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This article describes a method for calculating higher order or nonadiabatic corrections
in Born-Oppenheimer theory and its interaction with the translational degrees of freedom.
The method uses the Wigner-Weyl correspondence to map nuclear operators into functions
on the classical phase space and the Moyal star product to represent operator multiplica-
tion on those functions. These are explained in the body of the paper. The result is a
power series in k2, where k = (m/M)'/* is the usual Born-Oppenheimer parameter. The
lowest order term is the usual Born-Oppenheimer approximation while higher order terms
are nonadiabatic corrections. These are needed in calculations of electronic currents, mo-
menta and densities. The separation of nuclear and electronic degrees of freedom takes
place in the context of the exact symmetries (for an isolated molecule) of translations and
rotations, and these, especially translations, are explicitly incorporated into our discussion.
This article presents an independent derivation of the Moyal expansion in molecular Born-
Oppenheimer theory. We show how electronic currents and momenta can be calculated
within the framework of Moyal perturbation theory; we derive the transformation laws of
the electronic Hamiltonian, the electronic eigenstates, and the derivative couplings under
translations; we discuss in detail the rectilinear motion of the molecular center of mass in
the Born-Oppenheimer representation; and we show how the elimination of the transla-
tional components of the derivative couplings leads to a unitary transformation that has the

effect of exactly separating the translational degrees of freedom.



I. INTRODUCTION

In the Born-Oppenheimer theory of molecules the Hamiltonian becomes an infinite-dimensional
matrix of nuclear operators once an electronic basis is chosen. Moyal perturbation theory is a
method of block-diagonalizing this matrix to obtain effective dynamics on one or a small number
of potential energy surfaces. This is an elegant way of deriving Born-Oppenheimer dynamics on a
small number of surfaces in a manner that is more rigorous than the usual approaches, with other

advantages enumerated below.

By “Moyal perturbation theory” we refer to the use of the Wigner-Weyl correspondence and
the Moyal star product to block-diagonalize matrices of operators. It would be more descrip-
tive to call it “Blount-Wigner-Weyl-Moyal-van Vleck” perturbation theory, but we will use the
shorter designation. The Wigner-Weyl correspondence maps quantum operators into functions on
a classical phase space, and the Moyal star product is used to represent operator multiplication on
those functions. The Wigner-Weyl-Moyal formalism is fairly well known, and for convenience
is summarized in Appendix A, along with literature citations. The application in this article of
Moyal perturbation theory to Born-Oppenheimer problems is based on the treatment of Weigert

and Littlejohn (1993), with many improvements.

Moyal perturbation theory is an efficient way of obtaining higher order or nonadiabatic correc-
tions in Born-Oppenheimer theory. Such corrections are needed in cases where the lowest order
contribution vanishes, notably in the calculation of electronic currents, densities, linear and angular
momenta, and matrix elements needed for radiative transitions. There is an extensive literature on
such problems, including Mead and Moscowitz (1967); Nafie (1983); Stephens (1985); Stephens
and Lowe (1985); Freedman and Nafie (1986); Buckingham, Fowler, and Galwas (1987); Nafie
(1992, 1997); Barth et al. (2009); Okuyama and Takatsuka (2009); Patchkovskii (2012); Diestler
(2012a,b, 2013); Diestler et al. (2013); Bredtmann et al. (2015); Pohl and Tremblay (2016); Al-
bert, Hader, and Engel (2017); Schaupp, Albert, and Engel (2018); Schaupp and Engel (2019);
Nafie (2020); Schaupp and Engel (2020); Schaupp et al. (2021); Schaupp and Engel (2022a,b).
In recent years the method of exact factorization has been developed and promoted (Abedi, Maitra,
and Gross (2010, 2012); Cederbaum (2013, 2014, 2015); Parashar, Sajeev, and Ghosh (2015);
Jecko, Sutcliffe, and Woolley (2015); Requist and Gross (2016); Requist, Tandetzky, and Gross
(2016); Curchod and Agostini (2017); Requist, Proetto, and Gross (2017); Agostini and Cur-
chod (2018); Lorin (2021); Martinazzo and Burghardt (2023)). A notable application of this
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method is the calculation of higher order or nonadiabatic corrections (Scherrer, Vuilleumier, and
Sabastiani (2013); Scherrer et al. (2015); Schild, Agostini, and Gross (2016)). Other approaches
to higher order corrections include Pachucki and Komasa (2008); Madtyus (2018); Madtyus and
Teufel (2019); Requist (2023). Of these, Métyus and Teufel (2019) have used a version of what

we are calling Moyal perturbation theory.

The advantages of Moyal perturbation theory, as we see them, for accessing nonadiabatic cor-
rections and for related topics are the following. The method is clean and elegant, allowing one to
visualize the structure of the theory as a systematic procedure that can be carried to any order in
the Born-Oppenheimer parameter k = (m/M)'/*. The method automatically incorporates terms in
the effective Hamiltonian, such as K3, that is discussed below, that should be there but are usually
neglected. The method automatically accommodates large-amplitude motions, such as occur in
scattering, isomerization and photoexcitation problems, and is not restricted to small-amplitude
expansions about an equilibrium. It works in simple cases such as motion on a single surface in
the electrostatic model, as well as in generalizations including multiple surfaces, fine-structure and
spin. (For fine-structure models we have in mind some version of the Breit-Pauli Hamiltonian.)
Many of the first order results presented in this article, for example, the first order corrections
to the wave function and formulas for electronic momenta and currents, are known in the case
of the electrostatic model on a single surface, but generalizations to multiple surfaces and spin
are incomplete. These are of current interest, for example, in hybrid classical-quantum models
used in surface hopping (Mannouch and Richardson (2023); Runeson and Manolopoulos (2023);
Bian et al. (2021, 2023)). The method interacts well with the exact symmetries of the system,
including overall translations and rotations. The case of rotational invariance was treated by Lit-
tlejohn, Rawlinson, and Subotnik (2023), and translational invariance is covered in this article.
The method allows one to make simple statements about the conservation of linear and angular
momentum that are valid to all orders in k. The method leads to a perspective in which Born-
Oppenheimer theory consists of a series of dressing transformations, that is, unitary transforma-
tions that change the physical meanings of the variables employed, for example, “dressing” nuclear
dynamical variables to include the effects of the electrons. The notion of the Born-Oppenheimer
transformation as a dressing transformation was introduced by Cederbaum (2004), and we have
developed the idea considerably. We feel that it makes an important contribution to perspectives

on Born-Oppenheimer theory.

For example, in a recent study (Littlejohn, Rawlinson, and Subotnik (2023)) we showed that
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in the usual Born-Oppenheimer representation the operator that looks like the orbital angular mo-
mentum of the nuclei actually includes the orbital angular momentum of the electrons. This is
in the electrostatic model; in fine-structure models the electron spin is included as well. These
statements are exact in the sense of being valid to all orders of the Born-Oppenheimer expansion
parameter K.

Finally, there are questions regarding three steps that may be distinguished in the Born-
Oppenheimer theory of isolated molecules, namely, the separation of the translational degrees
of freedom, the separation of the rotational degrees of freedom, and the expansion in the Born-
Oppenheimer parameter k. Note that the third step amounts to the separation of the nuclear and
electronic degrees of freedom. For example, there is the question of the advantages and disadvan-
tages of carrying out these steps in various orders. We feel that treating the third step by Moyal
perturbation theory clarifies the analysis of this question.

The commutativity of the first and third steps (the separation of translations and the k-
expansion) is explicitly addressed in this article. It is sometimes stated that the Born-Oppenheimer
approximation violates the separation of translational degrees of freedom (Cederbaum (2013)),
but this does not mean that translational invariance or the associated conservation laws are lost,
simply that they take on different forms in the different representations. Some of these are very
interesting.

Moyal perturbation theory was first developed by Blount (1962a), who applied it to various
problems in condensed matter physics as well as to the Foldy-Wouthuysen transformation (Blount
(1962b); Foldy and Wouthuysen (1950); Bjorken and Drell (1964)), the latter of which is the
block-diagonalization of the Dirac Hamiltonian. The method was rediscovered by Littlejohn and
Flynn (1991b,a), who applied it to the WKB theory of multi-component wave equations and to sev-
eral other problems in adiabatic or semiclassical theory, including spin-orbit coupling and multi-
dimensional Landau-Zener transitions (Littlejohn and Flynn (1992, 1993)).

Later Weigert and Littlejohn (1993) applied Moyal theory to the Born-Oppenheimer approxi-
mation in molecules, producing among other things the contribution K5, to the Hamiltonian. This
term is notable for the fact that for large-amplitude motions it is of the same order of magnitude
as the well known diagonal Born-Oppenheimer correction, but it has received much less attention
than the latter.

Later Panati, Spohn, and Teufel (2002) and Teufel (2003) developed the functional analysis of

Moyal perturbation theory, making several applications and innovations. One of the latter is the
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breaking of the problem into two parts, the computation of the formally invariant subspace and
the representation of the dynamics on that subspace. Another is the use of operator-valued Weyl
symbols, which leads to a compact and largely coordinate- and basis-independent formalism. This
formalism was applied by Métyus and Teufel (2019) to Born-Oppenheimer theory, producing an
expansion of the Born-Oppenheimer Hamiltonian on one or a few potential energy surfaces out to
order k¢ (described as “third order™).

The term K>; is discussed more fully in Sec. IIIJ below. Its history and its role in Born-
Oppenheimer theory have been discussed by Matyus (2018), whose citations place its discovery in
the 1960’s, although several of the earlier references are specific to small vibrations about an equi-
librium in diatomic or triatomic molecules. To put this term into general language, applying to a
molecule with any number of atoms, it is necessary to work in lab or Cartesian coordinates (rather
than internal coordinates, which are specific to the number of atoms involved). In addition, the im-
portance of this term grows with energy, and it is more important for large-amplitude motions than
for small vibrations. Therefore to treat this term in generality it is necessary not to expand about
an equilibrium position. As far as we can see the first authors to derive this term in such generality
were Moody, Shapere, and Wilczek (1989), who used a path-integral formalism for treating the
Born-Oppenheimer approximation and its higher order corrections and who noted that this term
modifies the kinetic-energy metric, making it non-Euclidean at second order. In addition, there is
the independent discovery by Goldhaber (2005), who derived K>, in a discussion that links Berry’s
phase, geometry, and averaging techniques in quantum field theory. In this article we will show
that the contribution K>, to the Hamiltonian is necessary in the Born-Oppenheimer representation
to account for the proper (rectilinear) evolution of the center of mass of the molecule.

The original treatments of Born-Oppenheimer theory (Born and Oppenheimer (1927); Born
and Huang (1954)) and large parts of the vast literature on this subject envision an expansion in
powers of k = (m/M)'/*, in which the nuclear displacements from an equilibrium position are
small, of order k, while nuclear momenta are of order k1. We call this the “small-amplitude”
ordering. In this article we use what we call the “large-amplitude” ordering, which was introduced
by Littlejohn and Flynn (1992), developed considerably by Mead (2006) and treated again by
Matyus and Teufel (2019). We have returned to the subject in Sec. II D below. Large-amplitude
ordering is suitable for problems such as photoexcitation in which nuclear displacements are of the
order of an atomic unit or larger, although it includes small amplitude motions as a special case.

The outline of this paper is as follows. Section II contains the setup of the problem, including
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notation, the relevant Hamiltonians, the electronic bases that will be used (adiabatic, diabatic, etc.),
the coordinate transformations that bring about the exact elimination of the translational degrees
of freedom, and the several representations we will use.

In Sec. III we describe Moyal perturbation theory in a manner that is hopefully as painless as
possible, based on the approach of Littlejohn and Flynn (1991b); Littlejohn and Weigert (1993);
Weigert and Littlejohn (1993). Much the same territory has been covered by Matyus and Teufel
(2019), based on the formalism of Panati, Spohn, and Teufel (2002); Teufel (2003). In compar-
ison, our formalism is more coordinate-based and less abstract. Our discussion of the relation
between the generator of the dressing transformation and the usual Landau-Zener transmission
probability seems to be new, as is our presentation in subsection III M of the second order, nonadi-
abatic corrections to the wave function. For simplicity in this section we treat only single-surface
problems.

In Sec. IV we generalize parts of the single-surface calculation in Sec. III to multiple surfaces,
and we review how the Moyal theory is applied to the calculation of electronic momenta and
currents. We offer an approach in which the higher order corrections are obtained, not by finding
corrections to the wave function, but by transforming (“dressing”) the operators.

In Sec. V we begin by treating a number of issues regarding the translational degrees of free-
dom, in a manner similar to our treatment of rotations in Littlejohn, Rawlinson, and Subotnik
(2023). In particular, we establish phase conventions for the electronic basis states, both adiabatic
and diabatic, in effect showing how they transform under translations. We also give the transfor-
mation laws for the electronic Hamiltonian and the derivative couplings under translations. These
results are placed in the geometrical context of the translational fiber bundle, which we explain as
a certain decomposition of the nuclear configuration space. A notable consequence of this work
is that in the Born-Oppenheimer representations, both the original and all the dressed versions of
it, the operator that looks like the total momentum of the nuclei actually includes, from a physical
standpoint, the momentum of the electrons. A similar statement regarding angular momentum was
a principal point of Littlejohn, Rawlinson, and Subotnik (2023).

We then address several topics concerning the translational degrees of freedom and Moyal
perturbation theory. First we study the molecular center of mass (including the electrons) and show
how its uniform, rectilinear motion is expressed in the dressed Born-Oppenheimer representation.
It turns out that the term K3, in the Hamiltonian is required for this to work out right. Next we

study the translational components of the electronic current and the derivative couplings, in which
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the resolvent operator can be eliminated and results obtained in closed form. The existence of the
translational components of the derivative couplings leads to some apparent paradoxes, which we
resolve by engineering a unitary transformation that removes them. This transformation is revealed
by the use of Moyal perturbation theory, but ultimately is expressed in closed form (not as a power
series). This produces an operator that has the effect of exactly separating the translational degrees
of freedom. As far as we can tell this is a new perspective on the separation of the translational
degrees of freedom, in that the procedure can be seen as a dressing transformation.

Finally, in Sec. VI we present some conclusions.

A note on notation and terminology. Starting in subsection III D we use hats on nuclear oper-
ators, for example P, to distinguish them from classical quantities or c-numbers. See the intro-
duction to Sec. III. The Hamiltonian Hpo is the usual (scalar) Born-Oppenheimer Hamiltonian
on a single surface; see (53). An overbar is used to indicate fully dressed operators, for example
the Hamiltonian H (see (58)) or p;. The scalar Hamiltonian K is the diagonal element of H, the
effective Hamiltonian that replaces Hgo (see above (93)). In this article, “diabatic” means what is
sometimes called “quasi-diabatic,” that is, there is no implication that the diabatic basis eliminates
the derivative couplings. (It is well known that in polyatomic molecules the derivative coupling
cannot be eliminated by any change of basis, on account of the curl condition. See, for example,

Littlejohn, Rawlinson, and Subotnik (2022).)

II. PRELIMINARIES

In this section we describe the setup of the problem and establish notation. We adopt the
electrostatic model for the electronic Hamiltonian (2). For simplicity, we treat the nuclei as distin-

guishable, spinless particles.

A. Hamiltonians and Notation

We consider a molecule with N nuclei. The molecular Hamiltonian in the lab frame is

N p2
P
H: a H ’ s y 1
L 531, *Helrp) (1)
where the electronic Hamiltonian is
N, .2
p.
He(x;r,p) = } 5=+ Veou(X,r). @)
e

i=1
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Here N, is the number of electrons; X, Py = —iiVy and My, are respectively the nuclear po-
sitions, momenta and masses; and r; and p; = —ihiV; are respectively the electron positions and
momenta. Gradient operators are Vo = d/dX and V; = d/dr;. All positions and momenta are
taken with respect to a lab frame. Indices o, 8 label nuclei and range over 1,...,N, while indices
i, j label electrons and range over 1,...,N,. The electron mass is m,. The bare symbols X and r
stand for the collections (X1,...,Xy) and (ry,...,ry, ), respectively, and similarly for the momenta
P and p. The potential Vo, contains all the Coulomb interactions among all the particles, nuclei
and electrons. The nuclear configuration space is the space upon which the X, are coordinates;
it is R*N. We denote a point of nuclear configuration space by the symbol x, whose coordinates
are X = (X1,...,Xy). In our usage, x and X mean almost the same thing (x is the point, X, the

coordinates of that point).

B. The Adiabatic Basis and the Working Basis
We define the “adiabatic basis” as the energy eigenbasis of the electronic Hamiltonian,
H,(x) |ax;k) = &(x) |ax;k). 3)

The adiabatic basis vectors in ket language are |ax; k), where a stands for “adiabatic,” x indicates
the parametric dependence on the nuclear configuration, and k is the quantum number (a sequenc-
ing number for energy eigenvalues). In (3) we write simply H,(x) for the electronic Hamiltonian,
indicating the x-dependence of the operator, which elsewhere is written H,(x;r,p). The energy
eigenvalues themselves are & (x). The energy eigenfunctions in wave function language will be

denoted by

Our(x;1) = (r|ax;k). 4

Although we shall treat the index k notationally as if it were discrete, in fact above a threshold
the spectrum of H,(x) becomes continuous and formal sums over k that employ the adiabatic basis
must be interpreted as discrete sums over the discrete spectrum plus integrals over the continuous
spectrum. In addition, one should note that the continuum threshold is a function of x.

In the following we shall make use of a basis of electronic states that we call the “working
basis,” which we denote simply by |x;k) (without the a). It is defined to be either the adiabatic

basis or else a substitute, which will be defined as the need arises. We define the working basis
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wave functions by
i (x:r) = (r|x: k) (5)

(again, without the a).

We choose the phase conventions of the adiabatic basis states so that these states are invariant
under time reversal. (See Appendix A of Littlejohn, Rawlinson, and Subotnik (2023) for details on
time reversal.) We also assume that the coefficients of the linear transformation taking us from the
adiabatic basis to the working basis are real, so that the working basis states are also invariant under
time reversal. In the electrostatic model, this just means that the basis wave functions ¢ (x;r) or
O (x;1) are real.

Here and below when we use bra-ket notation for scalar products and matrix elements, it is un-
derstood that we are integrating only over the electronic coordinates r, not the nuclear coordinates,

except as noted. For example, we have the orthonormality relations,
(x;k|x; 1) = 8. (6)
We introduce the derivative couplings,
Foya(x) = (6k|Valx;l) = —(Valxk|)|x1), )

where the alternative form follows from the orthogonality relations (6). The derivative couplings

are defined to the extent that the basis states

x;k) are differentiable with respect to x. The or-

thonormality relations (6) imply that F .4 (x), regarded as a matrix in k/, is anti-Hermitian,

Fou(x) = _F;kx;lk(x)' 3)

In addition, the invariance of the basis vectors under time reversal implies that Fy;(x) is real, so
that as a matrix in (kl), it is real and antisymmetric. Thus, the derivative couplings vanish on the
diagonal,

Foii(x) = 0. (€))

C. Two Representations

We introduce two representations for the quantum state of the molecule, the “molecular” and
the “Born-Oppenheimer.” These are described in more detail in Sec. V of Littlejohn, Rawlinson,

and Subotnik (2023). In the molecular representation the state of the molecule is represented by a
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wave function W (X, r) that depends on the coordinates of both nuclei and electrons. In the Born-
Oppenheimer representation the state of the molecule is represented by an infinite-dimensional

vector of purely nuclear wave functions, ¥ (X), indexed by k and defined by

Zwk ) g (X:r) (10)

The Born-Oppenheimer representation depends on the choice made for the working basis, and,
in particular, on the phase conventions of that basis. We denote the association between the two

representations of the state of the molecule by
\P(Xar) — Wk(X)7 (11)

where the notation <— is a reminder that the relationship is one-to-one and that no information is
lost by transforming to the Born-Oppenheimer representation. For time-dependent problems both
Y and y; depend on ¢, but the basis kets |x; k) or wave functions ¢ (X;r) do not.

Similarly, let A be an operator acting in the molecular representation, say, ¥/ (X, r) = (A¥)(X,r),
and let ¥ <— y; and ¥/ <— /. Then in the Born-Oppenheimer representation A is represented
by an infinite-dimensional matrix of operators Ay, that act on nuclear wave functions, such that

v (X) =) (A v)(X). (12)

]
We denote the association between these two representations of the operator by A <— Ay;. The

components Ay; of the operator in the Born-Oppenheimer representation are purely nuclear oper-
ators, that can be thought of as functions of X and P.

Several examples of this association are discussed in Littlejohn, Rawlinson, and Subotnik
(2023), including the following. A purely multiplicative operator in the molecular representation
depending only on the nuclear coordinates X, call it f(x), corresponds, in the Born-Oppenheimer
representation, to a multiple of the identity matrix, that is, f(x) «— f(x) 8. In particular, this
applies to the nuclear coordinates, the components of X,. A purely electronic operator in the
molecular representation, that is, a function of r and p, corresponds to a purely multiplicative
operator in the Born-Oppenheimer representation, that is, a matrix whose matrix elements are
functions of X only. These are nothing but the matrix elements of the original operator in the
working basis. For example, in the case of the momentum p; of one of the electrons, we have
pi <— (x;k|p;|x;7). This also applies to electronic operators that are parameterized by x, such as

the electronic Hamiltonian. We define
(s k|He (x) x5 1) = W (x), (13)
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so that H,(x) <— Wj;(x). Note that if the working basis is the adiabatic basis (at least for some

range of indices k, /), then
Wi (x) = & (x) O (14)

The momentum Py, = —if V, which in the molecular representation represents the kinetic mo-

mentum of nucleus «, is transformed to the Born-Oppenheimer representation according to
Py <—— Py 5kl — tha;kl ()C) (15)

Equation (15) illustrates an important theme of this article. The operator Py, is the differential
operator —ifiV in all representations, but it only represents physically the kinetic momentum of
nucleus « in the molecular representation. In the Born-Oppenheimer representation, there is a
correction term, as shown (which, it turns out, is related to the electronic momentum).

Now suppose that we have operators A, B and C, and that A <— Ay;, B <— By; and C «— Cy;.
Then we have some theorems. First, if B = A", then By, = (A;;)". Next, if C = AB, then

Cu = Y AkpBpi- (16)
p
Next, if ¥1 «— yq; and W, <— vy, then

(W11¥2)x- = Y (Wil var)x (17)
k

where the subscripts X, Xr indicate the variables that are integrated over in taking the scalar
product. (If no subscript is given, integration over r alone is implied, as in (6).) Finally, matrix

elements of operators transform between the two representations according to
(W1|A2)xr = Y (wielAw|war)x - (18)
ki

As for the molecular Hamiltonian (1), when transformed to the Born-Oppenheimer representa-

tion, H <— Hy,, it becomes

N
Hy = Z 2Ma Z[Pa 8kp — iFgpep(x)] - [P 81 — i F gy (x)] + Wi (x), (19)

where the sum on p indicates a multiplication of matrices of operators, as in (16). We expand this
according to

Hy = Hy i +nhHy g+ n? H (20)
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where

N

Hox = (Z >6kl+sz<X> (21a)
o 1
N

Hya==i Y, 52 Po Fooa(X) + Fog(X) - Pol, (21b)
a=1 o
N

Hy = ZZZM akp(X) - Forpi (X). (21Ic)
oa=1 p o

Note that, since F . (x) is real, the two terms in the square brackets in (21b) are Hermitian con-
jugates of each other, so the sum is Hermitian. Overall, we have (HLkl)T = Hj j, so that Hy, as a
matrix of nuclear operators, is Hermitian.

The molecular Schrédinger equation, which in the molecular representation is

HY¥Y(X,r)=E¥(X,r), (22)
or, in its time-dependent version,
¥(X,r,t
HY(X,r,1) = ih%, (23)

becomes, in the Born-Oppenheimer representation,

Y Huwi(X) = E yi(X), (24)
I
or, in its time-dependent version,
Lou (Xt
Y. Hi wi(X, 1) = zh$. (25)
1

D. Born-Oppenheimer Ordering

The standard Born-Oppenheimer ordering parameter is k = (m,/M) 1/4 where M is an average

or typical nuclear mass (Born and Oppenheimer (1927); Born and Huang (1954)). By this def-

o

> inition, k has the numerical value of roughly 107!, A different approach is to scale the nuclear

7] masses by k%, that is, to replace the masses My, in the Hamiltonian by My /k*, where K is a
oL scaling parameter that ranges from x = 0 (for complete adiabatic separation of the length and time

e scales) to Kk = 1 (which gives the physical values). Actually, the limit ¥k — 0 is singular since the
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nuclear de Broglie wavelength goes to zero and the nuclear wave function is no longer defined.
But many physical quantities are well defined in the limit k¥ — 0. By making k a variable the
Hamiltonian becomes parameterized by k, and thereby represents a family of dynamical systems.
We can think of a curve through the space of Hamiltonians, parameterized by k. Then we have a
solvable or at least simplified system as Kk — O.

In the following we shall adopt the second approach, in which x is a variable. Then we can
speak of the order of magnitude of various quantities in terms of the power of kK by which they
scale as k — 0. For example, since the electronic Hamiltonian does not depend on the nuclear
masses, it is independent of k and everything associated with it (the energy eigenvalues & (x), the
derivative couplings F.4;(x), etc.), are independent of k and therefore of order K =1.

To say a quantity is of order kK = 1 in this sense does not necessarily imply that its numerical
value is close to unity, since there may be other reasons (besides the values of the nuclear masses
or momenta) why it is large or small. For example, in a scattering problem X, may take on large
values, independent of k, and the derivative couplings in the adiabatic basis diverge as a degen-
eracy or conical intersection is approached. In terms of the x scaling, however, these quantities
are of order unity. On the other hand, if there is no other reason why a given quantity should be
large or small, and if it is of order k" in the scaling sense, then it should have a numerical value in
atomic units of roughly 107"

In addition to the scaling of the nuclear masses, we must also indicate how the dynamical vari-
ables scale with k as we take k¥ — 0. For small vibrations about an equilibrium, the displacement
from equilibrium Xy — X ¢ is of order k! = k, as discussed by Born and Huang (1954), while
the nuclear momentum Py, is order k¥~! and the nuclear velocity Vo = Py /My is of order K.
Thus, the time require to execute an oscillation of amplitude of order x is k2, and the vibrational
frequency is of order k2. In this analysis we are imagining that as we move through the space of
dynamical systems by taking Kk — 0, we are also changing the space of wave functions or quantum
states that we are considering. For the problem of small vibrations, we take this limit in such a
way that the vibrational quantum number is constant, which causes the spatial extent of the wave
function to shrink in proportion to k. A nice discussion of this (small-amplitude) ordering is given
by Mead and Moscowitz (1967).

Modern applications such as isomerization, scattering and photoexcitation problems involve
motions in which the nuclei are not restricted to a small range around an equilibrium, but rather

move over distances of the order of an atomic unit or larger. For these applications a different
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assumption about the scaling of the dynamical variables is required. The modified scaling as-
sumptions required for such applications have been discussed in detail by Mead (2006). See also
Matyus and Teufel (2019). In the following we add to this discussion and show how it applies to
our approach to Moyal perturbation theory.

We shall call the modified scaling law the “large-amplitude” scaling. In this scaling we imagine
that the kinetic or potential energy of the nuclei remains constant as k — 0. For example, if a
nucleus climbs half way up a potential well when k = 1, we require that it continue to do so as
we take Kk — 0. We do this because we want the qualitative features of the simplified problem as
Kk — 0 to be the same as those of the physical problem at k¥ = 1. This means, for example, that
bound state quantum numbers, to the extent those are meaningful for large-amplitude motions, go
to infinity as k — 0. (At the energy E under consideration, which by our assumptions is of order
unity in atomic units, the system may be unbound, in which case energy quantum numbers are not
meaningful. If the system is bound at energy E and we take M — oo, then the number of bound
states below E goes to infinity.)

If the kinetic energy P2 /2M,, is independent of k as k — 0, as required by the large-amplitude
ordering, then, given the scaling of My, we conclude that Py is order k=2 (therefore larger by a
factor of 1/x than in the small-amplitude scaling). Nuclear velocities Vo = Py /M, are therefore
of order k2 and the time required for a nucleus to travel a distance of the order of one atomic unit
is of order k2. Thus nuclear motions are executed ever more slowly as k — 0, as expected in a
system that can be considered “adiabatic.”

The spatial scale of an electronic energy eigenfunction ¢, (X;r) for fixed k, that is, the elec-
tronic de Broglie wave length, is of order k” = 1, since the electronic Hamiltonian is independent
of the nuclear masses, as explained. The same applies to the operator V;. The same also applies
to the X-dependence of the electronic energy eigenfunctions and the operator V,, when acting on
them. We shall assume that the transformation from the adiabatic basis to the working basis is
independent of k, so the same scale lengths (in both r and X)) apply to the working basis functions
¢ (X;r). The nuclear wave functions y;(X) in the Born-Oppenheimer representation, however,
have a de Broglie wave length of order k2, since the operator Py, = —i/iV  is of order 2. Thus,
in the expansion (10) the scale lengths of the two factors on the right (y; and ¢;) with respect to
X are quite different.

In the large-amplitude scaling, the nuclear de Broglie wave length is of order k2 times smaller

than the scale length of the environment (the potential, derivative couplings, etc.) in which the
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nuclei move. These are otherwise the conditions for WKB theory, which would be more useful
for molecular dynamics were it not for the usual difficulties of WKB theory in multidimensional
problems (chaotic orbits and the lack of global, invariant Lagrangian manifolds in phase space).
Nevertheless, the basic method of this paper, the use of Moyal perturbation theory, is a part of
semiclassical theory.

In this paper we use the large-amplitude scaling exclusively. For simplicity we will not insert
explicit factors of k" to indicate the order of various terms. Instead, the ordering of any term can
be obtained by applying the two rules, My = O(k~4) and P = O(k2).

In the large-amplitude ordering, the three terms in (21), Hyy, H; i and H, g, are of order
kY =1, k% and k%, respectively. This ordering will be the basis of the perturbation theory we will
carry out in this paper. It is not, however, ordinary perturbation theory, which is based solely on
the magnitudes of the unperturbed Hamiltonian and the perturbation, because the nuclear wave

functions also have a dependence on Kk, that is, the nuclear de Broglie wave length is of order K2

E. Translational Degrees of Freedom

The Hamiltonian (1) commutes with translations and thus conserves total linear momentum.
The manner in which this invariance and conservation law are manifested is straightforward in the
molecular representation but more obscure in the Born-Oppenheimer representation. Therefore
one is motivated to carry out the exact elimination of the translational degrees of freedom before
switching to the Born-Oppenheimer representation. This is a standard procedure (Sutcliffe (2000))
but it requires some algebra and attention to notation.

We begin with the nuclear configuration space, the 3N-dimensional space upon which the co-
ordinates are Xy, @ = 1,...,N. This is the space upon which purely nuclear wave functions y(X)
are defined. A coordinate transformation on this space that is useful for separating the translational
degrees of freedom is X¢ — (XcMm, Y ), where Xy is the center of mass of the nuclei,

1 N
XceMm = ]\7 Z MoXq, (26)

I g=1

and where Y, Kk =1,...,N — 1, are a set of Jacobi vectors (see Appendix B). Here M, is the total

nuclear mass,

N
M =Y M. (27)
a=1
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We let the momenta conjugate to (Xcm, Yi) be (P, Q). Then it turns out that P;, the momentum

conjugate to Xcy, 1s the total momentum of the nuclei,

N
P, =) P, (28)
o=l

The other details of this coordinate transformation are summarized in Appendix B.
When this transformation is applied to the nuclear kinetic energy, we find

LA
My 2M; = 2u

a=1

; (29)

where L, are reduced masses associated with Jacobi coordinates Y k.

We require a different coordinate transformation on the molecular configuration space, the
3(N + N,)-dimensional space with coordinates (X¢,r;) upon which the molecular wave func-
tion W(X,r) is defined. This can be seen as the composition of two transformations, (X, ;) —
(Xewm, Yk, 1) — (Rew, Yk, Si), where in the first step we transform the nuclear coordinates as de-
scribed above, leaving the electronic coordinates r; alone, while in the second step we leave the

nuclear Jacobi vectors Y alone while introducing two new sets of coordinates defined by

M X N,
Rey = t CMA}‘ eMeXCM (30)
mol
and
si:r,-—XCM. (31)
Here M, is the total molecular mass,
Myo1 = M; + Nem,, (32)

and rcy is the center of mass of the electrons,
1
rem =+ 2_TLi. (33)
N, =
1=
Evidently Ry is the molecular center of mass (not to be confused with Xcy, the nuclear center
of mass) and s; is the position of electron i relative to the nuclear center of mass.
We denote the momenta conjugate to coordinates (Rewm, Yk, i) by (Pem, Qk, q;), where Qy,
the momentum conjugate to Jacobi vector Yy, is the same as produced by the first (purely nuclear)

transformation (see (B9)). As for Pcy, the momentum conjugate to Ry, it turns out to be the

total linear momentum of the molecule,
Pcv = P; +py, (34)
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where P;, the total nuclear momentum, is given by (28), and p;, the total electronic momentum, is

given by
Ne
P =) pi (35)
i=1

The other details of this coordinate transformation are given in Appendix C.
When we transform the molecular Hamiltonian (1) to the new coordinates, we obtain
2

PCM
= Hrr(Y
2Mm0] + TR( JS7Q7q)7 (36)

where the “translation-reduced’” molecular Hamiltonian is

N—-1 2

HTR(Y757Q7q) = Z 2(21( +HTR6(y;Saq)= (37)
k=1 M

and the translation-reduced electronic Hamiltonian is

Ne q2 Ne q,q
Hrre(yis,q) =) 5=+ ), =~
i—1 2me ij=1 2Mt

+ VCoul (Y7 S)- (38)

Here y means a point of the translation-reduced configuration space whose coordinates are Y.,
and Voy 1s independent of Ry because it is translationally invariant. The translation-reduced
configuration space will be discussed more fully in subsection V B (see also Fig. 1). The middle

term on the right in (38) is the mass-polarization term.

F. The Translation-Reduced Molecular and Born-Oppenheimer Representations

The Hamiltonian Htgr in (37) gives us a “translation-reduced” molecular representation, in

which the wave function W1r(Y,s) is defined by
lP(X,I‘) = "P(RCM,Y,S) = exp(iK . RCM) \PTR(Y,S), (39)

which is an eigenfunction of Pcyy with eigenvalue 7K. This is in the time-independent version; in

the time-dependent version we define Wtgr by
lP(Xa r, t) = lP(l{CMa Y,s, t) = GXP[Z(K ‘Rem — tht/szol)] lPTR(Y7 S, t) : (40)
The wave function WtR satisfies a translation-reduced version of the Schrodinger equation,

HrrY1r(Y,s) = ElR P1r(Y,S), (41)
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Molecular Born-Opp. Dressed

Born-Opp.
¥(X,r) Vi (X) Wi (X)
Lab H Hy Hy
(D (10), (11) (58)
¥r(Y,s) YR (Y) Urr i (Y)
Translation- _
Reduced Hrr HrR i HrR

(37), (39), (40) — —

TABLE I. Six representations of the quantum mechanics of a molecule. In each case, the relevant wave
function and Hamiltonian are shown, as well as references to relevant equations. In the molecular represen-
tation (first column) the wave function ¥ or Wrg is a function defined on the combined nuclear-electronic
configuration space. In the Born-Oppenheimer representation (second column), the wave function y; or
YR« 18 an infinite-dimensional vector of wave functions defined on the nuclear configuration space. The
same is true of the dressed representations (third column); in this representation, the Hamiltonian is block-
diagonal. Sometimes we will call the Born-Oppenheimer representation (second column) the “original”

Born-Oppenheimer representation, to distinguish it from the dressed representations in the third column.

or its time-dependent version,

A 8\PTR(Y,S,I)

HRrWY1r(Y.s,t) =1
R YTR(Y,S,1) =i 5

(42)

Once we have achieved the translation-reduced molecular representation of the system we can
expand in an electronic basis and create a translation-reduced Born-Oppenheimer representation,
in which the state of the system is represented by an infinite-dimensional vector of nuclear wave
functions yrg ¢ (Y), defined on the translation-reduced configuration space. The potential energy
surfaces defined by the eigenvalues &rg (y) are not the same as before, because the translation-
reduced electronic Hamiltonian (37) contains mass-polarization terms, in contrast to the original
electronic Hamiltonian (2), whose eigenvalues are &(x).

Thus we now have several representations of the quantum mechanics of the molecule, includ-
ing the original or “lab” molecular and Born-Oppenheimer representations, and now “translation-
reduced” versions of these. The situation is summarized in Table I. Once we have achieved the

Born-Oppenheimer representation, either the lab or translation-reduced, the Hamiltonian is an
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infinite-dimensional matrix of nuclear operators, which we can block-diagonalize by means of
Moyal perturbation theory. This carries us to the last column of Table I, the “dressed” or block-
diagonalized Born-Oppenheimer representation. We turn now to a detailed description of this last

step.

III. MOYAL PERTURBATION THEORY ON A SINGLE SURFACE

The purpose of this section is to describe in detail the Moyal method for the block diagonal-
ization of the Born-Oppenheimer Hamiltonian. For a somewhat different formalism, see Panati,
Spohn, and Teufel (2002); Matyus and Teufel (2019).

For this purpose we can work either with the lab representations or the translation-reduced.
In some ways it is preferable to carry out the exact separation of the translational degrees of
freedom first, and then to block-diagonalize the Hamiltonian. But much of the current literature,
for example, that devoted to surface hopping, uses the lab representations (so also the treatment
of Métyus and Teufel (2019)). Therefore in this section we shall illustrate Moyal diagonalization
of the Born-Oppenheimer Hamiltonian in the lab representations, effectively working across the
first row of Table I from left to right. For simplicity we will do this for a single surface problem,
deferring multiple surfaces to subsection IV A. We select one surface k = n, so that n is fixed for
the duration of this section (Sec. III).

In subsections IIT A-III C we use unaccented symbols for operators, for example, H for the
Hamiltonian. Starting in subsection III D, however, and continuing to the end of the paper, it
is necessary to distinguish between operators, which are represented with a hat, and their Weyl
symbols, which are c-number functions on the classical phase space and which are denoted without
the hat. For example, starting in subsection III D, the Hamiltonian operator is H while its Weyl

symbol is H. Weyl symbols are explained in Appendix A.

A. Basis Vectors and the Privileged Subspace

We let

x;n) = |ax;n), so that in the one case k = n the working basis vector and the adiabatic

basis vector are the same. We define the “privileged subspace” of the electronic Hilbert space as

< (x) = span{|ax;n)} (43)
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and we define .7 (x) as the complementary, orthogonal subspace. The working basis vectors |x; k)
for k # n are either the adiabatic basis vectors |ax; k) for k # n or another choice to be specified.
Both the working basis vectors |x;k) and the adiabatic basis vectors |ax; k) for k # n span .+ (x),
so they are linear combinations of one another. The subspace . (x) is one-dimensional, while

% (x) is infinite-dimensional. The projection operator onto the privileged subspace is
P(x) = |ax;n)(ax;n|, (44)

while the complementary projector is Q(x) = 1 — P(x). Equation (44) gives P(x) in the molecular

representation; on transforming to the Born-Oppenheimer representation it becomes

P(x) <— Py = Ok Ot (45)

B. The Born-Oppenheimer Approximation

Since |x;n) = |ax;n), the diagonal matrix element W, of the electronic Hamiltonian satisfies

Won(x) = €,(x). (46)

In addition, since |x;n) is orthogonal to .#(x), we have W, (x) = W, (x) = 0 for k # n, and
the matrix Wy, (x) is block-diagonal. The blocks in question are the 1 x 1 block and the infinite-
dimensional block corresponding to . (x) and .#*(x), respectively. An operator that is block-
diagonal does not couple . (x) with .#*(x). The terms in the Hamiltonian (21) that do couple
7 (x) and .7 (x) are the off-block-diagonal elements of H; and H,, that is, elements with indices
(nk) or (kn) for k # n. These matrix elements involve the derivative couplings and are small in the
x ordering, either of order k> or x*. In particular, they are small in comparison to the diagonal

element at zeroth order,
N 2

P
HO,nn = Zl 2]\;(1 + & (X), (47)
o=

which is of order k.

In the literature the “Born-Oppenheimer approximation” usually means approximating the

E] molecular wave function as
E:J ‘P(X,I‘) = W(X) Qan (X;I‘), (48)
oL that is, a version of (10) with a single term k = n and employing the adiabatic, energy eigenfunction

e 0an(X;r). But if we throw away the small, off-block-diagonal terms of the molecular Hamiltonian
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(21), then the molecular Schrédinger equation (22) has solutions of the form (48), that is, (24) has
solutions in which y; is nonzero only in the one slot k = n. The same is true of the time-dependent
versions of the molecular Schrédinger equation, (23) and (25), which have solutions of the form
(48) in which both W(X,r,7) and y(X,7) depend on time but the adiabatic basis state ¢,,(X;r)
does not.

Therefore we shall regard the “Born-Oppenheimer approximation,” in the context of a single-
surface problem, as one of throwing away the off-block-diagonal matrix elements of Hy;. In this
approximation, the molecular Schrddinger equation (24) or (25) on the privileged subspace .7 (x)

becomes

Hgo (X, P) y(X) = Ey(X), (49)
or its time-dependent version,

dy(X1)

HBO(X,P) W(X,f) - ZhT,

(50)

where ¥ = v, is the one, nonvanishing component of Y, and where Hgo = Hy;, = Ho jy + 1 H i +
1> H> j,, is the diagonal element of the Hamiltonian matrix, the effective Hamiltonian operator on
this subspace.

To write out Hpo explicitly we note first that H; ,, = 0 because of (9). As for H; ,,, we take

the divergence of Fy., (x) = (x;n|V|x;n) = 0 to obtain the identity,
Vo Fom(®) = (Valxin|) - (Va|xn)) + (x;n| V% |x;n) = 0. (51)

Then using (7) we have

Y Founp(x) - Fopn(x) = =} (Valwinl)x:p) - (x: pl(Valxin)
p

P
= —(Va(x:n|) - (Valx;n)) = (x;n|V,

x;n), (52)

where in the first step we use (7) and in the last step, (51). Altogether, we obtain

oy S
Hpo = Hy, = Z T, +&,(x) — Z M (x;n| Vi |x;n). (53)
h a=1 o a=1 @
; This is a standard Hamiltonian in Born-Oppenheimer theory. It is the same as the projection of
_;. ‘: the original molecular Hamiltonian (1) onto the subspace .¥(x), that is,
. .“1

L O P(x)HP(x) < On 0,y Hpo (54)
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The final term in (53) is the “diagonal Born-Oppenheimer correction” (Valeev and Sherrill (2003);
Gauss et al. (2006); Meek and Levine (2016); Gherib ef al. (2016); Culpitt et al. (2022)). It
is otherwise H> ,,. It appears to be a contribution to the potential energy, but physically it is a
part of the kinetic energy. Away from conical intersections, it is small, being of order x*, and
many authors take liberties with it (throwing it away, or throwing part of it away, etc.). In the
adiabatic basis it diverges at conical intersections, for the same reason as the derivative couplings
(Matsunaga and Yarkony (1998); Yarkony (1997b)), but in our treatment of single-surface prob-
lems we shall work in regions far enough from conical intersections that this term is small. See
Sec. IITF for more details. Near conical intersections we must use a multi-surface approach (see
subsection IV A).

The terms in the molecular Hamiltonian that we have thrown away to obtain the Born-
Oppenheimer approximation are of order k2 or higher and thus are small compared to the diagonal
element Hy ,, (see (47)). On the other hand, they are large in comparison to H ,,, the diagonal
Born-Oppenheimer correction. Therefore there is a question of whether H> ,,, is even the correct,
second order contribution to the Hamiltonian when the wave function has a single component .
In fact, a perturbative treatment of the off-block-diagonal terms, one that transforms them away
rather than throwing them away, generates a contribution at second order, what we call K>, that is

of the same order in k as H ,,. See Sec. II1].

C. Dressing Transformations

As an alternative to the Born-Oppenheimer approximation, that is, just throwing away terms
in the molecular Hamiltonian (21), we will transform them away by means of a series of unitary
transformations. Since the terms to be eliminated are small, each unitary transformation is close
to the identity and can be conveniently represented as the exponential of another operator, the
generator.

In the first step we transform the Hamiltonian by the unitary operator U; = exp(%G), where
for convenience we split off a factor of 7 from the anti-Hermitian generator G;. The transformed
Hamiltonian H' can be written as an exponential series of iterated commutators,

2

h
H = UIHU]T =" He "0 = H 4+ 1[Gy, H] + 5[Gl,[Gl,H]] +... (55)

Although we are writing H, G| and U; without matrix indices, we will work in the Born-

23



Oppenheimer representation and all such symbols should be understood to be matrices of nuclear
operators, for example, Hy;, Gy y, etc. Likewise, commutators of operators are interpreted as
matrix commutators, for example,

(G, H]u =Y (G p Hpt — Hip G i) (56)
P

The products that appear in (56) are operator products, as in (16), and the ordering must be re-
spected.

The strategy will be to choose G so as to eliminate the off-block-diagonal terms in H to order
k2. As it turns out, this means that G, itself is of order k2. This leaves behind off-block-diagonal
terms in H’ that are of order k*. To eliminate these, we perform a second unitary transformation,
H'"=UyH’ U2T , where U, = exp(thz). Operator G, is a second generator that turns out to be of

order k*. Proceeding this way we envision an infinite sequence of unitary operators,
U=...030,U, 57

and a transformed Hamiltonian H that is formally free of off-block-diagonal terms to all orders,

A=UHU" =...UsU,U HU[ U, US ... (58)

These unitary transformations create a sequence of new representations for the state of the sys-
tem, what we will call “dressed” representations. Thus we can distinguish between the “original”
(that is, undressed) Born-Oppenheimer representation, and successive dressed versions of it. See
Table 1. If the wave function is ¥ in the original Born-Oppenheimer representation (where Y is
short for the infinite-dimensional vector y;), then the wave function in the final, dressed repre-
sentation is ¥ = Uy (that is, it is the vector ¥, = Y ; Uy y;). Then the Schrodinger equation in
the final, dressed representation is H\ = EV or its time-dependent version, where H has no off-
block-diagonal terms. Therefore there are solutions ¥ that are nonzero only in the one slot k = n,
and the effective Hamiltonian for this component is the diagonal element H,,,. This is the (scalar)
Hamiltonian driving this one component, which takes the place of Hgp within dressing theory. We

now explain the dressing transformations in detail.

D. First Order Transformation and Weyl Symbols

In this subsection we begin by assuming that the working basis is the adiabatic basis, that is,

|x; k) = |ax; k) for all k (not just k = n). This assumption causes (14) to hold for all k, [. It simplifies
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the derivation somewhat but leads to difficulties that we will explain when we encounter them.

In this subsection and henceforth we must change notation in order to distinguish between nu-
clear operators and their corresponding Weyl symbols. See Appendix A for the definition of the
Weyl symbol of an operator and for the invertible mapping between operators and their corre-
sponding Weyl symbols. As in Appendix A, we will place hats on nuclear operators such as X
or P, while omitting the hats on the corresponding classical quantities or Weyl symbols X, or
P,. The notation £ or p of Appendix A is to be identified with X or P here. We use the Weyl
symbol correspondence only for nuclear operators, not electronic ones, so we omit the hats on
purely electronic operators such as the electronic Hamiltonian H,.

Thus, we should go back and put hats on operators in equations such as (21) to conform with
the new notation. We will not do this, but we note that when the (hatted, operator) versions of (21)

are converted into Weyl symbols, we obtain

N PZ
Hox = (Z o | Ot W (X), (592)
o
. 1
Hy = —i Z ATPa “Fou (X)), (59b)
o
Hy = Zl Y — 2Ma Foip(X) - Fopr (X), (59¢)
a=1p

where now Wy, (x) = 8 &(x) on account of our assumptions about the working basis. These look
almost the same as (21) but now they are symbol equations and note that the expression for Hj i
has simplified. In fact, this is an example of (A7), illustrating the convenient manner in which
Weyl symbols handle operator ordering. Weyl symbols are c-numbers, and can be multiplied in
any order. Equations (59) contain exactly the same information as (21); no information is lost on
transforming to Weyl symbols.

Likewise, in the case of (55), to conform with the new notation we replace H, H' and G| by
H, A’ and G, respectively, indicating operators (actually, matrices of operators). Then converting
these operator equations into symbols, we have the symbol equation,

hz
H/:H+h[G17H]*+?[G17[G1,H]*]*+7 (60)

where the notation [G1,H] is explained in Appendix A. Note in particular the definition (A8)
of the *-product and the discussion in subsection A 3 of commutators of matrices of operators,

especially (A15).
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Let us now write out the expansion of the symbol of the molecular Hamiltonian, H = Hy +

hH| + W2 H,, where the individual terms are given by (59), and substitute it into (60). We obtain
1
H' = Hy+n(H) + [G1,Ho):) + 1 (H2 +[Gy1,H]« + 5[Gl, [Gl,Ho]*]*) +... (61)

The commutators shown contain an implicit #-ordering. To expand this out it is convenient to
define
Ti = [G1,Hol« = Tio+ T +..., (62)

where the 1-subscript on 77 is a reminder that this term is associated with generator G, and where

the expansion follows (A15). In particular, we have

Tio = [G1,Holiu = Y (G1 jp Ho.pi — Ho jp G1,p1) (63a)
P
]
T = EZ({Gl,kpaHO,pl} —{Hoxp,G1,pi}), (63b)
p

where Tj9 = [G1,Hy| is the ordinary commutator of matrices of Weyl symbols (without the *) and

where the brackets in (63b) are Poisson brackets. Then (61) becomes

1
H' = Hy+n(Hy 4 Tio) + 1> (H2+ (G1,H{]+ T1; +§[Gl,Tm]) +... (64)

where we have dropped the s-subscript in commutators at order /” since the ordinary, matrix
commutator is the leading term in 7 (see subsection A 3) and the higher order corrections are
beyond the order to which we are working.

The Moyal expansion of the x-product (A10) obviously generates a power series in 7. As
pointed out at the end of subsection II D, however, each power of 7 in the A-ordering of the molec-
ular Hamiltonian (21) is coupled to one power of k2. That is, terms Hy, H; and H, are of order

2 and k*, respectively. Likewise, in the Moyal expansion (A12), which is nominally an ex-

S
pansion in 7, each successive bracket involves one higher derivative with respect to momentum
(see (A11)). In this work the operators of interest are polynomials in the nuclear momentum P,
which is of order k=2, and their Weyl symbols are corresponding polynomials in Pg. Therefore
each momentum derivative kills one factor of Py and raises the order of k by 2. In other words,
the Moyal expansion couples every power of /i with a power of k2. The result is that every term
of order /" that we encounter in the Moyal expansion behaves in the large-amplitude scaling as of

order k2. In the following when we say, “first order,” we shall mean, order 7 or k2, while “second

order” means order A2 or K, etc.
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The fact that the 7 ordering is closely related to the k ordering should not be surprising, in
view of the close connection between Born-Oppenheimer theory, especially in the large-amplitude
ordering, with semiclassical theory (for example, the fact that the nuclear de Broglie wavelength

is of order x2). But it is a semiclassical theory only in the nuclear variables, not the electronic.

E. The Generator G

Returning now to (64) we wish to choose G to kill the off-block-diagonal elements of Hy, so

that we will have H| ,, = H{ ,,, = 0 for k # n. Thus, we require

(G1,Holuk = —H\ nks (k#n). (65)

Of the two terms in Hy (see (59a)) the kinetic energy is a multiple of the identity matrix which
commutes with the matrix G, while for the potential energy we use (14) since we are working

(for the time being) in the adiabatic basis. Then the commutator in (65) is easy to evaluate and we

obtain,
G1 k(& — &) = —H yk, (k#n), (66)
or,
N1 Py Fou(X)
Giy=—1 = L 2 k#n). 67
l,l’lk agl M(X gn(X> —gk(X> ( 7& ) ( )

If we carry out the same procedure for the (kn)-block, we obtain

N
. 1 Pg ‘Fa'kn(X>
Giin=—1i —_—— k#n), (68)
1,kn agl M(x gk(X) —8n<X> ( 7& )
so that Gy g, = —G7J ;- as required if G is to be anti-Hermitian. These are symbol equations; if

we want the operator G then we can convert back to operators. For example, we find

Gk =13 [P (;f(f Zm T &)ff( zfo Pafo (k). (@)
a=1“Ma n k " k
in which the ordering of products must be respected. It will be appreciated that Weyl symbols are
51 easier to work with than operators.
E".: Equation (65) is all we require of Gy; since it does not determine the on-block components of
[ _'.:5':1' G1, we set these to zero, that is, Gy ,, = 0 and Gy g; = 0 for k # n and [ # n. The result is that G|

<0 is purely off-block-diagonal.
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F. Energy Denominators, the Excluded Region, and Landau-Zener

The solution (67) diverges where the energy denominator &, (x) — & (x) goes to zero. Since k # n
this can only happen if the energy denominator goes to zero for the nearest neighbor, k =n+1. We
define the “degeneracy manifold” as the subset of nuclear configuration space where &,(x) = &(x)
for k = n£ 1, that is, where level n is degenerate with one of its immediate neighbors. (If n is
the ground state, then it has only one neighbor, the first excited state.) Degeneracy manifolds are
usually called “seams.” As x approaches the degeneracy manifold, G diverges and the pertur-
bation expansion (55) breaks down. Actually, not only does G diverge, but so do the derivative
couplings and therefore H itself. This is shown by the Feynman-Hellman formula,

{ax;n|V o H,(x)|ax; k)
€n(x) — &k (x)

Fa;nk(x) = - ) (k 7£ I/l), (70)

which applies in the adiabatic basis, as shown. Substituting this into (67), we see that G diverges

as (&, — &) 2

as we approach the degeneracy manifold.

If the nearest neighbor energy denominator &,(x) — &(x) in (67) or in (70) is of order k¥ = 1,
then the size of the generators Gy, is determined by the factor Py /M, the nuclear velocity,
which is of order k2. In this case the generators Gy, (all of them, for all k) are of order K2,
and therefore small. But the nearest neighbor &,(x) — &(x) is of order unity if the distance from
the degeneracy manifold, call it Ax, is also of order unity. (This is true in the sense of the k-
scaling.) At such distances, the generators Gy ,; are small and the first few terms of the series
(55) are rapidly decreasing. This is all we require of the series for practical purposes; we do not
require convergence. Thus, Moyal perturbation theory, applied to a single-surface problem for the
adiabatic separation of the privileged surface n from the others, is valid when Ax is of order k° = 1.

It is also valid for smaller Ax, but not too much. As we approach the degeneracy manifold,
the nearest-neighbor Gy ,x grows and when it becomes of order unity the series (55) breaks down,
that is, the terms are no longer rapidly decreasing. Since Gy » goes as (&, — &) 2, the breakdown
occurs when the energy difference is of order x, which implies that Ax is also of order k. This
defines, at least in terms of its k-scaling, the region that must be excluded for the validity of single-
surface methods. Inside the excluded region it will be necessary to use multiple-surface methods,
which are discussed in subsection IV A.

Since the nuclear de Broglie wave length is of order k2, the excluded region, which is within

a distance of order k from the degeneracy manifold, contains on the order of x¥~! de Broglie
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wave lengths. The actual number in a practical situation depends on the magnitudes of various
matrix elements, the actual value of the nuclear momentum and other quantities. But making a
first stab based on the x-scaling alone, we estimate that the excluded region extends roughly 0.1
atomic unit away from the degeneracy manifold, and that it contains roughly 10 nuclear de Broglie
wavelengths in this distance. This is all in the large-amplitude scaling.

In the case of small molecules, it is possible to visualize the excluded region geometrically, but
it is necessary to distinguish between the nuclear configuration space and “shape space.” Nuclear
configuration space is the space R*" upon which the nuclear positions in the lab frame, X, are
coordinates. Nuclear configuration space contains information about the center-of-mass position
and the orientation of the molecule. Shape space, on the other hand, is the (3N — 6)-dimensional
space in which the center-of-mass position and orientation of the molecule are ignored. Coordi-
nates on shape space are translationally and rotationally invariant quantities such as bond lengths
and angles. In the case of triatomics (N = 3), shape space is topologically one half of R? (Little-
john and Reinsch (1995)), while the codimension 2 degeneracy manifold is a curve in this space
(Yarkony (1996, 2001, 2004b,a)). The excluded region is therefore a tube whose width is of or-
der x surrounding this curve. This curve may bifurcate (Gordon, Glezaku, and Yarkony (1998);
Yarkony (1997a)), and, where it does, the excluded region surrounds it like the sleeves of a shirt.
The geometry of shape space and its relation to nuclear configuration space is explained in detail
by Littlejohn and Reinsch (1997).

The size of the excluded region depends on the nuclear momentum, and grows in proportion
to the square root of the latter. If we change the scaling of the nuclear momentum, we find other
scalings for the size of the excluded region. In the small-amplitude scaling Py, is of order k',
as explained above. This means that the size of the excluded region is of order x3/2, or roughly
0.03 atomic units. Conversely, if we make Py, larger than the large-amplitude value of k2, we
can make the excluded region larger. If we make P, large enough, we can make the size of the
excluded region as large as order k” = 1, which means that the excluded region is everywhere
and the perturbation expansion fails everywhere. This occurs when Py, is of order k%, so that the
nuclear velocity Py /My is of order k¥ = 1. This means that the nuclear velocity is of the same
order as the electron velocity, at which point naturally there is no adiabatic separation of time
scales. Such momenta are too large to be of much interest for the usual chemical processes, but it

is nice to see that the theory breaks down completely where it should.

The generator G has the same structure as the one-dimensional, Landau-Zener transition prob-
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ability (Landau (1932); Zener (1932); Stiickelberg (1932); Nikitin and Umanskii (1984)), which

2nV2
exp | ——— 12— ). (71)
hVO’Vn _V22’

can be written as

Apart from the notation and numerical constants, the dimensionless quantity in the exponential has
the same structure as the reciprocal of 72 Gy ,x, which is also dimensionless. To see this we identify
vo in (71), which refers to the velocity with which the one-dimensional transition point is passed,
with Py /M ; we identify V}, in (71), which is otherwise one half the minimum energy difference
between two levels at the transition point, with (g, — &)/2; and we identify V{, —V,, in (71),
which is the x-derivative of the difference in the diagonal elements of the Hamiltonian matrix,
with (x;n|VqH,|x;k). Thus, the quantity exp[—n/(2%|Gy 4|)], for nearest neighbor k, behaves
something like a local Landau-Zener transition probability, and the excluded region is where this
quantity is of order unity.

The excluded region defines what we may think of as the “size of a conical intersection,” that
is, the distance over which it exerts its influence in preventing the adiabatic separation of potential

energy surfaces.

G. Diabatic Basis on .7 (x)

When nondegenerate, the adiabatic basis vector |ax;k) is only determined by (3) to within a
phase, and when degenerate the set of degenerate vectors is only determined to within the choice
of an orthonormal frame inside the degenerate eigenspace. Phase and frame conventions can be
chosen at each and every point x of nuclear configuration space, and some such choice is implied in
the notation |ax; k), including in the continuum. But Born-Oppenheimer theory generates deriva-
tives of the basis vectors, for example, inside the derivative couplings, so we must ask whether
the phase and frame conventions for the basis {|ax; k) } can be made as smooth functions of x over
some region of interest of the nuclear configuration space.

The answer is no, for topological reasons it is impossible, in general, to make a smooth as-
signment of phase and frame conventions for the vectors of the adiabatic basis, and singularities
(places where the basis vectors are not differentiable with respect to x) are inevitable. Singularities
occur on surfaces on which level k is degenerate with level k £ 1, where the derivatives V o |ax; k)
are not defined. The manifolds where this occurs are like the degeneracy manifolds introduced

earlier, except they apply to any k, not just k = n. In the electrostatic model these manifolds have
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codimension 2. As we approach such a manifold along a curve, the frame has a limit, but the limit
depends on the direction of approach so derivatives are not defined on the manifold itself. (The
singularity is like that of the orthonormal frame in 3-dimensional space in spherical coordinates,
(+#,0, ), as we approach the z-axis.)

These manifolds proliferate as k increases, and present serious conceptual complications when
derivatives of the adiabatic basis arise. In addition there is the problem of the continuum, where the
concept of a nearest neighbor breaks down. For these reasons we advocate replacing the adiabatic
basis on .’ (x) with a diabatic basis, which is a choice of an orthonormal frame {|dx;k),k # n},
with d for “diabatic,” that is a smooth function of x. Diabatic bases are usually used only in
the subspace .7 (x), but here we are using them in .- (x). The fact that a Hilbert space always
possesses a discrete basis means that the diabatic basis in .’ (x) can be chosen to be discrete; it
has no continuum. (Note that we are not neglecting the continuum. The adiabatic basis, with its
continuous spectrum, and the discrete diabatic basis span the same space, namely, .~ (x).) The
fact that the diabatic basis on .+ (x) can be chosen to be a smooth function of x, at least in some
region of nuclear configuration space, is discussed by Littlejohn, Rawlinson, and Subotnik (2022).
(For example, one can use parallel transport to create such a basis.) In addition, one can choose
a diabatic basis that is invariant under time reversal, so that the derivative couplings Fy.;(x) are
real.

Therefore we now change the definition of the working basis, defining

lax;n) k=n,

|x; k) = (72)
|dx;k) otherwise.

In the working basis, the electronic Hamiltonian has matrix elements,

(k| He(x)2;1) = § Wiy (x) k#nand[+#n, (73)
0 otherwise.

The derivative couplings are still defined by (7) but are now taken with respect to the (new) working
basis, and the expressions (21) for the Hamiltonian are still valid.

The adiabatic basis is widely used in the literature on Born-Oppenheimer theory, in which
formal sums over an infinite number of basis states, including the continuum, are of frequent oc-

currence. Our scruples over the use of this basis have nothing to do with the practical impossibility
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of the numerical evaluation of such sums, but rather with the singularities of the adiabatic basis as
x 1s varied. These present such a confusing picture that it is hard to know what one is really talking
about when derivatives with respect to x are taken. Our purpose in switching to a discrete, diabatic
basis is to obtain a formalism in which we can be confident that the answers we obtain are correct.

On the other hand, for a fixed value of x the adiabatic basis states do form a complete set, and
there is no harm in expanding vectors or operators in terms of them. Therefore for k # n we will
consider it permissible to use the adiabatic basis vectors |ax; k) in cases where no derivatives of the
basis vectors appear and the results are independent of the phase and frame conventions of those
vectors, for example, in (76) below. In cases where derivatives of the basis vectors do appear we
shall require the diabatic basis (or the working basis, as we are now defining it).

The fact that the adiabatic basis is complete follows from the self-adjointness of the electronic
Hamiltonian H,(x). It has been claimed that the electronic Hamiltonian is not self-adjoint (Sut-
cliffe (2012)), but we believe the arguments for this are not well founded and that the matter is
settled by Jecko (2014).

However, since we are using the one adiabatic basis vector |ax;n) on the privileged subspace,
we should address its singularities. We will assume that we are working in the region where
the Moyal perturbation theory is valid, so that Ax is larger than order k and so that we avoid
the degeneracy manifold and its singularities. We can also avoid the —1 jumps in the phase of the
adiabatic basis if our region is not so large as to encircle a conical intersection; this can be achieved
if our region is simply connected (Juanes-Marcos, Althorpe, and Wrede (2005); Althorpe (2006,
2012); Littlejohn, Rawlinson, and Subotnik (2023)). In the following we will assume that |ax;n)

is free of singularities in the region under consideration, so that its derivatives are well defined.

H. The Resolvent R(¢,x)

Now that we have changed the working basis, we must return to the calculation of the generator
G, starting with (65), and revise it. The (nk)-component of the commutator for k # n is now

[Gl ;HO]nk = ZGl,np HO,pk - ZHO,np Gl,pk = Z Gl,np ka(x) — & (X)Gl,nk
p p p#n

- Z Ginp [ka(x) — &(x) O ] = —Hy u, (74)
p#n

where again the kinetic energy part of Hy does not contribute and where we use (73) for the

potential energy. In addition, in the first sum only terms p # n contribute since W) is block-
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diagonal, and in the second sum only the term p = n contributes, for the same reason.
We now introduce the matrix of the resolvent operator in the working basis, Ry (€,x) fork,l # n,

defined by

Z [8 6kp - Wkp(x)} Rpl(87x) = 6klv (kal 7é l’l), (75)
p#n

so that R(€, x) is basically the inverse of € — H,(x) on the space .7 (x). We also define Ry;(&,x) =
0 when k =n or I = n, so that R(&,x) = 0 on .¥(x) and the matrix Ry (&,x) is block-diagonal. The
operator R(&,x) is given explicitly in the adiabatic basis by
R(e Z |ax; k) (ax; k|, (76)
izn € &)
by Ry (€,x) we mean the matrix elements of this operator in the working basis. This operator is
defined as long as € is not equal to any of the eigenvalues of H,(x) on .~ (x). In particular, R(&,,x)

is defined over the region in which we are working, which avoids the degeneracy manifold.

Now we may solve (74) for Gy .,

N
. 1

Gk = Y HiwRu(€n,x) =—i ) Y, —Pq- (x:n|Ve|x; 1) (x:I|R(gy,x)|x; k)
i#n izma=1Ma

= +i Z —Pa a(x;n|)R(&,x)|x; k), (k #n). (77)

In the last step we have used (7) to transfer the derivative to (x;n|, we have extended the /-sum to
include the term [ = n which vanishes anyway, and then removed the resolution of the identity.
The Feynman-Hellman formula (70) applies only in the adiabatic basis but we can obtain an

equivalent result in the diabatic basis. First we note that the resolvent satisfies

P(x)R(g,x) = R(g,x)P(x) =0, (78a)
R(g,x) = Q(x)R(g,x) = R(g,x)Q(x) = O(x)R(g,x)O(x), (78b)
as well as
R(e,x)[e — H,(x)] = [e — He(x)]R(g,x) = O(x). (79)
Next we write [H,(x) — &,(x)]|x;n) = 0 and apply V4 to obtain
o
; [VoHe(x) = V&, (x)]|x;n) 4+ [He(x) — &,(x)] :n) = 0. (80)
: We multiply this by R(&,,x) to obtain
A R(€0,%) Vo Ho (x) ;1) = Q(x)Vgl|x;n), (81)
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where we use (78b) and where R moves past the c-number Vy€,(x) and annihilates |x;n). This
can be regarded as a result of first-order perturbation theory, in which 6H, = ¥, € - Vo He (%),
where £ is a small displacement in nuclear configuration space. It is often needed in Hermitian
conjugated form,

(Va<x;n

)Q(x) = (x;n|VgH,(x) R(&,,x). (82)

For example, the off-block-diagonal derivative couplings can now be written

Foni(x) = = (Va(x;n|)[x;k) = — (Va(x;n|) O(x)|x; k)
= —(x;n|VgH,(x) R(&,,%)|x;k), (k #n). (83)

This is the analog of the Feynman-Hellman formula (70) in the diabatic basis. The other off-

diagonal block is also useful,
Fosjon(x) = —Foun (x)* = (x:k|R(&,x) Vo H (x)|x: 1), (k #n). (84)

Similarly, we can replace R by QR in (77) and then substitute (82) to obtain
_ 1
Graw =1y, 7 Pa (v:n[VaHe(x)R(En 2 x:k),  (k#n). (85)

Equations (77) and (85) give us alternative versions of the (nk)-components, for k # n, of G|
in the diabatic basis. The derivation has nowhere relied on dubious derivatives of the adiabatic
basis vectors |ax; k) for k # n. The components G|y, = —G’Lnk of the other off-diagonal block are
obtained by the anti-Hermiticity of G|. The block-diagonal components of G; vanish, as in the
calculation using the adiabatic basis, so that G is purely off-block-diagonal.

The operator R(€,,x), when acting on an arbitrary wave function, has an effect whose order of
magnitude is its largest eigenvalue, which by (76) is the nearest neighbor value of 1/(g, — &). Thus
(85) shows that Gy ,, in the diabatic basis behaves like the nearest neighbor value of (&, — &) 2,

as in the adiabatic basis.

I. The Second Order Hamiltonian

We have found the generator G, whose Weyl symbol is given by (77) or (85), that kills the
off-block-diagonal components of H;. To describe this situation it is convenient to say that an op-

erator or its symbol is “even” if it is block-diagonal, and “odd” if it is purely off-block-diagonal.
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This terminology is borrowed from the Foldy-Wouthuysen transformation (Foldy and Wouthuy-
sen (1950); Bjorken and Drell (1964)), which closely resembles the procedure we are following
here in block-diagonalizing the Born-Oppenheimer Hamiltonian. An arbitrary symbol or operator
matrix is neither even nor odd but can be uniquely decomposed into its even and odd parts, which
for example in the case of a symbol matrix we write as A = A° +A°. When we multiply matri-
ces of operators or their Weyl symbols, the product of an even times an even or an odd times an
odd matrix is even, while the product of an odd times an even matrix or vice versa is odd. That
is, (AB)¢ = A°B° + A°B° and (AB)° = A°B° 4+ A°B°. The same rule applies to commutators of
matrices.

Concerning the operators or symbol matrices discussed so far, Hy is purely even, Hy = H,
and Gy is purely odd, G; = GY. As for H; (see (59b)), it vanishes on the .#’-block due to the
time-reversal invariance of the basis states, that is, Hj ,, = 0, but it has nonvanishing elements
in the .+-block. Altogether, it has both even and odd parts, H; = H{ + H. Likewise we have
H, = H5 + HS. The symbol matrix T1 = [G1,Hol« = [G{,H{]« (see (62)) is purely odd, T} = T,
as are the terms T, 711, etc., of its fi-expansion. The condition that Gl kill the off-block-diagonal

terms in the Hamiltonian through order x? can be written as
To = T{, = [G1,Hy] = —HY. (86)
This makes H{ (see (64)) purely even,
H{ = H; + T = H, + [G,Ho| = Hf, (87)

which was the point of the first transformation.

As for H' at second order, we can use (64) and (86) to write

1
Hé=H2+[G1,Hﬂ+§[G1,H10]+T11, (88)
which decomposes into even and odd parts,
1
H/e:Hze—f—E[G],Hi)], (89a)
H)’ = HY + |Gy, H{] + Tq1. (89b)

The unitary transformation U; = exp(hG1) has killed the off-block-diagonal elements of the
Hamiltonian at first order, but not at second order, as we see from (89b). To kill these we apply a

second unitary transformation, U, = exp(hzéz), defining a second transformed Hamiltonian,
A" =" e 0 = (' + 1[Gy, B + ... (90)
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Converting this operator equation to symbols and expanding in %, we find Hy = H,, H{ = H{ and
Hy = Hjy+[G>, Ho). 91

Thus, to kill the off-block-diagonal terms in the Hamiltonian to second order we require
(G, Ho| = —Hy’, 92)

a condition on G, that may be compared to condition (86) on G{. Combined with (91), (92) shows
that HY = H}¢, which is given by (89a).

Thus we do not need G, in order to get H}, the transformed Hamiltonian at second order, which
is the more interesting object. Note also that the higher order transformations (U3, etc.) will not
change the Hamiltonian through second order, so that H and H” agree through second order (see
(58)). Therefore we will express the answers in terms of H, not H”. Finally, we are only interested
in the (nn)-component of H, which is the effective (scalar) Hamiltonian driving the wave function
on surface n.

We will call the Weyl symbol of this scalar Hamiltonian K, so that K = H,,,. (The operator itself
is K.) Then we have Ky = Hj n, which is given by (47), and Ky = H ,, = 0. As for K = Hz’,m, it
is the (nn)-component of (89a), which has two terms. We write K» = K1 + K»; for these, of which
the first term, K>y = Hj j;, 1s the diagonal Born-Oppenheimer correction seen in (53). In fact, we
have K = Hpp + K>; to second order, so that K>, is another correction, in addition to the diagonal

Born-Oppenheimer correction. The new correction K»; is

1 1 1
Ky = E[Gl HY | = ) Z Gtk H1 jon — B Z Hy e G jon- ©3)
k#n k?é}’l

The sums are only over k # n because G p, = Hi pp = 0.
We work on the first sum. The quantity Gy, is given by (85), while Hj 4, is given by (59b)

with [ — n, into which we substitute (84). This gives

R(&n,x)VgH,(x)

_ 1
Hy g = —lZATﬁPﬁ (xk x;n). (94)
B
With this expression for Hj 4, the first sum in (93) can be extended to all k since the term k = n
vanishes anyway, after which we have a resolution of the identity. In this way we evaluate the first
sum in (93). When we evaluate the second sum, including the minus sign, we find that it is equal

to the first sum.
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Overall, we obtain

1
Kp=1) Wahl; Py - (x:n|VHe(x) R(€,%)* Vg H, (x)|x:n) - Py

a?

1
= P, (V ;
(%MQM[} “ ( a<x "

where in the second form we have used (78b) and (81). By inserting resolutions of the identity in

)R(En,x) (Vﬁ

x;n)) - Pg, (95)

the working basis this can be written

Ky = — Z MaMﬁ Z[Pa 'Fa;nk(x)]Rkl<8nvx> [Fﬁ;ln (x) 'Pﬁ]v (96)

where the derivative couplings are evaluated in the working basis. Finally, transforming this to the
adiabatic basis we obtain

1 [Pa 'Fa;nk(x>][FB;kn(x) ’ Pﬁ]

K22 - — )
aZ,;'a MaMp (=, &n(x) — & (x)

O7)

where now the derivative couplings are evaluated in the adiabatic basis. This is the result we
would have obtained if we had worked strictly in the adiabatic basis, without worrying about its

singularities.

J. Discussion of K,

Equations (95)—(97) give the symbol of the operator K»». The operator itself can be obtained
by replacing X and Py by X and Py, in the order shown, plus commutator terms which are of
higher order in 7 and can be neglected. The resulting operator is Hermitian.

The term K3, should be included in Born-Oppenheimer descriptions of nuclear motion, but it
has usually been neglected, in spite of the fact that it is of the same order of magnitude as the
diagonal Born-Oppenheimer correction, which has received extensive attention. (At least, this is
true in the large-amplitude ordering.) Admittedly both terms are small, and in many applications it
may be reasonable to neglect one or both. Nevertheless, Ky, grows with nuclear momentum while

the diagonal Born-Oppenheimer correction does not, and at sufficiently large nuclear momenta it

o

= will become important.

= , , . ) . . C

7] This term has been discussed in depth by Métyus (2018), who calls it the “nonadiabatic mass
oL correction.” The idea is that this term modifies the expression for the kinetic energy of the nuclei

e by adding a contribution due to the electrons that are carried along by them during nuclear motions.
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We refer to Métyus (2018) for more details, mentioning also Kutzelnigg (2007). Here we add a

few further comments about K5».

One is that this term is more difficult to evaluate numerically than the other terms in the Born-
Oppenheimer Hamiltonian. Métyus (2018) has given ways of evaluating it, basically by inverting
the operator €, — H, numerically. This requires careful attention to the choice of the subspace
on which the inversion is carried out, and to numerical issues due to the fact that &, — H, has a

nontrivial kernel. See also Méatyus and Ferenc (2022).

Actually the resolvent operator is ubiquitous in higher order Born-Oppenheimer calculations,
appearing not only in K, but also in matrix elements of the electronic momentum and angular
momentum (Nafie (1983); Freedman and Nafie (1986)). These are needed in studies of radia-
tive processes such as vibrational circular dichroism (Stephens and Lowe (1985); Buckingham,
Fowler, and Galwas (1987); Nafie (1992)), as well as in expressions for electronic currents (Barth
et al. (2009); Okuyama and Takatsuka (2009)). A method for evaluating such matrix elements
has been implemented by Stephens (1985) and similar ideas have been proposed in a more general
context by Patchkovskii (2012). Basically, one calls on the fact that matrix elements involving
the resolvent occur in perturbation theory. By concocting a perturbation of the right form, one
can make the energy shifts in perturbation theory or their derivatives agree with the desired matrix

elements.

Another remark is that including K»,, the entire K = H,,, that is, the Weyl symbol of the
operator K, is the eigenvalue of the symbol matrix Hy;, computed through second order. Since Hy;
is already diagonal to lowest order in 7 its eigenvalues to higher order can be computed by means of
perturbation theory, taking into account the off-diagonal contributions from H; and H,. At second
order this gives both K>; and K»;. This is interesting in terms of the work of Littlejohn and Flynn
(1991b), who show that the Weyl symbol of the operator driving a given mode or polarization of
a system of coupled wave equations is the eigenvalue of the symbol matrix of the wave operator,
plus two corrections. The first is a correction due to Berry’s phase, and the second, sometimes
called the “no-name” term (Emmrich and Weinstein (1996)), involves the Poisson bracket of the
polarization vectors. In the Born-Oppenheimer case, the Berry’s phase term vanishes on a single
surface, due to time-reversal invariance, while the Poisson bracket or no-name term is of third
order in 7 and so does not appear. This gives a complete accounting through second order of the

Hamiltonian K relevant for a single surface in Born-Oppenheimer theory, including K»;.
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K. Tensor Notation and the Generator G,

We now introduce tensor notation for the kinetic energy metric, as explained in Appendix D,
which is convenient especially for second-order calculations. Note that henceforth there will be an
implied summation on repeated indices U, v, etc (one lower, one upper), where u,v =1,...,3N.
Note also that P, (with a lower or covariant index) is the usual momentum, which is of order K2,
while P# (with an upper or contravariant index) is the same as the velocity, which is of order k.

That is, P* = X*. In the new notation Egs. (59) become

1
Hy = (EP“Pu) O + Wi (x), (98a)
Hl,kl = —iP” Fﬂ;kl(x) = —l'P[J (x;k\&ﬂx;l}, (98b)
1 1
Hy = —EZF”;kp(X) Fupi(x) = 5(3”<x;k|)(9u lx; 1)), (98c)
P

where we write the derivative couplings as
Fuaa(x) = (v k|l 1) = — (9 (K| |xs 1), (99)

with
F”;kl(x) = G“vFv;klOC). (100)

Notice that Fy.; = O(1) while F*,;; = O(k*). The metric G*¥ or Gy (see (D1 and (D2)) is not
to be confused with the generators G, G», etc.

In the new notation the Feynman-Hellman formula (81) becomes
R(&,,X) [OuH,(x)] |x;n) = Q(x) Iy |x;n), (101)
and the generator G| becomes
Gk = iPH(9y (x;n]) R(&,x)|x3 k), (k #n), (102)

which is equivalent to (77), while the diagonal element K = H,,, = Ky + hK| + h2K2 + ... of the

diagonalized Hamiltonian is given by

1
Ko = 5P Pu+€(x). (103a)
K1 =0, (103b)
K> = K1 +Ka». (103¢)
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Here K>1 = H ;,, 1s the diagonal Born-Oppenheimer correction,
1 1
K> = 5(8“(x;n\)(8” lx;n)) = —E(x;n\a"‘&u |x; ), (104)
which is equivalent to the last term in (53), and K>, is the extra correction,

K22 = P’U’Pv(a“ <x;n

)R (&n, %) (v

x;n)), (105)

which is a version of (95).
The second generator G, is worked out in Appendix E. It is purely odd (off-block-diagonal)

and anti-Hermitian. Its (nk)-block for k # n is given by

Gonk = — PP 9y [(9u(x;n|)R(€y,X)|R(€n, X)|x; k)

+ [0 &n(x)] (du (s ) R(€n, x)* |x:k)

1
+ 5@#(’“”

JO [R(€n,x) Ix:k)],  (k#n). (106)

Notice that the final term contains derivatives of the basis vectors |x;k) on .#*. The other off-

diagonal block is given by G 1, = —G5 ;..

L. Changes of Diabatic Basis in .7+

On .1, the working basis vectors are the same as the diabatic basis vectors, that is, |x;k) =
|dx; k) for k # n (see (72)). But the diabatic basis on . is highly arbitrary, that is, we can change

it according to

dx;ky =Y |d' D) Vi (x),  (k#n), (107)
l#n

where Vi is a smooth function of x. Here |dx; k) is the old diabatic basis on . and |d’x; k) is the
new one. We restrict Vli to be unitary so that the new basis is orthonormal, and restrict it further
to be real and orthogonal so that the new basis is invariant under time reversal (we are assuming
that the old basis is invariant under time reversal).

According to (10), under the change of basis (107) the wave function transforms according to

o
£ Vi) = YV wil),  (k#n). (108)
f:; l#n

oo The wave function y is not invariant under the change of diabatic basis on ., but, as we shall

= say, it transforms as a vector.
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Physical results cannot depend on the choice of diabatic basis vectors on .. Note that the
second order Hamiltonians K>; and Kp;, given by (104) and (105), make no reference to the
diabatic basis on .+ and thus are invariant under a change of that basis. The wave function
V is not invariant but transforms in a simple manner (as a vector) under a change of basis on ..
This makes it easy to construct invariants, for example, Y, | Wi (x) 2. The components Gy, of
the generator G are not invariant but do transform as a vector in the index k, as seen by (102).
This means that physical results will never involve individual components Gy ,, but rather sums
over k # n of Gy ,; times something that transforms as a vector in k, in order to make an invariant.

On the other hand, it is clear from (107) that derivatives of the diabatic basis vectors in .%*,
things that look like dy|x;k) for k # n, have a more complicated transformation law, one that
involves derivatives of the transformation matrix V;; (x). Derivatives of the basis vectors on . L
do not occur in the components Gy , of the generator Gy, but they do occur in G, as shown in
Appendix E. Such terms complicate the construction of quantities that are invariant under the
change of basis (107).

This complication arises because we are using ordinary derivatives d,, instead of a properly
defined covariant derivative, which is the ordinary derivative plus a correction term. The correc-
tion term is, however, of higher order in k2 than the ordinary derivative, so the use of covariant

derivatives mixes up the expansion in powers of k>. We will stick with ordinary derivatives, to

keep the formalism as simple as possible.

M. Transformation of the Wave Function

Following the discussion of Sec. IIIC, we write ﬁ]l/_/ = Ey or ﬁl/_/ = ihdy/dt for the
Schrodinger equation in the completely dressed representation (with hats on operators), where
v is an infinite-dimensional vector and H an infinite-dimensional matrix. But 4 is block-diagonal
and the wave function ¥ is nonzero only in the slot k = n, so we write W = O, f where f is the
single wave function on surface n, satisfying Kf = Ef or Kf = ihd f/dt, where K = I-Al,m The
symbol K of operator K is given by (103). If we solve this equation, we obtain f and hence ¥ in
the fully dressed Born-Oppenheimer representation.

The wave function in the original Born-Oppenheimer representation is given by w = UT, that
is, W = ¥, (UM ¥;. All the components y; are nonzero. The component k = n is the largest and

approximately equal to f. Keeping this one and neglecting all the others is equivalent to the usual
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Born-Oppenheimer approximation. Thus, finding the other components, y; for k # n, as well as
the corrections to y;,, amounts to finding corrections to the Born-Oppenheimer approximation. It
is feasible to calculate these corrections by hand to second order, as we shall now do.

Since W, = 0, f, the transformation equations are

Vo= O f=Ow)'f= 0" f, (109a)
Vi= 0N f= O F=0%)f,  (k#n), (109b)

where, as we see, only the even part of U contributes to W, while only the odd part contributes to

Y. for k # n. On the other hand, we have
A A A A A A A 1 A
U=...0,0,=...exp(*Gy)exp(hGy) = 1 +hGy + > (G2+ EG%) +..., (110)

s0, taking into account the fact that G and G5 are purely odd, we can write (109) as

2R
Yo =f+21(GDml'f, (111a)

W =1(GLu) F+R2(Go)Tf,  (K#n), (111b)

which are valid through second order. Note that the first correction to y;,, = f occurs at second
order.

We work first on the term involving GA% Since G% is Hermitian (as a matrix of operators)
its diagonal elements are Hermitian (as scalar operators), and the { is unnecessary in (111a).

Converting operators into symbols, we have

(G =Y G1uGrin <= Y. Gl *Gipn ==Y [GLul*+ ..
k k p

= —PHPY (9 (x;n]) R(€x,%)*(dy ;1)) + ..., (112)

where we use <— as in Appendix A, where we have used Gy x, = —G7 ,; and where the ellipsis
indicates higher order terms in the expansion of the x-product, which we neglect since we are
working at second order. In the final step we have used (102) and evaluated the sum. When we

convert the final expression, a Weyl symbol, back into an operator, we are free to put the factors

o
= P, PV in any order, since the differences among the choices are commutators that are of higher
i
n order in /. With this understanding, we can write (111a) as
o
74 n 2 BIL HV
W = [ — 5 (Julxsnl) R(€n,x) (v ) )PEPY S (113)
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As for (111b), we will need
((A?Lnk)T +— G]“’nk = —iP* (x;k|R(&,x) (Ou|x;n))
> —i(x;k|R(&,,x) (Iulx; n))ﬁ” — g&”[(pc;k\R(sn,x) (Oulx;m))], (114)

where we use (102) and a version of (ASb). Since G; occurs at first order, we must keep the
commutator term (the final term) in (114) to obtain results valid to second order.

A similar treatment of G, (see (106)) gives rise to three terms, one of which is
1
5 18 [0k R, x)]} (Iulesm)), (115)

the term that depends on the derivatives of (x;k|. But so does the commutator term in (114), and

when the two are combined the derivatives of (x;k| drop out. Thus (111b) becomes
Wi = — il (x;k| R(€n, %) (I |x;1)) PH f + 12 { — (x; k| R(&p, %) Dy [R(&n, ) (I |x; )] PHPY

+ [0 ,(x)] (x:k| R(En,x)2 (D |x1m)) — %(x;k]R(en,x) (@1u ) }f, (k#n). (116)

We see that through second order, y; transforms as a vector, as it must.
We can also write out the expansion of the wave function ¥(X,r), the solution of the original

molecular Schrodinger equation, (22) or (23). We write
Y(X,r) =¥ X,r)+¥ (X,r)+..., (117)

where the subscripts 0, 1, etc., indicate the power of k2. Then ¥o(X,r) = ¢,(X;r) f(X) =

(r|x;n) £(X), which is the usual Born-Oppenheimer approximation, and

¥ (X,r)=—ih ; Ok (X1) (x; k| R(&,x) (O lx;n)) PHf
k#n
= —ih(r|R(&,x)(u|x;n)) P f

N
=il Y, Mi<rlR(en,x><Va|x;n>) Pof (118)
a=1"x

is the first order correction, written in several different ways. For brevity we omit the second order

correction, but it is easily written out with the help of (113) and (116).

o

= The first order correction to the Born-Oppenheimer wave function was apparently first derived

w by Nafie (1983), in the context of small vibrations, and has been rederived many times since. Our
oL results apply in the more general context of large-amplitude motions, and our second order results

10 (113) and (116) seem to be new.
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IV.  GENERALIZATIONS AND APPLICATIONS

In this section we outline the generalization of Moyal perturbation theory to multisurface prob-

lems and we discuss some applications including the calculation of electronic currents.

A. Multiple Surfaces

For multi-surface problems we define an index set I of N; adjacent electronic energy levels,
I={ko,ko+1,....ko+ N, — 1}, (119)

which are regarded as “strongly coupled,” at least somewhere in the region of nuclear configuration

space under consideration. These levels define a privileged subspace .7 (x),
S (x) = span{|ax;k),k € I}, (120)

which replaces (43). As before, the complementary, orthogonal subspace is .#*(x). Most of
the formulas of Sec. III, which was devoted to single surface problems in which the privileged
subspace was the single level k = n, are generalized to the multi-surface case by replacing k = n
and k #n by k € I and k ¢ I, respectively. For example, the resolvent is still given by (76), except
now summed over k ¢ I, and the projector onto .%(x) becomes
P(x) = Z |ax; k) (ax; k. (121)
kel

Now we can distinguish between “internal degeneracies,’ those that occur among levels k € I, and
“external degeneracies,” those that occur between a level k € I and a level k ¢ I. Now the region
of nuclear configuration space must be restricted to exclude external degeneracies and a margin
around them, while internal degeneracies are allowed.

Ever since (72) we have been using a working basis which is the diabatic basis on .. Now
we must introduce a diabatic basis also on ., that is, a basis |dx;k) for k € I, so that derivatives
of the basis states are defined. Now we define the working basis by

ldx;k) kel,
k) = (122)

dx;k) kel

To be clear about the notation, there are two diabatic bases, one on .¥ and one on .. The first

is a linear combination of the adiabatic basis vectors |ax;k) for k € I, and the second is a linear

44



sl |

ishing

LA B

combination of those for k ¢ I. For the transformation between the diabatic and adiabatic bases on
7 we write

dx;k) =Y |ax:)Vie, k€I (123)
lel

where Vj; is an N; x N; orthogonal matrix,
Vik = (ax;1|dx; k). (124)

Now “even” and “odd” are defined relative to the sets of indices, k € I and k ¢ I.

The derivation proceeds much as in the case of single surface. The generator G; (that is, its
Weyl symbol) is purely odd and satisfies |G, Hy] = —H{. This can be solved for one off-diagonal
block,

Gip= Y, Y (V)uVinHimgRop(€1,x), k€L pdl, (125)
Imel g¢l

while the other is determined by the anti-Hermiticity of G;. The presence of the matrix V in this
formula means that effectively we have carried out the linear algebra of the solution for G in the
adiabatic basis, then transformed the result to the working (that is, diabatic) basis. The calculation
would be formally simpler if we had defined the working basis to be the adiabatic basis on .7,
but we wish to avoid any derivatives of these adiabatic basis vectors since they are not defined at
internal degeneracies (that is, on the seams of the single surface problem). Our presentation of
the multisurface problem is designed so that such derivatives never occur (but derivatives of the
diabatic basis states on .7 are allowed).

Equation (125) raises the question of whether the solution G, is a smooth function of x,
since the matrix V is not smooth. (Matrix V connects the diabatic basis, which is smooth, with the
adiabatic basis, which is not.) To answer this question we use the logic explained more fully by
Littlejohn, Rawlinson, and Subotnik (2022), that the singularities of the adiabatic basis are caused
by the topological impossibility of making smooth phase conventions for energy eigenstates in
the neighborhood of a degeneracy, and that correspondingly expressions that are independent of
such phase conventions are smooth. It is easily seen that Gy 4, given by (125) is independent of
the phase conventions for the adiabatic basis, and so is a smooth function of x. A more sophisti-
cated argument can be based on a contour integral (see Appendix A of Littlejohn, Rawlinson, and

Subotnik (2022)). Now substituting (98b) into (125) and carrying out some manipulations we find

Giyp=—iP*Y (V) (ax;1|[0uR (g, )] |x;p), k€L pél. (126)
lel
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Results equivalent to (125) have previously been reported by Matyus and Teufel (2019), who
work with an electronic operator that in our notation could be written as

Y Y Ix:k) Gy kp (x:p| +hec. (127)
kel p¢l

This is part of their formalism of operator-valued Weyl symbols. The use of this formalism does
not obviate questions of smoothness, for example, the projector onto individual energy eigenstates,
which appears in their formulas, is not smooth at internal degeneracies.

The Hamiltonian K on the privileged subspace is an N; x N; matrix, that is, with indices k,1 € I,
whose symbol matrix can be written K = Ky + K| + 1?K,, to second order. As for Ko, it is a
version of (98a),

Kok = (%P“Pu> Ok + Wiy, k,lel, (128)
where Wy, is a full matrix because we are using the diabatic basis for k € I. As for K, it is the

same as Hj on the diagonal block corresponding to .7,
K g = —iPH (x;k|dy|x; 1), k,lel (129)

Note that in multi-surface problems, K; has non-vanishing, off-diagonal components with deriva-

tive couplings. Finally, K, = K>| + K>; consists of two terms, of which K3 is a version of (98c),
1
Kyu= E(a”<x;k\)(au|x;l>), ke, (130)

which is a multi-surface version of the diagonal Born-Oppenheimer correction. The second cor-
rection K>, can be written
Ky = %P“PV m%[(VT)km (ax;m|[DuP(x)][R(&m,X) + R(€,,x)] [y P(x)]|ax;n) Vi, k,l el

(131)

In this expression we have taken derivatives of the projection operator P(x), which is smooth, but

not of the adiabatic basis states, which are not. (The projection operator is not to be confused with

the momenta P#, PY.) A result equivalent to (131) has been previously reported by Matyus and

Teufel (2019).

The second generator G, and the corrections to the wave function may also be computed.

B. Electronic Momentum

In single-surface problems the usual (lowest order) Born-Oppenheimer approximation gives

a vanishing result for the matrix elements of electron momenta (linear and angular) and in the
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calculation of electronic currents. For such problems it is necessary to go to higher order. The
same applies to the single-surface matrix elements of any Hermitian electronic operator that is
odd under time-reversal. In this subsection we explain how the issue may be treated within Moyal
perturbation theory.

We begin with the momentum p; of one of the electrons, which is odd under time reversal,
Tp,T" = —p;. This is a useful practice case, although it has a special feature not shared with other
such operators, namely, the operator p; can be represented as an exact time derivative. That is, let

Y(X,r,?) be the time-dependent wave function of the molecule. Then
M d
(Flpi¥)xr = — (Pl H)[¥)xr = me— (F[ri¥)xr (132)

This is exact in the electrostatic model, but if the Born-Oppenheimer approximation (48) is used in
it (where W and y are allowed to depend on ¢) then the left-hand side vanishes while the right-hand
side does not. To reconcile the two it is necessary to go to higher order in the Born-Oppenheimer
expansion in the evaluation of the left-hand side. Note that r; is even under time reversal, so its
matrix element does not vanish at lowest order.

To evaluate (¥'|p;|¥) we use a version of (18),

(PIAIY)xr = Y (Wil Aulwi)x = Z<‘I7k‘2kl‘ll_/l>Xa (133)
i "l

showing how the expectation value of an operator A changes as the representation moves from the
molecular to the original Born-Oppenheimer to the dressed Born-Oppenheimer (that is, across the
first row of Table I). Here we define 2 =UAU", asin (58), using hats to indicate nuclear operators
or matrices thereof. If the original A is a purely electronic operator then Ay = (x;k|A|x;1) (see
subsection I C), which is a purely multiplicative nuclear operator (that is, a function of X only).
In this case there is hardly a difference between the operator Ay; and its Weyl symbol Ay;.

We identify the original operator A with p;, and write (p;) for the matrix representing it in the

original Born-Oppenheimer representation, so that

(Pi)k1 = (X3 k|pilx; 1), (134)

If we wish to emphasize that this is a nuclear operator, we will write this matrix as (p;) or its

—_

components as (p;),;, but these are purely multiplicative operators (functions of X only). We write

(135)



(with an overbar) for the matrix of nuclear operators representing p; in the dressed Born-Oppenheimer

—

representation, as in (58). Now it is necessary to distinguish the nuclear operators (p;);; from their
Weyl symbols, which are (p;);; (without the hat), because the conjugation by U introduces a
momentum dependence.

We can write the expectation value of the momentum in three different representations, moving

across the first row of Table I,

—_—

(Ppi¥)xr = Y (Wi (Pl W) x = (1 (Di)n | ) (136)
17

where we have used W = 0, f in the dressed Born-Oppenheimer representation, since we are
working on a single surface. In this representation the double sum has reduced to a single term.

Now there is the question of which representation is best for the calculation of (p;). For the
molecular representation we have the wave function (117) and (118) and for the original Born-
Oppenheimer representation we have the wave function (113) and (116), where f is a solution
of Kf = Ef or Kf = ihd f/dt. But we suggest that the fully dressed Born-Oppenheimer repre-
sentation is optimal for the calculation, since it does not require us to transform wave functions.
Instead, it requires us to transform operators, to obtain the one (scalar) nuclear operator

(Bi)n = [U(0)T Nun = (i) g +RIG1, (P)]in+ - (137)
or, in terms of Weyl symbols,
(Pi)nn = (Pi)nn +A[G1, (Pi)lnn + - - (138)
The first term of this expansion vanishes,
(Pi)nn = (x;n|pilx;n) =0, (139)

because of time-reversal (this is the vanishing of the expectation value to lowest order). With the

help of (102) the commutator in the correction term is easily worked out, giving altogether

(Di)an = ihP'uKali (x:n

piR('gmx)(aﬂ

JR(&,,x)pi|x;n) — (x;n x;n))], (140)

valid to first order. Actually, due to time reversal, the two terms shown (including the minus sign
in the second term) are equal to one another, but it is convenient to leave the answer as shown.
Now we may use the fact that p; = m,(d/dt)r; = (m, /ih)[r;, H,| is an exact time derivative (this

is like (132) but using H, instead of the full molecular Hamiltonian H). With this substitution the
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first matrix element in (140) becomes
me

2 (Gufin

)R(me) (gn - He)ri

xX;n). (141)

Treating the second matrix element similarly and using (79) and (dy (x;n|)Q(x) = dy (x;n| we can
rewrite (140) as

(Pi)nn = meP" 9y ((x;n|ri|x;m)). (142)

Now using (A7) to convert the Weyl symbol into an operator, we can use (136) to write

me

(Pi) =2 [ dX f(X,1)" [P (D (sl i) + (O Ll

— m, / dX JH (X, 1) 9y (s nlrifin), (143)

x;n))PH] f(X1)

where J (X, 1) is the nuclear current,

%0 = 7% (5 ) F) e (144)
The current satisfies the continuity equation,
Ik (X,1) + w =0, (145)
where the nuclear probability density is
pu(X,1) = [ £F(X,1). (146)

Thus we can integrate (143) by parts and discard boundary terms (assuming f(X,#) is normaliz-
able) to obtain

(pi) = —m, / dX [Bu (X, )] (s nlrifs ) = me% / dX (X, 1) (x:nrilx:n) = me%m, (147)

thereby recovering (132).

We have introduced the usual definitions of the nuclear probability density and current and
invoked the continuity equation that they satisfy, but we are working in the dressed Born-
Oppenheimer representation and these operations should be justified. That is, one should take

the usual definitions and properties in the molecular representation and track them through the

o
> changes of representation across the first row of Table I. It turns out that what we have done is
o
w correct through the order to which we are working but for brevity we omit the details.
oL The integral over X on the right-hand side of (136) is nominally taken over all of configuration

e space, but the transformation to the dressed representation on a single surface is only valid outside
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the excluded region, that is, away from degeneracies. Thus, the manipulations presented are valid
if f is negligible in the excluded region. If not, then we must use a multi-surface approach. In
multisurface problems the expectation value of the electronic momentum does not vanish at lowest
order and the answers cannot be expressed so simply in terms of nuclear currents. Time reversal
forces the diagonal matrix elements, (x;k|p;|x;l) for kK = I, to vanish, but not the off-diagonal
elements (k # [). If both f; and f; are nearly zero in the excluded region then the X integral in
(fi|(pi)ri| f1)x for k # I contains an integrand that is a rapidly oscillating function times a slowly
varying one. In this case the integral is nearly zero, and the off-diagonal elements do not contribute.
But if both f; and f; extend to the neighborhood of the degeneracy, then the off-diagonal elements
will make a contribution, nominally at lowest order. On the other hand, speaking of a two-surface
problem, the off-diagonal matrix elements of the momentum vanish at internal degeneracies and
are proportional to the energy difference as we move away from those degeneracies. This should
be true over the extent of the excluded region, which, as explained, is of order k. Overall, the
k-ordering of the expectation value of the electronic momentum displays a somewhat complicated
picture in multi-surface problems. Such problems are currently of considerable interest, and this

is a topic that deserves further development.

C. Electronic Current

We turn now to the electronic probability current, which also vanishes at lowest order in the
Born-Oppenheimer expansion. We show this by expressing it as the expectation value of an Her-
mitian operator that is odd under time reversal. We continue with the convention of using hats
on nuclear operators, and omitting them on the corresponding Weyl symbols. We do not use hats
on electronic operators, but in this subsection it is important to distinguish between electronic
operators and corresponding quantities that are c-numbers.

In this subsection we use index ¢ = 1,...,3N, to label the coordinates in the 3N,-dimensional
electronic configuration space, writing r° for the components of the vectors r;, i = 1,...,N, and
pe = —ihd /dr° for the corresponding momenta. We employ an implied summation over repeated
indices ©.

We define a purely electronic operator p,,, parameterized by a c-number r( representing a point

of the electronic configuration space,

Pr, = 6(r—rp). (148)
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Really rg is a 3N.-vector of c-numbers, the components r§ of ry, while r represents the 3N-
dimensional vector of electronic operators whose components are multiplication by 7°. Then we

define the electronic probability density p(ro,?) by
p(ro,t) = (P|ps |¥)xr = /dX\‘I’(X,ro7t)|2, (149)

which is the usual definition. Note that p,, is an operator while p(ro,?) is a c-number.

Now we compute the time derivative,

Ip(ro,t)  d R
O] o[ ¥)xr = - (¥l H] W),
1
= 5 (|[poBo(r = 10) + o(r—10)po] W) (150)

where H is the molecular Hamiltonian (1), where we have worked out the commutator, and where
Oc(r —ro) means (d/dr®)d(r —rp). The commutator comes entirely from the electronic kinetic

energy in the Hamiltonian, which can be written as psps/2m,.. But since
—0(r—rg) = —==06(r—rp), (151)
4

we can write

a oS (152)
where
JC(ro,t) = (‘P|J,"0|‘P>X, (153)
and
1
Jiy = 5= [pod(r—r0)+8(r—r0)pol. (154)

Note that J2 is an operator parameterized by ro while J°(ro,) is the usual electronic current,
which is a c-number. Diestler (2012a) has obtained results equivalent to (153) and (154) by per-
forming an ad hoc quantization of the classical expression for the current.

Equation (153) expresses the electronic current as the expectation value of a purely electronic
operator (154) that is odd under time reversal, so the result vanishes to lowest order of the Born-
Oppenheimer expansion. We can treat this operator exactly as we did p; in subsection IV B, except
0 that J©

10» unlike p;, cannot be expressed as an exact time derivative. That is, we write (J7) for the

oL matrix of operators representing the electronic current in the Born-Oppenheimer representation,

e bl with components (/2 ). These are functions of X and if we wish to emphasize that they are
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nuclear operators we can place a hat over them, writing (Ji7) for the matrix or (/7

), for its com-

ponents. These are then transformed to the dressed Born-Oppenheimer representation according
to @ =U @U T, and we write (J_,GO) for the corresponding matrix of Weyl symbols (without
the hat). Finally, the nn-component of this is the effective (nuclear) operator representing the

electronic current on the given surface n; we give this a special name, writing

—_—

=g (155)
or I) for the corresponding Weyl symbol. Then we have
17 = =2ih P* (x;n|J2 R(€y,x) (I |x; 1)), (156)

which is derived just like (140) except that the two equal terms in the result have been combined.

Then we have
1% (r0.6) = (FII1fx = ~2ih [ dX T (X,0) (sinlI R (6, 2) Gubin)). (157)

which is derived just like (143).

Results equivalent to (157) have been derived previously by Nafie (1983) and Patchkovskii
(2012), although it takes some extrapolation to compare our results with Nafie’s because he worked
in the small-amplitude regime and expanded his results about an equilibrium. What Nafie calls
“complete adiabatic” versions of operators such as the dipole and current are the same as our
dressed operators. He emphasizes that these have a dependence on nuclear momentum. Nafie
employs an ad hoc quantization and dequantization of nuclear operators, roughly equivalent to
our use of Weyl symbols, and he has presented some differential equations satisfied by the current
operators in their dequantized versions (Nafie (2020)). Patchkovskii (2012) allows large-amplitude
motions, as we do. He evaluates the matrix element in (157) by inserting a resolution of the identity

in the adiabatic basis just before the resolvent operator. This gives

h sk|dy |ax;
J(ro,1) = —/dXJ#(X,t) y {axkldylax:n)
me & el - al)
apr (x;ro . AP (x;70
o (200 g ) i) 20 | (158)
Iy o ar()o-
i
w which is essentially the expression given by him.
oL The sum over all adiabatic states engages the continuum and is not useful for direct evaluation,

e but in any case it is unlikely that one will want to compute the 3N,-dimensional electronic current.
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Instead, reduced versions obtained by integrating over all electron coordinates but one are more
useful. See the remarks in subsection IIIJ on the evaluation of matrix elements involving the
resolvent. Diestler (2013) evaluates the sum in (158) by replacing the energy denominator &, — &
by an appropriately chosen average energy AE.

If the current operator J;7 were an exact time derivative we could use the trick employed with
the electronic momentum p; to get rid of the resolvent; but it is not. On the other hand, the
divergence 8#Jﬁé of the current operator is an exact time derivative. If we use this fact to eliminate
the resolvent operator, we just recover the continuity equation. This is a trivial observation but it
emphasizes a point made by Barth ez al. (2009), that normally one is interested in the integral of
the current over surfaces that extend to infinity. The evaluation of these does not require the use of
the resolvent operator.

In the special case that all the nuclei are displaced by the same displacement & (a 3-vector),
it is clear that the electrons are just carried along by the nuclei and that the expression for the
electronic current should simplify. This is another case in which we can get rid of the resolvent
operator. To treat this problem we must make a digression into the behavior of the basis states

|x; k) under translations, including their phase conventions.

V. TRANSLATIONAL DEGREES OF FREEDOM, IN GREATER DEPTH

We return to the subject of the translational degrees of freedom, showing that their elimination
can be achieved by means of a unitary transformation and showing how the rectilinear motion
of the center of mass is manifested in the Born-Oppenheimer and dressed Born-Oppenheimer

representations. See also our treatment of rotations in Littlejohn, Rawlinson, and Subotnik (2023).

A. Transformation of H,(x) Under Translations

Let & be a displacement vector in 3-dimensional space, and let & = (£,€,...,£) be the corre-
sponding displacement vector in the 3N-dimensional nuclear configuration space. Also, let r + &
stand for the collection (r; +§&,...,ry, +&). Then the translational invariance of the electronic

Hamiltonian is expressed by

H (x+&;r+&,p) = Ho(x;1,p). (159)
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This is a statement about the functional form of H,(x;r,p), which depends only on vector differ-
ences among X and r;.

We define electronic, nuclear, and total translation operators by
(&)= *Pt (&)= T(@) =T(T,(&) =P (160)

See (35) and (28) for definitions of p; and P;. These are in the molecular representation. The

electronic translation operators satisfy

LT =ri—¢  TLEPTE) =p. (161)

Thus we have
T,(&) Ho(x;r,p) T.(€)" = He(x;r — £,p) = Ho(x+ &:1,p), (162)

where in the first equality the conjugation by T,(&) does nothing to x, which is just the set of
parameters of the electronic Hamiltonian, and where the second equality follows from (159). We

abbreviate this by writing
To(§) He(x) T.(€)" = He(x+ &), (163)

which is the transformation law of the electronic Hamiltonian under electronic translations.

B. The Translational Fiber Bundle

The transformation law (163) has a geometrical interpretation. A translation acts on the nuclear
configuration space according to x — x+ &, or, in coordinates, (X1,...,Xy) — (X1 +&,...,. Xy +
). In the alternative coordinate system on the nuclear configuration space (see subsection ITE)
this becomes (Xcm, Yi) — (Xem + &, Yi), that is, the center of mass is translated and the trans-
lationally invariant Jacobi vectors do not change. Nuclear configuration space in this coordinate
system is illustrated in Fig. 1, in which the vertical Xcp-axis is really a 3-dimensional subspace,
while the complementary plane, upon which the Jacobi vectors Y are coordinates, has dimension
3N — 3. We will call this plane the “translation-reduced configuration space” (TRCS in the figure).
These two subspaces are orthogonal to one another in the kinetic energy metric.

According to (163), conjugation by 7,(£) maps the electronic Hamiltonian at nuclear config-
uration x into that at configuration x + £. This calls attention to the surface swept out when the
entire translation group is allowed to act on x, that is, the set of all points x + & for fixed x when &

runs over R3. It is the set of points that can be reached from x by applying translation operators. It
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FIG. 1. The translational fiber bundle.

is otherwise the orbit of the point x under the action of the translation group; it is a 3-dimensional
subspace parallel to the Xcp-axis. As drawn it is not a vector subspace because it does not pass
through the origin, but it does pass through a unique point of the translation-reduced configuration
space, labeled xq in the figure, whose X\ coordinate is 0. The action of the translation group fo-
liates nuclear configuration space into a (3N — 3)-parameter family of 3-dimensional orbits, which
are the fibers of the translational fiber bundle. In this context, “fibers” and “orbits” are the same
thing; we will call them the “translational fibers.” Any point in a given fiber can be reached from
any other point of the same fiber by means of a translation operator. The 3N — 3 parameters label-
ing the translational fibers are the components of the Jacobi vectors Y. The translation-reduced
configuration space is an example of a section of the fiber bundle, that is, it is a surface of com-
plementary dimensionality that cuts through the fibers, intersecting each at a unique point. The

section plays the role of an initial value surface.

C. Transformation of Basis Vectors

The phase and frame conventions for the adiabatic basis vectors |ax; k), assumed to be invariant
under time reversal, are discussed in subsection III G. Thus there is the question of the phase and
frame conventions for these basis vectors as we vary x. We would like these vectors to be smooth

functions of x.

Suppose |axg; k) is an eigenvector of H,(x) at point xo on the translation-reduced configuration

space, so that H,(xo)|axo;k) = &(xo)|axo;k). Let us define |ax;k) at other points of the same
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translational fiber by

lax; k) = T,(&)|axo; k), (164)

where x = xo + &. Then |ax; k) is automatically an eigenstate of H,(x),
H,(x)|ax; k) = g (xo)|ax;k), (165)
with an eigenvalue that has not changed. That is, the eigenvalue is invariant under translations,
& (x) = g (x+&). (166)

The use of translation operators to define the phase of the electronic eigenstates, as in (164), makes
those eigenstates smooth functions of x along the translational fibers. If we make a smooth choice
of phase conventions for |xp; k) for x( in some region of the translation-reduced configuration space
of dimensionality 3N — 3, and then extend those definitions along translational fibers according to
(164), then we will have smooth conventions over a region of dimensionality 3N of the full nuclear
configuration space.

Now let x; = xo + &, let &1 be another displacement, and consider
To(&1)]axi: k) = To(&1)Te(&o)|axos k) = Te (&1 + &o) laxo: k)

= |a,xo+ &+ &1:k) = |a,x; +&13k). (167)

With a change of notation this is
T, (§)lax: k) = |a,x+&:k), (168)

which is like (164) except that it applies to any point x on a translational fiber, not just the initial
point xg.

If we assume that the matrix that transforms us from the adiabatic to the diabatic basis is inde-
pendent of Xcn, then the transformation law (168) also applies to the diabatic basis or any working
basis we construct. This means that the transformation matrix is constant along translational fibers

and that it depends only on the Jacobi vectors Y. Then we have
T, (&)|x; k) = |x+ &;k), (169)

for all electronic bases that we consider. This is the transformation law for electronic basis states

under translations.
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D. Molecular Momentum in Various Representations

Equation (169) leads to an important result when we let the displacement vector £ be infinites-

imal. In that case we can expand the translation operator 7,(£) (see (160)) and the state |x+ &;k),

obtaining
{1—%5.4 k) = |x;k>+ilg.va|x;k>, (170)
or, since £ is arbitrary, :
p:|x; k) = (171)
Now writing Py, = —iiV ;k) and
using (28), we can express the result as
(P +pr)|x;k) = 0. (172)

Equation (172) leads to an important conclusion. In the molecular representation the operator
Pcy = Py +py 1s the total momentum of the system, which is conserved. Let us allow this operator

to act on a molecular wave function ¥ (X, r), which we expand according to (10). This gives
Pev¥(X,r) Z[ P; +p) Wi (X) ]9 () + Wi (X)[(Pr + pr) g (x; 7))
= Z P,y (X)]op (x:1), (173)

where we distribute P; +py, a ﬁrst—order, linear differential operator, over the two factors according
to the product rule, where the second major term vanishes according to (172), and where the
operator p; in the first major term does not contribute since Wy (X) is independent of r.

We summarize this by writing out the transformation of Pcys from the molecular to the Born-
Oppenheimer representation,

Pcy =P, +p; +— P, 8y, (174)

where we put a hat on the nuclear operator that appears in the Born-Oppenheimer representation.
In other words, in the Born-Oppenheimer representation, the operator that looks like the total
nuclear momentum actually represents the total momentum of the molecule, including that of the

electrons. Moreover, this is exact. This in turn implies that
T(€) = e €@ T (£) 5, = &R/, (175)

(see (160)). That is, in the Born-Oppenheimer representation what looks like a purely nuclear

translation is actually a translation of the whole molecule, including the electrons.
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E. Transformation of Derivative Couplings Under Translations

Finally, we consider how the derivative couplings transform under translations, that is, we
ask how Fy(x+ &) is related to Fo(x). As above we let & = (£,&,...,€). In addition we
let 1 = (n1,7M2,-..,my) be an infinitesimal displacement in which the component vectors 7, are

allowed to be different. Then

N
x+m:0) =[x 0)+ Y na-Valxl), (176)
o=1
so that
N
(xklx+m30) =8+ Y, 0 Foa(x). (177)
oa=1

But x is a dummy variable in this equation, so we can replace it by x+ &. If we do, the left-hand

side does not change, since by (169) we have

(x+ &k T.(&)T.(&)[x+m:1) = (x;klx+130). (178)

x+n+&E;l) = (xk

Therefore the right-hand side of (177) does not change, either, and since the 7, are arbitrary we

have
Fou(x) =Fou(x+8&). (179)

That is, the derivative couplings are invariant under nuclear translations, they are constant along
translational fibers and they are independent of Xcy, depending only on the Jacobi vectors Y.
This means that, regarded as nuclear operators, that is, functions of X or X, they commute with
both P, and nuclear translations T;(\E), where we are careful to put hats on nuclear operators that
appear in the Born-Oppenheimer representation.

Nuclear translation operators satisfy the commutation relations,
@Xa@T:Xa—E7 @pa@T:f)aa (180)
so from (69) we see that the generator G| commutes with nuclear translations and hence with P;.
More precisely, all operators are represented by matrices, but the matrices for P; and T?(\S) are
multiples of the identity, so each component (A?Lkl commutes with both P; and Yf(z) The same, it
can be shown, applies to all the higher order generators G, for any n > 1.
This in turn means that all the commutators and iterated commutators in the dressing of P,

vanish (see (55) for the series of commutators), so that the dressing transformation does nothing to
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f’t or to the nuclear translation operators fn(\ﬁ) Thus, the total linear momentum of the molecule,
represented by Pcy = P; + p; in the molecular representation, is represented by P, 8 in the Born-
Oppenheimer and in all dressed Born-Oppenheimer representations, to all orders. Moreover, this
is exact.

We can summarize this situation in a notation like that used above for the electronic momen-
tum and current. We transform the molecular operator Pcyy = P; + p; to the Born-Oppenheimer
representation, writing @ for the resulting matrix of nuclear operators with matrix elements
@ W= 13, Ox;- The corresponding matrix of Weyl symbols is (Pcy) (without the hat) with

o —

components (Pcv)y = P; 8. We define the dressed versions of these by the matrix (Pcy) =

U(Pcym)UT with components (Pew),; = Py 8y, or as Weyl symbols, (Pew )iy = Pr 8-

F. The Molecular Center of Mass

We can treat the molecular center of mass Ry similarly. We write Rem = Ry cm + Ro om for

the two terms seen in (30). When we transform these to the Born-Oppenheimer representation, we

obtain
1 N
(Riem)u = | o Y MoXq | 84, (181a)
mol o —1
M, Ne
(Ro.em)ur = v—— Y (usklrilxs ). (181b)
mol ;—1

These are purely multiplicative nuclear operators, that is, functions of X only, and if we wish to
emphasize their operator aspect we can put hats over them. Note that Ry ¢y is of order x* in
comparison to Ry cm.

We transform the center of mass to the dressed Born-Oppenheimer representation according to

(Rem) =U @U T, working with Weyl symbols and carrying out the expansion through order

K%, We start with (Ry cm). Since this is a multiple of the identity, the first correction term is
(G, (Ri.cm))iu = ih*{G1 1, Ry cm} + O(1%), (182)

which is of order A> as shown, and all other corrections are of order %> or higher. The bracket
shown is the Poisson bracket and the series is a version of (A13). But G is purely off-block-

diagonal, so through order hz, the corrections are, too. The (nk)-components of these corrections,
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for k # n, are, according to (77) and (181a),

h2 N
Y (Va(x;n|)R(€n,x)|x;k). (183)
Mmol a=1
But
Al i i me &
Z Valxsn) = —Pilxsn) = ——pilxsn) = —— ) (& — He)rilx;n), (184)
a=1 h h h S

so with this substitution the resolvent in (183) is canceled and the correction becomes

Ne

me
x;nlr;|x; k). (185)
Mmoli_21< |r;|x; k)

This exactly cancels the off-diagonal contribution of (181b), and we see that (Rcy) is purely
even through order %%. In other words, the dressing transformation that block-diagonalizes the
Hamiltonian also block-diagonalizes the molecular center-of-mass position, at least through order
n.

We believe this must be true to all orders. When the equation of motion (d/dt)Rcy =
(1/ih)[Rem, H] = Pem /Mo, which is valid in the molecular representation, is transformed to the

dressed Born-Oppenheimer representation it becomes

1l =—— =~ f’[
— (R H| =

1, (186)

—

where I is the identity matrix. But since H and the identity are purely even, the odd part of (Rcy)
must commute with H and therefore be a vector constant of motion. The only vector constants of

motion are the linear and angular momentum, both of which are purely even in the dressed Born-

—

Oppenheimer representation. Therefore the odd part of (Rcy) cannot be proportional to these,
and the only choice left is zero.

Assuming this is true, the center of mass of the molecule Ry is represented on surface n by
a scalar operator (that is, not a matrix), which is the one component (EC\M)M This is just as the
Hamiltonian is represented by the operator K and the total momentum of the molecule Pcy; is

represented by P,. Therefore we must have an exact equation of motion for the center-of-mass

position in the dressed Born-Oppenheimer representation,
d (RCM ) nn | - P,
——— = = [(Rem)mn, K« = ;
dt 7 [(Rew)n, K] Mool

here expressed in terms of Weyl symbols. But, as we have shown, the diagonal elements (Rcwm )

(187)

and (Rcwm )y are the same through order h?, s0 we can write

_ _ _ 1 N m N,
(RCM)rm = (RI,CM)nn + <R27CM)rm = Z My X+ = Z<X;n|ri|X;n>- (188)
Mmol a=1 Mmol i=1
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This is the explicit form for the molecular center of mass on surface n in the dressed Born-
Oppenheimer representation, valid through order x*.

The molecular center of mass must exhibit uniform, rectilinear motion, which means that it
must satisfy the equation of motion (187). We now check that it does. We write the symbol of the
Hamiltonian as K = Ko+ hK| + h* (K21 + K22), where Ko = Hy ,, is given by (47), where K; = 0,
where K> = H ,,, is the diagonal Born-Oppenheimer correction seen in (53), and where K> is
given by (95). The leading term is

1 P;

—[(R 2 Kol = {(R Ko} = , 189
ih[( 1.cM)nns Kol« = {(R1.cM)nn, Ko} M (189)

which is the right answer, so the correction terms must cancel. In all these calculations the Moyal
x-bracket reduces to a Poisson bracket. One correction term is

1. .- _ m, Yo N1
—[(Ra,cM)mn, Kolv = {(Ro.om)mn, Ko} = ——— Y Y —Po - Vo ((x;n|rilx;n)). (190)
ih Mmol i=1oa=1 MOC

The contribution from K»>; vanishes, and that from K»» 1s

2
M,

ol O% Miﬁ( a<x§n’)R(8n,x)(Vﬁ|x;n)) -Pg.
(191)

i

h

[(Ry.cM)mns B2 K22+ = {(R1.oM )y B2 K22} =

But with the aid of (184) this is shown to be equal to the first correction (190), with the opposite
sign.

Thus the corrections do cancel, and the equation (187) of uniform, rectilinear motion is shown
to be valid through order x*. Notice that the correction K»; to the Hamiltonian is required for this

result.

G. Translational Component of the Current

We return to the point raised at the end of subsection IV C, that it should be possible to simplify
the translational component of the current. We return to the expression (156) for the Weyl symbol
of the operator that represents the electronic current on a single surface » in the dressed Born-

Oppenheimer representation. We note that

P*9 —g‘,LP Vo= b0 +NZ_‘,1LQ 2 (192)
S PN VAP) V= ) O

where we use Appendix D and where in the second step we carry out the coordinate transformation

Xoa — (XcMm, Yi) on the nuclear configuration space (see subsection IIE). The first term on the
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right gives the translational component of the current; we note that

N
=Y Vg (193)

a=1

3XCM

and we define the translational component of the current operator /2 by

2ih Al
ey = ALY Z (194)
We substitute (184) into this, thereby eliminating the resolvent and obtaining
2im Ne
o} _ e
B,y = h—MP Z (195)

Since (x;n|J7 |x;n) = 0 the projector Q(x) can be dropped. The current is a vector in the electronic
configuration space with 3N, components that we can organize as a collection of N, 3-vectors, one
associated with each electron. For that purpose let us replace ¢ by the double index (jJ), as in

Appendix D. We also substitute the definition (154) of J22. Then we have

Bt = 17 Y 3 8 tenllplr— ro)+ 80— m)plralin) (196)
li=11=1

The operator in the matrix element can be written
ijS(r — ro)r,-I + 6(1’ — ro)rﬂpj] — ih5(r — 1’0)5,']' 51], (197)

whereupon the first two terms constitute an Hermitian operator that is odd under time-reversal,

whose nn-matrix element vanishes. Only the last term in (197) contributes, and we obtain

; P’/
J
Iy, = A—;[|¢n(x; ro)|*. (198)

The current vector is independent of j, that is, it is the same for all the electrons, and it is given
by the velocity of the nuclear center of mass P, /M, times the electronic probability density at ry.

This is just what we expect for the translational component of the current.

H. Translational Components of the Derivative Couplings

Let us return to the original Born-Oppenheimer representation (the middle entry of the first row
of Table I), for which the Hamiltonian is given by (59) in Weyl symbol form. The first order Hamil-

tonian (59b) is essentially the nuclear velocity contracted against the derivative couplings, which
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are the components of a differential form on nuclear configuration space. The linear differential
operator that appears in Hj is the same as in (192), which allows us to pick out the translational

component of the derivative couplings. We define
Fomu (x) = kl—a l), Fr(x) = k\—a ;1) (199)
x) = (x; xl), Jl(x) = (x; x1),
CM,kl Xt Kkl Y.

and we note that the center-of-mass component can be written in several different ways,

N N . .
l A l
Fomu(x) = (k] Y Valxl) = Y Fou(x) = 7 (klPr|x ) = = (eklpex ), (200)
a=1 a=1

where we use (172).

Thus the translational component of Hj y; is

P

_il\7t, -Fomu (x). (20D)

This component sometimes causes confusion, especially when the basis vectors |x;k) (some of
them, at least) are the adiabatic basis, since it implies transitions between potential energy surfaces
when the nuclear motion is purely translational. This is most clear in models in which the nuclear
coordinates are treated as classical variables, since in that case P, /M, is the nuclear velocity and
the term (201) becomes simply —i(x;k|(d/dt)|x;l). For example, it would appear that in the
uniform, rectilinear motion of a hydrogen atom we have transitions between the 1s and 2p levels,
which does not make sense physically. This leads to the suggestion, which we now pursue, of
eliminating the translational component (201) of H; by means of a unitary transformation. We
explain the hydrogen-atom paradox in subsection V K.

To this end, let the working basis |x;k) be an arbitrary discrete basis. We do not assume that
it diagonalizes or block-diagonalizes the electronic Hamiltonian H,(x), and there is no privileged
subspace or concept of even or odd operators. As above, we let G| be a generator and we transform
the Hamiltonian according to H' = UHU T where U, = exp(hél). Upon translating to Weyl

symbols and expanding to first order, this gives
H{ = H, + G, Hy, (202)

which is expressed in terms of matrices of Weyl symbols. We wish to choose G so that

P iN.m
[G1,Holu = H{ g — Hy ja = i— - Femu (x) = ———P; - (x; k| [rom, He(x)]|x: 1), (203)
’ Ml‘ h Mt
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for all k, [, to remove the translational component of H;. In the last step we have used (200) and
p[ = Neme(d/dt)rCM
The left-hand side of (203) can be written [G, W], where Wy, = (x;k|H,(x)|x;1), since the

kinetic energy part of Hy, a multiple of the identity, does not contribute, while the right-hand side

is proportional to [(rcm), Wik, where (rem)i = (x;k|rem|x; ) is the matrix representing rcy in

the Born-Oppenheimer representation. Therefore a solution of (203) is given by

iN.m,
WM,

Gl,kl = — P[ . <X;k’l‘CM |x;l>. (204)

We can add to this any matrix that commutes with W, of which a multiple of the identity is an
obvious choice.

The procedure being carried out here, the elimination of the translational components of the
derivative couplings, bears some relation to the introduction of electron translation factors in elec-
tronic structure calculations (Delos (1981); Fatehi et al. (2011)), which we will explore in future
publications. In that context, the electron translation factors are also not unique, although a mean-
ingful choice can be made in an atomic orbital basis.

One obvious shortcoming of (204) is that the right-hand side does not commute with trans-
lations. We wish G to be translationally invariant, so that U; will map the old Hamiltonian H,
which is translationally invariant, into a new one H’ with the same property. Also, making G
translationally invariant means that P,Jy;, the matrix representing the total linear momentum of
the molecule, is not changed by the transformation U;. To show that the right-hand side of (204)
is not translationally invariant we conjugate it with a nuclear translation operator, whereupon P;

goes into itself and the matrix element transforms according to

rem D) T(€)" = (x— E:kremlx — &:1) = (k| To(§)remTe(€) |x: 1)
= (s k[rem|x; 1) — & 8, (205)

Tn(€)(x;k

where we use (180), (169) and (161).

Now for a given x let xo be the point on the translation-reduced configuration space on the
same translational fiber as x, as illustrated in Fig. 1. This means that x and x( are connected by a
translation; let £ be the vector such that 7'(€)xo = x, that is, x = xo + &. Then £ is the same as the

XM coordinate of x, and we have

<xo;k|rCM|x0;l> = <x;k rem ]x;l) _XCM 6k1. (206)
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The final term is a multiple of the identity, so we obtain a solution of (203) that is also translation-

ally invariant if we replace (204) by

iN.m
Giu=— h;MePt (s klremlxs 1) — Xem 6k)- (207)
t

I. An Exact Unitary Operator for Translations

Although in the practice of perturbation theory we expand the unitary operator U; = exp(hél)
in a power series, in fact for the generator shown in (207) it is possible to carry out the unitary
transformation U; exactly. That is, we can give exact formulas for the action of U; on wave
functions and for its action by conjugation on operators. This is easiest to see if we transform

(207) to the molecular representation, whereupon we find

IN,m
Gy =——— (Pr+p:) - (rem —Xem), (208)
h-M;

where we use (174). To be clear about the notation, (207) gives the Weyl symbols of the compo-
nents of the matrix that represents the operator in the Born-Oppenheimer representation. When
these are converted into operators, the operator P, can be placed before or after the factor rey —
XcMm, which is translationally invariant. When these operators are converted to the molecular rep-
resentation, using the rules explained in subsection II C, we obtain (208). We omit the hats on
operators when working in the molecular representation, but G in (208) is an operator. Recall
that Pcy = Py + pr in this representation (see (34)). For the rest of this subsection we work in the
molecular representation.

Let us write the unitary operator as U; (A) = exp(hG;) = exp(—iAg;/h), where

g1 =Pcm - (rem — Xem) (209)
and where
A= g = Nelhe 210)
=lo ="

Let A = A(0) be an arbitrary operator and let
2 AA) =T (M)A (A), 211)

We can solve for A(A) by promoting A into a variable and solving the differential equation,

=3 dA(L) 1

‘0. a1 ——%[A,gl], (212)
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a version of the Heisenberg equations of motion.

For example, evaluating the commutators [r;, g1] and [X,g1] we find

dr;(A dX g (A
‘;l; ) _ d;f A ) (213)

As derived, the vector rcy — XM on the right-hand side should be evaluated at A, but, in fact, it is
easy to show that this vector is independent of A so it can be evaluated anywhere, such as A = 0.

Thus we have the solutions,

I‘i(l) = r,-—?L(rCM—XCM), (214&)
Xa(1) = Xo — Alrem — Xem), (214b)

where on the right-hand side all vectors are understood to be evaluated at A = 0.

Similarly, we find

dpi(A) _ 1 dPo(A) _ Mq
i NSO oM —

As before, we find that Py is independent of A. The solutions are

A
pi(A) =pi+ ZVPCM7 (216a)
Py(A) =Py — AMq Pcm, (216b)
M,

where all vectors on the right-hand side are evaluated at A = 0.

J. Eliminating Fcy i to All Orders

In this subsection we continue working in the molecular representation, omitting hats on nu-
clear operators.

The transformation laws (214) and (216) allow us to evaluate Uy (A)HU;(A)T, where H is
the molecular Hamiltonian (1). For A = Ag this transformation should eliminate the translational
components of the derivative couplings to order k>. We find that the potential energy does not
change,

U (2) Veou(X,r) U (A)T = Veou (X, 1), (217)
since it depends only on vector differences among X, and r;.
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As for the kinetic energy, we find

A N=1 (2 Ne g2
P2 p; 1 2y Q| y B
Ui (2) : AN 2 T 2m,
e (Z 2My +i§' ) 2Mt( o~ ) +;<:1 2hbe (= 2me
1 1 P2 1 1\ P2
Y Prny — ~CM | | 2 — |IcMm 218
+ |:(Neme+Mt)pl M=y }—f- Neme+Mf 7 (218)

where we have transformed the nuclear kinetic energy according to (29). In this result we have
used P; = Pcyv — p; to eliminate P;, and we note that Pcy <— P; & and p; <— iiFcm x, the
latter of which follows from (200).

Thus in the molecular representation the terms that will produce the translational component
(201) of Hj j; in the Born-Oppenheimer representation are those proportional to p; - Pcv. The
coefficient of these terms in (218) is

1 1 1
S——) — . 219
M <Neme +Mt) 219)

If we set A = A9 = N.m,/M;, the coefficient of this term is reduced by a factor of order x*, which
is better than expected, since U; was only supposed to eliminate this term through order k2. But
we see that if we choose the slightly different value,

N, N,
A=Ay = le _ _ Tellle (220)
Mio1 M; +N.m,

then the translational component of the derivative couplings is eliminated exactly (to all orders in
K).
With this choice (220) of A (and henceforth dropping the 1-subscript on A and U), we find for

the transformed molecular Hamiltonian,

+ PéM Nt Q2 Ne 2 Pt
UMHUM = Veou (X 221
(A HU(A) 2Mmo1+,(:1 2u,<+22me 2Mt+ Cout (X, ). (221)

Apart from the meanings of the symbols, the result is the same as the molecular Hamiltonian seen
in (36), (37) and (38). In particular, the fourth term of (221) is the mass polarization term. Our
unitary transformation U (A ) reproduces the effects of the coordinate transformation discussed in
subsection I E, the purpose of which was to separate the translational degrees of freedom.

With the value (220) of A we note that (30) can be written Rey = (1 — A)Xem + Arem. Thus

o
= the transformation equations (214) and (216) become
i
un m
= UQA)rUR)" =ri— (Row—Xewm),  UR)PUR)" =pit 3 —Peu,
" L mol
— o | + + Neme Ma
L U(A«)XQU(A«) ZX(x—(RCM—XCM), U(A)PQU(A) :Pa_—PCM. (222)
o Mt Mmol
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The unitary transformation itself becomes

U(A) =exp _%PCM -(Rem —Xewm) | - (223)

An example of this transformation appeared in Cederbaum (2013), who used it in his study of

translational invariance in the method of exact factorization.

K. Unitary Transformation as a Coordinate Transformation

Equations (222) look like a coordinate transformation taking us from variables r;, X, etc., on
the right to variables U (A)r;U(A)T, etc., on the left. It is convenient to call the variables on the
right the “new” variables and those on the left the “old” ones. This seems counter-intuitive but
it is the interpretation needed to obtain the transformation law (225) given below. We note that
the transformation of the momenta follows from that of the coordinates, via the chain rule for the
operators p; = —ihd /dr;, etc.

We will denote the new coordinates with a prime and the old without a prime. We obtain the
coordinate transformation in this language if we replace r;, etc., on the right side of (222) with
r}, etc., and then replace U(A)r;U(1), etc., on the left with simply r;, etc. This gives us the
old variables as functions of the new. Inverting these equations to solve for the new variables as
functions of the old, we obtain

m
r; =r;+ (Rem — Xem), p.=pi— M—EPCMa
mol

Neme M,
X, =Xq+ (Rom — X P, =Py+ -2
o (X+( CM CM)7 o a+Msz01

Powm, (224)
where we note that R,CM - X/CM =Rem — Xem and P&M =PcMm.

Now if we call (1) the “old” Hamiltonian H, a function of the old variables r;, X, etc., and
(221) the “new” Hamiltonian H’, regarded as a function of the new variables rg, X:X, etc., then we
have

HX,P,r,p)=H'(r',p' . X, P), (225)

in which the primed variables are functions of the unprimed ones as shown in (224) and vice versa.

Alternatively, we may regard (222) as a dressing transformation, taking us from the lab molecu-
lar representation to the lab, translation-reduced representation (down the first column of Table I).
The two points of view are complementary; in the dressing point of view the operators do not

change but the wave functions do, while in the coordinate-transformation point of view it is the
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opposite. The dressing point of view has some interesting features, for example, in the translation-
reduced, molecular representation the operator that looks like the center of mass of the nuclei is

physically the center of mass of the molecule, since
UAM)RemU (L)' =Xewm. (226)

This reminds us of the fact that in the Born-Oppenheimer representation, the operator that looks
like the nuclear angular momentum actually includes the electronic angular momentum, a main
point of Littlejohn, Rawlinson, and Subotnik (2023). See also the end of subsection V D for the

situation regarding the total momentum of the molecule.

Having achieved the translation-reduced molecular representation (the lower left corner of Ta-
ble I) we can move to the right (across the lower row) in much the same manner as we did pre-
viously along the upper row, except that the the electronic Hamiltonian is now the translation-
reduced version (38) instead of the original version (2). In particular, the potential energy surfaces
and adiabatic basis states are those of Htgr. and not H,, the former of which contains the mass-
polarization terms. In the case of hydrogen, mentioned in subsection V H, the mass-polarization
term provides the correction between the true electron mass and the reduced mass; the latter is
needed for the correct energy eigenvalues. Naturally, if we use the wrong electronic Hamiltonian
then there will be transitions among the surfaces, even for uniform translational motion of the

atom.

Once we have reached the dressed, translation-reduced representation (the lower right-hand
corner of Table I) we will be in a position to separate the rotational degrees of freedom. This in-
volves a coordinate transformation on the translation-reduced configuration space, taking us from
the Y coordinates to orientational (Euler angle) and shape coordinates. This is often described as
the construction of the kinetic energy operator on the internal space. There is an extensive litera-
ture on this procedure for single-surface problems in the electrostatic model, for example, Wang
and Tucker Carrington (2000). Kendrick (2018) has given a partial analysis of the case of two
coupled surfaces in the electrostatic model in his study of low-temperature scattering. The sepa-
ration of rotational degrees of freedom in the case of fine structure effects has apparently not been
worked out, but, as noted by Littlejohn, Rawlinson, and Subotnik (2023), in the odd-electron case
the nuclear Born-Oppenheimer wave function is a 2-component pseudo-spinor. We will report on

this problem in more detail in the future.
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VI. CONCLUSIONS

In this article we have presented an approach to the use of the Wigner-Weyl correspondence and
the Moyal star product to block diagonalize the Born-Oppenheimer Hamiltonian. Our presentation
is similar to earlier approaches by Littlejohn and Weigert (1993); Matyus and Teufel (2019),
but differs in details, style and emphasis. The block-diagonalization amounts to a separation of
nuclear and electronic degrees of freedom. We have used our formalism to address a number of

applications and elaborations.

Several of these are discussed in this paper. One concerns higher order or nonadiabatic correc-
tions to Born-Oppenheimer theory, both in single-surface problems and in multi-surface problems,
that is, those with conical intersections. In this article we have exhibited the second-order correc-
tions to the wave function, which seems to be new, and discussed how our theory may be used
to compute electronic currents and momenta, one of the principal applications of nonadiabatic

corrections.

We have drawn renewed (after Matyus (2018)) attention to a certain contribution to the Born-
Oppenheimer Hamiltonian, a term that we call K, which should be there but which is usually
neglected. This term has been called the “nonadiabatic mass correction” by Matyus. This term is
small and it may be negligible in many applications, but it is of the same order of magnitude as
the diagonal Born-Oppenheimer correction, which is routinely retained. We show that K, plays
an important role in Born-Oppenheimer theory, for example, in producing the correct (rectilinear)
motion of the center of mass of the molecule. Other approaches to nonadiabatic corrections, for
example, exact factorization, do not seem to produce K3, and there is the question of whether that

represents an inconsistency.

In this article we have devoted special attention to the translational degrees of freedom. We
have derived the transformation laws for the electronic Hamiltonian, its eigenstates and the deriva-
tive couplings under translations, and placed the discussion within the geometrical framework of
the translational fiber bundle, which we explain. We have derived exact expressions for the total
linear momentum of the molecule in various representations, in a manner similar to what we have
done previously for angular momentum (Littlejohn, Rawlinson, and Subotnik (2023)). In particu-
lar, we have shown that in the Born-Oppenheimer representation, the operator that looks like the
total momentum of the nuclei actually includes, from a physical standpoint, the momentum of the

electrons. Moreover, this result is exact, and persists to all orders of the Born-Oppenheimer expan-
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sion (the transformation that block-diagonalizes the Hamiltonian). We have studied in detail the
center of mass of the molecule, showing that it is block-diagonalized by the same transformation
that block-diagonalizes the Hamiltonian, and showing how its rectilinear motion works out in the
dressed Born-Oppenheimer representation. We have also evaluated the translational component of
the electron current, an example in which the resolvent operator with its infinite sum over excited
states can be eliminated.

Finally, we have studied the translational components of the derivative couplings, which present
an apparent paradox. We show that Moyal perturbation theory can be used to eliminate these
components, which results in an exact unitary transformation that has the effect of separating
the translational degrees of freedom and which explains the paradox. This is a contribution to the
analysis of the question of how the two steps, the separation of the translational degrees of freedom
and the separation of the electronic and nuclear degrees of freedom, commute with one another.

We will present further applications in future publications.
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Appendix A: Weyl-Moyal Formalism

Original articles and those that review the Wigner-Weyl-Moyal formalism include Weyl (1927);
Wigner (1932); Groenewold (1946); Moyal (1949); Balazs and Jennings (1984); Littlejohn
(1986); McDonald (1988); Osborn and Molzahn (1995). The notation in this appendix is inde-

pendent of that of the rest of the paper.

1. The Weyl Symbol Correspondence

We work with wave functions y/(x), where x = (x1,...,x,) € R". The conjugate momentum is
p=(p1,...,pn). Operators are indicated by hats, for example, £; = multiplication by x; and p; =
—ihd/dx;, when acting on wave functions y/(x). Classical quantities or c-numbers are indicated

without the hat.
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If A is an operator then we define the Weyl symbol of A as the function A(x, p) on the classical
phase space given by

A(x,p) = /dse"'l”/h (x+s/2|Alx—5/2), (A1)

where s € R” and where the matrix element shown is the kernel of the integral operator A in the

x-representation, that is,

Ay)() = [ & (A y(). (A2)
Equation (A1) specifies the Weyl transform A(x, p) of the operator A. The inverse Weyl transform
is given by
. dp . (v x+x
Al :/ )iy ( ). A3
(AR = [ e o (A3)

We denote the correspondence between operators and their Weyl symbols by A «— A(x,p). This
is not the same usage of the symbol <— as in other parts of this paper, but what the notation has
in common is that it represents a one-to-one correspondence between two sets of objects, in this
case, operators and functions on phase space.

As special cases, we note that the operators 1 (the identity operator), £; and p; have Weyl
symbols 1, x; and p;, respectively.

No information is lost by mapping operators to their Weyl symbols or vice versa. In particular,
there is no “ordering ambiguity” on passing from symbols (objects that are nominally classical) to

operators. For example, we have
ih

Xipj > xipj+ 5 6ij, (Ada)
A ih
pjxi<—>xl~pj—§5,~j, (A4b)

which shows that the ordering of operators is indicated by terms in the symbol that are of higher

order in 7. A useful generalization of (A4) is

A ihdf(x
1@ Flop+ 0L, (AS0)
2 8xi
o ihdf(x
Puf) e Sl 22T, (Asb)
2 3)6,'
If A and B are operators such that A = BT, then the corresponding symbols satisfy
A(x,p) = B(x,p)". (A6)

In particular, the Weyl symbol of a Hermitian operator is real. A special case of this follows from

(AS),
1
SIBFE) + 0P F@pr (A7)
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2. The *-Product

If A, B and C are operators such that C = AB, then we write the corresponding relation between

the symbols as

C(x,p) =A(x,p)*B(x, p), (A8)
where x is the “Moyal star product.” It has an expansion in powers of 7,

o 1 sih\"
Ctep)=Y — () {4.Bh, (A9)

n=0""

where

e
dJ d d d

The arrows indicate the direction in which the partial derivatives act. The first few of these brackets

are

{AaB}OZAB7
JA JdB JA OB
{A’B}IZ{AvB}: _______ s
Jd’A  9°B , Jd’A  9’B N J’A  9’B
8x,~8xj8pi8pj 8x,~8pj8pi8xj 8p,~8pj(9xi8xj ’

{AaB }2 = Z

ij

etc. The zeroth order bracket is the ordinary product and the first order bracket is the ordinary
Poisson bracket. If no subscript is given, the Poisson bracket is implied. The n-th order bracket
is symmetric or antisymmetric in the exchange of the operands as n is even or odd, respectively.

Writing out the first few terms of (A10), we have

2

h fi
A*B:AB+%{A,B}—§{A,B}2+.... (A12)
We also define the “Moyal bracket,”
_ i3
[A,B]*:A*B—B*A:zh{A,B}—ﬁ{A,B};ﬁ—..., (A13)

A

which is the Weyl symbol of the commutator [A, B].
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3. Matrices of Operators and Weyl Symbols

In the main body of the paper we make frequent use of commutators of matrices of operators.
We now make some comments about what happens to such commutators when translated into
)

symbols. Let Akl and By, be two matrices of operators. By the commutator C= [A 3], we mean

the matrix of operators,

Cu=[ABliu=Y (AipBp — BipAp). (Al14)
p

When this is translated into symbols, we obtain

Ckl = [AaB]*kl = Z(Akp *Bpl —ka *Apl) = Z(Akpol _kaApl)
p p
in n?
+ 5 L ({Akp: Bt} = {BipsApt}) = o L ({Akp Bpi}a = {Bips Api}a) - (ALS)
p p

This equation defines the Moyal bracket C = [A, B].. of matrices of symbols. Notice that the lowest,
order 7i° term in the expansion is otherwise just the commutator [A, B] of the symbol matrices, in
which symbols are multiplied as c-numbers. That is, the first term of [A, B, is [A, B] (without the
star). Notice also that in the case of scalar operators, the expansion of the symbol of [A, B] involves
only odd powers of 7, as shown by (A13), whereas in the case of matrices of operators, all powers

occur, including the power A°.

Appendix B: Coordinates on Nuclear Configuration Space

The coordinate transformation Xy — (XcMm, Y ) was introduced in subsection ITE, where the
definitions of Xcy and P; were given (in (26) and (28)).

The new coordinates Y, Kk =1,...,N — 1, are a set of N — 1 translationally invariant vectors

defined by an (N — 1) x N matrix By,

N
Yo=Y BiaXa, k=1,...,.N—1. (B1)

a=1
The matrix By must satisfy
N
Z BKa — 0, (B2)
a=1
in order that the vectors Y be translationally invariant.
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We require that the Y be Jacobi vectors (Delves (1960); Hirschfelder (1969); Aquilanti and
Cavalli (1986); Gatti et al. (1998)). This means that the matrix B satisfies

a=1 Mg M ’

which is a kind of an orthogonality condition on By, with respect to the kinetic energy metric.
Here the uy, k =1,...,N — 1, are reduced masses associated with the Jacobi vectors Y. The

inverse coordinate transformation (Xcwm, Yi) — X¢ is given by

Xo=XcMm + —— Z Ui Bia Y. (B4)

The matrix By satisfies a kind of inverse orthogonality relation,

MM N—-1
M; k=1

This may be proven by writing out the N x N matrix of the linear transformation Xy — (XcMm, Yi)
and the one for its inverse, (Xcm, Yi) — Xg, and multiplying the two matrices in both orders.
For example, in the case of the water molecule, we let atoms 1 and 2 be hydrogens and atom 3

be the oxygen. Then we define Jacobi vectors Y; = X, — X and Y, = X3 — (X + X3)/2, which

implies
—1 1 0
Bya = - (B6)
—-1/2 —1/2 1
These imply reduced masses | = My /2, and
1 1 1

— = (B7)
2 2My Mo

The momenta conjugate to X, are Py, and those conjugate to (Xcm, Yi) are (P;, Q). The
momenta acting on wave functions are defined by Py, = —ifid /dX ¢, Py = —ifid /dXcm, and Qg =

—ihd /dY. One way to transform the momenta, which is consistent with the chain rule, is to

demand the equality of the differential forms,

N N-1
Y Po-dXoq=P-dXcm+ Y, Qi dYy. (B8)
o=1 k=1

Substituting the coordinate transformation (B4) into this gives (28), showing that P; is the total

nuclear momentum, and it gives
N

Qx = Z &BKOCPO(- (B9)
a:lMa
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Substituting the the inverse transformation (26) and (B1) gives

Ma N—1
Pa - ﬁpt‘F Z BK(x QK‘- (BIO)
! k=1

Appendix C: Coordinates on the Molecular Configuration Space

The transformation on the molecular configuration space proceeds in two steps, (Xq,r;) —
(Xcem, Yk, 1) — (Rew, Yk, si)- The first step is explained in subsection ITE and Appendix B. In
the second step Rcw, the molecular center of mass, is given by (30) and s;, the electron position
relative to the nuclear center of mass, is given by (31), while Y, the nuclear Jacobi coordinates,
do not change. The inverse transformation is given by

Ne

Si (CDH
Mol ,:ZI l

me

Xcm = Rem —

and r; = s; + XcoMm.-

The momenta conjugate to (Rewm, Yk, si) are (Pem, Qx, q;), which are functions of the momenta
(P;,Qy, p;) after the first coordinate transformation. Of these Pcyy, the total molecular momentum,
is given by (34) and Q does not change from the first transformation (it is given by (B9)). As for

q;, it is given by

m
4 =pi— 3 —(Pr+p). (C2)
mol
The inverse transformations are
M, Ne
P, = Povi— Y q;, (C3)
mol i=1
and
ne
e P 3 C4
Pi Moo cM + q; (C4)

Appendix D: Covariant Notation for the Kinetic Energy Metric

We write X, for the I-th component of Jacobi vector X, for I = 1,2,3, and we write x* =
XH* = Xg1, where u = (aof) and u = 1,...,3N — 3. The kinetic energy can be expressed in terms
of the metric,

Guv = Gar)(ps) = Mo Sap 61, (D1)
that is, the kinetic energy itself is (1/2)Gyy 2", where here and throughout this article we use the

summation convention on indices (, v, etc. The tensor Gy (with lower indices) is the covariant
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metric tensor. The contravariant metric tensor (with upper indices) is the inverse of (D1),
1
A ol)(BJ) __
GV = GlHBY) — —aaa,; 817, (D2)

so that G*° G, = 8.
As for the momenta, we define P, = P4) as the I-th component of the momentum Py, and we

define P* (with an upper index) as

Por
Pt =GMvp, =% D3
Y=, (D3)
where 1 = (&), so that P*, with an upper or contravariant index, is the velocity V* = %*. Simi-

larly we define the derivative operators,

0
— B GHv
W= d G"Y dy, (D4)
so that as an operator, the momentum is 15“ = —ih 8u. Equations (D3) and (D4) are examples of

raising an index with the metric tensor.

The kinetic energy can be expressed in terms of the momenta by

1 & P2 1
5 M—(Z:EGHVP”PVZEPMPH. (DS)

a=1
Appendix E: Derivation of G,

In this Appendix we use the working basis (72) and for brevity we write the resolvent
R(&,(x),x) as R(x).

The condition on G», that it kill the second-order, off-block diagonal terms in H’, is expressed
by (92), where Hé” is given by (89b). As in the solution for G, we find that (92) is consistent with
the anti-Hermiticity of G; and that it determines the odd (off-block-diagonal) part of G,, We set

the even part to zero so that G is purely odd. The solution for the (nk)-block, k # n, is

Gok = Y (Hy" )i Rig(€n,%), (k#n), (E1)
I#n
M which may be compared to (77). The other off-diagonal block is given by anti-Hermiticity, Gy x, =
; ~G; > k # n. To find G, we will first find (H5?)n for k # n and then apply (E1).
= According to (89b) there are three terms in (H}°), for k # n. The first is
4

' 1
10 Hy e = 59" (snl)(Gulx: k), (k#n), (E2)
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a special case of (98c). This term represents a purely multiplicative operator, that is, it is indepen-

dent of the nuclear momenta P,. Notice that it involves derivatives o'?u

x;k) of the diabatic basis

on .7+, whose problematical aspects are discussed in Sec. III L. The derivatives o

x;n) of the
basis vector on . present no such difficulties. The latter can be expressed in terms of the basis
vector |x;n) itself, via the Feynman-Hellman formula (101). Similar formulas can be worked out
for higher derivatives of the basis vector |x;n) on .7.

For the second term of (89b) we require
(G, H =Y GruHf y— Y H{ G, (k#n), (E3)
I l

where the first sum can be restricted to [ # n since Gy ,, = 0 and where the second sum can be
restricted to / = n since HY is even. In fact, the second sum vanishes, since Hj ,;, = 0. As for the
first sum, we use (102) and (98b), whereupon the sum can be extended to / = n and a resolution of

the identity removed. The result is

|G1,Hf |y = P*PY 9y (x;n|)R(x)(9y

x;k)), (k #n), (E4)

another expression that involves derivatives of |x;k) on .#* but now the symbol of a second-order
differential operator.

We see that (H}°), contains terms that are independent of the momentum P, that is, constant
in the momentum, and terms that are quadratic in the momentum. In fact, it turns out that this
is all it contains, so we will write (Hy%),u = (H;?)S, + (Hy?)2 for the two parts. Then (E2) is a
contribution to (H}°)¢, and (E4) is a contribution to (H}° )gk

For the third term of (89b) we require 77 n for k # n, which by (63b) can be written
i i
T =5 Y {G1u, Houi} + 3 Y {G1 k- Ho'} (ES)
l l

where we have used the antisymmetry of the Poisson bracket in the second sum. It is not hard to
see that the kinetic energy part of Hy (see (98a)) produces a contribution to 77y , that is quadratic
in P# while the potential energy produces one that is independent of P*, so we shall write 771 ,x =
TICLn et Tff’ . for the two contributions.

The kinetic energy part of Hy is a multiple of the identity which allows the sums in (ES) to be

done, whereupon they turn out to be equal. Thus we find
T8 o = {G1u, (1/2)PH Py} = —PHPYO[(Qu (men)R() k)], (k#n), (B
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where we have used (102) and evaluated the Poisson bracket. When this is added to (E4) we obtain

the quadratic part of (H}°) .
(H3' )i = =PUPY Oy [(Ou (s nDR()]lsk). - (k). (E7)

in which all derivatives of the basis vectors |x;k) on .7+ have disappeared. The tensor contracting
against PP is not symmetric in (V) but it may be replaced by its symmetric part.
As for the potential energy contribution to (ES), we find that the first sum in (E5) can be

restricted to / # n and the second to [ = n, since H is purely even. This gives

C

TS = A)ROE) 1) Wie ()} — 5 {PH s DR() s ), )}
l#n
- —; Iy s R(3) s ) [ Wi ()] + 5 (9 (e R s 9% )]
=—c Z (x;n|)R(x)|x; 1) 9" [€,(x) Sk — Wik (x)]
l;én
HOulwrREIK D e W), (k#n), (E8)

where in the first step we have evaluated the Poisson brackets and in the second we have added
and subtracted a term to make the derivative of the inverse of the resolvent appear.
Now (Hé")fk is the sum of (E2) and the two terms on the right of (E8). We expand the derivative

appearing there,

9*[€n(x) Sy = Wi (x)] = M { (x; 1| [€n (x) — He(x)]|x:K) }
= (9 (1)) [en(x) = He(x)]|x: k) + (x: | { 0¥ [€n (x) — He (x)] } [x: k)
+(x: | [&n(x) — He(x))(9 |x: K)), (E9)

giving what we will call the “left,” “middle” and “right” contributions to the first term on the right

of (E8). The right contribution to that term is

5 Z (xsn])R(x)|x; 1) (x; 1) [€a (x) — He (x)] (9" |x3k) ) = —l(8y<x;n
l;én 2

)(0"|x:k),  (E10)

where we have extended the / sum to include / = n (since R(x)|x;n) = 0), removed the resolution
of the identity, applied (79) and used (dy (x;n|)Q(x) = dy (x;n|. We see that the right contribution
cancels (E2).

We simplify the middle contribution to the first term on the right in (E8) by first removing

the same resolution of the identity and then applying d* to the identity (79). Thus the middle
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contribution becomes
—%(%\x; n)) R(x) {0" [ea(x) — He (x)]}x: k)
= 3 @l A) Q)] A) + 3 (Bl PR [en(x) — Hew)]l k). (BT
The term involving HQ(x) = —d*P(x) = — (" |x;n))(xin| — |x;n) (9" (x:n|) vanishes since
(xinfxik) =0 and (9 (x:n|)|x;n) = —Fyum = 0. Altogether, we now have
(Hy")ye = (0" €n(x )] (O (xs ) R(x) x; k)

__l§ (s )R(x) s 1) (0% (x5 1) [ (x) — He(x)]|x; &)

+§(9u (x:n|) [0#R(x)] [€a(x) — He()]Ix:K), (K #n). (E12)
Now we may return to (E1) and compute G5. It also has constant and quadratic contributions,
referring to the dependence on P*. The execution of the sum in (E1) amounts to multiplying the

operators seen in the matrix elements in (H}°), on the right by R(x), for example, (E7) gives the

quadratic contribution to G, as
(GS)uk = —PHPY Oy [(Ju(xn) ROIR@) k), (k#n), (E13)

while the first term on the right in (E12) gives the contribution [9*€,(x)] (dy (x;n|) R(x)?

k)
to (GS)m. As for the second and third terms on the right in (E12), applying the sum in (E1)
effectively cancels the factor of [g,(x) — H,(x)], first replacing it by Q(x) which then disappears

since Q(x)|x;k) = |x; k). Thus the third term on the right in (E12) gives the contribution to (GS ),

%(8“ (x;n]) [0 R(x)]|x; k). (E14)

As for the second term on the right in (E12), it gives

X)) (9% (x| s k) = (9u<; JR(x) (9% |x;K)). (E15)

l;én
This contribution to G, contains derivatives of the basis vectors |x;k) on .#* that do not cancel.

These pieces of G, are assembled and the final solution is displayed in (106).
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