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Statistical analysis of tensor-valued data has largely used the tensor-variate normal (TVN) distribution that
may be inadequate for data arising from distributions with heavier or lighter tails. We study a general family
of elliptically contoured (EC) TV distributions and derive its characterizations, moments, marginal, and
conditional distributions. We describe procedures for maximum likelihood estimation from data that are (1)
uncorrelated draws from an EC distribution, (2) from a scale mixture of the TVN distribution, and (3) from an
underlying but unknown EC distribution, for which we extend Tyler’s robust estimator. A detailed simulation
study highlights the benefits of choosing an EC distribution over the TVN for heavier-tailed data. We develop
TV classification rules using discriminant analysis and EC errors and show that they better predict cats
and dogs from images in the Animal Faces-HQ dataset than the TVN-based rules. A novel tensor-on-tensor
regression and TV analysis of variance (TANOVA) framework under EC errors is also demonstrated to better
characterize gender, age, and ethnic origin than the usual TVN-based TANOVA in the celebrated labeled faces
of the wild dataset.
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1 Introduction
Elliptically contoured (EC) distributions [22, 23, 30, 38, 48, 56, 64] are a flexible class of symmetric
vector-variate distributions that generalize the multivariate normal distribution distribution and
facilitate the modeling of data with heavy or light tails. Similarly, matrix-variate EC distributions
[21, 28, 29] extends the matrix-variate normal distribution for the case where the tails are heavier or
lighter. The emerging interest in tensor data analysis has led to alternatives to the tensor-variate
normal (TVN) distribution that do not rely on least squares estimation and have more flexible tail
weights. In particular, tensor-valued EC-valued distributions have been studied by [2, 6], where
they were characterized and some of their fundamental properties were developed. More recently,
[69, 73] studied parameter inference for the (tensor variate-t TV-t) distribution, which is an
important member of the EC family with adaptive heavy tails.
In this article we provide a thorough study of the EC tensor-variate (TV) family. We explore

fundamental properties and propose maximum likelihood estimation techniques that we then
study and apply to real data. In Section 2, we review and study properties of EC TV distributions
by characterizing them, their marginal and conditional distributions and moments. Inference is
no longer as straightforward under EC errors, so Section 3 provides computationally practical
methodology for parameter estimation under three different scenarios, specifically a reduced rank
tensor-on-tensor regression (ToTR) and TV analysis of variance (TANOVA) framework with
EC errors, and a robust Tyler estimator for when data arise from an underlying but unknown EC
distribution. We evaluate performance of our algorithms in Section 4. Section 5 shows the value
of our methodology in two real-data scenarios. First, we develop discriminant rules using EC TV
distributions that exploit the maximum likelihood estimation frameworks developed in Section 3.
We use these classification rules to compare the predictive performance of the TVN and the TV-C
distributions in classifying cats and dogs from their images in the animal faces high-quality
(AFHQ) database. In all cases, the flexible TV- distribution with estimated degrees of freedom
(DF) outperforms the TVN in terms of area under the receiver operating characteristic (ROC)
and precision-recall (PR) curves. Our second application demonstrates the ability of our ToTR
and TANOVA methodology with EC errors to better characterize the labeled faces in the wild
(LFW) dataset in terms of age, ethnic origin, and gender, than the TVN-based ToTR and TANOVA.
We conclude this article with a discussion on our contributions in this article and propose potential
further generalizations. An appendix, with sections, theorems, proofs, equations, and figures,
provides additional technical and other details.

2 Definitions and Characterizations
2.1 Background and Preliminaries
We define a as a multi-dimensional array of numbers. This article uses X, X, and - to denote
deterministic tensors, matrices, and vectors, with bold-faced fonts for their random counterparts
(e.g., X , X, and ^ denote random tensors, matrices, and vectors). Further, we assume that X ∈
R×

?
: =1< : has (81• 82 ” ” ” • 8?)th element written as X(81• 82• ” ” ” • 8?). Tensor reshapings [41] allow us to

modify the structure of a tensor while preserving its elements. We can reshape X into a (< : ) ×
(Î ?

8=1•8<: < 8)-matrix X(: ) using its : th mode matricization. The tensor X can also be reshaped,
via its : th canonical matricization, into a (Î :

8=1< 8) × (
Î ?

8=: +1< 8) matrix XŸ: ¡ , and into a vector
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