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Abstract

Experiments involving the coupling of metal and high explosives (HE) are of notable defense-
related interest, and we seek to refine the uncertainty quantification associated with models
of such experiments. In particular, our focus is on how uncertainty related to the metal
constitutive model challenges our ability to infer high explosive model parameters when
analyzing focused science experiments. We consider three focused experiments involving an
HE accelerating metal: small plate tests with tantalum/LX-14 and tantalum/LX-17 pairings
as well as a tantalum/LX-17 cylinder test. For all three models, we perform sensitivity
analysis to ascertain the influence of metal strength on the coupled experimental response.
Moreover, we calibrate each model in a Bayesian setting and study the quantification of metal
strength on the inference of the HE parameters. Based on our results, we offer guidance for
future metal /HE experiments.

1 Introduction

Accurate calibration and assessment of associated uncertainty for equation of state (EOS)
models related to energetic material detonation is of significant interest to the defense com-
munity for a wide variety of applications. The main challenge of calibrating these models
emanates from complex physical chemistry underlying the chemical phase change occurring
during the detonation process, particularly in high explosives (HE)[1]. Performing focused
experiments often requires a coupling between the HE and a metal; here, the metal facilitates
experimental measurement of the free surface velocity, which aids in the modeling of the HE
[1-3]. When modeling such experiments, this coupling between the two material types can
potentially introduce additional uncertainty given the complex loading conditions imparted
on the metal and the underlying complexity of accurately modeling metal strength. The
constitutive model related to the metal strength will often require formulations that include
rate, temperature, and pressure dependence as well as porosity nucleation and growth.

Our goal is to quantify the response uncertainty of the coupled metal/HE experiments.
Of particular interest is the degree to which uncertainty in the metal strength model affects
the uncertainty of the experimental response as well as the inferred HE parameters. We
employ Monte Carlo error propagation to assess the impact of metal strength uncertainty
on the experimental response uncertainty, and we use sensitivity analysis to identify the
most significant parameters in the models of coupled experiments. Both the metal strength
parameters and the HE parameters of such models are estimated using Bayesian inference,
which naturally quantifies the associated uncertainty.

We consider two types of coupled metal /HE experiments: small plate tests and cylinder
tests. We consider small plate tests using either LX-14[3] and LX-17 HE [2] as well as a
cylinder test using LX-17 HE[1] . LX-14 and LX-17 are two commonly-used HE materials,
and analyzing experiments with both types of HE provides a comparison between a sensitive
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and insensitive HE, respectively. To leverage previous work in the statistical modeling of
material strength, we focus on using tantalum as the metal component in each of these
experiments. While tantalum has been well studied, modeling it across a wide range of
pressure, temperature, strain rate, and strain conditions has proven to be quite challenging
[4-6].

Recently the Schill et al. [7] studied tantalum strength using Bayesian analysis and
compared pulsed power and gas gun experiments. For a discussion of specific physical effects
that accompany release of material from the compressed state, see [8-11]. For a more general
application of calibration methods in problems of dynamic compression of condensed matter,
we suggest [12-20]. More broadly, similar methodology has been applied in high energy
density physics [21-27] as well as computational plasticity [28, 29].

Sensitivity analysis of experiments involving tantalum have also been previously studied
[7, 30, 31]. [7] and [31] specifically consider sensitivity of tantalum strength parameters. As
shown in [31], the strength parameter sensitivity differs by experimental regime.

The literature available on HE model calibration and uncertainty using statistical in-
ference is limited, but it does provide some useful resources. Higdon et al. [32] calibrated
energy-related parameters for an HE of interest in an cylinder expansion test using Bayesian
inference. They found that the determination of the HE model parameters was challenging
with limited experiments. In Lee et al. [33], they calibrated EOS models for a variety of HEs
to rate-stick experiments. In Andrews & Fraser [34], they employed a Bayesian approach
to verify that an HE EOS could be recovered using synthetic data. This work provides a
basis to assess the effects of a metal constitutive model on our ability to infer HE model
parameters. Additionally, Andrews et al. [35] applied Bayesian calibration to the Davis
Products EOS model for PBX 9501 while Lindquist et al. [36] calibrated the reactant and
product forms of the Davis EOS to a variety of conventional HE materials.

We leverage this existing work to analyze the uncertainty of coupled metal/HE experi-
ments and unlike previous studies we include uncertainty of the metal strength model pa-
rameters. The outline of this study is as follows. In Section 2, we describe the metal/HE
experimental configurations. The modeling of these experiments is discussed in Section 3.
Section 4 gives an overview of the statistical methodology. Implementation of these methods
and their results are presented in Section 5. In Section 6, we provide conclusions, including
experimental recommendations based on our analysis.

2 Coupled Metal/HE Experiments

In this section, we describe the small plate and cylinder experimental configurations. In both
cases, tantalum is chosen for the metal component. Data collected from the experimental
setups described below can be found in [1-3]. The first experimental configuration considered
in this investigation is the small plate test. In this experiment, a thin disc of high explosive
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Figure 1: Small plate computational model where the high explosive pushes a thin metal
plate during detonation.
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Figure 2: Cylinder test computational model where a metal cylinder confines a high explosive
and expands the metal during the detonation.

material is pressed against a thin plate of metal. (See Figure 1). We modeled two types of
HE: sensitive (LX-14) and insensitive (LX-17). In either case, the detonation of the chosen
HE pushes a tantalum plate, and the free surface velocity is measured using Fabry-Perot
interferometry.

The cylinder test is a calibrated pipe bomb designed to give detonation energies by
measuring the free-surface velocity. The HE is ignited at one end of the cylinder with the
velocity measurement taking place at approximately 2/3 of the total length assuming steady
detonation has been achieved. In this case, the velocimetry is performed using Fabry-Perot
interferometry. The expansion process of the metal cylinder is visualized in Figure 2.

A summary of the experiments and the salient details can be found in Table 1. The small
plate experiments were chosen due to the relatively thick tantalum plates which increases the
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likelihood that spall will convolute the ability to infer HE model parameters. Additionally,
the small plate configuration are experiments with large HE and metal diameters which
allows us to neglect 2-D effects until relatively late times. Lastly, the tests are historical in
the sense they are experiments that were performed using methods and data reporting that
was not as detailed as it would be with modern experimental methods. The following analysis
will allow us to assess the efficacy of historical experiments when calibrating modern HE
models by assessing the effects of variance on as-reported measurements, notably the charge
thickness in plate experiments.

Table 1: Experimental dimensions and bounds for emulator training

Shot num. Type HE | HE Thickness or Diameter (cm) | Metal Thickness (cm)
cyl-LX-17 [1] Cylinder | LX-17 2.5376 0.2714
smplt-LX-17[2] | Small plate | LX-17 1.5245 [1.372, 1.6775] 0.052
smplt-LX-14[3] | Small plate | LX-14 3.8995 [3.50,4.29] 0.0769

[1] Alidis et al.,[2] Tarver et al., and [3] Lee et al.

3 Metal/HE Experiment Modeling and Simulation

Due to the complexity of coupled metal/HE experiments, modeling is achieved via multi-
physics simulations. In this section, we highlight components of these simulations. Consti-
tutive models for the metal component are detailed in Section 3.1. A brief description of
the HE model is given in Section 3.2. The simulations were performed using the LLNL hy-
drocode, Ares [37]. The small plate and cylinder experiments were modeled with the metal
being Lagrangian and the high explosive leveraging the code’s arbitrary Lagrangian-Eulerian
(ALE) capability to allow the mesh to relax at late times. The configuration was modeled
as 1-D. The cylinder test was modeled with a 2-D axisymmetric representation given the ro-
tational symmetry about the center axis of the cylinder. A large number of simulations were
run in order to train the Gaussian process used to emulate the computationally-intensive
multi-physics code. See Section 4.1 for more details related to the emulator.

3.1 Constitutive model descriptions

The experimental configurations simulated here involve HE pushing metal in two differ-
ent configurations. This requires that each material have its own constitutive model with
the HE model simulating the detonation process related to a phase and thermochemical
change from an unreacted solid to a gaseous product and condensed detonation soot. The
metal, on the other hand, is modeled with what is colloquially known as a strength model.
Here, the strength model is comprised of a combination of an equation of state (EOS), flow
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stress model and a porosity model for smplt-LX-14 and cyl-LX-17 experiments and only
the Preston-Tonks-Wallace (PTW) flow stress model for smplt-LX-17 due to challenges with
coupling a porosity model and the soot parameter capability. The PTW [38] model, which
is commonly used in hydrocodes, serves as our flow stress model. When porosity is included,
the PTW model is coupled to porosity models, which help account for the wide range of
strain rates, pressure, and temperature conditions experienced by the metal. For the follow-
ing simulations, two different porosity models are used; they are described in 3.1.2. The EOS
for the metal is Mie-Griineisen in form and believed to be well understood and calibrated in
the range of conditions in this study therefore is not included in the calibration.

3.1.1 Preston-Tonks-Wallace flow stress model

The PTW model is intended to be used for complex loading conditions, which include a wide
range of strain rate, strain, and temperature conditions. This model is based on the Voce
hardening law, and uses physically-motivated scalings of the flow stress. The PTW model
includes two branches: one for modeling lower rates (<~ 10°/s) via a phenomenological
depiction of the thermally-activated dislocation glide and another for modeling high rate
conditions, where the form is motivated by phonon drag. The conditions predicted based
on simulations using the nominal parameters predict pressures of 19 and 14 GPa and strain
rates of 9-10°/s and 4 - 105/s for LX-14 and LX-17, respectively. It is believed that phonon
drag effects are not observed at these strain rates [39, 40] . The flow stress 7 takes the form

T=27G(P,T), (1)

where G (P, T) is the pressure- and temperature-dependent shear modulus and 7 is the non-
dimensional shear strength given by

1 As_ I —po
T=Ts+—(so—7,)In [1— [1—exp<—pT Ty)} exp poy A - (2)
p S0 = Ty (80 — 7)) exp (p%>

Here, 7, and 7,—7respectively representing the saturation and yield stress—are rate and
thermal dependent. Model constants sy and s., are the values 7, takes at zero Kelvin and
very high temperatures. Similarly, yo and y. are the values of the yield strength 7, at zero
Kelvin and very high temperatures. In particular, 75 and 7, are defined as

o= {0 = (s ) enf 17 (36/6,) | omin [ (5/2€) " s (0€) |} 9

and

T, = max {yo — (Yo — Yoo) erf [len (’yé/épﬂ . S0d (ép/fyf)ﬂ} . (4)
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In equations (3) and (4), a modified strain rate normalization factor &, takes the form

.1 [4mp 5 /G ?
5—5<3—M> (z)

with p being the mass density and M denoting the molar mass.

A useful feature of Bayesian statistical approaches is that they make use of subject matter
expert knowledge. One way that knowledge comes into play is via selection of suitable ranges
for parameter values. The PTW model parameters and their expert-determined bounds for
tantalum are given in Table 2. Parameters that are not specified in the table are fixed at their
nominal values from [38] rather than inferred. Note that v is sampled on the log (base 10)
scale when ensembles of simulation inputs are employed to cover the admissible parameter
space for emulator training.

(5)

Table 2: PTW model parameters, nominal values, and ranges used in calibration.

Parameter | Nominal Calibration range Truncated normal mean (variance) | Units

0 0.02 [0.001, 0.05] 0.0148(1.64 - 107Y°)

D 0 0, 10] 4.9181 (0.1039887)

50 0.012 [0.005, 0.02] 0.00514(2.08 - 107%)

500 0.00325 [0.002, 0.006] 0.00589(6.43 - 107%)

K 0.6 [0.1,0.9] 0.727 (0.00011)

v 4-107° | [~1og(107?), — log(107®)] — log(10%132) (— log(10°-09259))
Yo 0.01 [0.002, 0.02] 0.00956(5.83 - 107%)
Yoo 0.00123 [0.0005, 0.003] 0.00135(1.31 - 107%%)

U1 0.012 0.012 -

Y2 0.4 0.4 -

I6] 0.23 0.23 -

3.1.2 Porosity models

For simulations in which we model porosity, two different forms are employed. The first—
used in our modeling of the LX-14 small plate experiment—is a number-density porosity,
where the pore volume fraction ¢ and rate-dependent evolution gb is a Cocks-Ashby-based
formulation[41, 42]. As described in [43-45], the rate sensitivity n enters directly into the
porosity kinetics, and the dominant term in the kinetics has the form

=) @)l

¢:qam{@( —(1—9)| ¢, (6)
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where 74 is the flow strength evaluated at a strain rate that includes contributions from
plasticity associated with porosity evolution, p is the pressure, and c¢; and ¢y are order-unity
material parameters. Note that we use ¢; and ¢y as parameters in the model calibration of
the LX-14 small plate configuration.

This porosity model is coupled to the PTW flow stress model (see Section 3.1.1), which
also includes material softening due to the increase in porosity [44]. A subset of these porosity
parameters are inputs to the coupled metal/HE experimental simulations; these parameters
are noted in Table 3. The following additional parameters were included in the emulator
training simulations and calibration: volume fraction available for stress nucleation fga,
calibration parameter for the strength degradation function a;, and the average pressure at
which pores will nucleate op,7,. A more complete discussion of this porosity model along with
the nucleation parameters can found in Qamar et al. [45]. For evaluating mesh resolution
effects, further work in the area could involve V& V based approaches [46].

Table 3: Number-density porosity model parameters: nominal calibration and ranges used
in the calibration

Parameter | Nominal Calibration Rang Units
1 1.0 [0.5,2.0] -
e 2.0 [0.5,2.5] -
0 0.001 [—1og(1072), —log(1079)] -
a 25.0 4.0, 10.0] ;
OhMa 600 -10~° [100 - 107°,800 - 1079] MBar

The second porosity model, used in the cylinder test simulations, is the Gurson porosity
model where ¢* is a modified pore volume fraction that includes enhanced softening due
to void coalescence. In equation 7, o, is the effective, or von Mises, stress Y is flow stress
and P is the pressure. The parameters ¢, traditionally set to 1.5, and ¢y, which is used
in the model calibration, are yield surface parameters. Also included in the calibration is
fr, which is the volume fraction for potential stress nucleation. Table 4 defines the nominal
values as well as the emulator training ranges used for calibration. Here we present only the
salient equation which defines the yield surface. For additional details about the model, a
full list and description of parameters, and implementation see [47]. The Gurson model is
a modification of the classical von Mises yield surface, which is represented by the first two
terms of:

3 P
gl —Y?-Y? [quqﬁ*cosh (_§q2?> + qf *2] =0, (7)

This formulation allows for the effects of voids in a ductile material with the inclusion of
the third term. Taken with traditional continuum mechanics concepts one can derive the
porosity evolution equation.
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Table 4: Gurson porosity model parameters: nominal calibration and ranges used in the
calibration

Parameter | Nominal Calibration Units
g2 0.625 [0.5,1.0] -
fr. 0.001 [—log(107%), — log(1079)] -

3.2 HE Model

For the HE model, we used the Cheetah thermochemical code to model the detonation
of the two HE materials. Cheetah controls the conversion of unreacted HE materials to
gaseous product species through kinetic rate laws as well as solve sets of thermodynamics
equations to maintain instantaneous chemical equilibrium between possible product species.
This allows us to estimate the pressure-volume relationship necessary for the HE EOS. For
a more in-depth discussion of Cheetah look to [48].

In Table 5, we present the Cheetah model parameters and bounds used in the emulator
training. The different experimental configurations modeled used different combinations of
parameters. Choice of these parameters is detailed below.

Table 5: Cheetah model parameter bounds used for emulator training

Parameter | LX-14 small plate | LX-17 small plate | LX-17 cylinder test Units
Vin - (4.0, 8.0) - cm? /mol
Egnise (-0.01, 0.01) - (-0.01, 0.004) Mbar
Prreere (2.00e4, 2.00e5) - (4.00e4, 1.20e5) atm
chrgthk (3.50, 4.28) (1.3725, 1.6775) - cm

For the LX-14 small plate configuration discussed in Section 5.1, we utilized two user
adjustable parameters recommended for fine tuning the HE models, namely the energy shift
(Esnire) and chemistry freeze-out pressure (Pieese) parameters. The energy shift (Eg) pa-
rameter will adjust the energy density by specified amounts. The chemistry freeze-out pres-
sure (Preeze) represents pressure below which the Cheetah assumes no further instantaneous
chemical equilibrium. Additionally, the charge thickness (chrgthk)—or, the thickness of the
HE disk— are used as a parameter with appropriate bounds because the reported values
was an average of multiple measurements on a nonuniform disk. For the LX-17 small plate
configuration discussed in Section 5.2, an additional parameter controlling the molar den-
sity of soot formed through detonation[49] was include which is denoted as V;,. Given that
the LX-17 small plate data is also from historical experiments, we opt to include a charge
thickness parameter for the same reasons as in the LX-14 small plate calibration. Lastly,
we model the LX-17 cylinder test discussed in Section 5.3 with energy shift (Fgg) and
chemistry freeze-out pressure (Pfreeze) parameters.
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4 Overview of Statistical Methodology

Here, we introduce the statistical methodology applied to the models given in Section 3. In
particular, we describe how a Gaussian process can be used to emulate the complex multi-
physics models used to characterize our metal /HE experiments. We also highlight sensitivity
analysis, which us identifies the most influential model parameters, and Bayesian inference,
which is used to calibrate model parameters and quantify the associated uncertainty.

4.1 Gaussian Process Emulation

Recall that our integrated metal/HE experiments are modeled with computationally expen-
sive multi-physics models. For many statistical methods, a large number of model evaluations
are required. With such an expensive model, this is not computationally feasible. In these
cases, we instead utilize an emulator—which closely approximates an expensive model while
also being much cheaper to evaluate—in place of the original model.

In particular, we employ a Gaussian process regression (GPR) model as our our emulator
for each of our three experimental configurations (small plate tests with both LX-14 and
LX-17 and a cylinder test with LX-17). GPR is an attractive choice for an emulator due to
the built-in quantification of uncertainty introduced due to emulator approximation. Fach
Gaussian process was implemented using the GPy package [50]. We chose a Matérn kernel
with v = 5/2.

To train each Gaussian process emulator, we performed a large number of simulations.
(See Table 6 for more details). These simulations were run using sets of parameters (ap-
propriate to the particular experiment) obtained via a Latin hypercube design bounded by
the ranges given in Section 3. These simulations were divided into training and testing sets.
The training set, consisting of parameters and simulation outputs, were used to train the
Gaussian process. The testing set was used to assess generalization beyond the training data.
The simulations conducted for emulator training consumed a non-trivial amount of compu-
tational rsources. The 1D LX-14 simulations utilized one node (with 36 cores) for 3 minutes
of wall-clock run time for a total of 60k core-hours, and the 1D LX-17 simulations used a
similar allocation. The more computationally intensive 2D cylinder calculations utilized 168
cores with a run time of ~2 hours each, for a total of ~1.4 million core-hours.

In Figure 3, the behavior of the emulator is compared to the original simulation for the
LX-14 small plate configuration. This experimental condition was chosen as an exemplar for
assessing emulator performance. The desired behavior in such a plot is the line of slope one
passing through the origin, which would indicate a perfect match between the model and the
emulator. The tighter the grouping around this line, the better the emulator is at mimicking
the behavior of the original model. Note in Figure 3 that the training set and the testing
set exhibit similar grouping, indicating that we have not overfit. The gray region indicates
the estimated experimental error from Fabry-Perot interferometery.
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Table 6: Information related to the training of each Gaussian process emulator for all
experimental conditions.

Experiment Type | # Parameters | # Training Points | # Testing Points

Small Plate LX-14 16 3500 800

Small Plate LX-17 10 3500 800
Cylinder LX-17 12 2955 672

Figure 3: Plot of simulation values versus emulator prediction for (a) the training set and
(b) the held-out testing set.
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The number of simulations necessary for a well-trained emulator was first determine for
the LX-14 small plate experiment since had the highest dimensional parameter space and
then replicated for the LX-17 small plate configuration. The size of the training test was
determined by progressively increasing the number of simulations until the emulator training
and testing performance was acceptable. Due to the similarities in the velocimetry we are
emulating the dimensionality was the dominate consideration when determining the size of
the training set. A reduced training set was used for the cylinder test configuration given the
previously noted computationally intensive calculations. Given the emulator performance
was equivalent to the other configurations the number of training calculations was determined
to be sufficient.

4.2 Sensitivity Analysis

In sensitivity analysis, the variation (or, uncertainty) in a model response is proportioned to
variation in each of the input variables (i.e., parameters). The goal of this type of analysis is
to ascertain which parameters have the greatest impact on the model response. Sensitivity
analysis techniques can be categorized as either local or global. Local sensitivity analysis
quantifies the change in model output when the parameters are perturbed about a nomi-
nal value—e.g., using partial derivatives evaluated at a particular point. Global sensitivity
analysis characterizes parameter influence throughout the entire range of possible parame-
ter values (i.e. the admissible parameter space). We employ Sobol’ indices, a measure of
global sensitivity, for our analysis. See [19] for more information of Sobol’ indices and their
computation.

Standard Sobol” indices, as described in [19], are used for models with scalar responses.
For each of our experimental conditions, our model response is functional—namely, measured
velocity over time. We instead employ a functional version of Sobol’ indices as in [30, 31].
This allows us to assess how the parameter sensitivity evolves over time. Note that the
calculation of Sobol’ indices requires a large number of model evaluations, so we use an
emulator, as described in Section 4.1, for computational efficiency.

4.3 Bayesian Inference

We seek to calibrate the metal strength and HE parameters of each experimental model and
quantify the associated uncertainty. To achieve this, we employ Bayesian calibration. In
the Bayesian framework, parameters are random variables with their probability densities
reflecting the current state of knowledge about their values. These densities are constructed
using both prior information and experimental data. Model parameters 8 = [0y,0, ..., 6,]
are inferred from experimental data y € R™ by applying Bayes’ Theorem

L(y|6)mo(6)

O T Lo 0) ®
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where 7 is the posterior density, £ is the likelihood function, m is the prior distribution, and
p is the number of model parameters to be calibrated. The goal of Bayesian calibration is
to construct the posterior distribution 7(@|y), and the width of the posterior characterizes
the parameter uncertainty.

In addition to the experimental data, information encoded in the prior distribution 7y also
affects the parameter inference from (8). The prior distribution is chosen in such a way to
reflect any previous knowledge about the model parameters (e.g., physical constraints, expert
knowledge, or previous experiments). Note that information from previous experiments can
only be used in the prior if you do not reuse the previous data in the current calibration (via
the likelihood function).

Experimental data is incorporated in Bayesian inference through the likelihood function,
denoted as L in (8). Here, L(y|@) quantifies the likelihood of observing measurements y given
model parameters 8. An appropriate likelihood function is derived from a combination of
the physics model and an error model for the statistical noise. See [19] for more details.

As stated above, the goal of Bayesian calibration is to obtain the posterior density defined
by (8). Despite the seemingly-straightforward formulation, computation of the posterior is
often difficult in practice. Due to the normalizing integral in the denominator, an analytic
form of the posterior exists only in special cases [19]. We instead utilize Markov chain
Monte Carlo (MCMC) to obtain a posterior distribution. Since we cannot analytically
represent 7(0|y), Markov chain Monte Carlo (MCMC) is employed to generate a sequence
of samples from the posterior distribution. In particular, we use pyMC 2.3.8 to facilitate
adaptive Metropolis MCMC sampling. The PTW model includes constraints on parameters
as defined in [46]. For the Bayesian calibration, constraints were enforced in the likelihood
function. In practice, this was done in the code by assigning very small likelihood outputs
to parameter inputs violating the constraints. This will lead to them being rejected during
the acceptance/rejection stage of the Metropolis algorithm and not being included in the
posterior.

To perform Bayesian calibration via MCMC, a large number of model evaluations are
required. The exact number required is problem dependent, and in this case required 1.2°
model calls. If this were performed through hydrocode simulations it would take over 60,000
wall-clock hours, or ~7 years, for the small plate and over two million wall-clock hours,
or 273 years, for the cylinder tests. By leveraging the emulator, we can perform the same
calibration in less than 2 hours. Thus, we employ a Gaussian process emulator as described
in section 4.1.

5 Implementation and Results

While the previous section introduced the statistical concepts, here, we give details on the
implementation of our analysis. We first train a Gaussian process emulator as described in
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Section 4.1. Next, we employ this emulator for Monte Carlo error propagation to ascertain
how the metal flow stress affects the experimental response. We then perform sensitivity
analysis followed by Bayesian inference.

Monte Carlo error propagation allows us to qualitatively assess the effect of parameter
uncertainty on the uncertainty of the model response. We employ a distribution, corre-
sponding to model input uncertainty, from which we draw parameters. We draw a large
number of parameter values and use each of these resulting parameter sets to evaluate the
model, giving an ensemble of model predictions. Due to the computational expense, we
utilize our Gaussian process emulator. The width of the ensemble spread characterizes the
model uncertainty attributed to the input uncertainty.

To assess the impact of well-characterized, the PTW strength model parameters on the
model response uncertainty, we performed Monte Carlo error propagation with all three
experimental configurations. By well-characterized we mean a robust calibration to low-
cost experiments such as quas-static and Kolsky bar experiments as well as possibly an
additional high strain rate, large strain experiment such as Taylor cylinder test. Focusing
on the flow stress component of the model, we fixed all other parameters to the mean values
of the samples used for training the Gaussian process emulator. For all three metal/HE
experiments, we employed 500 parameters draws from two different distributions for the
eight PTW parameters: a truncated uniform distribution (with each parameter sampled
independently) bounded by the ranges in Table 2 and a posterior distribution obtained from
a previous calibration of the PTW model to mechanical testing data. The calibration data
set included stress-strain measurements from [51] (corrected in [52]) and Taylor cylinder
impact data from [52]. Note that this posterior distribution is narrower than the bounded
flat distribution; moreover, the parameters drawn from the posterior are not necessarily
independent.

After ascertaining the qualitative influence of the metal flow stress parameters, we em-
ployed sensitivity analysis to quantify the relative influence of the full parameter set in all
three experimental models. As introduced in Section 4.2, we used Sobol’ indices to perform
sensitivity analysis on models with functional output. Numerical calculation of the Sobol’
indices was done via Saltelli’s method. (See [19] for more information). This technique in-
volves a large number of model evaluations (in our case, 10(n, 4+ 2), where n,, is the number
of model parameters), so we again utilized Gaussian process emulation. We calculated first
order Sobol” indices over a dense grid of time points to obtain a picture of how the sensitivity
changes over the time window of each experiment. While total sensitivity is often reported to
provide a complete picture of parameter sensitivity, we found that sensitivity to higher-order
parameter interactions was small for all experimental configurations. Hence, we limit our
analysis to first order indices.

Finally, we performed Bayesian calibration for each experimental configuration. In each
case, the model used for calibration is a Gaussian process emulator for the computationally-
expensive multi-physics code, and the likelihood function was derived using this model cou-
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pled with an error model of independent and identically-distributed (iid) Gaussian noise.
For all three setups, we performed two Bayesian calibrations, each with the same data and
likelihood function but using two different prior distributions for the flow stress parameters.
First, we employed a bounded flat prior. All PTW parameters were assigned a truncated
uniform distribution (independent from all other parameters) reflecting the range of admis-
sible values. These bounds are given in Table 2. For our second prior, we used a collection of
truncated normal distributions for the PTW parameters. The truncated normal distributions
also used the same bounds as in the flat prior case. The mean and variance of the truncated
normal distributions for the flow stress parameters were chosen to reflect information from
a previous Bayesian calibration, which utilized the tantalum quasi-static, Kolsky bar, and
Taylor cylinder data referenced above. The truncated normal distributions implemented in
pyMC are such that they integrate to one. Priors pertaining to the non-PTW parameters
did not change over the two calibrations.

Note that sensitivity analysis is often used to down-select the set of calibrated parame-
ters. Insensitive parameters can be fixed rather than estimated with minimal effect to the
calibration results. However, we opt to calibrate the full set of parameters in all cases, al-
lowing us to use the resulting Bayesian posteriors to validate the sensitivity analysis results.
In particular, the marginal posteriors for insensitive parameters will not be updated by the
data and will appear very similar to the marginal prior.

We now present the results of our uncertainty analysis. Each of the following subsections
pertains to a specific experimental configuration. In each subsection, we provide results of
Monte Carlo error propagation, sensitivity analysis, and Bayesian calibration.

5.1 Small Plate: LX-14 Results

The first experimental configuration is a small plate test with LX-14 pushing a tantalum
plate [3]. The tantalum strength model is a combination of the PTW for the flow stress and
the NP porosity model for the yield surface as described in 3.1.1 and 3.1.2, respectively. The
HE calibration parameters include the initial energy shift (denoted as Egg ), the freeze-out
pressure for reactions (Preese), and the charge thickness (chrgthk).

Monte Carlo Error Propagation

Figure 4 shows a comparison of the error propagation obtained with samples from the two dif-
ferent distributions. The response ensemble resulting from the bounded uniform distribution
exhibits a wider spread, which corresponds to larger output uncertainty. The uncertainty re-
sulting from the posterior draws is notably smaller with the spread of the responses visually
approaching a single curve.
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Figure 4: Monte Carlo error propagation for the small plate test with LX-14 with fixed
HE and porosity parameters. Results are shown for (a) drawing PTW parameters from
uniform distributions bounded by the ranges in Table 2 and (b) drawing PTW parameters
from a narrower distribution (i.e., a posterior resulting from Bayesian calibration to focused
strength experiments).

Sensitivity Analysis

Figure 5 visually presents the first order Sobol” indices as a function of time; the wider the
colored band, the more sensitive the corresponding parameter. Recall that the Sobol indices
partition the output variance to the variance of the parameters. Thus, the first order indices
sum to one if there is no sensitivity to higher-order parameter interactions (e.g., the joint
influence of two or more parameters).

For this experimental configuration, the HE parameter shift is obviously the most sensitive
parameter. Other parameters with a small but visually-observable level of sensitivity include
PTW parameters yy, —log(7y), k, and sg. The HE charge thickness parameter is similarly
sensitive. The white dips into the plot near 5.0 us and 5.4 s indicate some sensitivity to
higher-order parameter interactions. In fact, of the three experimental configurations, the
LX-14 small plate model showed the highest sensitivity to multiple-parameter interactions.



P
ublishing

Al
P

é

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

q ] 2] Pmaz-:
e mm E..
mm chrgthk
_'&“ @ 1 S
_E o = =R
& o [~ I
& )
fr =] = o
ﬁ s Y
L Ji = Y
2 = -logly)
i
o - x
S s S
5
o | mm p
4.6 4.8 5.0 5.2 5.4 5.6
Time (ps)

Figure 5: First order Sobol’ indices for all parameters of the tantalum/LX-14 small plate
test as a function of time.

Bayesian Inference

Recall that we are calibrating 16 parameters for the LX-14 small plate model: eight flow
stress parameters and five porosity parameters as well as HE parameters Fgpige, Prreeze, and
charge thickness. We performed two Bayesian calibrations. First with a bounded flat prior
for the PTW parameters and then with a truncated normal PTW prior. Priors for all
other parameters were the same for both cases. With the exception of charge thickness, all
parameters were assigned a truncated uniform prior (independent from all other parameters)
reflecting the range of admissible values. Porosity parameter bounds are given in Table 3.
For the HE parameters, the bounds were defined for the energy shift and the freeze pressure
to provide adequate coverage of the experimental data. Since the charge thickness is a well-
understood value recorded at the time of the experiment, we chose a truncated normal prior
with the mean equal to the reported value and with truncation bounds given by +10% of
the nominal value to account for any potential measurement or transcription errors; this
prior gives more weight to the recorded charge thickness as compared to a relatively non-
informative flat prior.

We employed these two priors to determine if reducing the uncertainty in the flow stress
parameters affects the inference of the other parameters. We now compare the results of the
two calibrations. The resulting posteriors are plotted together in Figure 17. Due to the size
of the plot, these results were placed in Appendix A. When calibration is performed with
flat priors for the PTW parameters, the resulting marginal flow stress posteriors, with the
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exception of those corresponding to x and 7, remain relatively uninformed by the data—
i.e., the posterior is very similar to the prior, which in this case is flat. This result agrees
with the sensitivity analysis shown in Figure 5. Similar to the majority of the flow stress
parameters, the marginal posteriors for NP porosity remain largely unchanged from their
priors. For the HE parameters, Eg,;;—as expected from the sensitivity analysis—shows the
greatest reduction in uncertainty when comparing the prior to the posterior. Calibration
with the second prior results in narrower PTW marginal posteriors. This is expected since
the truncated normal priors are more informative than the bounded flat priors. Note that
the marginal posteriors of the non-PTW parameters appear to be unaffected by the change
in the prior distribution. This suggests that prior knowledge about flow stress parameters
does not aid in the inference of the HE and porosity parameters.

For a closer look at the HE parameter results, see Table 7 and Figure 6. In Table 7,
we report for each HE parameter the mazimum a posteriori (MAP) value as well as the
posterior mean and standard deviation resulting from both calibrations. In Figure 6, we
show plots comparing the HE parameter posteriors for both priors. As noted above, all HE
parameter posteriors are largely unchanged by the different flow stress priors. This implies
that for the tantalum/LX-14 small plate experiment, HE model parameter uncertainty is
largely insensitive to metal strength and, thus, cannot be reduced by well-characterized flow
stress parameters.

Table 7: LX-14 small plate parameter posterior MAP, mean, and standard deviation com-
parison

Parameter | MAP | Truncated Normal Mean (Std. Dev.) | Uniform Mean (Std. Dev.)
chrgthk | 3.801 3.800 (4.079¢-2) 3.892 (3.895¢-2)
Fai | 5.343¢-3 5.7666-3 (1.780e-3 ) 5.8866-3 (1.789¢-3)
Preese | 2.000e4 0.722¢-+04 (5.046e4) 0.689e4 (5.027e4)

To characterize the uncertainty in the model response based on the posterior parameter
uncertainty, we utilized Monte Carlo error propagation. 8000 posterior samples from the
truncated normal calibration were propagated through the emulator to obtain an ensemble
of predicted velocity curves. Note that 95% Bayesian credible intervals provide a more
quantitative alternative to Monte Carlo error propagation. In both cases, the resulting
uncertainty envelope does not reflect the uncertainty due to measurement noise and, thus,
is not expected to cover the data (as would be the case if 95% prediction intervals were
employed). With this in mind, we validate our calibrated model by plotting the ensemble of
predicted velocities with the experimental data in Figure 7. Overall, the qualitative match
to the data is good with a small excursion after the initial shock rise.



Figure 6: Tantalum/LX-14 small plate posterior comparison for the three HE parameters

calibrated using Bayesian inference.
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Figure 7: MC error propagation of the truncated normal posteriors and compared to the
experimental data from Lee et al. [3] for the tantalum/LX-14 small plate test calibration.
Here, the region in green is determined by the bounds of the velocity histories ensemble and
the black line is the experimental data.
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s 9.2 Small Plate: LX-17 Results

7 We again consider a small plate test but this time with LX-17 as the HE—that is, LX-17 is
s used to push a thin tantalum plate [2]. For this configuration, we neglect porosity given that
0 results from previously-conducted analysis suggested that this configuration was insensitive
w0 to such parameters. The PTW model is solely employed to characterize the metal’s flow
w1 strength. We also choose a different parameterization for the HE based on charge thickness
w2 and soot. The latter is related to the soot produced during the detonation process and is
w3 the molar volume used in the Murnaghan equation of state. This soot is an amorphous
s solid comprised of carbon, nitrogen, and oxygen but not adhering to any specific molecular
w5 structure. The change in HE model construction with the addition of amorphous soot is
w6 reflective of recent soot recovery experiments and simulations.

w7 Monte Carlo Error Propagation

w8 A comparison of the resulting model response uncertainty from both error propagations
w0 1s shown in Figure 8. As with the previous experiment, the output uncertainty is greatly
s reduced—almost vanishingly small—when the samples are drawn from the narrower, previously-
an calibrated posterior.
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Figure 8: Monte Carlo error propagation for the small plate test with LX-17 with fixed
HE and porosity parameters. Results are shown for (a) drawing PTW parameters from
uniform distributions bounded by the ranges in Table 2 and (b) drawing PTW parameters
from a narrower distribution (i.e., a posterior resulting from Bayesian calibration to focused
strength experiments).
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Sensitivity Analysis

As in Section 5.1, we obtain first order Sobol’ indices—this time for the LX-17 small plate
model—as a function of time. The resulting Sobol” indices are plotted in Figure 9. The vast
majority of the sensitivity lies with the HE soot parameter. Other parameters showing a
discernible level of sensitivity include yy, —log(7), and the charge thickness. Note that the
plot is nearly filled by the first order indices, indicating limited sensitivity due to parame-
ter interaction. The exception to this trend is the early time regime, which suggests that
parameter interaction may be influential before approximately 2.6 us.
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Figure 9: First order Sobol’ indices for all parameters of the tantalum/L.X-17 small plate
test as a function of time.

Bayesian Inference

Ten parameters, including eight PTW parameters and HE parameters soot and charge thick-
ness, were used for calibration of our LX-17 small plate model. We compared calibration
results obtained with two different prior distributions: one with bounded uniform priors for
the PTW parameters and another with truncated normal priors for the PTW parameters.
In both cases, we chose a bounded uniform prior for the soot parameter and a truncated
normal prior for the charge thickness with the mean equal to the reported value and with
truncation bounds given by +10% of the nominal value; the soot parameter bounds were
defined by the interval (4,8).

Utilizing these two priors allows us to explore the effect of better-characterized metal
strength parameters on the calibration of the HE parameters. In Table 8, the MAP, mean,
and standard deviations for both calibrations are reported for the soot parameter and the
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Table 8: LX-17 small plate parameter posterior MAP, mean, and standard deviation com-
parison

Parameter | MAP | Truncated Normal Mean (Std. Dev.) | Uniform Mean (Std. Dev.)
Vi 5.996 5.092 (9.854e-2 ) 6.061 (1.045¢-1)
chrgthk | 1.508 1.510 (5.626¢-2) 1.470 (5.410e-2)

charge thickness. The informed priors for the metal correspond to a modest reduction in
uncertainty for the soot parameter, but the main point of interest is the effect of the shift in
the mean on the predicted velocity. The shift in the two posterior distributions is evident in
Figure 10. While visual inspection does not suggest a radical difference in these posteriors,
the HE modeling community considers a difference of 0.5% in the predicted velocity to
be significant. Thus, we compared hydrocode calculations for two sets of HE parameters,
corresponding to the posterior means from each choice of prior. The maximum velocities for
the for the difference in soot parameter means is 0.31% and for charge thickness means it
is 0.98%. This indicates that variations in charge thickness are something to consider and
include for historical experiments given the value reported will be an average of multiple
measurements on an nonuniform disk of HE.

As with the LX-14 small plate analysis, we characterized the model response uncertainty
by performing an Monte Carlo error propagation. This was done by densely sampling the
posteriors determined from the truncated normal PTW priors and propagating the resulting
parameter sets through the Gaussian process emulator. In Figure 11, the experimental data
is plotted with the shaded area corresponding to the spread of the model responses. Recall
from Section 5.1 that the propagated error envelope need not cover the data. Nevertheless,
we can validate the model by qualitatively assessing the goodness of fit to the data. Overall,
the model and data match well with some late-time deviations. This discrepancy could be
attributed to the 1-D assumptions used in the computational model being no longer valid as
2-D effects start to become dominate at late times.

5.3 Cylinder Test: LX-17 Results

Lastly, we analyze the most common experimental configuration for studying the detonation
velocity of HE materials. In the cylinder test configuration, a collection of HE pellets are
inserted into a metal cylinder and then detonated to expand the metal casing. Simulation
requires a 2-D axisymmetric computational model to accurately represent the experiment.
The specific HE/metal configuration modeled here is LX-17 pushing a tantalum cylinder
with the velocity being measured using Fabry-Perot laser interferometry. As with the other
experimental setups, we characterize tantalum flow stress with the PT'W model. For porosity,
we employ the classical Gurson porosity model as described in Section 3.1.2.



Figure 10: Comparison of the posteriors resulting from the uniform and truncated normal

priors for soot and charge thickness.
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Figure 11: MC error propagation of the truncated normal posteriors and compared to the
experimental data from Tarver et al. [2] for the LX-17/tantalum small plate test calibration.

Monte Carlo Error Propagation

As with the small plate experiments, we propagate Monte Carlo samples of the PTW pa-
rameters from a bounded flat distribution and a previously-calibrated posterior. With all
other parameters fixed, we obtain the response ensemble shown in Figure 12. Similarly to the
other experimental configurations, drawing Monte Carlo samples out of a tighter distribution
results in greater certainty with respect to the model response.
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Figure 12: Monte Carlo error propagation for the cylinder test with LX-17 with fixed HE
and porosity parameters. Results are shown for (a) drawing PTW parameters from uniform
distributions bounded by the ranges in Table 2 and (b) drawing PTW parameters from a
narrower distribution (i.e., a posterior resulting from Bayesian calibration to focused strength
experiments).

Sensitivity Analysis

For our final sensitivity analysis, we calculate first order Sobol’” indices for the LX-17 cylinder
configuration. The Sobol” indices as a function of time are plotted in Figure 13. As with
the previous experimental types, the sensitivity is dominated by an HE parameter. Here,
Eqgire is by far the most sensitive parameter. Other parameters with visually-discernible
sensitivity include PTW parameters x, —log(7y), and sy as well as porosity parameter ¢ and
HE parameter Ppeee. Moreover, some sensitivity to higher-order interactions is indicated for
the time window before approximately 39 us.
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Figure 13: First order Sobol’ indices for all parameters of the tantalum/LX-17 cylinder test
as a function of time.

Bayesian Inference

Calibration of the LX-17 cylinder model involves 12 parameters: eight PTW parameters,
two porosity parameters, and two HE parameters. The HE model used in this calibration is
the same as the one used for the LX-14 configuration, employing energy density shift and
chemical-freeze-out pressure parameters. We again carried out two calibrations, which em-
ploy priors encoding differing levels of information about the PTW parameters—specifically,
a non-informative bounded uniform prior and a more-informed truncated normal prior. In
both cases, the non-flow stress parameters were assigned bounded uniform priors. (See
Tables 3 and 5 for bounds).

We compare the resulting posteriors of the two calibrations to ascertain how knowledge
of the metal strength can influence the posteriors of other parameters. Table 9 provides a
summary of the calibration for the HE and porosity parameters. Figures 14 and 15 show an
overlay of both posteriors for the HE and porosity models, respectively. Of all of the con-
figurations, the non-flow stress parameters of the LX-17 cylinder model showed the greatest
sensitivity to the different PTW parameter priors. Modest differences are present in the HE
posterior comparison with the posteriors from the more informative priors showing a slight
reduction in uncertainty, but a notable effect is displayed with the porosity posteriors. Figure
15 shows a significant narrowing of the porosity model posteriors when a more informative
prior is used for the PTW parameters. This suggests that incorporating flow-stress-related
knowledge results in better-constrained porosity parameters.

Note the narrowing of the ¢, parameter, which controls the porosity evolution. Given
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that ductile failure of metals is related to the complexity of the loading condition and that
the cylinder test will evolve non-uniform deformation as well as transients in strain rate,
pressure, and temperature due to the complexity of HE loading, it is valuable to constrain
porosity-related parameters for applications that extrapolate beyond the subset of focused
experiments in this study.

Table 9: LX-17 cylinder test parameter posterior MAP, mean, and standard deviation com-
parison

Parameter | MAP | Truncated Normal Mean (Std. Dev.) | Uniform Mean (Std. Dev.)
. 0.798 0.747 (9.467¢-2) 0.752 (1.425¢-1)
fr. 5.999 4.648 (1.012) 3.967 (1.156)
Eas | -1.14e-4 11.348e-04 (1.164e-3) 2.442¢-4 (1.256¢-3)
Preese | 9.681e4 0.197e4 (2.098e4) 8.947e4 (2.151e4)

In addition to the truncated normal priors for the PTW model, we include informed priors
for the Gurson porosity model parameters with the mean being the average of uniform bounds
and the standard deviation set to £10% of the mean. This more informative prior will help
us determine if a well-calibrated porosity model could further reduce the uncertainty of the
HE parameters. Given the strong dependence on the global response of Fgip and Preese
parameters, it is unsurprising that for a model calibration a tighter porosity prior results in
a negligible difference in the HE posteriors.

As with the small plate configurations, Monte Carlo error propagation was used to study
the effect of the parameter uncertainty on the model response uncertainty. We sampled pa-
rameter sets from the informed porosity posterior and propagated them through the Gaussian
process emulator. Figure shows the spread of the resulting response ensemble plotted with
the experimental data. Visual inspection suggests that the model provides a good fit to the
experimental data.

Lastly, the posterior means and standard deviations. for the PTW parameters for all
three configurations can be found in Appendix A, in Figures 17, 18, and 19, and compared
to those used in the truncated normal priors in Tables 10, 11, and 12. Notably, while there
is some shifts and reduction in standard deviations there the differences are relatively small.

5.4 Additional Discussion of Interaction and Ambiguity in the
Joint Inference of Metal and HE parameters

An intriguing observation of the present work is that certain HE parameters (specifically
Prreeze and Egi ) may be strongly, and nearly unambiguously, inferred from the small plate
and cylinder tests. Even in the presence of sizable strength and porosity uncertainty, these
may successfully be inferred. In contrast, other parameters such as the soot parameter, V,,,,



Figure 14: HE parameter posteriors for LX-17 calibration for the cylinder test configuration.
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Figure 15: Porosity model posterior comparison for the Gurson model used in the LX-17

cylinder test calibration.
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Figure 16: MC error propagation of the informed porosity posteriors and compared to the
experimental data from Aldis et al. [1] for the tantalum/LX-17 cylinder test calibration.
Here, the region in green is determined by the bounds of the velocity histories ensemble and
the black line is the experimental data.
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619

exhibit strong dependence on aspects of the metal physical behavior and specifically the
prior utilized for the PTW model parameters. This leads us to question why this difference
exists and if we can learn something more general about parameter interactions within many
the choices of physics models.

We conjecture that the parameters that have to do specifically with the energy density
of the high explosive may be nearly unambiguously inferred in these small-scale science
experiments whereas others (having to do with rate of energy release or specific properties
of the reaction products) may be closely coupled to the behavior of the metal strength and
porosity. To understand this, it is useful to consider the classical Gurney equation for an

cylindrical charge:
Vv ( i 1 > —-1/2
V2FE ¢ 2 ’

where V' and M are the velocity and mass of the metal and F and C' are the energy and
the mass of the high explosive, respectively. This equation is a coarse estimate utilizing
only conservation of energy and some simple kinematic assumptions. However, even if it
is not exact, it suggests a one-to-one dependence of the asymptotic velocity on the initial
energy density of the high explosive. Thus, one might reason that parameters characterizing
the energy of the high explosive such as Ppeeze and Egpig to be strongly constrained by any
experimental measurement, including the asymptotic velocity, simply as a consequence of
energy conservation. On the other hand, the specific details of the energy release including
timing and specific behaviors of the products such as is characterized by the V,, parameter
are not a priori constrained in a such a direct way. In these instances, we therefore expect
that simultaneous inference of the inelastic behavior of the metal and the HE parameters to
be a critical aspect of learning about the behavior of energetic materials.

6 Conclusion

This article has presented a Bayesian analysis of high explosive-driven experiments, includ-
ing plate and cylinder experiments of both LLX-14 and LX-17. The goal of this work was to
simultaneously assess the inelastic behavior of metals and the behavior of materials simulta-
neously from metal /HE experiments. We estimated the optimal parameters of Cheetah-based
reactive-flow models of the energetic materials, the plasticity behavior, and the porosity be-
havior simultaneously. We used a relatively simple model for tantalum, the specific metal
under consideration. Utilizing constraints from focused metal experiments, we were able to
assess the effects of uncertainty in the metal material model on the metal/HE experiments.
Note that the specific quantitative results described here for tantalum may not transfer to the
use of other metals, such as copper, in coupled metal /HE experiments, but the methodology
applied here is transferable to other HE /metal system.

Intriguingly, for our tantalum/HE models, significantly reducing uncertainty in the metal
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prior has minimal effect on the HE model parameters pertaining to the energy content of the
material; however, there is a significant effect on other HE model parameters such as molar
density of soot formed through detonation, V},,. Some energetic material parameters—such
as Egpipe and Ppreeze, Which are associated with the basic energy content of the HE—are
strongly constrained by the experimental data and are relatively insensitive to the priors
of the plasticity model. In contrast, inference of the soot density and charge thickness are
sensitive to the choice of prior for the plasticity models. Analysis of the velocimetry is
suggestive that the charge thickness appears to have small effect on the velocity prediction
up to 0.9%. This implies that we may safely utilize historical HE data (with possibly high
uncertainty in the reported charge thickness), but given the specificity of the models, data
sets, etc. considered in our study, this should not be taken as absolute.

Based on our results, we offer recommendations for future statistical analysis and ex-
perimentation. When performing statistical inference, it would be beneficial to estimate
charge dimensions when calibrating to historical data. Additionally, HE model parameters
may benefit from relatively basic metal strength characterization when performing coupled
metal/HE experiments for model calibration. Furthermore, we have observed some interest-
ing interactions between the plasticity and the porosity model; prior knowledge of metal flow
stress model parameters allows for improved calibration of metal porosity model parameters
in cylinder tests. Hence, performing experiments with well-characterized metal is suggested.
Next, the small plate calibration potentially indicates that insensitive HEs may exhibit more
sensitivity to metal strength than conventional HEs. This indicates that when performing
experiments with insensitive HEs it is especially important to use a well-characterized metal.

Lastly, HE lot to lot variability not considered in this study. We close this study by offer-
ing some suggestions for future work in this area. First, we suspect that the decomposition
of HE parameters into two classes—those having to do with the HE energy content and those
which have to do with specific details of the products—may suggest future experiments and
methods of analysis by which to learn about HEs; an obvious extension would be to explore
the uncertainty related to HE density variations that are known to exist. Additionally, us-
ing a statistically-motivated design of experiments strategy, additional experiments could be
designed to maximize the information gained about parameters that are more challenging
to define unambiguously when including the uncertainty arising from the metal. Second, we
suggest that further work is needed to specifically examine the interplay between plasticity
and porosity models; the correlations arising in our results among these parameters are con-
sistent with the physics of the strength models. It will be important to utilize experiments
in future analyses that are insensitive to the plasticity-porosity interaction, helping to dis-
ambiguate the causal behaviors. Finally, we endorse that analysis of model form error in
the HE model as a valuable direction of inquiry and would likely have a profound impact on
understanding uncertainty.
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« Appendix
« A Full Posteriors

Figure 17: Complete Parameter posterior comparison for the L.X-14 small plate configuration



Figure 18: Complete Parameter posterior comparison for the LX-17 small plate configuration
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Figure 19: Complete parameter posterior comparison for the LX-17 cylinder test configu-

ration

¢¥99¢2¢0°6/€901°01 :10d SV 3T1011LYV SIHL 3110 3SV31d
"19s9dA) pue pajipakdod usaq Sey }l 82UO0 UOISISA SIU} WO} JUSIBLIP 8 ||IM pJ0I8 JO UOISISA BUIUO 8Y} ‘1eAsmoH 1duosnuew paydaade ‘pamainal Joad s Joyine ay) si SIy |

soisAyd paiddy —
LdINOSNNYIN 3LdIDIV o uinop | Dustiand =7



3

.
s

I

A
= Publishing

L i

Table 10: PTW model parameters with a comparison of calibrations for smlplt-1x-14 and
those used in the truncated normal prior distributions.

Parameter smplt-LX14 Truncated normal mean (Std. Dev.) | Units
0 0.0242(1.440 - 107%2) 0.0148(1.878 - 107%) -
D 5.106 (2.891) 4.913 (0.3143) -
50 0.0136(3.979 - 1079) 0.006316(1.235 - 1079) -
500 0.00403(5.877 - 107%%) 0.00588(6.84 - 107%) -
K 0.533 (1.435 - 100 — 03)) 0.727 (1.014 - 10 — 02)) -
v _ 10g<105.022)(_ 1Og(101'225)) _ 10g(105'134>(— 1Og(100.00497)) _
Yo 0.00753(3.828 - 107%) 0.00629(1.241 - 107%) -
Yoo 0.001671(7.017 - 1079) 0.00136(3.626 - 107%) -

Table 11: PTW model parameters with a comparison of calibrations for smplt-1x-17 and
those used in the truncated normal prior distributions.

Parameter smplt-1x17 Truncated normal mean (Std. Dev) | Units
0 0.0282(1.53 - 10 2) 0.0148(1.260 - 10~ ) -
P 4.672 (2.882) 4.916 (0.3159) ;
So 0.01623(6.317 - 107%3) 0.00632(1.229 - 107%) -
Soo 0.003927(1.112 - 10-99) 0.00588(6.72 - 10~%) ;
K 0.368 (0.203) 0.727 (0.0104) -
ol _ log(104.987)<_ 10g(101‘231)) _ 10g(105’138)(— 10g(100'0518)) _
Yo 0.01160(4.690 - 10793) 0.006299(1.235 - 107%4) -
Yoo 0.001780(7.051 - 1079) 0.00136(3.617 - 107%) -

Table 12: PTW model parameters with a comparison of calibrations for cyl-1x-17 and those
used in the truncated normal prior distributions.

Parameter cyl-LX17 Truncated normal mean (Std. dev) | Units
Z 0.0267(1.484 - 10-%2) 0.0148(1.258 - 10~ %) -
p 4.807 (2.847) 4.904 (0.3280) ;
S0 0.01509(2.9712 - 107%) 0.00632(1.227 - 1079) -
Soo 0.004134(1.098 - 1079) 0.00588(6.79 - 107%) -
K 0.754(0.225) 0.727 (0.0105) ;
v _ log(105'134)(— 10g(100'00258)) _ 10g(105'132)(— 10g(100'00259)) _
Yo 0.01014(3.979 - 107%) 0.00631(1.235 - 107%4) -
Yoo 0.00172(1.360 - 107%3) 0.00136(3.653 - 107%) -
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