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A B S T R A C T

We study in detail the pressure stabilizing effects of the non-iterated fixed-stress splitting in
poromechanical problems which are nearly undrained and incompressible. When applied in
conjunction with a spatial discretization which does not satisfy the discrete inf–sup condition,
namely a mixed piecewise linear–piecewise constant spatial discretization, the explicit fixed-
stress scheme can have a pressure stabilizing effect in transient problems. This effect disappears,
however, upon time step refinement or the attainment of steady state. The interpretation of the
scheme as an Augmented Lagrangian method similar to Uzawa iteration for incompressible flow
helps explain these results. Moreover, due to the slowly evolving solution within undrained seal
regions, we show that the explicit fixed-stress scheme requires very large time steps to reveal
its pressure stabilizing effect in examples of geologic CO2 sequestration. We note that large time
steps can result in large errors in drained regions, such as the aquifer or reservoir regions of
these examples, and can prevent convergence of nonlinear solvers in the case of multiphase
flows, which can make the explicit scheme an unreliable source of pressure stabilization. We
conclude by demonstrating that pressure jump stabilization is as effective in the explicit fixed-
stress setting as in the fully implicit setting for undrained problems, while maintaining the
stability and convergence of the fixed-stress split for drained problems.

1. Introduction

As the world continues its progress towards green energy, geologic carbon sequestration will be critical in mitigating the
environmental impact of industries that are more difficult or will take longer to decarbonize. Predictive numerical simulation
techniques are critical for the safety of these processes, ensuring that the subsurface pressure increases resulting from carbon dioxide
injection do not reactivate existing faults or compromise the structural integrity of the storage formation itself. Generating accurate
numerical simulations is challenging, however, as solutions can involve a number of different, interacting physics such as multiphase
fluid flow in porous media, geomechanics, thermal effects, and more.

In this work we focus on single-phase and compositional poromechanics, or problems in which the deformation of a subsurface
formation is coupled with the flow of one or more fluids within. By compositional, we mean that mass transfer can occur between
phases in the multiphase case. Many numerical schemes used to solve these types of problems can be divided into three categories.
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The first category are the monolithic, or fully implicit, algorithms in which the equations governing flow and mechanics are solved
simultaneously. These schemes can be made to perform well regardless of the strength of the coupling between the flow and
mechanical processes, and can be proven to be unconditionally stable under appropriate assumptions [1]. However, fully implicit
approaches can be highly complex and the solution of the resulting linear systems can require novel preconditioners specialized for
multiphysics systems [2,3].

The second broad category of algorithms we consider are the so-called sequential-implicit, or iterative-sequential, schemes.
Instead of advancing the mechanics and flow unknowns in time simultaneously, sequential implicit methods perform a splitting
in order to solve a series of decoupled flow and mechanics problems. These schemes are attractive, as they can repurpose existing,
highly-optimized single-physics solvers to solve multiphysics problems. Perhaps the most common sequential implicit method in
reservoir engineering is the fixed-stress method [4–8], which has been shown to be convergent to the fully implicit solution provided
sufficient iterations are performed [4,7,9,10]. The convergence rate can depend on the properties of underlying coupled system,
however. For instance, the convergence of the sequential iterations can be slow in tightly coupled problems [10], and various
approaches have been proposed to accelerate convergence [11–14].

We refer to the final category of solvers as explicit, or non-iterative sequential schemes. Like the previous set of algorithms,
these approaches solve the flow and mechanics problems separately, and thus can make use of simpler techniques for each. Unlike
sequential implicit schemes, however, no iterations are performed within an individual time step and thus convergence to the fully
implicit solution only occurs in the limit of mesh and time step refinement in general. The fixed-stress scheme also functions as an
explicit scheme when iterations are not performed (or when a fixed number of iterations are performed per time step) [5,7], and this
will be the scheme considered in this work. Finally, we remark that strategies in which only one of the subprocesses drives the other
(and not vice-versa) could also be defined as explicitly coupled schemes. It is common in the reservoir engineering community, for
example, to ignore the coupling of the mechanics back onto the flow problem. In this work, however, we will ignore these one-way
coupled schemes and instead focus on the two-way coupled approaches mentioned above.

While the behavior of all of these types of coupling methods is perhaps well known in typical reservoir engineering contexts,
application to CO2 sequestration problems can require additional considerations. In particular, formations which are attractive
for carbon storage are usually bounded above by very low permeability caprocks, as these structures prevent the CO2 plume
from migrating upwards indefinitely due to buoyancy in a process known as structural trapping [15]. It is well known that,
when combined with solid grain and fluid components which are nearly incompressible (like water or brine), the governing
equations of poromechanics reduce to a saddle-point, or constrained optimization, system similar to the equations governing
incompressible flow [16]. Accurate numerical simulation of these types of problems requires spatial discretizations which satisfy
the Ladyzhenskaya–Babuška–Brezzi, or inf–sup, stability criterion [17]. The spatial discretization of choice within the reservoir
simulation community combines a standard Finite Element (FE) method for mechanics with a Finite Volume (FV) approach for fluid
flow and transport [4,8,18,19]. In particular, lowest-order piecewise-continuous interpolation is typically used for the displacement
field, while flow quantities – i.e., pressure and component densities – are approximated in a piecewise-constant manner in each cell.
Such a choice does not satisfy the inf–sup criterion, and spurious pressure oscillations have been observed in simulations of CO2
sequestration including caprocks using a fully implicit coupling strategy [20,21].

The behavior of sequential methods (both implicit and explicit) in nearly undrained regimes is much less explored in the
literature. Upon first consideration, it seems that the inf–sup condition should not be required in these cases, as the saddle-point
problem is never explicitly formed or solved, and this was the assertion in [22]. However, later studies required the assumption
of an inf–sup stable discretization when formulating a proof of convergence which was also valid in the undrained limit [12,13].
In our previous work [21], we clarified and reconciled these seemingly contradictory results by explaining that the key factor
which determines if spurious pressure modes appear is the splitting error of the sequential scheme, not the invertibility of the
discrete matrices appearing within the formulation. This was inspired by similar debates and results in the incompressible flow
community [23,24]. The focus of [21] was a demonstration that, when sequential implicit schemes are iterated to convergence
within a time step, the exact same pressure oscillations appeared as those appearing in a fully implicit solution. The explicit case,
where iterations are not included (and thus the splitting error is not driven to zero within time steps), was not studied in detail.
By considering similar splitting schemes developed for incompressible flow, we see that studies of the pressure stability of explicit
coupling schemes must be carefully designed, as the stability properties can change under time step refinement, for example [23–25].

Such a study of the explicit fixed-stress method is the main goal of the current work. After reviewing the governing equations of
both single-phase and compositional poromechanics we detail the explicit fixed-stress method. We then focus on the single-phase case
when undrained conditions are approached. The goal of this section is not to attempt a detailed proof of stability for discretizations
which do not satisfy the inf–sup condition (which can be done in some cases for incompressible flow [25]), but instead detail the
operations performed in order to develop some intuitive expectations and motivate our numerical studies. We show that the fixed-
stress method in the undrained regime functions very similarly to Augmented Lagrangian methods [26], in particular the classical
Uzawa iteration for incompressible flow problems [27]. This provides an alternative, but complementary view to our previous
work [21], where the role of splitting error was emphasized, and gives intuition on situations where the explicit fixed-stress method
may be able to provide an implicit regularizing effect on the pressure. We follow this with a series of numerical tests inspired by
the analysis, where we find that, while the stabilizing effect does appear in certain cases, it is difficult to see in realistic cases of
CO2 sequestration due to specifics of their setup. We then give a brief review of pressure jump stabilization [20,28–31], which can
be used to remove the remaining spurious oscillations, and was shown to be effective in the iterative fixed-stress setting [21]. We
also include a brief discussion on how the inclusion of jump stabilization affects the analytical studies of the fixed-stress method
performed in [7] for drained problems, highlighting that stability in time and convergence of the explicit scheme are preserved for
single-phase cases in one spatial dimension. Finally, we return to our examples to demonstrate numerically the effectiveness of the
stabilization in the explicit fixed-stress setting.
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2. Model problems

In this section we review the governing equations for isothermal compositional multiphase flow and transport in a deformable
porous medium assuming an arbitrary number of components 𝑛𝑐 and phases 𝑛𝑝. Note that a thorough derivation of the model is
beyond the scope of the present work – additional details can be found for example in [32–34]. As our application of interest is in
geologic carbon sequestration, in our numerical results we will focus on the two phase (𝑛𝑝 = 2), two component CO2-brine system
(𝑛𝑐 = 2) where the CO2 can be present in either phase while the brine component is limited to the liquid phase. We will also
specialize the general formulation for the single-phase (𝑛𝑝 = 1), single-component (𝑛𝑐 = 1) case that will mainly be used for analysis
and developing understanding of the behavior of the fixed-stress method.

We consider a displacement (𝐮), pore pressure (𝑝), global component densities (𝝆𝑐) formulation. Here, 𝝆𝑐 = {𝜌𝑐}𝑐=1,…,𝑛𝑐 is the
vector that collects the global density of each mobile component 𝜌𝑐 =

∑𝑛𝑝
𝓁=1 𝑥𝑐𝓁𝜌𝓁𝑠𝓁 , with 𝑥𝑐𝓁 , 𝜌𝓁 and 𝑠𝓁 the phase component

fraction, density and saturation, respectively. In this work we ignore any capillarity effects, thus 𝑝 at a point is the same across all
phases. Denoting by 𝛺 ⊂ R3 and  = (0, 𝑡final] the domain and the time interval of interest, the initial–boundary value problem of
interest read as follows [33]: Find 𝐮 ∶ 𝛺 ×  ↦ R3, 𝑝 ∶ 𝛺 ×  ↦ R, 𝝆𝑐 ∶ 𝛺 ×  ↦ R𝑛𝑐 such that:

∇ ⋅ 𝝈(𝐮, 𝑝) = 𝐟 (𝐮, 𝑝,𝝆𝑐 ) (quasi-static linear momentum balance), (1a)

𝑚̇𝑐 (𝐮, 𝑝, 𝜌𝑐 ) + ∇ ⋅ 𝐣𝑚,𝑐 (𝑝,𝝆𝑐 ) = 𝑞𝑚,𝑐 (𝑝,𝝆𝑐 ) (mass balance for component 𝑐, with 𝑐 ∈ {1,… , 𝑛𝑐}), (1b)
𝑛𝑝
∑

𝓁=1
𝑠𝓁(𝑝,𝝆𝑐 ) = 1 (saturation constraint), (1c)

subject to suitable boundary and initial conditions. In Eq. (1), the following symbols, variables, and constitutive relationships are
introduced:

• 𝝈(𝐮, 𝑝) = (𝝈′ − 𝐛𝑝) is the total stress tensor, with 𝝈′ = C𝑑 𝑟 ∶ 𝜺(𝐮) the effective stress tensor, C𝑑 𝑟 the fourth-order stress–strain
tangent tensor, 𝜺(𝐮) = ∇𝑠𝐮 the linearized second-order strain tensor, ∇𝑠 the symmetric gradient operator, and 𝐛 is the Biot
coefficient tensor. As the saddle-point structure we are interested in investigating is not associated with any particular type of
constitutive response of the rock matrix, we consider only linear elastic isotropic behavior in this work. Hence:

C𝑑 𝑟 = 𝐾𝑑 𝑟(𝟏⊗ 𝟏) + 2𝐺
(

I − 1
3
𝟏⊗ 𝟏

)

, 𝐛 = 𝑏𝟏, 𝑏 = 1 − 𝐾𝑑 𝑟
𝐾𝑠

, (2)

with 𝐾𝑑 𝑟 and 𝐾𝑠 the bulk modulus of the drained skeleton and the solid phase, respectively, 𝐺 the shear modulus, and 𝟏 and
I the second- and fourth-order identity tensor, respectively. We also define the following auxiliary terms: (i) the volumetric
total stress 𝜎𝑣 = 1

3 tr(𝝈), (ii) the volumetric effective stress 𝜎′𝑣 = 1
3 tr(𝝈′), and (iii) the volumetric strain 𝜖𝑣 = tr(𝜺), where tr(∙)

denotes the trace of quantity (∙). Note that drained bulk modulus of the solid skeleton relates volumetric stress and strain via
𝜎′𝑣 = 𝐾𝑑 𝑟𝜖𝑣;

• 𝐟 (𝐮, 𝑝,𝝆𝑐 ) = −𝜌(𝐮, 𝑝,𝝆𝑐 )𝐠 denotes the body force vector, where 𝜌 = (1 − 𝜙(𝐮, 𝑝))𝜌𝑠 + 𝜙(𝐮, 𝑝)𝜌𝑇 is the mixture density and 𝐠 is
the gravity vector, with 𝜌𝑠 the solid phase density, 𝜌𝑇 =

∑𝑛𝑐
𝑐=1 𝜌𝑐 the total component mass density, and 𝜙 the porosity. The

porosity change from a reference porosity 𝜙0 is modeled in incremental form using the relationship [33]:

𝜙(𝐮, 𝑝) = 𝜙0 + 𝑏(𝜖𝑣(𝐮) − 𝜖𝑣,0) + 1
𝑁

(𝑝 − 𝑝0),
1
𝑁

=
(𝑏 − 𝜙0)

𝐾𝑠
; (3)

• 𝑚𝑐 (𝐮, 𝑝, 𝜌𝑐 ) = 𝜙(𝐮, 𝑝)𝜌𝑐 denotes the mass per unit volume for component 𝑐. In Eq. (1b), the superposed dot, ̇(∙), indicates the
derivative with respect to time of quantity (∙);

• 𝐣𝑚,𝑐 (𝑝,𝝆𝑐 ) is the mass flux for component 𝑐, which accounts for all the phases flux contributions based on a traditional
multiphase flow extension of Darcy’s law, namely

𝐣𝑚,𝑐 (𝑝,𝝆𝑐 ) = −
𝑛𝑝
∑

𝓁=1
𝑥𝑐𝓁(𝑝,𝝆𝑐 )𝜌𝓁(𝑝,𝝆𝑐 )

𝑘𝑟𝓁(𝑝,𝝆𝑐 )
𝜇𝓁(𝑝,𝝆𝑐 )

𝜿 ⋅ (∇𝑝 − 𝜌𝓁(𝑝,𝝆𝑐 )𝐠), (4)

with 𝑘𝑟𝓁 and 𝜇𝓁 the relative permeability and viscosity of phase 𝓁, respectively, 𝜿 the second-order permeability tensor, and
∇ the gradient operator. The fluid properties are updated using the closure relations

𝑛𝑝
∑

𝓁=1
𝑠𝓁 = 1,

𝑛𝑐
∑

𝑐=1
𝑥𝑐𝓁 = 1, 𝓁 = 1,… , 𝑛𝑝, (5)

and thermodynamic equilibrium constraints expressed in terms of the fugacity 𝑓𝑐 ,𝓁(𝑝, 𝑇 , 𝑥𝑐 ,𝓁) of component 𝑐 in phase 𝓁 :

𝑓𝑐𝓁(𝑝, 𝑇 , 𝑥𝑐𝓁) − 𝑓𝑐 𝑘(𝑝, 𝑇 , 𝑥𝑐 𝑘) = 0 ∀𝓁 ≠ 𝑘, 𝑐 = 1,… , 𝑛𝑐 , (6)

with 𝑇 representing temperature. Assuming a constant known temperature, the update procedure involves the following steps:
First, the phase volume fractions (𝑠𝓁) and phase component fractions (𝑥𝑐𝓁) are computed as a function of pressure (𝑝), and
total component fractions (𝑧𝑐 = 𝜌𝑐∕𝜌𝑇 ). Then, phase densities (𝜌𝓁) and phase viscosities (𝜇𝓁) are computed as a function of
pressure and the updated phase component fractions, and phase relative permeabilities (𝑘𝑟𝓁) are computed as a function of
the updated phase volume fractions (𝑠𝓁). More detail can be found in the online documentation of GEOS [35], which we use
to conduct the numerical studies in this work.
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• 𝑞𝑚,𝑐 (𝑝,𝝆𝑐 ) =
∑𝑛𝑝

𝓁=1 𝑥𝑐𝓁𝜌𝓁𝑞𝓁 denotes the mass source/sink per unit volume for component 𝑐, with 𝑞𝓁 the volumetric flow rate
for phase 𝓁. In this work, simple, element-wise constant source fluxes of CO2 are used to model injection, but terms can also
be introduced to model wells based on inflow–performance relationships that depend on 𝑝 and 𝝆𝑐 [36].

For single-phase, single-component poromechanics, the initial–boundary problem Eq. (1) only requires Eqs. (1a) and (1b), with
the local saturation constraint becoming irrelevant. The primary unknowns reduce to 𝐮 and 𝑝, with 𝜌𝑓 (𝑝) = 𝜌𝑐 = 𝜌𝑇 = 𝜌𝓁 and
𝜇𝑓 (𝑝) = 𝜇𝓁 the density and the viscosity of the single-phase, single-component fluid that depend on 𝑝 based on suitable constitutive
equations (𝑐 = 𝓁 = 1). Note that both the component fraction 𝑥𝑐𝓁 and the relative permeability coefficient are equal to 1.
Following [7], in which different formulations of the mass equations are used in the development of sequential implicit schemes,
we also consider this alternative statement of Eq. (1b) assuming a slightly compressible single-phase, single-component fluid

(

1
𝑀

+ 𝑏2

𝐾𝑑 𝑟

)

𝑝̇ + 𝑏
𝐾𝑑 𝑟

𝜎𝑣 + ∇ ⋅ 𝐯 = 𝑞 , (7)

where 𝑀 = 1
𝑁 + 𝜙

𝐾𝑓
denotes the Biot modulus, 𝐾𝑓 the fluid bulk modulus, and 𝐯 the single-phase Darcy flux.

2.1. Undrained flows with incompressible materials

While the above sets of equations can be used to model the poromechanical response of many porous materials, it is important
to note how their character changes when both the solid grains and fluid are incompressible and the permeability magnitude is
equal to zero. These conditions can occur, for instance, in the caprock structures providing structural trapping in cases of geologic
CO2 sequestration.

For the single-phase case, starting with Eq. (1b) and applying the assumptions stated above (including that one cannot inject
into or produce from a zero permeability formation) leads to

𝜌𝑓 𝜙̇ = 0. (8)

Noting that the assumptions also imply 𝑏 = 1, this further reduces to
̇𝜖𝑣 = ∇ ⋅ 𝐮̇ = 0. (9)

When combined with Eq. (1a) describing mechanical force equilibrium, we see that the poromechanical problem has a saddle-point
structure, equivalent to the governing equations of incompressible Stokes flow:

{

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮)) − 𝑏∇𝑝 = 0, (a)
∇ ⋅ 𝐮̇ = 0. (b) (10)

In particular, the mass equation no longer takes the form of an evolution equation for the pressure, but instead takes the form of
a constraint equation, with the pore pressure acting as a Lagrange multiplier enforcing incompressibility of the solid deformations.
Also note that, if the initial displacement solution is divergence free (as would be the case for a zero initial condition, for example),
then the constraint equation can also be written as ∇ ⋅ 𝐮 = 0, meaning the displacement is divergence free instead of its velocity.

Remark 1. For brevity we do not include any explicit discussion of the multiphase case, but we note that the reduction to a
saddle-point problem in the case of an undrained, incompressible problem is very similar; conclusions regarding the stability of
the fixed-stress method in the single-phase, undrained, incompressible case also apply to multiphase scenarios. We refer to [31] for
more detail on the immiscible multiphase setting and to [20,21] for the compositional setting.

3. Spatial discretization

To discretize the above governing equations in space, we elect to use a mixed finite element–finite volume formulation where the
displacement degrees of freedom are discretized with lowest-order piecewise-continuous nodal finite elements and the remaining
degrees of freedom are discretized using piecewise constant, cell-centered values, where the numerical flux is computed using a
standard Two Point Flux Approximation (TPFA) [37]. For brevity, we defer a detailed discussion to our previous work [21], which
details the spatially discrete versions of the equations which are also valid in this work.

Here we will simply state that, for the single-phase case, the spatially discrete equations can be written as a block system of
differential–algebraic equations of the form

[

𝐴 −𝐵𝑇

𝑇

] [
𝑢
𝑝

]

+
[

𝐵 𝑀

] [
𝑢̇
𝑝̇

]

=
[

𝑄𝑢
𝑄𝑝

]

. (11)

Here 𝐴 represents the elastic stiffness matrix, 𝐵 and 𝐵𝑇 are the discrete divergence and gradient operators, respectively, 𝑇 contains
the contributions from the flux terms, 𝑀 contains contribution from the accumulation term, and 𝑄𝑢 and 𝑄𝑝 represent any forcing
terms. Time discretization is then done with a backward Euler method, either applied to the entire coupled problem shown in Eq. (11)
in the case of a fully implicit method, or to each single physics problem independently in the case of a fixed-stress solver, which is
the topic of Section 4.
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Remark 2. The compositional multiphase case results in a nonlinear system of equations which is solved with a Newton–
Raphson approach, but the Jacobian at any instant in time is structured similarly to Eq. (11), but includes more unknowns. In our
implementation, we utilize pressure and global component densities as primary unknowns, though other choices are possible [38].
Secondary unknowns can be eliminated via static condensation as in [3].

3.1. Undrained flows with incompressible materials

Similar to the fully continuous setting, we also highlight the changes that occur when the permeability is small and the fluid
and solid grains are incompressible. The discrete analog of Eq. (10) can be written as

[

𝐴 −𝐵𝑇

𝐵 0

] [
𝑢
𝑝

]

=
[

𝑄𝑢
𝑄𝑝

]

. (12)

The spatial discretizations used to solve Eq. (12) in a fully implicit manner must be carefully selected for stability, in particular
satisfying the discrete inf–sup condition [17]. Results obtained with unstable element pairs will exhibit spurious oscillations in
the discrete pressure field sometimes referred to as checkerboard oscillations [39]. A spurious pressure mode is one which is not
identically zero, 𝑝 ≠ 0, but satisfies 𝐵𝑇 𝑝 = 0, meaning the discrete gradient operator has a nontrivial null space. The remainder of
this work is devoted to determining if these modes also appear when utilizing the explicit fixed-stress method.

Remark 3. It has been shown in the poromechanical context that these spurious modes will appear even if incompressibility and zero
permeability conditions are merely approached and not attained exactly, in both single and multiphase poromechanics problems.
Moreover, realistic values used in simulations of CO2 sequestration satisfy these conditions closely enough for pressure oscillations
to appear [20,21].

Remark 4. Note that the reduction to a saddle-point problem is not affected by the constitutive behavior selected for the solid, so
long as the solid grains remain nearly incompressible. Thus we can still expect to see spurious pressure modes even if the assumed
isotropic, linear elastic skeleton is replaced with more advanced constitutive behavior. For example, [40] details the appearance of
these spurious pressure modes when using an unstable spatial discretization in the case of nonlinear, large deformation poroelasticity.

Remark 5. Spurious pressure modes are associated with the choice of interpolation bases for the mechanics and flow degrees of
freedom, and not the specifics of how the numerical flux is calculated for the flow problem, for instance. These modes appear when
the numerical flux should be essentially zero, and so we do not expect that changing from the TPFA scheme used here to a more
advanced Multipoint Flux Approximation (MPFA) scheme [41] will affect the conclusions we reach below.

4. The explicit fixed-stress split

With the governing equations of both single and multiphase poromechanics described, we now consider discretization in time
using the fixed-stress splitting. We focus on the explicit case where no iterations are taken within time steps, so that each time step
consists of one flow solve and one mechanics solve.

The explicit fixed-stress split first solves the flow problem with the rate of the mean total stress held constant [7]. More formally,
when advancing the flow problem from time 𝑛 to time 𝑛 + 1, it is assumed that

𝜎𝑛+1𝑣 − 𝜎𝑛𝑣 = 𝜎𝑛𝑣 − 𝜎𝑛−1𝑣 . (13)

In the compositional setting, the flow problem is nonlinear and its solution requires an iterative Newton–Raphson solver, while the
problem in the single-phase case is linear. Once the flow solution is known at time 𝑛+ 1, it is used to determine the final displacement
at time 𝑛+ 1. As we restrict ourselves to linear elasticity in this work, the mechanics problem is always linear and does not require
multiple Newton iterations to solve.

The fixed-stress splitting has been shown to be convergent to the fully implicit solution when iterated to convergence [4,7,10],
and more importantly for this work, the explicit scheme (where no iterations are taken) also converges under refinement [7,9]. The
fixed-stress split can also be written in the form of a modification to the porosity field, as discussed in [1,8]. In this case the porosity
is updated according to

𝜙𝑛+1 = 𝜙0 +
(𝑏 − 𝜙0)(1 − 𝑏)

𝐾𝑑 𝑟
(𝑝𝑛+1 − 𝑝0) + 𝑏𝜖𝑛𝑣 +

𝑏2

𝐾𝑑 𝑟
(𝑝𝑛+1 − 𝑝𝑛), (14)

and this value is passed between the solvers. This view of the fixed-stress split reveals that it is equivalent to the decoupling strategies
developed previously in [4,5]. Moreover, this approach is easily adapted for both single-phase and compositional poromechanics,
and so it is the approach we utilize in our numerical implementation.

For the purposes of understanding its behavior when applied to the undrained saddle-point problem, however, we will use the
explicit expressions of the equations for the single-phase poromechanical case developed in [7]. We will see through numerical
tests that these conclusions still hold in the compositional setting, and in particular in realistic simulations of CO2 injection. The
starting point of the scheme is Eq. (7). Ignoring forcing terms, using Darcy’s law (Eq. (4)) to replace the velocity term with pressure,
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discretizing in time with a backward Euler scheme with time step of size 𝛿 𝑡, and applying the fixed-stress assumption (Eq. (13))
yields

(

1
𝑀

+ 𝑏2

𝐾𝑑 𝑟

)

𝑝𝑛+1 − 𝑝𝑛

𝛿 𝑡 +
(

𝑏
𝐾𝑑 𝑟

) 𝜎𝑛𝑣 − 𝜎𝑛−1𝑣
𝛿 𝑡 − ∇ ⋅

(

𝐤
𝜇
∇𝑝𝑛+1

)

= 0. (15)

Eq. (15) is used to solve for the pressure 𝑝𝑛+1 at the new discrete time level 𝑡𝑛+1. Ignoring external forcing again for simplicity, the
displacement 𝑢𝑛+1 is then determined using

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮𝑛+1)) − 𝑏∇𝑝𝑛+1 = 0, (16)

and then the process is repeated for the subsequent time step.

4.1. Application to saddle-point problems

Of interest to us in this work is the behavior of the non-iterated fixed-stress splitting as the governing equations approach
a saddle-point system. In this case, standard fractional step or splitting theory is not applicable [42]. We focus on the spatially
continuous setting for simplicity, but we note that we will discretize in space according to Section 3. With the assumptions of
perfectly incompressible solid grains and fluid and exactly zero permeability, the fixed-stress mass equation (Eq. (15)) becomes

(

1
𝐾𝑑 𝑟

)

(𝑝𝑛+1 − 𝑝𝑛) +
(

1
𝐾𝑑 𝑟

)

(𝜎𝑛𝑣 − 𝜎𝑛−1𝑣 ) = 0, (17)

which can be simplified to
(𝑝𝑛+1 − 𝑝𝑛) = (𝑝𝑛 − 𝑝𝑛−1) −𝐾𝑑 𝑟∇ ⋅ (𝐮𝑛 − 𝐮𝑛−1). (18)

Note the absence of the time step size 𝛿 𝑡 in Eq. (18), which reflects the fact that the mass equation is no longer an evolution equation
for pressure, but instead a constraint equation approximating Eq. (9) at the time-discrete level.

4.2. Interpretation as an augmented Lagrangian method

The easiest way to understand the behavior of the fixed-stress method in the undrained, incompressible setting is to simply walk
through the algorithm at the time-discrete level:

1. At the first flow solve, the fixed-stress assumption reduces to 𝜎1𝑣 = 𝜎0𝑣 , and so the resulting pressure field is simply given by

𝑝1 = 𝑝0. (19)

Then, assuming a non-constant mechanical forcing term 𝑓 , the new displacement is computed via

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮1)) = 𝑓 1 + ∇𝑝1. (20)

2. Continuing to the second time step, the fixed stress assumption is stated as 𝜎2𝑣 − 𝜎1𝑣 = 𝜎1𝑣 − 𝜎0𝑣 , and so the flow problem is
given by

(𝑝2 − 𝑝1) = (𝑝1 − 𝑝0) −𝐾𝑑 𝑟∇ ⋅ (𝐮1 − 𝐮0). (21)

Using the result of the first flow solve, 𝑝1 = 𝑝0, then this simplifies to
(𝑝2 − 𝑝1) = −𝐾𝑑 𝑟∇ ⋅ (𝐮1 − 𝐮0), (22)

and the following mechanics step is given by

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮2)) = 𝑓 2 + ∇𝑝2. (23)

3. In the third time step, the new pressure is computed via

(𝑝3 − 𝑝2) = (𝑝2 − 𝑝1) −𝐾𝑑 𝑟∇ ⋅ (𝐮2 − 𝐮1), (24)

which, by noting that (𝑝2 − 𝑝1) = −𝐾𝑑 𝑟∇ ⋅ (𝐮1 − 𝐮0), becomes

(𝑝3 − 𝑝2) = 𝐾𝑑 𝑟∇ ⋅ (𝐮2 − 𝐮0). (25)

The mechanics step to be performed is then

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮3)) = 𝑓 3 + ∇𝑝3. (26)

Following this pattern, the fixed-stress flow solve for a general future time step can be written as

𝑝𝑛+1 = 𝑝𝑛 +𝐾𝑑 𝑟∇ ⋅ (𝐮𝑛 − 𝐮0), (27)

meaning that the pressure is updated by the net volumetric displacement of the previous mechanics solution before being used as a
forcing in the next mechanics solve. This formulation resembles a penalty formulation for incompressible elasticity with the penalty
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parameter specified as the drained bulk modulus 𝐾𝑑 𝑟. One can also interpret this as an attempt to define the new pressure to be the
one which would make the previous displacement increment divergence-free.

In fact, if we assume the initial displacement to be divergence free, we can summarize the above equations as solving the problem
below to advance from time 𝑛 to time 𝑛 + 1:

{

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮𝑛+1)) = 𝑓 𝑛+1 + ∇𝑝𝑛 +𝐾𝑑 𝑟∇(∇ ⋅ 𝐮𝑛) (a)
𝑝𝑛+1 = 𝑝𝑛 +𝐾𝑑 𝑟∇ ⋅ (𝐮𝑛). (b) (28)

This formulation begins to resemble an Augmented Lagrangian method for incompressible flow [26], and in particular the Uzawa
iteration [27,43]. For completeness, we include a standard formulation of the Uzawa iteration for the Stokes equations below, using
𝐮̃, 𝑝̃, and 𝑓 to denote the Stokes velocity, pressure, and momentum forcing term, respectively:

{

−𝛥𝐮̃𝑛+1𝑘+1 = 𝑓 𝑛+1
𝑘+1 − ∇𝑝̃𝑛+1𝑘 + 𝑟1∇(∇ ⋅ 𝐮̃𝑛+1𝑘+1) (a)

𝑝̃𝑛+1𝑘+1 = 𝑝̃𝑛+1𝑘 + 𝑟2∇ ⋅ (𝐮̃𝑛+1𝑘+1). (b)
(29)

In addition to the discrete time levels we have also used the subscripts 𝑘 and 𝑘+ 1 to emphasize that the Uzawa process is iterated
until convergence when solving for one velocity and pressure pair. We have also used 𝑟1 and 𝑟2 to denote user specified penalty
parameters.

The similarity of the fixed-stress split with Uzawa iteration was noted in a remark in [22], though they did not discuss its
implication for pressure stability in detail. Moreover, the authors did not note that the Uzawa method produces non-singular matrices
at every stage, but still requires inf–sup stable discretizations to avoid pressure oscillations in the solution. This actually contradicts
their main assertion about the stability of the fixed-stress method. In fact, the fixed-stress splitting functions almost identically to an
inexact Uzawa iteration [43]. Inexact Uzawa methods approximate the pressure Schur complement (usually with a scaled pressure
mass matrix) so that no matrix inversion is needed, and this is analogous to the 𝑏2∕𝐾𝑑 𝑟 diagonal term introduced in the mean
fixed-stress split [10].

The comparison of the fixed-stress splitting with Augmented Lagrange approaches provides clarity regarding the pressure stability
of the method. In a transient problem, which would be reflected in the above algorithm as time-varying forces 𝑓 𝑛 (but could also
be reflected with mass sources and sinks), comparing Eqs. (28) and (29) reveals the explicit fixed-stress split functions similar to
the Uzawa method with only one iteration. However, Uzawa methods rely on the presence of multiple iterations within a time step
to accurately enforce the incompressibility constraint. By examining Eq. (29), we see that only in the limit of converged solutions
(i.e. 𝐮̃𝑘+1 ≈ 𝐮̃𝑘 and 𝑝̃𝑘+1 ≈ 𝑝̃𝑘) does Eq. (29) reduce to the underlying saddle-point problem:

{

−𝛥𝐮̃𝑘+1 + ∇𝑝̃𝑘+1 = 𝑓𝑘+1 (a)
∇ ⋅ (𝐮̃𝑘+1) = 0. (b)

(30)

When iterations are not taken, Augmented Lagrangian methods essentially reduce to penalty formulations for incompressible
problems [44]. In this case, the obtained solution will only approximate a solution of the underlying saddle-point system. This is
clear from Eq. (29) when we consider a case where we have stopped iteration before convergence. In general, we could improve
the level of satisfaction of the incompressibility constraint by increasing the penalty parameters in Eq. (29), but the explicit fixed-
stress method fixes this value as 𝐾𝑑 𝑟, as seen in Eq. (28). A key difference between the fixed-stress method in Eq. (28) and the
Uzawa iteration is that the penalty terms in Eq. (28) are based on a lagged displacement solution. In the case of a rapidly evolving
displacement solution, this results in less effective penalty terms, and thus more error in the solution when compared to the solution
of the underlying saddle-point problem. This may be the case with large time steps, for example. These inaccuracies (which are
equivalent to the splitting errors discussed in [21]) may hide or smooth spurious pressure oscillations in the numerical solution.

This conclusion is only true in truly transient problems, however. In particular, consider using the explicit fixed-stress algorithm
given by Eq. (28) when the physical solution has reached a steady state. In this case the explicit scheme is functioning identically
to the iterative scheme, and so we would expect pressure oscillations to return, given the results of [21]. Indeed, if we assume
𝐮𝑛+1−𝐮𝑛 → 0, 𝑝𝑛+1−𝑝𝑛 → 0, and 𝑓 𝑛+1−𝑓 𝑛 → 0, then (similar to the Uzawa iteration) Eq. (28) reduces to the underlying saddle-point
problem:

{

∇ ⋅ (C𝑑 𝑟 ∶ (∇𝑠𝐮𝑛+1)) − ∇𝑝𝑛+1 = 𝑓 𝑛+1 (a)
∇ ⋅ (𝐮𝑛+1) = 0. (b) (31)

We will verify the appearance of pressure oscillations at steady state with our numerical results, and we note that this is common in
industry simulations of CO2 sequestration, where after injection the simulation is continued for many years to model the migration
of the CO2 plume. We also note that, even in cases which are not fully steady, if the solution changes very slowly (when compared
to the time step size), we may also expect to see pressure oscillations for the same reasons as above. For a given problem setup,
it is likely that as the time step size approaches zero, the penalty terms in Eq. (28) defined using the bulk modulus result in a
numerical solution which is sufficiently close to the solution of the underlying saddle-point problem such that spurious oscillations
begin to reappear. In fact, we shall see that, depending on the time step size, pressure solutions in the burden regions of realistic
CO2 sequestration problems seem to not change rapidly enough to avoid the spurious pressure modes.

It is important to note that the above interpretation does not provide any rigorous proof of pressure stability (or lack thereof)
in the explicit fixed-stress splitting with our choice of spatial discretization. Instead, we use the interpretations developed above as
motivation in the design of the numerical studies in the following section. It may be possible to derive bounds on parameters of the
problem setup (for example, the time step size) to maintain a notion of pressure stability, as was done in [25] for incompressible
flow problems, but we leave this as future work.
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Remark 6. The interpretation of the fixed-stress splitting as an Augmented Lagrange approach also agrees very well with the
interpretations developed in [21] for the iterative fixed-stress scheme. In fact, the iterated fixed-stress scheme will look essentially
identical to Eq. (29) when applied to a nearly undrained and incompressible problem. It is well-known that Augmented Lagrangian
approaches provide no implicit pressure stabilizing effect, and thus if a non-inf–sup stable spatial discretization is applied, spurious
pressure oscillations can still appear [27,45]. This is exactly what we found in our previous work [21], though there we used a
motivation based on projection methods for incompressible flow. Moreover, the large number of iterations required when solving
undrained problems with non-inf–sup stable discretizations seen for the fixed-stress method in [12,21], was also seen when using
Uzawa iteration to solve incompressible flow problems [27].

In fact, as iterations are performed within a time step (and the constraint is enforced more accurately), the convergence rate of
the Uzawa algorithm slows in simulations of incompressible flow with unstable spatial discretizations [27]. We also saw this change
in convergence rate in our previous work [21].

5. Numerical studies of pressure stability

To gain a full understanding of the pressure stability properties of the fixed-stress method, we study three cases of increasing
complexity and applicability to CO2 sequestration. We start by considering single-phase poromechanics in a cantilevered plate used
in previous studies of pressure stability in mixed discretizations. In this case we shall see cases where the fixed-stress method
can exhibit improved pressure stability compared to the fully implicit method. We then consider single-phase poromechanics in a
staircase geometry to begin to understand stability properties in a case where only a burden region is undrained. Then we conclude
with a realistic CO2 injection case, namely a compositional poromechanics simulation of injection into the High Island 24L formation.
This result demonstrates that the motivations developed using the single-phase case are also valid in more complex settings, and
we highlight additional considerations that must be made for nonlinear flow problems.

We utilize GEOS [35,46] to perform all of the numerical tests in this work. GEOS is an open-source, high-performance
simulator with the capability to solve coupled poromechanical problems using both fully implicit as well as sequential (implicit
and explicit) methodologies, which allows us to easily evaluate the pressure stability of the explicit fixed-stress split compared to
the corresponding fully implicit method. As mentioned above, all nonlinear systems are solved via a Newton–Raphson approach,
and linear systems are solved using GMRES with algebraic multigrid and multigrid reduction preconditioners [3].

5.1. Cantilever plate

Our first example is inspired by the studies in [47–49], where it was used to assess the effectiveness of pressure stabilization
strategies in other discretizations. We consider a planar poroelastic solid given by the mesh in Fig. 1. The left edge of the skeleton
is fixed and a sinusoidal loading is applied to the top with maximum magnitude of 100 N and a period of 10 days. All other
edges are free. The skeleton is assumed isotropic and linear elastic with drained bulk modulus equal to 5 GPa and Poisson’s ratio
𝜈 = 3𝐾𝑑 𝑟−2𝐺

2(3𝐾𝑑 𝑟+𝐺) = 0.25, and the solid grains are assumed to be exactly incompressible.
We consider single-phase flow within the skeleton, with no-flow boundary conditions applied on all four boundaries. The

permeability of the skeleton is defined to be isotropic and equal to zero everywhere, and the porosity is set to 0.05 everywhere.
The fluid is defined to have density 1000 kg/m3 and zero compressibility.

Fig. 2 shows the pressure field evolution through one period of loading obtained with the fully implicit method and a time step of
1 day, for reference. The pressure field is shown after the third time step (which approximately corresponds to the time of maximum
loading in the negative 𝑧 direction) and after the seventh step (which approximately corresponds to the time of maximum loading
in the positive 𝑧 direction). Clearly the results are polluted by the spurious checkerboard mode, which appears on the first step and
persists throughout the simulation.

Fig. 3 shows the same pressure fields as in Fig. 2, but obtained with the explicit fixed-stress method with the same 1 day time
step. We see that the pressure field is smooth and does not seem to contain any spurious oscillations. This confirms our assertion
that, for transient problems with large enough time steps, the explicit fixed-stress approach can have a pressure stabilizing effect.
We also wish to study this effect as the time step size decreases. Figs. 4 and 5 show the corresponding results obtained with time
steps of size 0.1 and 0.01 days, respectively. We see that the checkerboard mode is present in results obtained with a 0.1 day time
step, though it is slightly smoothed when compared to the fully implicit results. When the time step size is further reduced to 0.01
days, the results essentially match the fully implicit case, including the spurious oscillations. We interpret this as follows: as the
time step size is decreased, the solution change during any time step also decreases, and the incompressibility constraints are better
enforced and satisfied, which leads to the re-appearance of the spurious pressure modes.

As a last numerical test, we consider the behavior of the explicit scheme as steady state is approached when using the 1 day time
step which smoothed the spurious pressure modes in the transient simulations above. We continue applying the sinusoidal load for
100 days with the explicit fixed-stress method, and the resulting pressure field is given by Fig. 6(a). Clearly the spurious pressure
mode is still not visible at this point. At 𝑡 = 100 days, we freeze the forcing at its maximum value in the positive 𝑧 direction and
continue time stepping. The problem is now steady, and we plot the pressure field obtained after 10, 20, and 30 extra time steps in
the remainder of Fig. 6. Even though the spurious oscillations remained invisible during the transient phase of the simulation, we
see that continuing to advance in time at steady state results in a solution which converges to the oscillatory solution obtained by
the fully implicit method.
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Fig. 1. Cantilever problem setup.

Fig. 2. Cantilever: Pressure field at various time steps obtained with fully implicit method.

Fig. 3. Cantilever: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 1 day.
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Fig. 4. Cantilever: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 0.1 day.

Fig. 5. Cantilever: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 0.01 day.

5.2. Staircase

Our second numerical example consists of a high-permeability channel region and a low permeability burden region coupled
together in a spiral staircase pattern, as seen in Fig. 7. This problem has been studied previously in [21,31,50], and is a useful
example as it remains simple but is perhaps more closely related to what one would expect in CO2 sequestration, namely the
undrained conditions occur only in the burden region while injection occurs into the high-permeability channel region. We again
consider single-phase poromechanics for simplicity, and injection is performed into the cells marked in green in Fig. 7 at a rate of
1 kg/s for 30 years. The skeleton in both the channel and barrier regions is modeled as isotropic, linear elastic with bulk modulus
of 5 GPa and Poisson ratio of 0.25. Roller boundary conditions are applied on all sides except for the top, which is left free.

Within the channel region (shown in gray in Fig. 7), the skeleton permeability is set to 9.8 ⋅ 10−13 m2 and the porosity is set to
0.2, while in the barrier region (shown in red in Fig. 7), the permeability is set to zero and the porosity is set to 0.05. Thus the
problem is drained in the channel and undrained in the barrier. The fluid is again assumed to be fully incompressible with density
1000 kg/m3, and no flow boundary conditions are imposed on all sides of the domain.

Like the previous example, we first show a reference result obtained with a fully implicit method. Fig. 8 shows the pressure field
after 15 and 30 years with a time step of 1 month. There are strong pressure oscillations in the undrained burden region, and we
note that, though it is not shown here, they persist when the time step size is increased.

Figs. 9 to 11 show the same results using the explicit fixed-stress method and time steps of 1 month, 1 year, and 5 years,
respectively. We see the same trends as in the cantilever example – when the time step size is set to be 1 month, the solution is
almost identical to the fully implicit solution, and there is essentially no pressure stabilizing effect. When the time step is increased to
1 year, we do see a small about of pressure smoothing, and further increasing to 5 years removes most of the spurious oscillations.
However, we also see that increasing the time step size in the explicit scheme also introduced noticeable error into the solution
within the channel region. This is expected, but highlights the dilemma that appears when attempting to use an explicit coupling
scheme to stabilize the pressure in this kind of example. In particular, since the pressure solution in the low permeability barrier
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Fig. 6. Cantilever: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 1 day with forcing frozen at maximum value.

Fig. 7. Staircase problem setup. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

region changes very slowly, a large time step is needed for the transient effects to damp oscillatory modes. The channel solution,
on the other hand, experiences much larger changes and thus is subjected to the larger transient errors that arise from a large time
step. In this region, however, these effects are not necessary to counteract any spurious modes, and so the damping is unwanted.
Finally, while we do not show it here for brevity, we remark that at steady state the behavior of this example is the same as the
cantilever example. In particular, if we were to continue time stepping beyond 30 years with no injection, the solutions obtained
with the explicit fixed-stress scheme with any time step size will converge to a solution with the same pressure oscillations in the
barrier as obtained with a fully implicit method.
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Fig. 8. Staircase: Pressure field at various time steps obtained with fully implicit method.

Fig. 9. Staircase: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 1 month.

Fig. 10. Staircase: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 1 year.

5.3. High Island 24L

Our final numerical example is a realistic setup of field-scale CO2 sequestration. We consider injection into a geologic model of
High Island 24L field (HI24L), located in the Gulf of Mexico. This region has been extensively studied and characterized [51], and
is an attractive candidate for CO2 storage.
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Fig. 11. Staircase: Pressure field at various time steps obtained with explicit fixed-stress method and time step of 5 years.

Fig. 12. HI24L: Problem setup.

The simulation mesh is shown in Fig. 12(a), and consists of a high permeability aquifer sandwiched between low permeability
seal units. Within the aquifer region, the skeleton density is set to 2700 kg/m3, the drained bulk modulus is set to 9.4 GPa, and the
Poisson ratio is set to 0.25. The permeability and porosity fields are heterogeneous within the aquifer, with the permeability being
isotropic and varying between 10−16 m2 and 5 ⋅ 10−13 m2 and the porosity varying between 5% and 25%. The profile for both fields
is shown in Fig. 12(b). Within the seal units, the skeleton density remains 2700 kg/m3, the drained bulk modulus is 11.5 GPa, and
the Poisson ratio is 0.3. The permeability is isotropic and homogeneous, with value 10−20 m2 in each direction. The porosity is also
homogeneous with value 5%. The top surface of the skeleton is free, while all other boundaries are defined with roller conditions.
All boundaries prevent flow in or out of the domain.

On the fluid side, the CO2 solubility is defined as in [52], and the CO2-rich phase density is defined using [53] while the viscosity
is determined as in [54]. The brine phase density and viscosity are determined using [55]. CO2 is injected at a rate of 90 kg/s in
the center of the reservoir for 30 years.

Fig. 13 shows the change in the pressure field at the top of the upper seal unit, which represents the seafloor, using both the
fully implicit method and the explicit fixed-stress split, and a time step of size 6 months. Clearly both are polluted with the same
spurious pressure oscillations. Given the previous results in the staircase section, this is perhaps not surprising and achieving a
pressure stabilizing effect from the explicit coupling would likely require a much larger time step. However, in this case the time
step size is now limited by the performance of the nonlinear solution strategy for the flow problem. For this example, even increasing
the time step from 6 months to 1 year prevents the Newton solver from converging in 100 iterations. In fact, we have found that
the performance of the full solver, in terms of total wall clock time, is actually better when a smaller time step of size 1 month is
taken, due to the faster convergence of the flow problem Newton solver at every time step.

5.4. Summary of results

To summarize, from the results of these three cases we conclude that the explicit fixed-stress scheme is not a reliable source of
pressure stabilization in general, especially in cases representative of geologic carbon storage. A pressure stabilizing effect is only
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Fig. 13. HI24L: Seafloor pressure field after 30 years of injection with time step of 6 months.

seen when large time steps are taken relative to the timescale of the solution, and this is challenging in simulations of CO2 storage
because (i) large time steps result in large errors in the drained regions where we expect to be performing injection, and (ii) large
time steps can slow or prevent the convergence of nonlinear flow problem. Moreover, if the problem approaches a steady state, for
example if injection has stopped and the CO2 plume is stationary, then the explicit fixed-stress scheme cannot provide a pressure
stabilizing effect for any time step size.

6. Jump stabilization of pressure

Equipped with an understanding of when the explicit fixed-stress method can fail to provide a pressure stabilizing effect, we
now move on to consider the use of an additional stabilization technique in conjunction with the splitting. There are many pressure
stabilization techniques that have been developed for mixed finite element discretizations and have been used in fully implicit
simulations of poromechanics [30,31,49,50,56–59]. A convenient choice is pressure jump stabilization [20,28,30,31,40], which we
showed to be effective in conjunction with the iterative fixed-stress method in [21].

This technique is built upon the definition of an artificial flux which penalizes jumps in pressure between elements, thus smooth-
ing the oscillatory, spurious pressure modes associated with unstable spatial discretizations. In particular, in the compositional setting
a stabilization flux for each component is defined via

𝐹 𝑛+1
𝑠𝑡𝑎𝑏,𝑐 = 𝜏 𝑉

𝑛𝑝
∑

𝓁=1

(

𝑥𝑐𝓁𝜌𝓁𝑘𝑟𝓁
)𝑛
𝑢𝑝𝑤

[[

𝑝𝑛+1 − 𝑝𝑛

𝛿 𝑡
]]

. (32)

This flux augments the TPFA flux during the flow solve within each time step of the explicit fixed-stress method. Square brackets
denote the difference across a face and we use the subscript 𝑢𝑝𝑤 to denote that the mass used is from the upwind cell. The parameter
𝜏 is user-defined and can be estimated using matrix conditioning arguments as in [20,31,60]:

𝜏 = 𝑐 ⋅ 9
32(𝜆 + 4𝐺)

. (33)

Here 𝜆 is the first Lamé parameter of the solid skeleton and 𝐺 is the shear modulus. The parameter 𝑐 can be used to account for
different element topologies. We select 𝑐 = 1 for hexahedra and 𝑐 = 3 for tetrahedra, and note that these values were also shown to
perform well in terms of sequential iterations required to reach convergence in the iterative fixed-stress setting in [21].

6.1. Stability and convergence for drained problems

Up to this point, however, no formal analysis has been done to motivate the effectiveness of the combined pressure stabilized
fixed-stress method. In fact, interesting results for the drained setting can be obtained for simple problems using the same
methodology followed in [7]. Following that approach, we consider a one dimensional, single-phase problem discretized in space
with our choice of a mixed piecewise linear–piecewise constant approach and in time with the explicit fixed-stress splitting and
implicit Euler. The fully discrete flow equation for cell 𝑗 in this case reads

(

1
𝑀 𝛿 𝑡 +

𝑏2

𝐾𝑑 𝑟𝛿 𝑡
)

(

𝑝𝑛+1𝑗 − 𝑝𝑛𝑗
)

−
(

𝑏2

𝐾𝑑 𝑟𝛿 𝑡
)

(

𝑝𝑛𝑗 − 𝑝𝑛−1𝑗

)

+
( 𝑏
𝛿 𝑡𝛿 𝑥

) (
𝑢𝑛𝑗+1∕2 − 𝑢𝑛𝑗−1∕2 − 𝑢𝑛−1𝑗+1∕2 + 𝑢𝑛−1𝑗−1∕2

)

−
(

𝑘
𝜇 𝛿 𝑥2

)

(

𝑝𝑛+1𝑗+1 − 2𝑝𝑛+1𝑗 + 𝑝𝑛+1𝑗−1

)

−
( 𝜏 𝛿 𝑥

𝛿 𝑡
) (

𝑝𝑛+1𝑗+1 − 2𝑝𝑛+1𝑗 + 𝑝𝑛+1𝑗−1 − 𝑝𝑛𝑗+1 + 2𝑝𝑛𝑗 − 𝑝𝑛𝑗−1
)

= 0,
(34)

while the fully discrete mechanics equation can be written for node 𝑗 − 1∕2 as
(

−
𝐾𝑑 𝑟
𝛿 𝑥

)

(

𝑢𝑛+1𝑗−3∕2 − 2𝑢𝑛+1𝑗−1∕2 + 𝑢𝑛+1𝑗+1∕2

)

− 𝑏
(

𝑝𝑛+1𝑗 − 1 − 𝑝𝑛+1𝑗

)

= 0. (35)
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The mechanics equation is identical to the one presented in [7], as pressure jump stabilization does not modify this equation. The
only difference is the inclusion of the last term within Eq. (34).

We can use this formulation in a Von Neumann stability analysis, where we assume displacement and pressure solutions of the
form

𝑝𝑛𝑗 = 𝛾𝑛𝑒𝑖𝑗 𝜃 𝑝̂, (36)
𝑢𝑛𝑗 = 𝛾𝑛𝑒𝑖𝑗 𝜃 𝑢̂. (37)

Substitution of these assumed solutions yields an amplification matrix which is identical to the one derived for the fixed-stress
scheme without jump stabilization [7], except that the pressure entry of the mass equation also includes our stabilizing terms.
Solving for the amplification factors 𝛾 which result in a singular system results in 𝛾 = 0 and

𝛾 =
𝛿 𝑥2𝜇(𝐾𝑑 𝑟 +𝑀 𝑏2) + 2𝜇 𝐾𝑑 𝑟𝑀 𝛿 𝑥3𝜏(1 − cos 𝜃)

𝛿 𝑥2𝜇(𝐾𝑑 𝑟 +𝑀 𝑏2) + 2𝐾𝑑 𝑟𝑀 𝛿 𝑡𝑘(1 − cos 𝜃) + 2𝜇 𝐾𝑑 𝑟𝑀 𝛿 𝑥3𝜏(1 − cos 𝜃) . (38)

Note that if the stabilization parameter 𝜏 is set to zero this recovers the original amplification factor in [7]. Interestingly, this
amplification factor is actually larger than the amplification factor for the standard method, as the stabilization term 2𝜇 𝐾𝑑 𝑟𝑀 𝛿 𝑥3𝜏(1 −
cos 𝜃) which is added to both the numerator and denominator is always positive for 𝜏 > 0. This is related to our choice to penalize
the jumps in the pressure increment, instead of the jump in the pressure at the final time in Eq. (32). A discussion of these different
options is provided in [30], where it was seen that the pressure increment method was the most accurate. If one instead penalized
the pressure solution itself, the resulting amplification factor is smaller than the original found in [7], as expected.

Regardless, the stabilized amplification factor is still always less than unity for all values of 𝛿 𝑡 > 0 and 𝜏 > 0, so the method
with jump stabilization included remains unconditionally stable in time like the unmodified fixed-stress scheme. Moreover, since
the pressure stabilization terms would be identical in the corresponding fully implicit method, we can use the same strategy as
in [7] to conclude that the pressure stabilized fixed stress scheme is also convergent with a fixed number of iterations per time
step (which includes the explicit method). In particular, the error is not magnified when compared to the pressure stabilized fully
implicit method (as the error term will be identical to that presented in [7]), and it is known that the pressure stabilized fully
implicit scheme is still convergent by construction. Of course, if 𝜏 is poorly selected, and in particular is much too large, the error
in the pressure stabilized method may be larger than in the original method, but it has been demonstrated that this is not the case
when 𝜏 is selected according to the condition number arguments defined in [20,31].

To reiterate, the above arguments regard stability and convergence of the modified splitting scheme in time in the drained
regime, where there is no saddle-point structure. We feel that these properties are useful to verify, however, so that the method can
be employed in both drained and undrained regions, if desired. We verify in the following section the robustness of the pressure
stabilized fixed-stress scheme in both drained and undrained regimes.

7. Numerical results with pressure stabilization

As a final technical section of this work, we revisit the numerical examples of Section 5, but now generate results including
pressure jump stabilization. For brevity we focus on the cantilever and HI24L examples. We confirm that the pressure stabilization
scheme has very little effect when the explicit fixed-stress solution was not oscillatory, but behaves in a similar manner to the fully
implicit case when pressure oscillations were still present.

7.1. Cantilever plate

We now return to the cantilever example in which it was demonstrated that the explicit fixed-stress scheme could smooth spurious
pressure oscillations in transient problems. Fig. 14 shows the pressure fields obtained with a fully implicit solver including jump
stabilization. Comparing this with Fig. 3, we see that the result obtained using just the explicit scheme with a time step of one
day compares well with the stabilized solution. Note that there is a difference in magnitude between the explicit and fully implicit
solution, reflecting that the stabilizing effect is accompanied by error. In Fig. 15 we show the results obtained with the explicit fixed-
stress scheme with a time step of one day and jump stabilization included. Indeed, the jump stabilization has affected the solution
very little, meaning that it was essentially unnecessary, but it is reassuring that there was no negative effect from its inclusion. When
a time step of size 0.01 days is taken, however, Fig. 16 illustrates that jump stabilization is as effective at smoothing the pressure
oscillations as in the fully implicit case.

7.2. High Island 24L

For our final set of numerical experiments, we again consider the case of CO2 injection into the HI24L formation, but now
with pressure jump stabilization included. Following [21], we only apply stabilization in the undrained burden regions to avoid
inappropriately smoothing the interface between these regions and the drained aquifer region. Fig. 17 shows the resulting pressure
fields at the seafloor. Clearly the spurious oscillations seen in Fig. 13 have been removed, and the results obtained with the explicit
fixed-stress scheme match well with the fully implicit solution.
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Fig. 14. Cantilever: Pressure field at various time steps obtained with pressure stabilized fully implicit method.

Fig. 15. Cantilever: Pressure field at various time steps obtained with pressure stabilized explicit fixed-stress method and time step of 1 day.

Fig. 16. Cantilever: Pressure field at various time steps obtained with pressure stabilized explicit fixed-stress method and time step of 0.01 day.

We also investigate the sensitivity of the results to the stabilization strength 𝑐 using this example. Fig. 17 was generated using
𝑐 = 3, which was suggested in [20] to be nearly optimal in terms of conditioning of the pressure Schur complement in the fully
implicit scheme, as well as in terms of iterations required for convergence of the iterative fixed-stress scheme [21]. For comparison,
Fig. 18 shows the seafloor pressure fields obtained with both the fully implicit method and the explicit fixed-stress, with 𝑐 = 0.3 and
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Fig. 17. HI24L: Seafloor pressure field after 30 years of injection with time step of 6 months, including pressure stabilization.

Fig. 18. HI24L: Seafloor pressure field after 30 years of injection with time step of 6 months, including pressure stabilization of varying strengths.

𝑐 = 30. We see that the sensitivity of the pressure to the parameter 𝑐 in the explicit fixed-stress solution is similar to what is seen
in the fully implicit solution, and moreover the choice of 𝑐 = 3 still seems to be quite good, as it smooths the spurious oscillations
without over-damping the physical solution.

8. Conclusions

In this work we performed detailed studies of the pressure stability of the explicit, or non-iterated, fixed-stress splitting in
undrained and incompressible cases when used in conjunction with a non-inf–sup stable spatial discretization. We detailed the
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similarity of the method to classical Uzawa iteration, which provided intuition on when a pressure stabilizing effect might be
expected. The numerical studies confirmed that, for transient problems, the use of large time steps can result in pressure field
visibly free of spurious oscillations. As the time step is refined or steady state is reached, however, the spurious modes reappear.
Due to the slow evolution of the pressure field in geologic seal units, we saw that very large time steps must be taken to see the
stabilizing effect. This, however, resulted in inaccuracies in the reservoir or aquifer regions, and in the multiphase case challenged
the nonlinear solver of the flow problem. From this we concluded that, in applications such as CO2 sequestration, any pressure
stabilizing effect from the fixed-stress method will likely be insufficient in general. We then discussed the use of pressure jump
stabilization in conjunction with the fixed-stress method, including proofs that the addition of an additional pressure stabilization
strategy does not affect the convergence or time stability of the splitting in the drained case. By revisiting the numerical examples,
we saw that the addition of jump stabilization had little effect when the oscillations were removed by the explicit fixed-stress method
alone, as desired, but it also stabilized cases where the fixed-stress scheme was insufficient. Moreover, the behavior of the scheme
is the same as the pressure stabilized fully implicit method, including sensitivity to the stabilization parameter.

While in this work we focused on the choice of a mixed piecewise linear–piecewise constant spatial discretization, it may be
interesting to repeat this study for other choices which are not inherently inf–sup stable, such as equal-order interpolations. While we
expect that results will be similar to the ones obtained here, verification may be worthwhile as the numerical diffusion added by the
explicit fixed-stress split may behave slightly different for different discretizations. Similarly, exploring solid skeletons characterized
by more complex, perhaps nonlinear constitutive laws may also be an interesting future direction. We know that pressure instabilities
can still arise in these cases, but the error introduced by the explicit fixed-stress split may again behave differently in these settings,
perhaps providing additional stability in certain cases.
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