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Individual quarks and gluons at small-x inside an unpolarized hadron can be regarded as Bell
states in which qubits in the spin and orbital angular momentum spaces are maximally entangled.
Using the machinery of quantum information science, we generalize this observation to all values
0 < x < 1 and describe gluons (but not quarks) as maximally entangled states between a qubit and
a qudit. We introduce the conditional probability distribution P (lz|sz) of a gluon’s orbital angular
momentum lz given its helicity sz. Restricting to the three states lz = 0,±1, which constitute a
qutrit, we explicitly compute P as a function of x.

I. INTRODUCTION

Recently there have been strong theoretical activities in the application of quantum information science (QIS) to
QCD [1–3]. Parton physics, which has been traditionally a subject of perturbative QCD, can potentially benefit
from these developments especially in the context of nucleon tomography and multi-dimensional parton distributions
[4–17]. Contrary to the naive picture, partons (quarks and gluons) that constitute a high energy hadron are correlated
with one another in position and momentum spaces and in other quantum numbers since they are generated by the
successive branchings of higher energy partons with specific probabilities. In some cases, these correlations reflect true
quantum mechanical entanglement and can be quantified by various forms of entanglement entropy. One can then
expect that the language and tools of QIS will be useful for characterizing such phenomena and possibly obtaining
novel insights into the nature of partons as a quantum many-body system.

In a recent paper [18], it has been pointed out that partons carrying a small energy fraction x ≪ 1 of the parent
hadron are maximally entangled. This is not the usual bipartite entanglement that involves two partons, or one
between some spatial volume and its ‘environment’. Instead, it is an entanglement between two internal subspaces
of a single parton. Namely, a qubit representing the two helicity states (sz = ±1 for a gluon and sz = ± 1

2 for a
quark in units of ℏ) is entangled with another qubit representing the two orbital angular momentum (OAM) states
lz = ±1. This spin-orbit entanglement is a necessary consequence of the peculiar features of QCD at small-x. First,
the possible values of partons’ OAM are effectively restricted to lz = ±1 at small-x, although in principle it can take
any integer values lz = 0,±1,±2 · · · . Second, the helicity and OAM of each parton are perfectly anti-aligned even in
an unpolarized or spinless hadron. This results in the formation of the so-called Bell states

|Φ±⟩ =
1√
2

(
|sz = 1⟩|lz = −1⟩ ± |sz = −1⟩|lz = 1⟩

)
. (1)

(sz = ± 1
2 for quarks.) In the field of quantum optics, similar entangled states of photons have been artificially

realized in an ingenious experimental setup [19]. In QCD, the Bell states are default states into which soft partons
are produced.

In this paper, we discuss whether similar entangled states exist for partons with generic values x and examine the
potential application of QIS in constructing such states. This is highly nontrivial because neither of the above two
features survives away from the regime x ≪ 1. Nevertheless, the correlation between partons’ helicity and OAM
exists for all values of x, and this suggests that some degree of entanglement is always present. We shall show that
gluons (but not quarks) are maximally entangled for all values of 0 < x < 1 in a larger Hilbert space of OAM in which
more values of lz are allowed. This can be understood as an entanglement between a qubit and a qudit [20]—the
multi-dimensional generalization of a qubit. By restricting to the qutrit case consisting of three states lz = 0,±1, we
explicitly construct the maximally entangled state as a function of x.1

∗ yhatta@bnl.gov
† jake,montgomery@stonybrook.edu
1 In the context of high energy and nuclear physics, qutrits have been introduced to simulate the three spin states of spin-1 gauge bosons
and vector mesons [21, 22], three-flavor neutrinos [23–25] and the three isospin states of pions [26].
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II. SETUP

Consider a quark or a gluon, collectively called a parton, carrying energy fraction x of a fast-moving hadron in
the z-direction. The hadron is assumed to be either unpolarized or spinless. For definiteness, we shall have in mind
an unpolarized proton. Then the quark’s two spin states sz = ± 1

2 are realized with equal (50%) probabilities, and
similarly for the gluon with sz = ±1. On the other hand, their orbital angular momentum (OAM) can in principle
take any integer value lz = 0,±1,±2, · · · . Different values of lz will be realized with different probabilities. If the spin
and OAM of individual partons are correlated, the distribution of lz naturally depends on the value of sz. Namely,
one can introduce the conditional probability distribution P (lz|sz) normalized as∑

sz

∞∑
lz=−∞

P (lz|sz) = 1. (2)

P is separately defined for quarks (q) and gluons (g) and is a function of x. We often suppress these dependencies to
avoid cluttering the indices. In the same vein, we will often write sz, lz → s, l in equations. In terms of the ket vector
notation describing the spin and spatial parts of the parton’s wavefunction

|Φ⟩ =
∑
sl

csl|s⟩|l⟩

= |+⟩
{
a1|1⟩+ a0|0⟩+ a−1| − 1⟩+ · · ·

}
+ |−⟩

{
b1|1⟩+ b0|0⟩+ b−1| − 1⟩+ · · ·

}
, (3)

we have

P (l|+) = |c+l|2 = |al|2, P (l|−) = |c−l|2 = |bl|2. (4)

|±⟩ denotes either quark or gluon spin eigenstates with sz = ± 1
2 or sz = ±1, respectively. From the normalization

condition,

⟨Φ|Φ⟩ =
∑
sl

|csl|2 =
∑
l

(|al|2 + |bl|2) = 1. (5)

Since the parent hadron is unpolarized, we must require

⟨Φ|sz|Φ⟩ = ⟨Φ|lz|Φ⟩ = 0. (6)

However, the correlation between sz and lz is in general nonvanishing

⟨Φ|szlz|Φ⟩ ≡

{
1
2fq(x), (quark)

fg(x). (gluon)
(7)

The distributions fq,g(x) are proportional to the quark and gluon spin-orbit correlations Cq,g(x) [27, 28] which can be
rigorously defined in QCD. We shall specify them later. For the moment let us assume that they are known functions.
Substituting (3) we find ∑

l

(|al|2 − |bl|2) = 0, (8)∑
l

l(|al|2 + |bl|2) = 0, (9)∑
l

l(|al|2 − |bl|2) = fq,g(x). (10)

Obviously, there are infinitely many solutions to the system of equations (8)-(10). However, it has been observed
recently [18] that

fq,g(x) ≈ −1, (x ≪ 1) (11)

meaning that the spin and OAM of individual partons are perfectly anti-aligned. Moreover, almost all quarks and
gluons at small-x have either lz = 1 or lz = −1. It then follows that (3) reduces to the ‘Bell states’

|Φ⟩ ≈ |Φ±⟩ =
1√
2

(
|+⟩|−1⟩ ± |−⟩|1⟩

)
. (12)
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Equivalently,

|a−1| = |b1| ≈
1√
2
, (x ≪ 1) (13)

for both quarks and gluons, and all the other coefficients are suppressed at small-x.

III. GLUON AS AN ENTANGLED QUBIT-QUTRIT SYSTEM

The purpose of this paper is to obtain insights into the nature of the state (3) away from the limit x → 0 where
one can no longer argue that only the values lz = ±1 need to be considered. Ideally, one would like to determine
the coefficients al, bl for all l as a function of x. At first sight, this appears to be a formidable problem that cannot
be answered without a detailed understanding of the parton dynamics in QCD. However, in the case of gluons, the
problem somewhat simplifies because one can eliminate bl’s by invoking PT symmetry, the combined operation of
parity P and time-reversal T . Under PT , the momentum of partons (and the parent hadron) remains the same,
whereas angular momentum flips signs sz, lz → −sz,−lz. Since the two directions of spin and OAM should be
completely equivalent in an unpolarized proton, we can postulate

PT |Φ⟩ = eiφ|Φ⟩, (14)

where eiφ is an unobservable phase. In the basis PT |+⟩ = |−⟩ and PT |l⟩ = (−1)l| − l⟩,2 this leads to the relation

bl = e−iφ(−1)la∗−l. (15)

Then (8) and (9) are automatically satisfied and (5) and (10) reduce to∑
l

|al|2 =
1

2
,

∑
l

l|al|2 =
1

2
fg(x). (16)

Note that, for a single quark which is a fermion, the so-called Kramers degeneracy associated with time-reversal
symmetry forbids one from writing down a relation analogous to (14). In the following, we focus on the gluon case,
leaving the quark case to future work.

Even after this simplification, (16) still appears intractable since an infinite sum over lz is involved. To make
progress, we simplify the problem by assuming that the Hilbert space of OAM is limited to the states lz = 0,±1.
This may sound a drastic approximation, but actually, it is physically motivated. First, it is counter-intuitive to find

many partons with |lz| ≥ 2 inside a proton with spin 1
2 . Moreover, if one estimates OAM |lz| ∼ |⃗k × b⃗| classically

using |⃗k| ≲ ΛQCD ∼ 200 MeV and |⃗b| ≲ 1 fm (the size of a proton), then indeed |lz| ≲ 1. Under this assumption, (16)
reduces to

|a1|2 + |a0|2 + |a−1|2 =
1

2
, |a1|2 − |a−1|2 =

fg(x)

2
. (17)

Since there are two equations for three unknowns, the solution of (17) is still not unique. We however show that,
given fg(x), the complex vector (a1, a0, a−1) can be determined up to a phase.
For this purpose, it is convenient to switch to the language of quantum information science. The Bell state (12)

is a maximally entangled state of two qubits, one in the spin space |±⟩ and the other in the OAM space |± 1⟩. The
latter interpretation is possible only when x ≪ 1 where only the states lz = ±1 matter. If we include d > 2 values
of lz, we need to introduce a ‘qudit’ [20] whose Hilbert space is spanned by d-dimensional complex vectors. One may
also consider a ‘qumode’ [29] in the limit d → ∞ since lz can in principle take any integer values. In the present
approximation, d = 3, and the triplet of states lz = 0,±1 becomes a ‘qutrit’. Therefore, we shall regard a gluon with
0 < x < 1 as an entangled system between a qubit and a qutrit.

Let us discuss the entanglement entropy of this qubit-qutrit system. The reduced density matrix traced over the
OAM space is

Trl|Φ⟩⟨Φ| =
∑
l

⟨l|Φ⟩⟨Φ|l⟩ =
(∑

l |al|2
∑

l alb
∗
l∑

l a
∗
l bl

∑
l |bl|2

)
=

(
1
2 eiφ

∑
l(−1)lala−l

e−iφ
∑

l(−1)la∗l a
∗
−l

1
2

)
. (18)

2 This is a choice motivated by the transformation of the typical OAM wavefunction eilϕ where ϕ is the azimuthal angle (cf., the Laguerre-
Gaussian beam). Under PT , eilϕ → (eil(ϕ+π))∗ = (−1)le−ilϕ. If one chooses a different phase convention, the following equations need
to be modified accordingly. In the end the physical result will be the same.
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This can be diagonalized with the eigenvalues

λ± =
1

2
±

∣∣∣∣∣∑
l

(−1)lala−l

∣∣∣∣∣ . (19)

The entanglement entropy

S = −
∑
±

λ± lnλ±, (20)

takes a maximal value S = ln 2 ≈ 0.69 when∑
l

(−1)lala−l = a20 + 2

∞∑
l=1

(−1)lala−l = 0. (21)

The Bell states (12) are maximally entangled because al = 0 for lz ̸= −1.
Our crucial observation is that the states at 0 < x < 1 are also maximally entangled with S = ln 2. The argument

goes as follows. We regard the probabilities |al|2 as averages over gluons with the same value of x. We can then expect
that the complex vector (a1, a0, a−1) varies smoothly as a function of x. Since the norm of the vector is conserved
(17), this variation can be implemented by x-dependent unitary transformations

al → Ull′al′ , (22)

where U is a x-dependent 3×3 unitary matrix UU† = U†U = 1 continuously connected to the unit matrix. Note
that, in general, the quantum evolution of the qubit-qutrit system is represented by six-dimensional unitary matrices
W acting on the six-dimensional complex vector {csl} = (a1, a0, a−1, b1, b0, b−1). However, in the present problem al
and bl are related due to PT symmetry. This means that W factorizes into a tensor product W = V ⊗ U where V is
a 2×2 matrix acting on the spin space (qubit). Namely, {csl} transforms as

csl → Vss′Ull′cs′l′ . (23)

Consistency with (15) requires

V ∗
hh′ = V−h,−h′ , (24)

U∗
ll′ = (−1)l+l′U−l,−l′ . (25)

The only 2×2 unitary matrix that satisfies (24) and is continuously connected to the unit matrix takes the form

V =

(
eiθ 0
0 e−iθ

)
. (26)

Physically, this represents the rotation of the gluon’s linear polarization vector around the z-axis Rz(θ) = exp [iθσz].
On the other hand, a 3×3 unitary matrix U can satisfy (25) more nontrivially.
Importantly, V,U are local unitary transformations that act separately on the qubit and qutrit subsystems. It is

known that local unitary transformations preserve the entanglement entropy [30]. Moreover, the unitary evolution is
reversible. Since the Bell state (12) in the limit x → 0 is maximally entangled, states with 0 < x < 1 reached from the
Bell state via successive local unitary transformations are also maximally entangled. Note that if csl evolves in the
most general way via six-dimensional unitary matrices W , the evolution modifies the entanglement entropy between
the two subsystems. Presumably this is what happens in the quark sector.

The above observation is sufficient to determine the vector (a1, a0, a−1). It follows from (17) that

2|a1|2 + |a0|2 =
1 + fg(x)

2
≡ ϵ. (27)

We parameterize the solution as

a1 = eiχ
′

√
1− κ

2
ϵ, a0 = eiχ

√
κϵ, a−1 =

√
1

2
− 1 + κ

2
ϵ, (28)
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where 0 < κ < 1. To maximize the entropy S, we require

0 = a20 − 2a1a−1 = e2iχκϵ− 2eiχ
′

√
1− κ

2
ϵ

(
1

2
− 1 + κ

2
ϵ

)
(29)

This is satisfied if χ′ = 2χ and

κ = 1− ϵ, (30)

so that

a1 = e2iχ
ϵ√
2
, a0 = eiχ

√
(1− ϵ)ϵ, a−1 =

1− ϵ√
2

. (31)

We thus obtain

P (1|+) = P (−1|−) =
ϵ2

2
,

P (0|+) = P (0|−) = (1− ϵ)ϵ, (32)

P (−1|+) = P (1|−) =
(1− ϵ)2

2
.

Moreover, from (25) and (31) we can determine the unitary matrix U up to a phase a1
a0
a−1

 = eiθ

 1− ϵ eiχ
√
2ϵ(1− ϵ) e2iχϵ

−e−iχ
√
2ϵ(1− ϵ) 1− 2ϵ eiχ

√
2ϵ(1− ϵ)

e−2iχϵ −e−iχ
√

2ϵ(1− ϵ) 1− ϵ

 0
0
1√
2

 . (33)

The Bell states (12) are recovered in the limit ϵ → 0, while the limit ϵ → 1 corresponds to the other two Bell states

|Φ⟩ → |Ψ±⟩ =
1√
2

(
|+⟩|1⟩ ± |−⟩| − 1⟩

)
. (34)

In general, when 0 < ϵ < 1, we have a maximally entangled state between a qubit and a qutrit. Introducing the ‘time’
variable t

1− 2ϵ = −fg(x) ≡ cos t, (35)

we can write

U =


1+cos t

2 eiχ sin t√
2

e2iχ 1−cos t
2

−e−iχ sin t√
2

cos t eiχ sin t√
2

e−2iχ 1−cos t
2 −e−iχ sin t√

2
1+cos t

2

 ≡ e−iHt, (36)

where

H =
i√
2

 0 eiχ 0
−e−iχ 0 eiχ

0 −e−iχ 0


=

i√
2

{
eiχ|1⟩⟨0| − e−iχ|−1⟩⟨0| − e−iχ|0⟩⟨1|+ eiχ|0⟩⟨−1|

}
(37)

is the Hamiltonian which acts on the qutrit and generates the unitary evolution. It is worth noting that, for a choice
of χ = 0, the Hamiltonian is a generator of rotations, −Ly, and the evolution therefore is a rotation Ry(−t).

IV. NUMERICAL RESULTS

We finally come to the functions fq,g(x). They are defined as the quark and gluon spin-orbit correlations Cq,g(x)
divided by the number of partons

fq(x) =
2Cq(x)

q(x)
, fg(x) =

Cg(x)

g(x)
, (38)
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FIG. 1. Conditional probability distributions for the truncated number of orbital angular momentum states given the spin
state is |+⟩. The sum of the three curves is normalized to 1

2
.

where q(x) and g(x) are the unpolarized quark and gluon parton distribution functions (PDFs). The factor of 2 is
conventional, see (7). Focusing on the gluon case, we approximate it as [28, 31]

Cg(x) ≈ −2x

∫ 1

x

dz

z2
g(z), (39)

The complete, exact QCD formula includes the polarized gluon PDF and the so-called genuine twist-three distributions
(the correlation functions of three gluon fields ⟨FFF ⟩), see [28].
When x ≪ 1, the unpolarized PDF shows the Regge behavior

g(x) ∝ 1

x1+λ
, (40)

with λ ≪ 1. Inserting this into (39), we find

Cg(x) ≈ − 2

2 + λ
g(x), fg(x) ≈ − 2

2 + λ
≈ −1, (41)

as already mentioned in (11). For generic values of x, we use the CT18 NLO gluon PDF [32] (with the help of [33])
at the renormalization scale Q2 = 10 GeV2 to evaluate fg(x). Fig. 1 shows

P (1|+) =
(1 + fg(x))

2

8
, P (0|+) =

1− f2
g (x)

4
, P (−1|+) =

(1− fg(x))
2

8
, (42)

as a function of x. Errors in the PDF have been neglected in this exploratory study. However, we anticipate that
they will partly cancel in the ratio (38). In the present approximation (39), −1 < fg(x) < 0, or 0 < ϵ < 1

2 . This
means that the other two Bell states (34) are not realized in QCD, unless fg(x) flips signs in the large-x region after
including the polarized gluon PDF and the genuine twist-three corrections to (39) [28].

Since λ is small but nonzero in QCD, there is a small deviation from the Bell states P (0|+) ̸= 0 even in the x → 0
limit. Typically, 0.1 < λ < 0.3, and within this range λ is an increasing function of the renormalization scale Q [34].
Thus the deviation also increases with Q. Turning to the large-x region 0.5 < x < 1, we see that gluons tend to have
lz = 0. This is reasonable because these energetic gluons carry the majority of the proton momentum, which implies
that their energy is primarily used as linear (rather than angular) momentum. As x → 1, fg(x) vanishes linearly
fg(x) ∝ 1 − x. This is a consequence of the standard parameterization g(x) ∝ (1 − x)α with α > 0. Accordingly,
P (1|+) ≈ P (−1|+) ≈ 1

8 and P (0|+) ≈ 1
4 when x ≈ 1.
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V. CONCLUSIONS

In this paper we have proposed an unconventional description of gluons in an unpolarized/spinless hadron as max-
imally entangled states between a qubit and a qutrit representing the spin and OAM spaces, respectively. In the
x → 0 limit, the qutrit reduces to a qubit, and the Bell states [18] are recovered. The present work is therefore
the generalization of [18] to arbitrary values of x. Our quantum mechanical description naturally lead to the condi-
tional probability distributions P (lz|sz). Such probabilities may be properly formulated and implemented in realistic
wavefunction-based approaches to hadron structure such as the light-front approach [35, 36]. We have shown that P
can be essentially computed using the machinery of quantum information science, and the only dynamical input from
QCD is the gluon spin-orbit correlation Cg(x) which can be extracted from high energy experiments [31, 37, 38]. It
remains to be seen whether P can be directly connected to experimental observables.
We have found that each gluon has entanglement entropy ln 2 irrespective of the value of x. Since different gluons

do not interact to first approximation, the density matrix in the space of many gluons is block diagonal. Consequently,
the total entropy of gluons per rapidity y = ln 1

x and in a transverse area A⊥ is given by

dS(x)

d ln 1
x

= ln 2
A⊥

πR2
x g(x), (43)

where R is the proton radius. In Deep Inelastic Scattering with photon virtuality Q2, we may take A⊥ ∼ 1/Q2. It
is interesting to notice that (43) parameterically agrees with the results in [4, 6, 8, 15] although the definitions of
entropy are rather different. At small-x, the formula predicts a rapid rise 1/xλ of the entropy with decreasing x. We
however emphasize that (43) is not limited to the small-x region.
There are a number of directions for future research:

• The present result is limited by the assumption |lz| ≤ 1. Inclusion of higher |lz| values enlarges the Hilbert space
of OAM and poses technical challenges. For example, when |lz| ≤ 2, the Hilbert space becomes five-dimensional
and the resulting qubit-qudit system becomes ten-dimensional. The factorization W = U ⊗ V still holds and
the entanglement entropy is still maximal, but U is now a 5×5 matrix which is difficult to constrain. Note that
the 3×3 solution is also a solution of the 5×5 problem, but there may be other branches of solutions.

• Another challenge is the quark sector. That quarks are also in the Bell state (12) in the x → 0 limit appears
to be a consequence of the fact that small-x quarks are predominantly generated by the branching of small-x
gluons g → qq̄ [18]. Quarks are entangled because the parent gluons are entangled. The same reasoning does not
hold in the large-x region dominated by the pre-existing valence quarks. Interestingly, in the present quantum
mechanical treatment, this difference between quarks and gluons has manifested as one between fermions and
bosons. For fermions, Kramers degeneracy does not allow for a simple relation between al and bl. Presumably,
the entanglement entropy of quarks starts out low when x ∼ 1 and increases toward ln 2 as x is decreased. This
remains to be carefully investigated.

• If the proton is longitudinally polarized, (6) should be replaced by

⟨Φ|sz|Φ⟩ = ∆g(x)

g(x)
, ⟨Φ|lz|Φ⟩ = Lg(x)

g(x)
, (44)

where ∆g(x) is the gluon helicity PDF and Lg(x) is the gluon OAM distribution [39]. For consistency an
additional term should be included in (39)

Cg(x) ≈ −2x

∫ 1

x

dz

z2
g(z) + x

∫ 1

x

dz

z
∆g(z), (45)

still neglecting the genuine twist-three terms [28]. Since the added term is suppressed when x ≪ 1 [31], we still
have the Bell states in the small-x limit. However, (15) no longer holds and this suggests that the generic states
0 < x < 1 are not maximally entangled even for gluons. Additional dynamical inputs from QCD may be needed
to fully determine the quantum state.

• Finally, in this paper we have considered the quantum state of individual gluons, neglecting possible correlations
between the spin and OAM of different gluons as encoded, for example, in double parton distributions. In
a quantum mechanical treatment, such higher order correlations may be described by a residual interaction
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FIG. 2. A circuit diagram of a trotterization of evolution operator correspond to the total Hamiltonian (46). Thin lines
represent qubits which evolve with (26). Thick lines represent qutrits which evolve with (37). The phases θ, χ are unobservable
and set to zero for simplicity, leaving the action of (26) on the qubits to be trivial.

Hamiltonian Hint acting on pairs of gluons. One can then consider the evolution of a system of many gluons
with the total Hamiltonian

Htot =
∑
i

Hi +
∑
ij

Hij
int, (46)

where Hi is the one-body Hamiltonian consisting of (26) and (37) for the i-th gluon.

Whether or not this evolution can be treated analytically is an open question, but should the need for simulation
arise, classical computing methods will eventually struggle to be a viable method. Quantum computing is well
suited to treat unitary evolution in quantum systems since the Hilbert space accessible scales exponentially with
the amount of resources, and gates are naturally unitary operators. Specifically, hybrid quantum computers
hold promise for directly simulating the spin-OAM Hilbert spaces using qubits and qutrits/qudits/qumodes.
Indeed, the problem (46) is similar to other systems that map the dynamical variables to qubit-qudit/qumode
entangled states, such as those recently studied in [40] [41] [42] on hybrid quantum computers. Motivated by
this analogy, we draw in Fig. 2 a schematic circuit diagram for three gluons with unspecified inter-gluon gates
representing the interaction Hint. However, this is an oversimplified picture especially because in reality the
number of gluons is not a constant in ‘time’ (see (35)). It remains to be seen whether the further developments
in QIS will prove beneficial for QCD parton physics.
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