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Abstract
The triangular mesh-based gyrokinetic scheme enables comprehensive axis-to-edge studies
across the entire plasma volume. Our approach employs triangular finite elements with
first-derivative continuity (C1), building on previous work to facilitate gyrokinetic simulations.
Additionally, we have adopted the mixed variable/pullback scheme for gyrokinetic
electromagnetic particle simulations. The filter-free treatment in the poloidal cross-section with
triangular meshes introduces unique features and challenges compared to previous treatments
using structured meshes. Our implementation has been validated through benchmarks using
ITPA-toroidicity-induced Alfvén eigenmode parameters, showing its capability in moderate to
small electron skin depth regimes. Additional examinations using experimental parameters
confirm its applicability to realistic plasma conditions.

Keywords: gyrokinetic simulations, triangular unstructured meshes, finite element method,
kinetic electromagnetic model, mixed variable/pullback scheme

1. Introduction

Since the early work of gyrokinetic particle-in-cell (PIC) sim-
ulations for the studies of tokamak plasmas [1], various meth-
ods have been developed for improving the simulation qual-
ity, especially for electromagnetic simulations, such as the
p∥ formulae and the iterative scheme for solving Ampère’s
law [2, 3], the noisy matrix [4], the conservative scheme [5],
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the mixed variable/pullback scheme [3, 6, 7] and the implicit
scheme [8, 9]. The noise reduction scheme has been summar-
ized comprehensively and analyzed numerically in the fully
global linear gyrokinetic code GYGLES recently [3], which
demonstrates the excellent performance of the iterative pull-
back method in noise reduction and the enhancement of sim-
ulation quality. The pullback scheme using mixed variables is
implemented in the global gyrokinetic Lagrangian PIC code
ORB5 using the δf scheme for the studies of EP-driven tor-
oidal Alfvén eigenmodes (TAEs) [6], demonstrating its capab-
ility in the MHD limit. Recently, the mixed variable/pullback
scheme has also been applied to the full f model for the studies
of Alfvén waves and EP physics [10].

While most previous gyrokinetic codes have been
based on structured meshes and are dedicated to core
plasmas [2, 11, 12], the unstructured meshes [13, 14] or the

1 © 2024 The Author(s). Published by IOP Publishing Ltd
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multi-domain-structured meshes [15] have been used for
whole plasma volume studies. Although the C1 triangular
finite element has been applied to studies of tokamak plasmas
using a fluid model [16], the gyrokinetic particle codes are
mainly based on C0 linear triangular finite elements [13, 14],
where C0 indicates the zeroth-order continuity along the
triangle edges, or the discontinuous Galerkin method [17].
In this work, we develop the particle simulation scheme
using C1 triangular finite elements, where C1 indicates the
first-order continuity along the triangle edges. We focus on
applying the noise reduction scheme to the simulations of
drift waves, Alfvén waves, and energetic particle physics.
By following the formulation from previous work [3], we
implement the pullback scheme using mixed variables in the
TRIangular MEsh based gyrokinetic (TRIMEG) code [8, 14].
The TRIMEG code was initially developed using unstruc-
tured triangular meshes with C0 linear finite elements for
whole plasma volume simulations of the electrostatic ion
temperature gradient (ITG) mode [14]. It was recently exten-
ded to study Alfvén waves and energetic particle physics
using the mixed δf -full f electromagnetic model in the test-
bed generalized kinetics extended, which utilizes structured
meshes [8, 10]. In the following, a high-order C1 finite ele-
ment representation is developed in TRIMEG for upgrading
the code to enable further studies including open field lines
with high-order resolution of the field solver and particle-field
coupling.

This paper is organized as follows. In section 2, the
equations for the discretization of the distribution function are
derived using the mixed variables and the pullback scheme. In
section 3, the normalized equations are given and the numer-
ical methods are introduced. In section 4, various simulations
of instabilities such as the energetic particle-driven toroidi-
city induced Alfvén eigenmode are performed, demonstrating
the capability of the schemes in the studies of the tokamak
plasmas.

2. Physics models and equations

2.1. Discretization of distribution function

The physics model in this work is closely connected to our
previous work using a structured mesh [10] and the references
therein [3, 18]. However, we focus on the traditional δf model
in this article. Using the particle simulation scheme,N markers
are used with a given distribution,

g(z, t)≈
N∑
p=1

δ [zp− zp (t)]
Jz

, (1)

where z is the phase space coordinate, δ is the Dirac delta func-
tion, Jz is the corresponding Jacobian and z= (R,v∥,µ) is the
phase space coordinate adopted in this work, µ= v2⊥/(2B) is
the magnetic moment, v∥ is the parallel velocity, R is the real

space coordinate. The total distribution of particles is repres-
ented by the markers,

f(z, t) = Cg2fPtot (z, t)g(z, t)≈ Cg2f

N∑
p=1

pp,tot (t)
δ [zp− zp (t)]

Jz
,

(2)

where the constant Cg2f ≡ Nf/Ng, Nf/g is the number of
particles/markers, and g and f refer to themarkers and physical
particles, respectively. For collisionless plasmas,

dg(z, t)
dt

= 0 ,
df(z, t)
dt

= 0 . (3)

For each marker,

pp,tot (t) =
1
Cg2f

f(zp, t)
g(zp, t)

=
Ng
Nf

nf
ng

fv (zp, t)
gv (zp, t)

=
nf

⟨nf⟩V
⟨ng⟩V
ng

fv (zp, t)
gv (zp, t)

, (4)

where nf is the density profile and fv is the distribution in
velocity space, namely, the particle distribution function f =
nf(R)fv(v∥,µ), ⟨. . .⟩V indicates the volume average. There are
different choices of the marker distribution functions as dis-
cussed previously [3, 18]. In this work, the markers are ran-
domly initialized, uniformly distributed in the toroidal direc-
tion and in the (R,Z) plane, while their velocity space distri-
bution is identical to that of the physical particles, which leads
to

pp,tot (z, t) =
ϕwidSR
Vtot

, (5)

where ϕwid is the width of the simulation domain in the tor-
oidal direction, S is the area of the poloidal cross-section, Vtot

is the total volume. Equation (5) is reduced to pp,tot(z, t) =
nfR/(⟨nf⟩VR0) for the tokamak equilibrium with concentric
circular flux surfaces.

For the δf model, the total distribution function is decom-
posed into the background and perturbed parts, f(z, t) =
f0(z, t)+ δf(z, t). The background part can be chosen as a time-
independent one, i.e. f0(z, t) = f0(z), and a typical choice is
the local Maxwellian distribution. The background and per-
turbed distribution functions are represented by the markers as
follows,

f0 (z, t) = P(z, t)g(z, t)≈
N∑
p=1

pp (t)
δ [zp− zp (t)]

Jz
, (6)

δf(z, t) =W(z, t)g(z, t)≈
N∑
p=1

wp (t)
δ [zp− zp (t)]

Jz
, (7)

where pp(t) = f0(zp, t)/g(zp, t) = P(zp, t) and wp(t) =
δf(zp, t)/g(zp, t) =W(zp, t) are time-varying variables. The
evolution equations are readily obtained [18],

ẇp (t) =−pp (t)
d
dt

[ln f0 (zp (t))] , (8)

2
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ṗp (t) = pp (t)
d
dt

[ln f0 (zp (t))] , (9)

d
dt

=
∂

∂t
+ Ṙ ·∇+ v̇∥

∂

∂v∥
, (10)

where the magnetic moment is assumed to be constant for the
last equation, i.e. µ̇= 0. Generally, the gyro center’s equation
of motion can be decomposed into the equilibrium part cor-
responding to that in the equilibrium magnetic field, and the
perturbed part due to the perturbed field

Ṙ= Ṙ0 + δṘ , (11)

v̇∥ = v̇∥,0 + δv̇∥ . (12)

The time derivative is defined as

d
dt

=
d
dt

∣∣∣∣
0

+
d
dt

∣∣∣∣
1

, (13)

d
dt

∣∣∣∣
0

=
∂

∂t
+ Ṙ0 ·∇+ v̇∥,0

∂

∂v∥
, (14)

d
dt

∣∣∣∣
1

= δṘ ·∇+ δv̇∥
∂

∂v∥
. (15)

For the equilibrium distribution function,

d
dt

∣∣∣∣
0

f0 = 0 , (16)

and thus

d
dt
f0 =

d
dt

∣∣∣∣
1

f0 , (17)

where f 0 is chosen as a steady state solution (∂f0/∂t= 0). In
this work, the local Maxwell distribution is chosen (f0 = fM),

fM =
n0

(2T/m)3/2π3/2
exp

(
−
mv2∥
2T

− mµB
T

)
, (18)

with
´
fMJvdv∥dµ= n0, Jv = 2πB. And thus

d
dt

ln fM = δ_R ·

[
κ⃗n+

(
mv2∥
2T

+
mµB
T

− 3
2

)
κ⃗T−

mµB
T

κ⃗B

]
− δv̇∥

mv∥
T

, (19)

where κ⃗n,T,B ≡∇ ln{n,T,B}. Note that for the local Maxwell
distribution, the following approximation has beenmade in the
δf scheme in this work: dfM/dt|0 = 0 is assumed to eliminate
the neoclassical drive. Studies of neoclassical electron trans-
port in TRIMEG(-C0) can be found in a separate work [19].

2.2. Physics equations using mixed variables

The mixed variable is defined as follows. The parallel com-
ponent δA∥ of the scalar potential is decomposed into the sym-
plectic part and the Hamiltonian part,

δA∥ = δAs
∥ + δAh

∥ , (20)

where the symplectic part is chosen to satisfy ideal Ohm’s law
involving the electrostatic scalar potential δΦ as follows,

∂tδA
s
∥ + ∂∥δΦ = 0 , (21)

where the parallel derivative is defined as ∂∥ = b0 ·∇. The par-
allel velocity coordinate of the gyro center is defined as

u∥ = v∥ +
qs
ms

⟨δAh
∥⟩ , (22)

where qs and ms are the charge and mass of species s, respect-
ively, the subscript ‘s’ represents the different particle species,
and ⟨. . .⟩ indicates the gyro average .

The gyro center’s equations of motion are consistent with
previous work [3, 6, 7, 18, 20],

Ṙ0 = u∥b
∗
0 +

mµ
qB∗

∥
b × ∇B , (23)

u̇∥,0 =−µb∗0 ·∇B , (24)

δṘ=
b
B∗
∥
× ∇⟨δΦ − u∥δA∥⟩−

qs
ms

⟨δAh
∥⟩b

∗ , (25)

δu̇∥ =− qs
ms

(
b∗ ·∇⟨δΦ− u∥δA

h
∥⟩+ ∂t⟨δAs

∥⟩
)

− µ

B∗
∥
b × ∇B ·∇⟨δAs

∥⟩ , (26)

where b∗ = b∗0 +∇⟨δAs
∥⟩ × b/B∗

∥, b∗0 = b+(ms/qs)u∥∇ ×
b/B∗

∥, b= B/B, B∗
∥ = B+(ms/qs)u∥b · (∇ × b). Note that in

our previous work [10], v∥ is adopted on the right-hand side,
and the term−(qs/ms)⟨δAh

∥⟩b
∗ in Ṙ is thus taken into account

in Ṙ0.
The linearized quasi-neutrality equation in the long

wavelength approximation is as follows,

−∇ ·

(∑
s

qsn0s
Bωcs

∇⊥δΦ

)
=
∑
s

qsδns,v , (27)

where the gyro density δns is calculated using δfs(R,v∥,µ)
(indicated as δfs,v), namely, δns(x) =

´
d6zδfs,vδ(R+ ρ− x),

ωcs is the cyclotron frequency of species s and in this work, we
ignore the perturbed electron polarization density on the left-
hand side. When the δf scheme is adopted, δfs,v is obtained
from δfs,u as follows, with the linear approximation of the pull-
back scheme,

3
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δfs,v = δfs,u+
qs
〈
δAh

∥

〉
ms

∂f0s
∂v∥

Maxwellian−−−−−−→
f0s=fM

δfs,u

−
v∥
Ts
qs
〈
δAh

∥

〉
f0s , (28)

which is obtained from the more general form of the nonlinear
pullback scheme [3],

fs,v
(
v∥
)
= fs,u

(
v∥ +

qs
ms

⟨δAh
∥⟩
)
. (29)

Ampère’s law in v∥ space is given by

−∇2
⊥δA∥ = µ0δj∥,v , (30)

where δj∥,v(x) =
∑

s qs
´
d6zδfv,sδ(R+ ρ− x)v∥.

For the δf model, using the mixed variables and assuming
a Maxwell distribution, we have

δj∥,v ≡
∑
s

qs

ˆ
dz6δfs,v

(
v∥
)
δ (R+ ρ− x)v∥

=
∑
s

qs

ˆ
dz6
(
δfs,u

(
u∥
)
−
v∥qs⟨δAh

∥⟩
Ts

f0s

)
δ (R+ ρ− x)v∥ . (31)

Then we can write Ampère’s law as

−∇2
⊥δA

h
∥ +
∑
s

µ0
q2s
Ts

ˆ
dz6v2∥f0s⟨δA

h
∥⟩δ (R+ ρ− x)

=∇2
⊥δA

s
∥ +µ0

∑
s

qs

ˆ
dz6v∥δfs,u

(
u∥
)
δ (R+ ρ− x) .

(32)

The integral on the left-hand side can be obtained analytically,
yielding

−∇2
⊥δA

h
∥ +
∑
s

1
d2s

⟨δAh
∥⟩=∇2

⊥δA
s
∥

+µ0

∑
s

qs

ˆ
dz6v∥δfs,u

(
u∥
)
δ (R+ ρ− x) , (33)

⟨δAh
∥⟩ ≡

2
ns0v2ts

ˆ
dz6v2∥f0s⟨δA

h
∥⟩δ (R+ ρ− x) , (34)

where vts =
√
2Ts/ms, ds is the skin depth of species s

defined as d2s = c2/ω2
p,s = ms/(µ0q2sn0s) and the integral in

equation (34) is kept without analytical reduction in order to
capture the numerical or physics deviation of f 0 away from the
Maxwellian distribution.

For the full f model, the perturbed current is represented by
the full f,

δj∥,v =
∑
s

qs

ˆ
dv3v∥fs,v

=
∑
s

qs

ˆ
dz6
[
u∥ −

qs
ms

⟨δAh
∥⟩
]
fs,vδ (R+ ρ− x) .

(35)

Ampère’s law yields

−∇2
⊥δA

h
∥ +µ0

∑
s

q2s
ms

ˆ
dz6fs,v⟨δAh

∥⟩δ (R+ ρ− x)

=∇2
⊥δA

s
∥ +µ0

∑
s

qs

ˆ
dz6u∥fs,vδ (R+ ρ− x) . (36)

The corresponding analytical limit gives the similar form of
equation (33) except the replacement of δfs,u(u∥) with fs,v(v∥)

and the definition of ⟨δAh
∥⟩,

−∇2
⊥δA

h
∥ +
∑
s

1
d2s

⟨δAh
∥⟩=∇2

⊥δA
s
∥

+µ0

∑
s

qs

ˆ
dz6v∥fs,v

(
v∥
)
δ (R+ ρ− x) , (37)

with

⟨δAh
∥⟩ ≡

1
ns0

ˆ
dz6fs,v

(
v∥
)
⟨δAh

∥⟩δ (R+ ρ− x) . (38)

For both the δf model and the full f model, using the iterat-
ive scheme, the asymptotic solution is expressed as follows,

δAh
∥ =

∞∑
I=0

δAh
∥,I , (39)

where |δAh
∥,I+1/δA

h
∥,I| ≪ 1 assured by the fact that the analyt-

ical skin depth term (the second term on the left-hand side of
equation (33)) is close to the exact one (the second term on
the right-hand side of equation (33)). Ampère’s law is solved
order by order,(
∇2

⊥ −
∑
s

1
d2s

)
δAh

∥,0 =−∇2
⊥δA

s
∥ −µ0δj∥ , (40)(

∇2
⊥ −

∑
s

1
d2s

)
δAh

∥,I =−
∑
s

1
d2s
δAh

∥,I−1 +
∑
s

1
d2s

⟨δAh
∥,I−1⟩,

(41)

⟨δAh
∥,I−1⟩=

2
n0v2ts

ˆ
dz6v2∥f0s⟨δA

h
∥,I−1⟩δ (R+ ρ− x) ,

for δf model (42)

⟨δAh
∥,I−1⟩=

1
n0

ˆ
dz6fs,v⟨δAh

∥,I−1⟩δ (R+ ρ− x) ,

for full f model (43)

4
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where I= 1,2,3, . . .. Note that since 2/(n0v2ts)
´
dv3v2∥f0 = 1

and (1/n0)
´
dv3f0 = 1 for theMaxwell distribution in the ana-

lytical limit by ignoring the finite Larmor radius effect (which
is well satisfied for electrons, the main contributor of the skin
depth term), namely, the analytical electron skin depth term is
close to the exact one, and thus good convergence of the iterat-
ive solver is expected for the efficient and accurate calculation
of the skin depth term.

2.3. Pullback scheme for mitigating the cancellation problem

A more detailed description of the pullback scheme can be
found in the previous work [6]. As a brief review, the equations
for the δf are listed as follows.

δAs
∥,new = δAs

∥,old + δAh
∥,old , (44)

u∥,new = u∥,old −
qs
ms

〈
δAh

∥,old

〉
, (45)

δfnew = δfold +
qs
〈
δAh

∥,old

〉
ms

∂f0s
∂v∥

Maxwellian−−−−−−→
f0s=fM

δfold

−
2v∥
v2ts

qs
〈
δAh

∥,old

〉
ms

f0s , (46)

where variables with subscripts ‘new’ and ‘old’ refer to those
after and before the pullback transformation, equation (46)
is the linearized equation for δf pullback, which is from the
general equation of the transformation for the distribution
function

fold
(
u∥old

)
= fnew

(
u∥new = u∥old −

qs
ms

〈
δAh

∥,old

〉)
. (47)

For the full f scheme, only equations (44) and (45) are needed.

3. Numerical methods

3.1. Normalized equations

The normalization of the variables in the TRIMEG-C1 code
is introduced in this section. The reference length for normal-
ization is RN = 1m since not only the micro-instabilities but
also the large-scale modes such as Geodesic acoustic mode
are of interest in the future. In addition, using RN = 1m, the
length variables in the equilibrium (EQDSK) files can be used
in TRIMEG-C1 directly without further normalization. The
particle mass is normalized to mN and mN = mp (the proton
mass). The velocity unit is

vN ≡
√
2TN/mN ,

where TN and mN are the reference temperature and mass for
normalization. A typical choice in TRIMEG code is to use the
electron temperature at a specified radial location as TN and the
proton mass as mN. The time unit is tN = RN/vN. The charge

unit is the elementary charge e. The temperature is normalized
to TN. In addition, µ is normalized to v2N/BN,

µ≡ v2⊥
2B

= µ̄
v2N
BN

= µ̄
2TN
BNmN

,

where BN = 1T in this work so that the magnetic field
data from the EQDSK file can be used without further
normalization.

In addition to the units for the normalization, two reference
variables are defined, namely, nref andBref, so that the two basic
parameters βref and ρref can be calculated from nref and Bref as
follows,

βref =
µ0nrefmNv2N

B2
ref

, (48)

ρref =
mNvN
eBref

, (49)

where βref appears in the normalized Ampère’s law
equations (57)–(60) and ρref appears in the normalized gyro
center’s equation of motion equations (52)–(55). Note the nor-
malization in TRIMEG is not the same as other gyrokinetic
codes such as ORB5 [18] and EUPTERPE [7]. For example,
RN = 1m is the length unit since it is the length unit in
the EQDSK file which we use to construct the equilibrium.
Meanwhile, ρref remains an auxiliary variable, as it appears
with specific physical meaning related to the magnetic drift
velocity and finite Larmor radius effects.

The Maxwell distribution is

fM =
n̄0

v̄3t π3/2
e−

mv2∥+2µB

2T =
n̄0

v̄3t π3/2
exp

(
−
m̄v̄2∥
T̄

− 2
m̄µ̄∥

T̄
B̄

)
,

(50)

and correspondingly,

d
d̄t

ln fM = δ ˙̄R ·

[
κ⃗n+

(
m̄v̄2∥
T̄

+
2m̄µ̄B̄
T̄

− 3
2

)
κ⃗T− 2

m̄µ̄B̄
T̄

κ⃗B

]

−
2m̄v̄∥
T̄

δ ˙̄u∥ . (51)

The markers are loaded with the same distribution of physical
particles in velocity space but uniformly in the poloidal plane
and in the toroidal direction. In the v∥ direction, a randomnum-
ber generator is used to produce numbers with normal distribu-
tion f(x) = 1/(σ

√
2π)exp{−[(x− x0)/σ]2/2}, where x0 and

σ are chosen as 0 and
√
T̄/(2m̄) respectively. In the µ dir-

ection, random numbers x uniformly distributed on [0,1] are
generated and shifted according to µ=− ln(x)T̄BN/(2m̄B).

The normalized gyro center’s equations of motion are

˙̄R0 = ū∥b
∗
0 +

m̄s

q̄s
ρ̄ref

Bref

B2B∗
∥
µ̄B × ∇B , (52)

˙̄u∥,0 =− µ̄

BN
b∗ · ∇̄B , (53)

δ ˙̄R= ρ̄ref
Bref

B∗
∥
b × ∇̄⟨δΦ̄ − ū∥δĀ∥⟩−

q̄s
m̄s

⟨δĀh
∥⟩b

∗ , (54)

5
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δ ˙̄u∥ =− q̄s
m̄s

(
b∗ · ∇̄⟨δΦ̄− ū∥δĀ

h
∥⟩+ ∂̄t⟨δĀs

∥⟩
)

− ρ̄ref
Bref

B∗
∥BN

µ̄b × ∇̄B · ∇̄⟨δĀs
∥⟩ , (55)

where ∇̄= RN∇, δΦ and δA∥ are normalized to mNv2N/e and
mNvN/e respectively.

The normalized quasi-neutrality equation is,

∇̄⊥ ·
(
GP∇̄⊥δΦ̄

)
=−CPδN̄ , GP =

∑
s

n0s
nref

m̄s

(
BN

B

)2

,

(56)

where CP = 1/ρ̄2ref, δN̄s = δn/nref, δN̄=
∑

s q̄sδN̄s.
For Ampère’s law, the original normalized equation

∇2
⊥δĀ= CAδJ̄∥,v is solved using mixed variables and the iter-

ative scheme corresponding to equations (40)–(43),(
∇̄2

⊥ −
∑
s

q̄2s
m̄s
CA

)
δĀh

∥,0 =−∇̄2
⊥δĀ

s
∥,0 −CAδJ̄∥ , (57)(

∇̄2
⊥ −

∑
s

q̄2s
m̄s
CA

)
δĀh

∥,I =−
∑
s

q̄2s
m̄s
CAδĀ

h
∥,I−1 + ḠδĀh

∥,I−1

(58)

ḠδĀh
∥,I−1 = CA

N0sq̄2s
T̄s

N∑
p=1

2v̄2∥,p

ˆ
dz6wpδ

(
R̃p
)
⟨δĀh

∥,I−1⟩

for δf , (59)

ḠδĀh
∥,I−1 = CA

N0sq̄2s
m̄s

N∑
p=1

ˆ
dz6pp,totδ

(
R̃p
)
⟨δĀh

∥,I−1⟩

for full f , (60)

where R̃p = Rp+ρp− x, ρp = msv⊥,p/(qsB), x denotes the
particle location, CA = βref/ρref

2, nref is the reference density
and is chosen as the electron density on magnetic axis, and
δJ̄∥ = δj∥/(evNnref).

The normalized equations for the pullback treatment are as
follows,

δĀs
∥,new = δĀs

∥,old + δĀh
∥,old , (61)

u∥,new = ū∥,old −
q̄
m̄s

〈
δĀh

∥,old

〉
, (62)

δfnew = δfold +
q̄s
〈
δĀh

∥,old

〉
m̄s

∂f0s
∂v̄∥

(63)

Maxwellian−−−−−−→
f0s=fM

δfold −
2q̄s
T̄s
v̄∥
〈
δĀh

∥,old

〉
f0s , (64)

where the factor 2 is from the normalization of T to TN =
mNv2N/2, and equation (64) is the linearized pullback scheme
for the δf model implemented in our work. The studies using
the nonlinear pullback scheme are beyond the scope of this
work and will be addressed in the future.

Figure 1. Local coordinates (ξ,η) in a triangle.

3.2. Coordinates and input files

The right-handed cylindrical coordinates (R,ϕ,Z) are adop-
ted in TRIMEG-C1. The magnetic equilibrium is construc-
ted using the standard EFIT output (the EQDSK ‘g’ file),
which provides the macroscopic parameters of the equilibrium
such as the on-axis magnetic field Baxis, the poloidal magnetic
flux functions at the axis and the last closed surface; the one-
dimensional profiles such as the safety factor q and the toroidal
current function T; and the two-dimensional poloidalmagnetic
flux function as a function of (R,Z). The density and the tem-
perature of any given species, such as the background elec-
trons are given as functions of R and Z given in the input files
to the TRIMEG-C1 code. External Matlab scripts are avail-
able to convert the one-dimensional profiles (as functions of
the poloidal magnetic flux) of the density and the temperature
to two-dimensional profiles. The gyro centers’ equations of
motion are implemented in (R,ϕ,Z) coordinates, as described
in appendices A and B.

3.3. C1 finite element in triangular meshes

The three-dimensional solver in this work is developed with
the finite element method adopted in all directions in the
(R,ϕ,Z) coordinate system. The unstructured triangular mesh
is adopted in the (R,Z) directions while a uniform structured
mesh is adopted in the ϕ direction. The periodic boundary con-
dition is adopted in the toroidal direction. In the (R,Z) poloidal
cross-section, a Dirichlet boundary condition with zero value
of the function is implemented at the outer boundary of the
simulation domain. The grid size is determined by the number
of vertices in the (R,Z) plane and the number of grid points
Nϕ in the ϕ direction.

Local coordinates (ξ,η) are defined in each grid cell tri-
angle in the poloidal plane. The three vertices of each triangle
are located at (ξ,η) = (0,0),(1,0),(0,1) as shown in figure 1.
For the C0 linear finite elements, three basis functions are
adopted as follows,

Λlin
1 = 1− ξ− η , (65)

Λlin
2 = ξ , (66)

Λlin
3 = η . (67)

6
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The C1 finite element basis functions used in this work are
similar to those in the GTS code (the physics applications can
be found in previous articles [11, 21–23]). Note that the C0/C1
FEM has been implemented in GTS but for productive runs,
C1 has not been used previously since other solvers are suf-
ficient for the electrostatic gyrokinetic simulations. The GTS
C1 field solver is in (r̄, θ̄) coordinates where r̄ and θ̄ are the
radial-like and poloidal-like coordinates, respectively, which
is dedicated to core plasma studies. In this work, we developed
the C1 scheme in the (R,Z) coordinates in the newly written
modules in TRIMEG-C1 so that it is possible to simulate the
plasmawith the open field line region in the future. In addition,
the projection operator is adopted for the charge and current
deposition in TRIMEG code in equation (84), which is differ-
ent than GTS, GTC and XGC. The 18 basis functions of the
C1 finite element method are given by [16]

Λ1 = λ2
[
10λ− 15λ2 + 6λ3 + 30ξη (ξ+ η)

]
,

Λ2 = ξλ2
(
3− 2λ− 3ξ2 + 6ξη

)
,

Λ3 = ηλ2
(
3− 2λ− 3η2 + 6ξη

)
,

Λ4 = 0.5ξ2λ2 (1− ξ+ 2η) ,

Λ5 = ξηλ3 ,

Λ6 = 0.5η2λ2 (1+ 2ξ− η) ,

Λ7 = ξ2
(
10ξ− 15ξ2 + 6ξ3 + 15η2λ

)
,

Λ8 = 0.5ξ2
(
−8ξ+ 14ξ2 − 6ξ3 − 15η2λ

)
,

Λ9 = 0.5ξ2η
(
6− 4ξ− 3η− 3η2 + 3ξη

)
,

Λ10 = 0.25ξ2
[
2ξ (1− ξ)

2
+ 5η2λ

]
,

Λ11 = 0.5ξ2η
(
−2+ 2ξ+ η+ η2 − ξη

)
,

Λ12 = 0.25ξ2η2λ+ 0.5ξ3η2 , (68)

Λ13 = η2
(
10η− 15η2 + 6η3 + 15ξ2λ

)
,

Λ14 = 0.5ξη2
(
6− 3ξ− 4η− 3ξ2 + 3ξη

)
,

Λ15 = 0.5η2
(
−8η+ 14η2 − 6η3 − 15ξ2λ

)
,

Λ16 = 0.25ξ2η2λ+ 0.5ξ2η3 ,

Λ17 = 0.5ξη2
(
−2+ ξ+ 2η+ ξ2 − ξη

)
,

Λ18 = 0.25η2
[
2η (1− η)

2
+ 5ξ2λ

]
,

where λ= 1− η− ξ. In (R,Z) coordinates, any variable
y(R,Z) can be written as

y(R,Z) =
18∑
k=1

Ntri∑
j=1

Λj,k (ξ,η)Yj,k =
18Ntri∑
i=1

Λi (ξ,η)Yi , (69)

where Ntri is the number of the triangles and for the sake
of simplicity, we converted the summation over j and k to
that over i according to i = 18( j− 1)+ k. The coefficients
Yi are solved with the constraint that the variable y(R,Z),
∂y(R,Z)/∂R, ∂y(R,Z)/∂Z, ∂2y(R,Z)/∂R2, ∂2y(R,Z)/∂R∂Z
and ∂2y(R,Z)/∂Z2 are continuous at any triangle vertex (C2).

It can be shown that along the triangle edges, y(R,Z) is C1
continuous [16, 24]. The C2 continuity at any triangle vertex
can be assured by switching Ni to the set of basis functions Λ̂i

which are the linear combination of Λi,

y(R,Z) =
6∑

k=1

Nvert∑
j=1

Λ̂j,k (ξ,η) Ŷj,k =
6Nvert∑
i=1

Λ̂i (ξ,η) Ŷi , (70)

where Nvert is the number of vertices, ‘6’ is the degree of free-
dom on each vertex except for the boundary vertices, and we
converted the summation over j and k to that over i according
to i = 6( j− 1)+ k. The basis functions Λ̂i(ξ,η) is obtained as
follows. Note that

Ŷi =y(R1) ,
∂y(R1)

∂R
,
∂y(R1)

∂Z
,
∂2y(R1)

∂R2
,
∂2y(R1)

∂R∂Z
,
∂2y(R1)

∂Z2
,︸ ︷︷ ︸

vertex1

y(R2) ,
∂y(R2)

∂R
,
∂y(R2)

∂Z
,
∂2y(R2)

∂R2
,
∂2y(R2)

∂R∂Z
,
∂2y(R2)

∂Z2
,︸ ︷︷ ︸

vertex2

y(R3) ,
∂y(R3)

∂R
,
∂y(R3)

∂Z
,
∂2y(R3)

∂R2
,
∂2y(R3)

∂R∂Z
,
∂2y(R3)

∂Z2
,︸ ︷︷ ︸

vertex3


T

,

(71)

and

Yi =y(R1) ,
∂y(R1)

∂ξ
,
∂y(R1)

∂η
,
∂2y(R1)

∂ξ2
,
∂2y(R1)

∂ξ∂η
,
∂2y(R1)

∂η2
,︸ ︷︷ ︸

vertex1

y(R2) ,
∂y(R2)

∂ξ
,
∂y(R2)

∂η
,
∂2y(R2)

∂ξ2
,
∂2y(R2)

∂ξ∂η
,
∂2y(R2)

∂η2
,︸ ︷︷ ︸

vertex2

y(R3) ,
∂y(R3)

∂ξ
,
∂y(R3)

∂η
,
∂2y(R3)

∂ξ2
,
∂2y(R3)

∂ξ∂η
,
∂2y(R3)

∂η2
,︸ ︷︷ ︸

vertex3


T

.

(72)

the transformation between Yi and Ŷi or between Λi and Λ̂i is
obtained as follows,

Yi = ¯̄TŶi , Λi = Λ̂i
¯̄T−1 , (73)

where

¯̄T=


1

J11 J12
J21 J22

J211 2J11J12 J212
J11J21 J12J21 + J11J22 J12J22
J221 2J12J22 J222

 ,

(74)

7
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J11 =
∂R
∂ξ

, J12 =
∂Z
∂ξ

, J21 =
∂R
∂η

, J22 =
∂Z
∂η

.

(75)

For the three-dimensional variable Y(R,ϕ,Z), the triangu-
lar C1 element is used in the R,Z directions while cubic spline
basis functions are adopted in the ϕ direction, written as fol-
lows,

Y(R,ϕ,Z) =
6Nvert∑
i=1

Nϕ∑
j=1

Λ̂i (ξ,η)Nj (ϕ) Ŷi,j , (76)

where the cubic spline basis function is defined as follows,

Ncubic(x) =


4/3+ 2x+ x2 + x3/6 , ifx ∈ [−2,−1)

2/3− x2 − x3/2 , ifx ∈ [−1,0)

2/3− x2 + x3/2 , ifx ∈ [0,1)

4/3− 2x+ x2 − x3/6 . ifx ∈ [1,2)

(77)

Nj(x) and Ncubic(ϕ) are related according to Ncubic(ϕ) =
Nj(x= (ϕ−ϕi)/∆ϕ)), where ϕi is the toroidal location of ith
grid point, ∆ϕ is the uniform grid size in the toroidal direc-
tion. In the following sections, Λi and Yi,j will not be involved
but we only use Λ̂i and Ŷi,j. For the sake of simplicity, we will
omit ‘̂ ’ in Λ̂i and Ŷij.

3.4. Weak form of field equations with charge/current
deposition (projection)

All field equations in our model can be written in a general
form as follows,

L(R,ϕ,Z)Y(R,ϕ,Z) = b(R,ϕ,Z) , (78)

where L is a linear differential operator. The weak form can be
written as
ˆ

dRdZdϕ S(R,ϕ,Z)Λi (R,Z)Nj (ϕ)L(R,ϕ,Z)Y(R,ϕ,Z)

=

ˆ
dRdZdϕS(R,ϕ,Z)Λi (R,Z)Nj (ϕ)b(R,ϕ,Z) , (79)

where S(R,ϕ,Z) is a weight function chosen to be the Jacobian
S= J= {∇R × ∇ϕ × ∇Z}−1 = R in this work. The weak
form of the quasi-neutrality equation, Ampère’s law, the iter-
ative equation, and Ohm’s law are

(56)⇒ ¯̄MP,L,ii ′,jj ′ · δΦi′j ′ = CP

ˆ
dRdZdϕJδNi,jÑij , (80)

(57)⇒ ¯̄MA,L,ii ′,jj ′ · δAh
i′j ′,I=0 =

¯̄MA,R,ii ′,jj ′ · δAs
i′j ′ +CAδJ

i,j
∥,

(81)

(58)⇒ ¯̄Mit,L,ii ′,jj ′ · δAhi′j ′,I+1 =
¯̄Mit,R,ii ′,jj ′ · δAhi′j ′,I

+
∑
s

1
d2s

⟨δAhi,j,I⟩ , (82)

(21)⇒ ¯̄MOhm,L,ii ′,jj ′ · ∂tδAs
i′j ′ =

¯̄MOhm,R,ii ′,jj ′ · δΦi′j ′ . (83)

Equations (80)–(83) are solved numerically which provides
the perturbed fields for solving the gyro center’s equations
of motion. The Runge–Kutta fourth-order integration is adop-
ted. The matrices and the terms on the right-hand side are as
follows,

¯̄MP,L,ii ′,jj ′ =−
∑

n0sm̄s
B2
ref

B2

ˆ
dRdZdϕJ∇⊥Ñij ·∇⊥Ñi′j ′ ,

δNi,j =−
∑

q̄s

ˆ
dRdZdϕJδN̄s (R,ϕ,Z) Ñij ,

¯̄MA,L,ii ′,jj ′ =

ˆ
dRdZdϕJ

×

[
−∇⊥Ñij ·∇⊥Ñi′j ′ −

∑
s

q̄2s
m̄s
CAÑijÑi′j ′

]
,

¯̄MA,R,ii ′,jj ′ =

ˆ
dRdZdϕJ∇⊥Ñij ·∇⊥Ñi′j ′ ,

δJi,j∥ =−
ˆ

dRdZdϕJδJ̄∥ (R,ϕ,Z) Ñij ,

¯̄Mit,L,ii ′,jj ′ =
¯̄MA,L,ii ′,jj ′ ,

⟨δAhi,j,I⟩=
ˆ

dRdZdϕJ⟨δAhI ⟩Ñij ,

¯̄Mit,R,ii ′,jj ′ =−CA

∑
s

q̄2s
m̄s

ˆ
dRdZdϕJÑijÑi′j ′ ,

¯̄MOhm,L,ii ′,jj ′ =

ˆ
dRdZdϕJÑijÑi′j ′ ,

¯̄MOhm,R,ii ′,jj ′ =−
ˆ

dRdZdϕJÑij∂∥Ñi′j ′ , (84)

where Ñij = Λi(R,Z)Nj(ϕ), ⟨δAhij,I⟩ is derived from δAhij,I by
first interpolating the values of δAhij,I on markers (with or
without gyro-average depending on the choice of the model),
and then calculating the projection to the finite element basis.

3.5. Gyro centers’ equations of motion with the strong form in
∂tδAs

∥ + ∂∥δΦ

Theoretically, since the ideal Ohm’s law equation (21) is adop-
ted, the term in the gyro centers’ equations of motion can be
simplified by making use of the identity ∂∥δΦ + ∂tδAs

∥ = 0.
However, numerically, the coefficients of the basis functions
are solved for δΦ in equation (80) and δAs in equation (83).
Namely, the weak form of ∂∥δΦ + ∂tδAs

∥ = 0 is satisfied but
at an arbitrary location, ∂∥δΦ + ∂tδAs

∥ is not exactly zero
but finite. As a result, when calculating the gyro centers’
equations of motion, both ∂∥δΦ and ∂tδAs

∥ are kept although
these two terms almost cancel with each other numerically.
This treatment is consistent since the coefficient of δAs

∥ in
equation (81) is the part we extract from δA∥ numerically in
the implementation. As a result, we use the numerical repres-
entation of ∂∥δΦ and δAs

∥ in the gyro centers’ equations of
motion with the following form without explicit simplification
∂∥δΦ + ∂tδAs

∥ = 0,

8
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δΦ(R,ϕ,Z) =
6Nvert∑
i=1

Nϕ∑
j=1

δΦi,jΛi (ξ,η)Nj (ϕ) , (85)

δAs
∥ (R,ϕ,Z) =

6Nvert∑
i=1

Nϕ∑
j=1

δAs
∥,i,jΛi (ξ,η)Nj (ϕ) . (86)

4. Simulation setup and results

Two typical cases are chosen to test TRIMEG-C1 in numer-
ical studies of electromagnetic problems, including the TAE
and the electromagnetic ITG mode. The unstructured meshes
are generated for the ITPA-TAE case [25] and the ASDEX
Upgrade (AUG) case [14, 26], as shown in figure 2. For the
ITPA-TAE case, the magnetic equilibrium is featured by the
circular concentric magnetic surfaces. For the AUG case, the
magnetic surfaces are elongated and up-down asymmetric.
While sparser grids are shown in figure 2, denser grids are
adopted in the following simulations. Other parameters will
be introduced in the following sections. Note that in this work,
we focus on the formulation and the first set of numerical res-
ults highlighting the basic features of this scheme using the δf
method. The simulations are limited to the linear physics since
the nonlinear simulations aremore costly, which requiresmore
computational resources and the optimization of the code in,
e.g. the GPU offloading and the noise mitigation for the non-
linear simulations in the future.

4.1. Numerical properties

The vertices of the triangles are initialized from the axis to the
edge, as shown in the left frame of figure 3 where the radial
grid number is Nr = 6 corresponding to 98 vertices (includ-
ing 32 boundary vertices). The matrix nonzero elements of
the quasi-neutrality equation are shown in the right frame of
figure 3, where the grid number in the toroidal direction is
Nϕ = 8. The matrix structure is different than those using the
structured meshes [27]. We use the sparse matrix to store the
nonzero elements and the KSP iterative method in PETSc to
solve the linear system [28].

The accuracy of the C1 finite element scheme is tested using
a two-dimensional solver for the elliptical equation with the
analytical solution given as follows

∇2f(R,Z) = S(R,Z) , (87)

Sana (R,Z) = 2Z̄0Z̄1 sin(kRR̄0)sin(kZZ̄0)

+ 2(R̄0 + R̄1) Z̄0Z̄1kR cos(kRR̄0)sin(kZZ̄0)

− R̄0R̄1Z̄0Z̄1k
2
R sin(kRR̄0)sin(kZZ̄0)

+ 2R̄0R̄1 sin(kRR̄0)sin(kZZ̄0)

+ 2(Z̄0 + Z̄1) R̄0R̄1kZ sin(kRR̄0)cos(kZZ̄0)

− R̄0R̄1Z̄0Z̄1k
2
Z sin(kRR̄0)sin(kZZ̄0) ; , (88)

fana (R,Z) = R̄0R̄1Z̄0Z̄1
× sin(kRR̄0)sin(kZZ̄0) , (89)

where the simulation domain is rectangular in (R,Z) space
R0 ⩽ R⩽ R1, Z0 ≤ Z≤ Z1, R̄0 = R−R0, R̄1 = R−R1, Z̄0 =
Z−Z0, Z̄1 = Z−Z1. The C0 and the C1 finite element
schemes are implemented in Matlab to solve equation (87)
with Sana given in equation (88). The numerical solution is fnu.
The relative error is calculated as

ϵnu =

√√√√∑i,j

(
fana,i,j− fnu,i,j

)2∑
i,j f

2
ana,i,j

, (90)

where i, j are the indices in R, Z directions, respectively. The
relative errors are shown in figure 4. The error using C1
method is significantly lower than the C0 method. In addition,
as the grid number increases in both directions, the scaling of
the accuracy of the C1 scheme is significantly better than that
of the C0 scheme. This result motivates us to implement the
C1 scheme in TRIMEG-C1 in Fortran.

The C0 scheme is implemented in Fortran within the
TRIMEG-C1 code for the direct, one-to-one comparisons
in self-consistent particle simulations. To compare the C0
and the C1 schemes within the limits of available computa-
tional resources, the GA-STD case (core) with modifications
is adopted to simulate the ITG mode in the low β limit [29].
Concentric circular magnetic flux surfaces are adopted. The
equilibrium density and temperature profiles denoted as H(r̃),
and the normalized logarithmic gradients R0/LH, are given by

H(r̃)
H(r̃0)

= exp

[
−κHwH

a
R0

tanh

(
r̃− r̃0
wHa

)]
, (91)

where the radial coordinate is defined as r̃=√
(R−Raxis)2 +(Z−Zaxis)2, LH =− [dlnH(r̃)/dr̃]−1 is the

characteristic length of profile H(r̃) and r̃0 = a/2. The
on-axis magnetic field B0 = 2T, ρ∗ = ρi/a= 1/180, ρi =√
2Timi/(eB0), aspect ratio ϵ= a/R0 = 0.36, Te/Ti = 1, char-

acteristic length of temperature and density profiles R0/LTi =
−(dlnTi/dr̃)−1 = 6.96, R0/LTe =−(dlnTe/dr̃)−1 = 6.96,
R0/Ln =−(dlnn/dr̃)−1 = 2.23, and collision frequency
νcoll = 0. The deuterium (mi/mp = 2) is the only ion spe-
cies where mp is the mass of a proton. We have adapted
the parameters to reduce the computational cost by tak-
ing mi/me = 100, ρ∗ = 1/60. The gyro average of electrons
and ions is switched off. We choose the low β plasma with
βN = 0.004 to simulate the ITGmode. 8 × 106 electron mark-
ers and 2.5 × 105 ion markers are used. The time step size is
∆t= 0.05RN/vN. The n= 10 mode is simulated with different
refinements of the unstructured meshes. The radial grid num-
bers are Nr = 16, 32, 64 and the poloidal grid number at the
ir-th mesh surface is approximately Nθ ≈ FI[2π(ir− 1)/Nr],
where the function FI(x) gives the largest integer less than or
equal to x. The 2D mode structure for Nr = 16 is shown in
figure 5. The unstructured mesh is also shown. For Nr = 16,
there are about 5 grid points in each wavelength in the poloidal
direction at the 8th surface (near r̃/a≈ 0.5). It is insufficient
to use 5 points to describe the structure of a wavelength for
the C0 scheme, but it is more accurate for the C1 scheme.

9
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Figure 2. The unstructured meshes used for the ITPA-TAE case (left) and the AUG case (right).

Figure 3. The vertices of the triangles (left) and the nonzero elements of the matrix of the quasi-neutrality equation (right).

The time evolution of the total field energy EAP = EΦ +EA

for Nr = 16, 32, 64 is shown in the left frame of figure 6. The
electrostatic part (EΦ) and the magnetic part (EA) of the total
field energy are defined as

EΦ =−CP

ˆ
dV

1
GP
δΦ̄δN̄ , EA =−CA

ˆ
dVδĀ∥δJ̄∥ ,

(92)

where GP is defined in equation (56) and EΦ is an approxim-
ate value of the field energy of δΦ in the limit |k∥/k⊥| ≪ 1
and |∇⊥ lnGP|/|∇ lnδΦ̄| ≪ 1. The time evolution for Nr =
16, 32, 64 is almost identical if the C1 solver is used but var-
ies significantly if the C0 solver is used, as shown by the
solid lines (C1) and the dashed lines (C0) in the left frame
of figure 6. The time evolution of the C0 and C1 is almost

identical forNr = 64, indicating that the simulation result con-
verges for the C0 for Nr = 64. The growth rate is calculated
for all these cases using the total field energy between 15⩽
tvN/RN ≤ 40 and shown in the right frame of figure 6. The
growth rates for Nr = 16, 32, 64 are 0.2031, 0.2663, 0.3090
for the C0 scheme and are 0.3134, 0.3126, 0.3113 for the C1
scheme. The growth rate decreases by 34% fromNr = 64 to 16
if the C0 scheme is used but only increases by 1.4% if the C1
scheme is used. It is suggested that the C1 scheme gives more
accurate results with smaller grid numbers (∼ 5 grid points per
wavelength). The computational cost is also measured. The
cost using the C1 scheme is 1.25–2.5 times that of the C0
scheme, which varies depending on the convergence efficiency
of the linear matrix solver in different stages and the interac-
tion between the field data and the particle data for different
grid sizes. For example, in the early noisy stage, before clear

10
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Figure 4. The convergence of the C0 scheme and the C1 scheme. The red squares give the convergence order of the C0 scheme
γ =−1.9432. The blue squares give the convergence order in the zeroth order derivative of the solution of the C1 scheme γ =−5.1399.
The yellow and green squares give the convergence order in the first order derivative of the solution of the C1 scheme γ =−4.2257 for
∂f/∂R and γ =−4.2950 for ∂f/∂Z. The other three types of squares give the convergence order in the second order derivative of the
solution of the C1 scheme γ =−3.2958 for ∂2f/∂R2, γ =−3.3028 for ∂2f/∂R∂Z and γ =−3.3110 for ∂2f/∂Z2.

Figure 5. The 2D mode structure of the ITG mode simulated using the C0 scheme and the mesh with Nr = 16. The unstructured mesh is
also shown by the black lines.

mode structures appear, it takes more time for the C1 solver to
get the converged solution than the C0 solver. The size of the
solver matrix on each process also affects the efficiency since
the field matrix size of the C1 solver is 6 times that of the C0
solver and thus the size of the distributed matrix on each pro-
cess is larger than that of the C0 solver which gives different
computational or communication consumption. Note a large
portion of the code is shared when switching from C0 to C1,
e.g. the calculation of the equilibrium variables, the particle
positioning in the triangular meshes, and the calculation of the
weight equation. Thus although the C1 scheme needs more
evaluations of the basis function values than C0, and thematrix

size of the C1 scheme is larger than C0, the computational cost
of C1 is only 1.25–2.5 times that of C0.

4.2. ITPA-TAE case

The toroidicity induced Alfvén eigenmode driven by ener-
getic particles is simulated using the parameters defined by
the ITPA group [25]. The major radius R0 = 10 m, minor
radius a= 1m, on-axis magnetic field B0 = 3T, and the safety
factor profile q(r) = 1.71+ 0.16r2. The electron density and
temperature are constant with ne0 = 2.0 × 1019 m−3, Te =
1 keV. The ratio of the electron pressure to the magnetic

11
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Figure 6. The time evolution of the total field energy for different values of Nr for C0 (dashed lines) and C1 (solid lines) schemes (left). The
growth rate for different Nr values for C0 and C1 schemes (right). The average value of the growth rates using the C0 and C1 solvers for
Nr = 64 is used as the reference value γAU = 0.31019vN/RN.

pressure is βe ≈ 9 × 10−4. The Larmor radius of the thermal
ions is ρti = mivti/(eBaxis) = 1.52 × 10−3 m. If the nominal
mass ratio mi/me = 1836 is used, the ratio between the
adiabatic part (δAh

∥/d
2
e) and the non-adiabatic part (∇2

⊥δA
h)

in the left-hand side of Ampère’s equation is 1/(d2ek
2
⊥)≈

βe/(k⊥ρti)2(miTi/meTe)≈ 1.622 × 103, where k⊥ ≈ nq/r=
6 × 1.75/0.5= 21. This ITPA-TAE case is featured with a
small electron skin depth (de ≈ 1.182 × 10−3 m) and suffers
from the ‘cancellation problem’ if the pullback scheme is not
adopted.While the nominal mass ratio has been adopted in our
previous work [10], in the following, we use mi/me = 100 to
reduce the computational cost. Note that the poloidal Fourier
filter has not been used in our work to study edge physics in
the future. Consequently, the time step size (∆t) is smaller (the
maximum ∆t∝ k∥vA, where k∥ is the parallel wave vector in
the system, vA is the Alfvén velocity) than that with structured
meshes and the Fourier filter [10] by a factor of∼ 1/160. With
mi/me = 100, the time step size can be increased by∼ 4 times.
Correspondingly, 1/(d2ek

2
⊥)≈ 88.34, which is still an appro-

priate case with moderate to small electron skin depth for test-
ing the cancellation problem.

The EP density profile is given by

nEP (r) = nEP,0c3 exp

[
−c2
c1

tanh

(
r− c0
c2

)]
, (93)

d lnnEP
dr

= cosh−2
(
r− c0
c2

)
, (94)

where the normalized radial-like coordinate r=√
(ψ−ψaxis)/(ψedge −ψaxis), nEP,0 = 1.44131 × 1017m−3,

the subscript ‘EP’ indicates EPs (energetic particles), c0 =
0.49123, c1 = 0.298228, c2 = 0.198739, c3 = 0.521298. The
EP temperature is 400 keV for the base case. The n= 6
mode is simulated by applying a toroidal Fourier filter. The
initial perturbation in the marker weight is applied with

two poloidal harmonics with m= 10,11. 16 × 106 elec-
tron markers, 4 × 106 ion markers and 4 × 106 energetic
particle markers are simulated. The radial grid number is
Nr = 32 and 3 iterations are taken in the iterative Ampère
solver leading to <2.5% correction in δAh

∥ in the last iter-
ation. The Finite Larmor Radius effect is omitted by elim-
inating the gyro-average operation. The simulation is run
on 64 nodes (Intel Xeon IceLake-SP 8360Y) of the sup-
per computer Raven, with 72 CPU cores on each node with
the Processor Base Frequency 2.4 GHz and the Max Turbo
Frequency 3.5GHz. It takes∼ 5 h to simulate one TAE period
(1 TA).

The iterative Ampère solver in equation (41) is tested for
evaluating the accuracy of δAh

∥. We show the convergence of
the iterative Ampère solver of a typical run in figure 7. Good
convergence is observed for the base case (TEP = 400 keV),
with the radial grid number Nr = 64. The correction in δAh

∥
is smaller as the number of iterations increases. In the ini-
tial state, the convergence is better than at later times since
the marker distribution deviates away from the Maxwell dis-
tribution due to the finite orbit width effect and mirror force,
which leads to a larger discrepancy of the δAh

∥,0 from the rigor-

ous solution
∑

I=0,1,2,... δA
h
∥,I. Nevertheless, the convergence

is good, and the correction to δAh
∥ is suppressed to be lower

than 0.5% in only 3 iterations.
The time evolution of the total field energy is shown in

figure 8. The ratio EA/EΦ → 1 as the exponential growth stage
appears, which is consistent with the feature of the Toroidal
Alfvénmode. Since the initial perturbation is close to the phys-
ics solution dominated by them= 10,11 harmonics, the phys-
ics solution appears quickly in only 2 TAE periods. The two-
dimensional structures of δΦ and δA∥ are shown in figure 9.
The ballooning structure of δΦ and the anti-ballooning struc-
ture of δA∥ are consistent with the previous results using the
structured meshes [10, 25]. More detailed studies, including
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Figure 7. The correction in δAh
∥ versus the iteration number, which indicates the convergence of the iterative Ampère solver. In the first

iteration, the correction in δAh
∥ is 3%∼8%. In the third iteration, the correction is lower than 0.5%. For the Alfvénic modes, we choose TA as

the time unit defined as TA = vA(r= 0)/[2q(r= rc)R0] which is close to the period of the Toroidal Alfvén eigenmode.

Figure 8. Time evolution of the total field energy for TEP = 400 keV. EΦ and EA are the total energy of δΦ and δA∥ respectively.
EA,Φ = EA +EΦ.

extensive parameter scans, will require more computationally
expensive runs and further optimization of computational effi-
ciency in the future.

4.3. AUG case for the ITG mode studies

In this section, we use the realistic geometry of the AUG case
with shot number 349 24 at 3.600 s. This is a typical discharge
for the studies of energetic particle physics in different codes
and models [26] and ITG mode in the TRIMEG code [14]. In
the simulations, we use the experimental equilibrium but ana-
lytical density and temperature profiles. The parameters are

chosen for the studies of the ITG mode. The temperature and
density profiles indicated by A(r) and the corresponding nor-
malized logarithmic gradients indicated by Lref/LA are given
by

A(r)
A(r0)

= exp

[
−κAWA

a
Lref

tanh

(
r− rc
WAa

)]
, (95)

Lref
LA

=−Lref
dlnA
dr

= κA cosh
−2
(
r− rc
WAa

)
, (96)

where the subscript ‘c’ denotes the center of the gradient
profile and rc = 0.5, WA = 0.3 with the normalized radial
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Figure 9. 2D mode structures of δΦ and δA∥ for TEP = 400 keV in the end of the simulation.

coordinate defined in section 4.2. This study aims to test
the capability of treating realistic geometry with minimum
technical complexity. The fully self-consistent treatment of
the density/temperature profile and the equilibrium will be
addressed in another work.

The nominal values of the two basic parameters using
the on-axis density and temperature are βN = 3.1544% cor-
responding to βaxis = 0.525% since Baxis = 2.4506 T, ρref =
5.5240 × 10−3 m. In the following tests, ρref is increased to
make the simulation less costly. From our simulations using
ρref = 0.04,0.02,0.01, the computational cost to avoid the
numerical crash depends on several physics parameters as
follows,

Ccomp ∝ C∆tCmarkerCmeCβ ≈ ρref
−1ρref

−2m−1/2
e β−1/2 ,

(97)

where C∆ t is due to the reduction of the time step size ∆t as
ρref decreases, Cmarker is due to the increment of the marker
number as ρref decreases, Cme and Cβ are due to the reduc-
tion of the time step size ∆t as me/β decreases. The n= 4
mode is simulated using 4 × 106 ions and 106 electrons for
ρref = 0.02m. 2 iterations are taken in the iterative Ampère
solver leading to<0.1% correction in δAh

∥ in the last iteration.
The simulation is run on 12 nodes (AMD Genoa EPYC 9354)
of the TOK cluster, with 32 CPU cores on each node, with
the Processor Base Frequency 3.25 GHz and the Max Turbo
Frequency 3.8GHz. It takes 0.32 hours to simulate one nor-
malized time unit tN = RN/vN.

The time step size is∆t= 0.016 tN. The white noise is ini-
tialized in the marker weights according to the function wp =
RnoiAnoiSnoi where Snoi = exp[−(rp− rc,noi)2/r2w,noi], Anoi =

10−5, rc,noi = 0.55, rw,noi = 0.2 and Rnoi ∈ (0,1) is a ran-
dom number from the uniform distribution. The ITG mode
is destabilized. The time evolution of the total field energy
is shown in figure 10. The two-dimensional structures of δΦ
and δA∥ are shown in figure 11. The ballooning structure of
δΦ is observed and is quantitatively consistent with the pre-
vious result using ORB5 [18] or the electrostatic version of
TRIMEG-C0 [14]. The tilting of the 2D mode structure shows
the symmetry-breaking properties of the gyrokinetic solution

Figure 10. Time evolution of the total field energy for the AUG
case with βN = 3.1544%, ρref = 0.02m. The definition of EA, EΦ

and EA,Φ is the same as those in figure 8.

due to the symmetry-breaking mechanisms such as the up-
down asymmetry of the equilibrium, the profile shearing, and
the global effect, and a more detailed analysis will be per-
formed by closer comparisons with other codes and analyses
[30, 31]. In the future, we will performmore comparisons with
other gyrokinetic simulations and studies with open field lines
for the whole plasma studies.

5. Conclusions and outlook

In this work, we have developed the scheme for the gyrokinetic
electromagnetic particle simulations in triangular meshes with
C1 finite elements in the TRIMEG-C1 code. The mixed vari-
able/pullback scheme has been implemented for gyrokinetic
electromagnetic particle simulations. The filter-free treatment
in the poloidal cross-sectionwith triangular meshes is adopted,
which allows future application in the open field line region.
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Figure 11. 2D mode structures of δΦ and δA∥ in the end of the simulation for the AUG case with βN = 3.1544%, ρref = 0.02m.

The correction of the finite δEs
∥ ≡−∂tδAs

∥ − ∂∥δΦ due to the
finite element representation in the gyro centers’ equation of
motion (in section 3.5), namely, the numerical residual of the
nonzeros δEs

∥, is considered and is important in improving the
simulation quality, especially when the poloidal filter is not
applied.

The numerical results using the ITPA-TAE parameters val-
idate our implementation, showing its capability in moder-
ate to small electron skin depth regimes. Simulations using
experimental parameters confirm its applicability in realistic
plasma geometry. The high-order C1 finite element scheme
for particle simulations developed in this work provides high
accuracy for physics studies, opens up the possibilities of non-
linear gyrokinetic simulations in the TRIMEG code includ-
ing the whole spectrum (multiple toroidal harmonics), and the
inclusion of an open field line regime as well as the trans-
port studies in constants of motion space with multi-species
including energetic particles [32]. Further improvement in the
computational efficiency usingmore advanced noise reduction
schemes and GPU accelaration are needed in the future for
nonlinear simulations using experimental parameters.
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Appendix A. The complete form of the gyro
centers’ equations of motion

In this section, all variables such as ms are normalized. In
(R,ϕ,Z), the unperturbed variable b∗0 is as follows,

b∗0R = bR−
Bref

B∗
∥
ρrefv∥∂Zbϕ , (A.1)

b∗0Z = bZ+
Bref

B∗
∥
ρrefv∥

(
∂Rbϕ +

bϕ
R

)
, (A.2)

b∗0ϕ = bϕ +
Bref

B∗
∥
ρrefv∥ (∂ZbR− ∂RbZ) , (A.3)

and the complete form is

b∗R = b∗0R+
Bref

B∗
∥
ρref

[
bZ
R
∂ϕ − bϕ∂Z

]
⟨δAs

∥⟩ , (A.4)

b∗Z = b∗0Z+
Bref

B∗
∥
ρref

[
bϕ∂R−

bR
R
∂ϕ

]
⟨δAs

∥⟩ , (A.5)

b∗ϕ = b∗0ϕ +
Bref

B∗
∥
ρref [bR∂Z− bZ∂R]⟨δAs

∥⟩ . (A.6)

Based on equations (52) and (53), the equilibrium part of the
gyro center motion is as follows,

Ṙ0 = b∗0Ru∥ +CdBϕ∂ZB , (A.7)

Ż0 = b∗0Zu∥ −CdBϕ∂RB , (A.8)

ϕ̇0 =
b∗0ϕ
R u∥ +

Cd
R (BZ∂RB−BR∂ZB) (A.9)

u̇∥,0 =−µ(b∗0R∂RB+ b∗0Z∂ZB) . (A.10)
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where Cd = (ms/qs)ρrefµBBref/(B2B∗
∥), δG= δΦ− u∥δA∥.

Based on equations (54) and (55), the perturbed part of the
equations of motion is

δṘ= CE

(
bϕ∂ZδG− 1

R
bZ∂ϕδG

)
− q̄s
m̄s

⟨δĀh
∥⟩b

∗
R , (A.11)

δŻ= CE

(
−bϕ∂RδG+

1
R
bR∂ϕδG

)
− q̄s
m̄s

⟨δĀh
∥⟩b

∗
Z , (A.12)

δϕ̇=
CE

R
(bZ∂δRG− bR∂ZδG)−

1
R
q̄s
m̄s

⟨δĀh
∥⟩b

∗
ϕ , (A.13)

δu̇∥ =− qs
ms

[
b∗R

(
∂RδΦ− u∥∂RδA

h
∥

)
+ b∗Z

(
∂ZδΦ− u∥∂ZδA

h
∥

)
+
b∗ϕ
R

(
∂ϕδΦ− u∥∂ϕδA

h
)
+ ∂tδA

s
∥

+
ms

qs

(
Ṙµ∂R+ Żµ∂Z+ ϕ̇µ∂ϕ

)
⟨δAs

∥⟩
]

, (A.14)

where CE = ρrefBref/B∗
∥, Cµ = (ms/qs)ρrefµBBref/(B2B∗

∥),

Ṙµ = CµBϕ∂ZB, Żµ =−CµBϕ∂RB, ϕ̇µ =
Cµ

R (BZ∂RB−
BR∂ZB). If ideal Ohm’s law for δAs

∥ in equation (21) is used,
we obtain

δu̇∥ =− qs
ms

[
−bRu∥∂RδAh

∥ − bZu∥∂ZδA
h
∥ − (bϕ/R)u∥∂ϕδA

h
∥

+ ∆b∗R∂RδΦ+∆b∗Z∂ZδΦ+∆b∗ϕ∂ϕδΦ
]

−
(
Ṙµ∂R+ Żµ∂Z+ ϕ̇µ∂ϕ

)
⟨δAs

∥⟩ , (A.15)

where∆b∗ = b∗ − b.

Appendix B. Dominant terms in the gyro centers’
equations of motion

The dominant terms in the gyro centers’ equations of motion
are obtained by replacing b∗ with b but still keeping the mag-
netic drift due to the magnetic curvature. The equilibrium part
of the GC motion in (R,ϕ,Z) is as follows,

Ṙ0 = bRu∥ +CdBϕ∂ZB , (B.1)

Ż0 = bZu∥ −CdBϕ∂RB , (B.2)

ϕ̇0 =
bϕ
R
u∥ +

Cd

R
(BZ∂RB−BR∂ZB) , (B.3)

u̇∥,0 =−µ(b∗0R∂RB+ b∗0Z∂ZB) . (B.4)

where Cd = (ms/qs)ρref(v2∥ +µB)Bref/B3, δG= δΦ− u∥δA∥.
The perturbed part of the equations of motion is

δṘ= CE

(
bϕ∂ZδG− 1

R
bZ∂ϕδG

)
− q̄s
m̄s

⟨δĀh
∥⟩bR , (B.5)

δŻ= CE

(
−bϕ∂RδG+

1
R
bR∂ϕδG

)
− q̄s
m̄s

⟨δĀh
∥⟩bZ , (B.6)

δϕ̇ =
CE

R
(bZ∂δRG− bR∂ZδG)−

1
R
q̄s
m̄s

⟨δĀh
∥⟩bϕ , (B.7)

δu̇∥ =− qs
ms

[
bR

(
∂RδΦ− v∥∂RδA

h
∥

)
+ bZ

(
∂ZδΦ− v∥∂ZδA

h
∥

)
+
bϕ
R

(
∂ϕδΦ− v∥∂ϕδA

h
∥

)
+ ∂tδA

s
∥

+
ms

qs

(
Ṙµ∂R+ Żµ∂Z+ ϕ̇µ∂ϕ

)
⟨δAs

∥⟩
]

, (B.8)

where CE = ρrefBref/B, Cµ = (ms/qs)ρrefµBBref/B3, Ṙµ =

CµBϕ∂ZB, Żµ =−CµBϕ∂RB, ϕ̇µ =
Cµ

R (BZ∂RB−BR∂ZB). If
ideal Ohm’s law is used,

δu̇∥ =+
qs
ms

(
bRv∥∂RδA

h
∥ + bZv∥∂ZδA

h
∥ +

bϕ
R
v∥∂ϕδA

h
∥

)
−
(
Ṙµ∂R+ Żµ∂Z+ ϕ̇µ∂ϕ

)
⟨δAs

∥⟩ . (B.9)
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