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Abstract

Classical molecular dynamics (MD) simulations represent a very popular and pow-

erful tool for materials modeling and design. The predictive power of MD hinges on

the ability of the interatomic potential to capture the underlying physics and chem-

istry. There have been decades of seminal work on developing interatomic potentials

albeit with a focus predominantly on capturing the properties of bulk materials. Such

physics-based models, while extensively deployed for predicting dynamics and proper-

ties of nanoscale systems over the past two decades, tend to perform poorly in predict-

ing nanoscale potential energy surface when compared to high-fidelity first-principles

calculations. These limitations stem from the lack of flexibility in such models, which

rely on a pre-defined functional form. Machine learning models and approaches have
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emerged as a viable alternative to capture the diverse size-dependent cluster geome-

tries, nanoscale dynamics and the complex nanoscale potential energy surfaces (PES),

without sacrificing the bulk properties. Here, we introduce an ML workflow that com-

bines transfer and active learning strategies to develop high-dimensional neural net-

works (NN) for capturing cluster and bulk properties for several different transition

metals with applications in catalysis, microelectronics, and energy storage to name a

few. Our NN first learns the bulk PES from the high-quality physics-based models

in literature and subsequently augments this learning via re-training with a higher fi-

delity first-principles training dataset to concurrently capture both the nanoscale and

bulk PES. Our workflow departs from status-quo in its ability to learn from a sparsely

sampled dataset that nonetheless covers a diverse range of cluster configurations from

near-equilibrium to highly non-equilibrium as well as learning strategies that iteratively

improves the fingerprinting depending on model fidelity. All the developed models are

rigorously tested against an extensive first-principles dataset of energies and forces of

cluster configurations as well as several properties of bulk configurations for 10 differ-

ent transition metals. Our approach is material agnostic and provides a methodology

to transfer and build upon the learnings from decades of seminal work in molecular

simulations on to a new generation of ML trained potentials to accelerate materials

discovery and design.

Keywords: Transfer Learning, Active Learning, Materials design, Nano clusters, NN Po-

tentials

Introduction

Molecular dynamics (MD) simulations have been used as a powerful computational tool by

researchers in the fields of physics, chemistry, biology, and materials engineering, to model

dynamical behavior of several material systems, including gases, liquids, solids, surfaces,

and clusters. In recent years with the advancements in synthesis and applications of nano
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system materials, the need for having a computational route to assist with the design of novel

low-dimensional materials has become increasingly crucial. Their exotic optical electronic

magnetic as well as catalytic properties1–7 are diverse and in many instances dependent on the

cluster size. Their structural and dynamical properties are known to significantly different

from their larger nanosized or bulk counterparts. This is attributed to the significantly

higher surface to volume ratio, enhanced presence of dangling bonds, quantum confinement

effect, as well as other electronic effects associated with the presence of d-orbitals which gives

these clusters some unique chemistry.8,9 Beyond energetics, the dynamic evolution of these

nanoclusters is another important factor from a materials design perspective. In several

applications (e.g. catalysis or energy storage), these clusters often undergo structural and

dynamical phase transitions from a stable configuration to another. Thus we need accurate

models that describe the energetics as well as the dynamics of these unique systems to aid

in the designing of novel nanosystems.

High fidelity techniques, for instance, density functional theory (DFT)10,11 and ab-initio

molecular dynamics (AIMD)12 are powerful but computationally expensive and are limited

to much shorter time (∼ ps) and lengthscales (∼ nm). This limits the use of high-fidelity

calculations such as DFT, in the use of exhaustive structure searches even with the most effi-

cient sampling methods (e.g., evolutionary algorithms,13–15 reinforcement learning,16 basin-

hopping,17–19 etc.). A description based on classical mechanics, of the potential energy

surface of the nano and sub-nano clusters of these materials provides us with a computation-

ally cheaper alternative pathway for long timescale calculations of the cluster dynamics or

carry out an exhaustive search of the structure/compositional space of these nano clusters.

Empirical potentials such as the Embedded atom model (EAM) 20,21 which are derived

from concepts based on the density functional theory, and its variants like Sutton-Chen

(SC)22 and Gupta potentials23 , are computationally efficient and have been successful in

predicting much of the bulk properties including the elastic coefficients, thermal expansion

coefficients,24 melting points25 , free energies in both solid and liquid phases25 , description
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of defects20,26 and many more for metals and metal alloys. Bond-order based empirical force

field models (EFF) (e.g, Tersoff-type BOP,27–29 Reactive force field model (ReaxFF)30) are

yet another class of interatomic potentials that attempt to account for bond directionality

in materials via an angular dependence. The existing set of parameters for these pre-defined

models perform well for bulk structures. But these popular and widely available force-field

models which have been successful for bulk systems fail to capture the properties of these

clusters accurately (e.g. see Fig 1 which shows comparison of errors in prediction of energies

and forces between some best state-of-the-art potential models vs. DFT energies for a wide

size range of cluster configurations sampled from near to far-from equilibrium). Most of the

elemental systems have mean absolute errors (MAE) around >> 0.5 eV/atom illustrating

the need for better models that can describe the interactions in low-dimensional systems.

They struggle due to the use of predefined functional form which imposes serious limitations

on the physics and chemistry that can be captured. This is because of the complexity of the

potential energy surface (PES) can only be captured accurately by a very extensive set of

basis functions and the popular empirical force-field models often use only a sub-set of this

complete basis set.

Neural network (NN) based potential models offer an alternative that is flexible enough to

describe accurately the size dependent structural and dynamical properties in these nano and

sub-nanoscale metal clusters.18,43–45 More recently, NN based potential models are emerging

as a popular alternative to the classical functional based models, as a result of the rapid de-

velopments happening in the computational resources in terms of better and faster hardware

as well as the vast selections of electronic structure codes that facilitate us in the efficient

generation of the structural training dataset.46 The primary goal of these training schemes

is to train effective NN potentials to achieve the accuracy and precision of high-fidelity ab

initio methods at a fraction of their computational cost. An inherent limitation of these NN

models is that they are interpolative. The traditional approach to resolve this problem has

been a brute force one where the NN is trained against as large a training dataset as possible.
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(a) (b)

Figure 1: Mean Absolute Errors (MAE) associated for 10 different FCC metal clusters in
predicting (a) energies (meV/atom) and (b) forces (meV/Å) using force field models available
in literature such as EAM/fs,31–35 EAM/alloy,34,36–38 MEAM,39 ADP,40,41 SC/EAM42)

Such large-scale generation of high-fidelity training data can become challenging depending

on the level of the electronic structure calculations employed.47 To tackle the challenges faced

in the generation of an optimised training dataset, there have been several recent efforts to

develop active learning and reinforcement learning strategies that facilitate in the effective

sampling and selection of the training structures for NN models. It is an effort to ensure that

the trained NN describes the potential energy surface for the elements accurately with min-

imum training dataset. For example, an active learning (AL) strategy based on the Query

by Committee (QBC) scheme48 was developed by Smith et al. which uses the disagreement

between an ensemble of ML potentials to probe the reliability of the model’s prediction.

This approach allows for automatic sampling of the regions of chemical space which was not

being described accurately by the ML potential model. It was validated over a test dataset

of a diverse set of organic molecules and their results showed that one requires only 10% to

25% of the data to accurately represent the chemical space of these molecules. In another

approach an AL scheme (deep potential generator (DP-GEN)) that constructs ML models

for simulating materials at the molecular scale was introduced by Zhang et al.49 Their proce-
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dure involve exploration, generation of accurate reference data, and training. They used Al

and Al-Mg as two representative cases and showed that accurate ML models can be trained

with minimum number of reference data. In a recent work, unsupervised machine learning

(ML) scheme coupled with a Bayesian optimization technique that evaluates the Gaussian

Approximation Potential (GAP) model, which used dataset generated from a “melt-quench”

ab initio molecular dynamics (AIMD) was demonstrated by Sivaraman et al.50 From the

trajectories of both melt and quench cycles of the AIMD simulations, the underlying cluster

structures were exploited by partitioning them to “N” uncorrelated clusters. This modified

dataset was sequentially sampled to train the GAP model until the desired accuracy was

achieved. AL framework proposed by Jinnouchi et al.51 uses a structures sampled on ba-

sis of Bayesian inference during molecular dynamics simulations whereby a first principles

calculation is only executed if the bayesian error or spilling factor exceeds a given theash-

old. It allows the bypassing of 99% of the First principles calculations while generating the

forcefield model. Al framework proposed by Gubaev et al. 52 53 uses a variance reduction

query strategy based on the D-optimality criterion whereby the algorithm detects the ma-

chine learning forcefield attempting to extrapolate beyond the training regime and updates

the training set. This allows the forcefield models to be trained on the fly leading to reliable

forcefiled models. Vandermause et al.54 uses structures sampled on-the-fly from AIMD and

an adaptive Bayesian inference method to automate the training of low-dimensional multiple

element interatomic force field models. Their AL framework uses inherent uncertainty of a

Gaussian process regression model to decide acceptance of model prediction or the need to

augment training data. In all of the above studies, the overarching aim in these studies is to

minimize the ab-initio training data required to describe the potential energy surface.

Here, we introduce a new workflow that combines transfer learning (TL) with active learn-

ing (AL) strategy55–57 - we first learn the PES from existing high-quality physics-based mod-

els in literature which describes the bulk systems efficiently, and subsequently augment this

learning via re-training with a higher fidelity albeit sparsely sampled first-principles training
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dataset to concurrently capture both the nanoscale and bulk PES. Our workflow departs

from status-quo in its ability to transfer the learning from decades of high-quality bulk in-

teratomic potentials and subsequently improve via learning from a sparsely sampled dataset

that nonetheless covers a diverse range of cluster configurations from near-equilibrium to

highly non-equilibrium. Our workflow deploys transfer and active learning strategies that

iteratively improves the fingerprinting depending on model fidelity. It allows us to train

NN that learns the description of bulk and nanoscale potential energy surface from minimal

amount of first-principles training data which is sampled on-the-fly from Nested Ensem-

ble Monte Carlo simulations. Briefly, we introduce a two prong strategy (i) active learn

the pair-wise interactions from best spherically symmetric potential models (ii) improve the

learning by introducing 3-body and 4-body interactions against an additional first-principles

sampled dataset. Conventional transfer learning approaches where the neural networks are

trained on existing large scale materials databases and the learning is transferred to smaller

experimental data whereby the existing model is fine tuned for a target domain.58 Our work

diverges from them by first learning the emperical model and transferring the training set

structures whose energies are now recalculated using DFT to train mode complex model de-

scribing the PES with more accuracy. In active learning level, we start with the a minimum

amount of training data (∼ 1 to 3 data points) which are continuously updated using data

points sampled with a Nested Ensemble Monte Carlo scheme that iteratively queries energy

landscape and re-trains the network with an updated training set that includes failed con-

figurations/energies from previous iteration until convergence is attained. The final training

set at the time of convergence is used as starting dataset in the next level of training.

To test the efficacy of our approach, we choose to model energetics of sub nanometer

clusters of those elements which are traditionally described by the Sutton Chen (SC) type

EAM potentials (Ag, Al, Au, Cu, Ir, Ni, Pb, Pd, Pt, Rh), and deploy the AL strategy

to develop a NN potential model that can accurately predict the bulk as well as diverse

geometries of nano clusters for those ten elements. The performance of these NN in capturing

7
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bulk and cluster properties is discussed in detail in the coming sections.

Results and discussion

Active Learning of NN from a Sutton-Chen EAM model

Training with SC EAM

We evaluate the performance of the first stage of our Transfer/Active learning workflow,

where the NN was trained to the SC EAM potential. As part of the training, note that only

the radial symmetry functions were taken into consideration using the fingerprint file. Fig

2 represents the evolution of the Mean absolute error (MAE) in meV/atom as a function of

active learning iterations for the 10 representative elements considered in the study. Figure

2 also represents the number of structures used in training of the network in each of the AL

iteration. The network training is initiated with the least number of seed structures possible

and thus we observe very high errors for the initial NN. With each successive Al iterations,

the NN starts to learn from diverse regions in the potential energy surface (PES). We thus

sample the corresponding configuration space and rapidly add relevant structures from the

initial failed regions to the training set. We can also observe that the error drops rapidly in

the initial stages of the AL and going forward, the addition of more structures slows down

and subsequently, the fine tuning of the network begins. Eventually the NN reaches a stage

where more structures are no longer added i.e. the NN errors are within the specified toler-

ance (< 20 meV/atom). The size of the training set as well as the number of AL iterations

needed to reach the convergence for each of these elements are influenced by a variety of

factors including the range of energies over which the configurations are sampled (from near

to far-from-equilibrium) and the complexity of the configuration space the network is trying

to learn.
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Figure 2: Active learning of a NN potential for the 10 elements nanoclusters from sparse
first-principles data. (a) The mean absolute error of the AL-NN tested on the DFT test set
is plotted as a function of active learning iteration or generation (solid black lines). The
scale on the right y axis of the plot shows the size of the training data (dashed blue lines)
for the same training generation.

Testing the SC trained networks

Fig. 3 represents a correlation plot that compares the performance of the final optimized NN

on the SC training set. The AL-NN predictions of energies and the forces for the clusters in

the training pool are compared with the reference SC EAM model predictions. We find that

the MAE during training is << 20 meV/atom for all the systems and those during testing

are also << 20 meV/atom for most elements except Ir and Rh, which have marginally higher

error owing to increasing configurational diversity in the far-from-equilibrium region. The

predicted MAE in forces are much lower than 0.5 eV/Å for all elements. We also further test

the NN using a validation set of 35000 structures never used in the training process. Fig. 3

(b) and (d) show the correlation between AL-NN predicted energies and forces, respectively

vs. reference SC EAM model. As expected, we find that the final optimized NN is able to

reliably predict the cluster energies for an elaborate test data set generated not only near

equilibrium, but also in the highly non-equilibrium region that extends far beyond. As a

more rigorous test of the performance of AL-NN, we compute the forces on the atoms for the
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various clusters in the validation set and compare those with that obtained from SC EAM.

It should be noted that the forces were not included as part of the training during the AL

iterations. Fig. 3 (d) shows the correlation between the AL-NN predicted vs. SC EAM

forces. Each point in this correlation plot represents one of the force components - Fx, Fy

and Fz acting on a particle. We find the overall MAE between AL-NL vs SC EAM predicted

forces is relatively small i.e MAE << 1 eV/Å for most elements with Ir and Rh displaying

somewhat higher errors (consistent with the trend in the MAE for energies). Given that the

NN had not been trained on the forces, this agreement is of excellent quality.

Performance of SC based neural networks on DFT Test Set

We next compare the SC trained NN and compare its performance with energetics and

forces computed with DFT. While the SC model is expected to deviate from the DFT energies

for certain situations, it is important to quantify the extent of error of the SC trained NN

against a DFT test set. To accomplish this, we further test these networks with the validation

set of 2000 - 3000 structures whose energies were calculated with DFT to probe into how

well a network trained with only radial symmetric functions will perform with respect to

DFT. We find that the NN fails catastrophically in both energy as well as force calculations

(Fig. 4 (a)) - the MAE for most elements are >> 0.5 eV. The corresponding MAE in force

predictions shown in Fig. 4 (b) are also quite high for most elements (>> 1 eV/Å). This

provides hints to the inadequacies of an SC EAM type of potential (spherically symmetric),

which accounts for only the radial symmetry operations, in describing the energetic as well

as dynamics of systems. At the nanoscale, as surface effects begin to dominate, it becomes

imperative to include contributions from angular i.e. 3-body interactions as well.
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(a) (b)

(c) (d)

Figure 3: Performance of the actively learned NN model on an extensively sampled test data
set. Energy correlations comparing actively learnt NN-prediction with the reference SC EAM
energies for (a) the training set (b) test set that comprises of ∼ 35000 cluster configurations.
The dotted black line represents the zero MAE. Force correlations comparing actual force
and that analytically derived from the actively learnt NN over the same (c) training and (d)
test sets. The calculated MAE are provided in the legend of the plot.
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(a) (b)

Figure 4: Performance of the actively learnt NN model trained with SC EAM as reference
on a test data set using DFT. (a) Energy correlations comparing actively learnt SC-NN
prediction with the reference DFT energies for the test set. (b) Force correlations comparing
the DFT forces with that analytically derived from the actively learnt NN over the same test
set

Transfer Learning of SC NN with DFT dataset

Transfer learning and re-training with DFT

Having established that the training with SC EAM as a reference is inadequate to accurately

describe the nanoclusters, we proceed to transfer the learning based on SC dataset to that

from a higher fidelity DFT dataset. We took the training set of the SC converged NN from

the previous stage, recalculated their cohesive energies using DFT. In the case of the DFT,

we need to also account for the monomer energies and the same needs to be subtracted from

the total energy per atom.

Cohesive energy =
Total energy

Number of atoms in the cluster
−Monomer energy (1)

Further we augmented the training set with 100 highly stable bulk configurations and struc-

tures representing the equations of state (EOS) and re-trained the network taking into ac-

12

Page 12 of 37

ACS Paragon Plus Environment

ACS Applied Materials & Interfaces

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



(a) (b)

(c) (d)

Figure 5: Performance of the transfer learnt NN model on an extensively sampled test data
set. Energy correlations comparing actively learnt NN-prediction with the reference DFT
energies for (a) the training set (b) test set that comprises of ∼ 3000 cluster configurations
for each of the 10 elements in study. The dotted black line represents the zero MAE. Force
correlations comparing actual force and that analytically derived from the actively learnt
NN over the same (c) training and (d) test sets. The calculated MAE are provided in the
inset of the plot.
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count the angular symmetry functions. Fig. 5 plots the correlation between the performance

of the re-trained NN on the new training set. The transfer learned NN predictions of energies

and the forces for the clusters in the training pool are compared with the reference DFT

model predictions. MAE for the training set was found to be less than 20 meV/atom, which

is of the same order of magnitude as DFT error.

Testing the transfer learnt networks

We test the transfer learnt NN with a validation set of 2000-3000 structures that was not

part of the training process. Fig. 5 (b) shows the correlation between AL-NN predicted

energies vs. reference DFT energies. As expected, we find that the re-trained NN is able to

reliably predict the nano cluster energies. We observe significant improvement in the accu-

racy of energy as well as force prediction by the NN with respect to the DFT predictions as

seen in Fig. 5(c,d). The agreement between the NN and DFT energy prediction for the test

set of structures is excellent with errors in 20-50 mev/atom range, which is of the same order

of magnitude as DFT error. The structures considered for the training and the test set range

from highly stable configurations to highly unstable ones with cohesive energy close to 0 eV.

Over the entire energy range the networks show close to 1% error in energy predictions. We

also compare our NN model for gold against a similar model which was trained by active

learning directly using DFT.59 The comparison plots are available in the supporting informa-

tion [Figure S52] and we find that our Active Learning + Transfer learning approach yields

very similar performance numbers to a network trained using just active learning using DFT.

Performance on bulk properties

Apart from describing the clusters accurately, it is also essential for the NN to appropriately

describe the bulk properties. Fig 6 (a) shows the comparison between the lattice constants
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(a) (b)

Ir

Rh

Pt

Pd
Ni
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Figure 6: Performance of neural network potentials on bulk mechanical and structural prop-
erties. The figures (a, b) show excellent agreement between DFT and our NN potential for
bulk lattice constant ( - FCC, - other polymorphs) (lattice angles given in SI section 8)
as well as cohesive energies ( - FCC, - other polymorphs). The performance on the three
unique elastic coefficients ( - C11 , - C12, - C44) are demonstrated in figure (c), and all
three show values within 10-15 % error even though the training data did not use elastic
constants as part of the training. The figure (d) represents the equation of state calculated
using DFT (- -) and NN (- -)for a isotropic volume expansion which also shows excellent
agreement.
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Table 1: Performance of neural network potentials on predicting bulk mechanical properties.

Element C11 (GPa) C12(GPa) C44(GPa)

ANN DFT SC Expt ANN DFT SC Expt ANN DFT SC Expt

Ag 120 100 141 13160 96 82 96 9860 32 41 59 5160

Al 117 104 82 10761 98 73 72 6161 53 32 16 2961

Au 140 144 179 18760 126 134 147 15560 16 29 42 4460

Cu 179 180 170 17660 124 127 130 12560 58 79 58 8260

Ir 567 576 476 59960 248 231 311 25660 176 252 212 26960

Ni 217 248 231 26160 153 155 178 15160 122 124 80 13160

Pb 58 47 50 4760 41 32 39 3960 16 18 16 1560

Pd 186 187 248 23461 148 147 176 17661 51 71 93 7161

Pt 320 303 314 35760 260 240 258 25560 29 54 74 7760

Rh 384 397 340 42162 185 182 232 19262 139 177 143 19462

predicted by the NN with the ones predicted by DFT. We find that there is an excellent

agreement between the NN predictions when compared to DFT. The Cohesive energies

predicted by our NN is also in good agreement with the values predicted by DFT as shown

in Fig 6 (b). The correlation between the three unique elastic constants for the ten elements

with an fcc crystal structure considered are given in Fig 6 (c). The elastic constants for

bulk elements also show good agreement with the DFT predicted values even though we

do not use elastic constants as part of our NN training set. The elastic constant C44 posed

the biggest challenge as accurately describing the value required the errors in the energies

be far more smaller than what we had with our SC trained NN. To circumvent this issue,

we augmented our training set with the structures representing the EOS of the elements.

Table 1 provides a summary of the performance of the neural network potentials on bulk

mechanical properties. We find that the elastic constants are predicted within 10-15 % of the

DFT value and were thus able to get an excellent agreement on all three elastic constants

as well as the EOS between the ones predicted by NN vs. DFT (Fig. 6 (c)-(d)).
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Conclusions

In summary, we have introduced a workflow that trains high quality NN to learn the under-

lying physics of inter-atomic and intermolecular interactions from existing classical potential

models and transfer the learning to a network that can be re-trained with higher fidelity

DFT dataset. Such an approach is shown to overcome the limitations of pre-defined func-

tional forms employed in classical MD – our approach builds on the physical models and

incorporates flexibility as well as accuracy via re-training with a DFT dataset. The transfer

learning workflow also includes an active learning loop that generates a NN potential that

does an excellent job of replicating DFT energies over an elaborate energy range for 10 dif-

ferent elemental systems, while using sparse training data sets. Our method first learns the

radial contributions to the potential energy surface of the 10 elements using the SC EAM

potentials followed by transfer learning of the network using DFT as the reference that also

include the angular contributions. Our approach overcomes a significant drawback of SC

EAM potentials which works well for the bulk systems but fails in capturing the energetics

of the nanoclusters. With a relatively sparse dataset on the order of a few hundred SC EAM

augmented with DFT calculations, we build a NN model that is able to concurrently capture

the cluster as well as bulk properties over an extensively sampled DFT test set of 2000 -3000

configurations for each of the 10 elements. We show that our NN provides excellent predic-

tions of both the energies and forces over a wide variety of cluster sizes. Moreover, it also

reasonably captures the structure, cohesive energies, elastic and thermodynamic properties

of bulk condensed phases, in good agreement with DFT calculations.
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Sparse sampling 

Test NN Predictions 

Train Neural Network (NN)

Active Learning from Existing High Quality Potentials Transfer Learning with High Fidelity Dataset

Learning Spherically Symmetric Interactions in 
the Potential Energy Surface

Learning Angular (3-body) Interactions in the 
Potential Energy Surface

5-10 structures

Structures vs Sutton Chen energy

Stochastic Algorithms

Convergence Check

NN vs. Reference

Identify Failed Configurations

Update the Training Pool

AL Optimized NN

Update NN ArchitectureUpdate Training Data

YES

NO

Add Angular Symmetry 
Functions

Compute DFT Energies for 
Sampled Structures 

Retrain NN

Structures vs DFT energy

Test NN Predictions

Clusters and Bulk DFT Data

Final Optimized NN

Figure 7: Representative figure for two stage Active learning workflow. In stage 1 Active
learning iterations done using existing high quality potentials where the spherically symmet-
ric interactions representing the PES is learned. In the second stage the optimised structure
dataset energies are re calculated using DFT and the network architecture is changed to
account for angular symmetry functions that contribute to the PES, and the network is
re-trained to obtain the final optimised ANN force-fields.

METHODS

Overview of our Transfer and Active learning Scheme

We introduce a workflow that trains high-dimensional NN to model bulk and cluster prop-

erties in 2 stages (Fig. 7). In first transfer learning stage, we use the popular Sutton Chen

type force-fields to calculate the energy of the configurations that are added to the training

set. We first ensure that the Neural network trained using these structures would make

predictions closely resembling the ones made by the SC EAM potential. An active learning

approach is used to train the NN via 5 major steps: (1) Training of the NN using the current

training set (a pool of nano structural configurations of the respective elements) and radial

symmetry functions (2) Test the accuracy of predictions made by the trained NN running a

series of stochastic algorithms. (3) An identification of configurational space where the NN

is currently struggling. (4) Update the training set by appending the failed structural con-
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figurations to the set. (5) re-training of the NN with the updated training set and repeating

from step 2.

In stage 2, the final training set sampled from stage 1 is taken and the energies of the

configurations are recalculated using DFT. This training set is augmented with additional

actively (on-the-fly) sampled DFT data (clusters vs energetics) until convergence to DFT

predicted bulk and cluster energetics is obtained. In this stage, the NN employs a more

flexible symmetry functions i.e. accounts for radial as well as angular symmetry functions.

This process allows us to take advantage of the radial nature of the SC EAM potential

(pair-wise) and in the second stage add corrections (3-body and 4-body) that account for

the angular dependence for the potential energies for a nano cluster. The AL strategy

has advantages over the conventional training strategies in that a similar or better quality

NN model is generated with a sparse dataset. This naturally translates into significant

computational cost savings. But In a direct AL strategy one must run multiple iterative

DFT calculations to determine which configurations gets added to the training set. Not all

structures probed gets added and that leads to much more DFT calculations than one needs.

In our approach calculations on those surplus configurations are done using a computationally

cheap physical model, and DFT or other high fidelity methods are used on only the selected

training set. This leads to even more computational advantage at minimal or no impact

to performance of these models. The NNs constructed in this study were interfaced with

the LAMMPS, VASP and Atomic Energy Network (AENet) software package,63 which were

adapted to implement the transfer and AL schemes outlined above. Simulations using these

networks were carried out using AENet interfaced with the Classy Monte Carlo simulation

software64 to perform the sampling during the transfer and AL iterations.

Initialization of the active learning neural network (AL-NN)

The initial training set was limited to a single atom configuration and a highly stable

configuration, representing a reasonably low-energy configuration of the PES, to kickstart
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the training process. Although any number of seed structures can be used, we chose the

least number possible to introduce minimal bias in our AL workflow.

NN Architecture

We use a NN architecture with 4 layers of neurons. The hidden layers made of 15 nodes each.

For stage 1 where we train the networks to a training set obtained using SC EAM forcefields,

we use 8 nodes in the input layer. For stage 2 where the network is trained to DFT PBE

energies an input layer of 30 nodes is used. These input nodes hold the symmetry functions

that represent the potential energy surfaces of the different elements under consideration.

The output layer with one node represent the potential energy of a given configuration.

Besides, the input layer and the hidden layers contain a bias node that provides a constant

signal to all the nodes of its next layer.

When It comes to deciding the architecture of the NN model to be trained the primarily goal

is to find the smallest network which will still give a sufficiently low error. Larger networks

are both prone to overfitting as well as being too slow for any reasonable application. In our

prior works, we have performed hyperparameter optimization and find that 4 layers and 15

nodes in each hidden layer work well for training on sparser datasets and have low acceptable

prediction or test errors. We have retained the network architecture that was optimized in

our previous studies.55,59

The spatial coordinates of an atom in a nano structural configuration are mapped into the

rotational and translational invariant co-ordinates as

G1
i =

∑
j

e−η(rij−Rs) · fc (rij) 65,66 (2)

G2
i = 21−ζ

N∑
j,k ̸=i

(1 + λ cos θijk)
ζ · e−η(r2ij+r2ik) · fc (rij) · fc (rik) 65,66 (3)
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Here fc (rij) = 0.5
[
cos

(
πrij
Rc

)
+ 1

]
for rij < Rc and fc (rij) = 0.0 otherwise.65,66 rij corre-

sponds to the distance between two atoms in a cluster and θijk is the angle between rij and

rik )

For stage 1, we used 8 radial symmetry functions G1 each with different η values (Table

2). This decision to use only the radial symmetry functions at this stage was taken to

leverage the radially symmetric nature of the Sutton Chen EAM forcefields. For stage 2

along with the above radial symmetry functions 22 angular symmetry functions were also

used with a distinct set of parameters (Table 2). This allowed us to map the increased

complexities of the potential energy surface described by DFT for each of the elements in

this study.

Table 2: Parameters of the 8 radial symmetry functions G1 and 22 angular symmetry func-
tions G2

G1 η G2 η λ ζ G2 η λ ζ

1 0.006428 1 0.000357 -1 1 12 0.055357 -1 3

2 0.012856 2 0.005357 -1 1 13 0.060357 -1 4

3 0.025712 3 0.010357 -1 1 14 0.065357 -1 4

4 0.051424 4 0.015357 -1 2 15 0.070357 -1 4

5 0.102848 5 0.020357 -1 2 16 0.075357 -1 4

6 0.205696 6 0.025357 -1 2 17 0.080357 -1 4

7 0.411392 7 0.030357 -1 3 18 0.085357 -1 5

8 0.822784 8 0.035357 -1 3 19 0.070357 -1 6

9 0.040357 -1 3 20 0.075357 -1 7

10 0.045357 -1 3 21 0.080357 -1 8

11 0.050357 -1 3 22 0.085357 -1 9

For this study we represent each atom of a structural configuration by a neural network
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with the identical architecture and weight parameters. The total potential energy of the

of that structure is defined as the sum of the values given by the output nodes of each

of the NN. In every NN, all the compute nodes in the hidden layers receive the weighted

signals from all the nodes of its previous layer and feeds them forward to all the nodes of

the next layer via an activation function as xij = f
(∑

k W
2
k,j · x(i−1),k + bi,j

)
for this work

we have used f (x) = tanh (x) as the activation function for the compute nodes. For both

stages of the training all the weights that connect any two nodes are optimized using the

Levenberg-Marquardt67 method, as implemented within the framework of AEnet.63

NN training and optimization

A Levenberg-Marquardt approach68 was used to optimize the neural network weights for

each AL generation. The initial training set was limited to a single atom configuration

and a highly stable configuration. For each of the active learning cycles the network was

trained for 2000 epochs each representing a complete training cycle. The training scheme in

AENet implements a k-fold cross validation scheme, where only a fraction of structures in the

training set are used for objective minimization. The structures not used for the objective

minimisation are used to cross validate the network to prevent over fitting, and the network

with the least error with the cross validation scheme was chosen to be best network of the

cycle and carried forward.

Configuration sampling

Following the selection of the best network, a series of simulations are run to actively sam-

ple the configurational space described by the selected NN. For the purposes of this work in

the first stage, a Boltzmann based Metropolis Monte Carlo sampling and a modified nested

ensemble based approach69 were used to generate the structures for each AL iteration.

The success of an active learning scheme is based on the algorithm’s ability to probe for

configurations that are incorrectly predicted. In several past active learning works51,52,54 a
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partly trained ML model is used to run MD simulations to generate new training structures.

But in our past works59 we found that simple thermal sampling is not sufficient in properly

exploring the configurational space. Thermal sampling tends to sample only over a narrow

range of thermally relevant structures. It is near impossible to sample high energy config-

urations under thermal sampling because the probability will be prohibitively small. An

approach to overcome this is to run simulations at multiple higher temperatures. But this

would not be an efficient way to sample because of the wide range of temperatures required.

Having high energy and low probability structures in your training set is important for your

models to learn the PES in the repulsive region. This will lead to better stability to your

model when running MD simulations over wide range of conditions. However, naive sam-

pling approaches such as purely random cluster generation with no care given to energetics

is often no better as this encounters the opposite problem in that it over biases the sampling

toward entropically favored configurations while ignoring lower energy and other physical

relevant states. As such the Modified Nested Ensemble which works by continuously halving

the density of states was found to be a nice compromise between pure thermal or purely

random sampling. The Metropolis simulation was run for 5, 000 MC cycles with 30 moves

per cycle at 300K with the initial structure being randomly picked from the current neural

network training pool. The Nested Ensemble simulations were run for another 24,000 cycles

with 30 moves per cycle. Such a larger sampling through the nested sampling was required

such that for elements with configurations with more diverse energy ranges would be covered

completely and the structures representing the large range may be tested against the NN in

the next step

Testing the NN

After the stochastic sampling step is completed, a set of 10 structures are gathered from

the trajectory files of the Metropolis and a set of 15 structures are gathered from Nested

Sampling trajectory files. These are sampled by dumping a structure every 1000 cycles for
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the metropolis run and for the nested sampling run dumping a structure every 1600 cycles.

For the nested sampling run this is set up such that we pull one structure from each energy

“strata” as the nested sampling gradually constricts the energy space. This ensures we are

always testing structures ranging from very high energy down towards more equilibrium and

low energy regions of the configurational phase space. The primary goal of this is to expose

structures that the model incorrectly labels. In stage 1 the real energies of the structures

were calculated using Sutton Chen EAM potentials and compared with the predictions of

the NN model. Each time the energies do not agree within a specific tolerance that structure

is added to the training set of structures. here we use a variable tolerance scheme where

the tolerance of each cycle is determined as the 105% training error for that cycle the value

for which can be obtained from the AENet log files for the training. This ensures that the

structures whose energies are predicted catastrophically wrong compared to the training error

are added into the training set each cycle. This ensures that in the initial stages of active

learning all relevant structures in both the highly stable regime as well as the higher energy

configurations get added to the training set at a higher pace as well as, in the later stages

of the active learning slows down the addition of structures to the training set, reducing

the risk of the network overfitting. This entire process is continued until the exit criteria

is hit. For this work, we specified that if no new structures were added in 9 consecutive

AL iterations, that the potential has converged. The converged NN potential following the

stage 1 was validated extensively with a validation set of 35000 structures which spanned

the entire range of energies the network was trained in.

DFT Calculations

The reference energies and forces of all the cluster configurations were computed using den-

sity functional theory (DFT) as implemented in the Vienna Ab initio Simulation Package

(VASP).70 The low energy cluster configurations71,72 are further relaxed using conjugate

gradient approach73 whereas in the case of non-equilibrium cluster we perform static DFT
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calculation to compute their energies and forces. To avoid interactions between two peri-

odic images we assign the box length such that the distance between two periodic images is

at least 15 Å or larger. The DFT calculations were performed using the generalized gra-

dient approximation (GGA) with the Perdew-Burke-Ernzerhof (PBE) exchange correlation

functional, and the projected-augmented wave (PAW) pseudo-potentials.74 The details of

pseudo-potentials used in our calculations are provided in the Table S1 in Supplementary

Information Section 1. Spin polarized calculations with the Brillioun zone sampled only at

the Γ-point were performed. To handle errors that may arise during the structural relax-

ation or static DFT calculations, our high throughput workflow used an in-house python

wrapper28,75,76 around VASP along with a robust set of error handling tools.

Transfer learning and re-training using DFT

For stage 2, we perform transfer learning by taking the converged training set from stage

1 and recalculating their energies using DFT-PBE. The training set was augmented with

a set of 100 highly structurally optimized clusters as well as the structures representing

the EOS for each of the elements. This was implemented in order to further facilitate

the NN in accurately predicting the forces for highly stable structures as well as the bulk

elastic constants. The NN was re-trained using revised fingerprint files which accounted for

the radial as well as the angular symmetry operations. The re-trained networks were also

validated extensively with validation sets of 2000 - 3000 structures. To evaluate the equation

of state (EOS) plot for all these FCC metals, ± 5% strain was applied in all three directions.

The initial bulk structure of fcc system for each of these elements has been collected from

materials project database.77 Three independent elastic constants, were determined for cubic

system by employing suitable lattice distortions represented by a strain tensor, ϵ in such a

way that the new lattice vectors r’ in the distorted lattice is given by r’ = (I+ ϵ)r where I

is the unit matrix. The different values of e to be used for the different lattice distortions is

given in Table 3. This method was adapted from our previous work and the workflow was
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modified to perform both the active and transfer learning stages.59,78–82

ε =


e1

e6
2

e5
2

e6
2

e2
e4
2

e5
2

e4
2

e3

 (4)

Table 3: Three strain combinations in the strain tensor for calculating the three elastic
constants (C11, C12, and C44) of bulk cubic structure of FCC metals. The magnitude of
applied strain is varied in steps of 0.005 from δ=-0.05 to 0.05. ∆E is the difference in energy
between that of the strained lattice and the unstrained lattice. The unstrained lattice volume
is V0.

59,80

Strain Parameters (unlisted ei = 0) ∆E/V0

1 e1 = e2 = δ, e3 =
1

(1+δ)2
− 1 3(C11 − C12)δ

2

2 e1 = e2 = e3 = δ 3
2
(C11+C12)δ

2

3 e6 = δ, e3 = δ2(4− δ2)−1 1
2
C44δ

2

Supporting Information Available

Detailed Information on the Benchmarking tests on empirical potentials available for the 10

elements. Details of the DFT calculations. Detailed Plots for all testing and validation of

the 10 networks trained.
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