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A TYPE II HAMILTONIAN VARIATIONAL PRINCIPLE AND ADJOINT

SYSTEMS FOR LIE GROUPS

BRIAN K. TRAN1 AND MELVIN LEOK2

Abstract. We present a novel Type II variational principle on the cotangent bundle of a Lie
group which enforces Type II boundary conditions, i.e., fixed initial position and final momentum.
In general, such Type II variational principles are only globally defined on vector spaces or locally
defined on general manifolds; however, by left translation, we are able to define this variational
principle globally on cotangent bundles of Lie groups. Type II boundary conditions are particu-
larly important for adjoint sensitivity analysis, which is our motivating application. As such, we
additionally discuss adjoint systems on Lie groups, their properties, and how they can be used to
solve optimization problems subject to dynamics on Lie groups.

1. Introduction

We present a Type II Hamiltonian variational principle on the cotangent bundle of a Lie group which
enforces the dynamics of a Hamiltonian system subject to initial position and fixed final momentum
boundary conditions, using the trivialization of the cotangent bundle by left trivialization. For the
particular choice of Hamiltonian given by the adjoint Hamiltonian associated with an ODE on a Lie
group, this Type II variational principle will yield the trivialized adjoint system for dynamics on a
Lie group with Type II boundary conditions. We discuss properties this system and how it naturally
arises in optimization problems on Lie groups. As an example, we will show how discretizing the
Type II variational principle results in Lie group variational integrators (see [5; 18; 21–23; 27; 30])
and furthermore, discuss such integrators in the context of adjoint systems.

1.1. Adjoint Systems. The solution of many nonlinear problems involves successive linearization,
and as such variational equations and their adjoints play a critical role in a variety of applications.
Adjoint equations are of particular interest when the parameter space has significantly higher di-
mension than that of the output or objective. In particular, the simulation of adjoint equations
arise in sensitivity analysis [7; 8], adaptive mesh refinement [26], uncertainty quantification [42], au-
tomatic differentiation [14], superconvergent functional recovery [34], optimal control [35], optimal
design [13], optimal estimation [33], and deep learning viewed as an optimal control problem [4].

The study of geometric aspects of adjoint systems arose from the observation that the combina-
tion of any system of differential equations and its adjoint equations are described by a formal
Lagrangian [16; 17]. This naturally leads to the question of when the formation of adjoints and
discretization commutes [38], and prior work on this include the Ross–Fahroo lemma [36], and
the observation by Sanz-Serna [37] that the adjoints and discretization commute if and only if the
discretization is symplectic.
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In [40], we investigated the symplectic and presymplectic geometry of adjoint systems associated
with ODEs and DAEs on finite-dimensional manifolds, respectively. In [41], we extended this
investigation to adjoint systems associated with evolutionary PDEs on infinite-dimensional spaces.
Here, we will consider adjoint systems associated with dynamics on Lie groups specifically, as they
arise broadly in control and optimization. Since Lie groups are parallelizable, we will investigate
adjoint systems on the trivialization of the cotangent bundle T ∗G of a Lie group G. We now
introduce such systems.

Example 1.1 (Adjoint Systems on Lie Groups). Consider an ODE on a Lie group G given by
ġ = F (g), specified by a vector field F on G. We associate with F the adjoint Hamiltonian H :
T ∗G! R, given by

H(g, p) = ⟨p, F (g)⟩,
where (g, p) are canonical coordinates on T ∗G. We refer to the Hamiltonian system iXH

Ω = dH,
relative to the canonical symplectic form Ω on T ∗G, as the adjoint system associated with the ODE
ġ = F (g). In coordinates, the adjoint system has the form

ġ = F (g),

ṗ = −DF (g)∗p,

where DF (g) denotes the linearization of F at g and Df(g)∗ its adjoint with respect to the pairing
⟨·, ·⟩ : T ∗

gG × TgG ! R. For a time interval [0, T ], we will be interested in Type II boundary
conditions for the above system, i.e., g(0) = g0 and p(T ) = p1. The motivation for considering Type
II boundary conditions, arises from the fact that, viewing the ODE on G as flowing forward in time,
the momentum or adjoint variable flows backwards in time and can be used to extract derivative
information of cost functions in the context of optimization problems subject to the dynamics on
the Lie group. We will describe this in more detail in Section 3.

2. A Type II Variational Principle on Cotangent Bundles of Lie Groups

A Type II variational principle for Hamiltonian systems on the vector space T ∗Q ∼= Q × Q∗ was
introduced in [24]; however, this variational principle relies on a quantity of the form ⟨p(T ), q(T )⟩
which does not make intrinsic sense on the cotangent bundle of a manifold T ∗M . Furthermore,
such a variational principle requires specifying a terminal condition on the covector p(T ) = p1
without specifying its basepoint q(T ), which similarly does not make intrinsic sense on T ∗M . We
present an alternative Type II variational principle which remedies these issues, in the case of the
cotangent bundle of a Lie group.

To develop a variational principle for Hamiltonian systems on T ∗G, we first consider the boundary
conditions that we wish to place on the system. Note that fixed endpoint conditions on the basespace
g(0) = g0, g(T ) = g1 are generally incompatible with systems of the form given in Example 1.1,
since adjoint systems on T ∗G cover first-order ODEs on G and thus, one cannot freely specify
both g(0) and g(T ). As such, we instead consider Type II boundary conditions of the form g(0) =
g0, p(T ) = p1. As mentioned above, the issue with these boundary conditions is that one cannot
intrinsically specify a covector p(T ) = p1 without specifying the basepoint q(T ) = q1. This is
not an issue for adjoint systems in particular, since the time-T flow of the underlying ODE on
G determines the basepoint where p1 is specified. However, since we would like this variational
principle to apply to general Hamiltonian systems on T ∗G, we do not restrict ourselves to adjoint
systems in this section. Fortunately, we can make sense of Type II boundary conditions on Lie
groups, since T ∗G is trivializable by left-translation.

Let g = TeG denote the Lie algebra of G and g∗ = T ∗
eG be its dual. We will denote the duality

pairing between v ∈ TgG and p ∈ T ∗
gG by ⟨p, v⟩, where the base point is understood in context. Let
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Lg : G! G denote left-translation by g, Lg(x) = gx. Left-translation induces maps on the tangent
bundle and cotangent bundle of G by pushforward and pullback, respectively, which we denote by

TxLg : TxG! TgxG,

T ∗
xLg : T ∗

gxG! T ∗
xG.

For vg ∈ TgG, pg ∈ T ∗
gG, we will adopt the following compact notation for their left-translations to

their respective fibers over the identity,

g−1vg ≡ TgLg−1(vg) ∈ g,

g∗pg ≡ T ∗
e Lg(pg) ∈ g∗.

This notation is suggestive, since in the case that G is a matrix Lie group, the left-translation of a
tangent vector to the fiber over the identity acts by matrix multiplication by the inverse of g and
the left-translation of a covector to the fiber over the identity acts by matrix multiplication by the
adjoint of g.

A useful fact is that the pairing ⟨pg, vg⟩ is preserved under left-translation,

⟨g∗ · pg, g−1 · vg⟩ = ⟨T ∗
e Lg(pg), TgLg−1(vg)⟩ = ⟨pg, TeLg ◦ TgLg−1(vg)⟩

= ⟨pg, Tg(Lg ◦ Lg−1)(vg)⟩ = ⟨pg, vg⟩.

By left-translation on the cotangent bundle, we get the trivialization T ∗G ∼= G × g∗. With this
trivialization, we can make sense of Type II boundary conditions g(0) = g0 ∈ G,µ(T ) = µ1 ∈ g∗,
with coordinates (g, µ) on G× g∗.

What remains is to construct a variational principle. Recall that the action for a Hamiltonian
system on T ∗G is given by

S[g, p] =

∫ T

0

(
⟨p, ġ⟩ −H(g, p)

)
dt,

where H : T ∗G! R. By left-translation, with µ = g∗ · p, we define the left-trivialized Hamiltonian
h : G× g∗ ! R as

h(g, µ) ≡ H(g, g∗−1 · µ) = H(g, p).

The action can then be expressed as

S[g, p] =

∫ T

0

(
⟨p, ġ⟩ −H(g, p)

)
dt =

∫ T

0

(
⟨g∗ · p, g−1 · ġ⟩ −H(g, p)

)
dt

=

∫ T

0

(
⟨µ, g−1 · ġ⟩ − h(g, µ)

)
dt =: s[g, µ].

We refer to s[g, µ] as the left-trivialized action.

Now, we prescribe boundary conditions g(0) = g0 ∈ G, µ(T ) = µ1 ∈ g∗. Given a curve (g(t), p(t))
on T ∗G, by left-translation, the terminal momenta condition µ(T ) = µ1 on g∗ corresponds to
p(T ) = g(T )∗−1 · µ1 ∈ T ∗

g(T )G. To state a variational principle, we observe that by left-translation,

we can prescribe a boundary condition on µ(T ) which, under the inverse of the trivialization,
corresponds to a boundary condition on p(T ). Now, consider variations (δg, δp) of a curve (g, p)
satisfying δg(0) = 0 and δp(T ) = 0, which correspond to Type II boundary conditions. Since δg(T )
is arbitrary (as opposed to traditional variational principles which fix both position endpoints),
virtual work can always be performed on this system through such variations, i.e., the variation
of the action under such variations would be ⟨p(T ), δg(T )⟩, or equivalently, ⟨µ(T ), η(T )⟩ where we
defined the left-trivialization of the variation η = g−1 ·δg. Thus, we cannot demand that the action
S (equivalently, s) is stationary since one can always introduce virtual work as described above;
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however, we can demand that it is stationary modulo the virtual work that is introduced into the
system by varying the terminal point g(T ). Thus, we impose the variational principle

δS[g, p] = ⟨p(T ), δg(T )⟩,
or equivalently, by left translation

δs[g, µ] = ⟨µ(T ), η(T )⟩,
subject to variations fixing g(0) and p(T ) (equivalently, µ(T )). We refer to this variational principle
as the Type II d’Alembert variational principle, due to its similarity to the d’Alembert variational
principle which utilizes virtual work to derive forced Lagrangian or Hamiltonian systems [29].

Theorem 2.1 (Type II d’Alembert Variational Principle). The following are equivalent:

(i) The Type II d’Alembert variational principle

δS[g, p] = ⟨p(T ), δg(T )⟩
on T ∗G is satisfied, where the variations (δg, δp) of the curve (g, p) satisfy δg(0) = 0, δp(T ) =
0, which correspond to boundary conditions g(0) = g0, p(T ) = g(T )∗−1 · µ1.

(ii) Hamilton’s equations hold in canonical coordinates on T ∗G, with the above Type II boundary
conditions,

ġ = DpH(g, p),(2.1a)

ṗ = −DgH(g, p),(2.1b)

g(0) = g0,(2.1c)

p(T ) = g(T )∗−1 · µ1.(2.1d)

(iii) The Type II d’Alembert variational principle

δs[g, µ] = ⟨µ(T ), η(T )⟩
on G × g∗ is satisfied, where the variation δg is left-trivialized as η = g−1 · δg and the
variation δp is left-trivialized as δµ = g∗ · δp, with δη(0) = 0, δµ(T ) = 0, which correspond
to boundary conditions g(0) = g0, µ(T ) = µ1.

(iv) The Lie–Poisson equations hold on G× g∗, with the above Type II boundary conditions,

ġ = g ·Dµh(g, µ),(2.2a)

µ̇ = −g∗ ·Dgh(g, µ) + ad∗Dµh(g,µ)
µ,(2.2b)

g(0) = g0,(2.2c)

µ(T ) = µ1.(2.2d)

Remark 2.1. Above, we denote by DgH,DpH,Dgh,Dµh the derivatives of H, which are related
to the exterior derivative dH of H by

dH(g, p) · (δg, δp) = ⟨DgH(g, p), δg⟩+ ⟨δp,DpH(g, p)⟩,
dh(g, µ) · (δg, δµ) = ⟨Dgh(g, µ), δg⟩+ ⟨δµ,Dµh(g, µ)⟩.

Proof. To see that (i) and (ii) are equivalent, compute the variation of S,

δS[g, p] =

∫ T

0

(
⟨δp, ġ⟩+

〈
p,

d

dt
δg

〉
− ⟨DgH, δg⟩ − ⟨δp,DpH⟩

)
dt

=

∫ T

0

(
⟨δp, ġ −DpH⟩+ ⟨−ṗ−DgH, δg⟩

)
dt+ ⟨p, δg⟩

∣∣∣T
0
.
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If (ii) holds, the integrand above vanishes by the equations of motion; furthermore, δg(0) = 0.
Thus, the above expression reduces to

δS[g, p] = ⟨p(T ), δg(T )⟩,
i.e., (i) holds. Conversely, if (i) holds, we have

0 = δS[g, p]− ⟨p(T ), δg(T )⟩ =
∫ T

0

(
⟨δp, ġ −DpH⟩+ ⟨−ṗ−DgH, δg⟩

)
dt.

Then, by the fundamental lemma of the calculus of variations, (ii) holds.

To see that (iii) is equivalent to (iv), compute the variation of s. For simplicity, we denote the
left-translation of ġ by ξ = g−1 · ġ and similarly η = g−1 · δg.

δs[g, µ] =

∫ T

0

(
⟨δµ, g−1 · ġ⟩+

〈
µ, g−1 d

dt
δg − g−1 · δgg−1 · ġ

〉
− ⟨δµ,Dµh⟩ − ⟨Dgh, δg⟩

)
dt

=

∫ T

0

(
⟨δµ, g−1 · ġ −Dµh⟩+ ⟨µ, η̇ + adξη⟩ − ⟨g∗ ·Dgh, η⟩

)
dt

=

∫ T

0

(
⟨δµ, g−1 · ġ −Dµh⟩+ ⟨−µ̇+ ad∗ξµ− g∗ ·Dgh, η⟩

)
dt+ ⟨µ, η⟩

∣∣∣T
0
.

If (iv) holds, the integrand above vanishes by the equations of motion, noting that ξ = g−1·ġ = Dµh;
furthermore, η(0) = 0. Thus, the above expression reduces to

δs[g, µ] = ⟨µ(T ), η(T )⟩,
i.e., (iii) holds. Conversely, if (iii) holds, we have

0 = δs[g, µ]− ⟨µ(T ), η(T )⟩ =
∫ T

0

(
⟨δµ, g−1 · ġ −Dµh⟩+ ⟨−µ̇+ ad∗ξµ− g∗ ·Dgh, η⟩

)
dt.

Then, by the fundamental lemma of the calculus of variations, (iv) holds.

Finally, (i) and (iii) are equivalent by left-translation, since S[g, p] = s[g, µ] and ⟨p(T ), δg(T )⟩ =
⟨µ(T ), η(T )⟩. □

Remark 2.2. Note that one can also modify the above variational principle to include external
forces by adding the virtual work done by the external force. Given a left-trivialized external force
f : [0, T ]! g∗, one can modify the above variational principle to

δs[g, µ] = ⟨µ(T ), η(T )⟩+
∫ T

0
⟨f, η⟩dt,

or equivalently,

δS[g, p] = ⟨p(T ), δg(T )⟩+
∫ T

0
⟨g∗−1 · f, δg⟩dt.

This modifies the momenta equations (2.2b) on G× g to include the external force,

µ̇ = −g∗ ·Dgh(g, µ) + ad∗Dµh(g,µ)
µ+ f,

or equivalently, modifies the momenta equation (2.1b) on T ∗G to be

ṗ = −DgH(g, p) + g∗−1 · f.

A particularly important class of Hamiltonians are the left-invariant Hamiltonians, which are func-
tions H : T ∗G! R that are invariant under the cotangent lift of left-multiplication by any x ∈ G,
i.e.,

H ◦ T ∗Lx = H for all x ∈ G.
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In terms of our notation, that is

H(xg, x∗−1p) = H(g, p) for all x ∈ G, (g, p) ∈ T ∗G.

For such left-invariant Hamiltonians, the dynamics on T ∗G reduce to dynamics on g∗ [28].

Given a left-invariant Hamiltonian H, we define the reduced Hamiltonian H̃ : g∗ ! R by

H̃(µ) = H(e, µ).

Then, equation (2.2b) for µ̇ reduces to

(2.3) µ̇ = ad∗
DµH̃(µ)

µ,

where we used that
H̃(µ) = H(e, µ) = H(g, g∗−1µ) = h(g, µ),

and hence, Dgh(g, µ) = 0. Thus, as can be seen from equation (2.3), the momentum equation
decouples from the dynamics on G: (2.3) with µ(T ) = µ1 can be solved independently and subse-
quently, (2.2a) can be used to reconstruct the dynamics on G. Hence, for a left-invariant system,
the full dynamics on T ∗G are completely encoded by the reduced dynamics on g∗.

3. Adjoint Systems on Lie Groups

In this section, we develop the theory of adjoint systems and sensitivity analysis on Lie groups. We
thus focus on the case where the Hamiltonian system on T ∗G is an adjoint system, as introduced
in Example 1.1.

Let F be a vector field on G and consider the differential equation ġ = F (g) on G. We define the
adjoint Hamiltonian associated with F as

H : T ∗G! R,
(g, p) 7! H(g, p) ≡ ⟨p, F (g)⟩.

In canonical coordinates (g, p) on T ∗G, the adjoint system (2.1a)-(2.1b) has the form

ġ = F (g),

ṗ = −DF (g)∗p.

We begin by computing the Lie–Poisson equations (2.2a)-(2.2b) for this particular class of adjoint
Hamiltonians. We denote by f the left-trivialization of F ,

f : G! g,

g 7! f(g) ≡ g−1 · F (g).

Then, the left-trivialized Hamiltonian h : G × g∗ ! R is given by h(g, µ) = ⟨µ, f(g)⟩. Computing
the functional derivatives of h yields

Dµh(g, µ) = f(g),

Dgh(g, µ) = Df(g)∗µ.

Thus, the Lie–Poisson system (2.2a)-(2.2b) for the adjoint Hamiltonian has the form

ġ = F (g),(3.1a)

µ̇ = −g∗ · [Df(g)]∗µ+ ad∗f(g)µ.(3.1b)

We now address the question of existence and uniqueness for solutions of the Type II system
(2.2a)-(2.2d). For general Hamiltonians on T ∗G, this is a complicated question which is dependent
on the particular Hamiltonian. In particular, since the system has Type II boundary conditions
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g(0) = g0, µ(T ) = µ1, it can be interpreted as a two-point boundary value problem whose solution
theory is in general problem dependent (see, e.g., [1; 3; 12]), as opposed to initial-value problems
with g(0) = g0, µ(0) = µ0 where the solution would simply be given by the flow of the vector field.

However, for adjoint systems in particular, we can provide a global solution theory which utilizes
the fact that the adjoint system covers an ODE on G. Assuming the ODE on G behaves nicely,
we will have unique solutions for the adjoint system on T ∗G. We make this more precise in the
following proposition.

Proposition 3.1 (Global Existence and Uniqueness of Solutions to Adjoint Systems on T ∗G).
Let T > 0, g0 ∈ G,µ1 ∈ g∗. Let F be a complete vector field on G, i.e., it generates a global flow
ΦF : R×G! G.

Then, there exists a unique curve (g, µ) : [0, T ]! G×g∗ satisfying the Lie–Poisson system with Type
II boundary conditions (2.2a)-(2.2d), where h is the left-trivialized adjoint Hamiltonian associated
with F .

Furthermore, there exists a unique curve (g, p) : [0, T ]! T ∗G satisfying Hamilton’s equations with
Type II boundary conditions (2.1a)-(2.1d), where H is the adjoint Hamiltonian associated with F .

Proof. By the fundamental theorem on flows [20], there exists a unique curve g : R! G satisfying
ġ = F (g) and g(0) = g0, given by the flow of F on g0, g(t) = ΦF (t, g0). In particular, g is a smooth
function of t, since F is smooth. Recall that we assume all maps and manifolds are smooth, unless
otherwise stated.

Now, with this curve g(t) fixed, we substitute this into the differential equation for µ (2.2b), to
obtain

µ̇ = −g(t)∗ · [Df(g(t))]∗µ+ ad∗f(g(t))µ.

In particular, this equation has the form of a time-dependent linear differential equation on g∗,

µ̇ = L(t)µ,

where we define the time-dependent linear operator L : R! End(g∗) by

(3.2) L(t) = −g(t)∗ · [Df(g(t))]∗ + ad∗f(g(t)).

Since g is a smooth function of t, L is a smooth, and in particular continuous, function of t.
Hence, by the standard solution theory for linear differential equations, there exists a unique curve
µ : [0, T ]! g∗ satisfying µ̇ = L(t)µ and µ(T ) = µ1.

For the second statement of the proposition, note that solution curves (g, p) : [0, T ] ! T ∗G of
(2.1a)-(2.1d) are in one-to-one correspondence with solution curves (g, µ) : [0, T ] ! G × g∗ of
(2.2a)-(2.2d) via left-translation. □

By the above proposition, we know that there exists a unique solution to the adjoint system on
T ∗G with Type II boundary conditions, under the assumption that F is complete. For Lie groups,
there are two particularly important cases where this assumption is satisfied.

Corollary 3.1. If G is a compact Lie group, then the above proposition holds for any vector field
F on G.

If F is a left-invariant vector field on a (not necessarily compact) Lie group G, then the above
proposition holds.

Proof. The first statement follows from the fact that any vector field on a compact manifold is
complete. The second statement follows from the fact that any left-invariant vector field on a Lie
group is complete. See [20]. □
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The Variational System. An important property of adjoint systems is that they satisfy a
quadratic conservation law, which is at the heart of the method of adjoint sensitivity analysis [37].

To state this conservation law, we introduce the variational equation associated with an ODE
ġ = F (g) on a Lie group G, which is defined to be the linearization of the ODE,

d

dt
δg = DF (g)δg.

We refer to the combined system

d

dt
g = F (g),(3.3a)

d

dt
δg = DF (g)δg,(3.3b)

as the variational system, which is interpreted as an ODE on TG.

As with the adjoint system, it will be useful to left-trivialize this system, which will give an ODE
on G× g. As before, let f(g) = g−1 · F (g) be the left-trivialization of F . Let η = g−1 · δg and let
ξ = g−1 · ġ. As is well-known (see, for example, [28]), we have the relation

η̇ = δξ − [ξ, η].

In particular, since ξ = g−1 · ġ = f(g), we have δξ = Df(g)δg = Df(g)g · η, so that the above
relation becomes

η̇ = Df(g)g · η − [f(g), η],

which we refer to as the left-trivialized variational equation. We refer to the combined system

ġ = F (g),(3.4a)

η̇ = Df(g)g · η − adf(g)η,(3.4b)

as the left-trivialized variational system on G × g. Analogous to Proposition 3.1 on the existence
and uniqueness of solutions for adjoint systems, we have the following result.

Proposition 3.2 (Global Existence and Uniqueness of Solutions to Variational Systems on TG).
Let T > 0, g0 ∈ G, η0 ∈ g. Let F be a complete vector field on G, i.e., it generates a global flow
ΦF : R×G! G.

Then, there exists a unique curve (g, η) : [0, T ] ! G × g satisfying the left-trivialized variational
system (3.4a)-(3.4b) with initial conditions g(0) = g0, η(0) = η0.

Furthermore, there exists a unique curve (g, δg) : [0, T ] ! TG satisfying the variational system
(3.3a)-(3.3b) with initial conditions g(0) = g0, δg(0) = g0 · η0.

Proof. The proof is almost identical to the proof of Proposition 3.1. □

We can now state the quadratic conservation law enjoyed by solutions of the adjoint and variational
systems.

Theorem 3.1. Let (g, µ) be a solution curve of the left-trivialized adjoint system and let (g, η) be
a solution curve of the left-trivialized variational system, both covering the same base curve g. Let
(g, p) and (g, δg) be the respective solution curves for the adjoint system and variational system
obtained by left-translation. Then,

d

dt
⟨µ(t), η(t)⟩ = 0,(3.5a)

d

dt
⟨p(t), δg(t)⟩ = 0.(3.5b)



A TYPE II HAMILTONIAN VARIATIONAL PRINCIPLE AND ADJOINT SYSTEMS FOR LIE GROUPS 9

Proof. Note that it suffices to prove either (3.5a) or (3.5b), since the duality pairing is invariant
under left-translation,

⟨µ(t), η(t)⟩ = ⟨g(t)∗−1 · p(t), g(t) · δg(t)⟩ = ⟨p(t), δg(t)⟩.

We will prove (3.5a). Compute

d

dt
⟨µ(t), η(t)⟩

= ⟨µ̇(t), η(t)⟩+ ⟨µ(t), η̇(t)⟩
= ⟨−g(t)∗ · [Df(g(t))]∗µ(t) + ad∗f(g(t))µ(t), η(t)⟩+ ⟨µ(t), Df(g(t))g(t) · η(t)− adf(g(t))η(t)⟩
= −⟨µ(t), Df(g(t))g(t) · η(t)⟩+ ⟨µ(t), Df(g(t))g(t) · η(t)⟩

+ ⟨µ(t), adf(g(t))η(t)⟩ − ⟨µ(t), adf(g(t))η(t)⟩
= 0. □

In particular, we have the following corollary of Propositions 3.1 and 3.2 and Theorem 3.1.

Corollary 3.2. Let T > 0, g0 ∈ G,µ1 ∈ g∗, η0 ∈ g. Let F be a complete vector field on G. Let g
be the integral curve of F with initial condition g(0) = g0. Then, the solution curves of the adjoint
and variational systems from Propositions 3.1 and 3.2 satisfy the quadratic conservation law

⟨µ(0), η0⟩ = ⟨µ1, η(T )⟩,

or, equivalently, ⟨p(0), δg0⟩ = ⟨p1, δg(T )⟩ where δg0 = g0η0 and p1 = g(T )∗−1µ1.

As we will see in Section 3.1, this conservation law will be the basis for adjoint sensitivity analysis
on Lie groups.

Reduction of Adjoint Systems for Left-invariant Vector Fields. In practice, many inter-
esting mechanical systems arise from the flow of left-invariant vector fields on Lie groups. As such,
we will consider adjoint systems in the particular case where the vector field is left-invariant. First,
we will show that left-invariant vector fields are in one-to-one correspondence with left-invariant
adjoint Hamiltonians. Subsequently, we will state the adjoint equations in this particular case.

Proposition 3.3. Let F be a vector field on G. Then the associated adjoint Hamiltonian H(g, p) =
⟨p, F (g)⟩ is left-invariant if and only if F is left-invariant.

Proof. Assume that F is left-invariant, i.e., F (xg) = xF (g) for all x, g ∈ G. Then, for any x, g ∈
G, p ∈ T ∗

gG,

H(xg, x∗−1p) = ⟨x∗−1p, F (xg)⟩ = ⟨x∗−1p, xF (g)⟩ = ⟨x∗x∗−1p, F (g)⟩ = ⟨p, F (g)⟩ = H(g, p),

i.e., H is left-invariant.

Conversely, assume that H is left-invariant, i.e., H(g, p) = H(xg, x∗−1p) for all x, g ∈ G, p ∈ T ∗
gG.

Then, for any x, g ∈ G, p ∈ T ∗
gG,

⟨p, F (g)⟩ = H(g, p) = H(xg, x∗−1p) = ⟨x∗−1p, F (xg)⟩ = ⟨p, x−1F (xg)⟩.

Since p ∈ T ∗
gG is arbitrary, we have for all x, g ∈ G,

F (g) = x−1F (xg),

i.e., xF (g) = F (xg), so F is left-invariant. □
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Since a left-invariant vector field corresponds to a left-invariant adjoint Hamiltonian, the reduction
theory discussed in Section 2 applies. Thus, the adjoint equation for the momenta µ, from equation
(2.3), is given by

µ̇ = ad∗F (e)µ,

since H̃(µ) = H(e, µ) = ⟨µ, F (e)⟩ and hence, DµH̃(µ) = F (e).

3.1. Adjoint Sensitivity Analysis on Lie Groups. We now consider the application of the ad-
joint system to the following optimization problems. We consider an initial condition optimization
problem

min
g0∈G

C(g(T )),(3.6)

such that ġ(t) = F (g(t)), t ∈ (0, T ),

g(0) = g0,

and an optimal control problem,

min
u∈U

C(g(T )),(3.7)

such that ġ(t) = F (g(t), u), t ∈ (0, T ),

g(0) = g0,

where in (3.7), we have introduced a parameter-dependent vector field F .

Initial Condition Sensitivity. We begin with problem (3.6). We refer to C : G ! R as the
terminal cost function. Thus, the problem (3.6) is to find an initial condition g0 ∈ G which
minimizes the cost function at the terminal-value g(T ), subject to the dynamics of the ODE ġ =
F (g).

For gradient-based algorithms, one needs the derivative of the terminal cost function C(g(T )) with
respect to the initial condition g0, where we regard the terminal cost as an implicit function of g0;
we refer to this derivative as the initial condition sensitivity. To compute this derivative, we will
use the adjoint system and particularly, Corollary 3.2. We will derive the left-trivialization of the
derivative of the cost function with respect to g0; we will discuss in Section 4 how this left-trivialized
derivative can be used to construct a numerical method for solving the problem (3.6).

Let (g, p) be the solution to the adjoint system with g(0) = g0, p(T ) = dC(g(T )) and let (g, δg)
be the solution of the variational equation with g(0) = g0, δg(0) = δg0. Regarding C(g(T )) as an
implicit function of g0, its derivative in the direction δg0 is given by

⟨Dg0C(g(T )), δg0⟩ =
〈
dC(g(T )),

δg(T )

δg0
δg0

〉
= ⟨dC(g(T )), δg(T )⟩ ,

where in the first equality we used the chain rule and the fact that (δg(T )/δg0)δg0 = δg(T ) for
a solution δg of the variational equation with δg(0) = δg0 which follows from the fact that the
variational equation is linear in δg. Now, since p solves the adjoint equation with p(T ) = dC(g(T )),
from Corollary 3.2 the right hand side of the above equation is ⟨p(0), δg(0)⟩. That is, we have

⟨Dg0C(g(T )), δg0⟩ = ⟨p(0), δg0⟩ .

Since δg0 is arbitrary, we obtain the initial condition sensitivity p(0) = Dg0C(g(T )) and in partic-
ular, the left-trivialized derivative of the cost function with respect to g0 is µ(0) = g∗0Dg0C(g(T )).

Parameter Sensitivity. Analogously, we consider problem (3.7) and determining the appropriate
gradient for this problem. The problem (3.7) is to find a parameter u ∈ U which minimizes
the terminal cost function C(g(T )), subject to the dynamics of the parameter-dependent ODE
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ġ = F (g, u) with g(0) = g0 fixed. We assume that F is continuously differentiable with respect to
u.

For a gradient-based algorithm, one needs the derivative of the terminal cost function C(g(T )) with
respect to the parameter u; we refer to this derivative as the parameter sensitivity. We show how
this can be computed using the adjoint system. Define the parameter-dependent action as

S[g, p;u] ≡
∫ T

0
⟨p, ġ − F (g, u)⟩dt.

Consider the augmented cost function, given by subtracting the parameter-dependent action from
the terminal cost function,

J ≡ C(g(T ))− S[g, p;u] = C(g(T ))−
∫ T

0
⟨p, ġ − F (g, u)⟩dt.

By left-trivialization, this is equivalent to

(3.8) J = C(g(T ))−
∫ T

0
⟨µ, ξ − f(g, u)⟩dt,

where ξ = g−1ġ and f is the left-trivialization of F . Observe that since the integral of (3.8) vanishes
when ξ = f(g, u), we have that the derivative of J with respect to u equals the derivative of C with
respect to u, subject to the variational equations, where the variation δug is given by the variation
of g induced by varying u. Thus,

d

du
C(g(T )) =

d

du
J.

Proposition 3.4. The parameter sensitivity is given by

d

du
C(g(T )) =

d

du
J =

∫ T

0
⟨µ, ∂

∂u
f(g, u)⟩dt,

where µ is chosen to satisfy the adjoint equation −µ̇+ ad∗ξµ− g∗[Dgf(g, u)]
∗µ = 0 and the terminal

condition µ(T ) = g(T )∗dC(g(T )).

Proof. We compute dJ/du explicitly,

d

du
J(g(T )) = ⟨dC(g(T )), δug(T )⟩ −

∫ T

0

[
⟨µ, δuξ − [Dgf(g, u)]gηu⟩ − ⟨µ, ∂

∂u
f(g, u)⟩

]
dt,

where we introduced the left-trivialized variation ηu = g−1δug and we have decomposed the total
derivative of f with respect to u into its implicit dependence on u through g as well as its explicit
dependence on u, i.e.,

d

du
f(g, u) = [Dgf(g, u)]δug +

∂

∂u
f(g, u).

Using the relation η̇u = δuξ − adξηu, this becomes

d

du
J(g(T )) = ⟨dC(g(T )), δug(T )⟩ −

∫ T

0

[
⟨µ, η̇u + adξηu − [Dgf(g, u)]gηu⟩ − ⟨µ, ∂

∂u
f(g, u)⟩

]
dt

= ⟨dC(g(T )), δug(T )⟩ − ⟨µ, ηu⟩
∣∣∣T
0

−
∫ T

0

[
⟨−µ̇+ ad∗ξµ− g∗[Dgf(g, u)]

∗µ, ηu⟩ − ⟨µ, ∂

∂u
f(g, u)⟩

]
dt,
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where we integrated the ⟨µ, η̇u⟩ term by parts. Now, the first pairing in the integral vanishes if µ
satisfies the adjoint equation. Furthermore, ηu(0) = 0 since the initial condition for problem (3.7)
is fixed. Hence, we have

d

du
J(g(T )) = ⟨dC(g(T )), δug(T )⟩ − ⟨µ(T ), ηu(T )⟩+

∫ T

0
⟨µ, ∂

∂u
f(g, u)⟩dt.

If we choose the terminal condition µ(T ) = g(T )∗dC(g(T )), the first two terms on the right hand
side cancel, which gives the expression for the desired parameter sensitivity

d

du
C(g(T )) =

d

du
J(g(T )) =

∫ T

0
⟨µ, ∂

∂u
f(g, u)⟩dt,

where µ is chosen to satisfy the adjoint equation −µ̇+ad∗ξµ−g∗[Dgf(g, u)]
∗µ = 0 and the terminal

condition µ(T ) = g(T )∗dC(g(T )). □

4. Application to Discrete Variational Integrators

As an example application of the preceding sections, we develop a discrete counterpart to the
continuous Type II variational principle discussed in Section 2. We will derive a first-order Lie
group variational integrator for simplicity in presentation, but higher-order schemes can be derived
similarly. We will subsequently discuss such integrators in the context of adjoint systems.

Consider the action

s[g, µ] =

∫ T

0

(
⟨µ, g−1 · ġ⟩ − h(g, µ)

)
dt.

We will construct discrete Hamiltonian variational integrators for the Lie–Poisson system (2.2a)-
(2.2d) by discretizing the Type II d’Alembert variational principle (Theorem 2.1).

Partition [0, T ] into ∪N−1
k=0 [tk, tk+1] where

0 = t0 < t1 < · · · < tN−1 < tN = T,

with uniformly spaced intervals tk+1 − tk = ∆t = T/N . To discretize the variational principle,

we need a sequence of points {gk ∈ G}N−1
k=0 which interpolates a curve g(t) ∈ G. A simple way

to do this is to utilize a retraction to relate a curve on G to a curve on g. Let τ be a retraction
τ : g ! G, which is a C2-diffeomorphism about the origin such that τ(0) = e. Let dτξ : g ! g

denote the right-trivialized tangent map of τ and dτ−1
ξ its inverse (for a definition, see [6]). Using

the retraction, we can approximate the velocity g−1 · ġ ∈ g by

(4.1) ξk+1 = τ−1(g−1
k gk+1)/∆t.

This defines the desired interpolated curve {gk} on G through elements {ξk} on g via gk+1 =
gkτ(∆tξk+1). We approximate the action as

sd[{gk}, {mk}] =
N−1∑
k=0

∆t
(
⟨mk+1, ξk+1⟩ − h(gk,mk+1)

)
,

where again {ξk} and {gk} are related by (4.1). Note that, by (4.1), the variations in ξ are related
to the variations of g; from [18], this is explicitly given by

(4.2) δξk+1 = δτ−1(g−1
k gk+1)/∆t = dτ−1

∆tξk+1
(−g−1

k δgk +Adτ(∆tξk+1)g
−1
k+1δgk+1)/∆t.

We now derive a variational integrator from a discrete approximation of the Type II d’Alembert
variational principle.

Theorem 4.1 (Discrete Type II d’Alembert Variational Principle). The following are equivalent



A TYPE II HAMILTONIAN VARIATIONAL PRINCIPLE AND ADJOINT SYSTEMS FOR LIE GROUPS 13

(i) The discrete Type II d’Alembert variational principle holds

δsd[{gk}, {mk}] = ⟨(dτ−1
−∆tξN

)∗mN , g−1
N δgN ⟩,

subject to variations δgk, δmk satisfying δg0 = 0, δmN = 0, which correspond to Type II
boundary conditions g0 = g(0),mN = m(T ).

(ii) The discrete Lie–Poisson equations hold

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)
(dτ−1

∆tξk
)∗mk = −∆tg∗k ·Dgh(gk,mk+1),(4.3a)

ξk+1 = Dµh(gk,mk+1),(4.3b)

gk+1 = gkτ(∆tξk+1),(4.3c)

with the above boundary conditions.

Proof. Compute the variation of sd,

δsd =
N−1∑
k=0

∆t
[
⟨δmk+1, ξk+1⟩ − ⟨δmk+1, Dµh(gk,mk+1)⟩

]
︸ ︷︷ ︸

≡(a)

+

N−1∑
k=0

∆t
[
⟨mk+1, δξk+1⟩ − ⟨Dgh(gk,mk+1), δgk⟩

]
︸ ︷︷ ︸

≡(b)

.

We will simplify the expressions (a) and (b) individually.

For (a), note that the k = N − 1 term vanishes since δmN = 0. Thus, the sum runs 0 to N − 2.
We re-index k ! k − 1 so that (a) becomes

(a) =
N−1∑
k=1

∆t
[
⟨δmk, ξk −Dµh(gk−1,mk)⟩

]
.

For (b), we rewrite the variation in ξ in terms of the variation of g,

(b) =

N−1∑
k=0

∆t
[
⟨mk+1, dτ

−1
∆tξk+1

(−g−1
k δgk +Adτ(∆tξk+1)g

−1
k+1δgk+1)/∆t⟩ − ⟨Dgh(gk,mk+1), δgk⟩

]

=
N−1∑
k=0

∆t
[
⟨−(g−1

k )∗(dτ−1
∆tξk+1

)∗mk+1/∆t−Dgh(gk,mk+1), δgk⟩
]

+
N−1∑
k=0

∆t⟨(g−1
k+1)

∗Ad∗τ(∆tξk+1)
(dτ−1

∆tξk+1
)∗mk+1/∆t, δgk+1⟩.

In the first sum above, note that the k = 0 vanishes since δg0 = 0. In the second sum above, we
explicitly write the k = N − 1 term and re-index the resulting sum k ! k − 1. This gives

(b) =
N−1∑
k=1

∆t
[
⟨−(g−1

k )∗(dτ−1
∆tξk+1

)∗mk+1/∆t−Dgh(gk,mk+1), δgk⟩
]

+

N−1∑
k=1

∆t⟨(g−1
k )∗Ad∗τ(∆tξk)

(dτ−1
∆tξk

)∗mk/∆t, δgk⟩

+∆t⟨(g−1
N )∗Ad∗τ(∆tξN )(dτ

−1
∆tξN

)∗mN/∆t, δgN ⟩.
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Note that, since Ad∗τ(∆tξN )(dτ
−1
∆tξN

)∗ = (dτ−1
−∆tξN

)∗ [6], the last term equals

⟨(dτ−1
−∆tξN

)∗mN , g−1
N δgN ⟩,

which is precisely the virtual work term in the discrete Type II d’Alembert variational principle.
Putting everything together, we have

δsd[{gk}, {mk}]− ⟨(dτ−1
−∆tξN

)∗mN , g−1
N δgN ⟩

=

N−1∑
k=1

∆t
[
⟨δmk, ξk −Dµh(gk−1,mk)⟩

+ ⟨−(g−1
k )∗(dτ−1

∆tξk+1
)∗mk+1/∆t−Dgh(gk,mk+1)

+ (g−1
k )∗Ad∗τ(∆tξk)

(dτ−1
∆tξk

)∗mk/∆t, δgk⟩
]
.

Clearly, if the discrete Lie–Poisson equations hold, then the above vanishes, i.e., the discrete Type
II d’Alembert variational principle holds, δsd[{gk}, {mk}] = ⟨(dτ−1

−∆tξN
)∗mN , g−1

N δgN ⟩. Conversely,
if the discrete Type II d’Alembert variational principle holds, the above vanishes, which gives

0 =

N−1∑
k=1

∆t
[
⟨δmk, ξk −Dµh(gk−1,mk)⟩

+ ⟨−(g−1
k )∗(dτ−1

∆tξk+1
)∗mk+1/∆t−Dgh(gk,mk+1)

+ (g−1
k )∗Ad∗τ(∆tξk)

(dτ−1
∆tξk

)∗mk/∆t, δgk⟩
]
.

Since the variations δmk and δgk are arbitrary and independent for k = 1, . . . , N − 1, this gives the
discrete Lie–Poisson equations (4.3a)-(4.3c). □

This is an example of a first-order Lie group variational integrator (see, for example, [6; 18; 27; 30]),
derived using a Type II variational principle and particularly, without making use of a Lagrangian
description, so it applies to generic (possibly degenerate) Hamiltonian systems on T ∗G.

Remark 4.1. In the case that the Hamiltonian is left-invariant, it is straightforward to verify that
the above system (4.3a)-(4.3c) reduces to

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)
(dτ−1

∆tξk
)∗mk = 0,(4.4a)

ξk+1 = DµH̃(mk+1),(4.4b)

gk+1 = gkτ(∆tξk+1).(4.4c)

Remark 4.2. It is interesting to note that the virtual work term arising at the terminal point in
the discrete variational principle,

⟨(dτ−1
−∆tξN

)∗mN , g−1
N δgN ⟩

is different than what one might expect from the continuous variational principle, ⟨mN , g−1
N δgN ⟩.

This is due to the fact that the retraction relates the dynamics on G to dynamics on g, and so
the pairing ⟨µ, g−1δg⟩ compared to the pairing ⟨mk, g

−1
k δgk⟩ should not be identified, but rather, are

related by a coordinate change; namely, µ = (dτ−1
−∆tξ)m. In fact, this coordinate change is given

by the cotangent lift of τ−1, which is precisely (dτ−1
−∆tξN

)∗. As we will see below, this also induces

a coordinate change in the expression for the symplectic form, which is the exterior derivative of
the one-form corresponding to the above boundary term; the expression for the one-form and its
exterior derivative is also derived in [6] through a discrete Hamilton–Pontryagin principle.
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Discrete Conservation Properties. It is straightforward (though tedious) to verify that the
above method satisfies a discrete symplectic conservation law and a discrete Noether theorem. For
brevity, we will simply state the results here; the proofs follow from a direct calculation.

From the boundary term arising from the variation of the discrete action sd, we see that the discrete
canonical form has the expression

(4.5) Θk = ⟨(dτ−1
−∆tξk

)∗mk, g
−1
k dgk⟩,

whose action on a vector δk = δmk∂/∂mk + δgk∂/∂gk is given by

Θk · δk = ⟨(dτ−1
−∆tξk

)∗mk, g
−1
k δgk⟩.

Then, the corresponding discrete symplectic form Ωk ≡ dΘk has the expression

(4.6) Ωk = (dτ−1
−∆tξk

)∗dmk ∧ g−1
k dgk.

Its action on vectors δik = δmi
k∂/∂mk + δgik∂/∂gk is given by

Ωk · (δ1k, δ2k) = ⟨(dτ−1
−∆tξk

)∗δm1
k, g

−1
k δg2k⟩ − ⟨(dτ−1

−∆tξk
)∗δm2

k, g
−1
k δg1k⟩.

Symplecticity of the integrator (4.3a)-(4.3c) is the statement that Ωk+1 = Ωk when the discrete Lie–
Poisson equations (4.3a)-(4.3c) hold, where the symplectic forms are evaluated on first variations
of the discrete Lie–Poisson equations, i.e., variations whose flow preserves solutions of the discrete
Lie–Poisson equations. Equivalently, such first variations are those which preserve (4.3a)-(4.3c) to
linear order.

Theorem 4.2. The integrator (4.3a)-(4.3c) is symplectic, i.e., the symplectic form is preserved,

Ωk+1 = Ωk,

subject to first variations of the discrete Lie–Poisson equations.

The integrator (4.3a)-(4.3c) also satisfies a discrete Noether’s theorem. Let {gϵk,mϵ
k} be a one-

parameter family of discrete time curves with g0k = gk and m0
k = mk. Denote by

δgk =
d

dϵ
gϵk

∣∣∣
ϵ=0

,

δmk =
d

dϵ
mϵ

k

∣∣∣
ϵ=0

,

the variations associated with the one-parameter family of discrete time curves. Furthermore, let
sk = ⟨mk+1, ξk+1⟩−h(gk,mk+1) denote the k

th discrete action density. Then, we have the following
momentum preservation property of (4.3a)-(4.3c).

Theorem 4.3 (Discrete Noether’s Theorem). Suppose that (4.3a)-(4.3c) hold and furthermore,
suppose that the kth discrete action density is invariant under the above variations,

δsk = 0.

Then, for any time indices I < J ,

(4.7) ΘI · δgI = ΘJ · δgJ ,

where Θk is the discrete canonical form (4.5).

As an application of Theorem 4.3, we will re-derive the discrete reduced Lie–Poisson equation (4.4),
interpreted as momentum conservation associated with left-invariance symmetry. Let H be a left-
invariant Hamiltonian, let X be a right-invariant vector field on G with X(e) = χ ∈ g, and let φϵ
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denote the time-ϵ flow of X. We choose X to be a right-invariant vector field, since its flow is given
by left translations

φϵ(g) = exp(ϵχ)g,

where exp : g ! G denotes the exponential map. We define a one-parameter family of discrete
time curves {gϵk,mϵ

k} as

gϵk = φϵ(gk) = exp(ϵχ)g,

mϵ
k = mk,

i.e., the one-parameter family of discrete time curves is defined by flowing gk by φϵ, whereas mϵ
k

remains constant with ϵ. To see why we defined mϵ
k this way, since (gk, pk) transforms under the

cotangent lift of left-multiplication by x as (gk, pk) 7! (xgk, x
∗−1pk), mk transforms as

mk = g∗kpk 7! (xgk)
∗x∗−1pk = g∗kx

∗x∗−1pk = g∗kpk = mk,

i.e., mk is invariant under this transformation; thus, we define mϵ
k to be constant in ϵ. Additionally,

observe that the variations associated with this one-parameter family of discrete time curves can
be expressed as

δgk =
d

dϵ

∣∣∣
0
gϵk =

d

dϵ

∣∣∣
0
φϵ(gk) = X(gk),

δmk =
d

dϵ

∣∣∣
0
mϵ

k =
d

dϵ

∣∣∣
0
mk = 0.

Now, we will verify the assumption of Theorem 4.3. The kth discrete action density is

sk = ⟨mk+1, ξk+1⟩ − h(gk,mk+1) = ⟨mk+1, ξk+1⟩ − H̃(mk+1),

where in the second equality, we used that h(gk,mk+1) = H̃(mk+1) for a left-invariant Hamil-
tonian. As stated above, mϵ

j = mj is invariant under this transformation. Furthermore, since

ξj = τ−1(g−1
k gk+1)/∆t, the corresponding transformation for ξj is given by

ξϵj = τ−1((gϵk)
−1gϵk+1)/∆ = τ−1((exp(ϵχ)gk)

−1 exp(ϵχ)gk+1)/∆t

= τ−1(g−1
k exp(ϵχ)−1 exp(ϵχ)gk+1)/∆ = τ−1(g−1

k gk+1)/∆t = ξj ,

i.e., ξj is also invariant under this transformation. Hence, sk is invariant under the above variation,
so Theorem 4.3 applies. We thus have Θk+1 · δgk+1 = Θk · δgk, i.e.,

⟨(dτ−1
−∆tξk+1

)∗mk+1, g
−1
k+1δgk+1⟩ = ⟨(dτ−1

−∆tξk
)∗mk, g

−1
k δgk⟩.

It is straightforward to verify that this is equivalent to (4.4a).

4.1. Discrete Adjoint Sensitivity Analysis on Lie Groups. In this section, we apply the
Type II variational integrators developed in Section 4 to the particular case of adjoint systems. We
will show explicitly that these integrators preserve the adjoint-variational quadratic conservation
law which gives rise to the adjoint sensitivity method discussed in Section 3.1, and thus, these
methods are geometric structure-preserving methods for adjoint sensitivity analysis on Lie groups.
For discussions on the application of variational integrators to geometric optimal control, see for
example [11; 25].

Consider the variational integrators that we derived in Section 4, applied to the adjoint system
(3.1a)-(3.1b). Substituting h(g, µ) = ⟨µ, f(g)⟩ into the discrete Lie–Poisson equations (4.3a)-(4.3c),
we have the discrete Lie–Poisson adjoint equations

(dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)
(dτ−1

∆tξk
)∗mk = −∆tg∗k[Df(gk)]

∗mk+1,(4.8a)

ξk+1 = f(gk)(4.8b)
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gk+1 = gkτ(∆tξk+1) = gkτ(∆tf(gk)).(4.8c)

In order to derive a discrete analogue of the adjoint conservation law, we consider the discrete
variational equation, which is a discretization of the continuous variational equation (3.4b). To
derive the discrete variational equation, note that as mentioned in Section 4, the variation of
equation (4.8c) can be expressed as

δξk+1 = dτ−1
∆tξk+1

(−g−1
k δgk +Adτ(∆tξk+1)g

−1
k+1δgk+1)/∆t.

Furthermore, by taking the variation of equation (4.8b), we have

δξk+1 = Df(gk)δgk.

Combining these two equations yields

Df(gk)δgk = dτ−1
∆tξk+1

(−g−1
k δgk +Adτ(∆tξk+1)g

−1
k+1δgk+1)/∆t.

Defining the left-trivialized variation ηk = g−1
k δgk, the above can be expressed as

(4.9) ∆tdτ∆tξk+1
Df(gk)gkηk = −ηk +Adτ(∆tξk+1)ηk+1,

which we refer to as the discrete variational equation.

Theorem 4.4. The discrete Lie–Poisson adjoint equations and the discrete variational equation
satisfy the following quadratic conservation law,

(4.10) ⟨(dτ−1
−∆tξk+1

)∗mk+1, ηk+1⟩ = ⟨(dτ−1
−∆tξk

)∗mk, ηk⟩.

Proof. We use the identity Ad∗τ(∆tξj)
(dτ−1

∆tξj
)∗ = (dτ−1

−∆tξj
)∗. Starting from the left hand side of

equation (4.10), we compute

⟨(dτ−1
−∆tξk+1

)∗mk+1, ηk+1⟩ = ⟨Ad∗τ(∆tξk+1)
(dτ−1

∆tξk+1
)∗mk+1, ηk+1⟩

= ⟨(dτ−1
∆tξk+1

)∗mk+1,Adτ(∆tξk+1)ηk+1⟩.

Substituting (4.8a) and (4.9) yields

⟨(dτ−1
−∆tξk+1

)∗mk+1, ηk+1⟩

= ⟨(dτ−1
∆tξk+1

)∗mk+1,Adτ(∆tξk+1)ηk+1⟩

= ⟨(dτ−1
−∆tξk

)∗mk −∆tg∗k[Df(gk)]
∗mk+1, ηk +∆tdτ∆tξk+1

Df(gk)gkηk⟩

= ⟨(dτ−1
−∆tξk

)∗mk, ηk⟩+∆t⟨(dτ−1
−∆tξk

)∗mk, dτ∆tξk+1
Df(gk)gkηk⟩

−∆t⟨g∗k[Df(gk)]
∗mk+1, ηk⟩ −∆t2⟨g∗k[Df(gk)]

∗mk+1, dτ∆tξk+1
Df(gk)gkηk⟩.

Substitute (4.8a) into the second term above,

⟨(dτ−1
−∆tξk+1

)∗mk+1, ηk+1⟩

= ⟨(dτ−1
−∆tξk

)∗mk, ηk⟩+∆t⟨(dτ−1
∆tξk+1

)∗mk+1 +∆tg∗k[Df(gk)]
∗mk+1, dτ∆tξk+1

Df(gk)gkηk⟩

−∆t⟨g∗k[Df(gk)]
∗mk+1, ηk⟩ −∆t2⟨g∗k[Df(gk)]

∗mk+1, dτ∆tξk+1
Df(gk)gkηk⟩

= ⟨(dτ−1
−∆tξk

)∗mk, ηk⟩+∆t⟨(dτ−1
∆tξk+1

)∗mk+1, dτ∆tξk+1
Df(gk)gkηk⟩

+∆t2⟨g∗k((((((((((((
[Df(gk)]

∗mk+1, dτ∆tξk+1
Df(gk)gkηk⟩

−∆t⟨g∗k[Df(gk)]
∗mk+1, ηk⟩ −∆t2⟨g∗k((((((((((((

[Df(gk)]
∗mk+1, dτ∆tξk+1

Df(gk)gkηk⟩
= ⟨(dτ−1

−∆tξk
)∗mk, ηk⟩+∆t⟨mk+1, (dτ

−1
∆tξk+1

)dτ∆tξk+1
Df(gk)gkηk⟩

−∆t⟨g∗k[Df(gk)]
∗mk+1, ηk⟩
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= ⟨(dτ−1
−∆tξk

)∗mk, ηk⟩+∆t⟨mk+1, Df(gk)gkηk⟩ −∆t⟨g∗k[Df(gk)]
∗mk+1, ηk⟩

= ⟨(dτ−1
−∆tξk

)∗mk, ηk⟩. □

We now consider discrete counterparts of the optimization problems discussed in Section 3.1.

Initial Condition Sensitivity. We begin with problem (3.6) in the discrete setting. Analogous
to the continuous case discussed in (3.1), the initial condition sensitivity can be obtained from
the associated quadratic conservation law for the adjoint-variational system discussed above. More
specifically, to obtain the initial condition sensitivity, recall the quadratic conservation law

⟨(dτ−1
−∆tξN

)∗mN , g−1
N δgN ⟩ = ⟨(dτ−1

−∆tξ0
)∗m0, g

−1
0 δg0⟩.

We set (dτ−1
−∆tξN

)∗mN = dLC(gN ), where dL denotes the left-trivialized derivative, dLC(gN ) ≡
g∗NdC(gN ). This gives mN = (dτ−∆tξN )

∗dLC(gN ). Subsequently, evolve the momenta backward in
time using (4.8a) to obtain m0. Finally, the left-trivialized derivative of C(gN ) with respect to g0
is given by (dτ−1

−∆tξ0
)∗m0, which follows from a similar calculation to the continuous case. This is

summarized in Algorithm 1.

Algorithm 1 Left-Trivialized Initial Condition Sensitivity

Input: ginit
Initialize: g0  ginit
Output: Left-Trivialized Derivative of C(gN ) with respect to g0
for k=1,...,N do

gk  gk−1τ(∆tf(gk−1))
ξk  τ−1(g−1

k−1gk)/∆t
end for
mN  (dτ−∆tf(gN ))

∗dLC(gN )
for k=N-1,. . . ,0 do

Solve (4.8a) for mk

end for
Return (dτ−1

−∆tf(g0)
)∗m0

This can be combined with a line-search algorithm to solve the optimization problem (3.6). More
precisely, fixing an inner product on g, such as the Frobenius inner product

(A,B)F ≡ Tr(A∗B),

we can identify g∗ with g and hence, identify the output of Algorithm 1 with the discrete left-

trivialized gradient of C(gN ) with respect to g0, ∇̃g0C(gN ), which is an element of g. With this

identification, the initial condition can be updated as g0  g0τ(−γ∇̃g0C(gN )), for some line-search
step size γ. Note that this approach is intrinsic: at any iteration in the line-search algorithm, the
iterate g0 is valued in G, to numerical precision. Furthermore, while this is also true of projection-
based optimization algorithms, such methods generally no longer preserve the adjoint-variational
quadratic conservation law and hence, may yield search directions that are not guaranteed to
be descent directions. More precisely, by satisfying the discrete quadratic conservation law, the
sensitivity produced from Algorithm 1 produces the exact sensitivity for the discrete cost function
C(gN ) [40].

Parameter Sensitivity. We now consider the discrete setting for the optimal control prob-
lem problem (3.7) discussed in Section 3.1. In analogy with the continuous case, we define the
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parameter-dependent left-trivialized discrete action

sd[{gk}, {mk};u] = ∆t
N−1∑
k=0

(
⟨mk+1, ξk+1⟩ − h(gk,mk+1l;u)

)
,

and form the discrete augmented cost function

Jd ≡ C(gN )− sd[{gk}, {mk};u] = C(gN )−∆t

N−1∑
j=0

⟨mj+1, ξj+1 − f(gj , u)⟩.

We then have an analogous result to determine the parameter sensitivity by computing the deriv-
ative dJd/du.

Proposition 4.1. The discrete parameter sensitivity is given by

(4.11)
d

du
C(gN ) = ∆t

N−1∑
j=0

〈
mj ,

∂

∂u
f(gj , u)

〉
,

where mj is chosen to satisfy the discrete Lie–Poisson adjoint equation (4.8a) with f(gk) replaced
by f(gk, u), i.e.,

(4.12) (dτ−1
∆tξk+1

)∗mk+1 −Ad∗τ(∆tξk)
(dτ−1

∆tξk
)∗mk = −∆tg∗k[Df(gk, u)]

∗mk+1,

and the terminal condition mN = (dτ−∆tξN )
∗dLC(gN ).

Proof. Analogous to the continuous setting, we have

d

du
C(gN ) =

d

du
Jd.

Now, we calculate dJd/du explicitly,

d

du
Jd = ⟨dC(gN ), δugN ⟩ −∆t

N−1∑
j=0

〈
mj+1, δuξj+1 −Dgf(gj , u)δugj −

∂f

∂u
(gj , u)

〉
.

Using the identity δuξj+1 = dτ−1
∆tξj+1

(−g−1
k δugk + Adτ(∆tξj+1)g

−1
j+1δugj+1)/∆t, the above can be

expressed as

d

du
Jd = ⟨dC(gN ), δugN ⟩ −∆t

N−1∑
j=0

[
∆t−1⟨(dτ−1

∆tξj+1
)∗mj+1,−g−1

j δugj⟩

+∆t−1⟨Ad∗τ(∆tξj+1)
(dτ−1

∆tξj+1
)∗mj+1, g

−1
j+1δugj+1⟩

− ⟨g∗j [Dgf(gj , u)]
∗mj+1, g

−1
j δugj⟩ −

〈
mj+1,

∂f

∂u
(gj , u)

〉]
.

Now, we reindex j ! j − 1 the second pairing inside the square brackets above; the sum for this
term now runs from 1 to N . However, we explicitly write out the j = N term and note that we
can include the j = 0 term in the sum since δug0 = 0, as the initial condition g0 is fixed under the
variation. Hence, we have

d

du
Jd = ⟨dC(gN ), δugN ⟩ − ⟨(dτ−1

−∆tξN
)∗mN , g−1

N δugN ⟩

−∆t

N−1∑
j=0

[
∆t−1⟨(dτ−1

∆tξj+1
)∗mj+1,−g−1

j δugj⟩

+∆t−1⟨Ad∗τ(∆tξj)
(dτ−1

∆tξj
)∗mj , g

−1
j δugj⟩
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− ⟨g∗j [Dgf(gj , u)]
∗mj+1, g

−1
j δugj⟩ −

〈
mj+1,

∂f

∂u
(gj , u)

〉]
.

The first two terms above vanish if we set the terminal condition (dτ−1
−∆tξN

)∗mN = g∗NdC(gN ), i.e.,

mN = (dτ−∆tξN )
∗dLC(gN ). Furthermore, the first three terms in the square brackets vanish if mj

satisfies the discrete Lie–Poisson adjoint equation (4.12). Hence, we have the parameter sensitivity

d

du
C(gN ) =

d

du
Jd = ∆t

N−1∑
j=0

〈
mj+1,

∂f

∂u
(gj , u)

〉
. □

The parameter sensitivity is summarized in the following algorithm.

Algorithm 2 Parameter Sensitivity

Input: ginit, uinit
Initialize: g0  ginit, u uinit
Output: Derivative of C(gN ) with respect to u
for k=1,...,N do

gk  gk−1τ(∆tf(gk−1, u))
ξk  τ−1(g−1

k−1gk)/∆t
end for
mN  (dτ−∆tf(gN ,u))

∗dLC(gN )
for k=N-1,...,0 do

Solve (4.12) for mk

end for
Return ∆t

∑N−1
j=0 ⟨mj+1,

∂
∂uf(gj , u)⟩

This can be combined with a line-search algorithm to solve the optimization problem (3.7). Note
that U could be a vector space, in which case a standard line-search algorithm could be used, or
U could be a manifold, in which case a line-search algorithm on manifolds could be used (see, for
example, [2]).

5. Conclusion

In this paper, we developed a global Type II variational principle on Lie groups and discussed
adjoint systems on the trivialization of the cotangent bundle of Lie groups. As an application,
we discussed how to use this variational principle to construct discrete variational integrators and
subsequently how this can be used to perform structure-preserving adjoint sensitivity analysis on
Lie groups, allowing one to exactly compute sensitivities in optimization problems subject to the
dynamics of an ODE on G.

It would be interesting to synthesize the ideas in [40], where we discussed properties of adjoint
systems for evolutionary PDEs on Banach spaces, with the ideas presented here, to develop Hamil-
tonian variational principles and integrators for PDEs where the solutions are valued in Lie groups,
algebras, or more generally, solutions which are stationary sections over principal and fibre bundles
associated with a structure group G, such as gauge field theories (see, for example, [15; 32]). It
would be particularly interesting to extend the Type II multisymplectic Hamiltonian variational
integrators developed in [39] to apply to the setting of Lie group-valued fields, in order to investigate
the role of multisymplectic integrators for adjoint sensitivity analysis in both space and time.
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Another natural research direction would be to explore the applications of geometric structure-
preserving adjoint sensitivity analysis on Lie groups. One such application is the training of neural
networks via backpropagation. In particular, if a neural network is viewed as a discretization of a
neural ODE [9], then backpropagation can be viewed as a discretization of the corresponding adjoint
equation [31]. As is discussed in [31], utilizing symplectic methods to perform backpropagation leads
to efficient methods for training neural networks. It would be interesting to explore symplectic
backpropagation of neural networks where the neural ODE arises from a group-equivariant neural
network [10; 19] where a Lie group symmetry is a fundamental feature of the neural network. In
particular, the reduction theory for adjoint systems on Lie groups that was developed in this paper
would be relevant.
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