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 Abstract—This article proposes a new pulse-width modulation 
(PWM) scheme that reduces common-mode (CM) voltage and 
switching losses simultaneously in CSI. The proposed PWM (i.e., 
reduced voltages PWM: RVM) reduces CM voltages and 
switching losses by selecting the optimal zero current vector and 
PWM sequence based on the CSI output voltage conditions. This 
article also proves the proposed RVM achieves both objectives 
(i.e., reduced CM voltage and switching losses) simultaneously 
for all CSI operating conditions without compromising the other 
objective. The proposed RVM inherently achieves zero-voltage 
switching conditions during the zero current vector transitions, 
further reducing the switching losses. Experimental results 
demonstrate significant reductions in CM voltage, reaching up to 
approximately 95%, accompanied by an increase of up to about 
5.5% in CSI efficiency across a wide operating range compared 
to alternative PWM methods, confirming the predicted 
advantages of the proposed RVM.  
 
Index Terms—common-mode voltage, current source inverter, 
pulse-width modulation, switching losses 

I. INTRODUCTION 
UREENT source inverters (CSIs) are gaining more 
attention due to their appealing advantages, including 
their voltage boost characteristics, benign response to 
short-circuit faults, and high-quality output waveforms 

[1], [2]. Furthermore, the high switching frequency enabled by 
the wideband gap (WBG) devices substantially reduces the 
size of the passive components (e.g., dc-link inductors and 
output filter capacitors) in CSI, making CSI attractive for a 
wide range of applications such as electric vehicles and 
aerospace [1]. However, the increased switching frequency of 
CSI increases switching losses. Also, CSI have common-mode 
(CM) resonance between the dc-link inductor and the output 
filter capacitors excited by the CSI’s CM voltage 𝑣𝑣𝐶𝐶𝐶𝐶  in low- 
to medium- frequency range below the CSI’s switching 
frequency [3], [4]. The CM resonance causes circulating 
current, additional losses in CSI, and premature magnetic 
saturation of the dc-link inductor [5]. Therefore, it is necessary 
to develop strategies to reduce switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  in 
the low- to medium- frequency simultaneously for CSIs. 
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Numerous strategies have been reported to reduce 
switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  in CSIs. The first strategy is 
modifying CSI topologies. Examples of this strategy include 
the H7-CSI [6], CSI with resonant dc-link [7], [8], and four-
leg CSI topologies [9]. However, these hardware-based 
methods can increase the volume and cost of the system.  

An alternative approach is to utilize advanced pulse-width 
modulation (PWM) algorithms to either reduce the switching 
losses or 𝑣𝑣𝐶𝐶𝐶𝐶 . The fundamental idea of switching loss 
reduction for current-sourced topologies is minimizing the 
switching voltage 𝑣𝑣𝑠𝑠𝑠𝑠  (or voltage stress) by utilizing an 
additional zero state provided by the freewheeling diode in 
current source rectifiers (CSR) [10], [11], or modifying 
PWM’s sequence [12], [13], [14]. However, the additional 
freewheeling diode is unavailable in CSIs, and changing 
PWM’s sequence can increase CM noise [15]. Furthermore, 
most research focuses on developing PWMs suitable for high 
power factor conditions (e.g., >0.866: phase angle difference 
between CSI output current and voltage is less than 30o , [12]).  

On the other hand, the CSI’s 𝑣𝑣𝐶𝐶𝐶𝐶  in the low- to medium-
frequency range can be reduced by replacing the zero current 
vector with active current vectors [16], [17], [18]. Strategies 
using virtual vectors [4] or non-adjacent active current vectors 
[19] are also presented. However, these PWM schemes have 
limited modulation indices, hampering their acceptance for 
broad applications. Another approach to minimize CSI’s 𝑣𝑣𝐶𝐶𝐶𝐶  
is selecting the optimal zero current vectors [5], [20], [21]. 
These PWMs with optimal zero current vectors can be used 
for full modulation index, making them a popular 𝑣𝑣𝐶𝐶𝐶𝐶  
minimization solution [4]. However, these PWM methods 
assume high power factor operation of CSI and only focus on 
minimizing CSI’s 𝑣𝑣𝐶𝐶𝐶𝐶  which can degrade other CSI’s 
performance metrics such as switching losses and current 
harmonics. Recently, Ming et al. proposed a direct carrier-
based PWM (DCM) that reduces both 𝑣𝑣𝐶𝐶𝐶𝐶  and high-order 
current harmonics, simultaneously [22]. Nevertheless, there is 
limited research on advanced PWM methods for CSI that 
simultaneously reduce switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  in the low- 
to medium- frequency for all operating conditions of CSI. 
Given the limitations of past work, there is a need for PWM 
algorithms that 1) simultaneously reduce CSI’s switching 
losses and 𝑣𝑣𝐶𝐶𝐶𝐶  in low- to medium- frequency for 2) a wide 
operating conditions of CSI including low power factors. 

This article proposes a new PWM algorithm named 
reduced voltages PWM (RVM) where CSI’s “switching 
voltage” 𝑣𝑣𝑠𝑠𝑠𝑠  and CM voltage 𝑣𝑣𝐶𝐶𝐶𝐶  in the low- to medium- 
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frequency range are reduced simultaneously, minimizing the 
switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  in CSIs for a wide range of 
operating conditions. The switching voltage reduction leads to 
the CSI’s switching loss reduction. The proposed RVM 
algorithm also has zero-voltage switching (ZVS) during the 
zero current vector transitions, reducing the hard-switching 
losses and contributing to higher CSI efficiency. The 
contributions of this article beyond the work presented in [24] 
are as follows: 
1) This article mathematically proves that the proposed RVM 

achieves both objectives (i.e., minimum switching losses 
and 𝑣𝑣𝐶𝐶𝐶𝐶 ) without compromising each other for all CSI’s 
operating conditions.  

2) A new flow chart for implementing the proposed RVM 
algorithm is presented. This new flow chart has fewer 
voltage comparison operations than the one shown in [24].  

3) This article analytically proves that the proposed RVM has 
lower switching losses than the conventional PWM for all 
CSI power factor angles ranging from −π to π, validating 
that the proposed RVM is effective for the full range of 
power factors. Also, it is shown that the proposed RVM is 
effective regardless of CSI’s operating conditions, such as 
the modulation indices, output voltage, and dc-link current.  

4) The superior 𝑣𝑣𝐶𝐶𝐶𝐶  and switching loss reduction 
performance of the proposed RVM, including ZVS during 
the zero current vector transitions, are experimentally 
verified and compared to other PWM methods. In addition, 
the total harmonic distortion (THD)s of the measured load 
currents are compared, showing that the proposed RVM 
does not sacrifice THD compared to other PWM methods. 
The sections of this article are given as follows. Section II 

shows the 𝑣𝑣𝐶𝐶𝐶𝐶  and switching loss reduction mechanism in the 
proposed RVM. Section III proposes a new implementation 
algorithm (i.e., flow chart) selecting the optimal PWM options 
(simultaneously minimizing switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶 ) for the 
proposed RVM. Section IV shows the ZVS nature of the 
proposed RVM during zero current vector transitions, while 
Section V analytically proves that the proposed RVM has 
lower switching loss than the conventional PWM for all CSI 
power factor angles ranging from −π  to π . Section VI 
provides experimental validation of the proposed RVM’s 
performance and its comparison to other PWM methods, while 
Section VII concludes the article. 

II. CM VOLTAGE AND SWITCHING LOSS MINIMIZATION 
STRATEGIES OF PROPOSED RVM 

This section discusses the strategies used to reduce 𝑣𝑣𝐶𝐶𝐶𝐶  
and switching losses in the proposed RVM. The proposed 
RVM minimizes 𝑣𝑣𝐶𝐶𝐶𝐶  by selecting the optimal zero current 
vector and minimizes switching losses by choosing the 
optimal PWM sequence. 

The baseline three-phase CSI connected to output filter 
capacitors 𝐶𝐶𝑓𝑓  and load is shown in Fig. 1(a). Currents 𝑖𝑖𝑑𝑑𝑑𝑑, 𝑖𝑖𝑥𝑥𝑥𝑥, 

𝑖𝑖𝑥𝑥𝑥𝑥, and voltage 𝑣𝑣𝑥𝑥𝑥𝑥 in Fig. 1(a) are the dc-link current, CSI 
output current, load current, and CSI output voltage, 
respectively, where 𝑥𝑥 denotes the phase (𝑥𝑥 = a, b, c). Each 
MOSFET 𝑄𝑄𝑦𝑦  (𝑦𝑦 = 1 to 6) is connected in series with a diode 
𝐷𝐷𝑦𝑦 to form reverse voltage blocking and unidirectional current 
conducting switch 𝑆𝑆𝑦𝑦, as shown in Fig. 1(a). 

The three-phase CSI’s output current’s fundamental 
components for phase-𝑥𝑥 (𝑥𝑥=a, b, c) are denoted as 𝑖𝑖𝑥𝑥𝑥𝑥,1 and 
are given by   

 
⎩�
⎨
�⎧

𝑖𝑖𝑎𝑎𝑎𝑎,1 = 𝑖𝑖𝑑𝑑𝑑𝑑 ⋅ 𝑚𝑚 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡)        
𝑖𝑖𝑏𝑏𝑏𝑏,1 = 𝑖𝑖𝑑𝑑𝑑𝑑 ⋅ 𝑚𝑚 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 − 2𝜋𝜋/3)
𝑖𝑖𝑐𝑐𝑐𝑐,1 = 𝑖𝑖𝑑𝑑𝑑𝑑 ⋅ 𝑚𝑚 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 + 2𝜋𝜋/3)

 (1) 

where 𝜔𝜔𝑒𝑒  is the fundamental frequency and 𝑚𝑚  is the 
modulation index defined as 𝑚𝑚 = 𝐼𝐼𝑘𝑘,1/𝑖𝑖𝑑𝑑𝑑𝑑  where 𝐼𝐼𝑘𝑘,1  is the 
amplitude of 𝑖𝑖𝑥𝑥𝑥𝑥,1. The CSI’s output voltages are given by  

 
⎩�
⎨
�⎧ 𝑣𝑣𝑎𝑎𝑎𝑎 = 𝑉𝑉𝑠𝑠 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 + 𝜙𝜙)        

𝑣𝑣𝑏𝑏𝑏𝑏 = 𝑉𝑉𝑠𝑠 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 − 2𝜋𝜋/3 + 𝜙𝜙)
𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑉𝑉𝑠𝑠 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 + 2𝜋𝜋/3 + 𝜙𝜙)

 (2) 

where 𝑉𝑉𝑠𝑠 is the magnitude of the phase-to-neutral voltage, and 
𝜙𝜙 is the power factor angle between 𝑣𝑣𝑥𝑥𝑥𝑥 and 𝑖𝑖𝑥𝑥𝑥𝑥,1 (𝑥𝑥=a, b, c). 
The line-to-line voltages derived from (2) are given by 

 
⎩�
⎨
�⎧𝑣𝑣𝑎𝑎𝑎𝑎 = 𝑉𝑉𝐿𝐿𝐿𝐿 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 + 𝜋𝜋/6 + 𝜙𝜙)        

𝑣𝑣𝑏𝑏𝑏𝑏 = 𝑉𝑉𝐿𝐿𝐿𝐿 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 − 3𝜋𝜋/6 + 𝜙𝜙)       
𝑣𝑣𝑐𝑐𝑐𝑐 = 𝑉𝑉𝐿𝐿𝐿𝐿 ⋅ cos(𝜔𝜔𝑒𝑒𝑡𝑡 + 5𝜋𝜋/6 + 𝜙𝜙)       

 (3) 

where 𝑉𝑉𝐿𝐿𝐿𝐿 =
√

3 ⋅ 𝑉𝑉𝑠𝑠 is the line-to-line voltage magnitude. 
The current space vectors for the CSI are shown in Fig. 2, 

where 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
∗  is the reference current vector being synthesized. 

The vectors 𝐼𝐼1 to 𝐼𝐼6 are the CSI’s active current vectors that 
generate the attainable CSI current outputs. The gate control 
signals 𝑠𝑠𝑦𝑦 (𝑦𝑦=1 to 6) in the bracket shown in Fig. 2 denotes 
that the switch 𝑆𝑆𝑦𝑦  is in the on-state. When the reference 
current vector 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

∗  is in Sector I, 𝐼𝐼𝑛𝑛 = 𝐼𝐼1 and 𝐼𝐼𝑛𝑛+1 = 𝐼𝐼2  are 

 
(a) 

 
(b) 

Fig. 1. Baseline three-phase CSI with output filter capacitors  
𝐶𝐶𝑓𝑓  and load. (a) circuit schematic. (b) CM equivalent circuit of CSI.   
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the two active vectors where 𝑛𝑛 is the sector number, as shown 
in Fig. 3. On the other hand, 𝐼𝐼𝑎𝑎𝑎𝑎 , 𝐼𝐼𝑏𝑏𝑏𝑏 , and 𝐼𝐼𝑐𝑐𝑐𝑐  are the three 
types of zero current vectors used as the zero current vector 
𝐼𝐼𝑧𝑧. The zero current vector 𝐼𝐼𝑎𝑎𝑎𝑎 corresponds to the switching 
state where all switches in the 𝑎𝑎-phase (i.e., 𝑆𝑆1, and 𝑆𝑆4) are in 
the on-state while the other switches are in the off-state, as 
shown in Fig. 3. Similarly, 𝑆𝑆3 and 𝑆𝑆6 are in the on-state for 
𝐼𝐼𝑏𝑏𝑏𝑏, while 𝑆𝑆5  and 𝑆𝑆2 are in the on-state for 𝐼𝐼𝑐𝑐𝑐𝑐 , as shown in 
Fig. 3. These current vectors (and the switching states of CSI) 
synthesize 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

∗ , as shown in Fig. 2 and Fig. 3.  

A. Minimization of CSI CM Voltage with Optimal Zero 
Current Vector Selection 

The proposed RVM reduces 𝑣𝑣𝐶𝐶𝐶𝐶  by selecting the optimal 
type of 𝐼𝐼𝑧𝑧  that minimizes the amplitude of 𝑣𝑣𝐶𝐶𝐶𝐶  during the 
interval of 𝐼𝐼𝑧𝑧. The type of 𝐼𝐼𝑧𝑧 is an extra degree of freedom for 
a PWM algorithm. For example, in PWM seq. A (see top of 
Fig. 4(a)), the type of active current vectors 𝐼𝐼𝑛𝑛 and 𝐼𝐼𝑛𝑛+1 are 
determined by the sector number 𝑛𝑛. However the zero current 
vector 𝐼𝐼𝑧𝑧  can be one of the three (i.e., 𝐼𝐼𝑎𝑎𝑎𝑎 , 𝐼𝐼𝑏𝑏𝑏𝑏 , and 𝐼𝐼𝑐𝑐𝑐𝑐 ), 
leading to three PWM options (i.e., Aaa, Abb, and Acc), as 
shown in Fig. 4(a). The RVM used these options to minimize 
𝑣𝑣𝐶𝐶𝐶𝐶 . The following first shows the definition of 𝑣𝑣𝐶𝐶𝐶𝐶  in CSI. 

The CM equivalent circuit of the CSI system is shown in 
Fig. 1(b), where the CM dc-link inductance is given by  

 𝐿𝐿𝐶𝐶𝐶𝐶 =
𝐿𝐿𝑑𝑑𝑑𝑑1𝐿𝐿𝑑𝑑𝑑𝑑2

𝐿𝐿𝑑𝑑𝑑𝑑1 + 𝐿𝐿𝑑𝑑𝑑𝑑2
 (4) 

and 𝑣𝑣𝐶𝐶𝐶𝐶  is given by 

 𝑣𝑣𝐶𝐶𝐶𝐶 =
𝑣𝑣𝑝𝑝𝑝𝑝 + 𝑣𝑣𝑛𝑛𝑛𝑛

2
+

(𝐿𝐿𝑑𝑑𝑑𝑑2 − 𝐿𝐿𝑑𝑑𝑑𝑑1)�𝑣𝑣𝑝𝑝𝑝𝑝 − 𝑣𝑣𝑛𝑛𝑛𝑛�
2(𝐿𝐿𝑑𝑑𝑑𝑑1 + 𝐿𝐿𝑑𝑑𝑑𝑑2)

 (5) 

where 𝑣𝑣𝑝𝑝𝑝𝑝 and 𝑣𝑣𝑛𝑛𝑛𝑛 are the voltages at the positive and negative 
rail of CSI, while 𝐿𝐿𝑑𝑑𝑑𝑑1 and 𝐿𝐿𝑑𝑑𝑑𝑑2 are the dc-link inductors on 
the positive and negative rail, respectively, as shown in Fig. 
1(a) [18]. The CM current 𝑖𝑖𝐶𝐶𝐶𝐶  is given by 

 𝑖𝑖𝐶𝐶𝐶𝐶 =
𝑣𝑣𝐶𝐶𝐶𝐶

𝑍𝑍1||𝑍𝑍2 + 𝑍𝑍𝑙𝑙𝑙𝑙 + 𝐿𝐿𝐶𝐶𝐶𝐶𝑠𝑠
 (6) 

where 𝑍𝑍1, 𝑍𝑍2, and 𝑍𝑍𝑔𝑔𝑔𝑔 are the parasitic impedances from the 
positive rail, negative rail, and the load to the ground, 
respectively, as shown in Fig. 1. These parasitic impedances 
and 𝐿𝐿𝐶𝐶𝐶𝐶 forms the path for 𝑖𝑖𝐶𝐶𝐶𝐶 , as shown in Fig. 1. 
Typically, 𝐿𝐿𝑑𝑑𝑑𝑑1 = 𝐿𝐿𝑑𝑑𝑑𝑑2 = 𝐿𝐿𝑑𝑑𝑑𝑑/2  is used to maximize 𝐿𝐿𝐶𝐶𝐶𝐶  
for a given total dc-link inductance 𝐿𝐿𝑑𝑑𝑑𝑑  [18]. This inductor 
configuration simplifies 𝑣𝑣𝐶𝐶𝐶𝐶  into [9], [23] 

 𝑣𝑣𝐶𝐶𝐶𝐶 =
𝑣𝑣𝑝𝑝𝑝𝑝 + 𝑣𝑣𝑛𝑛𝑛𝑛

2
 (7) 

which is the 𝑣𝑣𝐶𝐶𝐶𝐶  definition used throughout this article. 
Each CSI current vector (𝐼𝐼1 to 𝐼𝐼6, 𝐼𝐼𝑎𝑎𝑎𝑎, 𝐼𝐼𝑏𝑏𝑏𝑏, and 𝐼𝐼𝑐𝑐𝑐𝑐) has a 

𝑣𝑣𝐶𝐶𝐶𝐶  value based on one of the three-phase voltages (𝑣𝑣𝑎𝑎𝑎𝑎, 𝑣𝑣𝑏𝑏𝑏𝑏, 
𝑣𝑣𝑐𝑐𝑐𝑐), as shown in the parenthesis next to the current vectors in 

Fig. 2 [20]. For example, the value of 𝑣𝑣𝐶𝐶𝐶𝐶  is 𝑣𝑣𝑎𝑎𝑎𝑎  when the 
CSI is synthesizing 𝐼𝐼𝑎𝑎𝑎𝑎 . Thus, 𝑣𝑣𝐶𝐶𝐶𝐶  can be reduced by 
selecting 𝐼𝐼𝑧𝑧 with the lowest |𝑣𝑣𝐶𝐶𝐶𝐶|. 

In a conventional PWM (i.e., center symmetric PWM in 
[25]), the type of 𝐼𝐼𝑧𝑧 is predetermined by the sector number 𝑛𝑛 
to minimize the number of switching events within the PWM 
period 𝑇𝑇𝑠𝑠. For example, the PWM option Aaa (see Fig. 4(a)) is 
used when 𝑛𝑛 =1. The proposed RVM reduces 𝑣𝑣𝐶𝐶𝐶𝐶  by 
selecting the optimal type of 𝐼𝐼𝑧𝑧 that minimizes |𝑣𝑣𝐶𝐶𝐶𝐶| during 
the interval of 𝐼𝐼𝑧𝑧.  

The impact of changing 𝐼𝐼𝑧𝑧 on 𝑣𝑣𝐶𝐶𝐶𝐶  is demonstrated in Fig. 
5. The peak-to-peak 𝑣𝑣𝐶𝐶𝐶𝐶  using the conventional PWM is 
473.4 V while that of the proposed RVM algorithm is 259.2 
V, which is about a 45.2% reduction of the 𝑣𝑣𝐶𝐶𝐶𝐶  peak-to-peak 
value. This example illustrates that selecting 𝐼𝐼𝑧𝑧  with the 
minimum |𝑣𝑣𝐶𝐶𝐶𝐶|  can dramatically reduce 𝑣𝑣𝐶𝐶𝐶𝐶 . Thus, the 
proposed RVM algorithm minimizes 𝑣𝑣𝐶𝐶𝐶𝐶  by selecting the 
type of 𝐼𝐼𝑧𝑧 with minimum |𝑣𝑣𝐶𝐶𝐶𝐶|. 

B. Minimization of Switching Losses with Optimal PWM 
Sequence 

In addition to |𝑣𝑣𝐶𝐶𝐶𝐶| reduction, the proposed RVM reduces 
switching losses by changing the type of PWM sequence (i.e., 
PWM seq. A and seq. B in Fig. 4). This section first models 

 
Fig. 2. Current space vectors and associated 𝑣𝑣𝐶𝐶𝐶𝐶  in parentheses. 
 

 
Fig. 3. Current vectors and their CSI switching states for synthesizing 
reference current vector 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

∗  in Sector I. 
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the switching energy 𝐸𝐸𝑠𝑠𝑠𝑠 and shows that 𝐸𝐸𝑠𝑠𝑠𝑠 are reduced by 
reducing the “switching voltage” 𝑣𝑣𝑠𝑠𝑠𝑠. Next, this section shows 
that PWM sequence A and B have different 𝐸𝐸𝑠𝑠𝑠𝑠  (and 𝑣𝑣𝑠𝑠𝑠𝑠 ), 
and optimal PWM seq. can be selected to minimize 𝐸𝐸𝑠𝑠𝑠𝑠 (and 
𝑣𝑣𝑠𝑠𝑠𝑠). This section assumes that the reference current vector 
𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
∗  is in Sector I. The same analysis can be expanded for 

other sectors, and the conclusion drawn from Sector I in this 
section is general to all other sectors. 

The dissipated switching energy 𝐸𝐸𝑠𝑠𝑠𝑠  in individual 
switching devices is given by [26] 

 𝐸𝐸𝑠𝑠𝑠𝑠 = 𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅
|𝑣𝑣𝑠𝑠𝑠𝑠| ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
 (8) 

where 𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 , 𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜, and  𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜 are the reference values of the 
switching energy, line-to-line voltage across the switching 
device at the switching instant, and the dc-link current, 
respectively, while 𝑣𝑣𝑠𝑠𝑠𝑠  and 𝑖𝑖𝑑𝑑𝑑𝑑  are the instantaneous line-to-
line voltage at which the device is switching and the dc-link 
current, respectively. The reference switching energy 𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 is 
given by  

 𝐸𝐸𝑠𝑠𝑠𝑠,o = 𝐸𝐸𝑠𝑠𝑠𝑠,ON,o + 𝐸𝐸𝑠𝑠𝑠𝑠,OFF,o (9) 
where 𝐸𝐸𝑠𝑠𝑠𝑠,ON,𝑜𝑜  is the reference turn-on switching energy 
while 𝐸𝐸𝑠𝑠𝑠𝑠,OFF,𝑜𝑜  is the reference turn-off switching energy 
[26]. Thus, 𝐸𝐸𝑠𝑠𝑠𝑠 includes both turn-on and turn-off energy.  

The reference values 𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜, 𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜, and 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜 are switching 
device’s characteristics while 𝑖𝑖𝑑𝑑𝑑𝑑  typically remains constant 
throughout the CSI’s operation. Thus, 𝐸𝐸𝑠𝑠𝑠𝑠 can be reduced by 
reducing |𝑣𝑣𝑠𝑠𝑠𝑠|  (see (8)) when the device is switching [13], 

[26]. The proposed RVM algorithm minimizes 𝐸𝐸𝑠𝑠𝑠𝑠  (and 
switching losses) by reducing the “switching voltage” 𝑣𝑣𝑠𝑠𝑠𝑠 
magnitude, enabled by selecting the optimal PWM sequence 
(either seq. A or B). 

Two types of PWM seq. (see top side of Fig. 4(a) for seq. 
A and Fig. 4(b) for seq. B) are the additional degree of 
freedom to improve the PWM’s performance. The change in 
the active current vector’s order (order of 𝐼𝐼𝑛𝑛  and 𝐼𝐼𝑛𝑛+1 ) in 
these PWM seq. does not influence the time-averaged current 
synthesized by the PWM, and both PWM seq. A and B can be 
used to synthesize 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

∗ .  
In Sector I, the two active current vectors 𝐼𝐼𝑛𝑛 = 𝐼𝐼1  and 

𝐼𝐼𝑛𝑛+1 = 𝐼𝐼2 are used in both PWM seq. A (see Fig. 4(a)) and 
seq. B (see Fig. 4(b)). Between 𝐼𝐼1 ↔ 𝐼𝐼2 switching, switch 𝑆𝑆2 
and 𝑆𝑆6  are involved in the switching transition. Assuming 
𝑣𝑣𝑏𝑏𝑏𝑏 > 0 , 𝑆𝑆6  experiences hard turn-off for 𝐼𝐼1 → 𝐼𝐼2  switching 
and hard turn-on for 𝐼𝐼2 → 𝐼𝐼1  switching. The switch 𝑆𝑆2 
experiences soft turn-on during 𝐼𝐼1 → 𝐼𝐼2  switching and soft 
turn-off during 𝐼𝐼2 → 𝐼𝐼1  switching. Once again, this line-to-
line voltage involved in switching events (e.g., 𝑣𝑣𝑏𝑏𝑏𝑏 ) is the 
“switching voltage” denoted as 𝑣𝑣𝑠𝑠𝑠𝑠  and are shown in Fig. 
4(a). These 𝐼𝐼1 ↔ 𝐼𝐼2  switching transitions are common in 
PWM seq. A and B, and does not change 𝐸𝐸𝑠𝑠𝑠𝑠 (and 𝑣𝑣𝑠𝑠𝑠𝑠).  

The 𝐸𝐸𝑠𝑠𝑠𝑠 (and 𝑣𝑣𝑠𝑠𝑠𝑠) reduction between PWM seq. A and B 
comes from the switching transitions between 𝐼𝐼𝑧𝑧  and active 
vectors. PWM seq. A has 𝐼𝐼𝑧𝑧 ↔ 𝐼𝐼𝑛𝑛  switching transition, as 
shown in Fig. 4(a). Assuming 𝑛𝑛 = 1 and PWM seq. A, the 

 
(a) 

 
(b) 

Fig. 4. PWM options with different PWM sequences and 𝐼𝐼𝑧𝑧 in Sector I 
(𝐼𝐼𝑛𝑛 = 𝐼𝐼1 , 𝐼𝐼𝑛𝑛+1 = 𝐼𝐼2 ). (a) PWM seq. A and associated PWM options 
(Aaa, Abb, and Acc) with different 𝐼𝐼𝑧𝑧. (b) PWM seq. B and associated 
PWM options (Baa, Bbb, and Bcc) with different 𝐼𝐼𝑧𝑧. 
 

 
(a) 

 
(b) 

Fig. 5. Comparison of predicted CSI CM voltage (i.e., 𝑣𝑣𝐶𝐶𝐶𝐶 ) with different 
PWM algorithms. (Simulation condition: CSI modulation index = 0.8, 
excitation freq. = 100 Hz, PWM freq. = 10kHz, load resistance 𝑅𝑅𝑠𝑠= 20 Ω, 
load inductance 𝐿𝐿𝑠𝑠 = 250µH). (a) conventional PWM algorithm. (b) 
proposed RVM algorithm incorporating optimal selection of the zero current 
vectors to minimize 𝑣𝑣𝐶𝐶𝐶𝐶  at all times. 
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switching voltage is 𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑎𝑎𝑎𝑎  between 𝐼𝐼𝑎𝑎𝑎𝑎 (or 𝐼𝐼𝑏𝑏𝑏𝑏 )↔ 𝐼𝐼1 , as 
shown in the PWM option Aaa and Abb in Fig. 4(a). 
However, between 𝐼𝐼𝑐𝑐𝑐𝑐 ↔ 𝐼𝐼1, there are 4 switches (i.e., 𝑆𝑆1, 𝑆𝑆5 
and 𝑆𝑆2 , 𝑆𝑆6 ) and two switching voltages (i.e., 𝑣𝑣𝑏𝑏𝑏𝑏  and 𝑣𝑣𝑐𝑐𝑐𝑐 ) 
involved in the switching event, as shown in the PWM option 
Acc in Fig. 4(a). Compared to 𝐼𝐼𝑎𝑎𝑎𝑎 (or 𝐼𝐼𝑏𝑏𝑏𝑏 ) ↔ 𝐼𝐼1  switching 
transition in PWM options Aaa and Abb, 𝐼𝐼𝑐𝑐𝑐𝑐 ↔ 𝐼𝐼1  in the 
PWM option Acc has twice more switching which may leads 
to higher 𝐸𝐸𝑠𝑠𝑠𝑠,  and switching losses. Therefore, the PWM 
option Acc is considered as a suboptimal option in the PWM 
seq. A, as shown in Fig. 4(a).  

The minimum switching loss during the PWM period 𝑇𝑇𝑠𝑠 
when 𝑛𝑛 = 1 is given by  

 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
⋅ (|𝑣𝑣𝑎𝑎𝑎𝑎| + |𝑣𝑣𝑏𝑏𝑏𝑏|) . (10) 

PWM options Aaa and Abb have 𝐸𝐸𝑠𝑠𝑠𝑠 = 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚. On the 
other hand, the total switching energy of the suboptimal PWM 
option Acc during 𝑇𝑇𝑠𝑠 is denoted as 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴𝐴𝐴𝐴𝐴 and given by 

 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴𝐴𝐴𝐴𝐴 =
𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
⋅ (2|𝑣𝑣𝑏𝑏𝑏𝑏| + |𝑣𝑣𝑐𝑐𝑐𝑐|) . (11) 

To show that the suboptimal PWM option Acc has a higher 
𝐸𝐸𝑠𝑠𝑠𝑠 than the other two (i.e., PWM options Aaa and Abb) for 
all CSI power factors 

 |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑏𝑏𝑏𝑏| + |𝑣𝑣𝑐𝑐𝑐𝑐| (12) 
should hold for all CSI power factors. Proof that (12) is true 
for all CSI power factors is provided in Appendix I, 
confirming that the suboptimal PWM option Acc always has 
higher switching energy than the PWM options in the PWM 
seq. A for all CSI power factor angles 𝜙𝜙 = −𝜋𝜋~𝜋𝜋. Thus, in 
Sector I, the optimal PWM option with PWM seq. A are Aaa 
or Abb. 

A similar argument is true for the PWM seq. B in Sector I. 
The switching between 𝐼𝐼𝑎𝑎𝑎𝑎(or 𝐼𝐼𝑐𝑐𝑐𝑐 )↔ 𝐼𝐼2  has 𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑐𝑐𝑐𝑐  while 
the switching between 𝐼𝐼𝑏𝑏𝑏𝑏 ↔ 𝐼𝐼2 involves both 𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑎𝑎𝑎𝑎  and 
𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑏𝑏𝑏𝑏 , increasing CSI’s switching frequency and 
switching losses, as shown in Fig. 4(b). The total 𝐸𝐸𝑠𝑠𝑠𝑠 of the 
PWM options Baa and Bcc with the minimum switching 
losses (denoted as 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚) is given by 

 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
⋅ (|𝑣𝑣𝑏𝑏𝑏𝑏| + |𝑣𝑣𝑐𝑐𝑐𝑐|) (13) 

and that of the suboptimal PWM option Bbb is given by 

 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵𝐵𝐵𝐵𝐵 =
𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
⋅ (|𝑣𝑣𝑎𝑎𝑎𝑎| + 2|𝑣𝑣𝑏𝑏𝑏𝑏|) (14) 

where 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵𝐵𝐵𝐵𝐵 is the total switching loss in CSI during 𝑇𝑇s in 
Sector I with the PWM option Bbb. Thus, PWM options Baa 
and Bcc have the minimum switching loss compared to the 
Bbb in Sector I. 

The minimum 𝐸𝐸𝑠𝑠𝑠𝑠  for the PWM seq. A is given by 
𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚 and that of the PWM seq. B is given by 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚. 
The optimal PWM seq. with the minimum switching loss is 

selected by comparing 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚  and 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚 . For 
example, when 𝑛𝑛 =1, 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚 < 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚  is true when 
|𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|  meaning that PWM seq. A can have lower 
switching energy than PWM seq. B. Thus, PWM seq. A with 
𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚 should be selected when |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|. PWM seq. 
B with 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚 should be selected when |𝑣𝑣𝑎𝑎𝑎𝑎| > |𝑣𝑣𝑐𝑐𝑐𝑐|. The 
same logic can be expanded to other sectors; the results are 
shown in Table I.  

The proposed RVM minimizes the switching losses by 
selecting the optimal PWM seq. with the minimum switching 
energy 𝐸𝐸𝑠𝑠𝑠𝑠, throughout CSI’s operation, similar to the work 
presented in [13]. However, the PWM shown in [13] has a 
power factor limit (>0.866), while the proposed RVM is 
effective for all power factor angles. 

III. PROPOSED RVM ALGORITHM WITH REDUCED SWITCHING 
LOSSES AND CSI CM VOLTAGE 

The previous section showed that the proposed RVM 
reduces 𝑣𝑣𝐶𝐶𝐶𝐶  by selecting 𝐼𝐼𝑧𝑧  with minimum |𝑣𝑣𝐶𝐶𝐶𝐶|  and 
reduces switching losses by selecting the PWM seq. with 
minimum 𝐸𝐸𝑠𝑠𝑠𝑠. This section proposes a new algorithm for the 
proposed RVM that selects the optimal PWM option (i.e., a 
combination of the optimal PWM seq. and 𝐼𝐼𝑧𝑧  type) that 

TABLE. I. OPTIMAL PWM OPTIONS WITH MINIMUM 𝑣𝑣𝐶𝐶𝐶𝐶  AND MINIMUM 
SWITCHING LOSSES IN DIFFERENT SECTORS UNDER DIFFERENT CSI OUTPUT 

VOLTAGE CONDITIONS FOR PROPOSED RVM ALGORITHM 

Sector I Switching loss minimization 
|𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| (seq. A) |𝑣𝑣𝑎𝑎𝑎𝑎| > |𝑣𝑣𝑐𝑐𝑐𝑐| (seq. B) 

Min 
𝑣𝑣𝐶𝐶𝐶𝐶  

|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎| 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼1 − 𝐼𝐼2 − 𝐼𝐼1 − 𝐼𝐼𝑎𝑎𝑎𝑎 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼2 − 𝐼𝐼1 − 𝐼𝐼2 − 𝐼𝐼𝑎𝑎𝑎𝑎 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼1 − 𝐼𝐼2 − 𝐼𝐼1 − 𝐼𝐼𝑏𝑏𝑏𝑏 condition does not exist 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| condition does not exist* 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼2 − 𝐼𝐼1 − 𝐼𝐼2 − 𝐼𝐼𝑐𝑐𝑐𝑐 

Sector II Switching loss minimization 
|𝑣𝑣𝑐𝑐𝑐𝑐| < |𝑣𝑣𝑏𝑏𝑏𝑏| (seq. A) |𝑣𝑣𝑐𝑐𝑐𝑐| > |𝑣𝑣𝑏𝑏𝑏𝑏| (seq. B) 

Min 
𝑣𝑣𝐶𝐶𝐶𝐶  

|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎| 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼2 − 𝐼𝐼3 − 𝐼𝐼2 − 𝐼𝐼𝑎𝑎𝑎𝑎 condition does not exist 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| condition does not exist 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼3 − 𝐼𝐼2 − 𝐼𝐼3 − 𝐼𝐼𝑏𝑏𝑏𝑏 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼2 − 𝐼𝐼3 − 𝐼𝐼2 − 𝐼𝐼𝑐𝑐𝑐𝑐 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼3 − 𝐼𝐼2 − 𝐼𝐼3 − 𝐼𝐼𝑐𝑐𝑐𝑐 

Sector III Switching loss minimization 
|𝑣𝑣𝑏𝑏𝑏𝑏| < |𝑣𝑣𝑎𝑎𝑎𝑎| (seq. A) |𝑣𝑣𝑏𝑏𝑏𝑏| > |𝑣𝑣𝑎𝑎𝑎𝑎| (seq. B) 

Min 
𝑣𝑣𝐶𝐶𝐶𝐶  

|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎| condition does not exist 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼4 − 𝐼𝐼3 − 𝐼𝐼4 − 𝐼𝐼𝑏𝑏𝑏𝑏 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼3 − 𝐼𝐼4 − 𝐼𝐼3 − 𝐼𝐼𝑏𝑏𝑏𝑏 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼4 − 𝐼𝐼3 − 𝐼𝐼4 − 𝐼𝐼𝑏𝑏𝑏𝑏 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼3 − 𝐼𝐼4 − 𝐼𝐼3 − 𝐼𝐼𝑐𝑐𝑐𝑐 condition does not exist 

Sector IV Switching loss minimization 
|𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| (seq. A) |𝑣𝑣𝑎𝑎𝑎𝑎| > |𝑣𝑣𝑐𝑐𝑐𝑐| (seq. B) 

Min 
𝑣𝑣𝐶𝐶𝐶𝐶  

|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎| 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼4 − 𝐼𝐼5 − 𝐼𝐼4 − 𝐼𝐼𝑎𝑎𝑎𝑎 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼5 − 𝐼𝐼4 − 𝐼𝐼3 − 𝐼𝐼𝑎𝑎𝑎𝑎 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼4 − 𝐼𝐼5 − 𝐼𝐼4 − 𝐼𝐼𝑏𝑏𝑏𝑏 condition does not exist 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| condition does not exist 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼5 − 𝐼𝐼4 − 𝐼𝐼3 − 𝐼𝐼𝑐𝑐𝑐𝑐 

Sector V Switching loss minimization 
|𝑣𝑣𝑐𝑐𝑐𝑐| < |𝑣𝑣𝑏𝑏𝑏𝑏| (seq. A) |𝑣𝑣𝑐𝑐𝑐𝑐| > |𝑣𝑣𝑏𝑏𝑏𝑏| (seq. B) 

Min 
𝑣𝑣𝐶𝐶𝐶𝐶  

|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎| 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼5 − 𝐼𝐼6 − 𝐼𝐼5 − 𝐼𝐼𝑎𝑎𝑎𝑎 condition does not exist 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| condition does not exist 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼6 − 𝐼𝐼5 − 𝐼𝐼6 − 𝐼𝐼𝑏𝑏𝑏𝑏 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼5 − 𝐼𝐼6 − 𝐼𝐼5 − 𝐼𝐼𝑐𝑐𝑐𝑐 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼6 − 𝐼𝐼5 − 𝐼𝐼6 − 𝐼𝐼𝑐𝑐𝑐𝑐 

Sector VI Switching loss minimization 
|𝑣𝑣𝑏𝑏𝑏𝑏| < |𝑣𝑣𝑎𝑎𝑎𝑎| (seq. A) |𝑣𝑣𝑏𝑏𝑏𝑏| > |𝑣𝑣𝑎𝑎𝑎𝑎| (seq. B) 

Min 
𝑣𝑣𝐶𝐶𝐶𝐶  

|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎| condition does not exist 𝐼𝐼𝑎𝑎𝑎𝑎 − 𝐼𝐼1 − 𝐼𝐼6 − 𝐼𝐼1 − 𝐼𝐼𝑎𝑎𝑎𝑎 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼6 − 𝐼𝐼1 − 𝐼𝐼6 − 𝐼𝐼𝑏𝑏𝑏𝑏 𝐼𝐼𝑏𝑏𝑏𝑏 − 𝐼𝐼1 − 𝐼𝐼6 − 𝐼𝐼1 − 𝐼𝐼𝑏𝑏𝑏𝑏 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| 𝐼𝐼𝑐𝑐𝑐𝑐 − 𝐼𝐼6 − 𝐼𝐼1 − 𝐼𝐼6 − 𝐼𝐼𝑐𝑐𝑐𝑐 condition does not exist 
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reduces the switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  simultaneously. Also, 
this section shows that the proposed PWM algorithm can 
simultaneously achieve both objectives (i.e., minimizing 
switching losses and reducing 𝑣𝑣𝐶𝐶𝐶𝐶 ) without compromising 
others for all CSI operating conditions.  

A. Proof of Simultaneously Minimizing Switching Losses and 
𝑣𝑣𝐶𝐶𝐶𝐶  in Proposed RVM 

The previous section showed that out of 6 PWM options 
(i.e., PWM options Aaa, Abb, Acc, Baa, Bbb, and Bcc), only 2 
options in PWM seq. A and 2 options in seq. B can achieve 
minimal switching losses. For example, PWM options Aaa, 
Abb (PWM seq. A), and Baa, Bcc (PWM seq. B) can achieve 
minimal switching losses in Sector I, as shown in Fig. 4. The 
other 2 PWM options (which are the PWM options Acc and 
Bbb for the case shown in Fig. 4) are suboptimal since they 
have higher switching losses within their PWM period and are 
disregarded (see (11) and (14)). This section shows that the 
optimal PWM option, minimizing switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  
simultaneously for all CSI operating conditions, can be found 
among these 4 PWM options identified in each sector, as 
shown in Table I.  

Assuming synthesizing 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
∗  in Sector I, for voltage 

condition |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|, both PWM options in seq. A (i.e., Aaa 
and Abb) achieve the same minimum switching loss since 
𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚 < 𝐸𝐸𝑠𝑠𝑠𝑠,𝐵𝐵,𝑚𝑚𝑚𝑚𝑚𝑚 (compare (10) and (13)). Since both 
PWM options Aaa and Abb have the minimum switching loss 
𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚, either one can be used to minimize 𝑣𝑣𝐶𝐶𝐶𝐶 . Thus, the 
PWM option Aaa can simultaneously minimize switching 
losses and 𝑣𝑣𝐶𝐶𝐶𝐶  for the voltage condition |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|  & 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑎𝑎𝑎𝑎|, as shown in Table I (|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 denotes the CSI 
output voltage with minimum magnitude). Such a PWM 
option with minimal 𝑣𝑣𝐶𝐶𝐶𝐶  and switching loss is denoted as the 
“optimal” PWM option in this manuscript. Likewise, the 
PWM option Abb is the optimal PWM option for the 
condition where |𝑣𝑣𝑎𝑎𝑏𝑏| < |𝑣𝑣𝑐𝑐𝑐𝑐|  & |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏|  where both 
switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  are minimized, as shown in Table I. 
However, there are no optimal PWM options available for the 
voltage condition |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|  & |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐|  (denoted as 
condition * in Table I) since one potential PWM option Acc is 

proven to be suboptimal (see Fig. 4(a)) due to the higher 
switching losses (i.e., 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚 < 𝐸𝐸𝑠𝑠𝑠𝑠,𝐴𝐴𝐴𝐴𝐴𝐴 ). Therefore, the 
minimum switching loss condition might be violated if such 
CSI voltage conditions (e.g., |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| & |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑐𝑐𝑐𝑐| : 
condition * in Table I) exist. Fortunately, it can be shown that 
such CSI output voltage conditions do not exist using Theorem 
1 and Lemma 1 for condition * in Table I. Theorem 1, and 
Lemma 1, and their proofs are available in Appendix II and III, 
respectively. 

Combining Theorem 1 and Lemma 1 for Sector I, it is clear 
that under |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|  condition, the case where |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑐𝑐𝑐𝑐 does not exist (which is the condition * in Table 
I). Likewise, it can be easily shown that the CSI’s output 
voltage condition satisfying |𝑣𝑣𝑎𝑎𝑎𝑎| > |𝑣𝑣𝑐𝑐𝑐𝑐| & |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑣𝑣𝑏𝑏𝑏𝑏 does not exist by following the proof for Theorem 1 and 
Lemma 1. This logic can be expanded to all other sectors, 
proving that 1 out of 4 PWM options can always minimize 
switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  simultaneously for each sector. 
Therefore, the proposed RVM utilizing the identified 4 PWM 
options in each sector can simultaneously reduce 𝑣𝑣𝐶𝐶𝐶𝐶  and 
switching losses.  

 B. New Optimal PWM Option Selection Algorithm of 
Proposed RVM 

 A flow chart for selecting the optimal PWM option for the 
proposed RVM algorithm is shown in Fig. 6. The inputs to the 
proposed RVM algorithm are the sector number 𝑛𝑛, measured 
CSI output voltages (𝑣𝑣𝑎𝑎𝑎𝑎, 𝑣𝑣𝑏𝑏𝑏𝑏, 𝑣𝑣𝑐𝑐𝑐𝑐), dwell time of 𝐼𝐼𝑛𝑛 (denoted 
as 𝑇𝑇𝑛𝑛), dwell time of  𝐼𝐼𝑛𝑛+1 (denoted as 𝑇𝑇𝑛𝑛+1), and dwell time 
of 𝐼𝐼𝑧𝑧, (denoted as 𝑇𝑇𝑧𝑧). The sector number 𝑛𝑛, and dwell times 
(𝑇𝑇𝑛𝑛, 𝑇𝑇𝑛𝑛+1, 𝑇𝑇𝑧𝑧) are calculated from 𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

∗  and 𝑖𝑖𝑑𝑑𝑑𝑑 [27]. 
The first step of the optimal PWM option selection 

algorithm for the proposed RVM algorithm is identifying the 
optimal PWM sequence (e.g., seq. A or B) with the minimum 
switching losses by comparing the magnitude of the line-to-
line voltages. The second step is identifying which CSI output 
voltage has the minimum magnitude |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 . Depending on 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚, the type of zero current vector 𝐼𝐼𝑧𝑧 = 𝐼𝐼𝑎𝑎𝑎𝑎, 𝐼𝐼𝑏𝑏𝑏𝑏 or 𝐼𝐼𝑐𝑐𝑐𝑐  is 
determined to minimize |𝑣𝑣𝐶𝐶𝐶𝐶|. The results of the new optimal 
PWM option selection algorithm for the proposed RVM 

 
Fig. 6. Flow chart of new optimal PWM option selection algorithm for proposed RVM. 
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algorithm are shown in Table I for different CSI output 
voltage conditions and different sector numbers 𝑛𝑛. It is clear 
from Table I that 4 PWM options in each sector can 
simultaneously minimize switching losses and 𝑣𝑣𝐶𝐶𝐶𝐶  for all 
CSI’s output voltage conditions.  

IV. ZERO-VOLTAGE SWITCHING DURING ZERO CURRENT 
VECTOR TRANSITION OF PROPOSED RVM 

This section shows that the proposed RVM algorithm also 
offers a natural zero-voltage switching (ZVS) feature during 
the 𝐼𝐼𝑧𝑧 transitions that further reduce the switching losses and 
the total number of hard-switched transitions throughout the 
fundamental period.   

A. Additional Switching Losses Between Different Zero 
Current Vectors in Conventional PWM of CSI 

In the conventional CSI PWM methods, no additional 
switching event occurs at the transition point between two 
consecutive PWM sequences as long as the reference current 
𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
∗  remains in the same sector for both PWM sequences, as 

shown in Fig. 7(a). Note that the switch 𝑆𝑆𝑦𝑦 is in the on-state 
when 𝑠𝑠𝑦𝑦= 1 and is in the off-state when 𝑠𝑠𝑦𝑦= 0. The symmetric 
nature of the conventional PWM enables this continuity 
between two PWM sequences within the same sector, as 
shown in Fig. 7(a). However, during the sector transitions 

(e.g., from Sector I to Sector II), the continuity between the 
PWM sequences no longer applies due to the transition 
between two zero current vectors (i.e., 𝐼𝐼𝑎𝑎𝑎𝑎 and 𝐼𝐼𝑐𝑐𝑐𝑐) resulting 
in additional switching events, as shown in Fig. 7 (b). These 
additional switching events between two different 𝐼𝐼𝑧𝑧  during 
sector changes are generally hard-switching, increasing the 
total switching losses in CSIs. For example, during the 𝐼𝐼𝑎𝑎𝑎𝑎 →
𝐼𝐼𝑐𝑐𝑐𝑐  switching transition, while 𝑣𝑣𝑎𝑎s > 𝑣𝑣𝑐𝑐𝑐𝑐 , MOSFETs 𝑄𝑄4  and 
𝑄𝑄5 experience hard-switching, as shown in Fig. 8(a). Note that 
𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑  and 𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑  in Fig. 8 are the drain to source voltage and 
current of 𝑄𝑄𝑡𝑡, where 𝑡𝑡 = 4 and 5. 

The additional 𝐸𝐸𝑠𝑠𝑠𝑠  in the 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐  transition (i.e., from 
Sector I to II) in the conventional PWM 𝐸𝐸𝑠𝑠𝑠𝑠,𝑎𝑎−𝑐𝑐  is given by  

 𝐸𝐸𝑠𝑠𝑠𝑠,𝑎𝑎−𝑐𝑐 =
𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
⋅ |𝑣𝑣𝑐𝑐𝑐𝑐| . (15) 

A similar expression can be derived for 𝐼𝐼𝑧𝑧 transitions in each 
of the different pairs of sectors. Thus, the conventional PWM 
has additional hard-switching losses between the transition of 
different 𝐼𝐼𝑧𝑧. 

B. Natural ZVS Feature Between Zero Current Vector 
Transitions in Proposed RVM 

The proposed RVM separates the transition between 𝐼𝐼𝑧𝑧 and 
transition between sectors. Since the root cause of additional 
switching losses during sector transition is the transition 
between two different 𝐼𝐼𝑧𝑧  (i.e., 𝐼𝐼𝑎𝑎𝑎𝑎 , 𝐼𝐼𝑏𝑏𝑏𝑏 , and 𝐼𝐼𝑐𝑐𝑐𝑐 ) in the 
conventional PWM, it is necessary to show that the proposed 
RVM does not increase the switching losses during the 
transitions between two different 𝐼𝐼𝑧𝑧  and between different 
sectors. This validation process ensures that the proposed 
RVM achieves minimum switching losses throughout all CSI 
output voltage conditions, including the sector transitions and 
𝐼𝐼𝑧𝑧 transitions. 

For the proposed RVM, the 𝐼𝐼𝑧𝑧 transition can occur within 
each sector or during the sector transitions. This feature of the 
proposed RVM algorithm differs from the conventional PWM 
methods that use a pre-defined 𝐼𝐼𝑧𝑧  for each sector. For 
example, inside Sector I, it is possible that the values for 
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚  changes from |𝑣𝑣𝑎𝑎𝑎𝑎|  to |𝑣𝑣𝑐𝑐𝑐𝑐|  (i.e., from |𝑣𝑣𝑎𝑎𝑎𝑎|< |𝑣𝑣𝑐𝑐𝑐𝑐|  to 
|𝑣𝑣𝑎𝑎𝑎𝑎|>|𝑣𝑣𝑐𝑐𝑐𝑐|) leading to the change in 𝐼𝐼𝑧𝑧  from 𝐼𝐼𝑎𝑎𝑎𝑎  to 𝐼𝐼𝑐𝑐𝑐𝑐 , as 

  
(a) (b) 

Fig. 7. 𝐼𝐼𝑧𝑧 transition between two PWM periodes (each with time duration 
𝑇𝑇𝑠𝑠/2, i.e., half PWM period) and associated gate control signals (𝑠𝑠1 to 𝑠𝑠6) 
for conventional PWM. (a) smooth 𝐼𝐼𝑧𝑧 transition 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑎𝑎𝑎𝑎 within Sector I. 
(b) hard-switching during 𝐼𝐼𝑧𝑧 transition 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 between Sector I and II. 
 

  
(a) (b) 

Fig. 8. Voltage (i.e., 𝑣𝑣𝑑𝑑𝑑𝑑4  and 𝑣𝑣𝑑𝑑𝑑𝑑5 ) and current (i.e., 𝑖𝑖𝑑𝑑𝑑𝑑4  and 𝑖𝑖𝑑𝑑𝑑𝑑5 ) 
waveforms and associated gate control signals ( 𝑠𝑠4  and 𝑠𝑠5 ) of active 
MOSFETs (𝑄𝑄4  and 𝑄𝑄5 ) during 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐  (a) conventional PWM under 
𝑣𝑣𝑎𝑎s > 𝑣𝑣𝑐𝑐𝑐𝑐. (b) proposed RVM. 

 

    
   

  

    

   

 
      

      

  
 

    
   

  

    

   

 
      

      

  

    
   

 

 

 

 

 

 

    
   

 

 

 

 

 

 

  
(a) (b) 

Fig. 9. 𝐼𝐼𝑧𝑧 transition between two PWM periodes (each with time duration 
𝑇𝑇𝑠𝑠/2, i.e., half PWM period) and associated gate control signals (𝑠𝑠1 to 𝑠𝑠6) 
for proposed RVM. (a) ZVS during 𝐼𝐼𝑧𝑧 transition 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 within Sector I; 
(b) ZVS during 𝐼𝐼𝑧𝑧 transition 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 between Sector I and II. 
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shown in Fig. 9(a), resulting in additional switching losses 
given by (15). However, 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐  transition only occurs 
during 𝑣𝑣𝑎𝑎𝑎𝑎 ≈ 𝑣𝑣𝑐𝑐𝑐𝑐  in the proposed RVM (see Fig. 6), which 
means that the switching voltage 𝑣𝑣𝑠𝑠𝑠𝑠  is near zero (i.e.,  
|𝑣𝑣𝑐𝑐𝑐𝑐| = |𝑣𝑣𝑠𝑠𝑠𝑠| ≈  0, see Fig. 8(b)). Thus, the additional 
switching during 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 in the proposed RVM is naturally 
ZVS, as shown in Fig. 8(b) and the switching losses with these 
additional switching are nearly zero (𝐸𝐸𝑠𝑠𝑠𝑠,𝑎𝑎−𝑐𝑐 ≈ 0). A similar 
argument is made for the case where both sector transitions 
(e.g., Sector I to II) and change in 𝐼𝐼𝑧𝑧 (e.g., 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐) occurs 
at the same time, as shown in  Fig. 9(b), leading to ZVS 
during the 𝐼𝐼𝑧𝑧 transitions.  

The ZVS nature of the proposed RVM algorithm during all 
of its 𝐼𝐼𝑧𝑧 transitions are generalizable regardless of the power 
factor of the CSI output currents and voltages. The “switching 
voltage” 𝑣𝑣𝑠𝑠𝑠𝑠  are shown in a colored band at the top of Fig. 
10(a) for the conventional PWM and in the same band of Fig. 
10(b) for the proposed RVM. The CSI output voltage 
waveform in Fig. 10(a) shows that the 𝐼𝐼𝑧𝑧 transitions are hard-
switched for the conventional PWM case because the two CSI 
phase voltages that determine 𝑣𝑣𝑠𝑠𝑠𝑠 are not equal (i.e., |𝑣𝑣𝑠𝑠𝑠𝑠| >
0). In contrast, 𝐼𝐼𝑧𝑧 transitions for the proposed RVM alternative 
takes place at the time instant when two CSI phase voltages 
intersect, as shown in Fig. 10(b). Thus, the proposed RVM 
naturally achieves ZVS during 𝐼𝐼𝑧𝑧 transitions. This reduces the 
total number of hard-switching transitions during the 
fundamental period, leading to a valuable further reduction of 
the switching losses compared to the conventional PWMs. 

V. ANALYTICAL SWITCHING LOSS MODELING FOR CSI AND 
PROOF OF MINIMUM SWITCHING LOSS OF PROPOSED RVM 
This section analytically proves that the proposed RVM 

has lower switching loss than conventional PWM for a wide 
range of CSI operating conditions. This section first derives an 
analytical model for an average switching loss during the 
fundamental period in a CSI’s switching device. The derived 
average switching loss model reveals that the normalized 
average switching voltage on 𝑆𝑆1  (denoted as 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙) ) 
should be minimized to minimize the switching losses. Next, 
this section derives closed-form expressions of 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙) for 
the conventional PWM and proposed RVM. Finally, 

𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
(𝜙𝜙)  for conventional PWM and proposed RVM are 

compared, proving that the proposed RVM has minimum 
switching losses for all power factor angle 𝜙𝜙 = −𝜋𝜋~𝜋𝜋. 

A. Derivation of Analytical Switching Loss Model for CSI 
During the PWM period 𝑇𝑇𝑠𝑠, the average switching (power) 

loss in 𝑆𝑆1 in the 𝑘𝑘-th PWM interval is denoted as 𝑃𝑃𝑠𝑠𝑠𝑠,𝑆𝑆1
(𝑘𝑘𝑇𝑇𝑠𝑠) 

and is given by  
 𝑃𝑃𝑠𝑠𝑠𝑠,𝑆𝑆1

(𝑘𝑘𝑇𝑇𝑠𝑠) = 𝐸𝐸𝑠𝑠𝑠𝑠,𝑆𝑆1
(𝑘𝑘𝑇𝑇𝑠𝑠) ⋅ 𝑓𝑓𝑠𝑠 (16) 

where 𝐸𝐸𝑠𝑠𝑠𝑠(𝑘𝑘𝑇𝑇𝑠𝑠) is the total dissipated switching energy in 𝑆𝑆1 
during the PWM interval (𝑘𝑘 − 1)𝑇𝑇𝑠𝑠 to 𝑘𝑘𝑇𝑇𝑠𝑠. It should be noted 
that switching loss in switch 𝑆𝑆𝑦𝑦 is dominated by the switching 
losses in MOSFET 𝑄𝑄𝑦𝑦  during the hard-switching [28], [29]. 
Thus, hard-switching losses in 𝑄𝑄1  are considered as the 
switching losses in 𝑆𝑆1  for modeling 𝑃𝑃𝑠𝑠𝑠𝑠,𝑆𝑆1

(𝑘𝑘𝑇𝑇𝑠𝑠)  in this 
section. 

The total average switching loss during the fundamental 
period 𝑇𝑇𝑒𝑒 is denotes as 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1

 and is given by 

 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1
=

1
𝑇𝑇𝑒𝑒

� 𝑃𝑃𝑠𝑠𝑠𝑠,𝑆𝑆1
(𝑘𝑘𝑇𝑇𝑠𝑠)

𝑁𝑁

𝑘𝑘=0
⋅ 𝑇𝑇𝑠𝑠  (17) 

where 𝑁𝑁 = 𝑇𝑇𝑒𝑒/𝑇𝑇𝑠𝑠. Substituting (16) to (17) yields  

 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1
=

𝑓𝑓𝑠𝑠
𝑇𝑇𝑒𝑒

� 𝐸𝐸𝑠𝑠𝑠𝑠,𝑆𝑆1
(𝑘𝑘𝑇𝑇𝑠𝑠)

𝑁𝑁

𝑘𝑘=0
⋅ 𝑇𝑇𝑠𝑠  . (18) 

Assuming that 𝑇𝑇𝑠𝑠 ≪ 1, (18) can be approximated as  

 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1
=

𝑓𝑓𝑠𝑠
2π

� 𝐸𝐸𝑠𝑠𝑠𝑠(θ)𝑑𝑑θ
2π

0
 (19) 

where 𝜃𝜃 = 𝜔𝜔𝑒𝑒𝑡𝑡, 0 < 𝑡𝑡 < 𝑇𝑇𝑒𝑒  and 0 < θ < 2π. Substituting (8) 
into (19) results in  
 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1

= 𝑃𝑃𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
(𝜙𝜙) (20) 

 𝑃𝑃𝑠𝑠𝑠𝑠,𝑜𝑜 =
𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 ⋅ 𝑓𝑓𝑠𝑠 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑 ⋅ 𝑉𝑉𝐿𝐿𝐿𝐿

𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 ⋅ 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜
  

where 𝑃𝑃𝑠𝑠𝑠𝑠,𝑜𝑜 is the average switching loss constant determined 
by the switching device characteristics (i.e., 𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜  and 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜), 
and CSI’s operating conditions (i.e., 𝑖𝑖𝑑𝑑𝑑𝑑  and 𝑉𝑉𝐿𝐿𝐿𝐿 ), 𝑓𝑓𝑠𝑠  is the 
switching frequency (PWM frequency) of CSI, and 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙) 
is the normalized average switching voltage on 𝑆𝑆1  which is 
given by 

 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
(𝜙𝜙) =

1
2𝜋𝜋

�
�𝑣𝑣𝑠𝑠𝑠𝑠,𝑆𝑆1

(𝜃𝜃, 𝜙𝜙)�
𝑉𝑉𝐿𝐿𝐿𝐿

𝑑𝑑𝑑𝑑
2𝜋𝜋

0
 (21) 

 

 

 
(a)  (b) 

Fig. 10. Selection of zero current vector 𝐼𝐼𝑧𝑧 and PWM sequence (A or B) and switching voltage 𝑣𝑣𝑠𝑠𝑠𝑠 during each sector of a fundamental frequency period. (a) 
conventional PWM with PWM seq. A or B with hard-switching during 𝐼𝐼𝑧𝑧 transitions. (b) proposed RVM algorithm with ZVS during 𝐼𝐼𝑧𝑧 transitions. 
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where �𝑣𝑣𝑠𝑠𝑠𝑠,𝑆𝑆1
(𝜃𝜃, 𝜙𝜙)� is the absolute value of the “switching 

voltage” on 𝑆𝑆1  and is a function of 𝜃𝜃 = 𝜔𝜔𝑒𝑒𝑡𝑡 and the power 
factor angle 𝜙𝜙.  

Equation (20) reveals that 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1
 can be minimized by 

minimizing 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
(𝜙𝜙). For a given CSI’s operating condition 

(e.g., 𝑓𝑓𝑠𝑠 , 𝑖𝑖𝑑𝑑𝑑𝑑 , 𝑉𝑉𝐿𝐿𝐿𝐿 , and 𝜙𝜙 ) and CSI’s switching devices’ 
characteristics (i.e., 𝐸𝐸𝑠𝑠𝑠𝑠,𝑜𝑜 , 𝑣𝑣𝐿𝐿𝐿𝐿,𝑜𝑜 , and 𝑖𝑖𝑑𝑑𝑑𝑑,𝑜𝑜 ), 𝑃𝑃𝑠𝑠𝑠𝑠,𝑜𝑜  is a 
constant value that is not influenced by different PWM 
methods. However, different PWMs have different 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙). 
Thus, proving 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1

 of proposed RVM is lower than that 
of the conventional PWM is equivalent to proving 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙) 
of proposed RVM is lower than the conventional counterpart.  

The normalized average switching voltage 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
(𝜙𝜙) is a 

function of the power factor angle 𝜙𝜙  but not a function of 
CSI’s modulation index 𝑚𝑚  or switching frequency 𝑓𝑓𝑠𝑠 , as 
shown in (21). This fact means that if 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙)  of the 
proposed RVM is always lower than the conventional 
counterpart for all 𝜙𝜙  values (i.e., 𝜙𝜙=−𝜋𝜋~𝜋𝜋 ), the proposed 
RVM has lower switching losses than the conventional PWM 
for all CSI’s operating conditions. Therefore, closed-form 
expressions of 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙) for proposed RVM and conventional 
PWM for 𝜙𝜙=−𝜋𝜋~𝜋𝜋 are derived and compared in the following 
section.  

B. Derivation and Comparison of Normalized Averaged 
Switching Voltage of Conventional PWM and Proposed RVM 

To evaluate the 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1
 reduction performance of the 

proposed RVM for all 𝜙𝜙  range (i.e., 𝜙𝜙=−𝜋𝜋~𝜋𝜋 ), analytical 
closed-form expressions for 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

(𝜙𝜙) are derived. In three-
phase CSI, 𝑆𝑆1  can switch between 𝑆𝑆3  or 𝑆𝑆5 . The switching 
between 𝑆𝑆1 − 𝑆𝑆3  involves |𝑣𝑣𝑠𝑠𝑠𝑠| = |𝑣𝑣𝑎𝑎𝑎𝑎|  while the switching 
between 𝑆𝑆1 − 𝑆𝑆5 involves |𝑣𝑣𝑠𝑠𝑠𝑠| = |𝑣𝑣𝑐𝑐𝑐𝑐|. When 𝑣𝑣𝑎𝑎𝑎𝑎 < 0, 𝑆𝑆1 −
𝑆𝑆3  induces switching loss on 𝑆𝑆1  (hard switching 𝑆𝑆1  and soft 
switching 𝑆𝑆3 ) while 𝑆𝑆3  experiences switching losses when 
𝑣𝑣𝑎𝑎𝑎𝑎 > 0   (soft switching 𝑆𝑆1  and hard switching 𝑆𝑆3 ). In the 
conventional PWM, Sectors II and IV have the switching 
between 𝑆𝑆1 − 𝑆𝑆3 while Sectors II and VI have the switching 
between 𝑆𝑆1 − 𝑆𝑆5 . The 𝑆𝑆1 − 𝑆𝑆5  switching in Sector II is 
between the zero current vector and the active current vector, 
whereas the rest is between the two active current vectors. The 
switching voltage on 𝑆𝑆1  (i.e., 𝑣𝑣𝑠𝑠𝑠𝑠,𝑆𝑆1

(𝜃𝜃, 𝜙𝜙) ) throughout one 

fundamental period ( 𝜃𝜃 = −π/6  to 11π/6 ) for different 𝜙𝜙 
values (𝜙𝜙 = π/6, 2π/6, and 3π/6) are shown in Fig. 11. Green 
dashed lines represent the switching voltage on 𝑆𝑆1 during the 
switching transitions between two active current vectors, 
while the magenta dash-dotted lines represent the switching 
voltage on 𝑆𝑆1  during the switching transitions between the 
zero-to-active or active-to-zero current vector switching. 

The normalized average switching voltage on 𝑆𝑆1 caused by 
the switching between the active current vector switching 
(denoted as 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝐴𝐴𝐴𝐴) during π/6 ≤ 𝜙𝜙 ≤ 3π/6 is given by  

 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝐴𝐴𝐴𝐴 =
1
2π

�
−𝑣𝑣𝑎𝑎𝑎𝑎
𝑉𝑉𝐿𝐿𝐿𝐿

3𝜋𝜋/6

𝜋𝜋/6
𝑑𝑑𝑑𝑑 =

1
2π

sin(𝜙𝜙) (22) 

where �𝑣𝑣𝑠𝑠𝑠𝑠,𝑆𝑆1
(𝜃𝜃, 𝜙𝜙)� = −𝑣𝑣𝑎𝑎𝑎𝑎 (see Fig. 11). 

The normalized average switching voltage on 𝑆𝑆1 caused by 
the zero current vector and the active current vector switching 
(denoted as 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍) during π/6 ≤ 𝜙𝜙 ≤ 3π/6 is given by  

 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍(𝜙𝜙) =
1
2π�

𝑣𝑣𝑐𝑐𝑐𝑐

𝑉𝑉𝐿𝐿𝐿𝐿

3π/6

3π/6−(𝜙𝜙−π/6)
𝑑𝑑θ (23) 

  +
1
2π

�
−𝑣𝑣𝑎𝑎𝑎𝑎
𝑉𝑉𝐿𝐿𝐿𝐿

7π/6−(𝜙𝜙−π/6)

5π/6
𝑑𝑑θ  

where the first term represents the switching voltage on 𝑆𝑆1 in 
Sector II (see Fig. 11(b) and (c)), while the second term 
represents that in Sector IV (see Fig. 11(a) and (b)). Equation 
(23) simplifies to  

 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍(𝜙𝜙) =
1
𝜋𝜋

−
√

3
2𝜋𝜋

 cos �𝜙𝜙 −
𝜋𝜋
3
� . (24) 

A similar approach can be taken for other values of 𝜙𝜙 and 
different PWM schemes. The results are summarized in Table 
II and are illustrated in Fig. 12. The normalized average 
switching voltage during the active current vector transitions 
(denoted as 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝐴𝐴𝐴𝐴) is the same for the conventional PWM 
and the proposed RVM and are shown in the “common” 
column of Table II. This result is expected since the proposed 
RVM has the same switching transitions between two active 
current vectors (see 𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑏𝑏𝑏𝑏  between 𝐼𝐼1 ↔ 𝐼𝐼2  in Fig. 4). 
The proposed RVM reduces the switching losses by 
minimizing the switching voltage between 𝐼𝐼𝑧𝑧 ↔ 𝐼𝐼𝑛𝑛  or 𝐼𝐼𝑧𝑧 ↔
𝐼𝐼𝑛𝑛+1 on 𝑆𝑆1, leading to less 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍(𝜙𝜙), as shown in Table II 
and Fig. 12. The total normalized average switching voltage in 
the fundamental period 𝑇𝑇𝑒𝑒 (denoted as 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

) is given by 
 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

= 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝐴𝐴𝐴𝐴 + 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍. (25) 

 

   
(a) (b) (c) 

Fig. 11. Switching voltage on 𝑆𝑆1 (i.e., 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
(𝜙𝜙)) for different power factor angle 𝜙𝜙 under conventional PWM. (a) 𝜙𝜙 = π/6. (b) 𝜙𝜙 = 2π/6. (c) 𝜙𝜙 = 3𝜋𝜋/6. 
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Comparison of 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1
between the proposed RVM and the 

conventional PWM is shown in Fig. 12. For all 𝜙𝜙 values (i.e., 
𝜙𝜙  = −𝜋𝜋 ~ 𝜋𝜋 ) 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

 of proposed RVM is lower than the 
conventional counterpart. Since (20) shows that 𝑃𝑃𝑠𝑠𝑠𝑠,𝑜𝑜  is a 
fixed value for a given CSI hardware (e.g., switching device), 
and operating conditions (e.g., 𝑓𝑓𝑠𝑠, 𝑖𝑖𝑑𝑑𝑑𝑑, 𝑉𝑉𝐿𝐿𝐿𝐿, and 𝜙𝜙), this result 
proves that the proposed RVM has lower switching losses than 
the conventional PWM for all 𝜙𝜙 values. Thus, it is proven that 
the proposed RVM has lower switching losses than the 

conventional PWM for all CSI operating conditions. It should 
be emphasized that the switching loss reduction and efficiency 
benefit of the proposed RVM can be generalized for CSIs with 
wide output power ranges. The different output power (or 
operating conditions) can be included as 𝑃𝑃𝑠𝑠𝑠𝑠,𝑜𝑜  and can be 
used to scale 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1

 and 𝑃𝑃𝑠𝑠𝑠𝑠,𝑎𝑎𝑎𝑎𝑎𝑎,𝑆𝑆1
 as shown in (20). 

VI. EXPERIMENTAL VALIDATION OF PROPOSED RVM 
The performance of the proposed RVM is experimentally 

validated under 6 different operating conditions with different 
load resistances 𝑅𝑅𝑠𝑠, load inductance 𝐿𝐿𝑠𝑠, modulation index 𝑚𝑚, 
fundamental frequency 𝑓𝑓𝑒𝑒 , and power factor cos(𝜙𝜙) , as 
summarized in Table III. A prototype SiC-based CSI is 
fabricated, and the proposed RVM is implemented on a digital 
signal processor (TMS320F28379D, TI), as shown in Fig. 13. 
For performance comparison, the conventional PWM in [25] 
and DCM [22] are also implemented on the digital signal 
processor. The CSI’s switching frequency is set to 𝑓𝑓𝑠𝑠 =100 
kHz in all operating conditions. The CSI output voltages (𝑣𝑣𝑎𝑎𝑎𝑎, 
𝑣𝑣𝑏𝑏𝑏𝑏 , 𝑣𝑣𝑐𝑐𝑐𝑐), load currents (𝑖𝑖𝑎𝑎𝑎𝑎, 𝑖𝑖𝑏𝑏𝑏𝑏, 𝑖𝑖𝑐𝑐𝑐𝑐), 𝑖𝑖𝑑𝑑𝑑𝑑 , 𝑣𝑣𝐶𝐶𝐶𝐶  and 𝑖𝑖𝐶𝐶𝐶𝐶  were 
measured using 1 GHz digital oscilloscope (MDA801A, 
LeCroy), and representative waveforms are shown in Fig. 14.  

A. CM Voltage Reduction Performance of Proposed RVM 
The superior 𝑣𝑣𝐶𝐶𝐶𝐶  reduction performance of the proposed 

RVM is consistent throughout all of the operating conditions 
identified in Table III, verifying the proposed RVM’s 𝑣𝑣𝐶𝐶𝐶𝐶  
reduction performance is effective over a wide range of CSI 
operating conditions. The peak-to-peak value of the measured 
𝑣𝑣𝐶𝐶𝐶𝐶  (𝑣𝑣𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝) and 𝑖𝑖𝐶𝐶𝐶𝐶  (𝑖𝑖𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝) are summarized in Table IV.  

TABLE II. NORMALIZED AVERAGE SWITCHING VOLTAGE ON 𝑆𝑆1 FOR 
DIFFERENT PWM SCHEMES. 

power factor 
angle 𝜙𝜙 

conventional PWM proposed RVM common 
𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍 𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝐴𝐴𝐴𝐴 
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Fig. 12. Normalized average switching voltages of conventional PWM and 
proposed RVM. 𝑣𝑣𝐿̅𝐿𝐿𝐿,𝑆𝑆1

denotes the total normalized switching voltage. 
𝑣𝑣𝑠̅𝑠𝑠𝑠,𝑆𝑆1,𝑍𝑍𝑍𝑍  denotes the total normalized swiching voltage between zero and 
active current vectors. 

 

RVM
RVM

TABLE III. EXPERIMENTAL OPERATING CONDITIONS OF CSI 

conditions 𝑅𝑅𝑠𝑠 (Ω) 𝐿𝐿𝑠𝑠 (µH) 𝑓𝑓𝑒𝑒 (Hz) 𝑚𝑚 𝑖𝑖𝑑𝑑𝑑𝑑 (A) cos(ϕ) 
#1 5 320 50 0.5 8 1 
#2 5 320 50 1 4 1 
#3 40 320 100 0.5 8 0.87 
#4 40 320 100 1 4 0.87 
#5 40 320 300 0.5 8 0.51 
#6 40 320 300 1 4 0.51 

 

 
Fig. 13. Experimental setup of prototype SiC device-based CSI. 
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Under the operating condition #2, the proposed RVM 
reduces 𝑣𝑣𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝 to 51.0 V, which is about 39.7% lower than 
that of the conventional PWM (i.e., 84.5 V) and about 35% 
lower than that of the DCM (i.e., 77.9 V), as shown in Fig. 
14(a) and Table IV. For all operating conditions, the proposed 
RVM showed the lowest 𝑣𝑣𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝  compared to the 
conventional PWM and DCM, demonstrating up to about 48% 
𝑣𝑣𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝  reduction, as shown in Table IV. The reduction of 
𝑣𝑣𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝  generally leads to the reduction of the peak-to-peak 

𝑖𝑖𝐶𝐶𝐶𝐶  (𝑖𝑖𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝), as shown in Table IV and Fig. 14. For example, 
the proposed RVM reduces 𝑖𝑖𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝 by about 30% (i.e., from 
229.6 mA to 160.6 mA), compared to the conventional PWM, 
and about 17.4% (i.e., from 194.4 mA to 160.6 mA) compared 
to DCM, under condition #2 (see Table IV and Fig. 14(a)). 

The 𝑣𝑣𝐶𝐶𝐶𝐶  reduction capability of the proposed RVM is also 
well reflected in the frequency domain, as shown in Fig. 15. 
The measured 𝑣𝑣𝐶𝐶𝐶𝐶  amplitude for the proposed RVM 
algorithm is lower than that of the conventional PWM and 
DCM for all CSI operating conditions. 

Conventional PWM Proposed RVM DCM 

   
   

   
   

   
   

   
(a)  

 

   
   

   
   

   
   

   
(b) 

Fig. 14. Experimental results of measured CSI output voltages (𝑣𝑣𝑎𝑎𝑎𝑎 , 𝑣𝑣𝑏𝑏𝑏𝑏 , 𝑣𝑣𝑐𝑐𝑐𝑐 ), load current (𝑖𝑖𝑎𝑎𝑎𝑎 , 𝑖𝑖𝑏𝑏𝑏𝑏 , 𝑖𝑖𝑐𝑐𝑐𝑐 ), 𝑖𝑖𝑑𝑑𝑑𝑑 , 𝑣𝑣𝐶𝐶𝐶𝐶  and 𝑖𝑖𝐶𝐶𝐶𝐶  for conventional PWM, 
proposed RVM, and DCM algorithms under different operating conditions. (a) condition #2. (b) condition #3. 
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The major harmonic components of 𝑣𝑣𝐶𝐶𝐶𝐶  are the odd 
multiples of 3rd harmonics of 𝑓𝑓𝑒𝑒 (e.g., 3rd, 9th, 15th, …) [4]. The 
𝑣𝑣𝐶𝐶𝐶𝐶  reduction performance of the proposed RVM compared 
to the conventional PWM and DCM can be quantified by the 
average 𝑣𝑣𝐶𝐶𝐶𝐶  reduction of the odd multiples of 3rd harmonics 
of 𝑓𝑓𝑒𝑒 . This metric is helpful to evaluate the 𝑣𝑣𝐶𝐶𝐶𝐶  reduction 
performance of the proposed RVM compared to different 
PWM methods in the low- to medium- frequency range.  

The average 𝑣𝑣𝐶𝐶𝐶𝐶  reduction performance of the proposed 
RVM compared to other PWM methods for operating 
conditions #1~6 are summarized in Table V. Throughout 6 
operating conditions, the proposed RVM has about 75 ~ 95% 
lower 𝑣𝑣𝐶𝐶𝐶𝐶  in the low- to medium- frequency region than the 
conventional PWM, on average, as shown in Table V. 
Compared to DCM, the proposed RVM, has about 65 ~ 95% 
lower 𝑣𝑣𝐶𝐶𝐶𝐶  in the low- medium- frequency region. These 
experimental results confirm that the proposed RVM’s 𝑣𝑣𝐶𝐶𝐶𝐶  
reduction performance is effective for a wide range of CSI’s 
operating conditions. 

B. Efficiency Improvement of Proposed RVM 
The efficiencies and CSI loss decompositions for 6 CSI 

operating conditions are shown in Fig. 16(a) and (b), 
respectively. The CSI’s efficiency is given by 𝜂𝜂 = 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜/𝑃𝑃𝑖𝑖𝑖𝑖 
where CSI’s average output power is given by  

 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑓𝑓𝑒𝑒 ⋅ � 𝑣𝑣𝑎𝑎𝑎𝑎𝑖𝑖𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏𝑖𝑖𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑐𝑐

1/𝑓𝑓𝑒𝑒

0
𝑑𝑑𝑑𝑑 (26) 

and CSI’s average input power is given by  

 𝑃𝑃𝑖𝑖𝑖𝑖 = 𝑓𝑓𝑒𝑒 ⋅ � 𝑣𝑣𝑝𝑝𝑝𝑝𝑖𝑖𝑑𝑑𝑑𝑑

1/𝑓𝑓𝑒𝑒

0
𝑑𝑑𝑑𝑑 (27) 

where 𝑣𝑣𝑝𝑝𝑝𝑝 is the voltage across the positive and negative rail 
of CSI (see Fig. 1(a)). Both 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜  and 𝑃𝑃𝑖𝑖𝑖𝑖  were calculated 
using experimentally measured three-phase outputs 𝑣𝑣𝑥𝑥𝑥𝑥 , 𝑖𝑖𝑥𝑥𝑥𝑥 
(𝑥𝑥 = 𝑎𝑎, 𝑏𝑏, 𝑐𝑐), and dc inputs 𝑣𝑣𝑝𝑝𝑝𝑝, 𝑖𝑖𝑑𝑑𝑑𝑑 of the CSI.  

The CSI’s loss can be decomposed into conduction loss 
𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and switching loss 𝑃𝑃𝑠𝑠𝑠𝑠 where 𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is given by 

 𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 2 ⋅ 𝑓𝑓𝑒𝑒 ⋅ � 𝑟𝑟𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑
2 + 𝑉𝑉𝐷𝐷𝑖𝑖𝑑𝑑𝑑𝑑

1/𝑓𝑓𝑒𝑒

0
𝑑𝑑𝑑𝑑 (28) 

where MOSFET’s on-resistance 𝑟𝑟𝑑𝑑𝑑𝑑  and diode’s forward 
voltage drop 𝑉𝑉𝐷𝐷 can be found in the datasheet [26]. The CSI 
switching loss can be obtained by 𝑃𝑃𝑠𝑠𝑠𝑠 = 𝑃𝑃𝑖𝑖𝑖𝑖 − 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 

The conduction loss remains almost the same for different 

PWMs (i.e., conventional PWM, proposed RVM, and DCM) 
under the same operating condition, as shown in Fig. 16(b). 
Thus, CSI’s efficiency increase using the proposed RVM is 
mainly attributed to the switching loss reduction of the 
proposed RVM, as shown in Fig. 16(b). 

The proposed RVM showed the highest efficiency 
compared to other PWM methods throughout all operating 
conditions with a wide range of power factors and modulation 
indices, as shown in Fig. 16. The proposed RVM showed 
efficiency improvement up to 4.47% (see #5) and switching 
loss reduction up to compared to the conventional PWM while 
showing efficiency improvement up to 5.53% (see #4), 
compared to DCM. 

The proposed RVM is expected to have superior switching 
loss reduction performance for lower power factor where 𝜙𝜙 <
0, as shown in Fig. 12. As a result, the proposed RVM showed 
higher CSI efficiency improvement for operating conditions 
#3 to #6 than #1 and #2 (see, Fig. 16(a)). Note that even for 
operating conditions #1 and #2, the proposed RVM improved 
the CSI’s efficiency. These experimental results confirm that 
the proposed RVM has higher efficiency and reduced 
switching losses throughout a broad power factor range, 
consistent with the analytical result shown in  Fig. 12. 

The experimental results also confirm the proposed RVM’s 
superior switching loss reduction capability under the wide 
modulation index range compared to the conventional PWM 
and DCM. Under operating conditions #1, #3, and #5 with low 
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(c) (d) 

  
(e) (f) 

Fig. 15. Comparison of measured 𝑣𝑣𝐶𝐶𝐶𝐶  for conventional PWM, proposed 
RVM, and DCM methods for different CSI operating conditions. (a) #1. (b) 
#2. (c) #3. (d) #4. (e) #5. (f) #6. 
 

TABLE V. AVERAGE 𝑣𝑣𝐶𝐶𝐶𝐶  REDUCTION OF PROPOSED RVM COMPARED TO 
ALTERNATIVE PWM METHODS 

Operating conditions #1 #2 #3 #4 #5 #6 
Conventional PWM (%) 95.9 87.7 91.6 88.8 79.5 77.2 
DCM (%) 94.5 84.2 90.3 86.0 83.8 67.7 

 

TABLE IV. COMPARISON OF PEAK-TO-PEAK 𝑣𝑣𝐶𝐶𝐶𝐶  AND 𝑖𝑖𝐶𝐶𝐶𝐶  REDUCTION 
PERFORMANCE OF DIFFERENT PWM METHODS 

cond. 𝑣𝑣𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝 (V) 𝑖𝑖𝐶𝐶𝐶𝐶,𝑝𝑝𝑝𝑝 (mA) 
conv. RVM DCM conv. RVM DCM 

#1 85.5 69.4 81.7 386.8 442.4 330.6 
#2 84.5 51.0 77.9 229.6 160.6 194.4 
#3 411.1 263.0 418.3 662.4 621.2 658.4 
#4 405.7 247.6 404.1 621.2 540.0 602.0 
#5 259.5 147.1 282.3 508.4 496.8 476.6 
#6 252.2 142.8 262.2 444.0 455.6 419.0 
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modulation index, the proposed RVM showed about 0.73%, 
2.01%, and 4.47% higher efficiency than the conventional 
PWM. Under operating conditions #2, #4, and #6 with high 
modulation index, the proposed RVM showed about 0.44%, 
0.93%, and 4.22% higher efficiency than the conventional 
PWM. Similarly, the proposed RVM showed higher efficiency 
and lower switching losses than DCM, regardless of the 
modulation indices, as shown in Fig. 16. 

For all operating conditions, the proposed RVM reduced 
𝑣𝑣𝐶𝐶𝐶𝐶  and switching losses simultaneously, compared to the 
conventional PWM and DCM. These experimental results 
confirm that the proposed RVM can reduce 𝑣𝑣𝐶𝐶𝐶𝐶  and 
switching losses simultaneously for a wide range of CSI’s 
operating conditions. 

C. Load Current THD Comparison of Proposed RVM 
The total harmonic distortion (THD) is also an important 

metric for PWM performance comparison. The THD of the 
measured load currents 𝑖𝑖𝑥𝑥𝑥𝑥 are calculated from the measured 
currents, and the results are summarized in Table VI. 
Throughout all operating conditions #1 to #6, the proposed 
RVM showed similar or even lower THD than the 
conventional PWM and DCM, as shown in Table IV. Thus, 

these results confirm that the proposed RVM provides reduced  
𝑣𝑣𝐶𝐶𝐶𝐶  and switching losses without significantly compromising 
the THD performance. 

D. ZVS Validation of Proposed RVM During Zero Current 
Vector Transitions  

The proposed RVM naturally achieves ZVS during 𝐼𝐼𝑧𝑧 
transitions. As a representative case, the voltage 𝑣𝑣𝑑𝑑𝑑𝑑4  and 
current 𝑖𝑖𝑑𝑑𝑑𝑑4  of the MOSFET 𝑄𝑄4  are measured during 𝐼𝐼𝑎𝑎𝑎𝑎 →
𝐼𝐼𝑐𝑐𝑐𝑐  transition under the operating condition #1. For the 
conventional PWM, 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 transition occurs in the Sector 
I to II transition (see Fig. 10(a)). The switching voltage is 
𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑎𝑎𝑎𝑎 > 0 under the operating condition #1, leading to 
the hard-switching 𝑄𝑄4. The experimentally measured 𝑣𝑣𝑑𝑑𝑑𝑑4 and 
𝑖𝑖𝑑𝑑𝑑𝑑4  during the 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐  transition for the conventional 
PWM is shown in Fig. 17(a). Since 𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑎𝑎𝑎𝑎 > 0V, and 
𝑣𝑣𝑑𝑑𝑑𝑑4 > 0  during 𝑖𝑖𝑑𝑑𝑑𝑑4  fall, it is clear that 𝑄𝑄4  experiences a 
hard-switching, contributing to extra switching losses during 
the 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 transition.  

On the other hand, in the case of the proposed RVM, 
𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 transition occurs when 𝑣𝑣𝑠𝑠𝑠𝑠 = 𝑣𝑣𝑎𝑎𝑎𝑎 ≈ 0V, as shown 
in Fig. 17(b). The voltage 𝑣𝑣𝑑𝑑𝑑𝑑4 remains near zero before and 
after 𝑖𝑖𝑑𝑑𝑑𝑑4  fall, meaning that the switching loss during this 
process is nearly zero. It should be noted that during the 𝑖𝑖𝑑𝑑𝑑𝑑4 
fall in Fig. 17(b), 𝑣𝑣𝑑𝑑𝑑𝑑4 experiences voltage ringing caused by 
the resonance between the device parasitic capacitance and the 
parasitic inductance in the current commutation loop [30]. 
However, the voltage resonance has limited influence on the 
switching losses [31]. Thus, this experimental result confirms 
that the proposed RVM achieves ZVS during 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 
transition, minimizing the total switching losses.  

VII. CONCLUSION 
A promising new PWM algorithm for current source 

inverters named reduced voltages (i.e., common-mode voltage 
and switching voltage) PWM (denoted as RVM) is proposed 
in this article. The proposed RVM reduces both the CSI’s 

 
(a) 

 
(b) 

Fig. 16. Comparison of measured CSI efficiency and CSI loss 
decomposition for 6 operating conditions using conventional PWM, 
proposed RVM and DCM. (a) CSI efficiency. (b) CSI loss decomposition. 
 

TABLE VI. LOAD CURRENT THD COMPARISON 

Operating conditions #1 #2 #3 #4 #5 #6 
Conventional PWM (%) 2.39 2.00 1.94 1.95 3.34 2.25 
Proposed RVM (%) 1.91 1.57 1.63 2.09 3.76 2.20 
DCM (%) 4.11 3.18 2.20 3.12 3.64 2.66 
       

  

  
(a) (b) 

Fig. 17. Measured voltage 𝑣𝑣𝑑𝑑𝑑𝑑4  , current 𝑖𝑖𝑑𝑑𝑑𝑑4 , and gate voltage 𝑣𝑣𝑔𝑔𝑔𝑔4  of 
MOSFET 𝑄𝑄4 during 𝐼𝐼𝑎𝑎𝑎𝑎 → 𝐼𝐼𝑐𝑐𝑐𝑐 transition using different PWM methods. (a) 
hard-switching 𝑄𝑄4 (conventional PWM). (b) ZVS 𝑄𝑄4 (proposed RVM). 
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switching losses and common-mode voltage 𝑣𝑣𝐶𝐶𝐶𝐶  compared to 
the alternative PWM methods. A significant advantage of the 
proposed RVM is that it is effective for a wide range of 
operating points, including the full range of CSI power factors. 
Experimental results gathered for different fundamental 
frequencies, modulation indices, and power factors confirm 
the appealing advantages of the proposed RVM algorithm 
over other PWM schemes (i.e., conventional PWM and 
DCM), including reductions in the average 𝑣𝑣𝐶𝐶𝐶𝐶  harmonics up 
to about 95% in the low- to medium-frequency range, 
accompanied by a CSI efficiency increase of up to about 
5.5%, compared to other PWM methods.  

The proposed RVM can significantly impact designing 
future CSIs with high switching frequencies by simultaneously 
improving efficiencies and minimizing the common-mode 
voltage and current issues for broad operating conditions. 
These advantages of the proposed RVM can be leveraged to 
increase the volume of the CSI systems dramatically and 
expand the application of CSI. In future work, the authors 
recommend applying a similar idea to develop advanced 
PWM methods for other systems and topologies, such as CSR-
CSI systems and matrix converters. 

APPENDIX I: PROOF OF (12) 
This appendix proves that (12) is true for the three-phase 

system with arbitrary power factor angle 𝜙𝜙.  
A three-phase system with an arbitrary power factor angle 𝜙𝜙 

(i.e., (2), (3)) satisfies,  
 𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐 = 0 (29) 
 𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐 = 0 (30) 
Substituting (29) into (12) results in 
 |𝑣𝑣𝑎𝑎𝑎𝑎| = |𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐| ≤ |𝑣𝑣𝑏𝑏𝑏𝑏| + |𝑣𝑣𝑐𝑐𝑐𝑐| (31) 
where it is clear that |𝑣𝑣𝑎𝑎𝑎𝑎| = |𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐| is smaller or equal to 
|𝑣𝑣𝑏𝑏𝑏𝑏| + |𝑣𝑣𝑐𝑐𝑐𝑐| due to the triangle inequality theorem. The proof. 
of (12) is complete. 

APPENDIX II: PROOF OF THEOREM 1 
 Theorem 1: Under |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐|  condition, 𝑣𝑣𝑐𝑐𝑐𝑐  cannot be 

the middle value 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚  among 𝑣𝑣𝑎𝑎𝑎𝑎 , 𝑣𝑣𝑏𝑏𝑏𝑏 , and 𝑣𝑣𝑐𝑐𝑐𝑐  (𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 ≠
𝑣𝑣𝑐𝑐𝑐𝑐). 
 

 Proof: There are 4 cases satisfying |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| depending 
on the polarity of 𝑣𝑣𝑎𝑎𝑎𝑎 and 𝑣𝑣𝑐𝑐𝑐𝑐, which are given by 
 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 (32) 
 0 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐 (33) 
 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 < 𝑣𝑣𝑐𝑐𝑐𝑐 (34) 
 𝑣𝑣𝑐𝑐𝑐𝑐 < 0 < 𝑣𝑣𝑎𝑎𝑎𝑎 (35) 

1) case 1: 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 0, |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| ⇒ −𝑣𝑣𝑎𝑎𝑎𝑎 < −𝑣𝑣𝑐𝑐𝑐𝑐. 
The inequality 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 is equivalent to 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑎𝑎𝑎𝑎 <
𝑣𝑣𝑏𝑏𝑏𝑏. Thus, 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑎𝑎𝑎𝑎. 

2) case 2: 0 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐, |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| ⇒ 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐. 

The inequality 0 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐 is equivalent to 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑎𝑎𝑎𝑎 <
𝑣𝑣𝑐𝑐𝑐𝑐. Thus 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑎𝑎𝑎𝑎. 

3) case 3: 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 < 𝑣𝑣𝑐𝑐𝑐𝑐, |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| ⇒ −𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐. 
The inequality 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 < 𝑣𝑣𝑐𝑐𝑐𝑐  is equivalent to 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑏𝑏𝑏𝑏 , 
𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐 , and the inequality−𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑐𝑐𝑐𝑐 is equivalent to  
𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑐𝑐𝑐𝑐. Thus, 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑐𝑐𝑐𝑐 and 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏. 

4) case 4: 𝑣𝑣𝑐𝑐𝑐𝑐 < 0 < 𝑣𝑣𝑎𝑎𝑎𝑎, |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| ⇒ 𝑣𝑣𝑎𝑎𝑎𝑎 < −𝑣𝑣𝑐𝑐𝑐𝑐. 
The inequality 𝑣𝑣𝑐𝑐𝑐𝑐 < 0 < 𝑣𝑣𝑎𝑎𝑎𝑎  is equivalent to 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑎𝑎𝑎𝑎 , 
𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑎𝑎𝑎𝑎 , and the inequality 𝑣𝑣𝑎𝑎𝑎𝑎 < −𝑣𝑣𝑐𝑐𝑐𝑐 is equivalent to 
𝑣𝑣𝑏𝑏𝑏𝑏 > 𝑣𝑣𝑐𝑐𝑐𝑐 . Thus, 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑎𝑎𝑎𝑎  and 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 . 
Therefore, for all possible conditions for |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑐𝑐𝑐𝑐| (i.e., 
(32)-(35)), there is no condition where 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑐𝑐𝑐𝑐 . The 
proof of Theorem 1 (𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 ≠ 𝑣𝑣𝑐𝑐𝑐𝑐) is complete.  

APPENDIX III: PROOF OF LEMMA 1 
 Lemma 1: If 𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐 = 0, |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 is true. 

 
 Proof: To prove Lemma 1, it is general enough to prove 

that if 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏, |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 is true (i.e., 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏) and vice versa (i.e., |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒ 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑣𝑣𝑏𝑏𝑏𝑏).  
 

 Proof 1: 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒ |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 
When 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏, 𝑣𝑣𝑏𝑏𝑏𝑏 satisfies either  
     𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑎𝑎𝑎𝑎 (36) 
or  
 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑐𝑐𝑐𝑐. (37) 
Let’s first consider the case where (36) is true. From (36), 
it is trivial that 
 3𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐 < 3𝑣𝑣𝑎𝑎𝑎𝑎. (38) 
Substituting (30) to (38) leads to  
 𝑣𝑣𝑐𝑐𝑐𝑐 < 0 < 𝑣𝑣𝑎𝑎𝑎𝑎. (39) 
Therefore, under (30) and (36) conditions, 𝑣𝑣𝑎𝑎𝑎𝑎 > 0  and 
𝑣𝑣𝑐𝑐𝑐𝑐 < 0 is true. However, the polarity of 𝑣𝑣𝑏𝑏𝑏𝑏 is not decisive 
from the (30) and (39). Thus, there are two cases: 𝑣𝑣𝑎𝑎𝑎𝑎 >
0 > 𝑣𝑣𝑏𝑏𝑏𝑏 > 𝑣𝑣𝑐𝑐𝑐𝑐 and 𝑣𝑣𝑎𝑎𝑎𝑎 > 𝑣𝑣𝑏𝑏𝑏𝑏 > 0 > 𝑣𝑣𝑐𝑐𝑐𝑐. 

1) case 1: 𝑣𝑣𝑎𝑎𝑎𝑎 > 0 > 𝑣𝑣𝑏𝑏𝑏𝑏 > 𝑣𝑣𝑐𝑐𝑐𝑐 
It is clear that |𝑣𝑣𝑏𝑏𝑏𝑏| < |𝑣𝑣𝑐𝑐𝑐𝑐| . Due to (30), |𝑣𝑣𝑎𝑎𝑎𝑎| =
|𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐|  is true. Since 𝑣𝑣𝑏𝑏𝑏𝑏  and 𝑣𝑣𝑐𝑐𝑐𝑐  have the same 
polarity, |𝑣𝑣𝑎𝑎𝑎𝑎| = |𝑣𝑣𝑏𝑏𝑏𝑏 + 𝑣𝑣𝑐𝑐𝑐𝑐| > |𝑣𝑣𝑏𝑏𝑏𝑏|  proving that |𝑣𝑣𝑎𝑎𝑎𝑎| >
|𝑣𝑣𝑏𝑏𝑏𝑏| . Thus, |𝑣𝑣𝑎𝑎𝑎𝑎| < |𝑣𝑣𝑏𝑏𝑏𝑏| < |𝑣𝑣𝑐𝑐𝑐𝑐|  meaning that |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑣𝑣𝑏𝑏𝑏𝑏.  

2) case 2: 𝑣𝑣𝑎𝑎𝑎𝑎 > 𝑣𝑣𝑏𝑏𝑏𝑏 > 0 > 𝑣𝑣𝑐𝑐𝑐𝑐. 
It is trivial that |𝑣𝑣𝑎𝑎𝑎𝑎| > |𝑣𝑣𝑏𝑏𝑏𝑏| . Due to (30), |𝑣𝑣cs| =
|𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏| . Since 𝑣𝑣𝑎𝑎𝑎𝑎  and 𝑣𝑣𝑏𝑏𝑏𝑏  are positive values, |𝑣𝑣c| =
|𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑏𝑏𝑏𝑏| > |𝑣𝑣𝑏𝑏𝑏𝑏| . Thus, |𝑣𝑣𝑏𝑏𝑏𝑏| < |𝑣𝑣𝑐𝑐𝑐𝑐|  and |𝑣𝑣𝑎𝑎𝑎𝑎| > |𝑣𝑣𝑏𝑏𝑏𝑏| 
are all true meaning that |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏. Thus, it is proven 
that under (30) and (36) condition, 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏.  
A similar approach can be used to prove 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒
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|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏  under the (30) and (37) condition. Thus, 
𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒ |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 is proven. 
 

 Proof 2:  |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ⇒ 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 
By combining |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| and (30), followings are true:  

 |𝑣𝑣𝑏𝑏𝑏𝑏| = |−(𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑐𝑐𝑐𝑐)| = |𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑐𝑐𝑐𝑐| < |𝑣𝑣𝑎𝑎𝑎𝑎| (40) 
 |𝑣𝑣𝑏𝑏𝑏𝑏| = |−(𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑐𝑐𝑐𝑐)| = |𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑐𝑐𝑐𝑐| < |𝑣𝑣𝑐𝑐𝑐𝑐| (41) 

These inequalities (40) and (41) mean that 𝑣𝑣𝑎𝑎𝑎𝑎  and 𝑣𝑣𝑐𝑐𝑐𝑐 
have different polarity. For example, if 𝑣𝑣𝑎𝑎𝑎𝑎 > 0 and 𝑣𝑣𝑐𝑐𝑐𝑐 >
0 , 𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑐𝑐𝑐𝑐 > 𝑣𝑣𝑎𝑎𝑎𝑎 > 0  is true, resulting in |𝑣𝑣𝑎𝑎𝑎𝑎 + 𝑣𝑣𝑐𝑐𝑐𝑐| >
|𝑣𝑣𝑎𝑎𝑎𝑎| contradicting (40). The same logic can be applied for 
𝑣𝑣𝑎𝑎𝑎𝑎 < 0 and 𝑣𝑣𝑐𝑐𝑐𝑐 < 0 case. Thus, when (40) and (41) are 
true, 𝑣𝑣𝑎𝑎𝑎𝑎  and 𝑣𝑣𝑐𝑐𝑐𝑐  have different polarity, which can be 
represented as 

 𝑣𝑣𝑎𝑎𝑎𝑎 ⋅ 𝑣𝑣𝑐𝑐𝑐𝑐 < 0.  (42) 
To use the proof by contradiction, let’s assume |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑣𝑣𝑏𝑏𝑏𝑏 ⇒ 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 ≠ 𝑣𝑣𝑏𝑏𝑏𝑏. There are 4 cases satisfying 𝑣𝑣𝑎𝑎𝑎𝑎 ⋅ 𝑣𝑣𝑐𝑐𝑐𝑐 <
0  (which is derived from |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑣𝑣𝑏𝑏𝑏𝑏 ) and 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 ≠ 𝑣𝑣𝑏𝑏𝑏𝑏 
given by 

 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 < 𝑣𝑣𝑐𝑐𝑐𝑐 (43) 
 𝑣𝑣𝑎𝑎𝑎𝑎 < 0 < 𝑣𝑣𝑐𝑐𝑐𝑐 < 𝑣𝑣𝑏𝑏𝑏𝑏  (44) 
 𝑣𝑣𝑏𝑏𝑏𝑏 < 𝑣𝑣𝑐𝑐𝑐𝑐 < 0 < 𝑣𝑣𝑎𝑎𝑎𝑎  (45) 
  𝑣𝑣𝑐𝑐𝑐𝑐 < 0 < 𝑣𝑣𝑎𝑎𝑎𝑎 < 𝑣𝑣𝑏𝑏𝑏𝑏. (46) 

However, all (43)-(46) contradict with |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| 
proving that 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 ≠ 𝑣𝑣𝑏𝑏𝑏𝑏  contradict with |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 =
|𝑣𝑣𝑏𝑏𝑏𝑏| (proof by contradiction). Thus |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏| ⇒
|𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚 = |𝑣𝑣𝑏𝑏𝑏𝑏|  is proven. Therefore, under (30), 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑣𝑣𝑏𝑏𝑏𝑏 = |𝑣𝑣|𝑚𝑚𝑚𝑚𝑚𝑚  is true, which can be easily generalized to 
Lemma 1. 
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