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Abstract 

Modeling complex materials using high-fdelity, ab-initio methods at low cost is a fun-

damental goal for quantum chemical software packages. The GW approximation and 

random phase approximation (RPA) provide a unifed description of both electronic 

structure and total energies using the same physics in a many-body perturbative ap-

proach that can be more accurate than generalized-gradient density functional theory 

(DFT) methods. However, GW/RPA implementations have historically been limited 
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to either specifc materials classes or application towards small chemical systems. The 

static subspace approximation allows for reduced cost full-frequency GW/RPA calcu-

lations and has previously been benchmarked thoroughly for GW calculations. Here, 

we describe our approach to including partial occupations of electronic orbitals in full-

frequency GW and RPA calculations for the study of electrocatalysts. We benchmarked 

RPA total energy calculations using the subspace approximation across a diverse test 

suite of materials for a variety of computational parameters. The benchmarking quan-

tifes the impact of diferent extrapolation procedures for representing the static polar-

izability at infnite screened cutof, and shows that using screened cutofs above 20-25 

Ryd result in diminishing accuracy returns for predicting RPA total energies. Addi-

tionally, for moderately sized electrocatalytic models, 2-3 times fewer computational 

resources are used to compute RPA total energies by representing the static polariz-

ability with 20-30% of the static subspace basis, with an error of approximately 0.01 

eV or better in RPA adsorption energy calculations. Finally, we show that for these 

electrochemical models RPA can shift DFT adsorption energy shifts by up to 0.5 eV 

and that GW can frequently shift DFT eigenvalues of surface and adsorbate states by 

approximately 0.5-1 eV. 

Introduction 

The materials and catalysts needed for renewable energy applications such as fuel cells, bat-

teries, electrolyzers, and solar cells are complex and diverse, and understanding their prop-

erties requires accurate and performant quantum chemical modeling software. Although 

current density functional theory (DFT) packages are mature and widely used in chemistry 

research,1–7 implementations of more expensive beyond-DFT approaches, such as the GW 

approximation and random phase approximation (RPA), are less well developed. Such im-

plementations typically are targeted towards certain material classes, such as semiconductors 

and molecules, since these tend to show larger beyond-DFT exchange-correlation efects due 
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to reduced electronic screening.8–10 Additionally, many beyond-DFT software packages scale 

poorly to large system sizes due to parallelization limitations and the well-known nominal 

quartic dependence of the computational resources needed on the system size (at minimum). 

Despite these issues, the ab-initio accuracy improvement of RPA and GW in describing, 

on average, molecular reaction energies, lattice constants, surface adsorption, and electronic 

structures in comparison to generalized-gradient DFT methods is appealing and been a major 

driver of their continued development.11 

Electrocatalysts provide an interesting challenge to beyond-DFT methodologies because 

they are composed of catalysts that can be metallic,12,13 semimetallic,14–17 or semiconduct-

ing,18 and they are in contact with molecules. Accurate electronic structure and total en-

ergy descriptions of (semi)metallic catalysts, along with any adsorbates present, requires 

beyond-DFT exchange-correlation efects within a framework that can treat partially occu-

pied electronic orbitals. Realistic models of electrocatalytic surfaces also commonly require 

signifcantly larger computational models19–22 relative to studies of simpler solid materials 

that are periodic in three dimensions. For example, the number of atoms in the slab model 

may be large so that adsorbate coverage efects can be studied, while vacuum/solvent space 

at least as wide as the surface model is used to prevent unphysical interactions in the aperi-

odic supercell direction. Together, these efects can increase the cost of surface calculations 

by at least an order of magnitude. This increased cost requires highly efcient and parallel 

software, and can greatly beneft from modern, GPU-based supercomputers.23,24 

The BerkeleyGW computational package has been shown to scale well well to systems 

with thousands of atoms, take advantage of modern GPU computing resources, and provide 

an excellent platform for RPA, GW, and Bethe-Salpeter equation calculations.25,26 Histori-

cally, BerkeleyGW algorithmic improvements that further reduce the cost of GW approxima-

tion calculations have focused on implementations that enable the study of semiconducting 

materials. For example, the static subspace approximation has been shown to dramatically 

reduce the cost of full-frequency GW calculations by using the eigenvectors of the static 
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polarizability to efciently represent the polarizability at other frequencies in place of the 

full basis of reciprocal lattice vectors.27 However, this approach has not been benchmarked 

for metallic systems with partially occupied orbitals nor for calculating RPA total energies. 

In insulating materials, the orbital occupations are defned by a step function at 0 K 

such that states below the Fermi level have an occupation of 1 while states above the Fermi 

level have an occupation of 0. In contrast, metallic systems do not have a band gap, but 

instead have one or more bands that cross the Fermi level. Consequently, implementations 

of quantum chemical methods involving the numerical integration of the Brillouin zone on a 

k-point grid in reciprocal space,28 as is common in periodic DFT and beyond-DFT software 

packages, must account for these partially occupied bands in metallic systems. Without 

introducing temperature, converging such calculations typically involves the use of a very 

fne k-point grid.29–31 A widely used alternative approach to dense sampling involves using 

occupations that are not exactly equal to 0 or 1 in the computational formalism. The step 

occupation function is replaced with a function that smoothly varies from 1 to 0 as it crosses 

the Fermi level, thus removing the numerical challenges associated with the Brillouin zone 

integral discontinuity. DFT and beyond-DFT packages typically implement the same small 

set of continuous occupation function options based on the Fermi-Dirac occupation function, 

the Gaussian function, and other more complicated functions. The frst-order Methfessel-

Paxton scheme (MP1)32 in particular is popular because it has been shown to yield converged 

total energies and other properties accurately and with the lowest computational expense, 

and is the approach used in this work.33 

In this work we analyze and benchmark the efect of partial occupations and the static 

subspace approximation on RPA and GW calculations, demonstrating that our implementa-

tion enables accurate GW and RPA calculations for a variety of systems, including metals, at 

scale. To this end, we frst briefy detail our method developments within the BerkeleyGW 

code that decrease the computational demands of RPA and GW, which include the imple-

mentation of partial occupations into the computation of the RPA polarizability and the 
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self-energy operator, and the implementation of the static subspace approximation to the 

RPA polarizability. Then, we explore the convergence behavior of RPA total energies with 

respect to key computational parameters for both a diverse test suite of materials and a num-

ber of (electro)catalytically relevant systems, including the size of the static subspace, the 

screened cutofs used in the RPA extrapolation, k-point grid density, and partial occupation 

broadening. 

2 Theory 

2.1 Partial occupations in χ0 and RPA total energies 

X 
In a plane-wave basis, the irreducible polarizability can be written as34 

Xval cond
1 X 

χ0 
G,G ′ (q, ω) = 

V 
k v c 

with 
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k 
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′k(q) ≡ ⟨ψnk+q|e i(q+G)·r|ψn ′k⟩ , (2) 

and 

∆vck(q, ω) = 

  gk(fc,k − fv,k+q)( 1 + 1 ) ϵv < ϵcϵn ′ ,k−ϵn,k+q−ω ϵn ′ ,k−ϵn,k+q+ω 
. (3) 

0 ϵv ≥ ϵc 

Here, k and q are vectors in the frst Brillouin zone, G and G′ are reciprocal lattice vectors, 

gk is k-point weight, ω is frequency, f is the state occupation, ψnk and εnk are the Kohn-

Sham (KS) orbitals and energies from the DFT starting point, V is the volume of the 

simulation cell, and v and c count fully+partially occupied and fully+partially unoccupied 

bands, respectively. We have used time-reversal symmetry to reduce the double summation 

over all states in the Adler-Wiser formulation to a double sum in which one sum is over 

conduction states and the other is over valence states (generalized so both contain partially 

occupied states),35 as is common in GW and RPA implementations. 
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In this work, all occupation factors are obtained from the 1st order Methfessel-Paxton 

(MP1) functional form 

−xf(ε) = 
1
(1 − erf(x)) − √ 

x
e 

2 
, (4)

2 2 π 

where x = ε− 
2σ

Ef , Ef is the Fermi energy, and σ = kB T is the broadening, with kB being the 

Boltzmann constant. 

To classify a band as fully occupied, partially occupied, or fully unoccupied, we defne an 

energy window and label the band based on its location relative to this window, as shown 

in Figure 1. We defne the smearing window such that any band whose occupation f falls 

within 10−6 < f < 1 − 10−6 is considered partially occupied. Consequently, occupations less 

than 0 (greater than 1), as can occur using MP1 broadening, are counted as fully unoccupied 

(occupied). We note that if a band is fully occupied or unoccupied at some k-points but 

partially occupied at others, it is counted as partially occupied. 

Figure 1: Schematic of f(ε) and visualization of the partially occupied window. Blue cor-
responds to fully occupied orbitals and red corresponds to fully unoccupied orbitals. The 
gradient between red and blue represents the partially occupied states. The function used 
to determine this smooth transition between occupied and unoccupied can be chosen as Eq. 
4 inside the code. 

An RPA total energy, ERP A , for a system can be calculated for KS orbitals as 

ERP A = F DF T − EXC + EX + ERP A 
corr , (5) 

where EXC is the DFT exchange-correlation energy, EX is the exchange energy as defned 

in Eq. 8 below, and ERP A is the RPA correlation energy. The exact exchange energy is the corr 

EDF T Hartree-Fock energy on KS orbitals, written as EXX = − EXC + EX . The DFT 
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


EDF THelmholtz energy, F DF T , is calculated as F DF T = − TSocc, with EDF T being the 

DFT internal energy, T the temperature, and Socc the entropy introduced due to the use of 

partial occupations. ERP A is calculated from the irreducible polarizability using the adiabaticcorr 

connection fuctuation-dissipation theorem (ACFDT) formalism as 

Z ∞ dω 
ERP A 

corr = Tr{ln[1 − χ0(iω)ν] + χ0(iω)ν}. (6)
2π0 

It has been previously shown that a fully nonlocal exchange-correlation functional can 

approximate the exact ACFDT exchange-correlation energy.36 The exchange and correlation 

parts can be separated such that at zero coupling strength,36,37 the exchange energy, EX , 

can be written as 

� �Z Z ∞2 1 1e 
d3rd3r ′ ′ ) + dωχ0(r, r ′ , iω) , (7)EX = − n(r)δ(r − r 

|r − r ′ |2 π 0 

with χ0 given by the occupation-dependent polarizability in Eq. 1. The frequency integral 

can be evaluated analytically based on the location of the poles of χ0 , as discussed by 

Harl, Schimka, and Kresse.37 Rearranging the resulting occupation factors, we can write the 

exchange energy as 

!XX−e2 

v(q + G) |Mnn ′ (k, q, G)|2EX = 
2 ′kqnn G    

  . 
(8)

fnk+q(1 − fn ′k), εn ′k < εnk+q 
fn ′kfnk+q + fn ′k(1 − fnk+q), εn ′k > εnk+q 

Note that the reciprocal space sum in parenthesis is just the Coulomb self energy of the 

pair density of states n ′k and nk + q, and the above is equal to the exchange energy in 

Hartree-Fock theory, except for the second occupation factor term in brackets above. That 

term contributes only when both states are partially occupied, because the lower eigenvalue 

contributes (1 − f) while the higher eigenvalue contributes f . (Also note that the combi-
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nation in brackets simplifes to the f corresponding to max(εn ′k, εnk+q), while the form in 

Eq. (8) emphasizes the correction with respect to the regular Hartree-Fock energy.) We have 

implemented this RPA variant of the exchange energy in JDFTx,38 sharing implementation 

with the standard exchange energy for hybrid functionals,39 with just the occupation factors 

modifed as above. 

The size of χ0 for a calculation is determined by the number of G-vectors with an energy 

less than the chosen screened cutof, Escreen. These RPA-ACFDT correlation energies are 

known to converge slowly with respect to Escreen. However, the functional form of this 

dependence is frequently modeled at high G by the free electron response function, which is 

known to be the Lindhard function 

ERP A ) = ERP A,∞ A 
(Escreen + 

3/2 
, (9)corr corr 

Escreen 

where A is a ftting constant and ERP A,∞ is the RPA correlation energy extrapolated tocorr 

infnite screened cutof used for calculating RPA total energies in Eq. 5.37 

2.2 Partial occupations in GW 

The GW approach solves the Dyson equation for the quasiparticle (QP) energies and wave-

functions,40 � � 
∇2 

QP QP QP QP− + Vion + VH + Σ(E ) ψ = E ψ (10)nk nk nk nk ,2 

where ∇ is the kinetic energy operator, Vion is the ionic potential, VH is the Hartree potential, 

Σ is the nonlocal, energy-dependent self energy within the GW approximation, and EQP andnk 

QPψnk are the quasiparticle energies and wavefunctions, respectively. Equation 10 is in Hartree 

atomic units. In the GW formalism, G refers to the one-body Green’s function and W the 

dynamically screened Coulomb interaction used to construct Σ. We use the single-particle 

wavefunctions from DFT as our quasiparticle wavefunctions (the diagonal approximation). 
QPIn equation 10, the self-energy operator Σ(Enk ) can be expressed within the contour-
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deformation formalism as41 

I Z ∞ 

Σ(ω) = 
i 

dω ′ G(ω + ω ′ )W (ω ′ ) − 
1

dω ′ G(ω + iω ′ )W (iω ′ ), (11)
2π 2π ∞ 

where the second term is the integral along the imaginary axis, and the frst term is the 

contour integral in Figure 2, discussed further below. In this work, we use the non-interacting 

Green’s function and screened Coulomb interaction, G0 and W0, in equation 11. 

W0 is calculated using 

W0,GG′ (q; ω) = ϵ−1 (12)GG′ (q; ω)v(q + G′ ), 

where v is the bare Coulomb interaction and ϵ is the full-frequency dielectric matrix. Within 

the random phase approximation42–44 ϵ is given by 

ϵGG′ (q; ω) = δGG′ − v(q + G)χ0 (13)GG′ (q; ω). 

In the equation above, χ0 is the irreducible polarizability from equation 1. 

The expression for the non-interacting Green’s function, G0, with partial occupations is 

given by45 

X 1 − fs fs
G0(ω) = lim ψsψs 

∗ [ + ], (14)
η→0 ω − (ϵs − iη) ω − (ϵs + iη)

s 

where fs is the occupation and εs is the Kohn-Sham energy corresponding to ψs. Here, we 

have suppressed the crystal momentum index k, where s = nk, and the spatial dependence 

for simplicity. 

Application of the Sokhotski–Plemelj formula to Eq.14 yields 

X 
Im G0(ω + ω ′ ) = iπ ψsψs 

∗ [−(1 − fs)δ(ω ′ − (ϵs − ω)) + fsδ(ω ′ − (ϵs − ω))]. (15) 
s 

9 
Pursuant to the DOE Public Access Plan, this document represents the authors' peer-reviewed, accepted manuscript. 

The published version of the article is available from the relevant publisher.



Note that at T = 0, the two pole terms in Eq. 15 collapse into a single term dictated by 

sgn(Ef − ϵs), or in other words, whether or not the band is valence or conduction: 

X 
Im G0,T =0(ω + ω ′ ) = iπ ψsψs 

∗ [sgn(Ef − ϵs)δ(ω ′ − (ϵs − ω))] (16) 
s 

In the T ≥ 0 case, we can visualize the contour and poles as shown in Figure 2 (adapted 

from Figure 13 in Ref. 41, which shows the T = 0 case). The poles of G0 appear both above 

and below the real axis, and are weighted by the occupation factor fs (occupied states) or 

1-fs (unoccupied states). The larger the value of the either fs or 1-fs, the darker the pole 

coloring and the higher its weight. The partial occupations enter into the screened coulomb 

interaction through the irreducible polarizability. 

Figure 2: Visualization of the contour and poles for the self-energy operator within the 
contour deformation formalism with occupation factors explicitly considered (fgure adapted 
from Ref. 41). The more lightly colored the pole, the smaller the value of the occupation 
factor (fs for occupied states, 1-fs for unoccupied states) 

The inclusion of partial occupations using the above method is straightforwardly appli-

cable to the evaluation of the GW electronic structure and RPA correlation energy using the 

static subspace approximation.27 Within this approach, the evaluation of the frequency de-

pendence part of the polarizability (as needed for the integration over the imaginary axis of 

equation 6) is calculated using a compressed basis obtained from the low rank approximation 
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of the static (ω = 0) polarizability.10,46–49 The new basis of size Nb is obtained by applying 

a selection criterion that determines whether a particular eigenpair should be retained. The 

eigenvectors selected in this way defne the subspace basis used to evaluate χ0(ω) for (ω ̸= 0). 

This is achieved by projection of the Mnn ′ (k, q, G) transition matrix elements of equation 2 

from their original plane-wave basis onto the subspace basis. If NG is the original plane-wave 

basis size used for the expansion of χ0 , the evaluation of its associated frequency dependent 

part is sped up by a factor proportional to (NG/Nb)
2 . We note that the χ0 basis set size 

used for RPA calculations here was defned using each screened cutof used in the Eq. 9 

extrapolation, which is less than the planewave cutof used in the DFT calculation. 

3 Computational Details 

Unless noted otherwise, DFT calculations were performed with the JDFTx code38 using a 60 

Ryd planewave cutof, SG15 ONCV norm-conserving pseudopotentials,50 and the Perdew-

Burke-Ernzerhof (PBE) generalized gradient approximation (GGA) functional.51 All calcu-

lations for the metallic systems used 1st order Methfessel-Paxton 1st order broadening with 

a broadening width of 0.2 eV, while the layered materials FeN4@G and 1T-MoS2 used a 

broadening width of 0.002 eV.32 A summary of the system sizes and the k/q-grids used for 

the RPA energy benchmarking results and application materials in section 4.4 are provided 

in Tables S1 and S2. The bulk solid AlN (conventional wurtzite and primitive zinc blende), 

MgO (conventional rock salt), InP (primitive zincblende), Si (primitive diamond-structured), 

Na (primitive bcc), Pd (primitive fcc), and Pt (primitive fcc) unit cell lattice vectors and ions 

were fully relaxed using the PBE functional. Vacuum space was added to create the surfaces 

such that each slab width plus any adsorbates was less than half the length of each z lattice 

vector. For the Pt(111), MgO(001), 1T-MoS2, and FeN4@G systems this was approximately 

15, 15, 15, and 12 Å of vacuum. The atom and molecule calculations were performed in a 

10.0 × 10.1 × 10.2 Å box at the Γ point. Unless noted otherwise, all molecules were relaxed 

11 
Pursuant to the DOE Public Access Plan, this document represents the authors' peer-reviewed, accepted manuscript. 

The published version of the article is available from the relevant publisher.

https://functional.51


using PBE. The reference energies for single atoms were calculated using the same method-

ology as the molecules and with spin states shown in Table S3. For the surfaces, Coulomb 

truncation was applied along the z axis, which was perpendicular to each surface.39 For the 

atoms and molecules, Coulomb truncation was applied along the x, y, and z axes. The lower 

two layers of the MgO(001) and Pt(111) surfaces were frozen for ionic optimizations. Only 

the x and y lattice vectors of the clean 1T-MoS2 and FeN4@G surfaces were allowed to relax, 

and were frozen for adsorption calculations. The fnal relaxed structures for the systems 

used in this work are provided as separate structures fles in CIF format. 

RPA and GW calculations were performed on the PBE wavefunctions with the Berke-

leyGW25 code with Coulomb truncation along the same lattice vectors as for the DFT 

calculations. The RPA screened cutof set used was 17-22 Ryd. Additional details about 

the RPA frequency grid used and errors due to number of imaginary frequencies used are 

discussed in the Supporting Information and shown in Figure S1. Briefy, we used a more 

conservative 16 imaginary frequencies for the benchmarking calculations in this work, and 

12 imaginary frequencies for the RPA surface calculations in section 4.4. The GW calcula-

tions were performed using a screened cutof of 25 Ryd and all possible bands in the epsilon 

summation by efciently representing Kohn-Sham states using the stochastic pseudobands 

approach.52–54 The Cu GW quasiparticle eigenvalue calculation was performed using the 

bulk fcc primitive cell at its experimental lattice constant of 3.61 Å. A subspace basis set 

size of 100 and all possible bands up to the planewave cutof (609) were included to facilitate 

comparison with literature.27 

Results 

The convergence of RPA total energies is dependent on DFT total energies, DFT wavefunc-

tions, the exact exchange energy, and RPA correlation energies. The convergence of DFT 

calculations is well-understood, and many works discussing relevant parameters have been 
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published.33,55,56 Calculations quantifying how RPA total energies converge with respect to 

a variety of interrelated computational parameters have been previously published, which 

are notably based on DFT results using projector augmented-wave (PAW) pseudopoten-

tials.37,57 In this work, we performed similar benchmarking for DFT results calculated using 

the SG15 ONCV pseudopotential50 set and the implementation of the above approach in 

BerkeleyGW.23,25,53 Here, we highlight how broadening, k/q-grid, the screened cutof ex-

trapolation, and the static subspace approximation impact RPA total energies because they 

are most directly tied to the new implementation described above. We also demonstrate the 

application of our approach to systems relevant to (electro)catalysis. 

4.1 Efect of broadening and k/q-grid 

Figure 3 shows that our implemented broadening scheme results in bulk solid Na RPA total 

energies that are stable with respect to both MP1 broadening width and k/q-grid. We note 

that for each set of points along the x-axis in the left subplot, the same k/q-grid was used for 

the DFT calculation, EXX calculation, and RPA calculation. These results are in excellent 

agreement with similar calculations in literature.37 The left subplot shows that although the 

Na ERP A 
corr and EXX energy terms converge in opposite directions with respect to k/q-grid, 

when added together as RPA total energies this dependence largely cancels such that the 

total RPA energy is much more stable than either of its constituent quantities. The solid vs. 

dashed lines show that this behavior is similar for two diferent broadening widths. Similarly, 

the right subplot shows that diferent MP1 broadening widths do not signifcantly change the 

convergence behavior of the bulk Na RPA total energy from the DFT total energy. Finally, 

we note similar behavior for bulk Pt (Figure S2). Overall, these results indicate that using a 

k/q-grid equivalent to a 12×12×12 k/q-grid for these bulk metals with primitive unit cells 

and 0.2 eV MP1 broadening width will yield reliable RPA total energies for metallic systems 

and use these settings for all results in this work. 
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, and ERP A Figure 3: (Left) Impact of k/q-grid on Na EXX , ERP A . Energies shown ascorr 

solid (dashed) lines were calculated using an MP1 broadening width of 0.2 (0.8) eV. All 
energies are shown relative to their value calculated using a 14×14×14 k/q-grid. For each 
set of points along the x-axis, the same k/q-grid was used for the DFT calculation, EXX 

and ERP A calculation, and RPA calculation. (Right) Change in Na EDF T as a function of 
the MP1 broadening width. All energies are shown relative to their value calculated using an 
MP1 broadening width of 0.02 eV. All energies were calculated using a 12×12×12 k/q-grid. 
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4.2 Screened cutof extrapolation for RPA total energies 

Previous work found that RPA correlation energy extrapolations using PAW pseudopoten-

tials produced accurate results using 8 screened cutofs with energies approximately 50-66% 

of the PAW planewave cutof.37 However, to our knowledge, similar calculations using the 

SG15 pseudopotential set, which might be most accurate using diferent screened cutofs, 

have not been performed. One important choice in RPA methodology involves the construc-

The set of ERP A tion of χ0 . corr (Escreen) used in each fnal RPA extrapolation (left-hand side of 

Eq. 9) could be calculated from χ0 constructed using bands with kinetic energy less than 

either: 1) each screened cutof such that the conduction band index (c-index) in Eq. 1 counts 

more unoccupied bands for the larger screened cutofs, or 2) the planewave cutof such that 

the c-index in Eq. 1 remains constant for diferent screened cutofs. 

The RPA atomization energies of 12 small molecules (H2, N2, O2, F2, P2, Cl2, HF, CO, 

H2O, NH3, C2H2, CH4) were calculated and compared to their experimental atomization 

energies as a benchmark. The experimental values were calculated from formation enthalpy 

data58 with the experimental zero-point energy59 removed. Each molecule’s bond lengths 

and angles were set to their experimental values.59 The RPA correlation energy for each 

molecule was calculated for each screened cutof between 10-50 Ryd, with an increment of 

1 Ryd, using the two χ0 construction approaches above. This range of screened cutofs 

was chosen to span a wide-range of energies relative to the size of typically chosen SG15 

pseudopotential planewave cutofs. 

Figures 4 and S3 summarize the atomization energy mean absolute error (MAE) of the 

RPA calculations using methods 1 and 2 for χ0 above, respectively. Each box in these fg-

ures shows the atomization energy MAE for the test set in comparison to the experimental 

reference values for a particular set of correlation energies used in the extrapolation. Each 

MAE was calculated by: 1) specifying a particular set of [Escreen], 2) collecting the corre-

sponding ERP A(Escreen) for all molecules and atomic references, 3) extrapolating each setcorr 

of values according to Eq. 9 to obtain each ERP A,∞ , 4) calculating each RPA total energy corr 
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Figure 4: Atomization energy test set MAEs for diferent RPA correlation energy extrapo-
lations using method 1, as described in the main text, to construct χ0 . Briefy, the number 
of bands used to construct χ0 was variable and determined using each screened cutof. No 
extrapolation was performed for Npoints = 1. The x-axis denotes how many screened cutofs 
and their corresponding RPA correlation energies, ERP A ), are used to extrapolate for corr (Escreen 

each ERP A,∞ The ERP A,∞ . are then used to calculate the atomization energies. The y-axis corr corr 

denotes the smallest screened cutof in the [Escreen] set. For example, the screened cutof set 
[17, 18, 19, 20, 21, 22] Ryd is represented by the point [6, 17], which is the square with an 
orange border in the fgure. The square with the magenta border marks the screened cutof 
set that produces the minimum MAE among all sets with Npoints ≥ 4 (which was chosen for 
improved numerical stability in the extrapolation). The boxes within the black border are 
screened cutof sets resulting in a MAE within 0.2 kcal/mol of the MAE of the magenta set. 
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with Eq. 5, and 5) calculating each molecule’s atomization energy to use for comparison to 

experiment. Each set of [Escreen] was chosen by sweeping over the 10-50 Ryd screened cutof 

range and selecting Npoints consecutive energies. In the heatmap, each chosen set is labeled 

on the x-axis by the number of points in the set and on the y-axis by the lowest screened 

cutof contained within the set. Overall, both methods produced similar minimum predicted 

atomization energy MAEs compared to the experimental values. As a result, method 1 was 

used for all calculations in this work because the smaller χ0 representation required fewer 

computing resources for calculating RPA correlation energies. 

Extrapolating using RPA correlation energies corresponding to 6 screened cutof points 

with a minimum screened cutof of 17 Ryd (i.e. 17, 18, 19, 20, 21, 22 Ryd) produced an 

MAE of 9.5 kcal/mol, which was close to the minimum possible MAE for any 6 consecutive 

screened cutofs in the set (9.4 kcal/mol for the set starting at 36 Ryd), but at greatly 

reduced cost due to the cubic increase of the number of unoccupied bands with screened 

cutof used to construct χ0 . Summaries of the 17-22 Ryd screened cutof RPA atomization 

energies compared to previous studies and experiment are shown in Tables S4 and S5. They 

are in excellent agreement with Refs. 60, 61, and 62, except for N2, which here has a 6 

kcal/mol smaller atomization energy. We believe the error for N2 originates from the use 

of norm-conserving pseudopotentials in this work. Ref. 60 discusses uncertainty in RPA 

correlation energy extrapolations and noted that there is an approximately 2-3 kcal/mol 

residual uncertainty in their predicted RPA atomization energies using correlation-consistent 

polarized valence X-tuple zeta basis sets. We note that basis-error-free RPA shows promise 

for eliminating such uncertainties, as Peng and Ren recently showed in several calculations 

of benchmark-quality molecular atomization energies.62 Figure 4 shows a similar range of 

uncertainties in test set MAE across the entire range of screened cutofs tested, but also 

that many screened cutof sets produce an MAE within 0.2 kcal/mol of each other (shown 

as the regions enclosed by a black border in Figures 4 and S3) given enough extrapolation 

points over high enough screened cutof values, leading to diminishing returns in accuracy 
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improvement if one extrapolates using more expensive screened cutof sets. 

In addition to the atomization test set, we performed a similar screened cutof sweep 

to predict the RPA cohesive energies of 6 solids (AlN zb, InP, MgO, Na, Pd, and Si) and 

calculated the test set MAEs compared to the set of experimental cohesive energies. Figure 

S4 summarizes the MAEs calculated for this test set and Table S6 summarizes the MAEs 

obtained using the 17-22 Ryd screened cutof RPA correlation energies. These results support 

those of the atomization energy test set in that one must use enough extrapolation points 

over high enough screened cutof values to obtain stable RPA correlation energies. This test 

set exhibited less MAE dependence on the selection of screened cutofs however, with nearly 

all MAE values for Npoints ≥ 4 being within 20 meV/atom of each other. Therefore, we 

used the 17-22 Ryd screened cutof range to calculate the RPA energies of all other systems 

studied in this work to maintain consistency across materials classes. 

Notably, screened cutofs of 17-22 Ryd are similar to 50-66% of an assumed 500 eV 

planewave cutof for PAW pseudopotentials, which is reasonable because PAWs may not 

require relatively high planewave cutofs, such as the value of 60 Ryd (≈816 eV) used here 

for SG15 pseudopotentials. This observation, along with the good agreement between RPA 

test set MAEs in Tables S5 and S6, suggests that RPA correlation energy extrapolations 

are relatively insensitive to pseudopotential choice. We also calculated the PBE and RPA 

atomization energies using an 80 Ryd planewave cutof and found that no PBE or RPA 

atomization energy changed by more than 1 kcal/mol, indicating good convergence with 

respect to this parameter. 

4.3 Impact of the static subspace approximation 

In previous work, the static subpsace approximation was shown to efciently represent the 

non-interacting electronic polarizability for full-frequency GW calculations for systems with-

out partial occupations and improve computational throughput.27 As discussed above, we 

extended this approach to enable full-frequency RPA total energy calculations and GW 
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calculations with partial occupations at reduced cost. To benchmark the broadening imple-

mentations with the subspace code, we calculated the G0W0 eigenvalues at high-symmetry 

points for bulk Cu at its experimental lattice constant and compared to the previous imple-

mentation, which used very dense k/q-grids (16×16×16 to 40×40×40) to sample the Fermi 

surface without an explicit partial occupation implementation at greatly increased computa-

tional expense.27 Table S7 in the supporting information summarizes these results. Overall, 

we obtained excellent agreement with previous results given slight diferences in DFT calcu-

lation methodology. We note that the current implementation helps avoid the need for very 

dense (e.g. 16×16×16 or denser) k/q-grid sampling of Fermi level crossings, as the results 

generated here used a comparatively coarse 12×12×12 k/q-grid. This k/q-grid density is 

consistent with previously reported RPA results for metals37 and the results discussed in 

section 4.1. 

The RPA correlation energy error due to the static subspace approximation depends on 

how well the static subspace eigenvalues/vectors, λSS and vSS , approximate the polarizability 

for nonzero frequencies. Using fewer eigenpairs will save computational resources but could 

reduce accuracy. Here, we quantify how diferent eigenpair selection criteria impact the 

prediction of materials’ RPA correlation energy. The materials test set is described in detail 

in the Computational Details section, and includes 14 diverse quasi-0D, quasi-2D, and 3D 

insulators, semiconductors, and metals. 

There are many possible approaches to decide whether to retain a particular eigenpair to 

best represent χ0 . i,q qOne simple approach retains the ith eigenpair if |λSS |/ max(|λSS |) ≥ δSS , 

where δSS is a small positive threshold defned by the user, termed here as the eigen-

value threshold (ET) method. The normalization by the largest eigenvalue helps gen-

eralize the approach since diferent materials have eigenvalues with drastically diferent 

magnitudes, as shown in Figure 5. The errors in RPA correlation energy using the ET 

method for a subset of the tested materials are shown as the dashed lines in Figure 6 for 

δSS ∈ {10−2 , 10−3 , 10−4 , 10−5 , 10−6}. Results for additional materials are shown in Figure 
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Figure 5: Subspace eigenvalue spectrum sorted by magnitude in descending order for 
1/2χ0 1/2−v v for the q-point with smallest magnitude at ω = 0 for a quasi-0D molecule 

(O2), quasi-2D surfaces ((1×1) MgO(001) and (1×1) Pt(111)), and 3D periodic materials 
(MgO and Pt). The max(|λSS |) for these materials is -4.35, -2.92, -195.56, -2.86, -298.29, 
respectively. All calculations used a screened cutof of 20 Ryd. The number of subspace 
eigenvalues for each system varies with system volume and is 10511, 2457, 1885, 751, and 
160, respectively. Figure S5 shows the same data for each eigenvalue index. 
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Figure 6: Error in ERP A per atom relative to the ERP A per atom calculated using the largest corr corr 

number of eigenpairs for either the ET or EF methods as a function of fSS for diferent 
materials. All calculations used a screened cutof of 20 Ryd. Solid (dashed) lines denote 
RPA correlation energies calculated with the EF (ET) method. From left to right, a quasi-
0D molecule, quasi-2D surfaces, and 3D periodic materials need more subspace eigenval-
ues/vectors to retain the same computational accuracy. For both the EF and ET methods, 
the min(ERP A) point is not shown because it is 0 on the log y-axis. For the ET method, this corr 

is the δSS = 10−6 point. For the EF method, this is the 20, 60, or 100% point for quasi-0D, 
quasi-2D, or 3D systems, respectively. The errors in the next most stringent calculation of 
less than 10−4 eV/atom indicate that the 20 and 60% points for the low dimensional systems 
are good approximations of the full basis set calculation. 
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S6. For the x-axis in Figure 6, the number of eigenpairs retained from application of the ET 

method were converted into a q-point weighted average fraction, fSS , of the total possible 

χ0 basis set size defned by the screened cutof. 

However, normalization by max(|λSS |) can be problematic because the ET method may q 

not be expected to perform equally well for both metallic materials and materials with a 

band gap because as q → 0, λSS 
q can be orders of magnitude larger for metals than for 

materials with less screening. This results in uneven eigenpair selection across q-points. As 

an alternative, one could select eigenpairs by retaining a user-specifed fraction, fSS , of the 

total basis set space, and thus retaining only the Nb = fSS NG largest eigenvalues, which are 

expected to dominate when calculating ERP A .corr We term this the eigenvalue fraction (EF) 

method. The errors in RPA correlation energy that result from using this approach are 

shown as the solid lines in Figure 6. Here, fSS ∈ {1, 3, 5, 10, 20}% for the quasi-0D systems, 

fSS ∈ {20, 30, 40, 50, 60}% for the quasi-2D systems, and fSS ∈ {20, 40, 60, 80, 90, 100}% for 

the 3D periodic systems. 

For both the ET and EF methods, the dimensionality of the material is the primary 

factor in predicting the error in ERP A as opposed to other properties, such as the presence of corr 

a band gap for example. The molecular systems converge to a desired accuracy much faster 

than the 3D periodic materials. However, although either method could be used in practice, 

the RPA correlation energy for metals converges somewhat faster using the EF method as 

compared to the ET method. This result also implies that more efcient χ0 representations 

should be investigated to further reduce the cost of these calculations. Overall, we fnd that 

the EF method yields RPA correlation energy convergence of 1 meV/atom for the molecular, 

surface, and bulk systems with fSS of 3, 40, and 80%, respectively, with the exception of 

bulk Pt, which is converged to 5 meV/atom and would require fSS = 90% instead. Using 

fSS = 30% could potentially be used for surfaces as well because the errors of the (1×1) 

MgO(001), (2×2) 1T-MoS2, and (1×1) Pt(111) surfaces were only 1, 3, and 14 meV/atom, 

respectively, which is still relatively small on the scale of catalytic activity. This threshold 
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could be further lowered if additional accuracy is desired. A higher threshold can be used 

when taking energy diferences, which beneft from error cancellation, as discussed further 

in section 4.4. 

Finally, all of the results discussed above were calculated at a single screened cutof 

of 20 Ryd. We performed similar calculations using a second screened cutof of 10 Ryd 

because screened cutof impacts the size of the polarizability and thus the subspace basis 

set. Comparison of Figures S7 and 6 shows that the fraction of subspace eigenvalues/vectors 

needed to achieve similar errors in the RPA correlation energy is smaller for the larger 

screened cutof. This is simply because the larger screened cutof increases the basis set size, 

thus reducing the need to retain as many subspace eigenvalues/vectors. Nevertheless, the 

20 Ryd results are more relevant since the optimal extrapolation range is 17-22 Ry (see the 

discussion in section 4.2). For practical calculations using a screened cutof extrapolation, 

we found that the extrapolation substantially reduces the subspace basis set error. Figure S8 

shows that for the H2 molecule, (1×1) Pt(111), and bulk Si, subspace basis set errors of less 

than 1 meV can be obtained using just 1, 20, and 60% of the possible eigenpairs, suggesting 

that the above recommendations are likely conservative and could be further lowered. We 

will discuss error cancellation when calculating adsorption energies in the next section. 

4.4 GW/RPA calculations for catalysis 

Based on the convergence tests discussed above and those in the Computational Details sec-

tion, we calculated RPA total energies and GW electronic structures for larger semimetallic 

and metallic surfaces relevant to catalysis. We calculated the adsorption energies of H and 

CO adsorbed to (2×2) Pt(111), H and CO adsorbed to the Pt-group metal free (4×6) FeN4 

pyridinic active site embedded in graphene, and H adsorbed to (3×3) 1T-MoS2. The PBE-

relaxed structures of these systems are shown in Figure 7. Table 1 summarizes these results 

and shows that the adsorption energy of CO is more afected by the use of RPA total energies 

than the adsorption energy of H. CO can be destabilized by 0.5 eV as compared to DFT. 
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Notably, we obtain good agreement with literature for the change in CO adsorption energy 

on Pt(111) due to RPA.63 RPA correctly predicts the experimentally-observed CO adsorp-

tion site ordering, with the atop site being lower in energy than the fcc site, when PBE does 

not. Lastly, our Pt(111) RPA surface energy is predicted to be 1.00 eV/((111) surface unit 

area), showing that RPA correctly predicts both the adsorption energy and surface energy.63 

Conversely, we fnd that H on Pt(111) and FeN4@G is destabilized by 0.09 and 0.14 eV, 

respectively, while it is stabilized by 0.5 eV on 1T-MoS2. 

Figure 7: Structures of the (2×2) Pt(111) surface with A) H∗ , B) CO∗ at the fcc site, or C) 
CO∗ at the atop site, D) (3×3) 1T-phase MoS2 with H∗ , (4×6) FeN4@G with E) H∗ and F) 
CO∗ used for the catalytic GW/RPA calculations. The light gray, white, dark gray, red, teal, 
yellow, blue, and gold spheres represent Pt, H, C, O, Mo, S, N, and Fe atoms, respectively. 
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Table 1: Summary of DFT and RPA adsorption energy for the surfaces with H and CO 
adsorbates. All energies are in eV. 

Surface Ads. EDF T 
ads ERP A 

ads ∆RP A−DF T 

(2×2) Pt(111) 
(2×2) Pt(111) 
(2×2) Pt(111) 
(3×3) 1T-MoS2 

(4×6) FeN4@G 
(4×6) FeN4@G 

H 
CO fcc 

CO atop 
H 
H 

CO 

-0.473 
-1.657 
-1.576 
-1.898 
0.103 
-1.348 

-0.387 
-1.151 
-1.391 
-2.388 
0.243 
-0.823 

0.085 
0.506 
0.185 
-0.490 
0.140 
0.525 

As discussed above for bulk Cu, our extension of the static subspace approximation for 

metallic systems further enables its use in GW calculations to complement the study of 

conducting electrochemical surfaces with RPA total energies. To this end, Figures 8 and S9 

show the GW projected density of states for (3×3) 1T-MoS2+H and (2×2) Pt(111)+CO at 

the atop site. Both results show a large shift of the bonding H and CO orbitals to energies 

further below the Fermi level, with smaller shifts of the unoccupied states higher in energy. 

The changes to the Pt(111)+CO projected density of states results are consistent with those 

previously studied with GW/RPA.63 

Next, we determined the computational savings associated with using the subspace ap-

proximation for larger system sizes. To do this, we calculated RPA correlation energies for 

(2×2) Pt(111)+H, (3×3) 1T-MoS2+H, and (4×6) FeN4@G+H using the same screened cut-

of (20 Ryd) over a wide range of subspace basis set sizes. Table 2 summarizes the time 

required for these jobs in total GPU-hours. Comparing the 20 and 100% static subspace ba-

sis set sizes, the approximation decreased the compute time for the χ0(ω ̸= 0) summations 

by a factor of approximately 20 and the total compute time by a factor of approximately 

2-3, with most total time savings happening for the FeN4@G+H system because it had the 

largest volume and thus the largest size of χ0 . Reduced time to perform the χ0(ω ̸= 0) 

summations are the dominant contribution to time savings in these calculations. Recent 

work provides additional information on the parallelization and implementation of the static 

subspace approach in BerkeleyGW in detail, along with profling the expected performance 
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Figure 8: DFT (top) and G0W0 (middle) density of states of (3×3) 1T-MoS2 with H adsorbed 
at the atop S site. The bottom subplot shows how the DFT eigenvalues (x-axis) shift after 
the GW calculation. The color of each point was selected by the species associated with the 
largest magnitude projector for that eigenvalue. 
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when scaling to very large system sizes with hundreds of atoms.26 

For these timing calculations, Table S8 summarizes the RPA correlation errors associated 

with each run. The subspace basis set size errors for these systems were in good agreement 

with the results discussed in section 4.3, with individual correlation energies converged to 

better than 1 meV/atom accuracy with 40% of the subspace eigenpairs used. As noted at 

the end of section 4.3, we again fnd here that extrapolating to infnite screened cutof yields 

subspace basis set errors substantially smaller than the error for a particular fnite screened 

cutof. For example, for (2×2) Pt(111)+H, the error of the 20% subspace basis correlation 

energy relative to the 40% subspace basis correlation energy is 1.54 eV, while the error in 

the extrapolated correlation energy is only -0.05 eV. See Figure S10 for additional details. 

Finally, in addition to the above, the error in the predicted RPA correlation energy due to 

the static subspace approximation (Figure S11) partially cancels for the adsorption energies 

calculated here due to the similarity between a surface with an open adsorption site and the 

surface with a bound adsorbate. Figure S12 shows that only 20 and 30% of the subspace 

eigenpairs are needed for the adsorption energy error to be better than 14 and 0.3 meV, 

respectively, relative to the 40% subspace basis calculation, even for these larger systems. 

Altogether, these data suggest that the guidelines in section 4.3 for molecular, surface, and 

bulk materials can likely be reduced for practical RPA adsorption energy calculations in-

volving extrapolated RPA correlation energies and an energy diference between chemically 

similar systems. Future studies may obtain additional compute resource savings from even 

more reduced subspace basis set sizes for their particular application. 

Conclusions 

In this work, we have demonstrated that the static subspace approximation generalized 

to metallic systems with our approach enables GW/RPA calculations on large unit cells 

relevant to (electro)catalytic applications. We explored the convergence behavior of RPA 
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Table 2: Summary of total job time and time for the χ0(ω ̸= 0) summations using the static P 
0χωsubspace approximation (denoted as in the table). All times are reported in GPU-

hours. The calculations for (2×2) Pt(111)+H, (3×3) 1T-MoS2+H, and (4×6) FeN4@G+H 
were all run using a screened cutof of 20 Ryd and used 40, 24, and 40 NVIDIA H100 GPUs, 
respectively, on the National Renewable Energy Laboratory Kestrel supercomputer. We note 
that the number of GPUs was held constant across all subspace basis set sizes to facilitate 
timing comparisons and that fewer GPUs could have been used for subspace basis set sizes 
less than 100%. We also note that a single screened cutof was used only for the timing results 
in this table to facilitate direct timing comparisons between tests. The energies otherwise 
reported in this section were calculated with an extrapolation for the RPA correlation energy. 

0 0χ χω 

Pt(111)+H 1T-MoS2+H FeN4@G+H% of time time timesubspace P P P 
ω Total 0χω Total Total 

10 0.8 41.6 0.7 38.0 1.1 38.6 
20 1.8 44.4 1.9 39.7 2.8 41.5 
30 3.4 46.3 4.1 44.4 5.4 46.4 
40 5.2 49.3 7.0 45.7 9.3 49.6 
60 10.3 58.3 15.1 62.6 20.6 65.3 
100 38.0 93.8 39.6 95.8 66.5 125.3 

total energies with respect to a number of key parameters and quantifed the accuracy of 

the static subspace approximation in predicting RPA total energies with a cost reduction 

of over an order of magnitude for summations of χ0(ω ≠ 0). Using these results, we made 

recommendations for the application of the static subspace approach to calculations for 

unexplored materials. 

The growing prevalence of GPU supercomputing resources will further enable the use of 

beyond-DFT methods in the high-throughput exploration of complex interfaces. This work 

provides insights into the practical challenges associated with using beyond-DFT methods 

and provides strategies that allow for accurate predictions at reduced cost. Although we 

focus on surfaces particularly relevant to electrochemistry here, the approach further enables 

the investigation of other surfaces for other applications that have historically been difcult 

to study with more computationally-intensive methods like GW and RPA. Additionally, 

efcient approaches enable much higher calculation throughput. This throughput can be 
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used for generation of larger data sets to fne-tune foundational machine learning models,64 

a development which could allow for unprecedented descriptions of functional materials in 

terms of both model complexity and accuracy. 

Supporting Information 

See the supporting information for tables summarizing additional computational details used 

for this work, including structure models, spin moments, k/q-grid samplings, and a detailed 

description of the quadrature scheme used to evaluate the imaginary frequency integral for 

RPA correlation energies. Figures showing the complete set of RPA correlation energy con-

vergence results for all tested materials with respect to the number of imaginary frequencies, 

broadening, screened cutof, and fraction of subspace eigenvalues are included, along with 

1/2χ0 1/2a fgure of −v v values for multiple materials. Additionally, it contains tables listing 

all calculated molecular atomization energies, solid cohesive energies, and important ener-

gies in the bulk Cu electronic structure compared to existing literature27,37,51,60–62,65,66 and 

experiment.58,59 Finally, the supporting information also contains an additional GW pro-

jected density of states for (2×2) Pt(111)+CO, a table of RPA correlation energy errors 

corresponding to the time savings shown in Table 2, and fgures showing how the error in 

RPA correlation energy due to the subspace approximation is decreased by extrapolating the 

RPA correlation energy to infnite screened cutof and partially canceled when calculating 

adsorption energies. 
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