 jul-cc-pVDZ 4.73 4.93
MC-PDFT(12,11)61 jul-cc-pVDZ 4.83 5.03
CMS-PDFT(12,11)61 jul-cc-pVDZ 4.72 4.93
CASPT2(8,8)a97 cc-pVDZ 4.36 4.64
CASPT2(10,10)a98 aug(O)-AVTZb 4.37 4.52
CC2c99 aug-cc-PVDZ 4.67 4.86
MRCI(10,9)ad100 aug-cc-pVDZ 4.82 4.75
semiemp. fit92 4.66 4.83

a Excitations calculated at the CASSCF optimized geometry.
b Modified aug-cc-pVTZ basis set with extra even tempered sets
of s and p diffuse functions on the oxygen atom.

c Ground state optimized with MP2 and excited state optimized
with CC2.

d It is possible for the vertical excitation to be lower than the
adiabatic excitation when the excitations are computed at
geometries optimized at a different level of theory.

L-PDFT and MC-PDFT predict similar bond angles of
the excited state, with L-PDFT being slightly closer to
the MS-CASPT2 results with a MUD of 1.1◦. CASPT2
has the widest difference in the bond angles, and it over-
estimates the 7-5-6 bond angle by about 7◦ as compared
to all of the other methods.

Table XIII summarizes the adiabatic and vertical ex-
citation energies for the 2 1A′ state of cytosine com-
puted at various levels of theory. We take the experi-
mental vertical excitation from Abouaf et al. 111 , and the
MS-CASPT2(12,9) result (ground-state geometry opti-
mized with MP2 and excited-state geometry optimized
with MS-CASPT2(8,7)) as the reference for the adia-
batic excitation energy Nakayama, Yamazaki, and Taket-
sugu 103 . All methods, except CC2, perform similarly
with L-PDFT underestimating the reference vertical ex-

citation energy the most. CC2 gets the closest to the
experimental vertical excitation energy, differing only by
0.11 eV. Both L-PDFT and MC-PDFT get within 0.1 eV
of the MS-CASPT2 adiabatic excitation energy. Overall,
L-PDFT differs from MC-PDFT by only 0.03 eV for both
the adiabatic and vertical excitation energies.

V. CONCLUSION

We presented the derivation and implementation of an-
alytic nuclear gradients for L-PDFT calculations based
on SA-CASSCF wave functions. Because the L-PDFT
wave function is not fully variational with respect to
all its parameters, we used a Lagrangian method sim-
ilar to that used previously for SA-CASSCF and MC-
PDFT analytic gradients. As in SA-CASSCF, we as-
sumed equal weights to exclude the model states from
the response equations. We then implemented the gradi-
ents in PySCF-forge, which is a library of PySCF ex-
tensions, and we showed that they agree with numerical
gradients for both HeH+ and LiH using both translated
and fully-translated functionals. We showed the utility of
the L-PDFT analytic gradients by optimizing the ground
and first excited singlet states of formaldehyde, s-trans-
butadiene, phenol, and the nucleobase cytosine. Whereas
MC-PDFT predicts a nonplanar first excited state of phe-
nol, we showed that L-PDFT correctly predicts a planar
structure. Additionally, we computed the vertical and
adiabatic excitation energy for each molecule and saw
that L-PDFT performs similarly for excitation energies
to MC-PDFT and other high-level multireference meth-
ods like CASPT2.
These results are consistent with our prior study

and benchmarking of L-PDFT for calculating vertical
excitation energies and for modeling potential energy
surfaces.27,29 The results are especially encouraging be-
cause of the low cost of L-PDFT relative to CASPT2 and
MRCI. We conclude that L-PDFT is promising new tool
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TABLE IX. Selected L-PDFT ground state cytosine bond lengths (in Å) compared with similar methods and experimental
quantities. Atoms are labeled according to Fig. 3.

Method Basis Set C1-N2 N2-C3 C3-C4 C4-C5 C5-N7 C5-N6 N6-C1 C1-O8 MUDa

L-PDFT(14,10) jul-cc-pVTZ 1.438 1.344 1.361 1.434 1.352 1.327 1.363 1.218 0.02
SA-CASSCF(14,10)32 aug-cc-pVTZ 1.391 1.354 1.346 1.446 1.350 1.291 1.391 1.296 0.02
MC-PDFT(14,10)32 aug-cc-pVTZ 1.440 1.340 1.358 1.436 1.351 1.326 1.364 1.215 0.02
CCSD101 TZP 1.416 1.360 1.353 1.446 1.357 1.313 1.379 1.214 0.02
CASPT2(14,10)32 6-311G+(2df) 1.420 1.362 1.357 1.443 1.360 1.320 1.378 1.222 0.02
expt.102 1.374 1.357 1.342 1.424 1.330 1.337 1.364 1.234

a Mean unsigned deviation from experiment.

TABLE X. Selected L-PDFT ground state cytosine bond angles (in degrees) compared with similar methods and experimental
quantities. Atoms are labeled according to Fig. 3.

Methoda θ6-1-2 θ5-6-1 θ4-5-6 θ3-2-1 θ3-4-5 θ4-3-2 θ8-1-2 θ8-1-6 θ7-5-6 θ7-5-4 MUDb

L-PDFT(14,10) 116.0 120.4 124.2 123.2 115.8 120.4 117.3 126.6 116.2 119.6 1.6
SA-CASSCF(14,10)32 119.3 119.3 120.6 122.3 118.4 120.3 120.0 120.8 118.0 121.7 0.9
MC-PDFT(14,10)32 115.8 120.5 124.0 123.4 115.7 119.6 117.5 117.7 116.4 119.5 1.6
CCSD101 119.7 120.1 119.5 121.9 118.8 120.2 120.9 119.6 119.2 121.5 1.3
CASPT2(14,10)32 119.9 120.1 119.3 121.7 118.9 120.3 120.9 119.4 119.5 121.4 1.4
expt.102 119.1 119.9 122.0 122.7 117.3 120.1 119.8 122.2 118.2 119.9

a Methods are the same as in Table IX.
b Mean unsigned deviation from experiment.

for studying exited-state geometries, both vertical and
adiabatic energies, photochemical reactions, and elec-
tronically nonadiabatic dynamics.

SUPPLEMENTARY MATERIAL

See the supplementary material associated with this
article for the analytic and numerical gradients of HeH+

and LiH at each geometry and L-PDFT optimized struc-
tures with their corresponding energies.
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Appendix A: The Translated and Fully-Translated On-Top
Functionals

Current generation on-top functionals include
translated19 or fully-translated44 KS local-spin density
approximations or generalized gradient approximations
functionals. These on-top functionals are defined such
that

Eot[ρ⃗] = Exc
[
⃗̃ρ
]

(A1)

where Exc is a KS exchange-correlation functional and
⃗̃ρ are the collective translated (or fully-translated) spin-
density variables and their gradients.

⃗̃ρ⊤ =
[
ρ↑ ρ↓ σ↑↑ σ↑↓ σ↓↓

]
(A2)

Here, ρ↑ and ρ↓ are effective spin densities, with primes
denoting the gradient with respect to electron coordinate;
and σ↑↑, σ↑↓, and σ↓↓ being the inner product of the
effective spin density gradients.

σ↑↑ = ρ′↑ · ρ′↑ (A3a)

σ↑↓ = ρ′↑ · ρ′↓ (A3b)

σ↓↓ = ρ′↓ · ρ′↓ (A3c)

For translated functionals, the following mapping is
used to generate the effective spin densities and their
gradients from the wave function’s density and on-top
pair density:

ρ↑ =
ρ

2
(1 + ζt) (A4)
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TABLE XI. Selected L-PDFT 2 1A′ excited state cytosine bond lengths (in Å) compared with similar methods and experimental
quantities. Atoms are labeled according to Fig. 3.

Method Basis Set C1-N2 N2-C3 C3-C4 C4-C5 C5-N7 C5-N6 N6-C1 C1-O8 MUDa

L-PDFT(14,10) jul-cc-pVTZ 1.398 1.390 1.415 1.376 1.361 1.406 1.313 1.271 0.02
SA-CASSCF(14,10)32 aug-cc-pVTZ 1.358 1.381 1.424 1.365 1.372 1.417 1.274 1.328 0.04
MC-PDFT(14,10)32 aug-cc-pVTZ 1.429 1.382 1.416 1.385 1.369 1.416 1.342 1.236 0.02
CASPT2(14,10)32 6-311G+(2df) 1.453 1.301 1.394 1.444 1.350 1.320 1.374 1.210 0.05
MS-CASPT2(8,7)103 Sapporo-DZP 1.410 1.376 1.430 1.391 1.397 1.351 1.325 1.276

a Mean unsigned deviation from MS-CASPT2.

TABLE XII. Selected L-PDFT 2 1A′ excited state cytosine bond angles (in degrees) compared with similar methods and
experimental quantities. Atoms are labeled according to Fig. 3.

Methoda θ6-1-2 θ5-6-1 θ4-5-6 θ3-2-1 θ3-4-5 θ4-3-2 θ8-1-2 θ8-1-6 θ7-5-6 θ7-5-4 MUDb

L-PDFT(14,10) 122.7 117.1 122.6 121.7 119.9 115.9 114.1 123.2 111.9 125.5 1.1
SA-CASSCF(14,10)32 126.6 116.1 121.6 119.8 119.6 116.4 112.1 121.2 112.7 125.8 1.6
MC-PDFT(14,10)32 121.4 118.1 121.7 121.1 120.4 117.4 115.7 122.9 112.2 126.2 1.9
CASPT2(14,10)32 118.1 119.1 122.8 123.4 118.4 118.3 116.7 125.2 119.0 118.3 3.0
MS-CASPT2(8,7)103 123.0 115.8 123.4 122.7 119.6 115.4 111.8 125.2 112.8 123.7

a Methods are the same as in Table XI.
b Mean unsigned deviation from MS-CASPT2.

TABLE XIII. L-PDFT adiabatic and vertical excitations in
eV (not including vibration ZPE) for the 2 1A′ state of cyto-
sine compared to reported values in the literature.

Method Basis Set Adiabatic Vertical

L-PDFT(14,10) jul-cc-pVTZ 4.05 4.42
MC-PDFT(14,10)32 aug-cc-pVTZ 4.08 4.45
CC2110 aug-cc-pVDZ 4.54
MS-CASPT2(12,9)a103 Sapporo-DZP 3.98 4.48
expt.111 4.65

a Ground-state geometry optimized with MP2 and excited-state
geometry optimized with MS-CASPT2(8,7).

ρ↓ =
ρ

2
(1− ζt) (A5)

ρ′↑ =
ρ′

2
(1 + ζt) (A6)

ρ′↓ =
ρ′

2
(1− ζt) (A7)

where ζt is given by

ζt =

{√
1−R R ≤ 1

0 R > 1
(A8)

and R is proportional to the ratio of the on-top density
to the density.

R =
4Π

ρ2
(A9)

Both ζt and R are functions of r. Functionals translated
by this scheme are simply known as ‘translated’ function-
als and are given the prefix ‘t’.19

The above translation scheme has a discontinuity in its
first derivative at R = 1. The fully-translated scheme44

fixes this by using a polynomial interpolation to smooth
out the discontinuity in the region of R close to 1 as

ρ↑ =
ρ

2
(1 + ζft) (A10)

ρ↓ =
ρ

2
(1− ζft) (A11)

ρ′↑ =
ρ′

2
(1 + ζft) +

ρ

2
ζ ′ft (A12)

ρ′↓ =
ρ′

2
(1− ζft)−

ρ

2
ζ ′ft (A13)

where ζft is

ζft =


√
1−R R < R0

P (R) R0 ≤ R ≤ R1

0 R > R1

(A14)

and P is the polynomial interpolation from R0 to R1.

P = P (R) = A(R−R1)
5
+B(R−R1)

4
+ C(R−R1)

3

(A15)
The gradient of ζft is given by

ζ ′ft =


− R′

2ζft
R < R0

R′P (1) R0 ≤ R ≤ R1

0 R > R1

(A16)
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TABLE XIV. Parameter values for the fully-translated
scheme.

Parameter Value

R0 0.9
R1 1.15
A −475.606 560 09
B −379.473 319 22
C −85.381 496 82

where R′ is written as

R′ =
4Π′

ρ2
− 8Πρ′

ρ3
= R

(
Π′

Π
− 2ρ′

ρ

)
(A17)

and P (1) is the first derivative of P with respect to R.

P (1) = 5A(R−R1)
4
+ 4B(R−R1)

3
+ 3C(R−R1)

2

(A18)
The parameters A,B,C,R0, and R1 are given in Ta-
ble XIV
ζt can be considered a special case of ζft with R0 =

R1 = 1. Then, ζ can be used to denote either ζt or
ζft with it being clear from the context which form is
being used. Consequently, the main difference between
translated and fully-translated functionals is the form of
ρ′↑ and ρ′↓.

Appendix B: SA-CASSCF Hessian in the L-PDFT
Eigenstate Basis

The CI portion of the SA-CASSCF Hessian matrix,

HESA

P⊥P⊥ , can be expressed either in the SA-CASSCF or

L-PDFT eigenstate basis. We define ΘMN
IJ and Θ̃MN

ΛΓ as
the elements of the CI Hessian in the SA-CASSCF and
L-PDFT eigenstate bases respectively.

ΘMN
IJ =

∂2ESA

∂P I
M∂P

J
N

(B1)

Θ̃MN
ΛΓ =

∂2ESA

∂PΛ
M∂P

Γ
N

(B2)

From Eq. 30 of Ref. 30, the elements of HESA

P⊥P⊥ in the
SA-CASSCF eigenstate basis can be written as

ΘMN
IJ =

2δIJ
nSA

⟨M |
(
Ĥel − ECAS

I

)
|N⟩ (B3)

where nSA are the number of states in the model space,
Ĥel is the real electronic Hamiltonian, and ECAS

I is the
CASSCF energy for state |I⟩.
In our implementation, we evaluate HESA

P⊥P⊥ in the L-

PDFT eigenstate basis. The matrices ΘMN and Θ̃MN

are related to one another by the transformation matrix

U that rotates the SA-CASSCF states into the L-PDFT
states.

˜ΘMN = U⊤ΘMNU (B4)

Hence, we have that

∂2ESA

∂PΛ
M∂P

Γ
N

=
2

nSA
⟨M |

(
δΓΛĤ

el − ECAS
I U I

ΓU
I
Λ

)
|N⟩ (B5)

where U I
Γ are elements of the matrix U. Note that

ECAS
I U I

ΓU
I
Λ contains off-diagonal elements that most im-

plementations of the SA-CASSCF Hessian matrix, which
usually presume evaluation in the SA-CASSCF eigen-
state basis, would omit.

Appendix C: On-Top Gradient

The first derivative of the on-top kernel (ϵxc) with re-
spect to the density variables ρ⃗ (vot) is obtained using
the chain-rule

vot = vxc · J⃗̃ρ
ρ⃗ (C1)

where vxc is described by

vxc = ∇⃗̃ρϵ
xc =

[
∂ϵxc

∂ρ↑
∂ϵxc

∂ρ↓
∂ϵxc

∂σ↑↑
∂ϵxc

∂σ↑↓
∂ϵxc

∂σ↓↓

]
(C2)

J
⃗̃ρ
ρ⃗ =



∂ρ↑
∂ρ

∂ρ↑
∂Π

∂ρ↑
∂ρ′

∂ρ↑
∂Π′

∂ρ↓
∂ρ

∂ρ↓
∂Π

∂ρ↓
∂ρ′

∂ρ↓
∂Π′

∂σ↑↑
∂ρ

∂σ↑↑
∂Π

∂σ↑↑
∂ρ′

∂σ↑↑
∂Π′

∂σ↑↓
∂ρ

∂σ↑↓
∂Π

∂σ↑↓
∂ρ′

∂σ↑↓
∂Π′

∂σ↓↓
∂ρ

∂σ↓↓
∂Π

∂σ↓↓
∂ρ′

∂σ↓↓
∂Π′

 (C3)

and J
⃗̃ρ
ρ⃗ is the Jacobian matrix for the translation scheme

(which has been derived previously).31,32

Appendix D: On-Top Hessian

The Hessian of the on-top kernel, fot, is generated from
fxc via the nonlinear change of variables induced by the
translation scheme:

fot =
(
J
⃗̃ρ
ρ⃗

)⊤
· fxc · J⃗̃ρ

ρ⃗ +vxc ·H⃗̃ρ
ρ⃗ (D1)

fxc =



∂2ϵxc

∂ρ2
↑

∂2ϵxc

∂ρ↑∂ρ↓
∂2ϵxc

∂ρ2
↓

∂2ϵxc

∂ρ↑∂σ↑↑
∂2ϵxc

∂ρ↓∂σ↑↑
∂2ϵxc

∂σ2
↑↑

∂2ϵxc

∂ρ↑∂σ↑↓
∂2ϵxc

∂ρ↓∂σ↑↓
∂2ϵxc

∂σ↑↑∂σ↑↓
∂2ϵot

∂σ2
↑↓

∂2ϵxc

∂ρ↑∂σ↓↓
∂2ϵxc

∂ρ↓∂σ↓↓
∂2ϵxc

∂σ↑↑∂σ↓↓
∂2ϵot

∂σ↑↓∂σ↓↓
∂2ϵot

∂σ2
↓↓


(D2)
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where vxc is the first derivative of ϵxc with respect to ⃗̃ρ
(Eq. C2), fxc is defined as the symmetric matrix (here
we show only the lower triangle) of the Hessian of ϵxc

with respect to the translated effective spin-density vari-

ables and their gradients, J
⃗̃ρ
ρ⃗ is the translation Jacobian

(Eq. C3),31,32 and H
⃗̃ρ
ρ⃗ is the Hessian of the translation.

Both vxc and fxc are evaluated using standard KS den-
sity functional theory techniques. Specifically, in the
PySCF implementation, they are evaluated using libxc.
Throughout the rest of this section, we will only show the
lower triangular portion of all Hessian matrices since they
are symmetric.

Due to the complexity of these equations, we will in-
stead derive the necessary equations through a serious of
transformation with much more manageable Jacobians
and Hessians. We will denote each set of coordinates
(except the first and last corresponding to ⃗̃ρ and ρ⃗) as
(a, b) which corresponds to the variables a, b, σaa, σab,
σbb. Correspondingly, we have that σ denotes the inner
product between the gradient of the two variables as

σaa = a′ · a′ (D3a)

σab = a′ · b′ (D3b)

σbb = b′ · b′ (D3c)

Furthermore, we have that the gradient and Hessian of
ϵxc with respect to these variables are denoted as vab and
fab respectively.

vab =
[
ϵxca ϵxcb ϵxcσaa

ϵxcσab
ϵxcσbb

]
=
[
∂ϵxc

∂a
∂ϵxc

∂b
∂ϵxc

∂σaa

∂ϵxc

∂σab

∂ϵxc

∂σbb

] (D4)

fab =



∂2ϵxc

∂a2

∂2ϵxc

∂a∂b
∂2ϵxc

∂b2
∂2ϵxc

∂a∂σaa

∂2ϵxc

∂b∂σaa

∂2ϵxc

∂σ2
aa

∂2ϵxc

∂a∂σab

∂2ϵxc

∂b∂σab

∂2ϵxc

∂σaa∂σab

∂2ϵxc

∂σ2
ab

∂2ϵxc

∂a∂σbb

∂2ϵxc

∂b∂σbb

∂2ϵxc

∂σaa∂σbb

∂2ϵxc

∂σab∂σbb

∂2ϵxc

∂σ2
bb

 (D5)

Furthermore, for the transformation of (a, b) to (c, d), we

will let Jab
cd and Hab

cd be the corresponding Jacobian and
Hessian of the transformation respectively.

The first transformation step involves going from spin-
separated electron density and its derivatives to charge
density (ρ) and spin density (m) and their derivatives.
In this sense, (a, b) = (ρ,m) so that we are translating as
follows: 

ρ
m
σρρ
σρm
σmm

→


ρ↑
ρ↓
σ↑↑
σ↑↓
σ↓↓

 (D6)

The coordinates are related by the following linear trans-

formation:
ρ↑
ρ↓
σ↑↑
σ↑↓
σ↓↓

 =


1
2 (ρ+m)
1
2 (ρ−m)

1
4 (σρρ + σmm) + 1

2σρm
1
4 (σρρ − σmm)

1
4 (σρρ + σmm)− 1

2σρm

 (D7)

Since this is a strictly linear transformation, we can see
that fxc can be related to the Hessian of ϵxc with respect
to (ρ,m) and their gradients as

fρm =
(
J↑↓
ρm

)⊤
· fxc · J↑↓

ρm (D8)

J↑↓
ρm =

1

4


2 2 0 0 0
2 −2 0 0 0
0 0 1 2 1
0 0 1 0 −1
0 0 1 −2 1

 (D9)

Most subsequent intermediate translation steps to the
coordinates ρ and Π will differ depending on whether
the functional is translated or fully-translated. We first
start with the simpler translated case and then go to the
fully-translated case. Generally speaking though, we will
undergo the following change of variables:

1. (ρ,m) to (ρ, ζ) .

2. (ρ, ζ) to (ρ,R).

3. (ρ,R) to (ρ,Π).

4. (ρ,Π) to ρ⃗.

The Hessians are related to one another by

fρζ =
(
Jρm
ρζ

)⊤
· fρm · Jρm

ρζ +vρm ·Hρm
ρζ (D10)

fρR =
(
Jρζ
ρR

)⊤
· fρζ · Jρζ

ρR +vρζ ·Hρζ
ρR (D11)

fρΠ =
(
JρR
ρΠ

)⊤
· fρR · JρR

ρΠ +vρR ·HρR
ρΠ (D12)

fot =
(
JρΠ
ρ⃗

)⊤
· fρΠ · JρΠ

ρ⃗ +vρΠ ·HρΠ
ρ⃗ (D13)

and the gradients are related by

vρm = vxc · J↑↓
ρm (D14)

vρζ = vρm · Jρm
ρζ (D15)

vρR = vρζ · Jρζ
ρR (D16)
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vρΠ = vρΠ · JρR
ρΠ (D17)

All Jacobians and Hessians used for the translated
functionals will be prefixed with a ‘t’ (for example, tJ and
tH), and Jacobians and Hessians used for fully-translated

functionals will be prefixed with an ‘ft’ (for example, ftJ

and ftH). Once we arrive at the coordinates of (ρ,Π),
we can then change the variables to ρ⃗, which will be the
same for translated and fully-translated functionals.

1. Translated On-Top Hessian

We now go to the variables (ρ, ζ) by
ρ
m
σρρ
σρm
σmm

 =


ρ
ρζ
σρρ
ζσρρ
ζ2σρρ

 (D18)

Then

tJρm
ρζ =


1 0 0 0 0
ζ ρ 0 0 0
0 0 1 0 0
0 σρρ ζ 0 0
0 2ζσρρ ζ2 0 0

 (D19)

vρm · tHρm
ρζ =


0
ϵotm 2ϵotσmm

σρρ
0 ϵotσρm

+ 2ϵotσmm
ζ 0

0 0 0 0
0 0 0 0 0

 (D20)

Our next transformation is to (ρ,R) using
ρ
ζ
σρρ
σρζ
σζζ

 =


ρ

f(R)
σρρ
0
0

 (D21)

Note that in the translated case, there is no dependence
on ζ ′; therefore, the σρζ and σζζ components do not con-
tribute. Here, we are treating f(R) = f and a general

function of R where f ′ = df
dR . Our Jacobian and Hessian

for this step are

tJρζ
ρR =


1 0 0 0 0
0 f ′ 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

 (D22)

vρζ · tHρζ
ρR =


0
0 ϵotζ f

′′

0 0 0
0 0 0 0
0 0 0 0 0

 (D23)

where f ′′ is the second derivative of ζ with respect to R.
Next we go to the (ρ,Π) variables by the following

transformation: 
ρ
R
σρρ
σρR
σRR

 =


ρ
4Π
ρ2

σρρ
0
0

 (D24)

Again, we can omit the σρR and σRR variables since
translated functionals do not depend on R′. This trans-
formation results in

tJρR
ρΠ =

4

ρ2


1 0 0 0 0

−2Π
ρ 1 0 0 0

0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

 (D25)

vρR · tHρR
ρΠ =

2ϵotR
ρ2


3R
−4
ρ 0

0 0 0
0 0 0 0
0 0 0 0 0

 (D26)

2. Fully-Translated On-Top Hessian

For the fully-translated case, going to the (ρ,m) vari-
ables modifies σρm and σmm in Eq. D18 such that

ρ
m
σρρ
σρm
σmm

 =


ρ
ρζ
σρρ

ζσρρ + ρσρζ
ζ2σρρ + 2ρζσρζ + ρ2σζζ

 (D27)

The fully-translated Jacobian and Hessian for this trans-
lation step are slight modifications of the translated ma-
trices.

ftJρm
ρζ = tJρm

ρζ + J̃
ρm

ρζ (D28)

J̃
ρm

ρζ =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
σρζ 0 0 ρ 0

2(ρσζζ + ζσρζ) 2ρσρζ 0 2ρζ ρ2

 (D29)

vρm · ftHρm
ρζ = vρm · tHρm

ρζ + vρm · H̃ρm

ρζ (D30)

vρm · H̃ρm

ρζ =


2ϵotσmm

σζζ
2ϵotσmm

σρζ 0
0 0 0

ϵotσρm
+ 2ϵotσmm

ζ 2ϵotσmm
ρ 0 0

2ϵotσmm
ρ 0 0 0 0

 (D31)



19

For the next transformation step to (ρ,R), we must in-
clude the transformations for σρζ and σζζ so that Eq. D21
is modified to be


ρ
ζ
σρρ
σρζ
σζζ

 =


ρ

f(R)
σρρ
f ′σρR

(f ′)
2
σRR

 (D32)

This leads to the modified Jacobian and Hessian as

ftJρζ
ρR = tJρζ

ρR + J̃
ρζ

ρR (D33)

J̃
ρζ

ρR =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 σρRf

′′ 0 f ′ 0

0 2σRRf
′′f ′ 0 0 (f ′)

2

 (D34)

vρζ · ftHρζ
ρR = vρζ · tHρζ

ρR + vρζ · H̃ρζ

ρR (D35)

vρζ · H̃ρζ

ρR = ϵotσρζ
H

σρζ

ρR +ϵotσζζ
H

σζζ

ρR (D36)

where H
σρζ

ρR and H
σζζ

ρR are the Hessians of σρζ and σζζ

with respect to the (ρ,R) variables.

H
σρζ

ρR =


0
0 σρRf

′′′

0 0 0
0 f ′′ 0 0
0 0 0 0 0

 (D37)

H
σζζ

ρR =


0

0 2σRR

(
f ′′′f ′ + (f ′′)

2
)

0 0 0
0 0 0 0
0 2f ′′f ′ 0 0 0

 (D38)

The final transformation we must consider separately
for the fully-translated functionals is to the (ρ,Π) co-
ordinate. Here, we must include the transformation of
the σρR and σRR, which are not included in the trans-
lated case. The modified form of Eq. D24 for the fully-
translated case is thus


ρ
R
σρρ
σρR
σRR

 =


ρ
4Π
ρ2

σρρ
4
ρ2

(
σρΠ − 2Π

ρ σρρ

)
16
ρ4

(
4Π2

ρ2 σρρ − 4Π
ρ σρΠ + σΠΠ

)

 (D39)

The fully-translated Jacobian is given by

ftJρR
ρΠ = tJρR

ρΠ + J̃
ρR

ρΠ (D40)

J̃
ρR

ρΠ =
4

ρ2


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2
ρ

(
3Πσρρ

ρ − σρΠ

)
−2σρρ

ρ
−2Π
ρ 1 0

16
ρ3

(
5ΠσρΠ

ρ − 6Π2σρρ

ρ2 − σΠΠ

)
16
ρ3

(
2Πσρρ

ρ − σρΠ

)
16Π2

ρ4
−16Π
ρ3

4
ρ2

 (D41)

And the fully-translated Hessian term is given by

vρR · ftHρR
ρΠ = vρR · tHρR

ρΠ + vρR · H̃ρR

ρΠ (D42)

vρR · H̃ρR

ρΠ = ϵotσρR
H

σρR

ρΠ +ϵotσRR
HσRR

ρΠ (D43)

with H
σρR

ρΠ and HσRR

ρΠ the Hessian of σρR and σRR with

respect to the (ρ,Π) variables given by

H
σρR

ρΠ =


24
ρ3 (σρΠ −Rσρρ)

24σρρ

ρ4 0
6R
ρ2

−8
ρ3 0

−8
ρ3 0 0 0

0 0 0 0 0

 (D44)
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HσRR

ρΠ =
8

ρ3



21R2σρρ

ρ − 60RσρΠ

ρ2 + 40σΠΠ

ρ3

8
ρ2

(
5σρΠ

ρ − 3Rσρρ

)
16σρρ

ρ3

−3R2 4R
ρ 0

10R
ρ

−8
ρ2 0 0

−8
ρ2 0 0 0 0


(D45)

3. Unpacking the Sigma Vector

At this point in both the translated and fully-
translated cases, we have arrived at the Hessian of ϵxc

with respect to ρ, Π, σρρ, σρΠ, and σΠΠ. It is fairly easy
to transform to the canonical variables of ρ⃗ by noting
that

σρρ = ρ′ · ρ′ (D46)

σρΠ = ρ′ ·Π′ (D47)

σΠΠ = Π′ ·Π′ (D48)

Hence, we have that

fot =
(
JρΠ
ρ⃗

)⊤
· fρΠ · JρΠ

ρ⃗ +vρΠ ·HρΠ
ρ⃗ (D49)

JρΠ
ρ⃗ =

1 0 0 0 0
0 1 0 0 0
0 0 2ρ′ Π′ 0
0 0 0 ρ′ 2Π′

 (D50)

vρΠ ·HρΠ
ρ⃗ =


0
0 0
0 0 2ϵotσρρ

0 0 ϵotσρΠ
2ϵotσΠΠ

 (D51)
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A. Becker, K. Blaum, S. George, J. Göck, M. Grieser, F. Grussie,
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