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Abstract
Most present stellarator designs are produced by costly two-stage optimization: the first for an
optimized equilibrium, and the second for a coil design reproducing its magnetic configuration.
Few proxies for coil complexity and forces exist at the equilibrium stage. Rapid initial state
finding for both stages is a topic of active research. Most present convex coil optimization codes
use the least square winding surface method by Merkel (NESCOIL), with recent improvements
in conditioning, regularization, sparsity, and physics objectives. While elegant, the method is
limited to modeling the norms of linear functions in coil current. We present QUADCOIL, a
global coil optimization method that targets combinations of linear and quadratic functions of
the current. It can directly constrain and/or minimize a wide range of physics objectives
unavailable in NESCOIL and REGCOIL, including the Lorentz force, magnetic energy,
curvature, field-current alignment, and the maximum density of a dipole array. QUADCOIL
requires no initial guess and runs nearly 102× faster than filament optimization. Integrating it in
the equilibrium optimization stage can potentially exclude equilibria with difficult-to-design
coils, without significantly increasing the computation time per iteration. QUADCOIL finds the
exact, global minimum in a large parameter space when possible, and otherwise finds a
well-performing approximate global minimum. It supports most regularization techniques
developed for NESCOIL and REGCOIL. We demonstrate QUADCOIL’s effectiveness in coil
topology control, minimizing non-convex penalties, and predicting filament coil complexity
with three numerical examples.
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1. Introduction

Stellarators are attractive three-dimensional (3D) fusion
devices that promise steady-state, disruption-free operation.
Unlike tokamaks, stellarators generate rotational transform by
external coils rather than a plasma current. The coil system
of a stellarator reactor determines its cost and performance
dominantly [1].

Traditionally, stellarator designs are produced by two-stage
optimization: the first stage for an equilibrium with MHD sta-
bility and good particle confinement, and the second stage
for a coil set that accurately reproduces the equilibrium mag-
netic field. Both stages are high-dimensional in parameter
space, non-linear, and ill-posed optimization problems. The
coil stage, specifically, is an inverse Biot–Savart problem that
does not have a unique solution. For a vacuum configuration, a
coil optimization code typically attempts to generate a current
configuration, so that Bnormal zero at the plasma boundary. For
a finite beta equilibrium, the code will target a non-zero Bnormal

distribution at the plasma boundary calculated using the virtual
casing principle.

Presently, there are two main methods for coil optimiza-
tion: filament and winding surface. The filament method treats
coils as discrete space curves. Examples of filament codes
include COILOPT [2], FOCUS [3], SIMSOPT [4], and DESC
[5]. This method has been shown to generate realistic coil
sets. However, because it formulates coil optimization as a
non-convex optimization problem, the filament method suf-
fers from many common issues in high-dimensional, multi-
objective non-convex optimization. Non-convex optimization
is generally NP-hard. Good convergence typically requires
careful manual tuning on the initial state and penalty weights.
Moreover, in practice, several filament subproblems are solved
sequentially, starting with low-resolution solutions that are
used to initialize optimization at increasing resolutions. The
coil number and topology in the filament method are also fixed
during the optimization. Due to these disadvantages, designing
a coil set using the filament method is often computationally
costly and labor-intensive.

The winding surface method approximates a coil set as a
sheet current K ′ on a prescribed winding surface, then cuts
the sheet current into discrete coils by choosing a set of current
paths and giving each path an appropriate current. Examples of
such codes include NESCOIL [6], ONSET [7], and REGCOIL
[8]. Compared to the filament method, this method is less real-
istic, but it formulates coil optimization as a convex optimiza-
tion problem. Therefore, the winding surfacemethod has a the-
oretical complexity ofO(nsamplen2dof), where nsample is the num-
ber of sample points in the field error calculation, and ndof is
the number of degrees of freedom inK ′. Although the method
requires an arbitrary choice of winding surface, it always con-
verges to the global optimum regardless of the surface choice.
In practice, the filament method and winding surface method
are often used in complement. The filament method produces
the final coil set, whereas the winding surface method provides
initial states for the filament method [9].

The winding surface method is naturally suitable as a proxy
for coil complexity in the equilibrium stage. The method has
been used to study the impact of plasma parameters on coil
complexity [10]. However, despite recent improvements [8,
11–13], its formulation greatly limits the choice of objectives
and constraints. All existing winding surface methods are lim-
ited to minimizing the L-1 or L-2 norms of linear functions of
K ′. This greatly limits the choice of physics and engineering
metrics. All existing winding surface methods are limited to
performing unconstrained optimization. This limits its control
over the topology of K ′. As a result, the sheet current may
contain complex features that make coil-cutting difficult.

We present QUADCOIL, a reformulation of the winding
surface method. QUADCOIL is based on the convex relax-
ation of quadratic programs. It enables global coil optim-
ization using a non-convex quadratic objective under non-
convex quadratic constraints, with a similar speed to exist-
ing winding surface methods. QUADCOIL can directly tar-
get a wide range of new metrics. It offers greater control over
the topology of K ′, allowing automated coil cutting without
human intervention. Unlike existing winding surface methods,
QUADCOIL requires no initial guess and minimal parameter
tuning. This makes it suitable for initial state generation or as
a coil complexity metric in the equilibrium optimization loop.
Although it is tuned for fusion applications, QUADCOIL is
fundamentally an inverse Biot–Savart code and can be used
for other magnetostatic optimization problems, such as accel-
erator magnet design.

Notably, in recent years, single-stage stellarator optimiz-
ation has risen in popularity. Single-stage optimization sim-
ultaneously optimizes the stellarator equilibrium and coil set
to find a compromise between physics and coil complexity
requirements [14–17]. Alternatively, the approach can also
design stellarators that are robust to coil manufacturing errors.
While the single-stage approach has successfully produced
a large number of optimized equilibria with quasisymmetry
(QS), its parameter space may be needlessly large. Because
one equilibrium can be reproduced by many different coil con-
figurations, similar equilibria can potentially appear in mul-
tiple, distant regions of the large parameter space. This may
increase the number of local minima compared to those in
either stage of the two-stage approach, whichmakes the optim-
ization process more costly and harder to converge. In compar-
ison, QUADCOIL connects the coil and equilibrium stage dur-
ing a two-stage optimization as a coil complexity metric. Like
existing coil optimization codes, QUADCOIL is agnostic to
the type of force balance inside the equilibrium.We believe our
approach can be used to identify vacuum or finite-beta equi-
libria that balance plasma performance and coil complexity,
similar to a single-stage optimization, but without introducing
additional degrees of freedom.

Our paper is organized as follows. Section 2.1 intro-
duces the theory behind existing winding surface meth-
ods and surveys recent developments. Section 2.2 discusses
QUADCOIL’s formulation and motivations. Sections 3.1–
3.3 demonstrate QUADCOIL’s effectiveness in coil topology
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control, minimizing non-convex penalty, and predicting fila-
ment coil complexity with three numerical examples.

2. Theory

2.1. Winding surface method

In this section, wewill briefly introduce the formulation shared
by existing winding surface methods, their advantages, and
their limitations.

Stellarator coil optimization, at its core, is an inverse Biot–
Savart problem. Typically, this problem is non-convex, due to
the |r− r ′|−3 non-linearity in the Biot–Savart Law (In this
paper, primed letters will denote coil-related quantities, and
unprimed letters will denote plasma-related quantities)

B(r) =
ˆ

d2a ′ I
′ × (r− r ′)
|r− r ′|3

. (1)

Here, I ′ is the coil current vector, and r and r ′ are locations
at the plasma boundary and the coils. The winding surface
method circumvents this non-linearity by fixing the location
of the current. Because K ′ is divergence-free, we can repres-
ent it with the gradient of a current potential Φ ′ [6]:

∇·K ′ = 0⇔K ′ = n̂ ′ ×∇Φ ′, (2)

B(r) =
µ0

4π

ˆ
d2a ′K

′ × (r− r ′)

|r− r ′|3

=
µ0

4π

np∑
ℓ ′=1

ˆ 2π

0
dθ ′
ˆ 2π/np

0
dζ ′ 1

|r− r ′|3

(
∂r ′

∂θ ′
∂Φ ′

∂ζ ′

−
∂r ′

∂ζ ′
∂Φ ′

∂θ ′

)
×
(
r− r ′

)
. (3)

where n̂ ′ is the unit normal of the winding surface. Generally,
the current potential Φ ′ consists of three components:

Φ ′ =Φ ′
sv (ζ

′,θ ′)+
Gζ ′

2π
+
Iθ ′

2π
. (4)

Here, ζ ′,θ ′ are arbitrary toroidal and poloidal angles on the
winding surface andΦ ′

sv is the single-valued component ofΦ ′,
the degrees of freedom we optimize. G, I are the net toroidal
and poloidal currents. The value of I is determined by the tor-
oidal flux of the equilibrium, whereas the value G is a free
parameter that determines whether K ′ forms primarily pol-
oidal or helical coils. For brevity, we will abbreviateΦ ′

sv as Φ
′

in the rest of this paper.
To visualize Φ ′, the current K ′ always flows along con-

tours of equal Φ ′. The ratio between I and G determines the
helicity of the net current. Alternatively, the current potential
Φ ′ has the unit of surface magnetic dipole moment density,
and its single-valued component, Φ ′

sv, can be considered as
a dipole sheet oriented perpendicular to the winding surface.
Therefore, the winding surface approach is suitable for mod-
eling a variety of coil types, including poloidal coils, helical
coils, windowpane coils, and dipole arrays. Using multiple

winding surfaces with different objectives, constraints, and net
currents, it may also be possible to model a combination of dif-
ferent coil types.

Since the Biot–Savart Law is linear inK ′, we can minimize
fB, the squared flux at the plasma boundary, as a linear least
square problem,

min
Φ ′

fB (Φ
′) =min

Φ ′
∥ABΦ ′ + bB∥2, (5)

fB ≡
ˆ
plasma

d2a|Bcoil · n̂−BT|2. (6)

Here, n̂ is the surface normal of the plasma surface, Bcoil is
the magnetic field produced by the stellarator coils, and BT is
the target normal field at the plasma boundary. This is a well-
understood convex optimization problem with a closed-form
solution.

The optimization problem in (5) is the basis of NESCOIL,
which played important roles in the coil design of W7X and
NCSX. However, the ill-posed nature of the problem means
that the induction matrix AB is ill-conditioned. Without proper
regularization, optima of (5) typically contain unrealistically
high peak current, as well as areas with dense, smoothly vary-
ing current that poorly approximate discrete coils.

Recent improvements in winding surface methods include
better conditioning, regularization, sparsity promotion, linear
physics objectives, and finite element bases. Boozer [11] per-
formed truncated singular value decomposition (TSVD) on
AB to remove small-scale, high-amplitude current modes with
little impact on fB. In the code REGCOIL, Landreman [8]
introduces a Tikhonov regularization term,

min
Φ ′

[
fB (Φ

′)+λ2

ˆ
d2a∥K ′∥2

]
=min

Φ ′
(∥ABΦ ′ + bB∥2 +λ2∥AKΦ ′ + bK∥2) ,

regularization weight λ2 ⩾ 0. (7)

This modifies (5) into a ridge regression problem and effect-
ively reduces the complexity of the resulting current. Elder
[18] introduces L-1 regularization,

min
Φ ′

[
fB (Φ

′)+λ1

ˆ
d2a∥K ′∥1

]
=min

Φ ′
(∥ABΦ ′ + bB∥2 +λ1∥AKΦ ′ + bK∥1) ,

regularization weight λ1 ⩾ 0. (8)

The new regularization term promotes sparsity inK ′ andmod-
ifies (5) into a lasso regression problem. Both types of regular-
ization are convex and can be applied to other linear functions
ofK ′. Kaptanoglu et al [13] introduce a non-convex, L-0 reg-
ularized current voxel method for coil topology optimization.
However, its non-smooth nature places it outside the scope of
this work.

These improvements highlight the two remaining short-
comings of existing winding surface methods. The first lim-
itation is in the choice of objective. Both (7) and (8) are still
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Figure 1. Φ ′ contours in (X,Y,Z) (left) and (ζ,θ) (right) of the NESCOIL optimum for NCSX, using a winding surface ≈2 minor radii
from the plasma generated using the procedure in section 2.4, and 4 Fourier harmonics each in the poloidal and toroidal directions. Φ ′ has
the units of magnetic dipole moment density. Note the presence of both poloidal (links with the plasma) and windowpane (does not link
with the plasma) contours.

limited to minimizing the L-2 or L-1 norm of linear functions
of K ′. The second limitation is that all existing winding sur-
face methods are unconstrained. This makes it difficult to con-
trol the topology of the resulting surface current, beyond spe-
cifying the net poloidal current G and the net toroidal cur-
rent I. Specifically, NESCOIL and REGCOIL solutions usu-
ally contain a mix of poloidal, helical, and windowpane Φ ′

contours. This is especially likely on a compact device, as
figure 1 shows. Because windowpane contours can be arbitrar-
ily small, they can greatly complicate the coil-cutting process.
To avoid unrealistic small windowpane coils, one often needs
to trace and classify a large number of contours, or manually
pick a set of realistic seeming coils.

2.2. QUADCOIL

Our algorithm, QUADCOIL, aims to address both drawbacks
by allowing global optimization of a surface current by min-
imizing a non-convex quadratic objective under non-convex
quadratic constraints. In this section, we discuss its formula-
tion and characteristics.

QUADCOIL formulates the winding surface problem as a
quadratically constrained quadratic program (QCQP):

min
Φ ′,a,b

[
f(Φ ′,a)+ cTb

]
subject to

gj (Φ
′,a)+ dTj b⩽ ej,

hk (Φ
′,a)+mT

kb= nk,

for all j = 1, . . .,nineq,k= 1, . . .,neq.

(9)

Here, f, gj are quadratic functions of Φ ′ and a. nineq and neq
are the total number of inequality and equality constraints.
Φ ′ ∈ RnΦ ′ is the discretized current potential. a ∈ Rna ,b ∈ Rnb

are auxiliary variables for constructing complex problems.
c,dj and ej are constants. Unlike in NESCOIL or REGCOIL, f
or gj may be convex or non-convex. This allows QUADCOIL
to target a greater range of objectives and constraints.

By allowing non-convex quadratic objectives and con-
straints, QUADCOIL can target important engineering and
physics objectives unavailable to existing winding surface
methods. These include non-convex, quadratic terms such as
stored magnetic energy,

E=
1

2µ0

ˆ
∞

d3r|B|2, (10)

self-Lorentz force [19],

L(y) =−
µ0

4π

˛
S
d2x

1

|y− x|
{∇x · [πxK ′ (y)]+πxK ′ (y) ·∇x}K ′ (x)

+
µ0

4π

˛
S
d2x [K ′ (y) · n(x)]

(y− x) · n(x)
|y− x|3

K ′ (x)

+
µ0

4π

˛
S
d2x

1

|y− x|
{K ′ (y) ·K ′ (x)∇x ·πx +∇x [K ′ (y) ·K ′ (x)]}

−
µ0

4π

˛
S
d2x [K ′ (y) ·K ′ (x)]

(y− x) · n(x)
|y− x|3

n(x) ,

πx ≡ I− n(x)n(x) , (11)

the curvature proxyK ′ ·∇K ′, and coil-field alignmentK ′ ·B,
potentially useful for estimating the critical current of high-
temperature superconductor (HTS) coils. By combining con-
straints and auxiliary variables, QUADCOIL can also target
functional forms unavailable to existing methods. Examples
include the maximum density of a dipole array, maxζ ′,θ ′ |Φsv|,
and the local magnetic field error, maxζ ′,θ ′ |B|2.

In this paper, we will focus on the quantity,

f∞κ ≡ max
ζ ′,θ ′

∥(K ′ ·∇K ′)(r,Φ ′,z) ∥∞, (12)
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as the primary example. This quantity is a quadratic proxy for
the maximum curvature of the surface current,

κmax = max
ζ ′,θ ′

∥K ′ ·∇K ′ ×K ′∥2
∥K ′∥32

, (13)

as well as the curvature of a filament coil with current vector
I,

κ=
∥I ·∇I∥2

I2
. (14)

The construction of f∞κ will be discussed in greater detail in
appendix A.

With proper choice of f,gj,a, and b, (9) can represent a
wide range of coil optimization problems. These include the
REGCOIL problem (7), the L-1-regularized problem (8), and
interesting new problems, such as minimizing the stored mag-
netic energy E(Φ ′) under a local error constraint:

min
Φ ′

E(Φ ′)

subject to

|B · n̂|⩽ Bmax.

(15)

While a general QCQP is NP-hard, the exact global
optimum of a ‘nearly convex’ QCQP can usually be found
via its relaxation as a conic programming problem. This pro-
cedure is called Shor relaxation [20], and is widely used for
QCQPs outside stellarator optimization. Shor relaxation is
uniquely suited for stellarator coil optimization because the
primary consideration, field error, is often formulated as a
convex quadratic term (i.e. fB). This allows QUADCOIL to
quickly find the global optimum of (9) and avoid the time-
consuming parameter tuning associated with constrained, non-
convex optimization.

QUADCOIL combines Shor relaxation and a non-convex
optimizer to perform rapid global optimization of stellarator
coils. We discuss the properties of Shor relaxation, the imple-
mentation of QUADCOIL, the exactness of QUADCOIL solu-
tions, as well as its limitations, in section 2.3. The compatibil-
ity between Shor relaxation and the coil optimization problem
will be further explored in section 3.3.

QUADCOIL applies to all linear discretizations of Φ ′. For
simplicity, this paper uses the same Fourier representation as
in REGCOIL and NESCOIL:

Φ ′ (θ ′, ζ ′) =
∑
j

Φ ′
j

(
sin
cos

)
j

(mjθ
′ − njζ

′) , (16)

where j is a uniform index for the poloidal, toroidal mode
numbers (m, n), and the choice of sin and cos. Similar to
NESCOIL and REGCOIL, QUADCOIL supports all types of
coil topology.

2.3. Shor relaxation

Shor relaxation rewrites a QCQP as a conic program (CP).
This is a well-studied class of convex optimization problems

and can be solved to arbitrary precision in polynomial time
using interior point methods. A convex QCQP always has an
exactly equivalent CP. While a non-convex QCQP does not
have an exactly equivalent CP, it often has a CP that shares its
global optimum or gives a good approximation to its global
optimum. The detailed procedure for relaxing (9) is summar-
ized in appendix C.

There is a rich literature on the classification of QCQP
with exact Shor relaxation, beyond the scope of this paper.
Empirically, Shor relaxation typically works best when a prob-
lem is nearly convex. This is usually the case in winding sur-
face optimization because the dominant factor in coil optim-
ization is almost always the accuracy of the magnetic field,
a convex quantity. Notably, besides fB, many other forms of
magnetic field objectives can be written as convex QCQPs.
One example is the maximum local field error:

f or g= max
ζ ′,θ ′

∥B ·n∥2 ⇔ (17)

f or g= a,subject to (18)

(∥B ·n∥2)ζ ′,θ ′ ⩽ a, (19)

a⩾ 0. (20)

While it is tricky to predict from f,gj,cj and dj whether (9)
has an exact Shor relaxation, once the solution to the CP is
obtained, it is easy to numerically test its exactness, requiring
only the SVD of a (nΦ ′ + na+ 1)× (nΦ ′ + na+ 1) matrix. In
practice, the CP of a typical QUADCOIL problem (40 Φ ′ har-
monics, 1024 quadrature points per field period) takes only
core seconds to solve. Therefore, it is practical to solve the CP
first and then test its exactness. We will discuss the mechan-
ism of the optimality test in greater detail in appendix C. In
section 3.3, we will validate its effectiveness, and demonstrate
the compatibility between Shor relaxation and stellarator coil
optimization as part of a parameter space study.

Using these properties, QUADCOIL can substantially
speed up constrained, non-convex winding surface problems.
The algorithm works as follows:

1. Upon receiving a QCQP coil optimization problem,
QUADCOIL first solves its Shor relaxation and tests its
exactness.

2. If the solution is exact, QUADCOIL returns the answer.
3. If the solution is not exact, QUADCOIL initializes a local

optimization solver, using the relaxation as the initial guess.

The implementation of QUADCOIL in this paper uses
CVXPY [21, 22]and MOSEK [23] as the CP solver.
Alternatively, when no constraint is present, (9) can also be
efficiently solved by local optimizers. The numerical example
in section 3.2 is one such unconstrained variation of (9). In
section 3.2, we will compare Shor relaxation to two popular
unconstrained local optimization algorithms, ADAM [24], a
stochastic gradient descent algorithm, and L-BFGS-B [25], a
quasi-Newton method. We will also briefly discuss the com-
parative advantage of each solver for different variations of (9).

5
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Figure 2. Time t required to solve (21) (left) and the number of free variables (right) for NCSX as a function of nΦ ′ . Note the power-of-two
difference in the numbers of free variables in QUADCOIL and NESCOIL.

For simplicity, in this paper, we have only implemented step
3 for unconstrained problems using L-BFGS-B. The choice
and tuning of a constrained local optimization solver for this
step requires further work. However, section 3.3 shows that
even without step 3, approximate solutions from QUADCOIL
can still predict filament coil complexity.

Shor relaxation comes with one drawback. The number of
free variables in the relaxed CP scales asO[(nΦ ′ + na)2 + nb].
As a result, compared to existing current potential methods,
QUADCOIL scales poorly with high nΦ ′ and na. This may
become a problem in future works applying finite element
basis to QUADCOIL. See figure 2 for the solve times and vari-
able numbers of (24) in QUADCOIL as a function of n. (m= 0
in this problem).

2.4. Generating winding surfaces

Procedures for generating a well-behaved winding surface
have received limited attention in the current literature.
Existing winding surface codes typically generate the wind-
ing surface by uniformly offsetting the plasma surface, or its
poloidal cross sections, along the normal direction [8, 10].
For a highly shaped plasma surface, this method can pro-
duce a winding surface with self-intersections, regions with
very large principal curvatures, and unevenly spaced quadrat-
ure points. Therefore, existing works often iterate the wind-
ing surface shape over many repeated NESCOIL/REGCOIL
solves to create a sufficiently well-behaved solution [7, 9, 12].
Fundamentally, the iteration process is a non-convex optimiz-
ation problem, similar to filament coil optimization. Although
it has less degrees of freedom than filament optimization, one
can argue that it negates the winding surface method’s advant-
ages in speed and solution uniqueness.

An ill-behaved winding surface is especially detrimental
to the minimization of f∞κ . Speed also is imperative for
QUADCOIL to become a valid coil complexity proxy. Under
these motivations, we present a new, non-iterative winding

surface generator for QUADCOIL. Our method can directly
produce a well-behaved winding surface without repeated
QUADCOIL solves. The method follows these five steps:

1. Offset quadrature points on the plasma surface along the
unit normal by dcs.

2. Evaluate the cross sections of the surface at uniform inter-
vals in the Cartesian toroidal angle, ζ ′.

3. Find the convex hull of the cross-section.
4. Fit a periodic cubic spline to the convex hull and redefine

quadrature points at equal arc lengths.
5. Fit a surface to the quadrature points.

The poloidal coordinate on the winding surface, θ ′, is pro-
portional to the arc length of the cubic spline. We choose the
zeros of θ ′ as the outboard point with Z closest to the splines’
centers of weight. Figure 3 compares our method with the uni-
form offset method. Note that our method creates a smoother
surface with no self-intersections and uniformly spaced quad-
rature points.

Thismethod for generatingwinding surfaces has one poten-
tial drawback. Empirically, the field error in a stellarator is
the most sensitive to the coil-plasma distance on the concave
regions of the plasma surface. Using the convex hull of cross
sections, therefore, can potentially increase the optimal field
error. Yet, one may argue that a physical vessel with no con-
cave region is simpler to engineer. The method for produ-
cing the optimal winding surface is beyond the scope of this
paper. As section 3.3 shows, our method is sufficiently well-
behaved across a variety of equilibria and optimization targets
for QUADCOIL to serve as a coil curvature proxy.

3. Numerical examples

In this section, we demonstrate QUADCOIL’s potential as an
initial state tool and coil complexity proxy with three numer-
ical examples. In section 3.1, we demonstrate an inequality
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Figure 3. NCSX winding surface generated by uniformly offsetting quadrature points on the plasma surface along the normal direction
(left) vs. surface generated by QUADCOIL (right).

constraint that gives the option to eliminate all windowpane
Φ ′ contours and substantially simplify the coil-cutting pro-
cess. In section 3.2, we show that QUADCOIL can outper-
form REGCOIL in coil simplification by directly targeting a
non-convex penalty. In section 3.3, we validate QUADCOIL’s
effectiveness as a coil complexity proxy. We observe a correl-
ation between the optimal normalized field error produced by
QUADCOIL and filament optimizations across 4436 combin-
ations of different equilibrium, maximum curvature, coil-coil
spacing, and coil-plasma spacing [26].

3.1. Topology control

QUADCOIL gives the option to create a current configuration
with purely poloidal Φ ′ contours. This is achieved by setting
G= 0, and solving:

min
Φ ′

fB (Φ
′) , (21)

subject to K ′
θ (Φ

′)sign(I)⩾ 0. (22)

Here, sign(I) is the sign of the net poloidal current. (22) is a
necessary condition for all Φ ′ contours to be poloidal. It pre-
vents the sheet current K ′ from flowing against the direction
of the net poloidal current, effectively forbidding windowpane
currents.

A similar constraint can be constructed for helical coils:

K ′ ′ (Φ ′) · Îhelical ⩾ 0, (23)

where Îhelical is a unit vector tangent to the direction of the net
helical current.

It is difficult to obtain a similar collection of poloidal cur-
rent paths with REGCOIL because the REGCOIL penalty
does not directly target the sign of poloidal current. The first

method is to evaluate a large number of contours during the
coil-cutting process and choose a subset that has the desired
topology and provides a sufficiently accurate magnetic field.
This is computationally costly and often requires human input.
Alternatively, one can search for a regularization parameter λ2

in (7) that produces the lowest-fB current configuration with
the desired topology, although there is no guarantee a given
topology will be achieved. Moreover, this requires a large
number of REGCOIL solves and can converge slowly without
a good initial guess for λ2.

Compared to REGCOIL, QUADCOIL can produce a
purely poloidal current configuration with lower fB in a
fraction of the computation time. Figure 4 compares two
such current configurations for NCSX [27], obtained with
QUADCOIL and REGCOIL. The winding surface is loc-
ated 2 minor radii away from the plasma. We obtain the
configuration in figure 4(a) by solving (21) in QUADCOIL,
without any additional regularization. This configuration has
fB = 0.607 T2 m2 and requires 1.77 s to solve. We obtain the
configuration in figure 4(b) by performing a binary search
in log10(λ2), to find the lowest-fB REGCOIL solution sat-
isfying K ′

θ(Φ
′)sign(I)⩾ 0. The search starts at log10(λ2) =

−50 and 1, and terminates when the relative change in fB
falls below 0.1%. The binary search requires 15 REGCOIL
solves and 43.50 s to complete, substantially slower than
QUADCOIL. The configuration has fB = 0.792 T2 m2, 30.4%
higher than the QUADCOIL value.

3.2. Non-convex penalty

In this section, we show that QUADCOIL can outperform
REGCOIL when directly targeting a non-convex objective. In
this section, we design helical coils for HSX, and modular
coils for NCSX and W7X, by solving

7
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Figure 4. The first row shows the Φ ′ contours of the lowest-fB QUADCOIL and REGCOIL configurations with no windowpane current.
The second row shows their |Bnormal| distribution. Both configurations use the same winding surface and number of Fourier harmonics as
figure 1. Note that the REGCOIL configuration has higher field error, because Tikhnov regularization does not directly target the sign of the
poloidal current, and therefore overconstrains.

min
Φ ′

[ fB (Φ
′)+λκf

∞
κ (Φ ′)] . (24)

All three cases share the same winding surface located 2minor
radii from the plasma.

QUADCOIL consistently outperforms REGCOIL when
targeting specific non-convex penalties. Figure 5 compares
the trade-off between fB and f∞κ across REGCOIL and
QUADCOIL using 3 different solvers:

1. A hybrid solver combining Shor relaxation and L-BFGS-B,
as discussed in section 2.3.

2. Directly solving with L-BFGS-B, the quasi-Newton
algorithm.

3. Directly solving with ADAM, the stochastic gradient des-
cent algorithm.

As figure 5 shows, with all three solvers, QUADCOIL con-
sistently produces lower f∞κ than REGCOIL at equal fB. Note
that while a single QUADCOIL case runs in a similar time
as a single REGCOIL case, producing a configuration with
a target fB requires a costly λ2 search similar to the example
in section 3.1. Therefore, the actual time required to obtain a
desired current configuration using REGCOIL can be signific-
antly longer than the per-case solve time reported in table 1.

We now compare the three different solvers for uncon-
strained QUADCOIL. Although all three solvers yield com-
parably accurate results, ADAM is 5–20× slower than the
hybrid solver and L-BFGS-B. This suggests that the landscape
of (24) may be sufficiently smooth and nearly convex that
stochastic gradient descent is not necessary. As discussed in
section 2.3, directly solving with L-BFGS-B is also likely to
scale better than Shor relaxation to a higher number of degrees
of freedom. Therefore, we believe that the L-BFGS-B solver

8
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Figure 5. Trade-off plots between the squared flux fB and the curvature proxy f∞κ . This figure includes 150 REGCOIL runs, and 100 runs
each for QUADCOIL using the hybrid, ADAM, and L-BFGS-B solvers. The REGCOIL runs sweeps λ2 exponentially. The QUADCOIL
runs solve (24), sweeping λκ exponentially. For ADAM or L-BFGS-B, each marker represents a scan point. For visual clarity, the
REGCOIL and QUADCOIL hybrid scan points are not marked.

Table 1. Minimum, maximum, and median solve time comparison of QUADCOIL, L-BFGS-B, and ADAM minimizing (24). Note that the
REGCOIL solve times in this table are per case. To find a REGCOIL solution with a target fB will require a λ2 search, and will be
substantially slower than the numbers in this table.

REGCOIL QUADCOIL (hybrid) QUADCOIL (L-BFGS-B) QUADCOIL (ADAM)

HSX 12.6–12.7 s, 0.4–15.8 s, 1.0–19.3 s, 5.0–32.7 s,
Med(t) = 12.7 s Med(t) = 1.4 s Med(t) = 3.4 s Med(t) = 10.5 s

NCSX 9.5–10.9 s, 0.2–13.1 s, 2.3–12.5 s, 9.6–73.4 s,
Med(t) = 9.5 s Med(t) = 4.7 s Med(t) = 5.0 s Med(t) = 25.8 s

W7X 16.0–18.7 s, 0.3–12.5 s, 1.2–16.9 s, 9.8–63.2 s,
Med(t) = 16.0 s Med(t) = 1.5 s Med(t) = 3.6 s Med(t) = 34.9 s

is preferable at high resolutions, or in regions of the para-
meter space where the non-convexity is known to be strong.
Conversely, the hybrid solver is preferable at low resolutions
or when the objective is known to be convex or sufficiently
near convex. This comparison may change with an improved
implementation of the hybrid solver.

In the next section, we will demonstrate the effectiveness of
f∞κ as a proxy for the maximum curvature in filament optimiz-
ation, by solving a constrained optimization problem.

3.3. Validating QUADCOIL as a complexity metric

In this section, we present a parameter space study showing
that QUADCOIL can predict the optimum normalized field
error,

JB ≡
1
2

´
plasma (Bcoil ·n−BT)

2 d2s´
plasma |B|2d2s

, (25)

in a filament optimization for a given combination of max-
imum curvature κ0, minimum coil-coil spacing dmin

cc , and min-
imum coil-plasma spacing dmin

cs .

3.3.1. Filament models. Before constructing a QUADCOIL
proxy, we first introduce the two filament models used in our
parameter space study. In both models, all coils have equal
fixed current Icoil based on equilibrium poloidal flux. The first
model constrains the coils to a prescribed winding surface.
We refer to this model as the CWS (coil on winding surfaces)
model. The second model allows the filament to move freely
in space, as long as the coil-plasma spacing is greater than the
specified threshold dmin

cs . We refer to this model as the free fil-
ament model. While the free model is more realistic, the CWS
model’s geometry bears more similarity to the sheet currentK
in the winding surface approach. The objective functions are,
respectively:

JCWS ≡ 1JB+ 1000Jκ + 1Jl+ 500Jcc, (26)

Jfree ≡ 10JB+ 500Jκ + 1Jl+ 100Jcc + 100Jcs. (27)

The 5 penalty terms are:

1. JB, the normalized squared flux, as defined in (25).
2. Jκ, the maximum curvature constraint:

Jκ = a2
∑
coils

1
2

ˆ
curve

max(κ−κ0,0)
2 dl. (28)

Here, κ0 is the target maximum curvature.
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3. Jl, the maximum coil length constraint:

Jl =
1
a2WS

Ncoil∑
i=1

0.5max(li − ltarget,0)
2
. (29)

Here, ltarget is the desired threshold for the maximum coil
length. aWS is the effective minor radius of the winding
surface.

4. Jcc, the coil-coil spacing constraint:

J≡
1
drefcc

Ncoil∑
i=1

i−1∑
j=1

ˆ
curvei

ˆ
curvej

max
(
0,dmin

cc −∥ri − rj∥2
)2

dlj dli,

(30)

drefcc ≡ 2π (RWS − aWS)

Ncoil
. (31)

RWS is the effective major radius of the winding sur-
face. Intuitively, the reference distance drefcc is the effective
inboard circumference of the winding surface, divided by
the number of coils.

5. Jcs, the coil-plasma spacing constraint:

Jcs ≡
1
a

Ncoil∑
i=1

ˆ
curvei

ˆ
surface

max
(
0,dmin

cs −∥ri − s∥2
)2

dli ds.

(32)

In both filament models, we choose the coil number per
half-field-period closest to satisfying

Ncoil

aspect ratio
≈ 4.65. (33)

To keep the coil-coil spacing consistent across different equi-
libria. The target, 4.65, is the value of this ratio meas-
ured in W7X. For faster convergence, all constraints in
our filament optimization are enforced by penalty func-
tions. As a result, they can break down when multiple
conflicting constraints are present or the gradient of JB is
large.

Now, we construct the equivalent QUADCOIL problem
to (26) and (27):

min
Φ ′

fB,

subject to

max
(ζ ′,θ ′)

|K|2 ⩽ K2
max,

f∞κ
K2

max
⩽ κ0, Kmax ≡

Icoil
dmin
cc

.

(34)

Here, the first constraint emulates the coil-coil spacing by lim-
iting the maximum permitted current density. The second con-
straint approximates the maximum curvature limit by divid-
ing f∞κ by the square of the target maximum current. This
has a similar functional form to the curvature of a filament
coil:

κ=
I ·∇I
|I|2

. (35)

3.3.2. Numerical setup. Our parameter scan uses 38 stel-
larator and heliotron equilibria from the equilibrium dataset
in [10, 28]. For each equilibrium, we optimize the normalized
field error JB for 125 combinations of target κ0, dmin

cc , and dmin
cs .

The CWS filament optimization uses the accessibility
branch [29] of Simsopt [4]. We represent the (ζ ′,θ ′) coordin-
ate of a filament constrained to a surface with a Fourier series:

ζ ′ (t) =
order∑
m=0

ζ ′
c,m cos(mt)+

order∑
m=1

ζ ′
s,m sin(mt) ,

θ ′ (t) = 2π t+
order∑
m=0

θ ′
c,m cos(mt)+

order∑
m=1

θ ′
s,m sin(mt) . (36)

We first perform the optimization with order= 2.When it con-
verges, we incrementally increase the order to 4, 6, and 8,
and repeat the optimization using the low-order optimum as
the initial condition. This is a standard practice in filament
optimization. Filament optimization is non-convex. Therefore,
it is very sensitive to the initial state and can be trapped at
a local minimum. Directly initializing a high-order filament
optimization using circular coils can lead to poor convergence.
Initializing a low-order filament optimization with circular
coils, and then gradually increasing the order of the curve,
often improves the solve time and the optimal value of the
objective function.

We represent a free filament with a Fourier series:

x(t) =
order∑
m=0

xc,m cos(mt)+
order∑
m=1

xs,m sin(mt)

y(t) =
order∑
m=0

yc,m cos(mt)+
order∑
m=1

ys,m sin(mt)

z(t) =
order∑
m=0

zc,m cos(mt)+
order∑
m=1

zs,m sin(mt) . (37)

Similarly to constrained filaments, we first perform the optim-
ization with order= 4. Upon convergence, we repeat the
optimization at order= 6, and then at 8, similar to the CWS
filaments. To ensure that all filament cases have approximately
equal coil spacing, we choose the coil number per half period
closest to satisfying:

total coil #
aspect ratio

≈ 4.65 (the W7X value).

Filament methods are sensitive to their initial states.
For consistency, we initialize the constrained filaments as
uniformly spaced cross sections of the winding surface
(ζ ′
c,m, ζ

′
s,m,θ

′
c,m,θ

′
s,m = 0), and free filaments by fitting order=

4 space curves to these cross sections using inverse Fourier
transform.

For consistency across all equilibria, we normalize κ0, dmin
cc ,

dmin
cs , and lmax into 4 dimensionless parameters using their asso-

ciated scale lengths:
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Table 2. Values of (k,dnormcc ,dnormcs , lnorm) in the grid scan, compared with measured values at NCSX and W7X. RWS,aWS values in this table
are estimated by finding best-fit surfaces that interpolate all NCSX coils and non-planar W7X coils [4].

Scan points NCSX values W7X values

k ∈ {0.1,0.2,0.3,0.4,0.5} 0.30 0.33
dnormcc ∈ {0.2,0.4,0.6,0.8,1.0} 0.65 0.51
dnormcs ∈ {1.0,1.5,2.0,2.5,3.0} 1.73 2.45
lnorm = 1.5 1.43 1.13

Figure 6. QUADCOIL JB v. CWS filament JB (left) and NESCOIL JB v. CWS filament JB (right). The correlation is stronger in the left
plot, indicating QUADCOIL is a more effective coil complexity proxy than NESCOIL.

1. k≡ κ−1
0
a is the ratio between the radius of curvature and the

minor radius.
2. dnormcc ≡ dmin

cc
drefcc

is the coil-coil spacing, normalized by the ref-

erence distance drefcc .

3. dnormcs ≡ dmin
cs
a is the coil-plasma spacing normalized by the

minor radius.
4. lnorm ≡ lmax

2π aWS
is the total coil length normalized by an effect-

ive poloidal circumference, 2πaWS.

We perform grid scans in (k,dnormcc ,dnormcs ). The choice of
scan points is based on the measured values from NCSX and
W7X, as shown in table 2. Empirically, a coil length limit lnorm

is often necessary for free filament optimization to converge.
Since QUADCOIL cannot target this quantity, we choose the
constant value of lnorm = 1.5 in all cases. Both filament models
use the L-BFGS-B algorithm.

In QUADCOIL, we use 4 sin and 4 cos modes each in
both the ζ ′ and θ ′ directions for Φ ′(ζ ′,θ ′). For simplicity
of implementation, in section 3.3, we will solely rely on the
Shor relaxation part of QUADCOIL. As we show in the next
section, QUADCOIL is often effective even when the exact-
ness test (59) fails. As a control group, we will also compare
the QUADCOIL and NESCOIL results using the same wind-
ing surfaces.

3.3.3. Results. Across all convergent combinations of
equilibria, κ0, dmin

cc and dmin
cs , we find the JB values measured

from both the CWS and free filament optimization correl-
ate with the values from the QUADCOIL optima. Figure 6
shows that CWS filament coils rarely achieve a lower JB than
QUADCOIL. The correlation between JB from the CWS fil-
ament method and NESCOIL is weaker in comparison. This
suggests that QUADCOIL may serve as an empirical lower
bound of the best normalized field error achievable by CWS
filament coils. The spread of the points in figure 6 suggests that
the correlation is stronger at higher values of JB. This indicates
that QUADCOIL is best suited for excluding equilibria that are
hard to build coils for. As figure 7 shows, QUADCOIL cases
have a median run-time of 22.4 s, 175× faster than the median
run-time of 3865.1 s of CWS filaments.

Figure 8 shows that a similar correlation is present between
the JB values in free filament optimization and QUADCOIL.
Similarly to figure 6, the correlation becomes stronger at high
JB. This correlation persists even when the solution from
QUADCOIL is inexact. As figure 7 shows, the median run
time of QUADCOIL is 63× faster than the median run time
of 1398.7 s of the free filaments. This speed advantage allows
QUADCOIL to be integrated into the equilibrium optimization
loop.

In addition to validating the effectiveness of QUADCOIL
as a coil complexity proxy, we also find a significant differ-
ence between the best achievable JB, as well as their sensitivity
to κ0, dmin

cc , and dmin
cs across all equilibria. Figure 9 compares

all coil configurations in 3 example equilibria: CFQS [30],
Giuliani 2022 QA [31], and LHD major radius 3.75 m [32].
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Figure 7. Run time comparison of QUADCOIL, CWS filament, and free filament. The median time of QUADCOIL is ≈102× faster than
both CWS filaments and free filaments. Note that the constraints in filament optimization are enforced by penalty functions, and can be
broken when multiple conflicting constraints are present, the gradient of JB is large, or the winding surface has large principal curvatures.

Figure 8. QUADCOIL JB v. free filament JB (left) and NESCOIL JB v. free filament JB (right). The correlation is stronger in the left plot,
indicating QUADCOIL is a more effective coil complexity proxy than NESCOIL.

Across all parameter combinations, the coil sets of Giuliani
2022 QA consistently achieve JB orders of magnitude lower
than coils for LHD major radius 3.75m and CFQS. At the
same time, the coil sets for Giuliani 2022 QA are also the most
sensitive to changes in κ0, dmin

cc , and dmin
cs , while the coil sets for

LHD are the least. Notably, across all combinations of κ0, dmin
cc ,

and dmin
cs , the coil sets for each equilibrium tend to form visible

‘clusters’. These observations indicate that the choice of equi-
librium can have an order-of-magnitude impact on the engin-
eering complexity of a stellarator’s coils. This strongly justify
the recent uptick in single-stage optimizations. Appendix D
contains example coil sets for all three example equilibria. We
will investigate the correlation between equilibrium properties
and coil complexity in future studies.
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Figure 9. Comparison between the QUADCOIL and free filament
JB in 3 example equilibria.

4. Conclusion

In this paper, we present QUADCOIL, a global winding sur-
face method for stellarator optimization. We demonstrated its
potential as an initial state tool and as a coil complexity proxy
in the equilibrium stage. QUADCOIL hints at a deeper con-
nection between filament and winding surface optimization
and enables new parameter space studies that can help under-
stand the relationship between equilibrium properties and coil
complexity. We have also shown that different equilibrium
choices can have orders of magnitude differences in coil feas-
ibility. In future work, we will experiment with new objectives
and constraints, such as local magnetic field errors, maximum
dipole density, magnetic energy, and Lorentz force [19]. We
will implement new representations for Φ ′. A finite element
basis, for example, is better suited for modeling regions with
zero current. We will study the smoothness of coil complexity
proxies based on QUADCOIL. By running QUADCOIL over
equilibrium datasets [33–35], we may identify the equilibrium
properties that lead to simple, low-force coils or dipole arrays
using data-driven methods.
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Appendix A. Curvature proxy K ′ ·∇K ′

In this appendix, we discuss the construction of (12), a proxy
for the maximum curvature of a coil set. K ′ ·∇K ′ is tied to

the curvature of surface current K ′:

κ=
∥K ′ ·∇K ′ ×K ′∥2

∥K ′∥32
, (38)

the variation of a surface current along each current path:

∂K̂∥K ′∥22
2

=
∥K ′ ·∇K ′ ·K ′∥22

∥K ′∥22
, (39)

as well as the curvature of a filament coil with current
vector I:

κ=
∥I ·∇I∥2

I2
. (40)

In practice, it is often advantageous to limit the max-
imum, rather than integral of an engineering metric. While
maxζ ′,θ ′ ∥K ′ ·∇K ′∥2 is quartic, it is bounded by f∞κ via the
norm equivalence principle.

f∞κ ⩽ max
ζ ′,θ ′

∥K ′ ·∇K ′∥2 ⩽
√
3f∞κ . (41)

This statement is straightforward to prove. Consider a finite
vector field v(r) ∈ R3 defined in an arbitrary, closed domain
r ∈ D. Define:

v2 = argmaxD (∥v∥2) ,
v∞ = argmaxD (∥v∥∞) .

Then, ∀v ∈ D,

∥v2∥2 ⩾ ∥v∥2
∥v∞∥∞ ⩾ ∥v∥∞.

(42)

Therefore,

∥v2∥2 ⩾ ∥v∞∥2,
∥v2∥∞ ⩽ ∥v∞∥∞.

(43)

By norm equivalence,

∥v2∥∞ ⩽∥v2∥2 ⩽
√
3∥v2∥∞,

∥v∞∥∞ ⩽∥v∞∥2 ⩽
√
3∥v∞∥∞.

(44)

Therefore,

∥v∞∥∞ ⩽ ∥v2∥2 ⩽
√
3∥v∞∥∞, (45)

Although the functional form of f∞κ is different from the max-
imum curvature of a space curve, results in section 3.3 have
demonstrated its effectiveness.
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Appendix B. Full expressions for K ′ and K ′ ·∇K ′

This appendix derives the full expression forK ′ andK ′ ·∇K ′

in terms of the single-valued current potential Φ ′, the net pol-
oidal current G, and the net toroidal current I, for use in the
implementation.

The expression of K ′ in terms of Φ ′ is:

K ′ =
N
|N|

×∇
[
Φ ′ +

Gζ ′

2π
+
Iθ ′

2π

]
=

1
|N|

[(∂θ ′r)∂ζ ′ − (∂ζ ′r)∂θ ′ ]

[
Φ ′ +

Gζ ′

2π
+
Iθ ′

2π

]
,

(46)

and

K ′ ·∇K ′ = K ′ ·
(
∇θ ′∂θ ′ +∇ζ ′∂ζ ′

)
K ′

=
1

|N|
[
(∂θ ′r)∂ζ ′ −

(
∂ζ ′r

)
∂θ ′

][
Φ ′ +

Gζ ′

2π
+
Iθ ′

2π

]
·
(
∇θ ′∂θ ′ +∇ζ ′∂ζ ′

)
K ′ =

1

|N|

[(
∂ζ ′Φ ′ +

G

2π

)(
∂θ ′K ′)

−
(
∂θ ′Φ ′ +

I

2π

)(
∂ζ ′K ′)] . (47)

The full expressions for ∂ζ ′K ′ and ∂θ ′K ′ are: (abbreviating
ζ ′ or θ ′ as α)

∂αK ′ = ∂α

[
∂θ ′r
|N|

(∂ζ ′Φ ′
tot)−

∂ζ ′r
|N|

(∂θ ′Φ ′
tot)

]
=

(
∂α

∂θ ′r
|N|

)
(∂ζ ′Φ ′

tot)+
∂θ ′r
|N|

(∂αζ ′Φ ′
tot)

−
(
∂α

∂ζ ′r
|N|

)
(∂θ ′Φ ′

tot)−
∂ζ ′r
|N|

(∂αθ ′Φ ′
tot)

=

(
∂α

∂θ ′r
|N|

)(
∂ζ ′Φ ′ +

G
2π

)
+

∂θ ′r
|N|

(∂αζ ′Φ ′)

−
(
∂α

∂ζ ′r
|N|

)(
∂θ ′Φ ′ +

I
2π

)
− ∂ζ ′r

|N|
(∂αθ ′Φ ′)

(48)

The full expression for ∂α
∂ζ ′ r
|N| and ∂α

∂θ ′ r
|N| are: (abbreviating

ζ ′ or θ ′ as β)

∂α
∂βr
|N|

=
∂αβr
|N|

+(∂βr)∂α

(
1
|N|

)
=

∂αβr
|N|

+(∂βr)∂α (N ·N)−1/2

=
∂αβr
|N|

+(∂βr)∂α (N ·N)
(
−1

2

)
(N ·N)−3/2

=
∂αβr
|N|

− (∂βr)
∂α (N ·N)

2|N|3
.

Here, N≡ ∂r
∂ζ ′ × ∂r

∂θ ′ , ∂αN= ∂2r
∂α∂ζ ′ × ∂r

∂θ ′ +
∂r
∂ζ ′ × ∂2r

∂α∂θ ′ ,
∂α(N ·N) = 2N · ∂αN.

Appendix C. Relaxation procedures

In this appendix, we find a convex relaxation to (24) follow-
ing a procedure common in quadratic optimization, known as
Shor relaxation [20]. This procedure converts the problem into
a minimization problem for a linear objective on a non-convex
domain and then solves the problem in a convex superset of the
domain.

Consider a scalar quadratic function of y≡ (Φ ′,a) ∈
RnΦ ′+na :

f(Φ ′,a) = yTQy+αTy+β,

(49)

Q ∈ R(nΦ ′+na)×(nΦ ′+na),α ∈ R(nΦ ′+na),β ∈ R.

To make f linear, we homogenize f→ fh by introducing an
additional scalar degree of freedom, z:

fh (Φ
′,a,z) = yTQy+αTyz+βz2. (50)

The new function satisfies fh(Φ ′,a,1) = f(Φ ′,a) and is bilin-
ear in x≡ (Φ ′,a,z) ∈ R(nΦ ′+na+1). For simplicity, define nx ≡
(nΦ ′ + na+ 1). Introduce a matrix form of the unknown, X≡
xxT, then f is linear in X:

fh
(
Φ ′,a,z

)
= yTQy+αTyz+βc= tr(FX)

= tr


(
Q α

0 β

)
y1y1 . . . y1y(nx−1) y1z
...

. . .
...

...
y(nx−1)y1 . . . y(nx−1)y(nx−1) ynz

y1z . . . y(nx−1)z z2




or, equivalently,

= tr


(

1
2Q+ 1

2Q
T 1

2α
1
2α

T β

)
y1y1 . . . y1y(nx−1) y1z
...

. . .
...

...
y(nx−1)y1 . . . yny(nx−1) ynz

y1z . . . y(nx−1)z z2




(some solvers work better with symmetric matrices) .

(51)

Following this procedure, we can rewrite f,gj,hk from the
QCQP in equation (9) into tr(FX), tr(GjX), tr(HkX), and trans-
form the equation into a linear program (LP) on a closed, non-
convex, compact domain D:

min
X∈D,b∈Rnb

[
tr(FX)+ cTb

]
. (52)

Here, D is the intersection between a polyhedron Dp and a
non-convex set Dn:

D= Dp ∩Dn (53)

Dp =
{
X|X ∈ Rn2x , tr(GjX)+ dTj b⩽ ej,

tr(HkX)+mT
kb= nk,

}
(54)

Dn =
{
xxT|x ∈ Rnx ,xnx = 1

}
=
{
X|X ∈ Snx+,Xnx,nx = 1, rank(X) = 1

}
. (55)
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Figure 10. The numerical signature for exact Shor relaxation. The green dots indicate cases where the numerical exactness check,
|λ2/λ1|⩽ λcrit, succeeded, and the red dot indicates cases where the check fails. From the left to the right, fB increases, the strength of the
convex penalty decreases, and eventually, Shor relaxation breaks. The transition from green to red coincides with the point where ADAM
starts to outperform Shor relaxation. This validates the effectiveness of the numerical exactness check.

Here, Snx+ denotes the set of nx× nx positive semi-definite
matrices. The polyhedron Dp contains the information of all
quadratic constraints, and Dn restricts the form of the new
unknown X so that the homogenized problem reduces to the
original problem. Equation (52) is equivalent to an LP on the
convex hull of its domain:

min
X∈conv(D),b∈Rnb

[
tr(FX)+ cTb

]
. (56)

For most choices of f and Gj, conv(D) does not have a simple
expression. However, by the non-decreasing property of con-
vex hull, conv(D)⊆ conv(Dp)∩ conv(Dn). Because D is a
polyhedron, conv(Dp) = Dp. We will prove at the end of this
appendix, that conv(Dn) is simply:

conv(Dn) =
{
X|X ∈ Snx+,Xnx,nx = 1

}
. (57)

The change of domain completes the convex relaxation of (9),
as:

min
[
tr(FX)+ cTb

]
,

X ∈ Dp ∩ conv(Dn) ,

b ∈ Rnb .

(58)

It is easy to see that the solution X exactly solves (9) when
rank(X) = 1. In practice, this gives a fast numerical test for the
optimality of a Shor relaxation solution. Then, we can test its
optimality (or whether rank(X) = 1) by comparing the ratio of
the leading eigenvalue λ1 of X with the second largest eigen-
value, λ2, with a small, empirical threshold λcrit:

|λ2/λ1|⩽ λcrit. (59)

In this paper, we choose λcrit = 10−3. Figure 10 compares the
results solving (9)with Shor relaxation and the stochastic, non-
convex optimization algorithm, ADAM, from all three cases in
section 3.2. Note that when |λ2| becomes greater than 10−3,

ADAM begins to outperform Shor relaxation, indicating that
the relaxation no longer yields an exact solution to (9). Now,
we return to prove that the convex hull of Dn,

conv(Dn) =

 ∑
i∈{1,2,...}

aiXi

∣∣∣∣∣∣ai ∈ [0,1] ,
nobj∑
i

ai = 1,Xi ∈ Dn

 ,

(60)
is:

Hn ≡
{
X|X ∈ Snx+,Xnx,nx = 1

}
. (61)

To start, we first prove conv(Dn)⊆Hn. Substitute in the defin-
ition of Dn = {xxT|x ∈ Rnx ,xnx = 1}:

conv(Dn) =

{ ∑
i∈{1,2,...}

aixix
T
i

∣∣∣∣∣∣ai ∈ [0,1] ,
nobj∑
i

ai

= 1,xi ∈ Rnx ,(xi)nx = 1

}
, (62)

Then, because the last element in xi, (xi)nx = 1, the last diag-
onal element of xixTi , (xix

T
i )nx,nx = 1. This allows us to re-write

the summation,
∑nobj

i ai = 1, as:

conv(Dn) =

{ ∑
i∈{1,2,...}

aixix
T
i

∣∣∣∣∣∣ai ∈ [0,1] ,
nobj∑
i

ai
(
xix

T
i

)
nx,nx

= 1,xi ∈ Rnx ,(xi)nx = 1

}
(63)

Because the sum of positive semi-definite matrices is still pos-
itive semi-definite, ∑

i∈{1,2,...}

aixix
T
i (64)
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is positive semi-definite. It is easy to see, then, that:

conv(Dn)⊆Hn ≡
{
X|X ∈ Snx+,Xnx,nx = 1

}
. (65)

This completes half of the proof.
To prove Hn ⊆ conv(Dn), we consider the rank-1 decom-

positions of X. It is easy to see that X has an infinite number of
orthogonal, rank-1 decompositions. Starting from the eigen-
decomposition of X;

X= Q+Λ+Q
T
+. (66)

Here, Λ+ is a rank(X), positive diagonal matrix that contains
all non-zero eigenvalues of X, and Q is a rank(X)× nx matrix
containing rank(X) orthonormal, real eigenvectors of X. This
decomposition is non-unique to an arbitrary orthogonal trans-
formation R, allowing us to write an infinite number of rank-1
decompositions as orthogonal vectors mi, i = 1, . . ., rank(X):

X=

rank(X)∑
i=1

mim
T
i =MMT. (67)

Here, mi are the rows of M≡ R
√
Λ+Q+ ∈ Rrank(X)×nx . mi are

orthogonal, but not normal.
Now, consider (

√
Λ+Q+)nx , the last column of

√
Λ+Q+.

Because Xnx,nx = 1, |(
√
Λ+Q+)nx |2 = 1. Because orthogonal

transforms are length-preserving, (mi)nx must also satisfy∑rank(X)
i=1 (mi)

2
nx = 1. Choose an R that produces non-zero

(mi)nx for all i. This choice of R will define a rank-1 decom-
position satisfying:

X=

rank(X)∑
i=1

mim
T
i ,

rank(X)∑
i=1

(mi)
2
nx
= 1, (68)

Because
∑rank(X)

i=1 (mi)
2
nx = 1, and mi are real, (mi)

2
nx ∈ (0,1].

Define ai ≡ (mi)
2
nx , then:

X=

rank(X)∑
i=1

ai

[
mi

(mi)

][
mi

(mi)

]T
,ai ∈ (0,1],

rank(X)∑
i=1

ai = 1 ∈

{ ∑
i∈{1,2,...}

aixix
T
i

∣∣∣∣∣∣ai ∈ [0,1],
nobj∑
i

ai

= 1,xi ∈ Rnx ,(xi)nx = 1

}
∈ conv(Dn). (69)

This proves Hn ⊆ conv(Dn). It may be tempting to apply (69)
directly to the eigendecomposition of X. However, because
there is no guarantee that the last elements of all eigenvectors
are non-zero, the use of R and M is necessary.

By proving conv(Dn)⊆Hn and Hn ⊆ conv(Dn), we have
proved that conv(Dn) =Hn = {X|X ∈ Snx+,Xnx,nx = 1}.

Appendix D. Random samples of free filament
topology

As shown in figure 11, we choose 3 examples each from the
LHD, CFQS, and Giuliani 2022 equilibria with low, interme-
diate, and high JB. Figures 12, 13 and 14 show the optimum
free filament coils in these examples.
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Figure 11. The locations of the nine example cases. Cases 1–3 are optimized for the LHD 3.75 m equilibrium, cases 4–6 are optimized for
the CFQS equilibrium, and cases 7–9 are optimized for the Giuliani 2022 equilibrium. All cases in this figure have exact Shor relaxation and
convergent free filament optimization with ⩽5% constraint breaking.

Figure 12. Example coil sets (cases 1–3 in figure 11) for the LHD 3.75 m equilibrium [32]. The normalized squared flux decreases from
case 1–3.
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Figure 13. Example coil sets (cases 4–6 in figure 11) for the CFQS equilibrium [30]. The normalized squared flux decreases from case 4–6.

Figure 14. Example coil sets (cases 7–9 in figure 11) for the Giuliani 2022 equilibrium [31]. The normalized squared flux decreases from
case 7–9.
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