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Abstract 

Solutions and minerals containing sulfate (SO42-) and the Ca2+ and Mg2+ cations are ubiquitous 

throughout the lithosphere, and are significant components of seawater, thus presenting a 

prototypical system for the study of strong electrolytes and crystal nucleation mechanisms. 

However, despite their relative abundance, key questions remain unanswered about the most 

fundamental atomic-level steps of their mineralization pathways and aqueous dynamics. Here, we 

carry out enhanced sampling multi-level molecular dynamics (MD) embedded correlated 

wavefunction theory simulations to elucidate ion-pairing mechanisms for Mg-SO4 and Ca-SO4 in 

concentrated aqueous solution, accurately capturing effects arising from both structural dynamics 

and electron exchange-correlation. We predict contact-ion-pair formation to be barrierless and 

highly exoergic for Ca-SO4, in agreement with its minimal solubility, whereas for Mg-SO4 solvent-

shared and contact ion pairs have similar free energies, qualitatively consistent with its higher 

solubility. Finally, we demonstrate that brief high-temperature pre-equilibration may be utilized to 

accelerate convergence of free energies in blue-moon-ensemble enhanced-sampling MD.  

1. Introduction 

The sulfate anion (SO42-) is a significant component of seawater, where it is the second 

most abundant anion after chloride,1 and its minerals and salts, particularly of the bivalent cations 

Mg2+ and Ca2+, are abundant throughout the lithosphere, playing key roles in a variety of areas of 

chemistry, biology, engineering and medicine. CaSO4 has important clinical and biomedical 

applications, e.g., in bone grafts.2 Its dihydrate, gypsum, is the most abundant sulfate mineral in 
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the Earth’s crust and has wide-ranging applications in building materials3-5 and as a plant nutrient.6 

Additionally, its presence is a major cause of fouling in the oil and gas industry,7, 8 and in 

desalination and filtration processes,9 where it can produce difficult-to-remove scales due to its 

low solubility.10 On the other hand, aqueous MgSO4 is an archetypical strong electrolyte,11 which 

may play a significant environmental role on Earth due to its presence as a common contaminant 

in mine waters,12 as well in extraterrestrial environments, having been found, e.g., on Mars13 and 

the Jupiter moon Europa.14 

Despite their ubiquity, uncertainty remains regarding the crystallization pathways of 

sulfate minerals (gypsum, bassanite, and anhydrite), which may not follow classical nucleation 

and growth but instead progress via clusters, the structures and properties of which are poorly 

understood.15-18 Knowledge of the crystallization mechanism and how it may be influenced could 

aid development of sustainable technologies, particularly regarding scale inhibition in industrial 

processes7, 10 and the development of more durable, weathering-resistant5, 19-21 and carbon-neutral 

or -negative building materials.3, 22, 23 The latter will be a critical strategy for reduction of 

anthropogenic carbon emissions, with the cement industry alone being responsible for up to 8% of 

such emissions.23, 24 Sulfate anions are well known to hinder the crystallization of carbonate 

minerals such as CaCO3,25, 26 which serve as long-term sinks for anthropogenic CO2 in carbon 

capture, utilization, and storage (CCUS) technologies.27-31 A particular promising CCUS approach 

involves processes to remove CO2 dissolved in seawater, exploiting the ocean’s oversaturation 

with respect to the formation of Mg and Ca carbonate minerals.32-36 Optimization of such processes 

requires insight into possible inhibition and competition effects arising from abundant SO42- in 

seawater; however, significant knowledge gaps remain regarding the inhibition of carbonate 

growth.37  

Before undertaking characterization of nucleation and growth of the minerals themselves, 

elucidation of the hydration dynamics and ion-pairing processes of aqueous Mg2+, Ca2+ and SO42- 

ions is a necessary foundational first step. Specifically, although the relevant mechanistic 

uncertainties are largely post-ion-pairing, the simulation of larger-scale crystallization events will 

require the use of force-fields (FFs), the accuracy of which first should be verified by 

benchmarking against relevant quantum-mechanics-based simulations of the fundamental atomic-

level interactions involved in ion pairing such as we report here. Previous studies of these processes 

are limited. MgSO4 has been studied experimentally utilizing a variety of spectroscopic 
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techniques, largely focused on elucidating vibrational signatures and hence the presence of 

different Mg-SO4 ion-pair species.11, 38-46 Some molecular dynamics (MD) studies of MgSO4 have 

been reported, mostly using classical FFs,42, 45, 47-50 with quantum mechanics/molecular mechanics 

(QM/MM)39 and ab-initio MD (AIMD)51 simulations being more rare. These theoretical studies 

largely aimed to reproduce experimental vibrational spectra. To date only a single MD study has 

reported a free energy curve (FEC) for Mg-SO4 ion pairing, relying on classical FFs.52 For Ca-

SO4, experimental research has centered on understanding non-classical nucleation pathways,26, 53-

56 with only one MD investigation of the energetics of ion pairing that employed classical FFs as 

well as density functional theory (DFT) MD.57  

Motivated by the relative dearth of ab-initio level understanding of the energetics of sulfate 

interactions with alkaline earth cations in aqueous solution, here we present multi-level embedded 

correlated wavefunction (ECW) theory58-61 calculations in combination with enhanced sampling 

DFT-MD simulations to elucidate the FECs for Ca2+ and Mg2+ ion pairing with SO42-. While theory 

and experiment both suggest overall Ca2+-SO42- ion pairing in water is entropically driven,62 

elucidating the mechanism and free energies of interconversion between different close-contact 

ion-pair configurations will benefit from accurate description of changes in chemical bonding, 

especially because entropic differences between different ion-pair configurations could be small. 

The DFT-MD/ECW methodology allows for the simultaneous treatment of effects arising from 

structural dynamics and many-electron exchange-correlation (XC), both which we have shown are 

essential for accurately evaluating the free energetics of aqueous carbon dioxide speciation,63 as 

well as ion pairing and dehydration processes.64, 65 Here, our aim is to understand at the atomic 

level why and how the ion-pairing mechanisms of aqueous Ca and Mg sulfate differ, and how they 

correlate with the observed solubilities (the former is extremely insoluble while the latter readily 

dissolves). Moreover, in the context of seawater-based CCUS and our previous work on Mg2+ and 

Ca2+ dehydration dynamics65 and carbonate ion-pairing,64 we hope to gain insights into the 

competition in ion pairing between different anions, which could be critical to understanding the 

inhibition of proposed non-classical nucleation pathways in carbonate and sulfate minerals 

involving pre-nucleation clusters.66-68 Finally, as efforts are being made to derive FFs for ions 

present in seawater and those with important biological functions,69 ab-initio reference data such 

as that generated here can help confirm or dispute findings obtained with classical FFs.  
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2. Methods 

2.1. Periodic DFT-MD Simulations 

We performed Born-Oppenheimer DFT-MD simulations with periodic boundary 

conditions (PBCs) as implemented in the Vienna Ab-initio Simulation Package (VASP), version 

6.3.2.70-72 The revPBE XC functional73 with the D3BJ dispersion correction74, 75 was employed, 

based on its ability to correctly reproduce the structure of liquid water.76 All-electron, frozen-core, 

projector augmented-wave (PAW) potentials72, 77 were utilized with a planewave (PW) kinetic 

energy cutoff of 660 eV. This PW cutoff converges the total energy of the simulation supercell to 

~1 meV/atom. The Mg and Ca ions PAW potentials used treat the semicore s and p and the valence 

states self-consistently (denoted Mg_sv and Ca_sv in the VASP library), while standard PAW 

potentials represented the nuclei plus all core electrons of the S, O, and H atoms (S, O, H in the 

VASP library). Gaussian smearing of 0.1 eV was applied. The Nosé-Hoover thermostat,78, 79 with 

a Nosé mass corresponding to a temperature oscillation frequency with a period of 40 MD 

timesteps, was employed for NVT-ensemble MD simulations at 300 K.  

The physical model consisted of a cubic simulation cell with identical side lengths of 

12.795 Å, containing one Mg2+ or Ca2+ cation, one SO42- anion, and 67 water molecules. The size 

of the supercell was chosen to represent the experimental density of water at room temperature. 

Because of the scaling limitations of AIMD, this supercell does not allow for the simulation of 

fully separated ions, and thus computation of the true standard free energy of ion pairing from 

separated ions is not possible. It does, however, allow for the simulation of different ion-pairing 

modes. No spurious formation of ion-pair chains across periodic boundaries is observed, with the 

different ion-pairing modes investigated remaining well separated from their periodic images on 

the timescales of our simulations. Nonetheless, we do note that there may be solvent-separated 

interactions due to the Bjerrum length for divalent ion pairs being larger than the simulation cell. 

Initial structures were generated based on a smaller supercell model used previously to study the 

dehydration dynamics of Mg and Ca cations and their ion-pairing mechanisms with carbonate.64, 

65 The dimensions of these supercells were scaled by a factor of 1.25, and the carbonate anion was 

replaced by SO42-, placed in a solvent-separated ion pair (SSIP) configuration along the supercell 

diagonal (vide infra), and an additional 14 waters were added. This new supercell was relaxed 

using steepest-descent for 500 ionic steps, followed by DFT-MD pre-equilibration for 5 ps using 



 5 

0.5-fs timesteps. The final structure from this pre-equilibration trajectory was chosen as the initial 

configuration for production simulations, which utilized 0.25-fs timesteps.  

The free-energy curves (FECs) for the ion-pairing processes were obtained using blue-

moon ensemble (BME)80 constrained MD simulations (BME-MD), with constraints enforced 

using the SHAKE algorithm.81 BME-MD is chosen for enhanced sampling as it readily lends itself 

to our ECW theory simulations (vide infra). Because in BME-MD all critical points are sampled 

with independent trajectories, snapshots are readily obtained at equally spaced points along the 

production simulation. Identification of well-separated snapshots at each of the critical points is 

less intuitive for other rare-event sampling methods such as umbrella sampling or metadynamics. 

BME gradients were integrated using the scipy.integrate python module.82 The Mg/Ca – S distance 

(R(M-S)) was defined as the reaction coordinate (RC) and discretized into sets of distinct values 

of R(M-S) (vide infra).  Initial configurations for each value of R(M-S) were obtained via slow-

growth simulations83 initiated from the final configuration of the equilibrium MD trajectory 

discussed below (a solvent-shared ion pair (SSHIP) for Ca and a SSIP for Mg). This single 

collective variable BME-DFT-MD scheme was used previously to model ion pairing of Mg-CO3, 

yielding results consistent with 2D sampling simulations, lending credence to this 1D sampling 

approach, at least for that system.64  Active sampling of orthogonal degrees of freedom, such as 

the coordination number (CN), were found to be important when using metadynamics to simulate 

ion-pairing energetics involving Mg2+ but such 2D sampling is not tractable within BME-DFT-

MD. How we overcome this limitation, namely ensuring equilibration of the coordination 

environment of the Mg2+ cation in the BME-MD simulations, is discussed in detail in the Results 

& Discussion section. 

2.2. ECW Theory Simulations 

Following BME-MD simulations, ECW theory58, 59, 61 was used to correct for errors in the 

electronic energy contribution to the ion-pairing free energy60 obtained from PBC-DFT-revPBE-

D3BJ-MD simulations. This correction is necessary because pure generalized gradient 

approximation (GGA) XC functionals produce charge-delocalization artifacts,84 which may result 

in sizeable errors in ion-pairing free energies.64 For the ECW simulations, the system is divided 

into a so-called cluster, which comprises the ions directly involved in the reaction and their first 

solvation shells, i.e., Mg(SO4)(H2O)14, Ca(SO4)(H2O)16, while the remaining water molecules 

define the environment. The Ca cluster contains an additional two waters compared to the Mg 



 6 

cluster because of the Ca2+ cation’s ability to access six-, seven-, and eight-coordinate 

environments (Mg2+ cannot expand its coordination shell beyond six). We then utilize density 

functional embedding theory (DFET),58, 61 implemented in a modified version of VASP 6.3.2 

(open-source and available on github),85 to derive embedding potentials (Vemb) that account for the 

interaction between the cluster and its environment. The embedding potentials then are 

transformed from a real-space grid, obtained from PBC-DFT calculations, into the given Gaussian-

type-orbital (GTO) basis set for ECW theory calculations using the open-source, in-house-

developed EmbeddingIntegralGenerator.86  

In the present framework, a correction to the PBC-DFT-revPBE-D3BJ energy of a given 

critical point on the FEC is obtained from:63 
  

𝐹𝐹𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀𝑀𝑀 = 𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟+𝐷𝐷3𝐵𝐵𝐵𝐵𝑀𝑀𝑀𝑀 + �
�𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐼𝐼 [𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒] − 𝐸𝐸𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟+𝐷𝐷3𝐵𝐵𝐵𝐵𝐼𝐼 [𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒]�

𝑗𝑗

𝑘𝑘

𝑘𝑘

𝑗𝑗=1

=  𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟+𝐷𝐷3𝐵𝐵𝐵𝐵𝑀𝑀𝑀𝑀 + 𝛿𝛿𝑒̅𝑒𝑒𝑒𝑒𝑒 

where 𝐹𝐹𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟+𝐷𝐷3𝐵𝐵𝐵𝐵𝑀𝑀𝑀𝑀  is the free energy obtained from the PBC-DFT-revPBE-D3BJ BME-MD 

simulation,  𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐼𝐼 [𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒] is the MP287, 88 total energy of the cluster obtained in the presence of Vemb 

in a chosen GTO basis set, 𝐸𝐸𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟+𝐷𝐷3𝐵𝐵𝐵𝐵𝐼𝐼 [𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒]  is the DFT-revPBE-D3BJ energy of the cluster 

obtained in the presence of Vemb in the same GTO basis. For each critical point on the BME-MD 

FEC, the sum here runs over eight equally spaced snapshots along the constrained MD trajectory, 

yielding an average ECW correction to the BME-MD free energy, 𝛿𝛿𝑒̅𝑒𝑒𝑒𝑒𝑒 . All GTO-based 

calculations utilized the def2-TZVP basis set89 and were carried out in Molpro version 2021.2.90 

The embedding potential is accounted for in the Molpro calculations using its MATROP routine, 

which allows Vemb to be added as an external potential to the 1-electron integrals. The choice of 

MP2 as the ECW method is based on previous benchmarking on simulations of aqueous Ca2+ and 

Mg2+ cation dehydration dynamics, which showed MP2 yielded comparable accuracy to 

CCSD(T).65  

 

3. Results and Discussion 

3.1. Equilibrium MD Simulations 

We first present results of unconstrained equilibrium MD simulations meant to elucidate 

and contrast the equilibrium behavior of the concentrated (~0.8 M) Mg and Ca sulfate solutions. 

Note that for CaSO4, this is a supersaturated, non-equilibrium concentration that is not 
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experimentally accessible. However, studying elementary ion-pairing processes at the AIMD level 

requires these higher concentrations due to cell-size limitations resulting from the expense of DFT 

calculations. In principle, one would expect to observe a spinodal decomposition at such 

supersaturation, but this phenomenon is suppressed because only one ion pair is present in the 

simulation cell. The trajectories were initialized as SSIPs (cation-sulfur distances of ~7 Å), placed 

along the diagonal of the supercell, as mentioned earlier. Data were collected over production 

simulations of 50 ps at 0.25-fs timesteps for both systems. The M-S distance was monitored 

throughout the course of the simulations (Figure 1a). In the case of Mg2+, no significant changes 

to R(M-S) were observed on the 50-ps timescale of the simulation, with minor fluctuations around 

the 7-Å distance at which it was initialized, suggesting that ion pairing isn’t an extremely facile 

process for Mg2+, consistent with the known slow water-exchange times around Mg2+.65, 91-93 A 

different picture is observed for Ca2+, where after ~17 ps of simulation a drop in R(M-S) from ~7 

Å to 5.5 Å occurs, corresponding to the formation of a SSHIP (vide infra), followed by another 

drop in R(M-S) to ~4.5 Å in the final 3 ps of the simulation. Consistent with their general hydration 

properties – Mg2+ and SO42- are strongly solvated, Ca2+ less so39, 94 – this equilibrium simulation 

suggests more facile cation-anion association in the case of Ca2+. However, enhanced-sampling 

simulations (detailed below) are required to interrogate this phenomenon further due to the limited 

timescales accessible to equilibrium AIMD.  

We also monitored the coordination environments of the two cations by computing their 

CNs along the trajectory (Figure 1b), defined by the conventional switching functions95 𝜁𝜁 =

∑
1 − �𝑅𝑅𝑖𝑖

𝑐𝑐
�
𝑎𝑎

1 − �𝑅𝑅𝑖𝑖
𝑐𝑐
�
𝑏𝑏�𝑁𝑁

𝑖𝑖=1 , where i runs over all M-O bonds, Ri is the length of bond i, the 

exponents a and b take the values of 10 and 28, respectively, chosen to yield integer CNs, and c is 

chosen to be the minimum in the M-O pair correlation function (PCF) between the first and second 

coordination-shell peaks, taking values of 3.2 Å and 3.4 Å for Mg2+ and Ca2+, respectively. Both 

cations were initialized in their six-coordinate equilibrium geometries. As mentioned earlier, 

aqueous Ca2+ has stable six-, seven-, and eight-coordinate configurations; these states are separated 

by low barriers that should render all three configurations accessible on the timescales of our 

simulations.65 Mg2+ remains hexacoordinate throughout the simulation, consistent with earlier 

analogous simulations, which found that the charge-dense Mg2+ cation is unable to expand its 

solvation shell and dehydration must surmount a nontrivial barrier (~0.3 eV at this level of 
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theory,65 0.41 eV measured by experiment,91 in neutral solution). On the other hand, the larger and 

less charge-dense Ca2+ cation can undergo facile water exchange and an increase in the CN to 7 is 

observed around ~17 ps, coinciding with SSHIP formation, suggesting that these processes may 

be synergistic. 

Inspection of the M-O and S-O PCFs (Figure 1c, d) reveals the expected, minor differences 

in the former for Ca2+ and Mg2+, while the latter are identical for the two cations. For both Ca2+ 

and Mg2+, two strong peaks are visible in the M-O PCF, corresponding to the cations’ first and 

second hydration shells. These peaks are shifted to slightly larger M-O distances for the larger, 

less charge-dense Ca cation. The locations of the first two M-O peaks (Ca-O: 2.40 Å, 4.52 Å; Mg-

O: 2.10 Å, 4.30 Å) agree with previous studies of the dehydration dynamics of Ca and Mg cations 

in neutral and alkaline solutions,65 and lie within measured ranges.96, 97 The identical S-O PCFs for 

the two systems indicate that the cation has negligible impact on the solvation environment of the 

sulfate anion over the limited timescales sampled. The locations of the two S-O peaks (Ca, S-O: 

1.50 Å, 3.72 Å; Mg, S-O: 1.50 Å, 3.76 Å), corresponding to the S-O bonds in sulfate and the 

location of its first hydration shell, are consistent with the hydration shell distances measured by 

X-ray diffraction38, 98-101 and large-angle X-ray scattering102 (3.67 – 3.89 Å and 3.61 Å, 

respectively), as well as with prior classical FF-MD and QM/MM simulations (3.72 - 3.82 Å).52, 

102, 103  

 

 



 9 

 
Figure 1. Data from unconstrained, 50-ps DFT-revPBE-D3BJ-MD simulations of the Mg/Ca(SO4)(H2O)67 systems. Ca data are 
in red, Mg in blue. Evolution along the trajectory of the (a): Mg/Ca-S distance and (b) Mg/Ca-O CN. (c) Mg/Ca-O PCF and (d): 
S-O PCF; both (c) and (d) are averaged over the 50-ps trajectory. 

 

3.2. Constrained BME-MD Simulations 

Because the slow nature of ion-pair formation makes it inaccessible within traditional, 

equilibrium AIMD simulations, we conducted enhanced-sampling BME-MD simulations to 

generate the FECs for ion pairing to form (Ca/Mg)SO4 in water. As noted earlier, the limitation 

placed on the simulation cell size by the computational scaling of AIMD motivates particular 

focus on the SSHIP to CIP region, as the cell size is too small to model larger ion-pair 

separations. The configurations in this region remain well separated from their periodic images 

along the trajectories. The R(M-S) RC was discretized into 24 (Ca) and 25 (Mg) values (in Å) 

connecting the SSIPs with the contact ion pairs (CIPs): For Ca: [2.60, 2.80, 2.98, 3.10, 3.20, 

3.30, 3.40, 3.50, 3.60, 3.70, 3.80, 3.90, 4.00, 4.10, 4.25, 4.50, 5.00, 5.25, 5.50, 6.00, 7.00, 7.50, 

8.00] and for Mg: [1.82, 2.00, 2.20, 2.40, 2.60, 2.70, 2.80, 2.90, 3.00, 3.10, 3.25, 3.35, 3.50, 3.62, 

3.75, 3.87, 4.00, 4.50, 5.00, 5.50, 6.00, 6.50, 7.00, 7.15, 7.50]. The creation of initial structures 

via slow-growth simulations, in which one coordinate advances as a constrained linear 

interpolation between initial and final states while all other coordinates evolve according to their 

forces, can place the system in unfavorable, non-equilibrium coordination environments. The 
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potentially poor initial guess structures for the FEC, coupled with the strongly hydrated nature of 

the ions, may result in long pre-equilibrium periods and slow convergence of the energetics as 

the coordination environment of the cations cannot be actively sampled easily with AIMD. 

Evidence of this problem is illustrated in the SI (Figure S1a), in which FECs obtained from 

traditional continuous integration over the trajectories exhibits very slow convergence due to the 

poor initial guesses (vide infra). Thus, we instead generate FECs by averaging over 5-ps 

trajectories at successively later start and stop times along the trajectory, “interval integration”.  

We checked the FECs and individual BME gradients of the RC points for convergence after each 

successive 5-ps interval of simulation time. Note that we do not expect the 5-ps intervals to be 

long enough to, e.g., observe water-exchange around Mg2+. Instead, intervals of 5 ps are chosen 

as they are sufficiently long to average out thermal fluctuations occurring on short timescales 

while being short enough to reveal sustained changes in FECs due to equilibration of the 

coordination environment. These 5-ps intervals simply serve as data gathering intervals along the 

longer trajectory. Consistent shifts in one direction in successive 5-ps interval FECs are 

indicative of sustained changes due to equilibration, allowing for accurate identification of the 

pre-equilibration period, which is then excluded from the period defining the production 

simulations utilized for analysis. The FECs obtained from this systematic approach to 

determining the appropriate pre-equilibration period and subsequent averaging time are 

compared to those obtained from traditional continuous integration over the trajectories, in 5-ps 

increments in the SI (Figure S1a,b). The difference between two sets of curves clearly 

demonstrates how successive interval integration aids in the identification of BME convergence.  

For the Ca-SO4 system, initial 15-ps trajectories for each of the 24 values of R(Ca-S) 

were simulated (totaling 360 ps). In our previous simulations of (Ca/Mg)-CO3 ion-pairing, 

convergence of the FEC was achieved on this timescale. However, inspection of the successive 

5-ps FECs (Figure 2a) reveals non-convergence of the BME gradients (which integrate to give 

the FEC) after 15 ps. Considering the significant computational resources required to converge 

the entire FEC for R(Ca-S) from 2.6 Å to 8.00 Å, and the limitations imposed by the supercell 

size, subsequent simulations then were conducted only for the region of the FEC connecting the 

CIPs with the SSHIP. Consequently, a subset of 15 R(Ca-S) values ([2.98, 3.10, 3.20, 3.30, 3.40, 

3.50, 3.60, 3.70, 3.80, 3.90, 4.00, 4.10, 4.25, 4.50, 5.00], Å) was simulated for a further 20 ps, for 

a total of 35 ps for each point and 660 ps of overall simulation time for the Ca-SO4 system. 
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Integration of successive 5-ps windows for the SSHIP to CIP portion of the FEC (Figure 2b) 

yields better convergence after 15 ps. The BME FEC thus integrated over 20 ps, discarding the 

first 15 ps as equilibration, is shown in red.  

 

 
Figure 2. FECs obtained by integrating over successive 5-ps intervals from constrained BME-MD simulations at 300 K for Ca-
SO4 ion pairing, covering R(Ca-S) values (a): from 2.60 to 8.00 Å and (b): from 2.98 to 5.00 Å. (c): Final composite FEC (left 
axis, black curve) created from 20-ps simulations following 15 ps of equilibration for R(Ca-S) from 2.98 to 5.00 and 10-ps 
simulations following 5 ps of equilibration for R(Ca-S) points outside this range. The shaded area denotes the standard deviation 
of the free energy computed from the average free energies of each successive 5-ps integration interval along the 20-ps 
production trajectories at each point on the FEC. The Ca-O CN (right axis) for all oxygens (CN(Ca-O), blue line) and only water 
oxygens (CN(Ca-Ow), red line), averaged over the post-equilibration trajectories, and their standard deviations computed across 
all production simulation configurations (shaded areas).  

We obtained a final FEC by combining the 20-ps trajectories following 15 ps of pre-

equilibration for the SSHIP-CIP region, with 10-ps trajectories following 5 ps of pre-

equilibration for the remaining R(Ca-S) points lying outside of this region (R(Ca-S) < 2.98 Å, 

R(Ca-S) > 5.00 Å). The points with R(Ca-S) > 5.00 Å exhibit inherently higher uncertainty due 

to possible spurious interactions with periodic images at long R(Ca-S). Moreover, that part, as 

well as the R(Ca-S) < 2.98 Å part, of the FEC are not the focus of this work, thus warranting 

shorter trajectories. This final FEC (Figure 2c), shows roughly degenerate SSIP and SSHIP states 

(subject to the uncertainties just discussed), separated by a low barrier of 0.08 eV, and a positive 

reaction free energy for CIP formation. The monodentate CIP (η1-CIP) lies 0.07 eV above the 

SSHIP state, with a barrier to formation (TS1) of 0.12 eV. The bidentate CIP (η2-CIP) exhibits a 
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very shallow minimum at 0.11 eV relative to the SSHIP reference, with a forward barrier of 0.06 

eV for conversion from the η1-CIP. These values are similar to those previously reported from 

metadynamics simulations utilizing DFT-BLYP-D3-MD,57 which agree with our results to 

within ±1 kcal/mol.  

Figure 2c also shows the evolution of the Ca-O and Ca-Ow CNs along the reaction path, 

the latter denoting the CN between Ca and water oxygens only. Following initiation as a 

hexacoordinate ion, Ca2+ assumes a heptacoordinate solvation shell during the SSIP-to-SSHIP 

transition. At the SSHIP minimum, facile interconversion between six and seven coordinate 

environments occurs, with an average CN of ~6.5. From this point onwards along the ion-pairing 

coordinate, multiple coordination environments are accessed as waters directly bound to the Ca2+ 

cation are replaced by SO42- oxygens. The CN(Ca-O) increases to an average of 7 at the TS 

connecting the SSHIP (TS1) with the η1-CIP as Ca2+ expands its coordination shell. Once the 

TS1 barrier is crossed, CN(Ca-Ow) and CN(Ca-O) diverge. Interestingly, Ca-Ow falls to 5.0 as 

two waters are lost from Ca2+’s first hydration shell during formation of the first Ca-Os bond (Os 

refers to an O in SO42-), before another water again joins the first solvation shell at the η1-CIP, 

which is on average seven-coordinate, with six water ligands. The transition to the η2-CIP 

proceeds via a later transition state, where a water ligand is lost before passing the TS2 barrier, 

with the Ca cation largely remaining six-coordinate while crossing the barrier. Once the 

bidentate sulfate is bound to Ca cation, its CN rises again to seven. Agreement of the previously 

reported metadynamics simulations, which utilized 2D sampling, employing the Ca-O CN as an 

additional RC, with our BME-MD results utilizing R(Ca-S) as the sole RC, suggests that water-

exchange around the Ca2+ and SO42- ions is well captured by BME-MD at the 35-ps timescale.  
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Figure 3. (a): FECs obtained by integration over successive 5-ps intervals from constrained BME-MD simulations at 300 K for 
Mg-SO4 ion pairing, covering R(Mg-S) values from 1.82 to 7.50 Å. The number of R(Mg-S) points was successively reduced with 
increasing simulation time, focusing on the SSHIP-to-CIP transition, for the sake of computational tractability. The red curve 
denotes the final composite FEC obtained from 50 ps of simulation following 20 ps of equilibration for R(Mg-S) from 2.6 to 4.5 
Å, and 20 ps of simulation following 20 ps of equilibration for 5 to 6.5 Å. (b): FECs obtained by integration over successive 5-ps 
intervals from constrained BME-MD simulations at 300 K following 1.25 ps of pre-equilibration at 370 K for Mg-SO4 ion 
pairing, covering R(Mg-S) values from 2.40 to 6.50 Å. The red curve denotes the final FEC obtained from 18.25 ps of simulation 
time following 1.75 ps of equilibration, all at 300 K, starting from the structure at the end of the 370-K 1.25 ps trajectory. (c): 
Comparison of the final FECs for the two sampling approaches (red curves of (a) and (b); left axis, black and grey lines). The 
shaded areas denote the standard deviation of the free energy computed from the average free energies of each successive 5-ps 
integration intervals along the 50-ps production trajectories. Mg-O CNs for all oxygens (CN(Mg-O), blue lines) and only water 
oxygens (CN(Mg-Ow), red lines), averaged over the post-equilibration trajectories at each point on the FEC, and their standard 
deviations, computed across all production simulation configurations (shaded areas) (right axis). Data obtained from the high-T 
pre-equilibrated trajectories denoted by darker colors.  

For the Mg-SO4 system, even slower convergence is observed for the BME-MD FEC. 

Initial trajectories were simulated for 10 ps, covering R(Mg-S) from 1.82 Å to 7.5 Å, discretized 

into 25 points, after which the shortest R(Mg-S) values of 1.82 Å, 2.00 Å, and 2.20 Å were 

removed from the trajectory set due to clear inaccessibility of these states. The simulations were 

continued in further 5-ps increments and the simulation set of R(Mg-S) values was successively 

refined to focus on the region critical to understanding the SSHIP to CIP transformation. The set 

of 14 distances between 2.6 Å and 4.5 Å was simulated for a total of 70 ps per trajectory. The 

total simulation time across all points and trajectories sum to 1.265 ns. As becomes obvious from 
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the successive 5-ps interval BME-MD FECs (Figure 3a), Mg-SO4 exhibits extremely slow 

convergence, with significant variation remaining between successive 5 ps trajectories even after 

70 ps of total simulation time. Uncertainty remains regarding both the barrier to CIP formation 

from the SSHIP, and the relative stability of the mono- and bi-dentate CIP modes, with the latter 

increasing in relative free energy during the final stages of the simulations. Note that we could 

not resolve a minimum for a tridentate coordination mode, which had been found with classical 

FF-MD.52   

This slow convergence behavior is likely the result of slow water exchange around the 

charge-dense Mg2+ cation, which exhibits a large barrier to dehydration,65, 91-93 in addition to 

strong solvation of the SO42- anion. For example, there is a large shift between successive FECs 

< 20 ps and > 20 ps in Figure 3a, which coincides with a dehydration event of the Mg2+ cation at 

TS1 (cf. light blue line for the CN before and after 20 ps in Figure S2 in the SI). Significantly 

faster convergence of the BME-MD surfaces was observed for simulations of dehydration of 

Mg2+ alone,65 as well as for Mg-CO3 ion pairing,64 hence, the slow convergence of the Mg-SO4 

system is likely a compounding effect of these two factors. If the initial structure for each value 

of R(Mg-S), generated from slow-growth simulations initiated at the SSIP, places either the 

Mg2+ cation or SO42- in an unfavorable coordination environment, relaxation into their 

equilibrium environment may not be possible on timescales accessible to AIMD. This issue may 

be overcome by utilizing CN(Mg-O) as an additional coordinate to be sampled, elucidating a 2D 

free energy surface (FES) for the ion-pairing reaction. However, such 2D sampling is not 

feasible within AIMD for the entire range of R(Mg-S).  

Note that in contrast to other rare-event sampling methods such as metadynamics, in 

which the RC is biased to access different values along a single trajectory, in BME-MD each 

discretized R(Mg-S) value is simulated with a distinct trajectory in which all other degrees of 

freedom, such as the CN, are free to equilibrate. Although water-exchange times for Mg2+ cation 

in its equilibrium environment are beyond those accessible to AIMD, the BME-MD trajectories, 

e.g., around the TSs, place the Mg2+ cation in high-energy, non-equilibrium configurations with 

partially broken/formed ligand bonds. Water exchange is probably faster in such configurations. 

Indeed, we see significant changes in CN(Mg-O) along the constrained trajectories (Figures S2 

and S3), which coincide with shifts in the FECs. This same approach was applied successfully to 

Mg-CO3 ion-pairing.64 However, while water-exchange events are observed along the BME-MD 



 15 

trajectories for Mg-SO4, convergence remains slow and uncertainty remains regarding sufficient 

sampling of the orthogonal degrees of freedom.   

Hence, to overcome these sampling limitations, we investigate the effect of using a short 

high- temperature pre-equilibration period, which may allow the Mg-SO4 system to escape any 

local minima in which it may be trapped. As an initial investigation, we considered the TS1 

structure, which was slowly converging in the 300-K-only simulations. Instead, a 1.25-ps, 370-K 

simulation starting from the TS1 structure obtained from slow-growth simulations at 300 K 

produced a final configuration that was used to initialize a new 20-ps, 300-K trajectory. The 

evolution of the BME-MD gradients and CNs for the new high-temperature, pre-equilibrated 

simulation and the original simulation are compared in the SI (Figure S2). Inspection reveals that 

high-temperature pre-equilibration is effective; post-high-temperature pre-equilibration, the 

system is in its favored six-coordinate environment, while the trajectory without pre-

equilibration passes through CNs ranging from 6.6 to 5.2, before reaching the six-coordinate 

minimum after over 35 ps of simulation time. Similarly, the BME-MD gradients show no 

significant changes and oscillate around a consistent mean after only 1.25 ps for the high-

temperature, pre-equilibrated trajectory whereas this is only achieved after roughly 31.25 ps in 

the non-pre-equilibrated simulation (Figure S2). Based on these initial results, all initial 

configurations generated from slow-growth simulation, utilized for the previously discussed non-

pre-equilibrated BME-MD FECs (Figure 3a), were used again as initial configurations and 1.25-

ps long trajectories were simulated at 370 K. A new set of 20-ps 300 K trajectories, focusing on 

the SSHIP to CIP transition, then was started from the final structures of the 370-K simulations. 

The resulting, successively integrated, 5-ps BME-MD FECs are displayed in Figure 3b, along 

with the final FEC averaged over 18.25 ps after discarding the first 1.75 ps of each trajectory as 

pre-equilibration. Inspection of the FECs reveals only minor variation across the successive 5-ps 

intervals, again suggesting that high-temperature pre-equilibration can alleviate issues arising 

from slow dehydration dynamics of Mg2+ and strong hydration of SO42-. Note that the 

comparatively fast convergence of the BME-MD FEC allowed for a finer R(Mg-S) grid to be 

simulated, with extra points at 4.125 Å, 4.25 Å, and 4.75 Å added for smoother integration of the 

BME gradients for the SSHIP-to-η1-CIP transition.  

The final BME-MD FECs, with and without high-temperature pre-equilibration, are 

compared in Figure 3c, which also displays the Mg-Ow and Mg-O CNs along the RC. As 
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expected, for the vast majority of sampled R(Mg-S) values, the Mg2+ cation remains in a 

hexacoordinate configuration. This is in agreement with its well-studied hydration dynamics; the 

Mg2+ ion is unable to expand its coordination sphere beyond six, and dehydration is associated 

with significant free energy barriers.65, 104-106 The energetics for the SSHIP-to-η1-CIP transition 

generally agree between both simulations: high-temperature pre-equilibration yields a barrier of 

0.30 eV and a reaction free energy of 0.13 eV, while no pre-equilibration yields a barrier of 0.27 

eV and a reaction free energy of 0.15 eV. However, significant differences are apparent for the 

η1-CIP to η2-CIP transition. The FEC obtained without 370-K pre-equilibration yields near-

degenerate mono- and bidentate coordination modes for the CIP, separated by a 0.08 eV barrier, 

predicting a lower barrier for interconversion between CIP coordination modes than for the 

dissociation back to SSHIPs. Conversely, the post-high-temperature pre-equilibration trajectories 

result in a FEC revealing the η2-CIP to be an extremely shallow minimum, lying 0.23 eV above 

the η1-CIP. Inspection of the FECs obtained from successive 5-ps intervals from the non-pre-

equilibrated simulations (Figure 3a) reveals a trend toward destabilized bidentate CIPs in the 

later intervals (intervals from 50 ps onwards). This suggests that the stability of the η2-CIP in the 

non-pre-equilibrated trajectories may be an artifact of the system being trapped in an unfavorable 

coordination environment. Comparison of CNs accessed during the monodentate-to-bidentate 

transition across the two FECs reveals a shift to a later TS after high-temperature pre-

equilibration (Figure 3c), resulting in a pathway that passes through ~6.5 coordinate 

configurations, as opposed to the non-pre-equilibrated trajectories, which pass through ~5.5 

coordinate configurations instead. Further inspection of the BME-MD gradients and accessed 

CNs for the R(Mg-S) = 3.10 Å trajectories corresponding to TS2 (SI Figure S3) shows minimal 

variation for the pre-equilibrated trajectory, while large oscillations in both gradient and CN are 

observed across the non-pre-equilibrated trajectory. Importantly, a large jump in both CN and 

BME-MD gradient are observed in the non-pre-equilibrated trajectory after ~55 ps, after which 

the system displays similar CN and BME-MD gradients to the pre-equilibrated trajectory.  

These observations strongly suggest that the non-pre-equilibrated system is trapped in a 

local minimum for the first 55 ps of the simulation, which is readily overcome via high-

temperature pre-equilibration. As the BME-MD FEC following high-temperature pre-

equilibration shows good convergence and no significant changes if integrated over successive 5- 
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ps periods (Figure 3b), we determine this FEC to be reliable and utilize it for further ECW theory 

simulations.  

 

3.3. ECW Theory Simulations 

Following convergence of the BME-MD FECs, we carried out ECW theory calculations 

utilizing embedded Møller-Plesset second-order perturbation theory (EMB-MP2) to correct 

errors in the internal energy component of the free energies arising from approximations to the 

XC energy in the revPBE functional. Such corrections are critical to capturing accurately the 

energetics of ion-pairing processes since pure GGA functionals such as revPBE produce spurious 

charge delocalization, which unphysically lowers the energy of charge-separated systems.84 In 

the case of ion-pair formation, this leads to unphysical lowering of the SSIP and SSHIP states 

with respect to the CIPs. We previously showed that these errors are substantial for the ion-

pairing reactions between Mg2+ and Ca2+ with CO32- and demonstrated the ability of EMB-MP2 

calculations to yield corrected free energy profiles.64 That said, we cannot correct for any 

possible errors in the free energies arising from entropic or configurational artifacts in the 

underlying revPBE-D3BJ-MD trajectories.  
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Figure 4. DFT and ECW-corrected free-energy profiles for ion-pair formations of (a): Ca-SO4, and (b): Mg-SO4. Black profiles 
correspond to the BME DFT-MD data, while red profiles show the EMB-MP2-corrected results. Images display a representative 
geometry of each studied structure, chosen as the final structure from the 20-ps (Ca-SO4) and 18.25-ps (Mg-SO4) production BME-
constrained MD simulation. Embedded clusters consisted of Ca(SO4)(H2O)16 and Mg(SO4)(H2O)14, for the Ca-SO4 and Mg-SO4 
ion pairing, respectively. 

Our embedded cluster here is defined by the reactive species (Mg2+/Ca2+ and SO42-) in 

addition to their first coordination shell environment of six and eight waters for Mg2+ and Ca2+, 

respectively, and eight waters for SO42-, allowing for the explicit accounting of key solvation and 

hydrogen-bonding effects along the reaction pathway. The corrected EMB-MP2 free energy 

profiles are displayed and compared with the uncorrected DFT-revPBE-D3BJ results in Figure 4, 

which also shows representative structures of the different critical points along the RC. Sizeable 

corrections to the DFT-revPBE-D3BJ free energies of up to 0.45 eV are obtained for both the Ca 

and Mg systems and contrasts between the two systems are amplified. The Ca-SO4 SSHIP to CIP 

conversion now is predicted to be barrierless and significantly downhill, with the η1-CIP lying -

0.42 eV below the SSHIP. The bidentate coordination mode is predicted to be less favorable than 

the monodentate mode, lying 0.13 eV above the latter, with a forward barrier of formation of 

0.24 eV. In the case of Mg-SO4, the SSHIP to η1-CIP reaction is predicted to be favorable by 

only -0.11 eV and associated with a barrier of 0.19 eV. Similar to Ca-SO4, the bidentate 
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configuration lies 0.14 eV above the monodentate one, and the forward barrier to interconversion 

is 0.23 eV. Experimental dielectric spectroscopy data107 has suggested the CIP lies 0.06 eV 

above the SSHIP configuration, however, no distinction between mono- and bi-dentate modes 

was possible and the measurements are associated with significant uncertainty. Our EMB-MP2 

free energy of the bi-dentate coordination mode aligns with the experimentally observed “CIP”. 

Overall, EMB-MP2 yields qualitatively different trends than DFT-revPBE-D3BJ, with Ca-SO4 

ion pairing strongly favorable with no barrier for the former, versus activated and unfavorable 

for the latter level of theory. For Mg-SO4, once again EMB-MP2 predicts a very different 

outcome than DFT-revPBE-D3BJ, with ion pairing favorable for the former versus unfavorable 

for the latter, showing that even qualitative trends may not be reliable from DFT-MD whenever 

charged species are involved. 

 

4. Discussion and Conclusions 

The new multi-level simulations presented here aid in reducing longstanding uncertainties 

regarding the relative stability of different ion-pairing modes in MgSO4. Experiments have reached 

contradictory conclusions, with some studies, e.g., utilizing sound absorption, Raman, and 

dielectric spectroscopy,11 suggesting the presence of SSIPs, SSHIPs, and CIPs, whereas dielectric 

and terahertz absorption spectroscopy42 indicating the presence of only SSIPs and SSHIPs but no 

CIPs. Limited simulation data was available to resolve this controversy, with classical FF-MD,42, 

47 QM/MM,39 and DFT (BLYP)51 largely focused on reproducing dielectric spectra rather than 

evaluating ion-pairing energetics. The sole reported MD-derived potential of mean force relied on 

AMBER FFs,108 which showed the η1-CIP to lie slightly below the SSHIP, with a TS1 barrier of 

~0.28 eV, in qualitative agreement with our EMB-MP2 results. However, AMBER-FF-MD 

predicted the bi- and tri-dentate configurations to be degenerate, and more favorable than the 

monodentate configuration.52 By contrast, we predict the η2-CIP to have only a shallow minimum 

lying significantly above the η1-CIP, and are unable to resolve a stationary point for a tridentate 

configuration. This discrepancy likely is due to the difficulty classical FFs inherently have in 

describing the interplay between (classical) ionic and (QM) dative bonding across the different 

Mg-SO4 CIPs, or due to general sampling issues in the strongly hydrated Mg-SO4 system (note 

that the earlier study utilized 1D umbrella sampling which, unlike the BME-MD here, may not 

readily sample orthogonal coordinates).  
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Our EMB-MP2 results, however, provide further evidence for the existence of CIPs in 

aqueous Mg-SO4 solutions. Further, they provide new benchmarking data for the interactions of 

strongly solvated Mg2+ and SO42- ions in aqueous solution, illustrating the importance of a 

balanced treatment of solvation, electrostatic, and electron exchange-correlation effects. The Mg-

SO4 results presented here also emphasize the difficulty of accurately characterizing the free 

energetics of such strongly solvated systems on the limited timescales accessible for AIMD. 

However, we do demonstrate that constrained BME-MD is a viable method to elucidate the 

energetics of such systems, even if all degrees of freedom cannot be actively sampled, by instead 

utilizing high-temperature pre-equilibration to relax orthogonal degrees of freedom and find the 

minimum pathway along the FEC.   

Previously reported FECs for Ca-SO4 ion pairing have relied on classical FFs or DFT-

BLYP-D3, another semi-local GGA functional suffering from charge delocalization errors.57  

Interestingly, while our DFT-revPBE-D3BJ simulations here agree well with the earlier DFT-

BLYP-D3 results, none of the published FF-MD data57 mirror the predictions obtained with EMB-

MP2. Although AMOEBA-MD109 simulations, which agreed with EMB-MP2 for Ca/Mg-CO3 ion-

pairing,64, 110 show some stabilization of the CIP compared to DFT-MD, the CIP was still predicted 

to lie marginally higher than the SSHIP. By contrast, our multi-level EMB-MP2 simulations 

predict CIPs to be the preferred coordination environment for Ca-SO4 in concentrated aqueous 

environments. We do note that the predicted free energy of formation for the CIPs from our EMB-

MP2 simulations is significantly more exergonic than those previously reported. The magnitude 

of our EMB-MP2 correction is in line with those found previously for, e.g., Mg-CO3 ion-pairing, 

which agreed with previously reported simulations.64 We conclude that further investigation into 

the source of this disagreement is warranted, e.g., via the use of machine-learned FFs,111 which 

may correct possible errors arising from entropic factors and allow for simulation of larger cells, 

enabling direct comparison with experimental standard free energies of ion pairing.  

In summary, the results presented in this study shine new light on pre-nucleation processes 

in concentrated MgSO4 and CaSO4 solutions, obtaining ab-initio FECs for initial ion-pairing 

reactions. For CaSO4, formation of a CIP is predicted to be an extremely favorable, exergonic 

process with no barrier, while for MgSO4, CIP formation is only slightly exergonic and associated 

with a non-negligible barrier. While we have only considered pre-nucleation behavior and not solid 

dissolution/precipitation, and therefore cannot directly relate these trends to solubilities, these 
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differences are qualitatively consistent with the observed differences in solubility for the two 

different sulfate minerals: CaSO4 exhibits an extremely low solubility in water, while MgSO4 

dissolves readily. This low solubility of CaSO4 correlates with the highly exergonic ion association 

calculated in this work, making dissolution of close-contact Ca-SO4 pairs a process associated with 

a high energetic penalty in water. This behavior is not observed for MgSO4, consistent with its 

higher solubility. 
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Figure S1. Comparison of continuous and interval integration of the blue-moon ensemble free-energy 
gradient to produce free-energy curves (FECs) for Ca-SO4. 

 

Figure S1. Comparison of Ca-SO4 ion-pairing FECs obtained from continuous integration (left panel) and interval integration 
(right panel) of successive 5-ps BME DFT-revPBE-D3BJ-MD trajectories of Ca(SO4)(H2O)67. Utilization of successive intervals 
allows for easier identification of required pre-equilibration periods, which should be discarded from the final trajectory in order 
to avoid a FEC skewed by inclusion of early non-equilibrium, high-energy configurations in the average. 

 



Figure S2. Convergence of blue-moon ensemble gradient for Mg-SO4 ion pairing and the CN(Mg-O) at 
TS1. 

  
Figure S2. Comparison of the blue-moon ensemble gradient (left axis) along the TS1 (R(Mg-S) = 3.87 Å) trajectory obtained from 
a 70-ps trajectory (dark blue) without pre-equilibration at 300 K and a 20-ps trajectory at 300 K following 1.25 ps pre-
equilibration at 370 K (dark red, denoted “from high T” in legend). Displayed are the averages of consecutive 250-fs intervals 
(dotted lines). Additionally, CNs averaged over successive 250-fs intervals (right axis), for the non-pre-equilibrated trajectory 
(dashed line, light blue) and the high-temperature pre-equilibrated trajectory (dashed line, light red) are shown. All data were 
obtained from simulations DFT-revPBE-D3BJ simulations at 300 K with 0.25-fs timesteps with Mg(SO4)(H2O)67 supercells. The 
shorter 20-ps trajectory is able to reach roughly the same values of gradients and CNs as the longer 70-ps trajectory does at 
longer times simply by virtue of the short high-temperature pre-equilibration. 

 

 

 

 

 

 

 

 

 



 

 

 

 

Figure S3. Convergence of blue-moon ensemble gradient for Mg-SO4 ion pairing and the CN(Mg-O) at 
TS2. 

 

Figure 3. Comparison of the blue-moon ensemble gradient (left axis) along the TS2 (R(Mg-S) = 3.10 Å) trajectory obtained from a 
70-ps trajectory (dark blue) at 300 K without pre-equilibration and a 20-ps trajectory at 300 K following 1.25 ps pre-equilibration 
at 370 K (dark red, denoted “from high T” in legend). Displayed are averages of consecutive 250-fs intervals (dotted lines). 
Additionally, CNs averaged over successive 250-fs intervals (right axis), for the non-pre-equilibrated trajectory (dashed line, light 
blue) and the high-temperature pre-equilibrated trajectory (dashed line, light red) are shown. All data were obtained from 
simulations DFT-revPBE-D3BJ simulations at 300 K with 0.25-fs timesteps with Mg(SO4)(H2O)67 supercells. The shorter 20-ps 
trajectory is able to reach roughly the same values of gradients and CNs as the longer 70-ps trajectory does at longer times 
simply by virtue of the short high-temperature pre-equilibration. 

 

 

 


