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Abstract. In this paper, we give an in-depth error analysis for surrogate models generated by a variant of4
the Sparse Identification of Nonlinear Dynamics (SINDy) method. We start with an overview of5
a variety of nonlinear system identification techniques, namely, SINDy, weak-SINDy, and the oc-6
cupation kernel method. Under the assumption that the dynamics are a finite linear combination7
of a set of basis functions, these methods establish a linear system to recover coefficients. We8
illuminate the structural similarities between these techniques and establish a projection prop-9
erty for the weak-SINDy technique. Following the overview, we analyze the error of surrogate10
models generated by a simplified version of weak-SINDy. In particular, under the assumption11
of boundedness of a composition operator given by the solution, we show that (i) the surrogate12
dynamics converges towards the true dynamics and (ii) the solution of the surrogate model is13
reasonably close to the true solution. Finally, as an application, we discuss the use of a combi-14
nation of weak-SINDy surrogate modeling and proper orthogonal decomposition (POD) to build15
a surrogate model for partial differential equations (PDEs).16
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1. Introduction. Dynamical systems have an important position in science and engi-19

neering as a way to describe the evolution of a system in a quantifiable way. Occasionally,20

a system may have some unknown parameters or be completely unknown. In this setting,21

system identification techniques are leveraged to identify the system. If the dynamics are22

suspected to be linear, then a variety of techniques exist to identify the dynamics via the23

Fourier transform or Laplace transform [12]. However, when the dynamics are expected24

to be nonlinear, these techniques do not apply. To combat this, a variety of nonlinear25

identification techniques have been developed, including the SINDy technique [1].26

SINDy (Sparse Identification of Nonlinear Dynamics) essentially makes two fundamen-27

tal assumptions. One is that the dynamics can be represented as a finite linear combination28

of functions and the other is that this representation is sparse. Under these assumptions,29

the problem of system identification is reduced to a parameter estimation/identification30
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problem. As a data-driven technique, SINDy uses pointwise data from the system to cre-31

ate a linear system which describes the dynamics at the chosen points. This linear system32

is then solved using sparsity enforcing techniques, such as LASSO [8, 25] and sequentially33

thresholded least-squares [1, 28].34

One drawback to the SINDy technique is that the time derivative of system states is35

needed to build the linear system. These time derivatives often need to be estimated from36

the system states, which is untenable in the presence of noise. A common approach to37

address this issue is to apply low-pass filters to reduce the noise. However, it is known [4]38

that low-pass filtering does not apply in certain situations such as handling EEG data [16] in39

neuroscience or turbulence data [24] in computational fluid dynamics, where high-frequency40

data is present. Hence, a technique which is robust to noise is preferable in these situations.41

Integral formulations of SINDy, such as the weak-SINDy technique developed by Messenger42

and Bortz [14,15] and the Occupation Kernel techniques developed by Rosenfeld et al. [20,43

21], are naturally robust to noise as the derivative data is accessed in a circuitous fashion44

via integral equations. Weak-SINDy utilizes test functions to access the derivative data45

via integration by parts. Similarly, the Occupation Kernel technique uses test functions to46

access the derivative data via the fundamental theorem of calculus.47

As stated above, a fundamental assumption of these nonlinear system identification48

techniques is that the dynamics are describable by a chosen finite basis of functions. How-49

ever, if the dynamics are truly unknown, a practitioner is left to guess or use domain50

knowledge to choose a reasonable basis. Additionally, one may not be interested in iden-51

tifying a system but in reducing a known but computationally expensive system to an52

inexpensive model which retains some properties of the original system. As the only re-53

quired inputs for these techniques are choices of basis and system data, it is clear that54

these techniques will return some model, but the relevancy of this model to the underlying55

system is unclear.56

This paper asserts in the case of weak-SINDy that if a reasonable basis, composed of57

functions known to be dense in an underlying Hilbert space, is chosen, then the returned58

system is a good approximation of the original and has solutions reasonably close to the59

original. Section 2 gives an overview of SINDy-type techniques, illuminates a projection60

property of weak-SINDy, and exemplifies the structural similarities between these SINDy-61

type techniques giving possible avenues for extensions of this work. In Section 3, we give an62

in-depth error analysis of the surrogate models generated by a simplified version of weak-63

SINDy. In particular, in the scalar ordinary differential equation (ODE) case, we show that64

(i) the surrogate dynamics converges towards the true dynamics and (ii) the solution of the65

surrogate model is reasonably close to the true solution, under the assumption of a bounded66

composition operator. In Section 4, this error analysis is extended to systems of ODEs,67

and the results are applied to identify a surrogate ODE system over coordinates defined68

by proper orthogonal decomposition (POD) for solutions to partial differential equations69

(PDEs), similar to the approach taken in [18]. Section 5 contains a variety of numerical70

examples exemplifying the main results of this paper.71

2. A general formulation of SINDy-type techniques. In this section, we review three72

SINDy-type techniques (Section 2.1), provide a unified formulation for these techniques73
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WEAK-SINDY SURROGATE MODELS 3

(Section 2.2), and analyze the projection property of the weak-SINDy method (Section 2.3).74

2.1. Review of three SINDy-type techniques. We begin with an overview of three75

SINDy-type techniques, including the original SINDy method [1]. These system identifica-76

tion techniques aim to identify an underlying dynamical system ẋ = f(x(t)) from measured77

or simulated solution data x in a time interval [a, b]. Here ẋ denotes the time derivative78

of x, which will be used throughout this paper. An overarching assumption in these tech-79

niques is that f is assumed to be a linear combination of a finite set of functions {ϕj}Jj=0,80

i.e.,81

f(·) =
∑J

j=0wjϕj(·), wj ∈ R, j = 0, . . . , J.82

The SINDy-type technique then estimate the weights {wj}Jj=0 from data that contains83

(part of) the solution x to the underlying system.84

SINDy. Given {x(tk)}Kk=0 at time steps {tk}Kk=0, the original SINDy method [1] seeks85

weights {wj}Jj=0 that satisfy86

ẋ(tk) =
∑J

j=0wjϕj(x(tk)), k = 0, . . . ,K,87

which is then formulated as a linear system88

(2.1) b = Gw with entries bk = ẋ(tk), Gk,j = ϕj(x(tk)), and wj = wj .89

Additionally, the SINDy method makes a second fundamental assumption that the90

underlying dynamics are sparsely represented in the correct choice of basis. Hence the91

above linear system can be solved using a sparsity enforcing solver such as LASSO.92

Astute readers will realize that the vector b is populated with the derivative data ẋ(t)93

at the prescribed time-steps. Ideally, the derivative data is measured, but in many cases it94

must be estimated using a variety of techniques. In the presence of measurement noise, this95

becomes increasingly harder to do. To circumvent this obstruction, integral formulations96

of SINDy have been created. Two techniques to the author’s knowledge are Messenger and97

Bortz’s weak formulation [14,15] and Rosenfeld et al.’s operator theoretic technique [20,21],98

which we introduce below.99

weak-SINDy. The weak-SINDy method proposed in [14, 15] introduces a class of test100

functions {ψk}Kk=0 in addition the basis functions {ϕj}Jj=0 in the SINDy method. Through-101

out this paper, we refer to {ϕj}Jj=0 as a projection basis and {ψk}Kk=0 as a test function102

basis.103

Given x(t), ∀t ∈ [a, b], the weak-SINDy method finds the weights {wj}Jj=0 by solving104

(2.2) 〈ẋ, ψk〉 =
〈∑J

j=0wjϕj(x), ψk

〉
, k = 0, . . . ,K,105

where 〈·, ·〉 denotes the L2 inner product on [a, b]. In matrix form, Eq. (2.2) is written as106

(2.3) b = Gw with entries bk = 〈ẋ, ψk〉 and Gk,j = 〈ϕj(x), ψk〉 ,107

where the entries of b can be computed using integration by parts, i.e.,108

(2.4) 〈ẋ, ψk〉 = −
〈
x, ψ̇k

〉
,109
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under the assumption that {ψk}Kk=0 have compact support in [a, b]. Therefore, the weak-110

SINDy method avoids direct computations of ẋ by invoking ψ̇k, the derivative of the test111

function, which is often known a priori.112

Remark 2.1. While not the main focus of the paper, it should be noted that inaccuracies113

in the numerical approximations of the inner products will perturb both G and b and affect114

the final weights w. For a reference on peturbed least squares problems see [27].115

Occupation kernel method. The basic form of the operator-theoretic technique developed116

in [20, 21] is similar to weak-SINDy. Given x(t), ∀t ∈ [a, b] and a set of test functions117

{ψk}Kk=0, the occupation kernel method solves118

(2.5)
〈
ψ̇k(x), ẋ

〉
=
〈
ψ̇k(x),

∑J
j=0wjϕj(x)

〉
, k = 0, . . . ,K,119

where the left-hand side can be reformulated by120

(2.6)
〈
ψ̇k(x), ẋ

〉
=
∫ b
a ψ̇k(x(t))ẋ dt =

∫ b
a
d
dt (ψk(x(t)) dt = ψk(x(b))− ψk(x(a)) .121

Thus, the matrix formulation of Eq. (2.5) becomes122

(2.7) b = Gw with entries bk = ψk(x(b))− ψk(x(a)) and Gk,j =
〈
ϕj(x), ψ̇k(x)

〉
,123

which also avoid direct measurements or evaluations of ẋ.124

It should be noted that in [21] the test basis is chosen from a particular class of functions125

called reproducing kernels and the method is framed in the language of operators (see126

Section 2.2).127

2.2. A general class of techniques. In this section, we point out the structural sim-128

ilarities between the three techniques discussed in Section 2.1 by taking a Hilbert-space129

theory approach. Although this paper primarily focuses on the weak-SINDy method, the130

formulation presented in this section is expected to illuminate ways in which the primary131

analysis can be extended. In general, the SINDy-type techniques resolve the dynamics over132

a finite dimensional subspace of a Hilbert function space generated by the test functions,133

and system identification is achieved via enforcing a rule over this finite dimensional space.134

The weak-SINDy technique most obviously exemplifies this point. The original SINDy135

method and the occupation kernel method can be cast in this light as well.136

Definition 2.2. A (real) Hilbert function space over a domain X is a Hilbert space of137

functions f : X → Rn. A reproducing kernel Hilbert space is a Hilbert function space H in138

which the evaluation functional, Ex(f) := f(x), is continuous. By the Riesz representation139

theorem, there exists functions Kx, called reproducing kernels, such that f(x) = 〈f, Kx〉H140

for all f ∈ H.141

For a good reference on reproducing kernel Hilbert spaces consult [17].142

Original SINDy has the same form as weak-SINDy (Eq. (2.3)), under the assumptions143

that x, ẋ, and ϕj(x) lie in the same reproducing kernel Hilbert space and that the test144

functions are chosen to be the reproducing kernels at the time-steps tk. Thus,145

〈ϕj(x(t)), ψk〉H = 〈ϕ ◦ x, Ktk〉H = ϕj(x(tk)).146
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It should be pointed out that the test functions could have also been chosen to be Dirac147

delta distributions. However, this paper takes the view point that the test functions will148

form a finite dimensional subspace of the underlying Hilbert function space such that149

Hilbert space theory applies to the analysis. The theoretical sacrifice made here is the150

assumption that the solution and the basis functions lie in a reproducing kernel Hilbert151

space which equates to the assumption of some increased regularity.152

Rosenfeld et al. also introduce theory along side their technique using the language of153

reproducing kernel Hilbert spaces. We include part of the theory here to further illustrate154

the similarities between these techniques. In [20,21], solutions (considered as trajectories)155

are encoded as occupation kernels.156

Definition 2.3. Let H be a reproducing kernel Hilbert space in which the linear functional157

g 7→
∫ b

a
g(x(t))dt158

is bounded. By Riesz representation theorem, there exists a function Γx ∈ H such that159 ∫ b

a
g(x(t))dt = 〈g, Γx〉 .160

We will call Γx the occupation kernel for trajectory x.161

Intuitively, we can think of occupation kernels as the output of a feature map which takes162

trajectories to a function in a Hilbert space. The action of the dynamics are encoded as an163

operator called the Liouville operator in a similar fashion to which dynamics are encoded164

as Koopman/composition operators in Dynamic Mode Decomposition (DMD) [10,19].165

Definition 2.4. The Liouville operator on H with symbol f is given by Af (g) = ġ · f .166

Under this viewpoint,
∫ b
a ġ(x(t))f(x(t))dt = 〈Af (g), Γx〉H . Therefore, the entries in the167

linear system Eq. (2.7) can be written as168

(2.8) bk =
〈
ψk, A

∗
f (Γx)

〉
, and Gk,j =

〈
ψk, A

∗
ϕj (Γx)

〉
.169

A few points should be made at this stage. Generally, Af is a densely defined operator170

and the properties of the symbol influence the properties of the operator, see [22]. Secondly,171

under this view point, the success of Rosenfeld et al. method is tied to how similar the172

functions A∗f (Γx) and A∗∑
j wjϕj

(Γx) on the finite dimensional space generated by the test173

functions ψk. Finally, the entries in Eq. (2.3) can also be written in an operator form by174

invoking a composition operator Cx(f) := f ◦ x, i.e.,175

(2.9) bk = 〈Cx(f), ψk〉 , and Gj,k = 〈Cx(ϕj), ψk〉 .176

Even though this paper does not take full advantage of this operator formulation, we177

expect the operator theoretic viewpoints of the SINDy-type techniques to open avenues for178

further analysis.179
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2.3. The projection property of the weak-SINDy technique. In the context of system180

identification, the techniques presented in Section 2.1 are shown to be successful when the181

dynamics can be written as a linear combination of the choice of basis functions. However,182

this assumption does not hold in general when generating a surrogate model for complex183

systems with these techniques. In this section, we show that the weak-SINDy technique184

acts as a projection operator that projects the underlying dynamics to the space spanned185

by the chosen basis.186

As shown above, the weak-SINDy technique solves functional equations represented187

by a linear system Eq. (2.2) and then returns a linear combination of basis functions.188

Here we separate the weak-SINDy technique into three steps, referred to as the encoding,189

solving, and decoding steps, and formalize these steps as three mappings which we will190

call the encoder, solver, and decoder mappings, respectively. In the following definition, we191

will give precise descriptions of the space of the basis and test functions and define each192

mapping under the choice of basis and test functions.193

Definition 2.5. Let H be a Hilbert function space on a set X and {ϕj}Jj=0 be a finite194

collection of functions in H. Let H be a Hilbert function space on a set [a, b] and F =195

{ψk}Kk=0 be a finite subset of basis functions in H. Suppose that x : [a, b] → X defines a196

bounded composition operator Cx : H → H. We then define the following maps:197

(2.10)

E : H → RK+1, E(g) = [〈g(x), ψ0〉H . . . 〈g(x), ψK〉H]> ,

S : RK+1 → RJ+1, S(b) = argmin
w∈RJ+1

‖Gw − b‖+ λ‖w‖,

D : RJ+1 → H, D(w) =
∑J

j=0wjϕj(·),

198

where the entries of the matrix G ∈ RK+1×J+1 are given by Gk,j = 〈ϕj(x), ψk〉H and λ ≥ 0199

is a regularization parameter. We will refer to the maps E, S, and D as the encoder, solver,200

and decoder maps, respectively.201

We note that the solver map S is well-defined only if the problem minw∈RJ+1 ‖Gw− b‖+202

λ‖w‖ has a unique minimizer. This requirement is usually satisfied in practice as K is203

often chosen to be much greater than J . We assume that S is well-defined throughout this204

paper.205

Lemma 2.6. Let S be the solver map defined in Definition 2.5. Let ŵ = S(b) for some206

b ∈ RK+1, then S(Gŵ) = ŵ.207

Proof. By contradiction, suppose S(Gŵ) = w∗ 6= ŵ, then, since S is well-defined,208

(2.11)
‖Gw∗ −Gŵ‖+ λ‖w∗‖ < ‖Gŵ −Gŵ‖+ λ‖ŵ‖

⇒ ‖G(w∗ − ŵ)‖+ λ‖w∗‖ < λ‖ŵ‖
209

Thus, by the triangle inequality,210

(2.12)
‖Gw∗ − b‖+ λ‖w∗‖ ≤ ‖Gŵ − b‖+ ‖G(w∗ − ŵ)‖+ λ‖w∗‖

< ‖Gŵ − b‖+ λ‖ŵ‖,
211

which contradicts to the assumption that ŵ = S(b).212
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Here we do not specify the choice of the norms in the fidelity term ‖Gw − b‖ and the213

regularization term λ‖w‖ in the solver. In fact, the result in Lemma 2.6 holds for arbitrary214

norms in RK+1 and RJ+1 as shown in the above proof.215

With Lemma 2.6, we next show in Proposition 2.7 that the weak-SINDy technique is216

indeed a projection of the underlying dynamics to the space spanned by the basis function.217

Proposition 2.7. Let V = span{ϕj}Jj=0 ⊂ H. Using the notation in Definition 2.5, the218

mapping defined by219

P : H → V ⊂ H P = D ◦ S ◦ E220

is a well-defined projection map.221

Proof. We show that P is a projection map by proving that P 2 = P . Let F ∈ H and222

suppose P (F ) = (D ◦ S ◦ E)(F ) =
∑J

j=0 ŵjϕj(·) for some ŵ ∈ RJ+1. From the definition223

of the solver operator S in Eq. (2.10), ŵ = S(E(F )). Applying E to P (F ) gives224

(E ◦ P )(F ) =
[〈∑J

j=0 ŵjϕj(x), ψ0

〉
H
, . . . ,

〈∑J
j=0 ŵjϕj(x), ψK

〉
H

]>
= Gŵ.225

It then follows from Lemma 2.6 that226

(2.13) (S ◦ E ◦ P )(F ) = S(Gŵ) = ŵ .227

Thus, we have228

(2.14) P 2(F ) = (D ◦ S ◦ E ◦ P )(F ) = D(ŵ) =

J∑
j=0

ŵjϕj(·) = P (F ) .229

2.4. weak-SINDy in the context of this paper. The SINDy-type methods have been230

shown to be very efficient at system identification under the assumption that the underlying231

dynamics is a linear combination of the chosen finite set of basis functions. In this paper,232

we will abandon this assumption and rephrase the SINDy-type methods in the context of233

surrogate modeling. For system ẋ = f(x), if f is not in the span of the chosen finite set234

of basis functions ϕj , the SINDy-type methods will return a model, which is shown in the235

preceding section to be a projection of the underlying dynamics in the case of weak-SINDy.236

In this section, we study the viability of the surrogate model and investigate the difference237

between the solution to the projected surrogate model and the original solution.238

For the remainder of the paper, we focus on the weak-SINDy method, which is the239

most amenable to Hilbert space analysis techniques. We also make several simplifying240

assumptions. Namely, we assume:241

(i) no regularization is used in solving the least squares problem Eq. (2.3),242

(ii) the chosen set of basis functions {ϕj}Jj=0 spans PJ , where PJ is the space of poly-243

nomials up to degree J over a domain,244

(iii) the test functions form an orthonormal basis,245

(iv) and the matrix G in Eq. (2.3) is full column rank. Together with assumptions (ii)246

and (iii), this assumption is effectively an assumption on the trajectory x(t).247
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We note that, unlike [15], we do not assume in the analysis that the test functions have248

compact support in the time interval. In this case, data at the endpoints are needed249

for integration by parts. In addition, the choice of polynomial basis functions allows us250

to leverage well-known polynomial approximation properties in the analysis. Finally, as251

portions of this paper contain multivariable results, we define the notion of “degree” used252

for multi-variable polynomials in this paper.253

Definition 2.8 (Degree of a multi-variable polynomial). Let X ⊂ RN . We say a multi-254

variable polynomial is of max degree J if all variables are of degree J or less. We define255

(2.15) PJ(X) =
{
p(x) =

∑
j αjx

j : x ∈ X , j = (j1, . . . , jN ) , max` j` ≤ J
}
,256

where J is the max degree. For convenience, |j|∞ := max` j`.257

3. Analysis of weak-SINDy approximation to scalar ODEs. In this section, we ana-258

lyze the weak-SINDy method in the case of approximating a scalar ODE259

(3.1) ẋ(t) = f(x(t)), x(a) = η , for t ∈ [a, b] ,260

where f : X → R is the dynamics with X the range of x, which for this paper we assume261

is bounded. We start from the following proposition, which bounds the difference between262

the approximate and original solutions by the error in the approximate system.263

Proposition 3.1. Suppose x : [a, b]→ X ⊆ R on some compact region [a, b] satisfies the264

ODE Eq. (3.1). Let x̂ : [a, b]→ X satisfy265

(3.2) ˙̂x(t) = p(x̂(t)), x̂(a) = η266

for some p : X → R. Then, ‖x− x̂‖L∞([a,b]) ≤ (b− a)1/2‖f ◦ x− p ◦ x̂‖L2([a,b]).267

Proof. For each t ∈ [a, b], we have268

(3.3)

|x(t)− x̂(t)| =
∣∣∣∣∫ t

a
f(x(s))− p(x̂(s)) ds

∣∣∣∣
≤
∫ b

a
|f(x(s))− p(x̂(s))|ds ≤ (b− a)1/2‖f ◦ x− p ◦ x̂‖L2([a,b])

269

by Hölder’s inequality. This concludes the proof since the bound holds for all t ∈ [a, b].270

Motivated by Proposition 3.1, the goal of this section is to estimate271

(3.4) ‖f ◦ x− p ◦ x̂‖L2([a,b]),272

where p is the polynomial projection of the dynamics f given by the weak-SINDy method.273

Applying the triangle inequality to Eq. (3.4) gives274

(3.5) ‖f ◦ x− p ◦ x̂‖L2([a,b]) ≤ ‖f ◦ x− p ◦ x‖L2([a,b]) + ‖p ◦ x− p ◦ x̂‖L2([a,b]).275

We then provide an estimate on the first term on the right-hand side in Section 3.1 and276

take the second term into account in Section 3.2.277
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Boundedness of composition operators will play an important role in this paper in278

establishing several inequalities using the standard operator bound.279

(3.6) ‖Ax‖H ≤ ‖A‖op‖x‖H where ‖A‖op = sup{‖Ax‖H : ‖x‖H ≤ 1} for A : H → H.280

Additionally, boundedness of a linear operator is equivalent to continuity (in the norm281

topology).282

A well-known theorem in [5] proves boundedness of L2 composition operators under283

reasonable assumptions in the setting that the flowmap φ is a self-mapping of a set S284

into itself. In the following Proposition 3.3, we give a slightly generalized version of this285

well-known theorem that is not restricted to self-mappings.286

Remark 3.2. Here Proposition 3.3 is stated in the multi-dimensional setting. While287

the analysis in Section 3 focuses only on the one-dimensional case, the multi-dimensional288

statement is applicable in Section 4.289

Notation. Let µ be a measure on Rn with σ-algebra Σ and A a finite measurable subset290

of Rn. Let ΣA and µA denote the restriction of the Σ and µ to subsets of A.291

Proposition 3.3. Let φ : B → A := φ(B) where A and B are finite measurable subsets292

of Rn. The composition operator Cφ : Lp(A,ΣA, µA)→ Lp(B,ΣB, µB) given by293

Lp(A,ΣA, µA) 3 f 7→ f ◦ φ ∈ Lp(B,ΣB, µB)294

is well defined and bounded if µB(φ−1(E)) = 0 whenever µA(E) = 0 and295

sup
E∈ΣA

µB(φ−1(E))

µA(E)
= M <∞.296

Here, ‖Cφ‖ = M
1
p .297

Proof. Note, if f ◦ φ(s) 6= g ◦ φ(s) then f(r) 6= g(r) for r = φ(s). Let298

S = {s ∈ B | f ◦ φ(s) 6= g ◦ φ(s)}299

and300

R = φ(S) ⊂ A.301

Note, if f = g almost everywhere in µA, then the condition µB(φ−1(E)) = 0 whenever302

µA(E) = 0 gives us that303

0 ≤ µB(S) ≤ µB(φ−1(R)) = 0304

since µA(R) = 0. Therefore the operator is well-defined. For simple functions f =305 ∑
i αiχEi , the inequality306

‖Cφf‖p =
∑
i

|αi|pµB(φ−1(Ei)) ≤
∑
i

|αi|pMµA(Ei) = M‖f‖p307

shows that ‖Cφ‖ is bounded by M
1
p , where the first equality follows from ‖CφχE‖p =308

µB(φ−1(E)). With the boundedness of Cφ,309

µB(φ−1(E)) = ‖CφχE‖p ≤ ‖Cφ‖p‖χE‖p = ‖Cφ‖pµA(E)310

shows that ‖Cφ‖ ≥M
1
p . Hence, ‖Cφ‖ = M

1
p .311
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3.1. Convergence of weak-SINDy approximation. In this section, we provide esti-312

mates of the approximation error ‖f ◦ x − p ◦ x‖L2([a,b]) as the degrees of projection basis313

functions and test functions increase. Recall that the projection basis functions are de-314

noted as ϕj : X → R, j = 0, . . . , J and the test functions are denoted as ψk : [a, b] → R,315

k = 0, . . . ,K. To simplify the presentation, here we focus on the case that both {ϕj} and316

{ψk} are chosen to be polynomials. The analysis extends to other choices of test functions,317

e.g., Fourier basis, as long as similar convergence properties are available.318

The polynomial space spanned by the basis and test functions are denoted as PJ(X)319

and PK([a, b]), respectively. We define the operator that projects functions in H onto320

PK([a, b]) in the L2 sense as PK . It is then straightforward to verify that the weak-SINDy321

approximation obtained by solving the least squares problem minw∈RJ+1 ‖Gw − b‖2 with322

G and b defined in Eq. (2.3) is equivalent to the minimizing polynomial323

(3.7) p∗J,K := argmin
p∈PJ (X)

‖PK(f ◦ x− p ◦ x)‖L2([a,b]) ,324

which is used throughout this section. Here the uniqueness of p∗J,K is guaranteed by the325

full column rank assumption of G stated in Section 2.4, which is assumed throughout the326

paper along with other assumptions given therein.327

To start the analysis, we first introduce the following notation.328

Notation. Let Hm(Ω) denote the Hilbert Sobolev space of L2(Ω) functions with L2 dis-329

tributional derivatives up to and including order m. Let Cs(Ω) be the space of s times330

continuously differentiable functions on a set Ω.331

The following two estimates in Lemmas 3.5 and 3.6 for polynomial approximation errors332

are essential tools in the analysis in this section. In these two lemmas, the operator PJ is333

defined as the L2 projection operator from Hm(Ω) onto PJ(Ω).334

Remark 3.4. In this section, we only need the single variable (n = 1) version of Lem-335

mas 3.5 and 3.6. However, we state these two lemmas in the general multi-variable form336

since they are needed in the analysis of ODE system approximations considered in Sec-337

tion 4 (specifically for Theorem 4.3). In these lemmas, J refers to the max degree when338

multi-variable polynomials are considered.339

Lemma 3.5. Let Ω a bounded cube in Rn. Suppose u ∈ Hm(Ω), for any real m ≥ 0 then340

(3.8) ‖u− PJu‖L2(Ω) ≤ C J−m ‖u‖Hm(Ω),341

where the constant C is independent of J and u.342

Proof. See [3, Theorem 2.3].343

Lemma 3.6. Let Ω be a bounded cube of Rn, Suppose u ∈ Hm(Ω), then for any real344

0 ≤ s ≤ m we have345

‖u− PJu‖Hs(Ω) ≤ CJe(s,m)‖u‖Hm(Ω) with e(s,m) =

{
2s−m− 1

2 s ≥ 1
3s
2 −m 0 ≤ s ≤ 1

,346

where the constant C is independent of J and u.347
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Proof. See [3, Theorem 2.4].348

We are now ready to estimate the approximation error ‖f ◦ x − p∗J,K ◦ x‖L2([a,b]). To349

start, we apply the triangle inequality350

‖f ◦ x− p∗J,K ◦ x‖L2([a,b]) ≤‖f ◦ x− PK(f ◦ x)‖L2([a,b]) + ‖PK(f ◦ x− p∗J,K ◦ x)‖L2([a,b])351

+ ‖p∗J,K ◦ x− PK(p∗J,K ◦ x)‖L2([a,b]),(3.9)352353

and provide upper bounds for each of the three terms on the right-hand side independently.354

The upper bound for the first term follows from a direct application of Lemma 3.5, which355

requires the regularity information of f ◦ x. Here, we derive the regularity of f ◦ x from356

regularity assumptions on the solution x and the composition operator Cx.357

Remark 3.7. Let x : [a, b] → X be a function in Cs([a, b]). Since all polynomials p358

are C∞, it follows that p ◦ x ∈ Cs([a, b]) (and thus in Hs([a, b])). Further, suppose f ∈359

Hm(X) and Cx : Hs(X) → Hs([a, b]) is a bounded operator for some s ∈ (0,m], then the360

boundedness of Cx implies that f ◦ x ∈ Hs([a, b]).361

Corollary 3.8. Suppose f ∈ Hm(X) and x ∈ Cs([a, b]) for some s ≤ m, then362

(3.10) ‖f ◦ x− PK(f ◦ x)‖L2([a,b]) ≤ CK−s‖(f ◦ x)‖Hs([a,b]) .363

provided Cx : Hs(X)→ Hs([a, b]) is bounded.364

Next, we give an estimate of the second term in Eq. (3.9) in the following proposition.365

Proposition 3.9. Let f ∈ Hm(X) for some m > 0 and x : [a, b]→ X, then366

(3.11) ‖PK(f ◦ x− p∗J,K ◦ x)‖L2([a,b]) ≤ C ‖Cx‖op J
−m ‖f‖Hm(X) ,367

provided that the composition operator Cx is bounded in the L2 sense.368

Proof. By definition of p∗J,K in Eq. (3.7), we have that369

(3.12) ‖PK(f ◦ x− p∗J,K ◦ x)‖L2([a,b]) ≤ ‖PK(f ◦ x− p ◦ x)‖L2([a,b]), ∀p ∈ PJ(X) .370

Since PK is the minimum L2 projection from H to PK([a, b]), we have, ∀p ∈ PJ(X),371

(3.13) ‖PK(f ◦ x− p ◦ x)‖L2([a,b]) ≤ ‖f ◦ x− p ◦ x‖L2([a,b]) ≤ ‖Cx‖op‖f − p‖L2(X),372

where ‖Cx‖op denotes the operator norm of Cx (see Eq. (3.6)). Now, define pJ := PJf ∈373

PJ(X), it then follows from Eq. (3.13) and Lemma 3.5 that374

(3.14) ‖PK(f ◦ x− pJ ◦ x)‖L2([a,b]) ≤ C ‖Cx‖op J
−m ‖f‖Hm(X) .375

Plugging Eq. (3.14) into Eq. (3.12) leads to the desired bound.376

Several of the results to follow require p◦x to be of a fixed regularity for all polynomials377

p. Based on Remark 3.7, p ◦ x is of the same regularity for all polynomials p. With378

Remark 3.7, we apply Lemma 3.5 and provide an upper bound for the third term in379

Eq. (3.9), ‖p∗J,K ◦ x− PK(p∗J,K ◦ x)‖L2([a,b]), in the following corollary.380
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Corollary 3.10. Suppose x ∈ Cs([a, b]), then381

(3.15) ‖p∗J,K ◦ x− PK(p∗J,K ◦ x)‖L2([a,b]) ≤ CK−s‖p∗J,K ◦ x‖Hs([a,b]), J = 1, 2, . . . .382

We note that since the constant C in Eq. (3.15) comes from Lemma 3.5, C is indepen-383

dent of K and p∗J,K . Therefore, we next show that ‖p∗J,K ◦x‖Hs([a,b]) is bounded from above384

by a constant independent of J and K. To bound ‖p∗J,K ◦ x‖Hs([a,b]), we will make use of385

two intermediate polynomials,386

(3.16) pJ := argmin
p∈PJ (X)

‖f − p‖L2(X) and qJ := argmin
p∈PJ (X)

‖f ◦ x− p ◦ x‖L2([a,b]),387

where pJ is the best L2 polynomial approximation on X and qJ is the best polynomial388

approximation under composition with x. Proposition 3.11 states that, p∗J,K converges to389

qJ as K increases, and the proof is given in Appendix A. We will also show in Lemma 3.13390

that qJ ◦ x converges to pJ ◦ x as J increases. Since pJ converges to f as J increases by391

Lemma 3.5, we will use these facts to bound ‖p∗J,K ◦ x‖Hs([a,b]) in Proposition 3.15.392

Proposition 3.11. Under the assumption that the polynomial qJ is uniquely defined,393

p∗J,K ∈ Hs(X) converges to qJ ∈ Hs(X) in Sobolev norm as K increases for any s ≥ 0 and394

bounded domain X.395

Proof. This is a restatement of Proposition A.6, the proof of which is in Appendix A.396

By expressing in terms of the test function basis {ψk}, we note that qJ solves the mini-397

mization problem:398

(3.17) min
p∈PJ

∞∑
k=0

|〈f ◦ x− p ◦ x, ψk〉|2399

and p∗J,K solves a truncated version:400

(3.18) min
p∈PJ

K∑
k=0

|〈f ◦ x− p ◦ x, ψk〉|2401

It is clear that the minimal value of Eq. (3.18) converges to the one of Eq. (3.17) as K →∞.402

However, it is necessary to show that the minimizers converge as well. The convergence403

proof of the minimizers, i.e., the polynomials, is given in Appendix A, which makes use of404

strong convexity arguments of the objective functions in Eqs. (3.17) and (3.18).405

Next, to show that qJ ◦x converges to pJ ◦x, we need a generalized reverse Sobolev in-406

equality as stated in the following Proposition 3.12, which is a single variable simplification407

of Proposition B.1 stated in Appendix B as and proved therein.408

Proposition 3.12 (Generalized reverse Sobolev inequality). Suppose that x ∈ Cs([a, b]),409

u is a J-th degree polynomial, then there exists a constant C such that410

(3.19) ‖u ◦ x‖Hs([a,b]) ≤ CJ2s‖u ◦ x‖L2([a,b]).411
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Proof. See the proof of Proposition B.1 in Appendix B.412

Lemma 3.13. Define rJ = qJ − pJ ∈ PJ(X). Let f ∈ Hm(X), x ∈ Cs([a, b]), and s be413

such that s < m
2 . Suppose that the composition operator Cx is bounded in the L2 sense,414

then there exists a constant C such that415

(3.20) ‖rJ ◦ x‖Hs([a,b]) ≤ C‖Cx‖opJ
2s−m‖f‖Hm(X) .416

Proof. From the definition of rJ and the triangle inequality, we have417

(3.21)

‖rJ ◦ x‖L2([a,b]) ≤ ‖f ◦ x− qJ ◦ x‖L2([a,b]) + ‖f ◦ x− pJ ◦ x‖L2([a,b])

≤ ‖f ◦ x− pJ ◦ x‖L2([a,b]) + ‖f ◦ x− pJ ◦ x‖L2([a,b])

≤ 2‖Cx‖op‖pJ − f‖L2(X) ≤ 2C‖Cx‖opJ
−m‖f‖Hm(X),

418

where the definition of pJ , the boundedness of Cx, and Lemma 3.5 are used. The result419

then follows from Proposition 3.12.420

Proposition 3.14. Let f ∈ Hm(X), x ∈ Cs([a, b]), and s be such that s < m
2 . Suppose421

that the composition operator Cx is bounded in both the L2 and Hs sense, then we have422

(3.22) ‖qJ ◦ x‖Hs([a,b]) ≤ CJ2s−m‖f‖Hm(X) + CJe(s,m)‖f‖Hm(X) + ‖f ◦ x‖Hs([a,b]).423

Proof. By the triangle inequality,424

‖qJ ◦ x‖Hs([a,b]) ≤ ‖qJ ◦ x− pJ ◦ x‖Hs([a,b]) + ‖pJ ◦ x− f ◦ x‖Hs([a,b]) + ‖f ◦ x‖Hs([a,b])425

≤ ‖rJ ◦ x‖Hs([a,b]) + ‖Cx‖op‖pJ − f‖Hs(X) + ‖f ◦ x‖Hs([a,b]).(3.23)426427

We apply Lemma 3.13 to the first term, and the second term is bounded by Lemma 3.6.428

Proposition 3.15. Let f ∈ Hm(X), x ∈ Cs([a, b]), and s be such that s < m
2 . Suppose429

that the composition operator Cx is bounded in the L2 and Hs sense. Then, for some430

C̃ > 0,431

(3.24) ‖p∗J,K ◦ x‖Hs([a,b]) ≤ ‖f ◦ x‖Hs([a,b]) + C̃ ,432

and thus433

(3.25) ‖p∗J,K ◦ x− PK(p∗J,K ◦ x)‖L2([a,b]) ≤ CK−s(‖f ◦ x‖Hs([a,b]) + C̃) .434

Proof. By the triangle inequality,435

(3.26) ‖p∗J,K ◦ x‖Hs([a,b]) ≤ ‖(qJ ◦ x− p∗J,K ◦ x)‖Hs([a,b]) + ‖qJ ◦ x‖Hs([a,b])436

where ‖(qJ ◦ x − p∗J,K ◦ x)‖Hs([a,b]) → 0 as K → ∞ by Proposition 3.11 and continuity of437

the composition operator. We bound ‖qJ ◦ x‖Hs([a,b]) by applying Proposition 3.14.438

Since s < m
2 , J2s−m and Je(s,m) decrease as J increases, hence there exists some439

constant C̃ > 0, independent of J and K, such that ‖p∗J,K ◦x‖Hs([a,b]) ≤ ‖f ◦x‖Hs([a,b]) + C̃,440

proving the first statement. Plugging this into Eq. (3.15) in Corollary 3.10 then leads to441

the second statement.442
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With the three terms on the right-hand side of Eq. (3.9) bounded, the following theorem443

is then a direct consequence of Corollary 3.8, Proposition 3.9, and Proposition 3.15.444

Theorem 3.16. Let f ∈ Hm(X), x ∈ Cs([a, b]), and s be such that s < m
2 . Suppose that445

the composition operator Cx is bounded in both the L2 and Hs sense. The approximation446

error447

(3.27)
‖f ◦ x− p∗J,K ◦ x‖L2([a,b]) ≤CK−s‖f ◦ x‖Hs([a,b]) + C ‖Cx‖op J

−m ‖f‖Hm(X)

+ CK−s(‖f ◦ x‖Hs([a,b]) + C̃) .
448

3.2. Error estimates on the approximate solution from weak-SINDy. With the con-449

vergence of the consistency error shown in Theorem 3.16, we show in the following propo-450

sition that the difference between the original and approximate solutions is governed by451

the consistency error in a sufficiently small time interval.452

Proposition 3.17. Consider the ODE given in Eq. (3.1) on time interval [a, b]. Suppose453

that the polynomial p = p∗J,K defined in Eq. (3.7) satisfies454

(3.28) ‖f ◦ x− p ◦ x‖L2([a,b]) ≤ ε,455

for some ε > 0. Let L[a,β] denote the Lipschitz constant of p on some time interval [a, β] ⊆456

[a, b] and x̂ be the approximate solution in Eq. (3.2). Suppose that [a, β] is sufficiently small457

such that (β − a)L[a,β] < 1, then458

(3.29) ‖x− x̂‖L∞([a,β]) ≤
(β − a)1/2

1− (β − a)L[a,β]
ε .459

Proof. By the definition of Lipschitz constant L[a,β], we have460

(3.30) ‖p ◦ x− p ◦ x̂‖2L2([a,β]) ≤
∫ β

a
L2

[a,β]|x(s)− x̂(s)|2ds ≤ L2
[a,β]‖x− x̂‖

2
L∞([a,β])(β − a).461

The claim is then proved via a similar analysis as in Proposition 3.1, i.e. by Hölder’s462

inequality,463

‖x− x̂‖L∞([a,β]) ≤ (β − a)1/2‖f ◦ x− p ◦ x̂‖L2([a,β])464

≤ (β − a)1/2
(
‖f ◦ x− p ◦ x‖L2([a,β]) + ‖p ◦ x− p ◦ x̂‖L2([a,β])

)
(3.31)465

≤ (β − a)1/2 ε+ (β − a)L[a,β]‖x− x̂‖L∞([a,β]) ,466467

where the last inequality follows from Eq. (3.28), [a, β] ⊆ [a, b], and Eq. (3.30).468

4. weak-SINDy approximation to ODE systems and an application to POD dis-469

cretization. In this section, we extend the convergence theorems in Section 3.1 for scalar470

ODEs to ODE systems. Our results readily generalize to the multi-variable setting as471

many of the proof techniques rely on Hilbert space methods (see Remark 4.1). As an ap-472

plication, we show how weak-SINDy techniques can be applied to POD system inference473

as considered in [18].474
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4.1. Analysis of weak-SINDy approximation to ODE systems. In this section, we475

will extend the error analysis in Section 3 to the case of systems of ODEs. Here i is used476

as a component-wise index, e.g., xi denotes the i-th component of x ∈ RN . Consider the477

ODE system478

(4.1) ẋ(t) = f(x(t)), x(a) = η ∈ RN , for t ∈ [a, b] ,479

where x(t) := [x1(t), . . . , xN (t)]T with xi : [a, b] → Xi ⊆ R, i = 1, . . . , N . The i-th com-480

ponent of f : XN → RN is denoted as fi : X
N → R, i = 1, . . . , N , with XN :=

⊗N
i=1Xi481

denoting the Cartesian product of Xi. While the test functions ψk : [a, b] → R remain482

identical to the one considered in Section 3, here we consider the set of basis functions to483

be {ϕj}Jj=0 that spans PJ(XN ), the space of polynomials up to degree J on XN , where484

j ∈ NN is a multi-index. Here J refers to the max degree of a polynomial.485

Remark 4.1. In this section, the domain XN defined above is no longer the range of the486

trajectory as in Section 3. This choice allows for definitions of the function spaces and the487

relevant polynomials pJ , qJ and p∗J,K on XN , which are used in the following analysis.488

The weak-SINDy method approximates the ODE system in a component-wise man-489

ner. Specifically, for each component fi of the vector-valued function f , the weak-SINDy490

approximation is given by491

(4.2) p∗i,J,K := argmin
p∈PJ (XN )

‖PK(fi ◦ x− p ◦ x)‖L2([a,b]) .492

As in the scalar ODE case, the minimization problem in Eq. (4.2) can be written in the493

least-squares form, i.e.,494

(4.3) p∗i,J,K =
∑
|j|∞≤J w

(i)
j · ϕj , with w(i) := argminw ‖Gw − b(i)‖22 ,495

where Gk, j := 〈ϕj(x(·)), ψk〉 and b
(i)
k := 〈ẋi, ψk〉 = −

〈
xi, ψ̇k

〉
.496

To this end, we bound the difference between the approximate and original solu-497

tions following the same approach as in Proposition 3.1. Here, a few lemmas that were498

stated/proved in the multi-variable setting in Section 3 can be directly applied.499

Proposition 4.2. Suppose that the system (4.1) has a solution x : [a, b] → XN ⊆ RN .500

Let x̂ : [a, b]→ XN be a solution to the ODE system with dynamics p : XN → RN , i.e.,501

(4.4) ˙̂x(t) = p(x̂(t)), x̂(a) = η .502

Then, ‖xi − x̂i‖L∞([a,b]) ≤ (b− a)1/2‖fi ◦ x̂− pi ◦ x‖L2([a,b]) for i = 1, . . . , N .503

Using the same argument as in Section 3.1 leads to an estimate on the component-wise504

approximation error ‖fi ◦ x − p∗i,J,K ◦ x‖L2([a,b]) as given in Theorem 4.3. The generaliza-505

tion from single-variable to multi-variable functions is rather straightforward, given that506

the main tools for polynomial approximation error estimations, Lemmas 3.5 and 3.6, are507

already stated in the multi-variable form and the generalized reverse Sobolev inequality in508

the multi-variable setting is readily stated in Proposition B.1 and proved in Appendix B.509
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Theorem 4.3. Suppose fi ∈ Hm(XN ), x ∈ Cs([a, b]) and s be such that s < m
2 . Further,510

suppose that the composition operator Cx is a bounded operator in both the L2 and Hs sense,511

then the approximation error512

(4.5)
‖fi ◦ x− p∗i,J,K ◦ x‖L2([a,b]) ≤ CK−s‖fi ◦ x‖Hs([a,b]) + C ‖Cx‖op J

−m ‖fi‖Hm(XN )

+ CK−s(‖fi ◦ x‖Hs([a,b]) + C̃) .
513

With this bound on the component-wise approximation error, we proceed with the fol-514

lowing proposition to bound the difference between the original and approximate solutions515

following the same strategy as in Proposition 3.17.516

Proposition 4.4. Consider ODE system (4.1) on time interval [a, b]. Suppose that the517

polynomial pi = p∗i,J,K defined in Eq. (4.2) satisfies518

(4.6) ‖fi ◦ x− pi ◦ x‖L2([a,b]) ≤ ε,519

for some ε > 0. Let L[a,β] denote the Lipschitz constant of pi on some time interval [a, β] ⊆520

[a, b] and x̂ be the approximate solution in Eq. (4.4). Suppose that [a, β] is sufficiently small521

such that (β − a)L[a,β] < 1, then522

(4.7) ‖xi − x̂i‖L∞([a,β]) ≤
(β − a)1/2

1− (β − a)L[a,β]
ε .523

4.2. POD Background. Suppose that we have the following PDE524

∂tu = F (u(x, t))525

for some function F with a unique solution u : Ω × [0, T ] → R. Discretization of the526

domain of u offers a way of approximating a PDE as an ODE system. However, depending527

on the necessary amount of points in the discretization these systems can be very high528

dimensional. To circumvent this high-dimensionality, one can choose to instead use a POD529

discretization. For a good overview of POD refer to [9, 13, 23]. Recently, as seen in [18], a530

non-intrusive method was devised to identify a system of ODEs over POD space. In [18],531

it was assumed that F has a representative system of ODEs that was at most quadratic in532

the temporal POD modes. Here we exemplify that the weak-SINDy technique can act as533

a non-intrusive method to create a surrogate system of ODEs over POD space. We start534

with a brief review of POD.535

The goal of POD is to efficiently represent (project) a solution u(x, t) to a PDE in a536

finite number of modes so that,537

u(x, t) ≈
N∑
i=1

si(t)ui(x).538

Here, we assume that x ∈ Ω ⊂⊂ Rn is compact and t ∈ [0, T ]. In this section, we call539

{ui}Ni=1 the spatial modes and {si}Ni=1 the temporal modes. To do this, we define an540

operator kernel R(x, y) by541

(4.8) R(x, y) :=
1

T

∫ T

0
u(x, t)⊗ u(y, t) dt ,542
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which can be considered as the time-average of u(x, t)⊗ u(y, t). If this function R(x, y) is543

continuous, thus square integrable over the compact space Ω × Ω, we have that R is the544

kernel of a Hilbert-Schmidt integral operator. We can then define an operator R as545

(4.9) [Rv](x) =

∫
Ω
R(x, y)v(y) dy ,546

which is self-adjoint since R(x, y) = R(y, x). Therefore, the spectral theorem guarantees547

that there exists an orthonormal basis {ui(x)}∞i=1 of eigenfunctions of R, which are consid-548

ered as the spatial modes of u(x, t). By orthogonality of {ui(x)}∞i=1, the temporal modes549

can be defined as550

(4.10) si(t) =

∫
Ω
u(x, t)ui(x) dx = 〈u(x, t), ui(x)〉Ω,551

where the inner product is taken over Ω. In this paper, we refer to the temporal modes552

defined by Eq. (4.10) as the exact temporal modes.553

In the next sections, we will exemplify the use of the weak-SINDy technique in finding554

a surrogate system of ODEs that govern the temporal POD modes. We split this into555

two sections, one in which weak-SINDy uses the exact temporal modes as input data, and556

another in which proxy temporal modes are defined and used as input data. The difference557

between the two modes are demonstrated in the numerical experiments in Section 5.558

4.3. Generating a surrogate ODE system for the exact POD modes. With the POD559

modes defined in Section 4.2, the solution can be expanded as u(x, t) =
∑∞

i=1 si(t)ui(x).560

From Eq. (4.10), we have561

(4.11) ṡi(t) = 〈∂tu(·, t), ui〉Ω = 〈F (u(·, t)), ui〉Ω , i = 1, 2, . . . .562

Assuming that the evolution of the first N temporal modes is governed by an ODE system563

with some dynamics f : RN → RN , i.e.,564

(4.12) ṡ(t) = f(s(t)) with s(t) :=
[
s1(t) · · · sN (t)

]T
,565

then, when f is either unknown or expensive to evaluate, the weak-SINDy method can be566

applied to construct a surrogate model for f from data s as discussed in Section 4.1.567

We note that f is not an approximation of the differential operator F that governs the568

solution u. However, constructing an approximation of f allows us to model the temporal569

modes s(t), while the spatial modes ui(x) remain constant.570

Applying the weak-SINDy method to Eq. (4.12) leads to the surrogate model571

(4.13) ṡi
† =

∑J
j=0w

(i)
J · ϕj(s

†) , i = 1, . . . , N,572

where the weights w
(i)
J are computed as given in Eq. (4.3). In the remainder of this paper,573

we refer to the solutions si
† of Eq. (4.13) as the surrogate temporal modes, which can be574

used to construct an approximate PDE solution u(x, t) ≈ u†(x, t) :=
∑N

i=1 s
†
i (t)ui(x).575
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4.4. Generating a surrogate ODE system for proxy POD modes. When the exact576

temporal modes s(t) are unavailable, they may be approximated by proxy temporal modes577

s∗(t) governed by the following equation578

(4.14) ṡ∗i =
〈
∂t

(∑N
`=1 s

∗
` (t)u`

)
, ui

〉
Ω

=
〈
F
(∑N

`=1 s
∗
` (t)u`

)
, ui

〉
Ω
, i = 1, . . . , N ,579

which can be written as the ODE system580

(4.15) ṡ∗ = g(s∗) with gi :=
〈
F
(∑N

`=1 s
∗
` (t)u`

)
, ui

〉
Ω
.581

Similar to the case of using exact POD modes, applying the weak-SINDy method to582

Eq. (4.15) leads to a surrogate model for the proxy POD modes.583

Remark 4.5. We note that the exact and proxy POD modes are equivalent at the limit584

when the expansion degree N →∞.585

5. Numerical Experiments. In this section, we demonstrate the accuracy of surrogate586

models generated by the weak-SINDy method for several ODEs and verify the theoretical587

results proved in Sections 3 and 4. In sections 5.1 and 5.2, we apply weak-SINDy to scalar588

ODEs with various regularity. In section 5.3, we consider the case when weak-SINDy is589

applied to a system of ODEs from POD approximations of a PDE, as discussed in Section 4.590

The ODEs considered in this section are solved using the odeint solver from the scipy591

package in Python with a very restrictive maximum time step size (10−6) to minimize the592

effect of numerical discretization errors. The numerical solutions, x(t), are then used to593

compute the matrix G and vector b defined in Eq. (2.3), where the integration-by-parts594

technique in Eq. (2.4) is used to avoid evaluations of dx
dt , and the integrals are performed595

using the function simpson in the scipy package [26]. The linear system (2.3) is then596

solved using the least squares solver lstsq provided in the numpy Python package [7]. In597

these numerical tests, monomials are used as the basis functions {ϕj}Jj=0. As for the test598

functions, we consider both the Legendre polynomials and the Fourier basis to demonstrate599

that the convergence results in the test space hold for any orthogonal test functions. The600

choice of test functions {ψk}Kk=0 will be specified in each experiment.601

5.1. Smooth scalar ODE. We first consider a simple example of a scalar ODE602

(5.1) ẋ = f(x) := e−2x, x(0) = 0 ,603

over the time interval [0, 1], which has a smooth analytic solution xa(t) = 1
2 ln(2t+ 1). To604

be consistent to other numerical tests in this section, we used a numerical solution x(t) to605

Eq. (5.1) on a uniform grid in t with step size 10−4 as the data for constructing surrogate606

models for Eq. (5.1).607

5.1.1. Approximation errors. In this section, we use the normalized Legendre poly-608

nomials as test functions and explore the effect of the degrees J and K of the basis and609

test functions to various approximation errors of the resulting surrogate model. To demon-610

strate the convergence properties of approximation errors, we first recall the main triangle611
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inequality (3.9) used in the analysis in Section 3,612

‖f ◦ x− p∗J,K ◦ x‖L2([a,b])︸ ︷︷ ︸
(L)

≤‖f ◦ x− PK(f ◦ x)‖L2([a,b])︸ ︷︷ ︸
(R1)

+ ‖PK(f ◦ x− p∗J,K ◦ x)‖L2([a,b])︸ ︷︷ ︸
(R2)

613

+ ‖p∗J,K ◦ x− PK(p∗J,K ◦ x)‖L2([a,b])︸ ︷︷ ︸
(R3)

,614

615

and explore how the choices of J and K affect the magnitude of each term.616

Figure 1 reports the total approximation error (L) in solid blue lines and the upper617

bound (R1)+(R2)+(R3) in dashed orange lines for K = 5, 10, 20 and J = 1, . . . , 30. In618

each figure, a vertical black dashed line is plotted at J = K. Figure 2 shows the magnitudes619

of (R1), (R2), and (R3) under the same setting in green, blue, and red lines, respectively.620

Figure 1: The total approximation error (L) [solid blue lines] and the upper bound
(R1)+(R2)+(R3) [dashed orange lines] plotted versus the degree of basis functions J =
1, . . . , 30, for various degrees of test functions K = 5, 10, and 20. A vertical black dashed
line is plotted at J = K.

Figure 2: The error terms (R1), (R2), and (R3) plotted versus the degree of basis functions
J = 1, . . . , 30 in green, blue, and red lines, respectively, for various degrees of test functions
K = 5, 10, and 20. A vertical black dashed line is plotted at J = K.

The results in Figure 1 shows spectral convergence of the total approximation error (L)621

when J ≤ K. We observe that the approximation error stops improving as J increases when622
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J > K, since the matrix G no longer satisfies the full column rank assumption considered623

in Section 2.4 and thus the linear system Eq. (2.3) becomes an under-determined system.624

From Figure 2, we notice that (L) closely reflects the approximation error in the test space625

(R2), which decays spectrally in this smooth example as stated in Proposition 3.9. In the626

case when K = 20, the value of (R2) stops decreasing at around 10−9 due to numerical627

integration errors. When the value of K is low, the upper bound is dominated by (R1)628

and (R3), and the values of which decrease when K grows as indicated in Lemma 3.5 and629

Proposition 3.15.630

5.1.2. Approximation error with Fourier test functions. In this section, we repeat631

the tests in Section 5.1.1 with the test functions chosen to be part of the standard Fourier632

basis given by {ψk(t)} := {1} ∪ {
√

2 cos(2πkt)}Kk=1 ∪ {
√

2 sin(2πkt)}Kk=1.633

Figure 3 shows the values of the total approximation error (L), the individual terms634

(R1), (R2), (R3), and the upper bound (R1)+(R2)+(R3) for J = 1, . . . , 30 and K = 10,635

which results in 2K + 1 = 21 Fourier test functions.636

(a) Total approximation error and upper bound (b) Individual error terms

Figure 3: Total approximation error (L), the individual terms (R1), (R2), (R3), and the
upper bound (R1)+(R2)+(R3) plotted versus the degree of basis functions J = 1, . . . , 30
with the degree of Fourier basis K = 10, which results in 2K+1 = 21 Fourier test functions.

From the results in Figure 3, we observe that the total error (L) still closely resembles637

the behavior of the projection error (R2) in the test space. In the case of Fourier test638

functions, the value of (R2) still converges spectrally when J ≤ K as when using Legendre639

polynomials as test functions (cf. Figure 2), since the convergence rate of (R2) is inde-640

pendent to the choice of test functions, as shown in Proposition 3.9. We also note that in641

Figure 3, (R2) saturates at around 10−11 due to numerical integration errors. Since the642

dynamics f in Eq. (5.1) is not periodic, expansions with Fourier test functions converge643

much slower than the ones using Legendre polynomials, which significantly affects the val-644

ues of (R1) and (R3). As shown in Figure 3, the error bound is still dominated by (R1)645

and (R3) even when 2K + 1 = 21 Fourier test functions were used. The terms (R1) and646

(R3) are only expected to decrease when K increases and are not expected decrease when647
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J increases.648

5.1.3. Convergence of the solution. In this section, we verify the convergence prop-649

erty in Proposition 3.17, which bounds the difference between x and x̂, the solutions to the650

ODE Eq. (5.1) and the associated surrogate model ˙̂x = p∗(x̂), respectively. Specifically, we651

demonstrate that, in a time interval [a, b] that satisfies L(b − a) < 1 with L the Lipschitz652

constant of p∗, the error ‖x̂− x‖L∞([a,b]) is indeed bounded by ε(b− a)1/2/(1− L(b− a)), where653

ε = ‖f ◦ x− p ◦ x‖L2[a,b] as given in Proposition 3.17. Here the test functions are chosen to654

be the Fourier basis as in Section 5.1.2. We focus on the case that K = 20 and J = 5 with655

the approximate polynomial p∗J=5,K=20 from weak-SINDy denoted as p∗ for simplicity. In656

this experiment, the solution to Eq. (5.1) was calculated over the time interval [0, 3] using657

a uniform grid with step-size 3× 10−4.658

To demonstrate the bound in Proposition 3.17, we set a threshold value s ≤ 1 and659

compute τ ∈ [0, 3] such that τ L = s, where the Lipschitz constant L of p∗ is computed660

over the range of the analytic solution x(t) = 1
2 ln(2t + 1) over time interval [0, 3]. With661

ε = ‖f◦x−p∗◦x‖L2([0,3]), the error bound over time frame [0, τ ] is then given by ε · τ1/2/(1− s).662

Figure 4 shows the computed solution error |x(t)− x̂(t)| and the upper bound provided663

by Proposition 3.17 over time interval [0, τ ]. Here the upper bound is calculated with664

ε ≈ 0.002, s = 0.8, and τ ≈ 0.4. The result validates the upper bound while suggesting665

that the estimate may not be sharp.666

Figure 4: Solution error |x(t)− x̂(t)| (blue) and the estimate (red) given in Proposition 3.17
are plotted on time interval [0, 0.4].

5.2. Scalar ODE – varying regularity. We next consider scalar ODEs of the form667

(5.2) ẋ(t) = gα(x(t)), x(0) = 2, with gα(x) = 1[−π
2
,π
2

] cosα(x)− 1

2
,668

where 1 denotes the indicator function and α ≥ 0 is a tunable parameter for the regularity669

of gα. Specifically, it can be shown that gα ∈ Hα+1/2(X) for α ≥ 0. To ensure that the670

solution x exercises the non-smooth part of the dynamics gα, we solve Eq. (5.2) on time671

interval [0, 2] on a uniform grid in t with step size 10−4.672

To highlight one of the significant changes the regularity of gα has on the projection673

error of weak-SINDy, we calculate ‖PK(gα◦x−p∗J,K◦x)‖L2([0,2]) ((R2) term in Section 5.1.1)674
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as J increases. Here Legendre polynomials were used for both the test functions {ψk}20
k=0675

and the basis functions {ϕj}Jj=0, J ∈ {1, 2 . . . , 20}. For each α ∈ {1, 2, 3, 4}, Figure 5a676

plots gα over the domain [−2, 2]. Figure 5b plots the projection error (R2) at K = 20677

and varying basis function degree J = 1, 2, . . . , 20 for each α, with additional dashed lines678

indicating the expected convergence rate in J from Proposition 3.9.679

The observed results confirms that the convergence rate for the projection error given680

in Proposition 3.9.681

(a) Dynamics gα (b) Projection error (R2) for each gα

Figure 5: Figure 5a plots gα over the domain [−2, 2] for α ∈ {1, 2, 3, 4}. Figure 5b plots
the projection error (R2) at K = 20 and varying degree J = 1, 2, . . . , 20 for each α, with
dashed lines indicating the expected convergence rate of (R2) in J from Proposition 3.9.

5.2.1. Approximation Errors – varying regularity. In this section, we carry out the682

same computations as in Section 5.1.1 but on Eq. (5.2) with α = 1 and α = 4. Figures 6683

and 8 reports the total approximation error (L) in solid blue lines and the upper bound684

(R1)+(R2)+(R3) in dashed orange lines for K = 5, 10, 20 and J = 1, . . . , 30. In each685

figure, a vertical black dashed line is plotted at J = K. Figures 7 and 9 shows the686

magnitudes of (R1), (R2), and (R3) under the same setting in green, blue, and red lines,687

respectively. Figures 7 and 9 also feature a purple dashed line to indicate the expected688

convergence rates. The discussion of Section 5.1.1 carries over into this section as well.689

5.3. Weak-SINDy surrogate for POD discretization of a PDE. In this section we690

consider a one-dimensional diffusion equation:691

(5.3) ∂tu = β(x)∂xxu692

with initial and boundary conditions given by693

(5.4) u(x, 0) = x+ sin(2πx) + 1, u(0, t) = 1, u(1, t) = 2,694

over the domain Ω× [0, T ] = [0, 1]× [0, 10]. In each experiment, the solution u(x, t) was nu-695

merically solved for using a FTCS scheme [11]. The intervals [0, 1] and [10, 10] were divided696
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Figure 6: For α = 1, the total approximation error (L) [solid blue lines] and the upper bound
(R1)+(R2)+(R3) [dashed orange lines] are plotted versus the degree of basis functions
J = 1, . . . , 30, for various degrees of test functions K = 5, 10, and 20. A vertical black
dashed line is plotted at J = K.

Figure 7: With α = 1 the error terms (R1), (R2), and (R3) are plotted versus the degree of
basis functions J = 1, . . . , 30 in green, blue, and red lines, respectively, for various degrees
of test functions K = 5, 10, and 20. A vertical black dashed line is plotted at J = K and
a purple dashed line indicates the expected convergence rate.

into uniform grids with step size of 10−2 and 10−3 respectively. Step-sizes were chosen to697

maintain stability of the FTCS scheme with the chosen diffusivities. With the numerical698

solution u(x, t), the spatial POD modes are calculated by solving a discretized version of699

Eq. (4.9) as a generalized eigenvalue problem using the eigh function in scipy.linalg.700

The exact temporal modes are computed using Eq. (4.10), where the integrals are per-701

formed using scipy.integrate.simpson. Again, the ODEs considered in this section are702

solved using the scipy.integrate.odeint solver with a maximum time step size (10−5)703

to minimize the effect of numerical discretization errors. For consistency between experi-704

ments, all POD approximations were done using two spatial modes.705

We apply the weak-SINDy method to construct surrogate models for the exact and706

proxy temporal modes in Sections 5.3.1 and 5.3.2, respectively for Eq. (5.3) with constant707

diffusivity factor β. In Section 5.3.3, we construct a weak-SINDy surrogate model for708

the exact temporal modes of Eq. (5.3) with β a discontinuous function in space. In each709

experiment, a Fourier test basis {ψk(t)} := {1} ∪ {
√

2 cos(2πkt)}Kk=1 ∪ {
√

2 sin(2πkt)}Kk=1710
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Figure 8: For α = 4, the total approximation error (L) [solid blue lines] and the upper bound
(R1)+(R2)+(R3) [dashed orange lines] are plotted versus the degree of basis functions
J = 1, . . . , 30, for various degrees of test functions K = 5, 10, and 20. A vertical black
dashed line is plotted at J = K.

Figure 9: With α = 4 the error terms (R1), (R2), and (R3) are plotted versus the degree of
basis functions J = 1, . . . , 30 in green, blue, and red lines, respectively, for various degrees
of test functions K = 5, 10, and 20. A vertical black dashed line is plotted at J = K and
a purple dashed line indicates the expected convergence rate.

for K = 40 and a monomial projection basis {ϕ~j(x)} := {xj11 · . . . ·x
jN
N }~j=(j1,...,jN ) was used711

to generate the weak-SINDy surrogate models given by Eq. (4.13).712

5.3.1. Exact POD modes of 1D diffusion equation with constant diffusivity. In this713

experiment, we consider Eq. (5.3) with a constant β(x) := 5 × 10−3. Applying the weak-714

SINDy method to the exact temporal modes with max basis degree J = 1 leads to the715

following coupled polynomial ODE model716

(5.5)
ṡ0 = 7.56× 10−4 − 1.76× 10−3 s0 − 1.09× 10−2 s1 − 1.18× 10−10 s0s1

ṡ1 = 1.35× 10−2 − 3.14× 10−2 s0 − 1.96× 10−1 s1 − 2.12× 10−9 s0s1 .
717

We denote the solution to Eq. (5.5) as s†i , which is referred to as the surrogate temporal718

modes as introduced in Section 4.3.719

In Figure 10, we plot the original solution u, the POD reconstruction from spatial720

mode ui and exact POD mode si, and the surrogate solution u† from spatial mode ui and721
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surrogate temporal mode s†i .722

(a) Original solution u (b) POD reconstruction of u (c) Surrogate POD approxi-
mation u†

Figure 10: The original solution u(x, t) to Eq. (5.3) with constant β, its POD reconstruc-

tion, and a POD approximation u† from the surrogate temporal modes s†i .

In Figure 11, we plot the heat maps for the error between u and its POD reconstruction723

and the error between the POD reconstruction and the surrogate solution u† at each x and724

t in a logarithmic scale. For this tame example, we see that the POD reconstruction nearly725

replicates the original solution with a small number of modes, and the surrogate model726

provided by the weak-SINDy method gives accurate approximations to the exact temporal727

modes.728

5.3.2. Proxy POD modes of 1D diffusion equation with constant diffusivity. In729

this section, we will perform the same experiment as in Section 5.3.1 but using the proxy730

temporal modes defined in Section 4.4. The proxy temporal modes are obtained by solving731

the ODE system732

(5.6) ṡ∗i = β ·
〈∑N

`=1 s
∗
` (t)∂xxu`(x), ui

〉
Ω
, i = 1, . . . , N ,733

with the initial condition given in Section 5.3.1. Here the derivatives are calculated via734

fourth order finite differences. Applying the weak-SINDy method to the proxy temporal735

modes with max basis degree J = 1 leads to the following coupled polynomial ODE model736

(5.7)
ṡ0 = 7.65× 10−4 − 1.79× 10−3 s0 − 1.11× 10−2 s1 − 1.20× 10−10 s0s1

ṡ1 = 1.34× 10−2 − 3.14× 10−2 s0 − 1.96× 10−1 s1 − 2.08× 10−9 s0s1 .
737

The solutions to Eq. (5.7) are again denoted by s†i , which are the surrogate temporal modes738

from the proxy POD modes s∗i .739

In Figure 12, we plot the heat maps for the error between u and the proxy POD recon-740

struction from proxy temporal modes s∗ and the error between the proxy POD reconstruc-741

tion and the surrogate solution u† at each x and t in a logarithmic scale. As opposed to the742
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(a) Error between the POD recon-
struction and u(x, t)

(b) Error between the surrogate
POD approximation u† and the
POD reconstruction of u

Figure 11: The error between u and its POD reconstruction (Figure 11a) and the error
between the POD reconstruction and the surrogate solution u† (Figure 11b) at each x and
t in a logarithmic scale.

case for exact temporal modes considered in Figure 11, here the proxy POD reconstruction743

error is observed to increase over time and is much greater than the surrogate error from744

weak-SINDy method, i.e., the surrogate POD approximation u† is of similar quality to745

the proxy POD reconstruction from s∗, which justifies the use of weak-SINDy method for746

constructing surrogate models for proxy POD modes.747

5.3.3. Exact POD modes of 1D diffusion equation with discontinuous diffusivity.748

In this section, we explore the case when the diffusivity factor β is a discontinuous function749

in x, specifically we consider750

(5.8) β(x) = 5× 10−3 ·H0.5(x) with H0.5(x) =

{
1 if x ≤ 0.5

0 if x > 0.5
.751

In Figure 13, we plot the first two spatial and temporal modes for the solution u(x, t)752

to Eq. (5.3) with β(x) given by Eq. (5.8). As shown in the figure, the exact temporal753

modes are continuous while the spatial modes exhibit a discontinuity, which is due to the754

discontinuity of β in space.755

We apply the weak-SINDy method and generate two surrogate models for the first two756

exact temporal modes (shown in Figure 13). The two surrogate models are of max degree757

one (J = 1) and three (J = 2), respectively. Figure 14 shows the original solution u with758

discontinuous β in Eq. (5.8), the POD reconstruction of u, and the surrogate solutions u†759

from surrogate models with J = 1 and J = 2.760

In Figure 15, we plot the error between u and its POD reconstruction (Figure 15a),761

the error between the POD reconstruction of u and u† with J = 1 (Figure 15b), and the762
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(a) Error between the proxy POD
reconstruction and u(x, t)

(b) Error between the surrogate
POD approximation u† and the
POD reconstruction of u

Figure 12: The error between u and its proxy POD reconstruction (Figure 12a) and the
error between the proxy POD reconstruction and the surrogate solution u† (Figure 12b)
at each x and t in a logarithmic scale.

error between the POD reconstruction of u and u† with J = 2 (Figure 15c). It can be763

observed from Figure 15a that the POD reconstruction is not nearly accurate as in the764

case for constant β, due to the discontinuity of the solution in space. However, the results765

in Figures 15b and 15c indicate that the difference between the POD reconstruction and766

the surrogate solution u† is still fairly small, especially when the max degree increases from767

J = 1 to J = 2, as expected from the error estimate in Theorem 4.3.768

6. Conclusions. In this paper, error estimates for the surrogate models generated by769

the weak-SINDy technique with polynomial projection basis are provided. It was proved770

that (i) the dynamics of surrogate models generated by the weak-SINDy technique con-771

verges to the underlying dynamics as the basis degree increases and (ii) the surrogate772

solutions are reasonably close to the original solutions. The error estimates also provide a773

convergence rate of the surrogate dynamics that depends on the regularity of the dynamics774

and the resulting solutions. The analysis relies on the assumption that weak-SINDy pro-775

cedure leads to a linear system with a unique solution, implying that the number of test776

functions K needs to be greater than the number of projection basis J , which is verified777

in the numerical results. Numerical experiments of applying the weak-SINDy technique to778

generate surrogate models for POD approximations to PDEs were performed. The reported779

results confirm that, when the exact POD modes are unavailable (as in most practical sce-780

narios), the error introduces by POD approximation often outweigh the surrogate modeling781

error, justifying the use of weak-SINDy surrogate models for POD approximation.782
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Figure 13: The first two spatial and temporal modes of the solution u(x, t) to Eq. (5.3)
with β(x) given by Eq. (5.8). As expected, since β(x) is spatially discontinuous, we see a
discontinuity only in the spatial modes.

which has greatly improved the quality.785

Appendix A. Proof of Proposition 3.11. In this section we give the full details to786

show that the polynomial p∗J,K converges to the polynomial qJ . As the proof will rely787

on the interplay of the matrix and functional form of the minimization problems, we will788

define the following maps for convenience.789

Definition A.1. Let x : [a, b] → X, f : X → R, {ψk}Kk=0 be a finite subcollection of a790

polynomial orthonormal basis for L2([a, b]) and PK be projection onto span{ψk}Kk=0. Given791

a polynomial p ∈ PJ(X) we define the maps792

χ : RJ+1 → PJ(X), [a0, . . . , aJ ]> ∈ RJ+1 7→ PJ(X) 3 a0 + a1x+ . . .+ aJx
J ,793

794
ρf,K : PJ(X)→ R, PJ(X) 3 p 7→ ‖PK(f ◦ x− p ◦ x)‖2L2([a,b]),795

796
ρf,∞ : PJ(X)→ R, PJ(X) 3 p 7→ ‖f ◦ x− p ◦ x‖2L2([a,b]),797

and798

Mf,K : RJ+1 → R, Mf,K := ρf,K ◦ χ799

Mf,∞ : RJ+1 → R, Mf,∞ := ρf,∞ ◦ χ.800
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(a) Original solu-
tion u

(b) POD recon-
struction of u

(c) Surrogate solu-
tion u† with J = 1

(d) Surrogate solu-
tion u† with J = 2

Figure 14: The original solution u(x, t) to Eq. (5.3) with discontinuous β in Eq. (5.8), the

POD reconstruction of u, and POD approximations u† from surrogate temporal modes s†i
with max degree J = 1 and J = 2.

(a) Error between u and its
POD reconstruction

(b) Error between the
POD reconstruction and
u† with J = 1

(c) Error between the POD
reconstruction and u† with
J = 2

Figure 15: The error between u and its exact POD reconstruction (Figure 15a) for dis-
continuous β and the error between the exact POD reconstruction and the approximate
solution u† from surrogate models with J = 1 and J = 2 (Figures 15b and 15c) at each x
and t in a logarithmic scale.

Note that the coefficients of p∗J,K , as a vector, is a minimizer of Mf,K and the coefficients801

of qJ , as a vector, is a minimizer for Mf,∞.802

Lemma A.2. If p∗J,K is unique for all K and a fixed J ∈ N, the sequence of vectors803

χ−1(p∗J,K) is bounded in RJ+1.804

Proof. Let the (k, j)-th entry of GK ∈ R(K+1)×(J+1) be 〈ϕj ◦ x, ψk〉. Let gK+1 be the805

(K + 1)-th row of the matrix GK+1, i.e.806

GK+1 =

[
GK

gK+1

]
.807
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Assume for some K0 that GK0 is of full rank (i.e. a unique minimizer is assumed). Now,808

w>(GK0+1)>(GK0+1)w = w>(GK0)>(GK0)w +w>(gK0+1)>(gK0+1)w809

≥ w>(GK0)>(GK0)w > 0810811

by the full rank assumption. Therefore, (GK)>(GK) is positive definite for all K ≥ K0 and812

the eigenvalues are bounded away from zero for allK ≥ K0. For allK ≥ K0, letwK ∈ RJ+1813

be such that (GK)>(GK)wK = (GK)>bK where bK = [〈f ◦ x, ψ0〉 , . . . , 〈f ◦ x, ψK〉]>.814

Note, wK = χ−1(p∗J,K).815

‖(GK)>GKwK‖2 = ‖(GK)>bk‖2816

Therefore,817

‖wK‖2 ≤
‖(GK)>‖2‖bK‖2
λmin((GK)>GK)

.818

Here ‖ · ‖2 refers to the vector 2-norm and the induced matrix norm and λmin(·) refers to819

the minimum eigenvalue. From the definitions of GK and bK , it is straightforward to see820

that ‖(GK)>‖2‖bK‖2 is bounded for all K by
√∑J

j=1 ‖ϕj ◦ x‖2L2([a,b])
· ‖f ◦ x‖L2([a,b]) by821

orthogonality of the test functions {ψk}, which proves the claim.822

Lemma A.3. If f ∈ Hm(X), x ∈ Cs([a, b]), and Cx : Hs(X) → Hs([a, b]) is bounded,823

then Mf,K converges to Mf,∞ uniformly as K →∞ over compact subsets of RJ+1.824

Proof. By Lemma 3.5825

|Mf,K(~p)−Mf,∞(~p)| =
∣∣∣‖PK(f ◦ x− p)‖2L2([a,b]) − ‖(f ◦ x− p)‖

2
L2([a,b])

∣∣∣826

= ‖(f ◦ x− p ◦ x)− PK(f ◦ x− p ◦ x)‖2L2([a,b])827

≤
‖f ◦ x− p ◦ x‖2Hs([a,b]) · C

K2s
828
829

for some constant C independent of f ◦ x − p ◦ x and K. In the above, p = χ(~p). Note830

that the regularity of f ◦ x− p ◦ x is the same for all polynomials our assumption. As our831

functions act on a compact subset, this assures that ‖f ◦ x− p ◦ x‖2Hs([a,b]) ·C is bounded.832

Therefore, |Mf,K(~p) −Mf,∞(~p)| can be made arbitrarily small for any ~p by choosing K833

large enough.834

Proposition A.4. Under the assumption that the maps Mf,K and Mf,∞ have unique835

minimizers, the maps Mf,K and Mf,∞ are strongly convex.836

Proof. To prove that Mf,K is a strongly convex map, we note that837

(A.1) Mf,K(~p) = ‖PK(f ◦ x− p ◦ x)‖2L2 = ‖GK~p− bK‖22 p = χ−1(~p).838

Here it is clear that 2(GK)>(GK) is the Hessian for Mf,K . Assuming the uniqueness of839

minimizers, the proof of Lemma A.2 shows that mk = λmin((GK)>(GK)) is an increasing840

sequence bounded away from zero. This is enough to show strong convexity for all Mf,K by841

using the matrix form of Mf,K shown in Equation (A.1). With strong convexity of Mf,K842

established for all K, the proof of strong convexity for Mf,∞ is done by a limit argument.843
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Lemma A.5. If g : B ⊂ RJ+1 → R is strongly convex then there exists a constant C844

such that if x∗ = argminx∈B(g) and ε > 0 then |g(y)− g(x∗)| ≤ ε implies ‖y − x∗‖22 ≤ Cε.845

Proof. If g is a strongly convex function this is equivalent to846

g(y) ≥ g(x) + 〈sx, y − x〉+
µ

2
‖y − x‖2847

where sx is a sub-differential at x. As g is strongly convex, it has a unique minimizer, call848

it x∗. At x = x∗849

g(y)− g(x∗) ≥ 〈sx∗ , y − x∗〉+
µ

2
‖y − x∗‖2.850

As x∗ is the minimum we have that 0 is a sub differential. Hence,851

g(y)− g(x∗) ≥ µ

2
‖y − x∗‖2

852

Proposition A.6. Under the assumption of unique minimizers of Mf,K and Mf∞, the853

coefficients of p∗J,K converge to the coefficients of qJ , i.e.854

lim
K→∞

χ−1(p∗J,K) = χ−1(qJ).855

Proof. Let B ⊂ RJ+1 be a compact ball that contains ~pJ,K = χ−1(p∗J,K) for all K and856

~qJ = χ−1(qJ). Since Mf,K converges uniformly to Mf,∞ over compact sets, given an ε > 0857

there exists a Kε such that858

|Mf,K(~p)−Mf,∞(~p)| < ε859

for all K ≥ Kε and ~p ∈ B. By minimality, for all K ≥ Kε we have that860

Mf,K(~pJ,K) ≤Mf,K(~qJ) ≤Mf,∞(~qJ) + ε861

and862

Mf,∞(~qJ) ≤Mf,∞(~pJ,K) ≤Mf,K(~pJ,K) + ε.863

By combining the above inequalities,864

(A.2) |Mf,∞(~qJ)−Mf,K(~pJ,K)| ≤ ε.865

By uniform convergence over B, since ~pJ,K ∈ B we have866

(A.3) |Mf,K(~pJ,K)−Mf,∞(~pJ,K)| ≤ ε867

for K ≥ Kε. Combining Equations Eq. (A.2) and Eq. (A.3) gives us,868

(A.4) |Mf,∞(~pJ,K)−Mf,∞(~qJ)| ≤ 2ε.869

An application of Lemma A.5 gives us the result.870
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Appendix B. A generalized reverse Sobolev inequality. In this appendix, we give871

a proof of a generalized reverse Sobolev inequality (Proposition B.1), valid for polyno-872

mials (either multi-variable or single variable) under composition with a mapping x(t) ∈873

Cs([a, b]). The proof uses the approach taken in [2,3] towards proving the standard reverse874

Sobolev inequality (see Proposition B.2 for reference).875

The statement we seek to prove is the following:876

Proposition B.1 (Generalized reverse Sobolev inequality). Suppose x ∈ Cs([a, b]) and the877

rank assumption (assumption (iv) in Section 2.4) holds. If u is a J-th degree polynomial,878

then there exists a constant C̃ such that879

(B.1) ‖u ◦ x‖Hs([a,b]) ≤ C̃J2s‖u ◦ x‖L2([a,b]).880

This is a generalized version from the standard reverse Sobolev inequality for polynomials:881

Proposition B.2 (Polynomial reverse Sobolev inequality). Suppose u ∈ PJ(Ω), then there882

exists a constant C such that, for 0 ≤ ν ≤ µ,883

(B.2) ‖u‖Hµ(Ω) ≤ CJ2(µ−ν)‖u‖Hν(Ω) .884

Proof. The proof can be found in [3, Lemma 2.4].885

In [3], the standard reverse Sobolev inequality is proven by using some derived recurrence886

relations on the coefficients of a polynomial when expressed in a normalized Legendre887

polynomial basis. Using this specific polynomial basis, we get an inequality in terms of888

the coefficients which in turn is an inequality on the norms. Hence our proof rewrites889

Proposition B.2 back in terms of the coefficients (Lemma B.4). We then get bounds on the890

derivatives of a polynomial u composed with x using spectral bounds on an auxiliary matrix891

Mϕ,J,x related to G and Lemma B.4. The full inequality is then proven by expanding892

via multi-variable Faà di Bruno formula (see [6]) and applying the assumption that x ∈893

Cs([a, b]) which provides bounds on the derivatives.894

To begin, we adopt the notation of [3] and state the relation between the expansion895

coefficients of a normalized Legendre series and the ones of its derivative.896

Notation. The symbol
∑jb

j=ja
′ (with jb possibly infinite) will denote the summation over897

all integers j such that ja ≤ j ≤ jb and j − ja is even.898

Lemma B.3. Let ϕj(y) = λjLj the j-th normalized Legendre polynomial defined on899

[−1, 1]. Let u(y) =
∑∞

j=0 ûjϕj(y) and ∂yu(y) =
∑∞

j=0 û
(1)
j ϕj(y), then900

(B.3) û
(1)
j = 2λj

 ∞∑
p=j+1

′λpûp

 .901

Proof. The result follows from the equations contained Section 2.3.2 in [2] for the902

standard Legendre polynomials, which is then extended to the case of normalized Legendre903

polynomials in Equation (2.21) found in [3].904
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Using Equation (B.3) in the multi-variable context allows for proving the following905

lemma. For the following lemma, we restate Proposition B.2 in different terms. While906

Proposition B.2 is written as an inequality of the polynomial norms, by orthonormality of907

the normalized Legendre polynomials, the proofs presented in [2, 3] can be interpreted as908

an inequality of the coefficients of a finite Legendre series (a polynomial) and the ones of909

its derivative. The lemma below is stated for multi-variable finite Legendre series with a910

multi-index indicated by a boldface letter. In the following, the notation û
(q,i)
j refers to the911

coefficients of the q-th partial derivative of u in the i-th coordinate and |j|∞ refers to the912

max degree of a multi-index j.913

Lemma B.4. Let ϕj(y) be a tensor product of λjiLji(y) with λji =
√
ji + 1

2 . Suppose914

that u(y) =
∑
|j|∞<J ûjϕj(y) then915

(B.4) ‖Diu‖2L2 ≤ CJ4‖u‖2L2 ,916

i.e.,917

(B.5)
∑
|j|∞<J

û
(1,i)
j û

(1,i)
j ≤ CJ4

∑
|j|∞<J

ûj ûj .918

Further,919

(B.6)
∑
|j|∞<J

û
(q,i)
j û

(q,i)
j ≤ CJ4q

∑
|j|∞<J

ûj ûj .920

Proof. As stated in [3] the result relies on the coefficient relations in Equation (B.3)921

and follows the same structure as Lemma 2.1 in [3]. The general inequality (B.6) is a922

repeated application of (B.5).923

To extend the result to the case where the polynomial u is composed with x, we need the924

following definition.925

Definition B.5. Let {ϕj(·)}|j|∞<J be a basis of multi-variable normalized Legendre poly-926

nomials. Let Mϕ,J,x be the Gram matrix with entries given by927

(B.7) Mϕ,J,x(j, `) = 〈ϕj(x(t)), ϕ`(x(t))〉L2([a,b]) ,928

where some ordering has been placed on the multi-indices.929

By definition of the Gram matrix Mϕ,J,x, we have that if u =
∑
|j|∞≤J ûjϕj(·) and v =930 ∑

|j|∞≤J v̂jϕj(·), then931

(B.8) 〈u ◦ x, v ◦ x〉L2([a,b]) = u>Mϕ,J,xv,932

where u is a vector of coefficients ûj and likewise for v. In the following, we use the933

notation Cx∂
q
i u := (∂qi u) ◦ x to avoid confusion with ∂qi (u ◦ x).934
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Lemma B.6. Suppose that Mϕ,J,x is a positive definite matrix. If u(y) =
∑
|j|∞<J ûjϕj(y)935

and ∂qi u(y) =
∑
|j|∞<J û

(q,i)
j ϕj(y), then936

(B.9) ‖Cx∂
q
i u‖L2([a,b]) ≤

√
λmax

λmin
CJ2q‖Cxu‖L2([a,b]),937

where λmax and λmin are the maximum and minimum eigenvalues of Mϕ,J,x.938

Proof. Let u and u(q,i) be vectors with entries given by ûj and û
(q,i)
j respectively. By939

an application of Lemma B.4940

(B.10) ‖Cx∂
q
i u‖

2
L2([a,b]) = u>(q,i)Mϕ,J,xu(q,i) ≤ λmaxu

>
(q,i)u(q,i) ≤ λmaxCJ

4qu>u.941

At the same time,942

(B.11) ‖Cxu‖2L2([a,b]) = u>Mϕ,J,xu ≥ λminu
>u.943

Combining the above inequalities gives the intended result.944

We now show that under the rank assumption (Section 2.4) we have that Mϕ,J,x is945

automatically positive definite.946

Proposition B.7. Under the rank assumption, Mϕ,J,x is positive definite.947

Proof. Suppose Mϕ,J,x is not positive definite. There exists a nonzero vector v such948

that v>Mϕ,J,xv = 0. Hence, ‖ν ◦ x‖L2([a,b]) = 0 for ν(y) =
∑

j v̂jϕj(y), where v̂j are the949

entries of v and thus ν is a nonzero polynomial. Therefore, the existence of ν shows that950

the null space of G is non-empty and thus G cannot be full column rank which contradicts951

to the rank assumption.952

With the above in place, we can now prove the main result of this section. We first953

make a small remark on the strategy of the remaining part of our proof.954

Remark B.8. To get an idea of our proof strategy, consider the single variable version.955

We rewrite the derivative in terms of the composition operator.956

(B.12)
d

dt
(u ◦ x(t)) = Cx

(
d

dy
u(y)

)
ẋ(t).957

If we further differentiate we have958

(B.13)
d2

dt2
(u ◦ x(t)) = Cx

(
d

dy
u(y)

)
ẍ(t) + Cx

(
d2

dy2
u(y)

)
(ẋ(t))2.959

The generalization of the above is given by the multi-variable Faà di Bruno formula. In the960

proof of Proposition B.1, we bound the terms of the form Cx∂
q
i u by applying Lemma B.6,961

and the derivatives of x(t) are readily bounded from the regularity assumption of x(t).962

Proof of Proposition B.1. By applying the multi-variable Faà di Bruno formula, we963

express dq

dtq u(x) in terms of the sums and products of Cx∂
q
i u, q ≤ s, and the time derivatives964
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of x(t). Since each xi ∈ Cs([a, b]), the time derivatives of xi are bounded over the compact965

interval. We apply both the bound in Lemma B.6 and the L∞ bound on the time derivatives966

of xi(t) for each i to achieve the desired result when s is an integer. This result can then967

be extended to the non-integer derivative case via standard interpolation arguments.968
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