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Abstract

Using coarse graining, the upscaled mechanical properties of a solid
with small scale heterogeneities are derived. The method maps in-
ternal forces at the small scale onto peridynamic bond forces in the
coarse grained mesh. These upscaled bond forces are used to calibrate
a peridynamic material model with position-dependent parameters.
These parameters incorporate mesoscale variations in the statistics of
the small scale system. The upscaled peridynamic model can have a
much coarser discretization than the original small scale model, al-
lowing larger scale simulations to be performed efficiently. The con-
vergence properties of the method are investigated for representative
random microstructures. A bond breakage criterion for the upscaled
peridynamic material model is also demonstrated.

1 Introduction

The representation of the mechanical response of solids with a small
scale random variation in properties presents challenges for traditional
approaches to homogenization. Among these is that in real materials,
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random variations can occur over multiple length scales. For example,
in an additively manufactured (AM) metal, the grain size provides one
length scale, while the geometrical parameters in the manufacturing
process such as the path of a laser provide others. Therefore, the
choice of a particular size of a representative volume element (RVE)
may accurately reflect the material response on one length scale but
not others [25].

In the present work, a coarse graining technique is applied within
a peridynamic framework for force interactions. The process starts
with a small scale model, such as a molecular dynamic (MD) system
of particles with a prescribed interaction law. A smoothing function,
with a predefined radius, is applied in a consistent way in defining the
coarse grained (CG) displacements and bond force interactions. The
coarse graining is performed at each CG node for a given deformation
of the small scale model. The CG bond forces do not, by themselves,
provide a material model that would determine the CG bond forces
from the CG displacements. However, they do provide data that can
be used to calibrate such a model with an assumed functional form.

A new element of the present work is the direct determination of
CG material parameters from a small number of small scale simula-
tions in a random medium. Suppose a small scale system is deformed
through prescribed displacements at the boundaries. The small scale
simulations, including the random heterogeneities, determine the equi-
librium displacements at all the small scale DOFs (referred to as
“atoms” for convenience, although the method is not restricted to
MD). Using the coarse graining method to be described below, the
CG displacements and net forces between the CG nodes are com-
puted. The parameters in a peridynamic material model with an as-
sumed form are then evaluated directly from the CG displacments and
bond forces. The parameters in general depend on position, reflecting
mesoscale variations in the underlying system such as fluctuations in
the packing density of fibers in a composite. The assumed material
model and parameters, which vary from point to point in the CG mesh,
can then be applied in an upscaled peridynamic simulation. The peri-
dynamic horizon emerges directly from the radius of the smoothing
function.

A great deal of theoretical work has been devoted to estimating the
effective elastic moduli in periodic and random heterogeneous media
within the local theory of continuum mechanics. Reviews and sum-
maries of this large body of work are available in [32, 31, 2, 24]. These
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approaches include Maxwell approximations, self-consistent models,
effective fields, and perturbation analysis. Variational methods have
been applied to obtain bounds on the effective properties, notably the
Hashin-Shtrikman bounds [17, 18].

The fundamental connection between homogenization and nonlo-
cality has been well established [13, 25, 28]. A number of publications
treat the homogenization of heterogeneous media within a nonlocal
model. Alali and Lipton [1] derived approximations for the dynam-
ics of periodic microstructures whose underlying small scale model is
peridynamic. They used a two-scale convergence procedure to derive
the equation of motion for the homogenized system. Interestingly,
this equation of motion includes an explicitly history-dependent term
that contributes to the internal forces on a material point, similar to
a viscoelastic material model. Mehrmashhadi et al. [23], Chen et
al. [12], and Wu et al. [34, 33] developed the intermediate homog-
enization technique within peridynamics. This method defines the
nonlocal bond properties in a heterogeneous medium as depending on
the probability of the bond endpoints being in one phase or another.
The resulting peridynamic model reflects the random character of the
medium and can include porosity. Madenci, Barut, and Phan [21, 20]
used a peridynamic description of a unit cell, possibly including mi-
crocracks, to obtain the stress-strain response of a fiber-reinforced
composite. Their method was generalized to include random features
within the volume element [19]. A method for homogenization of or-
dinary state-based peridynamic volume elements, including random
defects, was developed by Xia, Oterkus, and Oterkus [35]. In a series
of papers, Buryachenko extended and generalized the theory of het-
erogeneous media in the local theory to include the nonlocal effect of
peridynamics, including some aspects of state-based material models
and nonlinearity [3, 4, 7, 5, 6, 8, 11, 10, 9].

A hierarchical method for upscaling peridynamic microstructures
in one dimension was proposed in [27]. However, this method proved
to be less practical in multiple dimensions due to the rapid expansion
of the horizon with each hierarchical step. In contrast, the method
used in the present paper allows the horizon size to be known in ad-
vance. You et al. [39] applied this coarse graining method to train
and validate a peridynamic material model for graphene, starting from
molecular dynamics (MD) simulations. Their method was extended
to include fracture in graphene [37]. Xu, D’Elia, and Foster [36] de-
veloped a machine learning technique to find the peridynamic kernel

3



function in a heterogeneous one-dimensional bar and demonstrated
good agreement with more detailed finite-element simulations. You
et al. [38] used a data-driven approach to learn a peridynamic ker-
nel for a heterogeneous elastic bar, using only wave propagation data
from a direct numerical solution (DNS). Fan et al. [14] derived a
one-dimensional peridynamic material model for random elastic me-
dia by applying a Bayesian inference technique to wave propagation
data found by DNS. Fan et al. [15, 16] proposed an accurate meshless
numerical discretization that is compatible with nonlocal descriptions
of random media, including fracture.

In contrast with most previous work on homogenization in nonlocal
media, the present work adopts heterogeneity in the upscaled model
as a way to seamlessly capture mesoscale variations in the random
properties of the original system. As the length scale for the CG
smoothing functions is increased, these variations are automatically
incorporated into the upscaled material parameters. Thus, the present
work makes no assumption about statistical homogeneity.

2 Peridynamics background

The peridynamic theory is a nonlocal generalization of the standard
theory of solid mechanics whose basic equations allow for the growth
of discontinuities in the deformation, especially cracks. Each material
point x interacts through bond forces with neighboring material points
q. There is a cutoff distance δ for these interactions, known as the
horizon. The material within a distance δ of x is called the family of
x, denoted by Hx. Let ρ, u, and b denote the density, displacement,
and body force density fields respectively. The equation of motion is
given by

ρ(x)ü(x, t) =

∫
Hx

f(q,x, t) dq + b(x, t) (1)

for all x and t. The function f is the vector-valued pairwise bond force
density , which has dimensions of force/volume2 in three dimensions.
The material model determines f for any x and q for any deformation
of the body. More details can be found in [22].

In the present work, two classes of material models are of interest:
bond-based (BB) and non-ordinary state-based (NOSB). The partic-
ular bond-based model of interest is linear microelastic, in which

fBB(q,x, t) = c(q,x)ε(q,x, t)M (2)
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where c is a symmetric scalar-valued function independent of the de-
formation, ε is the bond strain, defined by

ε(q,x, t) =
|(q + u(q, t))− (x + u(x, t))|

|q− x|
− 1 (3)

and M is the deformed bond direction vector, given by

M =
(q + u(q, t))− (x + u(x, t))

|(q + u(q, t))− (x + u(x, t))|
. (4)

With the microelastic model, or any other bond-based material model,
the bond from x to q responds independently of any other bonds.

The particular type of NOSB model to be considered in this pa-
per is called a correspondence model. In a correspondence model, an
approximate displacement gradient tensor H is used to compute a
stress tensor σ, which is then mapped onto the bonds to determine
their forces. First, it is necessary to decompose each f(q,x, t) into two
parts:

f(q,x, t) = t(q,x, t)− t(x,q, t) (5)

in which the first and second terms on the right depend on mate-
rial models at x and q respectively. The approximate displacement
gradient at x is found from

H(x, t) =

(∫
Hx

ω(q,x)(u(q, t)− u(x, t))⊗ (q− x) dq

)
K−1 (6)

where ω is the non-negative scalar-valued influence function and K is
the symmetric positive definite shape tensor defined by

K =

∫
Hx

ω(q,x)(q− x)⊗ (q− x) dq. (7)

The bond forces are then found from

tNOSB(q,x, t) =
(
ω(q,x)σ(H(x, t))

)
K−1(q− x) (8)

where σ is the first Piola-Kirchhoff stress tensor, which, for purposes
of explanation, is assumed to depend only on H. The main feature
of correspondence models that makes them attractive for practical
simulations is that they allow a conventional material model from the
local theory to be imported directly into peridynamics. More informa-
tion about correspondence models can be found in [30]. In numerical

5



simulations, correspondence models generally require stabilization to
suppress zero-energy mode instabilities.

A convenient feature of peridynamics is that we can easily translate
between the continuum equations described above and discrete nodes.
This is accomplished by restricting the body to a set of such nodes
with positions xi, with void in between them:

ρ(x) =
∑
i

mi∆(x− xi), b(x, t) =
∑
i

bi∆(x− xi), (9)

t(q,x, t) =
∑
i

∑
j

tji(t)∆(x− xi)∆(q− xj) (10)

where ∆ is the Dirac delta function (which has dimensions of 1/vol-
ume). After making the substitutions of (9) and (10) into the contin-
uum equations, the result is

miüi(t) =
∑
j∈Hi

fji(t) + bi(t), fji(t) = tji(t)− tij(t). (11)

The easy translation between continuum and discrete representations
without using a numerical approximation is a unique feature of peri-
dynamics that will be used freely in the following discussion.

3 Coarse graining method

The coarse graining method used in the present work is essentially
the same as the method described in [39] and is summarized here for
clarity. The following discussion refers to the small-scale DOFs as
“atoms,” but the method applies equally well to other systems, as
demonstrated in the examples discussed later.

Consider a model of a crystal composed of Na atoms with reference
positions Xα. Over time, each atom α interacts with the same set
of its neighbors Hα. The mass and displacement of each atom are
denoted by Mα and Uα(t) respectively. The atoms interact through
some prescribed potential. The resulting force that atom β exerts on
α is denoted by Fβα(t). These interatomic forces obey the following
antisymmetry relation:

Fαβ(t) = −Fβα(t) (12)

for all t. The forces are not necessarily parallel to the relative position
vector between α and β, since a multibody potential is allowed. Each
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atom is also subjected to a prescribed external force Bα(t). The atoms
obey Newton’s second law:

MαÜα(t) =
∑
β∈Hα

Fβα(t) + Bα(t). (13)

To coarse grain the molecular dynamics model, let xi, i = 1, 2, . . . , Nc

denote the reference positions of the coarse grained nodes. Let ui(t)
denote the displacements at each such position, to be defined below.
For each xi, define smoothing functions Ωα

i . These functions are nor-
malized such that for any atom α,

Nc∑
i=1

Ωα
i = 1. (14)

Equation (14) implies that each atom is covered by at least one smooth-
ing function. All of the smoothing functions are limited to a support
of radius R:

|xi −Xα| > R =⇒ Ωα
i = 0 (15)

for any i and α, where R is independent of i and α. Define the coarse
grained masses and external loads by

mi =

Na∑
α=1

Ωα
iMα, bi(t) =

Na∑
α=1

Ωα
i Bα(t). (16)

It is assumed for convenience that mi > 0 for all i, that is, for every
i, there is some atom α such that Ωα

i > 0. Define the coarse grained
displacements by

ui(t) =
1

mi

Na∑
α=1

Ωα
iMαUα(t). (17)

Thus, the coarse grained displacements are weighted by mass as well
as by Ωα

i .
Next, the evolution equation for the coarse grained displacements

will be derived. Taking the second time derivative of (17) yields

miüi(t) =

Na∑
α=1

Ωα
iMαÜα(t). (18)
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From (13) and (18),

miüi(t) =

Na∑
α=1

Ωα
i

 Na∑
β=1

Fβα(t) + Bα(t)

 . (19)

For any atom β, the normalization requirement (14) implies that

Nc∑
j=1

Ωβ
j = 1. (20)

Combining (19) and (20), and using the second equation in (16),

miüi(t) =

Na∑
α=1

Ωα
i

 Na∑
β=1

Fβα(t)

Nc∑
j=1

Ωβ
j

+ bi(t). (21)

Rearranging (21) leads to

miüi(t) =

Nc∑
j=1

fji(t) + bi(t) (22)

where the pairwise bond force is defined by

fji(t) =

Na∑
α=1

Na∑
β=1

Ωα
i Ωβ

jFβα(t). (23)

Using (12) and interchanging the summation variables α and β, it
follows immediately from (23) that

fij(t) = −fji(t) (24)

for all i, j, and t.
Suppose that the underlying interatomic potential has a cutoff dis-

tance d:
|Xβ −Xα| > d =⇒ Fβα(t) = 0 (25)

for all α, β, and t. As suggested by Figure 1, (15), (23), and (25)
imply that

|xj − xi| > δ =⇒ fji(t) = 0 (26)

for all i, j, and t, where δ is the horizon defined by

δ = 2R+ d. (27)

8



So, δ is the cutoff distance for coarse grained bond force interactions.
It is often easier to work with the continuum form of the coarse

graining method. The small scale system is treated as a nonlocal con-
tinuum with interaction cutoff distance d and mass density ρs. The
force interactions in the small scale system are denoted by F(Q,X, t),
where X and Q are position vectors. The CG model is also a contin-
uum. The smoothing function is denoted by Ω(X,x), where X is a
point in the small scale model and x is a point in the CG model. Let
Bx be a neighborhood of radius R centered at x. Ω, which now has
dimensions of 1/volume in 3D, that satisfies∫

Bx
Ω(X,x) dx = 1 (28)

for all X. The expressions for the CG parameters are then given by

ρ(x) =

∫
Bx

Ω(X,x)ρs(X) dX, (29)

b(x, t) =

∫
Bx

Ω(X,x)B(X, t) dX, (30)

u(x, t) =
1

ρ(x)

∫
Bx
ρs(X)Ω(X,x)U(X, t) dX, (31)

f(q,x, t) =

∫
Bq

∫
Bx

Ω(X,x)Ω(Q,q)F(Q,X, t) dQ dX, (32)

ρ(x)ü(x, t) =

∫
Hx

f(q,x, t) dq + b(x, t). (33)

A formal connection between the continuum and discrete forms of the
CG relations is made by setting

ρs(X) =

Na∑
α=1

Mα∆(X−Xα), B(X, t) =

Na∑
α=1

Bα∆(X−Xα), (34)

F(Q,X) =

Na∑
α=1

Na∑
β=1

Fβα∆(X−Xα)∆(Q−Xβ) (35)

where ∆ is the Dirac delta function.
Comparing (11) with (22), evidently the coarse grained displace-

ments evolve according to the peridynamic equation of motion, in
which the peridynamic horizon is given by (27). What is missing is
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a peridynamic material model. This is not supplied directly by the
bond forces defined in (23), which do not depend explicitly on the
CG displacements. However, these CG bond forces will be used be-
low to calibrate peridynamic material models with assumed forms, as
described in the following Sections.

4 One-dimensional lattice with random

properties

In this section, two peridynamic material models for a heterogeneous,
small scale 1D lattice will be proposed and calibrated with coarse
grained data from a single small scale simulation. First, the details of
the lattice will be described.

Consider a one-dimensional lattice composed of two materials. The
spacing λ is constant, and the total number of lattice points is Na. The
lattice interactions occur only between nearest neighbors. The cross-
sectional area is set to 1 for simplicity. In specifying the distribution
of the material properties along the lattice, it is convenient to define
the midpoint of a bond by

X̄βα =
Xα +Xβ

2
, β = α± 1. (36)

The force that β exerts on α is given by

Fβα =

{
C1(Uβ − Uα)/λ if X̄βα is in material 1,
C2(Uβ − Uα)/λ if X̄βα is in material 2,

β = α± 1

(37)
where C1 and C2 are constants. The two types of bonds are distributed
in grains labeled by index k (Figure 2). The grains alternately have
material number m = 1, 2. The length `k of each grain is found from

`k = Lm(1 +DRk), Rk ∈ U(−1, 1) (38)

where U(a, b) denotes a uniform random distribution between a and
b, Lm is the mean grain size of material m, and D is a constant
called the disorder parameter , with 0 ≤ D ≤ 1. If D = 0, then the
microstructure is periodic. Otherwise, the random variability of the
grain sizes increases with D. The total length of the lattice is

L = Naλ. (39)
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Figure 1: The horizon is determined by the smoothing function radius and
the cutoff distance for the interatomic potential.
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The volume fraction of each material is given by

φ1 =
L1

L1 + L2
, φ2 =

L2

L1 + L2
. (40)

A long lattice of length L is stretched by applying constant displace-
ments at the ends, with Bα = 0 for all α. Let the strain in each bond
be defined by

εβα =
Uβ − Uα

λ
β = α+ 1. (41)

In equilibrium, the load P is constant everywhere in the lattice. The
strains are given by

εβα =

{
P/C1λ if X̄βα is in material 1,
P/C2λ if X̄βα is in material 2,

β = α+ 1. (42)

The displacements at the lattice points are found trivially from

U1 = 0, Uβ = Uα + λεβα, α = 1, 2, . . . , N, β = α+ 1. (43)

For simplicity, let the spacing h of the CG nodes be a constant integer
multiple M of the lattice spacings:

h = λM. (44)

Let the smoothing functions Ω be identical among all the CG nodes.
The coarse graining method described in Section 3 is applied to the
deformed lattice in equilibrium with load P . The resulting CG dis-
placements are denoted by ui, and CG bond forces are denoted by
fji. Although the small scale lattice involved only nearest-neighbor
interactions, this is not true of the CG bond forces. The CG bond
forces are not equal to P , but they vary linearly with P if the end
displacements of the lattice are changed slowly. In the following Sec-
tions, two 1D peridynamic material models will be discussed in the
context of coarse graining.

Figure 3 illustrates typical small scale and coarse grained displace-
ments in a 1D bar. As suggested by the figure, coarse graining tends
to smooth out the lattice solution.

4.1 1D microelastic material model

Let the CG strains be defined by

εji =
uj − ui
|xj − xi|

(45)
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Figure 2: Lattice with two materials with random grain sizes.
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where the CG displacements ui are defined in (17). The strains defined
by (45) are antisymmetric, that is, εij = −εji. εji > 0 does not
necessarily imply tension. Following (2), let a 1D microelastic material
model be defined by

fji = cjiεji (46)

where the cji are parameters to be determined, independent of the
load P . In general, these parameters vary throughout the CG system,
due to its heterogeneity. Trivially, a specific set of the parameters for
the microelastic model is calibrated by

cji =
fji
εji
. (47)

From (26), it follows that the cji given by (47) are nonzero only if
CG nodes i and j are closer than δ. Thus, the peridynamic horizon is
the same as the interaction distance found from the forces in the CG
bonds. All the quantities on the right hand side of (47) are known from
the single small scale equilibrium solution and the coarse graining.
Thus, the position-dependent material model coefficients cji are easily
evaluated from this one small scale simulation.

4.2 1D correspondence material model

A correspondence NOSB peridynamic material model (see Section 2)
can also be constructed easily. Although the influence function ωji is
essentially arbitrary in theory, in the present setting it can be deter-
mined from the smoothing functions in the lattice model, as described
in the Appendix. The discrete form of the shape tensor (which is a
scalar in 1D) defined by (7) is given by

Ki =
∑
j∈Hi

ωji(xj − xi)2. (48)

The approximate displacement gradient is then

Hi =
1

Ki

∑
j∈Hi

ωji(uj − ui)(xj − xi). (49)

Now assume a linearly elastic correspondence material model with the
stress σi given by

σi(Hi) = EiHi (50)
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where the Ei are parameters independent of the load P , but dependent
on the CG node i due to the heterogeneity of the underlying small scale
system. Setting σi = P , the parameters are obtained trivially from
(50):

Ei =
P

Hi
. (51)

For any deformation of the CG nodes, the bond forces are then found
from (8) to be

tji =
ωjiσi(xj − xi)

Ki
, (52)

where the σi are found from (49) and (50) using the current displace-
ments of the CG nodes. The pairwise bond force densities are then
found from (11) in the 1D form

fji = tji − tij . (53)

To summarize the calibration process, the following steps are fol-
lowed.

• The lattice, including random variations in properties, is dis-
placed at the ends, resulting in a load P , displacements Uα, and
bond forces Fβα.

• The CG node displacements ui are found from these Uα using
(17).

• The CG bond forces fji are similarly computed from (23).

• The bond-based (BB) material model coefficients cji are then
computed from (47) for all CG nodes i, j. The coefficients are
nonzero only within the horizon δ of each CG node.

• The non-ordinary state-based (NOSB) coefficients Ei are found
from (51).

Because the lattice interactions are linear, the specific value of the
load P does not affect the calibration, provided that it is nonzero.

5 1D Example: Equilibrium under an

external load distribution

Two viable material models for the CG system have now been ob-
tained:
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• The bond-based microelastic model given by (46), and

• the correspondence model given by (52).

To illustrate the calibration process and performance of these mod-
els, consider a 1D lattice with random properties as described in Sec-
tion 4. The smoothing functions Ωα

i are triangular in shape and de-
fined by

Ωα
i =

Ω̄(xi −Xα)

Nα
(54)

where

Ω̄(y) = max

{
0, 1− |y|

R

}
, Nα =

∑
j

Ω̄(xj −Xα). (55)

Nα is a normalization factor such that (14) holds. The numerical pa-
rameters are listed in Table 1. Material 1 is much more rigid than
material 2. After carrying out the calibration process as described
above for this lattice, the accuracy of both the BB and NOSB peridy-
namic models is studied using the following verification problem.

An external load Bα, independent of time, is applied to each lattice
point α:

Bα =

{
B0 sin(πXα/Lb) if |Xα| < Lb,
0 otherwise,

(56)

where the coordinate system is such that X = 0 is at the midpoint of
the lattice. B0 is a constant, and Lb is the distance from the origin over
which the loads are applied (Figure 4). The load distribution in (56)
is self-equilibrated. The ends of the lattice are free. The numerical
parameters are listed in Table 1.

The main objective of this example is to determine the overall
accuracy of the peridynamic methods (BB and NOSB) as the CG
discretization spacing h is varied, and to compare the accuracy against
two alternative methods. (The peridynamic node positions are the
same as those of the CG nodes, as described previously.) Define the
error in bond-based model by

EBB =
1

maxi |ui|

√∑
i(u

BB
i − ui)2
Nc

. (57)

uBBi is the solution at the CG nodes using the bond-based peridynamic
material model (46), and ui is the CG displacement found from the
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Figure 4: External loading distribution used in the 1D example.
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Parameter Value

Number of lattice points, Na 2001
Lattice spacing, λ 0.002
Total sample length, L 4
Mean grain length, L1 15λ
Mean grain length, L2 5λ
CG node spacing, h kλ, k = 2, 4, 8, 16, 32
Smoothing function radius, R h
Material 1 spring constant, C1 1
Material 2 spring constant, C2 0.1
Disorder parameter, D 0.8
Material 1 volume fraction, φ1 0.774
Material 2 volume fraction, φ2 0.226
Loaded region half-length, Lb 0.4
Applied load amplitude, B0 0.4

Table 1: Parameters in the 1D example.

lattice displacements using (17). Note that the peridynamic solution
is considered to be exact if it matches the CG displacements, not the
small-scale lattice displacements.

Using the material model parameters derived from the calibration
process, the peridynamic solutions on the CG nodes are obtained by
solving the following equations:∑

j∈Hi

fji + bi = 0 (58)

for all i, where

bi =

Na∑
α=1

Ωα
i Bα (59)

and the peridynamic bond forces are supplied by either (46) for the
BB material model or (52) for the NOSB material model. Results
with these methods are shown in Figure 5. The BB solution is more
accurate than NOSB because with BB, each bond constant cji is de-
termined separately, while with NOSB only the elastic moduli at the
nodes Ei are available to calibrate. Since there are many more bonds
than nodes, the BB model can be calibrated more accurately.
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It is interesting to compare the peridynamic solutions (BB and
NOSB) with solutions from a local model using smoothed properties.
For any horizon δ, the modulus is found from

ESL(x) =
2δσ

U(x+ δ)− U(x− δ)
(60)

where U is the small scale displacement field. Thus, the position-
dependent elastic modulus is found from a moving RVE of width 2δ.
This modulus is used in a conventional finite difference solver to ob-
tain the “smoothed local” solution. The errors with this method are
labeled as “SL” in Figure 5.

Yet another approach for comparison is to use the same effective
modulus in a local solver everywhere in a local solver. The effective
modulus for a random two-material bar is given by

Eeff =
1

φ1/C1 + φ2/C2
. (61)

Setting Ei = Eeff for all i in a finite difference solver results in the
errors labeled as “EFF” in the in Figure 5. The main reason that this
model gives less accurate results is that the small scale system is not
statistically homogeneous due to the variations in grain size.

One of the questions that arises with coarse graining is how the
radius of support R of the smoothing functions Ωα

i influences the re-
sults. To investigate this, results with the peridynamic BB and NOSB
solvers with three different values of R are shown in Figure 6. The
overall trend is that for either solver, the error increases with increas-
ing R.

Another question about the proposed method is whether random-
ness in the small scale model (as determined by the disorder parameter
D) affects the accuracy of the peridynamic models. The influence of
D is shown in Figure 7, which shows the peridynamic results with
both BB and NOSB solvers for three different values of D. Evidently,
the randomness does not strongly affect the convergence of the CG
method.

Since the peridynamic method introduces a length scale δ (which
depends on the smoothing function radius R), it is of interest to see if
this length scale interacts with the length scale of the load distribution
Lb (see Equation (56)). The results with BB and NOSB solvers are
shown in Figure 8, for values of Lb that vary by a factor of 10. Ap-
parently, this parameter does not significantly affect the convergence
of either solver as the CG mesh spacing is reduced.
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Figure 5: Error in displacement as a function of the CG node spacing, relative
to the lattice spacing. Results with four different solvers are shown.
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Figure 6: Error for the 1D peridynamic solvers with 3 different values of the
smoothing function radius. Red curves are NOSB, green are BB.
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Figure 7: Error for the 1D peridynamic solvers with 3 different values of
the disorder parameter D. The value D = 0 corresponds to a periodic
microstructure, while D = 0.8 represents a highly random material. Red
curves are NOSB, green are BB.
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Figure 8: Error for the 1D peridynamic solvers with two different values of
the loading region width Lb. Red curves are NOSB, green are BB.
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6 Two-dimensional lattice with random

properties

Now consider a two-dimensional lattice in which the properties vary
from point to point. There are two types of lattice points, 1 and
2. (More types can be included by a simple generalization.) The
points are positioned on a square lattice with spacing λ. The force
interactions for point α occur only with its 8 neighbors β with relative
positions (±1, 0), (0,±1), (±1,±1). For each of these interactions, the
force on α is given by the central potential interaction

Fβα = CβαεβαM (62)

where M is the lattice bond direction in the reference configuration,

M =
Xβ −Xα

|Xβ −Xα|
, (63)

εβα is the lattice bond strain,

εβα =
Uβ −Uα

|Xβ −Xα|
·M, (64)

and the Cβα are position-dependent material properties given by

Cβα =


C1 if both α and β are in material 1,
C2 if both α and β are in material 2,
(C1 + C2)/2 otherwise,

(65)

in which C1 and C2 are constants.
The CG smoothing functions Ωα

i are tent-shaped with radius R
(Figure 9):

Ωα
i =

Ω̄(|xi −Xα|)
Nα

(66)

where

Ω̄(y) = max

{
0, 1− |y|

R

}
, Nα =

∑
j

Ω̄(|xj −Xα|). (67)

The smoothing functions in (66), (67) satisfy the required normal-
ization (14). For any set of lattice displacements Uα, the CG dis-
placements and forces ui are computed from (17) for all i. The CG
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Figure 9: Random arrangement of materials in the 2D lattice model.
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bond forces fji are found from (23) for all i and j. From (27), setting
d =
√

2λ, the horizon is

δ = 2R+
√

2λ. (68)

Although the BB model was accurate and easy to calibrate in 1D,
BB models have some well-known limitations in multiple dimensions,
such as the restriction to a single Poisson ratio (1/4 in 3D, 1/3 in 2D).
Ordinary state-based (OSB) material models do not suffer from such
restrictions. However, it is found by examining the coarse grained
bond forces in 2D that often these forces are not parallel to the bond
vectors. Since the OSB models assume that the bond forces are par-
allel to the bond vectors, there does not seem to be a natural compat-
ibility between OSB material models and the present coarse graining
approach for calibration, which explicitly uses these CG bond forces.

So, in the following discussion, only an NOSB model is considered.
Although different NOSB models are possible, only the correspon-
dence approach is used here (see Section 2). Small displacements are
assumed, allowing the linearized strain tensor to be used rather than
the full displacement gradient tensor in the material model. Also,
the (symmetric) Cauchy stress tensor is used to approximate the first
Piola-Kirchhoff stress tensor that appears in (8). Let ωji be the NOSB
influence functions, which are required to be non-negative but not nec-
essarily normalized. Define, for any CG node i, the shape tensor

Ki =
∑
j∈Hi

ωji(xj − xi)⊗ (xj − xi). (69)

(The relation of the peridynamic infuence functions ωji to the smooth-
ing functions Ωα

i is discussed in the Appendix.) The approximate
displacement gradient tensor at node i is defined by

Hi =

∑
j∈Hi

ωji(uj − ui)⊗ (xj − xi)

K−1i . (70)

From this, compute the strain tensor:

εi =
Hi + HT

i

2
. (71)

Now assume a linearly elastic correspondence material model with the
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stress σi given by σ11
σ22
σ12


i

=

 E11 E12 0
E21 E22 0
0 0 E44


i

 ε11
ε22
2ε12


i

(72)

where the {E11, E22, E12, E21, E44}i are the elastic moduli in Voigt
notation. The material model in (72) is anisotropic, which can be an
important aspect of random media, even if the individual constituent
materials are isotropic.

To compute the bond force in the bond ξji = xj−xi from the stress
tensor, the following standard expressions for NOSB correspondence
models are applied:

fji = tji − tij (73)

where
tji = ωjiσiK

−1
i ξji, tij = ωijσjK

−1
j ξij . (74)

To evaluate these E11, . . . , E44 moduli at the CG nodes, the lattice
displacements are computed in equilibrium for three separate sets of
boundary conditions, denoted by (1), (2), (3). Let B denote the atoms
on the square outer edge of the lattice. The three boundary conditions
are given by

Uα = H(k)Xα, α ∈ B, k = 1, 2, 3 (75)

where the H(k) are constant prescribed displacement gradient tensors,
specifically [

H(1)
]

=

[
ε0 0
0 0

]
,

[
H(2)

]
=

[
0 0
0 ε0

]
, (76)

[
H(3)

]
=

[
0 ε0
ε0 0

]
(77)

where ε0 is a small constant. These three boundary conditions rep-
resent uniaxial strain in the 1-direction, uniaxial strain in the 2-
direction, and pure shear, respectively.

Subject to the boundary conditions (75), the equilibrium displace-

ments of the atoms U
(k)
α , k = 1, 2, 3 are computed for all the atoms α

in the small scale model. The CG displacements u
(k)
i are then found

from (17), and the CG bond forces f
(k)
ji are found from (23). The re-

sulting CG displacement gradient tensors H
(k)
i and CG strain tensors

ε
(k)
i are then determined from (70) and (71).
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At any node i, for each case (k), an approximate (“partial”) stress
tensor [26] is computed from

σ
(k)
i =

1

2

∑
j∈Hi

f
(k)
ji ⊗ ξji. (78)

At node i, the stresses from the material model (72) for the three cases
are combined into the following matrix equation:

ε
(1)
11 0 ε

(1)
22 0 0

0 ε
(1)
22 0 ε

(1)
11 0

ε
(2)
11 0 ε

(2)
22 0 0

0 ε
(2)
22 0 ε

(2)
11 0

0 0 0 0 2ε
(3)
12


i


E11

E22

E12

E21

E44


i

=


σ
(1)
11

σ
(1)
22

σ
(2)
11

σ
(2)
22

σ
(3)
12


i

. (79)

This is a linear algebraic system in which the only unknowns are
{E11, E22, E12, E21, E44}i. The matrix in (79) is always nonsingular in
practice if the underlying small scale model has reasonable material
properties. Solving (79) at each i completes the calibration process.
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7 Coarse graining of damage criteria

Suppose a material failure criterion is prescribed in the small scale sys-
tem. If the small scale system is peridynamic, a typical assumption
is that bonds break irreversibly when their strain exceeds some con-
stant prescribed value, known as the critical strain. However, many
alternative assumptions are possible, such as a critical tensile pres-
sure. Regardless of the particular failure criterion, assume there is a
quantity called the overload , denoted by Zβα(t), such that

Zβα(0) = 0, Żβα(t) ≥ 0 (80)

where β is any small scale point that interacts with α. Failure of the
bond occurs irreversibly at the first time t? such that

Zβα(t?) = 1, (81)

after which
Fβα(t) = 0, t > t?. (82)

The task now is to find a damage criterion in the coarse grained model
that accurately incorporates failure at the small scale.

To do this, consider a CG node i, and let Si be the set of atoms
that are closer to i than to any other CG node. (In a square lattice
of CG nodes, Si is a square of side length h.) Let Z̄i be the current
maximum value of the small scale overload values within Si:

Z̄i(t) = max
α∈Si

Zβα(t). (83)

Therefore, if for some time t?,

Z̄i(t?) > 1, (84)

it follows from (83) that there is some α ∈ Si that has failed. It
remains to define conditions under which (84) occurs as determined
by the deformation of the CG mesh. To obtain such a condition,
assume that the Z̄i can be determined from the CG strain tensor εi
given by (71) as follows:

Z̄i(t) = Di · εi(t) (85)

where Di is a symmetric concentration tensor that is independent of
time. This name comes from the role of the tensor in mapping the CG

30



strains onto the small scale stress concentrations that lead to damage.
To calibrate the Di, return to the three calibration cases given by (75).
It is assumed that the three displacement gradient tensors H(k) are
small enough that no bonds fail in the small scale model. Asserting
(85) at each CG node i for each loading case leads to the following
linear algebraic system in which D11, D22, D12 are the only unknowns: ε

(1)
11 ε

(1)
22 2ε

(1)
12

ε
(2)
11 ε

(2)
22 2ε

(2)
12

ε
(3)
11 ε

(3)
22 2ε

(3)
12


i

 D11

D22

D12


i

=

 Z̄(1)

Z̄(2)

Z̄(3)


i

. (86)

With the aim of translating the Di into a failure criterion for specific
CG bonds, consider a principal basis for this tensor. Let e be a unit
eigenvector corresponding to the largest eigenvalue. Consider a strain
tensor that corresponds to uniaxial strain in the direction of e:

ε = ε0e⊗ e (87)

where ε0 is a scalar. For this choice of ε, suppose that ε0 is such that

Di · ε = Di · (ε0e⊗ e) = (Die) · (εe) > 1. (88)

Then the bond in the direction of e can be assumed to have failed
according to (85). To apply this to the CG mesh, suppose there is
some CG bond with unit direction vector mji such that

(Dimji) · (εimji) > 1. (89)

Then the bond from i to j is assumed to have failed. (89) is the
proposed failure criterion for bonds. This criterion is applied to each
CG bond over time as the CG mesh deforms under some set of loading
and boundary conditions.

The failure criterion is implemented as follows. Let µji(t) denote
a binary-valued function that indicates whether a bond is broken:

µji(t) ={
0 if max

0<t′≤t

{
(Dimji) · (εi(t′)mji), (Djmij) · (εj(t′)mij),

}
> 1,

1 otherwise.

(90)
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Define the net damage at node i by

ϕi(t) = 1−
∑

j∈Hi µji(t)∑
j∈Hi 1

. (91)

The stress calculation in (72) is modified as follows to account for
damage:

[σi] = [Ei][εi] max
{

0, 1− ϕi/ϕ0

}
(92)

where ϕ0 is a constant and the quantities in square brackets are the
matrices given in (72). Also, the bond failure is incorporated into
the NOSB correspondence model expressions (69), (70), and (74) as
follows:

Ki =
∑
j∈Hi

µjiωji(xj − xi)⊗ (xj − xi), (93)

Hi =

∑
j∈Hi

µjiωji(uj − ui)⊗ (xj − xi)

K−1i . (94)

tji = µjiωjiσiK
−1
i ξji, tij = µijωijσjK

−1
j ξij (95)

where ξji = xj − xi. If there is so much damage that Ki defined in
(93) becomes singular, then all the bond forces are set to zero at node
i.
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8 2D Examples

Two small scale models with random microstructures are generated,
each consisting of two materials, as shown in (Figure 10). The square
regions have side length 8. The composite microstructure, shown on
the left, represents hard circular inclusions of diameter a in a soft
matrix. The 2-material Voronoi microstructure, shown on the right,
was generated with Voronoi cells with nominal spacing `v and is sug-
gestive of a metallic polycrystal. In this microstructure, smaller and
larger grains are grouped roughly into horizontal strips, as can occur
in additively manufactured metals due to the path of a heat source
[29]. The small scale material model is given by (62) and (65) with
the lattice bond strain defined by (64). The small scale failure model
is given by (81) with the overload defined by

Zβα =
εβα
ε?

(96)

where

ε? =


ε?1 if both α and β are in material 1,
ε?2 if both α and β are in material 2,
(ε?1 + ε?2)/2 otherwise,

(97)

and where ε?1 and ε?2 are positive constants. The numerical parame-
ters are listed in Table 2.

Recall from the previous discussion that in 2D, three calculations
with the small scale model are required for calibration of the NOSB
peridynamic model. The square region is deformed at the boundary
for the three cases in (76), (77) with ε0 = 0.001. The CG elastic
moduli are computed by solving (79) at each node i.

To evaluate the accuracy of the NOSB material model after cali-
bration of the parameters with different CG mesh spacings (which are
the same as the peridynamic node spacings), simulations were per-
formed with time-independent external loads applied to the lattice
points according to the following expression:

(B1)α =

{
B0 sin(π(X1)α/W ) cos(π(X2)α/2W ) if Xα ∈ Q
0 otherwise,

(98)

(B2)α = 0 (99)

where B0 is a constant and Q is a square subregion centered at the
origin with side length 2W . The load distribution in (98) is shown in

33



Material 2

Material 1

Composite 2-material Voronoi

Figure 10: 2D microstructures used in the examples.
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Parameter Composite value 2-mat Voronoi value

Number of atoms, Na 160,801 160,801
Lattice spacing, λ 0.02 0.02
CG node spacing, h kλ, k = 2, 4, 8, 16, 32 kλ, k = 2, 4, 8, 16, 32
Region side length 8 8
Loaded subregion length, 2W 6 6
Inclusion diameter, a 0.2 –
Nominal grain size, `v – 0.18 (center), 0.53 (edges)
Smoothing function radius, R h h
Material 1 spring constant, C1 1 1
Material 2 spring constant, C2 0.1 0.8
Material 1 failure strain, ε?1 0.1 0.1
Material 2 failure strain, ε?2 0.05 0.06
Material 1 volume fraction, φ1 0.565 0.833
Material 2 volume fraction, φ2 0.435 0.167
Load amplitude (elastic), B0 1.0E-5 1.0E-5
Load amplitude (fracture), Bf 2.0E-4 1.5E-3
Ramp time constant, tf 500 500

Table 2: Parameters in the 2D examples.

Figure 11. Figure 12 shows the strain distribution in the peridynamic
simulation and the positions in the grid where the greatest errors
appear in the displacements. The error for each PD node is given by

EPDi =
|uPDi − ui|
maxi |ui|

(100)

where the ui are the CG displacement vectors. Also define the net
error for the entire peridynamic model by

EPD =
1

maxi |ui|

√∑
i |uPDi − ui|2

Nc
. (101)

For 5 different values of CG node spacing, the net error in the peri-
dynamic solution with the NOSB model is shown in Figure 13. The
difference in convergence rate between the two microstructures is due
to the difference in contrast between the constituent materials (see
Table 2).
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To demonstrate the upscaling of a damage model, as described in
Section 7, the same 2D model was subjected to loads that increase
linearly over time, leading to fracture in the small scale lattice. These
loads are given by

(B1(t))α =

{
Bf sin(π(X1)α/W )(t/tf ) if |(X1)α| < W,
0 otherwise,

(102)

(B2(t))α = 0 (103)

where Bf and tf are constants. This load distribution is illustrated in
Figure 14.

For the composite, the displacements after fracture are compared
with the small scale result in Figure 15. The comparison using the
2-material Voronoi microstructure is shown in Figure 16.

For the loading that leads to fracture, the load through the mid-
plane as a function of time during the loading ramp is shown in Fig-
ure 17.

Typical timings for the small scale solution (with 160,801 atoms),
the coarse graining computations, and the peridynamic solution are
shown in Figure 18. The coarse graining times do not include the
three calibration solutions, but they include the mapping of the small
scale variables onto the CG nodes, and finding the parameters in the
NOSB and failure models at each CG node.

It is interesting to evaluate the convergence of the elastic proper-
ties given by (79) as the CG node spacing h is varied. To illustrate
this, the NOSB parameter calibration process was repeated for the mi-
crostructure shown in Figure 19. The small scale model had the same
parameters as listed in Table 2, but with a smaller inclusion diameter,
a = 0.1. Figure 19 shows that the standard deviation of the elastic
modulus E11 asymptotically approaches 0 as h increases. The reason
for this trend is that as h increases, the smoothing function radius R
also increases, so each smoothing function includes more inclusions.
The values of elastic moduli obtained with the coarsest CG node spac-
ing, which is h = 32λ, and these could be used as nonlocal effective
properties in a homogeneous model. That is, they could be applied
as constant values everywhere in the region, provided that the NOSB
influence function and horizon are specified as described previously.
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Figure 11: Load distribution in the example problem for elastic response.
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Strain 𝜖11 Error

Figure 12: Left: Strain in the composite predicted by the NOSB model with
h = 4λ. Right: For the same calculation, PD nodes with error >0.005 are
shown in red.
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Figure 13: Error in the 2D example problems for elastic response, as a func-
tion of the CG node spacing.
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Figure 14: Load distribution in the example problem for damage progression.
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Materials Small-scale model
Colors show displacement

Peridynamic model, ℎ = 4𝜆
Colors show displacement

Figure 15: Fracture predicted with the peridynamic NOSB material model
for the composite microstructure.
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Materials in small-scale model Small-scale model
Colors show displacement

Peridynamic model, ℎ = 8𝜆
Colors show displacement

2-Material Voronoi

Figure 16: Fracture predicted with the peridynamic NOSB material model
for the 2-material Voronoi microstructure.
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Figure 17: Load transmitted through the midplane of the peridynamic grid
as a function of the externally applied load.
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Figure 18: Typical compute times for the small scale and coarse grained
models.
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Figure 19: Mean and standard deviation of the elastic modulus E11 as a
function of the CG node spacing.
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9 Discussion

The main result in this paper is that coarse grained bond forces de-
rived from a small scale model can be used in a direct way to cali-
brate position-dependent peridynamic material models in a random
medium. The calibration process involves only simple algebraic ma-
nipulations and does not rely on statistical methods or sophisticated
machine learning or optimization techniques. The calibration takes
place at each CG node separately, in contrast to fitting techniques
that treat full-field data. The peridynamic horizon is determined only
by the coarse graining parameters and the length scale of physical
interactions in the small scale description. In example problems, the
peridynamic NOSB simulations yield acceptable errors and conver-
gence properties as the CG node spacing is varied.

Since the peridynamic material parameters are determined sepa-
rately at each CG node, the resulting model accounts for mesoscale
fluctuations in the statistical distribution of each material in the un-
derlying small scale model. The 1D results suggest that the peridy-
namic method with heterogeneous coarse grained material constants
is more accurate than a local model with constant effective modulus.
The mesoscale variations in the material distribution are the main
reason for the difference.

The 1D results also suggest that for a given value of the CG node
spacing, smaller values of the smoothing function radius R tend to
improve accuracy. The 1D results further demonstrate that the peri-
dynamic models have about the same accuracy whether the material
distribution is periodic (D = 0) or random (D > 0).

The 2D results demonstrate that an NOSB correspondence mate-
rial model with heterogeneous parameters gives accurate results for the
elastic response of a small scale system with microstructures similar to
a composite or to an additively manufactured metal. The convergence
properties of the method in 2D are similar to those seen in 1D.

The proposed method for upscaling the damage response from the
small scale takes into account the small scale variations in compli-
ance of the materials. They include, for example, small scale stress
concentrations that could appear near the intersctions between grains
or between inclusions. The method accounts for this because it as-
sociates the upscaled damage criterion with the most highly strained
small scale bonds. The upscaled damaged model gives reasonable
agreement for the macroscopic failure load over a range of CG node
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spacings.
The proposed upscaling method for damage, because it consid-

ers only how close an undamaged small scale material is to the first
appearance of damage, is applicable mainly to damage nucleation.
Future work will extend the method to the growth of pre-existing
cracks. Extension to other nonlinear types of material response, such
as plasticity, appears to be possible using essentially the same method
as proposed here provided a suitable NOSB correspondence model is
adopted for calibration.
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Appendix: Derivation of the NOSB in-

fluence function

In this Appendix it is shown that the form of the influence function ω
can be obtained from the form of the CG smoothing function Ω. It is
convenient to use the continuum expression for the CG bond forces:

f(q,x) =

∫ ∫
Ω(X,x)Ω(Q,q)F(Q,X) dQ dX (104)

where the integrals are over the entire body. Assume that the lattice
forces are short-range, that is, d� R. Also let Ω be radially symmet-
ric, that is, Ω(X,x) depends only on |X− x|. Further assume that X
is in the interior of the body, that there are no external forces, and
that the body and the deformation are both homogeneous. Define
P = Q−X. Then (104) becomes

f(q,x) =

∫ ∫
Ω(X,x)Ω(X + P,q)F0(P) dP dX (105)

where F0 is a function independent of X. Since the body is in equi-
librium, ∫

F0(P) dP = 0. (106)

Since d is small, terms in a Taylor expansion for Ω near X higher
than first order can be neglected for present purposes. From (105)
and (105),

f(q,x) =

∫ ∫
Ω(X,x)

[
Ω(X,q)+P·∇Ω(X,q)

]
F0(P) dP dX. (107)

In view of (106),

f(q,x) = σ0

∫
Ω(X,x)∇Ω(X,q) dX (108)

where the stress tensor is given by

σ0 =

∫
F0(P)⊗P dP. (109)

Now recall the peridynamic bond stress for a corrospondence material
with influence function ω:

f(q,x) =
1

K0
σ0ω(|ξ|)ξ, ξ = q− x. (110)
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in which, under the present assumptions, the shape tensor is isotropic,
that is K = K01 for some scalar K0. Comparing (108) and (110), the
conclusion is that

ω(q,x) =
1

|q− x|

∣∣∣∣∫ Ω(X,x)∇Ω(X,q) dX

∣∣∣∣ (111)

where K0 is omitted, since the normalization of ω is handled within
the correspondence model. Under the present assumptions, ω depends
only on |q− x|, and (111) therefore simplifies to

ω(ξ) =
1

ξ

∣∣∣∣∫
B

Ω(X,0)∇Ω(X, ξe) dX

∣∣∣∣ (112)

where e is any fixed unit vector and, taking liberties with the notation,
ω(|q − x|) replaces ω(q,x). B is a neighborhood of 0 with radius R.
A typical curve for ω is shown in Figure 20, in which tent-shaped
smoothing functions are assumed.

(112) provides the expression for the influence function in an NOSB
peridynamic material model derived from the underlying smoothing
functions that are used for coarse graining.
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Position 𝑋𝛼 , 𝑥𝑖

𝛿

𝑥𝑖 𝑥𝑖+4

Smoothing function Ω𝛼
𝑖+3

NOSB influence function 𝜔(𝑥𝑗 − 𝑥𝑖)

Figure 20: Influence function for an NOSB material model as determined
from the smoothing functions.
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