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1 Introduction and motivation

Jets are collimated beams of hadrons abundantly produced in collider experiments. The
variety of jet production processes makes it possible to use jets to test fundamental properties
of the Standard Model (SM) [1–15] of particle physics as well as for the search for new
particles predicted by its extensions [16–19]. In this context, jet substructure has emerged as
a lively field of research [20] at the boundary between theory and experiment and has been
employed in a vast number of searches and measurements. Furthermore, innovative artificial
intelligence techniques are often applied to jet physics, and jet substructure observables
are widely used as input to machine learning algorithms [21–23] and for particle tagging
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purposes [24–30]. Moreover, since the formation and evolution of jets are sensitive to the
interactions between partons produced via hard scattering process with the dense medium
formed in proton-nucleus (pA) or nucleus-nucleus (AA) collisions [31–45], jet substructure
has become an important tool for studies of the quark-gluon plasma (QGP) properties.

An accurate description of jets and their structure can be achieved exploiting both
fixed-order and resummation techniques in Quantum ChromoDynamics (QCD). However,
these calculations are associated with numerous theoretical challenges. Despite the fact
that an increasing number of processes involving jets are now known to next-to-next-to-
leading order (NNLO) accuracy in the strong coupling expansion, the presence of multiple
scales, e.g. the jet transverse momentum, the jet radius, quark masses, etc., may worsen
the convergence of the perturbative expansion due to the presence of large logarithmic
contributions at each fixed order, as a consequence of the hierarchy between these scales.
While the inclusion of resummation can be beneficial in the case of inclusive observables,
i.e. jet-radius resummation for inclusive jet cross sections, it becomes mandatory in order
to achieve an accurate description of jet substructure. However, all-order calculations of
jet substructure observables are non-trivial because there are phase-space boundaries that
lead to non-global effects [46, 47] and because the algorithmic nature of jet definitions makes
all-order factorization difficult to achieve. These challenges have been addressed by the theory
community over the last decade, and a deeper understanding of jet substructure has been
achieved thanks to numerous QCD studies (for a review, see e.g. [20] and references therein).
For instance, the recent calculations of subleading corrections to non-global logarithms [48–52]
open up the way to perform next-to-next-to-leading logarithmic (NNLL) resummation for jet
substructure observables. In this context, so-called grooming techniques, i.e. algorithms that
aim to clean a jet by removing its constituents originating from soft radiation, significantly
improve our ability to use perturbation theory to describe jet physics by reducing the impact
of non-perturbative effects, such as hadronisation and the underlying event (UE) contribution.
In addition, the analytic structure of all-order resummed results is also simplified because
groomers, such as the SoftDrop algorithm [53], can eliminate the logarithmic enhancement
due to soft gluons at wide angles, including the intricate structure of non-global logarithms,
by converting logarithms of the observable under consideration into logarithms of an external
parameter, such as zcut in the case of SoftDrop. Because of these properties, all-order
calculations for SoftDrop observables have reached NNLL accuracy and beyond [54, 55]. An
important and widely-studied class of jet substructure observables are jet angularities [56–58]
and energy-correlation functions (ECFs) [59, 60]. High-precision results for jet angularities
were obtained in refs. [61–67]. In particular, NLO+NLL′ predictions for jet angularities
from refs. [61, 62] are available as part of the resummation plugin to the SHERPA generator
framework [68, 69], which has been used for comparison with experimental measurements [14].

Recently, precision studies of heavy flavoured jets have gained the attention of the jet
substructure community. Jets featuring heavy flavours, namely charm (c) and beauty (b), are
of interest for a variety of studies at the Large Hadron Collider (LHC). On the one hand,
they play a crucial role in studies of the Higgs boson. On the other hand, measurements of
processes with heavy-flavour jets recoiling against electroweak bosons can be used to probe the
heavy-quark component of the proton wave function. In particular, the recent development
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of Infra-Red and Collinear (IRC) safe flavour-jet algorithms [70–74] (to NNLO [71] or to all
orders [72–74]) provides us with the possibility of setting up a yet-unexplored flavour-jet
substructure program at the LHC. From a theoretical point of view, calculations for identified
heavy flavours can be performed essentially because the quark mass sets a perturbative
scale for the running coupling and simultaneously removes collinear singularities. From an
experimental point of view, the lifetime of B (or D) hadrons is long enough for their decay to
occur away from the interaction point. Dedicated b- and c-tagging techniques that exploit this
property to identify B and D hadrons or b and c jets are widely used in collider experiments,
see e.g. [75, 76]. Resummed calculations for jets initiated by heavy quarks were first performed
in the context of studies focusing on B-hadron decays [77–80] and top jets [81–86], using the
formalism of effective field theory. However, to the best of our knowledge, there exists only a
handful of studies addressing jet substructure of heavy-flavour jets [24, 87–96]. One of the
most interesting QCD effects affecting the substructure of the heavy-flavour jet is the so-called
dead-cone effect [97, 98], i.e. the suppression of collinear radiation around heavy quarks, the
first direct observation of which was recently reported by the ALICE collaboration [99].1

The case of heavy-flavour ECFs was considered in ref. [88] within the Soft-Collinear Effective
Theory (SCET) [107–110] framework, however from what we know, no studies of the heavy-
flavour jet angularities are available in the literature. Therefore, in this study we aim to
investigate impact of the dead-cone effect on both ECFs and jet angularities for b-jets.

This paper is organised as follows: in section 2 we consider several possible definitions of
ECFs and jet angularities that account for massive constituents. Exploiting numerical simula-
tions performed with general-purpose Monte Carlo event generators such as PYTHIA [111, 112],
HERWIG [113, 114] and SHERPA [115, 116], we highlight positive and negative features of the
different choices. In order to put our physics intuition on firmer ground, in section 3, we
perform fixed-order calculations at O(αs) in the quasi-collinear limit [117, 118] for the variants
of the observables considered in this study. In section 4 we perform analytic resummation and
extend the NLL calculations of refs. [61, 62] to the case of massive quarks. Our calculation
resums both logarithms of the observables and of the ratio of the heavy quark mass m to the
hard scale of the process. We consider both ungroomed jets and SoftDrop ones. Finally, in sec-
tion 5, we compare our analytic findings to Monte Carlo simulations, before summarising our
findings and conclusions in section 6. Details of the calculation are provided in the appendix.

2 Jet shapes with heavy flavours

In this section, we perform a rather detailed analysis of possible jet substructure observables
that may be employed to study heavy flavour jets. In particular, we focus on ECFs [59]
and jet angularities [56–58] for heavy flavour jets.

In our considerations we will be guided by simple kinematic arguments, as well as by
behaviour of QCD matrix elements in the presence of massive quarks. In particular, when
considering jets initiated by a massive parton, the focus typically shifts from the collinear
limit to the quasi-collinear one [117, 119, 120]. Within this approximation, the transverse
momentum of the emitted radiation kt and the mass of the heavy quark are assumed to be small

1For indirect observations of the dead-cone effect, see also refs. [100–106].
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compared to the hard scale of the process. However, their ratio is kept fixed. Multiple viable
options exist for defining observables, each reducing to the standard definition as the mass
approaches zero. We will exploit the quasi-collinear limit to characterise different definitions of
ECFs and angularities. We will also test the understanding reached with partonic arguments
with simulations obtained with general-purpose event generators, focussing on b-jets.

2.1 Definition of the observables

We begin the discussion by introducing two definitions of ECFs. The first is based on a
standard distance in the azimuth-rapidity plane:

eα
2 =

∑
i ̸=j

ptiptj

p2
t

(∆Rij

R0

)α

, (2.1)

where the sum over i, j runs over constituents of the jet clustered with the anti-kt al-
gorithm [121] and pt is the transverse momentum of the jet. The distance ∆Rij =√
(yi − yj)2 + (ϕi − ϕj)2, where pti, yi, ϕi denote the transverse momentum, the rapidity

and the azimuthal angle of the ith particle and R0 is the jet radius parameter. The concept
of IRC safety requires α > 0. The second definition instead uses scalar (dot) products
(hence its symbol):

ėα
2 =

∑
i ̸=j

ptiptj

p2
t

(
2pi · pj

ptiR0 ptjR0

)α
2

. (2.2)

We note that, if we neglect the particle masses, eα
2 and ėα

2 have the same behaviour in the small
∆Rij limit. However, the ECFs defined as in eq. (2.1) and eq. (2.2) differ in the case of massive
particles. To illustrate this point, we take the quasi-collinear limit of eq. (2.2), which leads to:

ėα
2 ≃

∑
i ̸=j

ptiptj

p2
t

(
m2

i

p2
tiR

2
0
+

m2
j

p2
tjR

2
0
+

∆R2
ij

R2
0

)α
2

. (2.3)

Thus, ėα
2 does not reduce to the standard definition of eq. (2.1) in the quasi-collinear limit,

due to the presence of the masses mi and mj . This observable was first studied, in conjunction
with SoftDrop in [88] using the SCET formalism.

Now let us consider a set of closely related observables generally known as jet angularities.
The standard jet angularity is defined as

λα =
∑

i

pti

pt

(∆Ri

R0

)α

, (2.4)

where, unlike eq. (2.1), the distance ∆Ri in eq. (2.4) is calculated with respect to the jet axis,
which we define by reclustering the jet using the Cambridge/Aachen (C/A) algorithm [122, 123]
with the Winner-Takes-All (WTA) [124] recombination scheme. The jet angularites defined
as in eq. (2.4) are commonly used for the jets seeded by massless partons, see e.g. [61, 62].
In the case of heavy jets, however, it is interesting to consider different definitions of the
reference axis in eq. (2.4) to highlight the effects due to the quark masses. In order to do that
we introduce two different four-vectors: n0 is a massless four-vector with the same rapidity
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y and azimuth ϕ of the WTA axis, and unit transverse momentum, while in n we keep the
mass (mn) of the particle that is aligned with the WTA axis:

n0 = (cosh y, cosϕ, sinϕ, sinh y), (2.5a)

n =
(
mt

pt
cosh y, cosϕ, sinϕ, mt

pt
sinh y

)
, (2.5b)

where m2
t = p2

t +m2
n. With these considerations in mind, we define four additional variants

of jet angularities:

λ̇α
0 =

∑
i

pti

pt

(2pi · n0
ptiR2

0

)α
2
, λ̇α =

∑
i

pti

pt

(2pi · n
ptiR2

0

)α
2
, (2.6a)

λ̊α
0 =

∑
i ̸=n

pti

pt

(2pi · n0
ptiR2

0

)α
2
, λ̊α =

∑
i ̸=n

pti

pt

(2pi · n
ptiR2

0

)α
2
, (2.6b)

where the sum i is over the jet’s constituents. We note that while eq. (2.4) only made use
of the transverse momentum fraction of ith particle and its distance from the WTA axis
in the azimuth-rapidity plane, the definitions in eqs. (2.6a) and (2.6b) instead consider the
scalar products between the four momenta of the individual particles and the two different
four-vectors n and n0 defined above. In particular, in the last two cases, denoted by open
circles, we exclude the contribution of the particle aligned with the WTA axis. As far as
massless particles (and axis) are concerned, all five definitions of angularities in the collinear
limit behave in the same way. If instead we consider massive particles and perform the
quasi-collinear limit, we find that

λ̇α
0 ≃

∑
i ̸=n

pti

pt

(
m2

i

p2
tiR

2
0
+ ∆R2

i

R2
0

)α
2

+
(
m2

n

p2
tR

2
0

)α
2

,

λ̇α ≃
∑
i ̸=n

pti

pt

(
m2

i

p2
tiR

2
0
+ m2

n

p2
tR

2
0
+ ∆R2

i

R2
0

)α
2

+
(
2m2

n

p2
tR

2
0

)α
2

, (2.7a)

λ̊α
0 ≃

∑
i ̸=n

pti

pt

(
m2

i

p2
tiR

2
0
+ ∆R2

i

R2
0

)α
2

, λ̊α ≃
∑
i ̸=n

pti

pt

(
m2

i

p2
tiR

2
0
+ m2

n

p2
tR

2
0
+ ∆R2

i

R2
0

)α
2

. (2.7b)

Thus, we note that both λ̇α
0 and λ̇α do not vanish in the soft and collinear limit, but rather

saturate to a constant proportional to the mass of the particle that is aligned to the WTA
axis. On the other hand, if we consider λ̊α

0 and λ̊α, for which the particle aligned to the
WTA axis does not enter in the sum, this contribution is absent.

We also compute groomed versions of the above observables. They are defined by first
applying SoftDrop [53] to the jets and then use the groomed jet’s constituents to compute the
observables. Note that we always keep pt to be the transverse momentum of the ungroomed
jet. SoftDrop recursively removes soft-wide angle constituents from a jet. Let us briefly recall
this procedure. The algorithm first re-clusters a given jet with radius R0 and transverse
momentum pt with the C/A algorithm. It then parses the resulting angular-ordered branching
history, grooming away the softer branch, until the condition

min(pt1, pt2)
pt1 + pt2

> zcut

(∆R12
R0

)β

(2.8)
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is satisfied. In the expression above, 1 and 2 denote the branches at a given step in the
clustering, pt1 and pt2 are the corresponding transverse momenta, and ∆R12 is their rapidity-
azimuth separation. In what follows, we perform resummed calculations that apply for generic
values of β ≥ 0 and zcut. However, when presenting fixed-order and numerical results, we
focus on β = 0, which corresponds to the modified-Mass-Drop-Tagger (mMDT) [125]. The
use of mMDT is particularly motivated in our study because we want to extract information
about the modification of the behaviour of jet substructure observables because of the dead
cone. Therefore, we want to concentrate on collinear dynamics and mMDT efficiently removes
contributions from soft emissions. However, we should point out that the use of mMDT
may lead to some peculiar behaviour in the ėα

2 and λ̊α distributions, which is reminiscent of
what happens for λ̇α

0 and λ̇α. This is because the mMDT condition imposes a lower bound
for pti. Because of this additional constraint, eq. (2.3) and the second equation of (2.7b)
do not vanish in the collinear limit, but rather saturate to a constant proportional to zcut
times mass of the particle that is aligned with the WTA axis, to some power. We discuss
the numerical size of this effect in the next section.

2.2 First Monte Carlo studies

We analyse the observables defined above exploiting Monte Carlo simulations. To this purpose,
we generate samples of heavy- and light-jet events produced via proton-proton (pp) collisions.
Since the main goal of this work is a theoretical study of heavy-quark emission patterns,
we consider a simplified setup where the heavy-jet samples are generated only via pp→ bb̄

processes (as a consequence for the light-jet sample we consider production of uū, dd̄ and ss̄

pairs). Such a setup is sufficient to study the suppression of collinear radiation due to the
b-quark mass, but of course more sophisticated simulations and flavour-labelling procedures
are required to make realistic phenomenological predictions, especially in view of the g → bb̄

splittings that increasingly happen in high pt jets.
Our Monte Carlo simulations are performed with the general-purpose event generators

PYTHIA, HERWIG and SHERPA, as each of these programs implements heavy particle radiation
in its own way, see refs. [111, 126], [127–129] and [130, 131] respectively. The generated
events are analysed using the RIVET framework [132, 133]. In this section, we only show
representative results obtained with PYTHIA, while a comparison between the different
generators will be performed in section 5. The particles in the final state are clustered
into jets using the anti-kt jet algorithm [121] with jet radius parameter R0 = 0.4 and the
standard E-scheme recombination scheme as implemented in the FASTJET code [134]. As
anticipated, we use the SoftDrop algorithm for grooming with the parameters zcut = 0.1
and β = 0 [53, 135], i.e. mMDT, and the C/A algorithm [122, 123] for jet reclustering, as
implemented in the fjcontrib library. We select central jets with rapidities |y| < 2.5 and
a fairly high transverse momentum pt > 750GeV. This may not be the best choice for
phenomenological studies of b-jets, but we wanted to keep the hard scale ptR0 large enough
so that non-perturbative corrections are under control.

We first consider the two variants of the ECFs, focusing on the case α = 1. The
distributions for the ungroomed case are shown in figure 1, left. The distributions for eα

2
and ėα

2 are shown in blue and red respectively. The vertical dotted line always represents
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Pythia8, hadron level
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ptR0

angularities, ungroomed

0

0

Figure 1. Distributions of all variants introduced in section 2.1, with α = 1, measured on b-tagged
jets. No grooming has been applied. The left plot is for the ECFs, the right plot for the angularities.

the value of the observable at which we probe the dead cone, as determined by a calculation
with a single gluon emission. For α = 1 this is v = m

ptR0
, where m denotes the mass of the

heavy quark. The two distributions have a similar shape, with the ėα
2 shifted to right, as one

might expect from eq. (2.3). While Monte Carlo simulations show no significant difference
between the two variants of the ECFs, the opposite is the case when we analyse the jet
angularities. As with the ECFs, we focus on α = 1. The results are shown in figure 1 on
the right. We start by considering λα, eq. (2.4). The corresponding distribution is shown in
blue. The result is rather similar to the corresponding case for the ECFs, namely eα

2 . This is
expected as both definitions are purely based on ∆R and transverse-momentum fractions
and have the same soft and quasi-collinear limit.

Next, we consider the variants of angularity defined via scalar products. We start with
λ̇α

0 and λ̇α, which are given by a sum over all particles in the jets, including the particle that
is aligned with the WTA axis, either massless or massive, see eq. (2.6a). We have already
noticed that these observables do not vanish in the soft and quasi-collinear limit. Indeed,
the corresponding distributions, shown in dashed red lines (λ̇α

0 ) and dashed green lines (λ̇α),
exhibit an endpoint behaviour at low values of the observables. The end-point is close to m

ptR0
,

which is expected because, in the soft and collinear region, the b-quark is likely to be aligned
with the WTA axis. Note that the minimum value of λ̇α is larger than that of λ̇α

0 , which is
in agreement with eq. (2.7a). The radiation of soft and collinear gluons mostly contributes
just above the end points, leading to very visible spikes in the distributions. We argue
that these observables should be avoided for the following reason. Our aim is to investigate
the dynamical suppression of collinear radiation, i.e. the dead-cone. The definitions of the
observables λ̇α

0 and λ̇α effectively introduce a kinematic, mass-dependent cut-off for the
distribution. This effect is larger than that of the dead-cone and completely overshadows it.
Therefore, we discard λ̇α

0 and λ̇α from our analytic studies. The angularity variants λ̊α
0 and λ̊α

behave better than their dotted counterparts precisely because we avoid the particle aligned
with the WTA axis in their definitions, see eq. (2.6b). The distributions for these observables
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Figure 2. Same observables as in figure 1, but for b-jets groomed with mMDT, with zcut = 0.1.

are shown in figure 1, right, with solid red and green curves. The two distributions are very
close to each other and rather similar to ėα

2 . This is not entirely expected since, according
to eq. (2.7b), in the presence of massless soft and collinear radiation, the behaviour of λ̊α

0
is more similar to λα than λ̊α. We investigate this feature in the next section, where we
perform a fixed-order study of these distributions.

We now analyse the groomed counterparts of all the observables discussed so far. The
results are shown in figure 2, on the left for the ECFs and on the right for the angularities. We
first note that the spikes for the pathological variants λ̇α

0 and λ̇α are even more pronounced
in the case of mMDT jets. Moreover, we see very little difference between the two variants
of ECFs and between the other angularities, except for the very small observable range. As
anticipated in the previous section, we find that both ėα

2 and λ̊α start to exhibit some features
that we believe originate from the endpoint of the distribution (not visible on this plot). Due
to zcut suppression, this affects the distribution at much lower values of the observable.

2.3 The role of B-hadron decay

The simulations presented in the previous section were obtained keeping the produced B

hadrons stable and hence using their four momenta as input to the jet shapes. This is of
course not realistic, as B hadrons decay inside the detector, giving rise to displaced vertices,
which is one of the main features exploited by b-tagging algorithms. It has already been
shown in ref. [88] that using the decay products of the B hadron to build up the jet shape
can strongly affect the shape of the distribution. Since this study was performed for the
groomed version of ėα

2 , we decided to repeat it here for a wider class of observables, before
and after application of jet grooming. Besides eα

2 , λα, as a representative we also choose one
of the angularities with strong sensitivity to the heavy-flavour mass, namely λ̇α

0 . In figure 3
we show the distributions for these three observables, measured on ungroomed jets (top)
and mMDT jets (bottom). The details of the simulation are the same as in the previous
section. We show the results for three different simulation levels: parton level, i.e. after the
parton shower, in red, hadron level with stable B hadron in blue, with B decay in green.
As before, we consider the α = 1 case.
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Figure 3. Effect of the decays of the B-hadron on a representative selection of observables, from
left to right the ECF eα

2 , and the jet angularities λα and λ̇α
0 , all for α = 1. The top plots are for

ungroomed jets, the bottom ones for mMDT jets.

All distributions are affected by B decays in a rather significant way. The distortion
appears to be stronger when jet angularities with grooming are considered. However, we note
that the ECF eα

2 , in the vicinity of the dead-cone region, appears to be less sensitive to this
effect, both in the ungroomed and groomed case. In any case, the general picture that emerge
is that, while hadronisation corrections appear to be under control, at least for groomed jets
(see also section 5), B decays can ruin this picture. Thus, we fully agree with the conclusions of
ref. [88] and encourage measurements of heavy-flavour jet substructure observables that as an
input use the reconstructed momentum of the heavy-flavour hadron rather than the momenta
of its decay products. This is usually achieved through the experiments by reconstructing
the kinematics of a specific decay channel, see e.g. [99, 136–139] for studies on B and D

mesons. With this information at hand, the observables discussed in this study can be then
measured using the momentum of the reconstructed B(D) hadron. However, measurements
that exploit the kinematics of a specific decay channel may be limited by statistics. This issue
can be avoided by considering b-(c-) jets that have been tagged inclusively. The situation is
here more delicate, from experimental point of view because one does not reconstruct the
full kinematics of the decay. However, very recently, the CMS collaboration has developed
an innovative machine-learning strategy to aggregate particles from the decay vertex into
a pseudo B hadron in b-tagged jets, [140] and ATLAS is also working on similar studies.2

An assessment of the uncertainty related to this procedure is an important component of
the experimental error budget of on-going and future measurements. On the theory side,
a complete phenomenological study of these observables, which will plan to do in the near

2We thank Leticia Cunqueiro Mendez (CMS) and Federico Sforza (ATLAS) for discussions on this issue.
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future, will have to consider the hadronisation correction that maps our parton-level result
to the unfolded objects provided by the experiments.

3 Fixed-order analysis

In this section, we study the observables defined above in perturbation theory. In particular,
we are going to compute the cumulative distribution for the ECFs and the jet angularities,
with the exception of λ̇α

0 and λ̇α, which we consider pathological. We therefore define

ΣV (v) =
1
σ0

∫ v

0
dv′dσV

dv′ , (3.1)

i.e. the probability for the observable V to be smaller than some given value v. The subscript
V reminds us of the fact that there can be differences between the cumulative distributions
of the various observables. Indeed, one of the objectives of this section is to study at what
logarithmic accuracy these differences occur and to assess their numerical relevance. We
consider the O(αs) contribution to ΣV (v), where αs is the strong coupling. This corresponds
to the one-gluon emission, plus O(αs) virtual corrections:

ΣV (v) = 1 + Σ(1)
V (v) + . . . (3.2)

QCD scattering amplitudes with massive partons factorise in the quasi-collinear limit. As
already stated, in this approximation the transverse momentum of the emitted radiation kt

and the mass of the heavy quark are assumed to be small compared to the hard scale of
the process. However, their ratio is kept fixed. Using the standard Sudakov decomposition,
we obtain in this approximation

|M|2 ≃ 8παsz(1− z)
k2

t + z2m2 Pgb(z, k2
t )|M0|2, (3.3)

where M denotes the original scattering amplitude and M0 denotes the reduced amplitude
with one fewer external parton. In eq. (3.3), z denotes the fraction of the momentum
transferred in the splitting process b→ g + b, and Pgb is the leading order time-like massive
splitting function:

Pgb(z, k2
t ) = CF

(
1 + (1− z)2

z
− 2m2z(1− z)

k2
t + z2m2

)
. (3.4)

In order to compute the O(αs) contribution Σ(1)
V in the quasi-collinear limit, we integrate

eq. (3.3) together with a Θ function that forces the observable to be smaller than a given
value v. In the language of resummation, this corresponds to the first-order approximation
of (minus) the radiator, −R(f.o.)

V . Thus, we have to evaluate:

R(f.o.)
V (v, ξ) = −αs

2π

∫ 1

0
dz
∫ Q2

0

dk2
t

k2
t + z2m2 Pgb(z, k2

t )
[
Θ(v − V (kt, η))− 1

]
= αs

2π

∫ 1

0
dz
∫ Q2

0

dk2
t

k2
t + z2m2 Pgb(z, k2

t )Θ(V (kt, η)− v), (3.5)
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where η is the rapidity of the emission with respect to the emitting particle and Q = ptR0 is
the hard scale of the process. The −1 contribution accounts for virtual corrections, while
V (kt, η) parameterises the particular observable we consider in the quasi-collinear limit.
When performing the above integrals, we neglect power-corrections both in the observable
v and in the ratio of the heavy-quark mass to the hard scale of the process, but we keep
the full dependence on their ratio

x = ξ

v
2
α

, with ξ = m2

Q2 . (3.6)

We find it easier to begin with the angularities, for which we can straightforwardly arrive
at an analytic expression. First, let us note that if we consider λα and λ̊α

0 in the quasi-collinear
limit, eq. (2.7b), with just one gluon emission, we immediately see that λα ≃ λ̊α

0 . Substituting
the expression for the observable in the quasi-collinear limit, V = kα

t z1−α

Qα , in eq. (3.5), we find

R(f.o.)
λα (v, ξ) = R(f.o.)

λ̊α
0

(v, ξ) (3.7)

= αsCF
π

[
1
α
log2 v − α

4 log2(1 + x) + 3
2α log v +

(3
4 − α

2

)
log(1 + x) + 7

4α

+ α− 2
α+ 2x 2F1

(
1, 1 + α

2 ; 2 +
α

2 ;−x
)
+ x

4(α+ 1) 2F1(1, 1 + α; 2 + α;−x)

− α

2Li2
(

x

1 + x

)]
.

Similarly, the cumulative distribution for λ̊α, for which V = z1−α
(

k2
t

Q2 + z2ξ
)α

2 , is found to be

R(f.o.)
λ̊α

(v, ξ) x<1= αsCF
π

(
1
α
log2 v + 3

2α log v + 7
4α − xα2

2(α+ 2)

)
; (3.8a)

x>1= αsCF
π

[ 1
α
log2 v − α

4 log2 x+ 3
2α log v +

(3
4 − α

2

)
log x

+ 1− α

2 + 16− (2 + α)x−
α
2

4α(2 + α) x−
α
2

]
. (3.8b)

We notice that the expression found for λ̊α is much simpler than that for λα and λ̊α
0 . The

result appears as the sum of two regions, each containing only one elementary function. This
is in contrast to eq. (3.7), where we find hypergeometric functions. This is due to the fact
that the scalar product that appear in the Θ function for λ̊α has the same structure as
the denominators that appear in the matrix elements squared taken in the quasi-collinear
limit. Thus, the transverse-momentum integral in eq. (3.5) can be simplified by shifting the
integration variable. However, this simplification does not occur for λα and λ̊α

0 .
We now examine behaviour of the above expressions at small and large x values. The

former is the limit in which the quark mass is much smaller than the observable, and hence
we expect to recover the massless result for the cumulative distribution. In the opposite limit,
we expect to probe the dead cone region instead. In the case of λα we find at small x:

R(f.o.)
λα (v, ξ) x≪1= αsCF

π

( 1
α
log2 v + 3

2α log v + 7
4α +O(x)

)
, (3.9a)
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while at large x:

R(f.o.)
λα (v, ξ) x≫1= αsCF

π

[
1
α
log2 v − α

4 log2 x+ 3
2α log v +

(3
4 − α

2

)
log x− απ2

12 +1+O
(
x−

α
2
)]

= αsCF
π

[
log ξ log v − α

4 log2 ξ +
(3
4 − α

2

)
log ξ + log v − απ2

12 + 1 +O
(
x−

α
2
)]
.

(3.9b)

We note that eq. (3.9a) exhibits a double logarithmic behaviour due to soft and collinear
emissions. Moreover, the coefficient of the single logarithm, which is of collinear origin,
is proportional to B1 = −3

2CF as expected. In eq. (3.9b) instead, double logarithms of v
between the first and second contributions cancel out, leaving behind double logarithms of
ξ. In fact, the single collinear logarithm is also replaced by a logarithm of the mass, see
e.g. the discussion in [141, 142]. Finally, let us note that the finite contributions in the
two limits are also different.

It is useful to discuss these results in the form of Lund diagrams [143, 144]. The primary
Lund plane for a jet originated by a massive quark is depicted in the figure 4 on the left. On
the horizontal axis, we have the logarithm of the distance ∆R in units of the jet radius R0,
while on the vertical axis, we have the transverse momentum of the emission with respect to
the massive quark, normalised to the hard scale. The emissions at angles larger than the
angle of the dead cone ∆R = m

pt
do not give rise to a logarithmically enhanced contribution,

and this region, i.e. the dead cone, is shaded in grey in the Lund plane. In the soft and
quasi-collinear limits, all shape variables considered in this work are represented by a straight
line (dashed black) whose slope is determined by the angular exponent α. In figure 4, the
case α = 1 is depicted. The area in red corresponds to the radiator. As one can see, the
presence of the dead-cone (shown in dotted purple) induces two different regions. Above
ξ

α
2 the radiator does not feel the presence of the dead cone effect, and has the same form

as for a massless quark, i.e. double logarithms of the observable. This corresponds to the
x → 0 limit discussed above. Below ξ

α
2 the radiator is instead sensitive to the dead-cone

boundary, which cuts off the collinear region, leaving only single logarithms of v but double
logarithms of the mass. This corresponds to the x → ∞ limit above.

Next, we consider small- and large-x limits for the cumulative distribution of the angularity
λ̊α (eqs. (3.8a) and (3.8b)) and we find

R(f.o.)
λ̊α

(v, ξ) x≪1= αsCF
π

( 1
α
log2 v + 3

2α log v + 7
4α +O(x)

)
; (3.10a)

R(f.o.)
λ̊α

(v, ξ) x≫1= αsCF
π

[
1
α
log2 v − α

4 log2 x+ 3
2α log v +

(3
4 − α

2

)
log x− α

2 + 1 +O
(
x−

α
2
)]

= αsCF
π

[
log ξ log v − α

4 log2 ξ +
(3
4 − α

2

)
log ξ + log v − α

2 + 1 +O
(
x−

α
2
)]
.

(3.10b)

As expected, the massless limit, eq. (3.10a), coincides with the result for λα, see eq. (3.9a). In
the opposite limit, i.e. large x, all logarithmic contributions are the same as in eq. (3.9b), but
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Figure 4. Lund plane representation of the soft and quasi-collinear phase space for emissions off a b
quark. On the left-hand panel we show the case of an ungroomed jet, while on the right-hand plane,
the case of a groomed jet. The dead-cone region is indicated in grey. When SoftDrop is applied, the
groomed-away region appears in light purple. Where we show the case of mMDT, i.e. SoftDrop with
β = 0. The dashed line in black indicates a measurement of one of the jet shapes considered in this
paper, either ECF or jet angularity. We explicitly show the case of α = 1. The corresponding area in
pink is the vetoed region, which gives rise to the Sudakov form factor. Finally, horizontal dotted red
lines indicate the boundaries between different flavour numbers for the running coupling.

with a different constant term. This suggests that λα and λ̊α, in the large x region, are the
same up to next-to-leading logarithmic (NLL) accuracy, but start to differ at next-to-NLL
(NNLL) level and beyond.

The calculation for the ECFs eα
2 and ėα

2 in the quasi-collinear limit, see eqs. (2.1) and (2.3),
is more cumbersome because of the products pti ptj , which did not allow us to obtain a closed-
form analytic expression for generic α. For eα

2 , we use V = kα
t z1−α(1−z)

Qα , and we find

R(f.o.)
eα

2
(v, ξ) = R(f.o.)

λα (v, ξ) + αsCF
π

{∫ 1

0
dz 1 + (1− z)2

2z log
(
(1− z)

2
α + ((1− z)z)

2
αx

1 + ((1− z)z)
2
αx

)

+
∫ 1

0
dz 1− z

z

[
z

2
αx

1 + z
2
αx

− ((1− z)z)
2
αx

1 + ((1− z)z)
2
αx

]}
, (3.11)

while for ėα
2 , using V = z1−α(1 − z)1−α

(
(1− z)2 k2

t
Q2 + z2ξ

)α
2 , we obtain

R(f.o.)
ėα

2
(v, ξ) =R(f.o.)

λ̊α
(v, ξ) + αsCF

π

∫ 1

0
dz
{
1+ (1− z)2

2z

[
log z

− 2
α

x
Θ
(
1− xz

2
α

)
− log a

x
Θ(a− x)

]

− x
1− z

z

[(1
x
− z

2
α

)
Θ
(
1− xz

2
α

)
−
(1
x
− 1
a

)
Θ(a− x)

]}
, (3.12)

where
a = (z(1− z))−

2
α − xz(2− z)

(1− z)2 . (3.13)

The results for the ECFs are explicitly expressed as a fixed-order calculation of the corre-
sponding angularity, supplemented by a contribution arising from the recoil effects. While we
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are not able to find a closed form for the remaining integrals, we can study the behaviour
of the eqs. (3.11) and (3.12) for small and large values of x. Firstly, we note that as x→ 0
both integrals simplify to:∫ 1

0
dz 1 + (1− z)2

z

1
α
log (1− z) = 1

α

(
5
4 − π2

3

)
. (3.14)

Thus, as expected, we recover the same massless limit. We also note that eqs. (3.11) and (3.12)
explicitly show that ECFs and angularities for massless quarks start to differ beyond NLL.
In contrast, as x → +∞, all the integrals in eq. (3.11) and in (3.12) vanish, so that the
ECFs in the dead-cone region have the same behaviour, including the constant, as their
angularity counterparts.

3.1 The case of SoftDrop jets

We now perform the fixed-order calculation for groomed jets. We focus on SoftDrop with
β = 0, i.e. mMDT and consider the cumulative distribution at O(αs). At this order, the jet
consists of the massive quark and a gluon and the radiator reads3

R̄(f.o.)
V = αs

2π

∫ 1

0
dz
∫ Q2

0

dk2
t

k2
t + z2m2Pgq(z, k2

t )Θ(V (kt, η)− v)Θ(min(z, 1− z)− zcut)

= αs

2π

∫ 1−zcut

zcut
dz
∫ Q2

0

dk2
t

k2
t + z2m2Pgq(z, k2

t )Θ(V (kt, η)− v). (3.15)

We explicitly perform the analytical calculation for λα and then briefly comment about the
other cases. We focus on the groomed region, v < zcut, and after trading the kt integral
with an integral over θ = ∆R

R0
, we have

R̄(f.o.)
λα = αs

2π

∫ 1(
v

zcut

) 2
α

dθ2

θ2 + ξ

∫ 1−zcut

zcut
dzPgq(z, k̄2

t ) +
∫ ( v

zcut

) 2
α

(
v

1−zcut

) 2
α

dθ2

θ2 + ξ

∫ 1−zcut

v
θα

dzPgq(z, k̄2
t )

,
(3.16)

where k̄t = zθQ. The above integrals can be calculated analytically, and the result is expressed
in terms of hypergeometric functions and dilogarithms, which are functions of v, ξ, and zcut.
However, because of the presence of an additional scale, the grooming scale set by zcut, we
encounter more regions than in the ungroomed case. To better illustrate this, we resort again
to the Lund plane representation and consider a heavy-flavour jet with grooming, shown in
figure 4, right. The region in light pink is groomed away. As for ungroomed jets, the case
α = 1 is depicted. First, we note that we have a transition region between the ungroomed
and groomed regimes that occurs when λα ≃ zcut. If we assume zcut > ξ

α
2 , this transition

happens in a region where the initiating parton can be considered massless. Secondly, as
in the ungroomed case, we have the region v > ξ

α
2 where we expect the radiator to be the

same as in an mMDT jet initiated by a massless quark. However, the simultaneous presence
3Henceforth, quantities calculated for groomed jets, such as cumulative distributions and radiators, will

have a horizontal bar label on top.
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of grooming and the dead cone introduces an additional transition at v = zcutξ
α
2 . Below

this value, the (logarithmically enhanced) phase space closes, and we expect the radiator to
exhibit no logarithmic dependence on v whatsoever. Since we want to analyse the dead cone,
we are primarily interested in the region zcutξ

α
2 < λα < ξ

α
2 . To simplify our expression, it is

interesting to examine the small-zcut limit of the eq. (3.16) in this region. We find

R̄(f.o.)
λα ≃ R(f.o.)

λα + αsCF
π

[
− 1
α
log2 v

zcut
+ xz

2
α
cut

1 + xz
2
α
cut

+ α

2 log
(
1 + xz

2
α
cut

)
− α

2 Li2
(
−xz

2
α
cut

)]
(3.17a)

≃ R(f.o.)
λα − αsCF

απ
log2 v

zcut
+O(zcut). (3.17b)

On the second line, we have used the fact that in the region of interest, zcutξ
α
2 < λα < ξ

α
2 ,

zcut ≪ 1 implies xz
2
α
cut ≪ 1, with x introduced in eq. (3.6). Up to power corrections in

zcut, the O(αs) constant contribution, independent of v, ξ, and zcut, is therefore the same
for the ungroomed and groomed cases. Since the constant in this calculation is purely
coming from hard-collinear radiation which is retained by mMDT up to power corrections
in zcut, this result could have been anticipated on physical grounds. Furthermore, we have
numerically checked that for zcut = 0.1 the finite-zcut corrections in eq. (3.16) are below
5%, both for α = 1 and α = 2. This applies for all observables considered in this study.
We will exploit this simplification in the next section when we discuss the transition-point
corrections to the NLL resummation.

4 Resummed calculations for ungroomed observables

In the previous section, we discussed in detail the fixed-order structure of cumulative distri-
butions for the various observables introduced in section 2.1. Here we aim to present the
all-order calculation that allows for the resummation of large logarithms appearing due to
the multiscale nature of jet substructure. We start with ungroomed jets and then move on
to SoftDrop jets, which are considered in section 4.4.

Before presenting our calculations, let us state the accuracy we work at. As we already
know from the fixed-order calculations, the expression for the radiator can include double
logarithms of the observable and single logarithms of the quark mass (in the limit of small
x) or single logarithms of v and double logarithms of ξ (in the limit of large x). Our
calculation resums logarithms of v and logarithms of ξ, in each of the regions defined by the
hierarchy between v and ξ, at NLL accuracy. This results in a further simplification. As
we discussed before, all previously introduced ECFs and angularities have the same NLL
behaviour. Therefore, at our accuracy level, we need to compute just one radiator:

RV (v, ξ)
NLL−−−→ R(v, ξ). (4.1)

The NLL cumulative distribution for jet shapes is closely related to the one for event shapes,
see e.g. [145, 146]. It can be written as a sum over the partonic channels δ:

Σres(v) =
∑

δ

Σδ
res(v) , with

Σδ
res(v) =

1
σ0

∫
dBδ

dσδ
0

dBδ
exp

[
−
∑
l∈δ

RBδ
l (v)

]
SBδ(v)FBδ(v)Hδ(Bδ) ,

(4.2)
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where dσδ
0

dBδ
is the fully differential Born cross section for the partonic channel δ and H imple-

ments the kinematic cuts applied to the Born phase space B. In eq. (4.2), the normalisation
σ0 denotes the total cross section at the Born level. The radiators Rl describe emissions
collinear to each hard leg l, F denotes the multiple emission function, which for the additive
observables (such as ECFs and jet angularities), is simply given by F = e−γER′

/Γ(1 +R′),
with R′ = ∂R/∂L, with L = − log v, and R =

∑
l∈δ Rl. The soft function S implements

the non-trivial aspects of colour evolution, as well as non-global logarithms [46]. In this
paper, we work in the limiting case of a small jet radius and systematically neglect power
corrections in R0. This greatly simplifies the colour structure of the resummation because the
contribution from soft and large-angle gluons drops out. We discuss non-global logarithms in
section 4.2. This resummation formalism has recently been implemented in the CAESAR
resummation plugin to Sherpa event generator [68, 69] and found many phenomenological
applications [45, 61, 62, 147–151]. The focus of this work is not to provide (yet) resummed
predictions for the jet phenomenology, but to study the effects due to the presence of non-zero
quark masses. Therefore, we focus on the radiator for a massive leg l = b and compute
it in the quasi-collinear limit.

4.1 Radiator for massive quarks

The radiator in the quasi-collinear limit is closely related to the fixed-order calculations
presented in section 3. Exploiting the results of ref. [142], we can write it as

Rb(v, ξ) =
∫ 1

0
dz
∫ Q2

z2m2

dk2
t

k2
t

Pgb

(
z, k2

t − z2m2
)αCMW

s (k2
t )

2π Θ

( k2
t

Q2

)α
2

z−(α−1) − v

, (4.3)

where, as before, Q = ptR0. Note that we have shifted the integration variable kt and
dropped all mass dependence in the Θ function. As we have already pointed out, although
this is fully legitimate at NLL, kinematic mass-effects in the observable definition can be
sizeable. For this reason, we partially account for them through a matching prescription that
is described in section 4.3. The running coupling is taken in the Catani-Marchesini-Webber
(CMW) scheme [152]:

αCMW
s (k2

t ) = αs(k2
t )
(
1 + αs(k2

t )
K(nf )

2π

)
, (4.4)

with:

K(nf ) = CA

(
67
18 − π2

6

)
− 5

9nf . (4.5)

In order to fully take mass effects into account, the coupling is considered in the decou-
pling scheme:

αs(k2
t ) = α(5)

s (k2
t )Θ(k2

t −m2) + α(4)
s (k2

t )Θ(m2 − k2
t ). (4.6)

On the Lund plane in figure 4, the flavour threshold is indicated by a red dotted horizontal
line. We write our results for the b-quark radiator Rb(v), as a function of the five-flavour
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coupling evaluated at the hard scale αs ≡ α
(5)
s (Q2). We therefore express both α

(5)
s (k2

t )
and α

(4)
s (k2

t ) in terms of αs:

α(5)
s (k2

t ) =
αs

1− ν(5)

(
1− αs

β
(5)
1

β
(5)
0

log (1− ν(5))
1− ν(5)

)
, (4.7a)

α(4)
s (k2

t ) =
αs

1− ν(4) − δ54

1− αs
β

(4)
1

β
(4)
0

log
(
1− ν(4) − δ54

)
1− ν(4) − δ54

, (4.7b)

where

ν(nf ) = αsβ
(nf )
0 log

(
Q2

k2
t

)
, with nf = 4, 5, (4.8)

δ54 = αsβ
(5)
0 log

(
Q2

m2

)
− αsβ

(4)
0 log

(
Q2

m2

)
=
(
β

(5)
0 − β

(4)
0

)
ℓξ. (4.9)

In the above, we introduced the one- and two-loop coefficients of the QCD β-function:

β
(nf )
0 = 11CA − 2nf

12π , β
(nf )
1 = 17C2

A − 5CAnf − 3CFnf

24π2 . (4.10)

All integrals appearing in eq. (4.3) can be evaluated analytically. Details of the calculation, as
well as explicit NLL results for the generic angular exponent α > 0, are given in appendices A
and B. However, it is useful to inspect here its fixed-coupling expression

R
(f.c.)
b (v, ξ) v>ξ

α
2

= αsCF
π

( 1
α
log2 v + 3

2α log v
)
; (4.11a)

v<ξ
α
2

= αsCF
π

(
log ξ log v − α

4 log2 ξ +
(3
4 − α

2

)
log ξ + log v

)
. (4.11b)

At fixed coupling, the radiator receives two different contributions. In the first line, the
result is the same as in the massless case, while for v < ξ

α
2 the resummed exponent feels the

presence of the dead cone. Note that this is in full agreement with our fixed-order analysis,
see e.g. the eqs. (3.9) and (3.10). As discussed in the appendix B, the corrections due to αs

running introduce further transitions at the flavour threshold. Also, let us note that, although
eq. (4.11) is continuous in v = ξ

α
2 , its derivative is not. This in turn gives rise to differential

distributions that are discontinuous at the transition. In section 4.3 we discuss how these
effects can be smoothed, but before doing that let us address non-global logarithms.

4.2 Non-global logarithms

As it was shown in ref. [46], jet shapes are affected by non-global logarithms at NLL accuracy.
The first partonic configuration that gives rise to this effect involves two soft gluons where
a gluon with momentum k1 outside the jet emits a softer gluon with momentum k2 inside
the jet. Although this is a large-angle configuration, such contribution does not vanish in
the small-R0 limit [153]. The resummation of non-global logarithms is highly non-trivial (for
recent progress see [48–50]). However, because they originate from large-angle emissions,
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we can expect their structure to be affected by the presence of the quark mass only by
power corrections, which we neglect.

The aim of this section is to verify these considerations at O(α2
s) accuracy level. To do so,

we consider the squared matrix element associated with the emission of two soft gluons of a
massive quark anti-quark dipole. In the strongly ordered limit (k1 ≫ k2), we have [154, 155]:

|M|2 ≃
[
4C2

Fwab,1wab,2 + 2CFCAwab,1(wa1,2 + wb1,2 − wab,2)
]
|M0|2, (4.12)

with

wij,l =
pi · pj

(pi · kl)(pj · kl)
− p2

i

2(pi · kl)2 −
p2

j

2(pj · kl)2 , (4.13)

and pa, pb the momenta of the massive hard partons. Here M denotes the original amplitude
and M0 the truncated amplitude without soft gluons. Because the anti-kt algorithm behaves
as a rigid cone in the soft limit, there are no clustering effects at NLL [156] and we can focus
on the non-Abelian CFCA contribution to eq. (4.12). In the soft and quasi-collinear limit,
after adding real and virtual contributions together, we find

S(v, ξ) = 1−
(
αs

π

)2
CFCA

∫ 1

0

dz1
z1

∫ 1

0

dz2
z2

∫ 2π

0

dϕ
2π

∫ ∞

1

dθ2
1

θ2
1 + ξ

∫ 1

0

dθ2
2

θ2
2 + ξ

× θ1θ2 cosϕ+ ξ

θ2
1 + θ2

2 − 2θ1θ2 cosϕ

(
1− ξ

θ2
1 + ξ

)
Θ(z1 − z2)Θ(z2θ

α
2 − v), (4.14)

where z1, z2 are energy fractions and θ1, θ2 are the angles with respect to the jet direction
(rescaled with the jet radius R0) and ϕ is the azimuth, see also [94]. The upper limit on θ1 only
introduces a power correction, therefore we can set it to infinity. The mass-dependent term
in the second line of eq. (4.14) yields power corrections in both the observable and the mass,
hence it can be disregarded. Moreover, setting θ2 = 1 in the step function Θ(z2θ

α
2 − v) allows

us to extract the leading contribution. All integrations can be performed and the result reads

S(v, ξ) = 1−
(
αs

π

)2
CFCA

(
π2

12 log2 v + NNLL
)
, (4.15)

which is the same as in the massless case. Indeed, this coefficient arises from the configuration
in which both gluons are close to the jet boundary, while mass effects start to become
significant when gluons are emitted at angles of the order of m

pt
. This calculation thus confirms

our intuition that (at NLL accuracy) the resummation of non-global logarithms in the presence
of massive particles can be performed in the same manner as in the massless case.

4.3 Transition corrections

We have already pointed out that the NLL calculation for the quasi-collinear radiator is
continuous through the transition point around the dead cone, but its derivative is not.
However, we can exploit the fixed-order calculations performed in section 3 to smooth out
this behaviour and thus obtain a better theoretical description of the region in the vicinity
of the dead cone. These correction factors reproduce the O(αs) constant contribution, as
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well as power corrections in x, which we exponentiate in order to approximate contributions
beyond NLL. Starting from eq. (4.2), we define

Σb
V (v, ξ) = S(v) e−γER′

b(v,ξ)

Γ
(
1 +R′

b(v, ξ)
)e−Rb(v,ξ) exp

[
−R(f.o.)

V (v, ξ) +R
(f.c.)
b (v, ξ)

]
, (4.16)

where R(f.o.)
V (v, ξ) has been computed for various observables V in section 3, while the

contribution R
(f.c.)
b , see eq. (4.11), subtracts the logarithmic contributions. In this transition

correction, the argument of the (two-loop) running coupling is set to max
[
m2, Q2v

2
α

]
. The

matched cumulative distribution that appears in eq. (4.16) is accurate at NLL and at O(αs),
albeit in the quasi-collinear limit. Note that within our quasi-collinear approximation, the
resummed contribution depends on the Born kinematics only through the jet transverse
momentum, so we have dropped this explicit dependence.

4.4 Resummation for groomed observables

In this section, we briefly outline the modification to our resummed formula in the case
of SoftDrop jets. Groomed jet shapes have been studied in detail, both theoretically and
experimentally. SoftDrop jets are under remarkable theoretical control because the grooming
procedure reduces the impact of soft emissions at large angles, simplifying the colour structure
of the resummation and eliminating non-global logarithms. We work in the limit where zcut
is small, so that we can neglect the power-correction, but log zcut is not too large, so that we
do not need to systematically resum these contributions. We present analytical results at
NLL for general values of the exponent β ≥ 0, even though for numerical studies we focus
on the mMDT (β = 0) case. SoftDrop jets initiated by massive quarks have been studied
in [88, 94]. The quasi-collinear radiator with grooming is a straightforward generalisation
of eq. (4.3) and reads

R̄b(v, ξ, zcut) =
∫ 1

0
dz
∫ Q2

z2m2

dk2
t

k2
t

Pgb

(
z, k2

t − z2m2
)αCMW

s (k2
t )

2π Θ

( k2
t

Q2

)α
2

z−(α−1) − v


×Θ

(
z − zcutθ

β
)
. (4.17)

The integrations we need to perform are all of the same type as those for the ungroomed case,
but, as mentioned earlier, we now have more regions due to the presence of the SoftDrop and
dead-cone lines, as show in figure 4, right. Details and explicit results are reported in
appendix C. As for the ungroomed case, we provide here the radiator at fixed-coupling;
for v < zcut we have:

R̄
(f.c.)
b (v, ξ) v>ξ

α
2

= αsCF
π

(
β

α(α+ β) log
2 v + 2 log zcut log v − log2 zcut

α+ β
+ 3

2α log v
)
; (4.18a)

zcutξ
α+β

2 <v<ξ
α
2

= αsCF
π

(
− 1
α+ β

log2 v

zcut
+ log ξ log v − α

4 log2 ξ

+
(3
4 − α

2

)
log ξ + log v

)
; (4.18b)

v<zcutξ
α+β

2
= αsCF

π

(
β

4 log2 ξ + log zcut log ξ +
3
4 log ξ + log zcut +

β

2 log ξ
)
, (4.18c)
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which is in agreement with the fixed-order calculations performed for the mMDT groomed
jets in section 3.1. We note that in the last region the radiator freezes to a constant, leading
to a vanishing differential distribution. This happens even if the observable has no explicit
mass dependence. It is a genuine dynamical effect due to the simultaneous presence of the
dead cone and the grooming. We also note a peculiar feature of the SoftDrop calculation
for jets initiated by massive quarks. In the second line of eq. (4.18) we find a double
logarithm of the observable v with a coefficient that does not vanish when β → 0. This might
come as a surprise because jet-shapes distributions measured on mMDT jets are known to
exhibit a single logarithmic behaviour. However, such contribution only exists in the region
zcutξ

α+β
2 < v < ξ

α
2 and not for asymptotically small values of v.

Finally, because in section 3.1 we have shown that at O(αs) the ungroomed and groomed
calculations give the same constants, up to O(zcut) corrections, we construct the matched
cumulative distribution as follows:

Σ̄b
V (v, ξ) =

e−γER̄′
b(v,ξ)

Γ
(
1 + R̄′

b(v, ξ)
)e−R̄b(v,ξ) exp

[
−R(f.o.)

V (v, ξ) +R
(f.c.)
b (v, ξ)

]
, (4.19)

i.e. we use the correction factor derived in the ungroomed case.

5 Comparison to Monte Carlo

We are now ready to perform some numerical studies using resummed results derived in
the previous section. To this purpose, we compare our findings to parton-level simulations
obtained with general-purpose Monte Carlo event generators, namely PYTHIA, HERWIG and
SHERPA. Specifically, we consider the ratio of the cumulative distribution for b-jets Σb

V to
that for light-quark jets Σq

V . Thus, we also need to compute

Σq
V (v, ξ) = S(v) e−γER′

q(v,ξ)

Γ
(
1 +R′

q(v, ξ)
)e−Rq(v,ξ) exp

[
−R(f.o.)

V (v) +R(f.c.)
q (v)

]
, (5.1)

where, to NLL accuracy, the radiator for all observables is

Rq(v, ξ) =
∫ 1

0
dz
∫ Q2

0

dk2
t

k2
t

Pgq(z)
αCMW

s (k2
t )

2π Θ

( k2
t

Q2

)α
2

z−(α−1) − v

, (5.2)

and we have introduced the standard (massless) splitting function:

Pgq(z) = CF
1 + (1− z)2

z
. (5.3)

Note that the massless result Σq
V (v, ξ) retains a dependence on ξ because the integral over the

running coupling is performed in the decoupling scheme, eq. (4.6). Furthermore, the argument
of the running coupling in the transition correction is set to Q2v

2
α . Finally, it should be

noted that the non-global contribution S cancels out in the ratio. The groomed version of
eq. (5.1), Σ̄q

V (v, ξ), can be easily calculated using the groomed radiator for a massless quark.
We show the numerical comparison between our resummed results and Monte Carlo

simulations in figure 5, for the ungroomed jets with α = 1, and in figure 6, for the jets groomed
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Figure 5. Ratio of the cumulative distribution for b jets to that for light quarks. No grooming has
been applied. The left plot refers to the ECFs, the right plot to the angularities.

with mMDT. We consider high-pt (above 750 GeV) jets at central rapidities (|y| < 2.5). Jets
are defined with the anti-kt algorithm, with R0 = 0.4. On the left we show the ECFs, eα

2 at
the top and ėα

2 at the bottom; on the right we show two of the angularities, λα at the top and
λ̊α at the bottom. We exclude the dotted versions of the angularities from this comparison
because the presence of the end-point makes our calculation inadequate. We also refrain from
showing λ̊α

0 distribution because at O(αs) it coincides with λα. For the NLL calculation, the
transverse momentum is pt = 750GeV, with αs(ptR0) = 0.1.

All resummed results are supplemented with an uncertainty band. This is obtained
by replacing the argument of the strong coupling ptR0 → xR ptR0 and by rescaling the
observable v → xvv while adding appropriate counterterms to mantain NLL accuracy. In
order to provide a rough assessment of the theoretical uncertainty on the ratio in the region
around the dead-cone transition, both xR and xv are varied independently 1

2 ≤ xR,v ≤ 2 and
the respective uncertainties are combined in quadrature.

All plots demonstrate that, while by construction our analytic calculation become sensitive
to mass effects around the transition point m

ptR0
, all Monte Carlo simulation show a ratio that
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Figure 6. Same observables as in figure 5, but for jets groomed with mMDT, with zcut = 0.1.

deviates from unity at much larger observable values. This can be partially explained by the
fact that for each emission the dead cone opening angle is set by the energy of emitter, while in
our resummed calculations it is always fixed by the energy of the hard parton.4 We note that
the ratio for ėα

2 shows a weird dip to the left of the dead cone, which is even more pronounced
when grooming is applied. This is entirely driven by the O(αs) correction, which is negative
for this observable. On the other hand, the same correction for the angularities moves the
resummed curves closer to the Monte Carlo results, both for ungroomed and groomed jets.
The theoretical uncertainty of the NLL result is rather large. On the one hand, this is
reassuring because it is of the same order as the observed discrepancy between the Monte
Carlo predictions. On the other hand, the large uncertainty reduces the size of the dead-cone
effect. We believe that this situation can be partially improved by a complete matching to
fixed-order predictions, which is work in progress. However, this also motivates the calculation
of full NNLL corrections that are only partially accounted for in our current results.

We now turn our attention to non-perturbative correction due to the hadronisation
process and the Underlying Event (UE) contribution. We perform this study by considering

4We thank Leticia Cunqueiro Mendez for discussions on this point.
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Figure 7. Effect of non-perturbative contributions evaluated using different Monte Carlo event
generators. The plots show the ratio hadron-level over parton-level for the ratio of the cumulative
distributions (massive/massless) considered for the parton-level study.

the ratio Σb/Σq at two different stages of the event generation, namely at parton-level, i.e.
as in the figures 5 and 6, and at hadron-level, i.e. with hadronisation and the UE turned
on. We keep B hadrons stable and plot the ratio Σhadron

b

Σhadron
q

/
Σb
Σq

in figure 7, for the ungroomed
case, and in figure 8, for mMDT jets. We first note that because we selected jets with large
transverse momentum, there is a wide range of v for which non-perturbative effects are well
under control. On the other hand, due to large pt values, the dead-cone region is pushed
towards low values of v. As a consequence, in the case of ungroomed jets, the region where
mass-effects start to become visible is affected by sizeable non-perturbative corrections. Note
that this is particularly severe for observables defined with scalar products, see for instance
the bottom plots of figure 7. On the other hand, the situation changes radically when we
consider groomed jets. As shown in figure 8, the non-perturbative corrections for mMDT
jets with zcut = 0.1 remain small in the dead-cone region, especially for the shapes defined
in terms of pt and ∆R (top plots).

To summarise, our analysis demonstrated that groomed angularities and ECFs are well-
suited to study the dead cone in b-jets. In particular, we recommend using α = 1, as larger
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Figure 8. Same observables as in figure 7, but for jets groomed with mMDT, with zcut = 0.1.

values will push the dead-cone region to smaller values of the observable, likely to a region that
is beyond the perturbative control. A rather aggressive grooming, such as SoftDrop with β = 0,
i.e. mMDT, alleviates the non-perturbative contributions. Among the variants discussed
here, the standard ones, i.e. eα

2 and λα, are better suited to expose the dead cone, while
other distributions receive mass-dependent contributions also from the scalar products in the
observables’ definitions. From the point of view of perturbative calculability, we have already
seen that λα appears to be closer to the parton-level Monte Carlo predictions in the dead
cone region and so this observable, measured on groomed jets, emerges from our study as the
one with better analytic behaviour and resilience against non-perturbative contributions.

6 Conclusions and outlook

In this paper we performed a comprehensive studies of jet substructure observables measured
on heavy flavour jets. We started our discussion by comparing different definitions of ECFs
and jet angularities. While two of the variants we considered, namely eα

2 and λα are defined
using the jet constituents’ transverse momenta, rapidities and azimuths, the other ones
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make use of scalar products, either between particles’ four-momenta (ECFs) or between
each particle momentum and the jet axis. We found that all definitions are identical if
massless particles (and massless jet axis) are considered, but differ in the massive case because
scalar products introduce some mass dependence. From the point of view of fixed-order
calculability, observables defined via scalar products are easier, essentially because the same
structure appears in the observable definition and in the denominators of the squared matrix
elements. For instance, we found that hypergeometric functions appear in the one-loop
expression for λα, while only logarithms appear in the equivalent calculation for scalar-
product based observables, e.g. λ̊α. However, scalar products introduce an explicit mass
dependence to the observable. We have studied the consequence of this fact using Monte
Carlo simulations. A mass-dependent contribution in the observable definition often causes
an end-point for the distribution, at low values of the observable. Therefore, events cannot
populate these distributions at arbitrarily small values and accumulate to the right of the
end-point, potentially giving rise to pronounced spikes. This effect is very pronounced for λ̇α

and λ̇α
0 , and is much milder for the mMDT versions of ėα

2 and λ̊α. Whether this is good or
bad depends on one’s purpose. If one is after observables that are sensitive to the mass of,
say, the b quark, then the presence of the mass in the observable definition acts as a cutoff
and the resulting distribution exhibits a strong dependence on it. Thus, we could say that
scalar-product based observables are very sensitive to kinematic mass effects. However, if
one is focused on exposing the dead cone, i.e. the dynamical suppression of QCD radiation
collinear to a massive emitter, we would argue that explicit mass dependence should be
avoided in the observable definitions. In this regard eα

2 and λα (and, to a certain extent, λ̊α
0 )

are more suitable. Furthermore, for the SoftDrop versions of these observable, the logarithmic
phase-space close, resulting in (approximate) end-points of dynamical origin.

With the exception of λ̇α and λ̇α
0 , the observables considered in this work share the same

NLL structure, but differ beyond the NLL accuracy level. We calculated their cumulative
distribution resumming both logarithms of the observables and logarithms of the ratio of the
quark mass to the hard scale of the process, to NLL accuracy level. Our resummed results
hold for any positive value of the observable angular exponent α > 0 and SoftDrop parameters
zcut, β ≥ 0. We also included fixed-order corrections that allow for a better theoretical
description of the dead-cone region. We considered the ratio of these cumulative distributions
to the ones of jets initiated by a massless quark and compared them to Monte Carlo event
simulations. For our numerical studies, we considered α = 1 and β = 0. While we found a
good agreement between our results and Monte Carlo simulations, we consistently observe that
Monte Carlo predictions show sensitivity to mass effects at larger values of the observable than
suggest our calculations. We also found that the agreement between resummed calculations
and Monte Carlo simulation is better for jet angularities than ECFs, especially if grooming was
applied. Finally, we have studied non-perturbative corrections using Monte Carlo simulations.
Unsurprisingly, we found that groomed jets are more resilient to hadronisation and UE
contribution. We also found that among all observables, the variants that do not employ
scalar products also show smaller non-perturbative corrections.

In conclusion, our work has clarified several subtleties regarding the definition of jet
substructure observables in the context of heavy-flavour jets and has provided NLL results
for widely used jet shapes, such as ECFs and angularities. The natural next step would
be to turn our calculations into actual phenomenological predictions that can be compared
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to data. To this purpose, we aim to implement our results in the resummation plugin to
SHERPA [68, 69] in order to match them to full NLO theoretical predictions, with fiducial cuts,
supplemented with non-perturbative corrections, as done for instance in [61, 62, 147–150].
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A Building blocks of the analytic resummation

We introduce the following notation:

ℓ = −2αs log v, ℓcut = −2αs log zcut (A.1)

In order to calculate eq. (4.3) we exploit the Lund diagrams computing double integrals
over rapidity and ν(nf ), defined in eq. (4.8). As pointed out in [94], at NLL the integral
over the rapidity can always be written as β(nf )

0 ℓ0 + cν, with ℓ0 and c independent of ν.
Therefore, we introduce

I(nf )(c, ℓ0, ℓa, ℓb) =
CF(

αsβ
(nf )
0

)2

∫ β
(nf )
0 ℓb

β
(nf )
0 ℓa

dν α
CMW
s (k2

t )
2π

[
β

(nf )
0 ℓ0 + cν

]
, (A.2)

with k2
t = Q2 exp

(
− ν

αsβ
(nf )
0

)
. Here, ℓb, ℓa and ℓ0 denote a generic linear combination ℓ, ℓξ and

ℓcut, while c is a constant depending on the parameters α and β. We evaluate this as follows:

I(nf )(c, ℓ0, ℓa, ℓb) =
CF

2παs

(
β

(nf )
0

)2

×
[
β

(nf )
0 ℓ0

(
I

(nf )
1 (ℓa, ℓb)−

β
(nf )
1

β
(nf )
0

αsI
(nf )
2 (ℓa, ℓb) +

αsK
(nf )
eff

2π I
(nf )
K (ℓa, ℓb)

)

+ c

(
J

(nf )
1 (ℓa, ℓb)−

β
(nf )
1

β
(nf )
0

αsJ
(nf )
2 (ℓa, ℓb) +

αsK
(nf )
eff

2π J
(nf )
K (ℓa, ℓb)

)]
, (A.3)
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with:

K
(nf )
eff =


K(5) for nf = 5,

K(4) −
(

β
(5)
1

β
(5)
0

− β
(4)
1

β
(4)
0

)
log (1− β

(5)
0 ℓξ), for nf = 4.

(A.4)

The integrals are given by:

I
(nf )
1 (ℓa, ℓb) = log 1− x(nf ) − β

(nf )
0 ℓa

1− x(nf ) − β
(nf )
0 ℓb

, (A.5.a)

I
(nf )
2 (ℓa, ℓb) = β

(nf )
0

ℓb − ℓa

(1− x(nf ) − β
(nf )
0 ℓa)(1− x(nf ) − β

(nf )
0 ℓb)

+ log(1− x(nf ) − β
(nf )
0 ℓb)

1− x(nf ) − β
(nf )
0 ℓb

− log(1− x(nf ) − β
(nf )
0 ℓa)

1− x(nf ) − β
(nf )
0 ℓa

, (A.5.b)

I
(nf )
K (ℓa, ℓb) = β

(nf )
0

ℓb − ℓa

(1− x(nf ) − β
(nf )
0 ℓa)(1− x(nf ) − β

(nf )
0 ℓb)

, (A.5.c)

J
(nf )
1 (ℓa, ℓb) = β

(nf )
0 (ℓa − ℓb) + (1− x(nf )) log 1− x(nf ) − β

(nf )
0 ℓa

1− x(nf ) − β
(nf )
0 ℓb

, (A.6.a)

J
(nf )
2 (ℓa, ℓb) = β

(nf )
0

(ℓb − ℓa)(1− x(nf ))
(1− x(nf ) − β

(nf )
0 ℓa)(1− x(nf ) − β

(nf )
0 ℓb)

+ (1− x(nf ))

 log(1− x(nf ) − β
(nf )
0 ℓb)

1− x(nf ) − β
(nf )
0 ℓb

− log(1− x(nf ) − β
(nf )
0 ℓa)

1− x(nf ) − β
(nf )
0 ℓa


+ 1

2 log2(1− x(nf ) − β
(nf )
0 ℓb)−

1
2 log2(1− x(nf ) − β

(nf )
0 ℓa), (A.6.b)

J
(nf )
K (ℓa, ℓb) = β

(nf )
0

(ℓb − ℓa)(1− x(nf ))
(1− x(nf ) − β

(nf )
0 ℓa)(1− x(nf ) − β

(nf )
0 ℓb)

− log 1− x(nf ) − β
(nf )
0 ℓa

1− x(nf ) − β
(nf )
0 ℓb

.

(A.6.c)

Finally, we have:

x(5) = 0, x(4) = δ54. (A.7)

The above expressions are enough to get the LL and NLL running-coupling corrections.
We still need a few other quantities to reach NLL accuracy. For these we can use the one-loop
running coupling. Furthermore, they can all be related to the I(nf )

1 integral from above. In
the case of jets initiated by a massive quark, the hard collinear splitting contribution is only
relevant in the 5-flavour region, from some logarithmic scale ℓb down to 0. It can be written as

B(5)(ℓb) =
B1

2παsβ
(5)
0

∫ β
(5)
0 ℓb

0
dν(5) α(5)

s (k2
t ) =

B1

2πβ(5)
0
I

(5)
1 (0, ℓb), (A.8)

with the usual coefficient B1 = −3
2CF. In the case of light jet, we could have a hard collinear

contribution from the 4-flavour region from a logarithmic scale ℓb down to ℓξ.

B(4)(ℓb) =
B1

2παsβ
(4)
0

∫ β
(4)
0 ℓb

β
(4)
0 ℓξ

dν(4) α(4)
s (k2

t ) =
B1

2πβ(4)
0
I

(4)
1 (ℓξ, ℓb), (A.9)
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Additionally, the dead cone boundary furnishes an extra term for heavy flavoured jets, relevant
in the 4-flavour region, from a certain ℓb to ℓξ. It can be written as

H(ℓb) =
H1

2παsβ
(4)
0

∫ β
(4)
0 ℓb

β
(4)
0 ℓξ

dν(4)α(4)
s (k2

t ) =
H1

2πβ(4)
0
I

(4)
1 (ℓξ, ℓb), (A.10)

with H1 = −CF. Finally, the multiple-emission NLL correction depends on R′, which again
only requires the 1-loop contributions I(nf )

1 and J
(nf )
1 .

∂

∂L

(
β

(nf )
0 ℓ0I

(nf ) + cJ (nf )
)

= β
(nf )
0

[
c

(
∂ℓa
∂L

− ∂ℓb
∂L

)
+ ∂ℓ0
∂L

log 1− x(nf ) − β
(nf )
0 ℓa

1− x(nf ) − β
(nf )
0 ℓb

+
(
β

(nf )
0 ℓ0 + c(1− x(nf ))

) 1
1− x(nf ) − β

(nf )
0 ℓb

∂ℓb
∂L

− 1
1− x(nf ) − β

(nf )
0 ℓa

∂ℓa
∂L

]. (A.11)

With the above building blocks, we can construct the radiator and its derivative, which we
need for the multiple-emission contribution.

B Analytics for ungroomed observables

In this appendix, we report the explicit results for the resummed exponent without grooming
for jets initiated by a heavy quark (denoted by the subscript b) by a light quark (q). In both
cases, we include the effect of the b threshold in the running of the coupling.

B.1 α = 1

We have two cases to consider. On the one hand, if v >
√
ξ we obtain:

Rb = Rq = I(5)(1, 0, 0, ℓ) +B(5)(ℓ) (B.1.a)

R′
b = R′

q = CF
π

ℓ

1− β
(5)
0 ℓ

(B.1.b)

On the other hand, if v <
√
ξ:

Rb = I(5)(1, 0, 0, ℓξ) + I(4)(0, ℓξ, ℓξ, ℓ) + +B(5)(ℓξ) +H(ℓ), (B.2.a)

R′
b =

CF
π

ℓξ

1− δ54 − β
(4)
0 ℓ

, (B.2.b)

Rq = I(5)(1, 0, 0, ℓξ) + I(4)(1, 0, ℓξ, ℓ) +B(5)(ℓξ) +B(4)(ℓ), (B.3.a)

R′
q = CF

π

ℓ

1− δ54 − β
(4)
0 ℓ

. (B.3.b)

B.2 α > 1

In this case, we have to analyse three different regimes. First, for v >
√
ξ we find:

Rb = Rq = I(5)
(
1, 0, 0, ℓ

α

)
+ I(5)

( 1
1− α

,
ℓ

α− 1 ,
ℓ

α
, ℓ

)
+B(5)

(
ℓ

α

)
, (B.4.a)

R′
b = R′

q = CF

πβ
(5)
0 (1− α)

I
(5)
1

(
ℓ,
ℓ

α

)
. (B.4.b)
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Second, for ξ
α
2 < v <

√
ξ:

Rb =Rq =I(5)
( 1
1−α,

ℓ

α−1 ,
ℓ

α
, ℓξ

)
+ I(5)

(
1, 0, 0, ℓ

α

)
+ I(4)

( 1
1−α,

ℓ

α−1 , ℓξ, ℓ
)
+B(5)

(
ℓ

α

)
,

(B.5.a)

R′
b =R′

q =
CF

πβ
(4)
0 (α− 1)

I
(4)
1 (ℓξ, ℓ) +

CF

πβ
(5)
0 (α− 1)

I
(5)
1

(
ℓ

α
, ℓξ

)
. (B.5.b)

Third, for v < ξ
α
2 :

Rb = I(5)(1, 0, 0, ℓξ) + I(4)
( 1
1− α

,
ℓ

α− 1 , ℓ+ (1− α)ℓξ, ℓ
)

+ I(4)(0, ℓξ, ℓξ, ℓ+ (1− α)ℓξ) +B(5)(ℓξ) +H(ℓ+ (1− α)ℓξ), (B.6.a)

R′
b =

CF

πβ
(4)
0 (α− 1)

I
(4)
1 (ℓ+ (1− α)ℓξ, ℓ), (B.6.b)

Rq = I(5)(1, 0, 0, ℓξ) + I(4)
( 1
1− α

,
ℓ

α− 1 ,
ℓ

α
, ℓ

)
+ I(4)

(
1, 0, ℓξ,

ℓ

α

)
+B(5)(ℓξ) +B(4)

(
ℓ

α

)
, (B.7.a)

R′
q = CF

πβ
(4)
0 (α− 1)

I
(4)
1

(
ℓ

α
, ℓ

)
. (B.7.b)

B.3 α < 1

Also in the present case we have to deal with three different regions. First, if v > ξ
α
2 :

Rb = Rq = I(5)(1, 0, 0, ℓ) + I(5)
(

α

α− 1 ,
ℓ

1− α
, ℓ,

ℓ

α

)
+B(5)

(
ℓ

α

)
, (B.8.a)

R′
b = R′

q = CF

πβ
(5)
0 (1− α)

I
(5)
1

(
ℓ,
ℓ

α

)
. (B.8.b)

Second, if
√
ξ < v < ξ

α
2 :

Rb = I(5)
(

α

α− 1 ,
ℓ

1− α
, ℓ, ℓξ

)
+ I(5)(1, 0, 0, ℓ) + I(4)

( 1
α− 1 ,

ℓ

1− α
+ ℓξ, ℓξ, ℓ+ (1− α)ℓξ

)
+B(5)(ℓξ) +H(ℓ+ (1− α)ℓξ), (B.9.a)

R′
b =

CF

πβ
(4)
0 (1− α)

I
(4)
1 (ℓξ, ℓ+ (1− α)ℓξ) +

CF

πβ
(5)
0 (1− α)

I
(5)
1 (ℓ, ℓξ), (B.9.b)

Rq = I(5)
(

α

α− 1 ,
ℓ

1− α
, ℓ, ℓξ

)
+ I(5)(1, 0, 0, ℓ) + I(4)

(
α

α− 1 ,
ℓ

1− α
, ℓξ,

ℓ

α

)
+B(5)(ℓξ) +B(4)

(
ℓ

α

)
, (B.10.a)

R′
q = CF

πβ
(4)
0 (1− α)

I
(4)
1

(
ℓξ,

ℓ

α

)
+ CF

πβ
(5)
0 (1− α)

I
(5)
1 (ℓ, ℓξ). (B.10.b)
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Finally, for v <
√
ξ:

Rb = I(5)(1, 0, 0, ℓξ) + I(4)(0, ℓξ, ℓξ, ℓ) + I(4)
( 1
α− 1 ,

ℓ

1− α
+ ℓξ, ℓ, ℓ+ (1− α)ℓξ

)
+B(5)(ℓξ) +H(ℓ+ (1− α)ℓξ), (B.11.a)

R′
b =

CF

πβ
(4)
0 (1− α)

I
(4)
1 (ℓ, ℓ+ (1− α)ℓξ), (B.11.b)

Rq = I(5)(1, 0, 0, ℓξ) + I(4)(1, 0, ℓξ, ℓ) + I(4)
(

α

α− 1 ,
ℓ

1− α
, ℓ,

ℓ

α

)
+B(5)(ℓξ) +B(4)

(
ℓ

α

)
, (B.12.a)

R′
q = CF

πβ
(4)
0 (1− α)

I
(4)
1

(
ℓ,
ℓ

α

)
. (B.12.b)

C Analytics for groomed observables

We report the explicit results for the resummed exponent with grooming. As pointed out in the
main text, in this case we have to consider more regions. We note that if v > zcut we recover
the ungroomed calculation presented in the previous section, thus we show our results only
for v < zcut. We will always assume that z2

cut > ξα, ∀α. With this in mind, let us introduce

va =
√
ξ

(√
ξ

zcut

)α−1
1+β

, vb = ξ
α
2 , vc = zcutξ

α+β
2 . (C.1)

Given that β ≥ 0, the hierarchy among va, vb, vc depends only on α. Specifically, va = vb > vc

for α = 1, va > vb > vc for α > 1 and vb > va > vc for α < 1. The scale vc corresponds to
the point where the soft drop line intersects the dead cone. Consequently, this scale is absent
for light quark jets. Therefore, when computing R̄q defined in eq. (5.2), one should only
consider the hierarchy between the observable v and va, vb. In the case of jets initiated by
massive quark, when v < vc the radiator stabilizes to a constant value, and the cumulative
distribution ceases to depend on v. This means that when v < vc the result is always the
same irrespectively of α.

C.1 α = 1

In this scenario we need to analyse three cases: v > va, va > v > vc and v > vc.

• zcut > v > va

R̄b = R̄q = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓ

)
+ I(5)(1, 0, 0, ℓcut) +B(5)(ℓ) (C.2.a)

R̄′
b = R̄′

q = CF
π(1 + β)

βℓ+ ℓcut

1− β
(5)
0 ℓ

(C.2.b)
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• va > v > vc

R̄b = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut) + I(4)

(
− 1
1 + β

,
ℓcut
1 + β

+ ℓξ, ℓξ, ℓ

)
+B(5)(ℓξ) +H(ℓ) (C.3.a)

R̄′
b =

CF
π(1 + β)

ℓcut − ℓ+ (1 + β)ℓξ
1− δ54 − β

(4)
0 ℓ

, (C.3.b)

• va > v

R̄q = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut) + I(4)

(
β

1 + β
,
ℓcut
1 + β

, ℓξ, ℓ

)
+B(5)(ℓξ) +B(4)

(
ℓ

α

)
(C.4.a)

R̄′
q = CF

π(1 + β)
βℓ+ ℓcut

1− δ54 − β
(4)
0 ℓ

, (C.4.b)

• vc > v

R̄b = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(4)
(
− 1
1 + β

,
ℓcut
1 + β

+ ℓξ, ℓξ, ℓcut + ℓξ(1 + β)
)
+B(5)(ℓξ) +H(ℓcut + (1 + β)ℓξ),

(C.5.a)

R̄′
b = 0. (C.5.b)

C.2 α > 1

Here we show the analytical results for the groomed case with α > 1. There are four regions
we need to consider for heavy quark jets, namely v > va, va > v > vb, vb > v > vc and vc > v.
In the case of light quark, there are only three possibilities.

• zcut >v > va

R̄b = R̄q = I(5)
(
− α+ β

(β + 1)(α− 1) ,
ℓcut
1 + β

+ ℓ

α− 1 ,
ℓ

α
, ℓcut +

1 + β

α+ β
(ℓ− ℓcut)

)
+ I(5)

(
β

1 + β
,
ℓcut
1 + β

, ℓcut,
ℓ

α

)
+ I(5)(1, 0, 0, ℓcut) +B(5)

(
ℓ

α

)
, (C.6.a)

R̄′
b = R̄′

q = CF

πβ
(5)
0 (α− 1)

I
(5)
1

(
ℓ

α
,
1 + β

β + α
(ℓ− ℓcut) + ℓcut

)
, (C.6.b)

• va > v > vb

R̄b = R̄q = I(5)
(
− α+ β

(β + 1)(α− 1) ,
ℓcut
1 + β

+ ℓ

α− 1 , ℓcut, ℓξ

)
+ I(5)

(
− 1
α− 1 ,

ℓ

α− 1 ,
ℓ

α
, ℓcut

)
+ I(5)

(
1, 0, 0, ℓ

α

)
+ I(4)

(
− α+ β

(β + 1)(α− 1) ,
ℓcut
1 + β

+ ℓ

α− 1 , ℓξ, ℓcut +
1 + β

α+ β
(ℓ− ℓcut)

)
+B

(
ℓ

α

)
, (C.7.a)

R̄′
b = R̄′

q = CF

πβ
(4)
0 (α− 1)

I
(4)
1

(
ℓξ,

1 + β

β + α
(ℓ− ℓcut) + ℓcut

)
+ CF

πβ
(5)
0 (α− 1)

I
(5)
1

(
ℓ

α
, ℓξ

)
(C.7.b)
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• vb > v > vc

R̄b = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(4)
(
− α+ β

(β + 1)(α− 1) ,
ℓcut
β + 1 + ℓ

α− 1 , ℓ− (α− 1)ℓξ, ℓcut +
β + 1
β + α

(ℓcut − ℓ)
)

+ I(4)
(
− 1
β + 1 ,

ℓcut
β + 1 + ℓξ, ℓξ, ℓ− (α− 1)ℓξ,

)
+B(5)(ℓξ) +H(ℓ+ (1− α)ℓξ),

(C.8.a)

R̄′
b =

CF

πβ
(4)
0 (α− 1)

I
(4)
1

(
ℓ+ (1− α)ℓξ, ℓcut +

β + 1
β + α

(ℓ− ℓcut)
)
, (C.8.b)

• vb > v

R̄q = I(5)(1, 0, 0, ℓcut) + I(5)
(

β

1 + β
,
ℓcut
1 + β

ℓcut, ℓξ

)
+ I(4)

(
β

1 + β
,
ℓcut
1 + β

, ℓξ,
ℓ

α

)
+ I(4)

(
− α+ β

(1 + β)(α− 1) ,
ℓcut
1 + β

+ ℓ

α− 1 ,
ℓ

α
, ℓcut +

β + 1
β + α

(ℓcut − ℓ)
)

+B(5)(ℓξ) +B(4)
(
ℓ

α

)
, (C.9.a)

R̄′
q = CF

πβ
(4)
0 (α− 1)

I
(4)
1

(
ℓ

α
, ℓcut +

β + 1
β + α

(ℓ− ℓcut)
)
, (C.9.b)

• vc > v

R̄b = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(4)
(
− 1
1 + β

,
ℓcut
1 + β

+ ℓξ, ℓξ, ℓcut + ℓξ(1 + β)
)
+B(5)(ℓξ) +H(ℓcut + (1 + β)ℓξ),

(C.10.a)

R̄′
b = 0. (C.10.b)

C.3 α < 1

When α < 1 we need to analyse four cases for heavy quark jets: v > vb, vb > v > va,
va > v > vc and vc > v. As before, there are only three possibilities in the case of light
quark jets.

• zcut >v > vb

R̄b = R̄q = I(5)
(
− α

1− α
,

ℓ

1− α
, ℓcut +

1 + β

α+ β
(ℓ− ℓcut),

ℓ

α

)
+ I(5)

(
β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓcut +
1 + β

α+ β
(ℓ− ℓcut)

)
+ I(5)(1, 0, 0, ℓcut) +B(5)

(
ℓ

α

)
,

(C.11.a)

R̄′
b = R̄′

q = CF

πβ
(5)
0 (1− α)

I
(5)
1

( 1 + β

β + α
(ℓ− ℓcut) + ℓcut,

ℓ

α

)
(C.11.b)

• vb > v > va
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R̄b = I(5)
(
− α

1− α
,

ℓ

1− α
, ℓcut +

1 + β

α+ β
(ℓ− ℓcut), ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓcut +
1 + β

α+ β
(ℓ− ℓcut)

)
(C.12.a)

+ I(4)
(
− 1
1− α

,
ℓ

1− α
+ ℓξ, ℓξ, ℓ+ (1− α)ℓξ

)
+B(5)(ℓξ) +H(ℓ+ (1− α)ℓξ),

R̄′
b =

CF

πβ
(5)
0 (1− α)

I
(5)
1

(
ℓcut +

1 + β

β + α
(ℓ− ℓcut), ℓξ

)
+ CF

πβ
(4)
0 (1− α)

I
(4)
1 (ℓξ, ℓ+ (1− α)ℓξ)

(C.12.b)

R̄q = I(5)
(
− α

1− α
,

ℓ

1− α
, ℓcut +

1 + β

α+ β
(ℓ− ℓcut), ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓcut +
1 + β

α+ β
(ℓ− ℓcut)

)
+ I(4)

(
− α

1− α
,

ℓ

1− α
, ℓξ,

ℓ

α

)
+B(5)(ℓξ) +B(4)

(
ℓ

α

)
, (C.13.a)

R̄′
q = CF

πβ
(5)
0 (1− α)

I
(5)
1

(
ℓcut +

1 + β

β + α
(ℓ− ℓcut), ℓξ

)
+ CF

πβ
(4)
0 (1− α)

I
(4)
1

(
ℓξ,

ℓ

α

)
(C.13.b)

• va > v > vc

R̄b = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(4)
(
− 1
1− α

,
ℓ

1− α
+ ℓξ, ℓcut +

1 + β

α+ β
(ℓ− ℓcut), ℓ+ (1− α)ℓξ

)
(C.14.a)

+ I(4)
(
− 1
1 + β

,
ℓcut
1 + β

+ ℓξ, ℓξ, ℓcut +
1 + β

α+ β
(ℓ− ℓcut)

)
+B(5)(ℓξ) +H(ℓ+ (1− α)ℓξ),

R̄′
b =

CF

πβ
(4)
0 (1− α)

I
(4)
1

(
ℓcut +

1 + β

α+ β
(ℓ− ℓcut), ℓ+ (1− α)ℓξ

)
, (C.14.b)

• va > v

R̄q = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut)

+ I(4)
(
− α

1− α
,

ℓ

1− α
, ℓcut +

1 + β

α+ β
(ℓ− ℓcut),

ℓ

α

)
+ I(4)

(
β

1 + β
,
ℓcut
1 + β

, ℓξ, ℓcut +
1 + β

α+ β
(ℓ− ℓcut)

)
+B(5)(ℓξ) +B(4)

(
ℓ

α

)
, (C.15.a)

R̄′
q = CF

πβ
(4)
0 (1− α)

I
(4)
1

(
ℓcut +

1 + β

α+ β
(ℓ− ℓcut),

ℓ

α

)
, (C.15.b)

• vc > v

R̄b = I(5)
(

β

1 + β
,
ℓcut
1 + β

, ℓcut, ℓξ

)
+ I(5)(1, 0, 0, ℓcut) (C.16.a)

+ I(4)
(
− 1
1 + β

,
ℓcut
1 + β

+ ℓξ, ℓξ, ℓcut + ℓξ(1 + β)
)
+B(5)(ℓξ) +H(ℓcut + (1 + β)ℓξ),

R̄′
b =0. (C.16.b)
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