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Quantifying memory in spin glasses
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Rejuvenation and memory, long considered the distinguishing features of spin glasses, have recently
been proven to result from the growth of multiple length scales. This insight, enabled by simulations
on the Janus II supercomputer, has opened the door to a quantitative analysis. We combine numer-
ical simulations with comparable experiments to introduce two coefficients that quantify memory.
A third coefficient has been recently presented by Freedberg et al. We show that these coefficients
are physically equivalent by studying their temperature and waiting-time dependence.

Memory is among the most striking features of far-
from-equilibrium systems [1], including granular materi-
als [2], phase separation in the early universe [3] and,
particularly, glass formers [1—10]. Whether a universal
mechanism is responsible for memory in all these ma-
terials is unknown, but spin glasses stand out [11-17].
On the one hand, memory effects are particularly strong
in these systems —perhaps because of the large attain-
able coherence lengths [18-20]. More importantly, their
dynamics is now understood in great detail. Indeed, to
model protocols where temperature is varied, one must
first understand the nonequilibrium evolution at constant
temperature. In other words, before tackling memory,
rejuvenation and aging should be mastered. These inter-
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mediate steps, including the crucial role of temperature
chaos, have now been taken for spin glasses [21-23].

In the context of spin glasses, rejuvenation is the ob-
servation that when the system is aged at a temperature
T, for a time ty1, and then cooled to a sufficiently lower
Ts, the spin glass reverts apparently to the same state
it would have achieved had it been cooled directly to T5.
That is, its apparent state is independent of its having ap-
proached equilibrium at temperature 77. However, when
the spin glass is then warmed back to temperature 71, it
appears to return to its aged state, hence memory.

Conventional wisdom has long ascribed rejuvenation to
temperature chaos —the notion that equilibrium states
at close temperatures are unrelated— and memory was
experimentally exhibited long ago [11, 12] but these ef-
fects remained unassailable to numerical simulations in
three-dimensional systems [24-29]. This state of affairs
has recently changed [30], thanks to the combination of
multiple advances: the availability of the Janus II su-
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percomputer [31] and of single-crystal experiments [18],
accessing much larger coherence lengths; the establish-
ment of a relation between experimental and numerical
time scales [19, 20]; and the quantitative modelling of
nonequilibrium temperature chaos [22]. Ref. [30] has not
only demonstrated memory numerically but also shown
that this effect is ruled by multiple length scales, setting
the stage for a more quantitative study.

Here we introduce two coefficients to quantify memory,
one experimentally accessible and the other adapted to
numerical work. The example of temperature chaos has
shown that such indices are key to a comprehensive the-
ory [32-34]. In principle, the only constraints for such a
coefficient C are that C = 1 means perfect memory and
C = 0 means that the memory has been totally erased.
Many choices could satisfy these conditions: besides the
coefficients introduced herein, [35] presents an alternative
based on a different observable. Fortunately, the length
scales discussed in [30] allow us to express these coeffi-
cients as smooth functions of similar scaling parameters
and to demonstrate that they have the same physics as
temperature and waiting time are varied.

Protocols. In both experiment and simulations [36],
we have a three-step procedure: (i) the system is
quenched to an aging temperature 77 < Ty (T is the
glass temperature) and relaxes for a time 1. In simula-
tions, this quench is instantaneous, while in experiment,
it is done at ~ 10 K/min. A protocol where T is kept con-
stant after the initial quench is termed native. (ii) The
system is then quenched to Ty < T7, where it evolves for
time ¢yo. (iii) The system is raised back to 77, instanta-
neously in simulations, and at the same rate as cooling
in experiment. After a short time at 77 (2'° time steps
in simulations), the dynamics are compared to the na-
tive system, which has spent t,; at T7. The temperature
drop T7 — T3 is chosen to ensure that temperature chaos
(and, hence, rejuvenation) is sizeable [23, 30]. Our ex-
periments are performed on a sample with 7, = 41.6 K.
For experimental parameters see Table I (Table IT for
simulations).

Length scales. Memory and rejuvenation are ruled by
several related length scales (see Appendix B for details),
of which only one is experimentally accessible —¢zeceman,
related to the Zeeman effect [37]. In simulations, the
basic length is the size of glassy domains in a native pro-
tocol, gnative,

We regard rejuvenation as a consequence of tempera-
ture chaos. If the temperature drop meets the chaos re-
quirement, namely the chaos length scale set by T3 — T»
is small compared to £2aUve(Ty ¢1) [23, 30|, the system
that has aged at the starting temperature T for ¢y “re-
juvenates” at the cold temperature T5. That is, preexist-
ing correlated spins are “frozen” dynamically at T and a
new correlated state of size (J%P (Ty, t,) forms, where t,,
is the waiting time at T5. The newly created correlated
state at T5 is independent from that formed at T7.

As t,, increases at Th, the newly correlated state at 15
grows larger, to a maximum size set by the final time
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FIG. 1. Memory coefficient as a function of tyw1 and tys2.
Top: Memory loss as a function of time tw2 both for our ex-
periments (Table I) and for our simulations (Table II). The
“natural” timescale 7y is 1.86 x 1073 seconds for the exper-
imental data and 1 lattice sweep for simulations. Bottom:
Memory coefficient for fixed tw1 [fixed Emicro (11, tw1)] and sev-
eral two.

Protocol Ti (K) twi (h) T2 (K) tw2 (h) Tm (K) £&/a

N; 30 1 — — 30 13.075
Na 26 1/6 — — 26 8.1011
N3 26 3 — — 26 11.961
Ny 16 3 — — 16 6.3271
R 30 1 26 3 26 11.787
C1 30 1 26 1/6 30 12.621
Ca 30 1 26 3 30 12.235
Cs 30 1 16 3 30 12.846

TABLE I. Parameters of our experiments. We use the
abbreviations N (native), R (rejuvenation) and C (cycle), see
paragraph Protocols for discussion. Unlike in rejuvenation
protocols, in temperature cycles the temperature is brought
back to 17 before measurements start. We indicate the
measuring temperature Tp,, and —whenever possible— the
value of &, in units of the average distance between nearest-
neighbour spins. Measurements start after tyi for native pro-
tocols (tw1 +twe for cycle or rejuvenation protocols). The data
for Ny were taken at small values of H because non-linear ef-
fects enter for larger values of H at small t,,.

at Ty, tyo. Upon heating back to 77, the two correlated
states interfere, causing a memory loss that will be seen
both in experiment and simulations.
Simulations can easily access £23%ve and (JUmP (21, 30,
, 39]. Experiments measure instead the number of cor-
related spins N, [37]. Equivalently, in simulations, the

native protocol results in

ti p-§
N(T,ty) = [ehative(T, ¢,)] 7 2, (1)

where 6 is the replicon exponent [19, 20, 40, 41]. If the
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FIG. 2. Rejuvenation (top) and memory (bottom), as

studied through the Zeeman-effect method of Ref. [37] on a
single crystal of CuMn. Our thermal protocols are described
in Tab. I. We show % vs H? in logarithmic scale [tST(H)
is the time at which the relaxation function (3) peaks]. The
number of correlated spins N, for a given protocol is propor-
tional to the slope of the corresponding curve. The values of
e essentially coincide for native protocol N3 and for rejuve-
nation protocol R; at Tb = 26 K (the previous relaxation at
T1 = 30 K undergone in protocol R; turns out to be irrelevant
at 26 K). As for the memory coefficient, see Eq. (4), the slope
of native protocol N; is approached either by decreasing the
relaxation time tw2 at fixed 7> (compare cycles C; and Cz)
or by lowering T5 at fixed tw2 (compare cycles Cz and Cs).

chaos condition is met, and only in this case, the jump
protocol results in, concomitantly,

. b0
NC(T27 tw2) X [Cjump(TQ; th)] 2 . (2)

Therefore, when chaos is strong enough, we have a dic-
tionary relating the experimentally accessible N, to these
two basic length scales [30] (see Appendix B for details).

Qualitative behavior of the memory coefficient. Ac-
cording to the above, one would expect memory to
depend on the ratio (WP (Ty, tye)/ERAMVe(Ty ty1): the
smaller the ratio, the larger the memory. Because both
lengths are increasing functions of time, then (i) memory
should increase with increasing t1, everything else held
constant. Concomitantly, (ii) memory should decrease
with increasing ty2, everything else held constant. Fi-
nally, (iii) if AT = T — T3 increases, everything else held
constant, (?WP(Ty, to) will progressively decrease, and
memory should increase. The memory coefficients that
we define below, plotted in Fig. 1, display precisely these
predicted variations. The experimental data in Fig. 1
agree with this expectation, which we shall test in our
simulations through a scaling analysis.

Ezxperimental definition of the memory coefficient.
We define a memory coefficient from the number of cor-
related spins N, see Eq. (1). We shall first show that
rejuvenation can be observed from N, thus confirming
that temperature chaos is strong enough given our choice
of temperatures and waiting times.

A small sample was cut from a single crystal of CuMn,
7.92 at.%, with Ty = 41.6 K. T1 and ¢y in Table I were
chosen to facilitate direct comparison with the results of
Freedberg et al. [35], who defined another memory coef-
ficient from the linear magnetic susceptibility. The lower
temperature, T, was variable, as was the waiting time
two. Our measurements of N, follows Ref. [37] and are il-
lustrated in Fig. 2—top. For the reader’s convenience, we
briefly recall the main steps leading to the measurement
of N. (see Appendix D for further details).

After the sample has undergone the appropriate
preparatory protocol, we probe its dynamic state by
switching on a magnetic field. We set time ¢ = 0 when the
field is switched on and record the magnetization M(t),
which grows steadily from M (¢t = 0) = 0, to obtain the
dynamic response function

1 au
~ Hdlogt’

S(t,H) (3)

For native protocols and H — 0, the peak of S(t) against
t occurs approximately at the effective time < ~ ¢,,1. As
H increases, the peak moves to shorter ¢S (H). The slope
of the plot of log tsvff vs H? equals the product of IV, times
the field-cooled susceptibility per spin: (xrc/spin)Ne —
xrc is roughly constant over the measured temperature
range. We thus gain access to V..

We compare in Fig. 2-top the outcome of the above
measuring procedure as obtained in protocols N3 and Ry
(see Table I). The two systems evolve for the same time
at 26 K. The values obtained for logt<f turned out to
be nearly identical: relaxation at 30K does not leave
measurable traces at 26 K, hence rejuvenation.

To quantify memory, we compare N, for systems that
have undergone the temperature-cycling protocols in Ta-
ble I with their native counterparts. These measurements
are illustrated in Fig. 2-bottom. We define the Zeeman-
effect memory coefficient as

CZeeman — Né:ycle/NCnative . (4)

Note that in both cases measurements are carried out at
T, (the difference lies in the previous thermal history of
the sample), hence the ratio in Eq. (4) is just the ratio of
the corresponding slopes in Fig. 2—bottom. Our results
for Czeeman are given in Fig. 1.

A memory coefficient from simulations. We extend
[30] to quantify memory by pushing current computa-
tional capabilities to their limit [12]. We look for memory
through the quantity that can be extracted most accu-
rately from simulations: the spin-glass correlation func-
tion at H =0,

Gr(r,twa;p) = (¢ @0 (,1)q( @D (x 4+ r 1)), . (5)

Here, ¢4 (x,tys) = 0@ (x, tyo) o (x,t) where super-
scripts (a, b) label different real replicas and (- - - ), stands
for the thermal average after a temperature cycle built
from T-drop p (see Table IT and Protocols) [13].



T-drop T Ts twi Emicro(Th, tw1)
J1 1.0 0.625 2195 8.038(1)
Jo 1.0 0.625 222 10.085(15)
Js 1.0 0.625 224625 12.75(3)
Ja 1.0 0.625 22725 16.04(3)
Js 1.0 0.625 228625 18.08(5)
Jo 1.0 0.625 229-875 20.20(8)
J7 1.0 0.7 229-875 20.20(8)
Js 0.9 0.5 23125 16.63(5)
Jo 0.9 0.7 23125 16.63(5)

TABLE II. Building blocks (7T-drop) for temperature
cycles in our simulation. The initially disordered system
relaxes for a time ty1 at temperature 71, reaching a coherence
length &micro (T, tw1). A T-drop is given by (T1,T%,tw1). To
specify a temperature cycle one needs in addition ty2, see the
Protocols paragraph. Only Jg does not meet the requirements
for temperature chaos [30].
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FIG. 3. Numerical construction of a memory coeffi-
cient. Top: the curves TQGR(T, tw2;p) vs. T show small, but
detectable, differences as tyo varies, for temperature cycles
built from the T-drop J; in Table IT (tw1 = 219'5). Bottom:
as in Top, but subtracting the native Gr from the correlation
function of the temperature-cycled system, see Eq. (6). As
the time spent at the colder temperature 75 increases, the
system loses memory. The memory loss is evinced by the in-
creasing signal in 7> AGR.

Our starting observation is that the experimental de-
termination of C, Fig. 2, relies on the nonlinear re-
sponse to the magnetic field. Interestingly enough, the
equilibrium nonlinear susceptibility is proportional to
the integral of r?Gr with r € (0,00). Thus, follow-
ing [19, 20, 40, 44], we generalize this equilibrium relation
by computing these integrals using the nonequilibrium
correlation function in Eq. (5).

Fig. 3-top exhibits a small but detectable difference in
the behavior of r2GR as tye varies in cycles built from T-
drop Ji in Table II. This success has encouraged to con-
sider the curve with tys = 0 as the reference curve [45].

We evaluate effects due to ¢y as
AGR(r,ty2;p) = Gr(r,tw2;p) — Gr(r,0;p) . (6)

The difference in the correlation lengths in Eq. (6) repre-
sents the amount of growth in the correlation length that
has occurred at T, for a waiting time tyo. If the tem-
perature difference 17 — T5 is sufficient for full chaos to
develop at Ty, then AGR(r,tye;T1) represents the com-
peting correlation length that interferes with the native
correlation length established at Tj.

From Fig. 3-bottom, it is natural to define the numer-
ical memory coefficient Cpum as

IS drr? AGr(r, tw2; p)
fooo drr2 Gg(r,0;p)

Cnum =1- (7)

Further scaling arguments supporting our choice can be
found in Appendix C. Our results for Cyy,, are presented
in Fig. 1, for several temperature cycles built from the
temperature drops in Table II. The values of Ty, T5 and
tw1 were chosen to meet the chaos requirement proposed
in [23, 30] (the only exception is Jg, used as a testing
case for the scaling analysis, below). It is comforting
that, even when the ratio tyo/ty1 is as large as in Fig. 3,
we still obtain Cpym > 0.75.

Discussion. Memory can be quantified in several
ways: we have proposed two such memory coefficients,
Czeeman and Cpum, respectively, adapted to experimental
and numerical computation. Each coefficient is used in
a different time scale, see Fig. 1. Furthermore, [35] pro-
poses yet another experimental coefficient, C,, based on
the linear response to a magnetic field (rather than the
nonlinear responses considered herein). It is obvious that
more options exist. Hence, it is natural to ask what (if
any) is the relationship between these coefficients.

We look for this relationship in the two length
scales that rule our nonequilibrium dynamics, namely
CIUMP(Ty, tyo) and E230Ve(TY ty1). If we succeed in ex-
pressing our coeflicients as simple functions of these two
lengths, we shall have a natural bridge between different
memory definitions.

Specifically, we consider two variables x and y:

0
_ Cjump(T27tW2) ]D_z _ T jump

z |: II;laiZir‘c/)e(le th) y Y Tg C (T27 tw?) . (8)
Both scaling variables, z and y, are approximately ac-
cessible to experiment through Egs. (1) and (2); we shall
name their experimental proxies z’ and y’ [16]. There-
fore, we seek numerical constants a; and as, [see Ap-
pendix E for details], such that the Cpym from all our
temperature cycles fall onto a single function of

F(z,y) =y[l+arx+ a2x2] . (9)

Setting aside T-drop Jg, which does not meet the chaos
condition, the overall linear behavior in Fig. 4-bottom is
reassuring.
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FIG. 4. Top: Experimental memory coefficients C, . (circles,
data from [35]; Th = T» + 4K) and Czeeman (rhombus and
squares, see Table I) versus the scaling function in Eq. (9).
See text for the computation of the 2’ and 3’ proxies. Empty
circles refer to tw1 = 1h (full circles for tw2 = 3h). The dotted
line is a fit to a straight Czeeman = 1 — aF’. The dashed line is
(1 — aF")*? and represents the experimental findings for Cyr
surprisingly well. Bottom: As in Top, for memory coefficient
Cnum [z and y are given in Eq. (8)], see Table II for details.

With appropriate ¢} and af in Eq. (9), see Appendix E,
the data for C,~ [35] also fall onto a smooth function of
F'(«',y'), Fig. 4-top. There is a problem, however: C,~
goes to one for tyo significantly larger than zero (F' =
0 only at two = 0). The same problem afflicts Cyym,
albeit to a lesser degree. Interestingly, when plotted as
a function of F’, Czeeman 1S compatible with a straight
line that goes through C = 1 at 7' = 0, as it should.
So, at least in this respect, Czeeman 18 the most sensible
coefficient.

Perhaps more importantly, the scaling representation
(dashed line in Fig. 4-top) evinces that, away from the
C ~ 1 region, the relation C» = [Czeeman|™ holds with
K ~ 3.9. This relation makes it obvious that the different
memory coefficients carry the same physical information.

In summary, we have identified the length scales that
govern memory in spin glasses in the form of a simple
scaling law. We expect this picture to carry over to other
glassy systems that exhibit rejuvenation and memory.
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Appendix A: Our simulations on Janus II

We simulate the Edwards-Anderson model in a cubic
lattice with linear size L = 160 and periodic boundary
conditions. The Ising spins S, = +1 occupy the lattice
nodes and interact with their nearest lattice-neighbors
through the Hamiltonian

H=-" JoySsSy, (A1)

(z,y)

where the coupling constants are independent random
variables that are fixed at the beginning of the simula-
tion (we choose Jg, = £1 with 50% probability). A
choice of the {J; 4} is named a sample. The model in
Eq. (Al) undergoes a phase transition at temperature
T. = 1.1019(29) [47], separating the paramagnetic phase
(at high temperatures) from the spin-glass phase (at low
temperatures).

We study the nonequilibrium dynamics of the model
with a Metropolis algorithm. The time unit is a full
lattice sweep (roughly corresponding to one picosecond
of physical time [48]). The simulation is performed on
the Janus IT custom-built supercomputer [31]

We consider 16 statistically independent samples. For
each sample, we simulate Ng = 512 independent replicas
(i.e., Ngr system copies that share the couplings {Jg 4}
but are otherwise statistically independent). Replicas are
employed to compute correlation functions as explained
in Refs. [19, 20, 30]
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FIG. 5. Comparison between correlation lengths. Left:
we compare the behavior of the effective correlation length,
&Zeeman, as a function of the microscopic correlation length,
native(tye, Tb) evaluated at a fixed-temperature. Right, we
show the behavior of {zeeman as a function of the coherence
scale ((tw2,T) calculated for varying-temperatures. The J,
temperature cycles and related wait times ty1 are listed in
Table II in the main text.

Appendix B: A simple relation between coherence
lengths

In this section we define the relevant length scales,
Emicros € and £zeeman and their relationships:

® Emicro(tw) is the size of the glassy domain. Tt
is estimated through the replicon propagator,
GR(Tv tW’p)

® {7eeman 1s Obtained by counting the number of spins
that react coherently to an external magnetic field,
and thereby the volume of correlated spins sub-
tended by the correlation length £zceman. This is
the only experimentally accessible method for ob-
taining a correlation length directly.

e ((t1,to) is the scale at which defects are correlated
[19].

In a fixed-temperature protocol, these quantities are
almost equivalent [19, 20, 30]. The scenario is more in-
tricate in varying-temperature protocols because of tem-
perature chaos. In Fig. 5, we compare these length scales
in varying-temperature protocols.

As the reader can notice, if chaos is large [J;, Jo and
Js|, an equivalence exists between £zeeman, ¢, and Emicro-
Otherwise [Jg|, the number of correlated spins is not a
good proxy for (.

Appendix C: Scaling of x’, x”’ and x2/V

In this section, we show that the dynamical behavior
of the three susceptibilities, x/, x” and x2 = x2/V, are

similar. The former two are measured in conventional
memory experiments (e.g., in Ref. [35]), and the latter
in numerical simulations.

We analyze first the scaling properties near the critical
point. We then extend the analysis to the glass phase.

In the following we use € = (T' — Ty) /T, to denote the
reduced temperature.

On the one hand, the experimentally computed linear
magnetic susceptibilities behave as [50]

xo= X' e
G, 1)

X' ~PH(t/T),

where we have taken both linear magnetic susceptibilities
in the time domain (the relationship to frequency is a
simple Fourier transform). Above, G(-) and H(-) are two
scaling functions, and xo is the equilibrium value of the
linear magnetic susceptibility at the critical point.

On the other hand, the nonlinear spin-glass suscepti-
bility per spin, computed in numerical simulations, scales
as [50]

X2 ~ K (t/7), (C2)
with a suitable scaling function K(-). At the critical
point, there is only a critical mode and we can avoid
the use of the replicon term.

The rationale behind these scaling relations is that the
overlap is essentially the magnetization squared. The
linear magnetic susceptibilities scale with the exponent
associated with the average of the overlap ¢ (the fluctua-
tion of the magnetization is given by (m?), the average of
the overlap), and - is a nonlinear susceptibility per spin
associated with the overlap. Therefore, it scales with the
usual exponent v = 28 — vD. Remember that the order
parameter, the overlap, scales with the exponent 5 and
that )22 = XQ/V.

For the analogous scaling relations in the spin-glass
phase, the out-of-equilibrium situation is dominated by
the replicon mode. The only diverging nonlinear suscep-
tibility is the replicon nonlinear one, defined as

x2(t) = /000 drr® Gr(r,t). (C3)

The overlap field scales with the replicon exponent 6
as ¢ ~ £79/% (see Appendix H of [51]), so we can write
the dependence of these susceptibilities on the correlation
length as

o o £(4)0/2
= X"~ &), (1)

Xo~E(t) 7.

We conclude from this analysis that the dynamical
behaviors of these different susceptibilities are similar.
Hence, we can safely compare the results from numerical
simulations with experiments that measure x” [35] for
this reason.



Appendix D: Experimental details and data
processing

This section explores the experimental protocol for
measuring the change in magnetization as a function of
logt. In particular, it delves into the nuances of data pro-
cessing for accurate identification of the time that the
dynamic function S(t) peaks, t<f(H). As discussed in
the main body of the text, the accurate determination of
tf(H) is vital for extracting zeeman-

Magnetization measurements were conducted using a
Quantum Design MPMS system. The magnetization was
gauged as the sample traversed through an array of su-
perconducting quantum interference devices (SQUIDs).
The system was set to take continuous magnetization
measurements over approximately 10 hours for ¢, = 1 h,
and 30 hours for t, = 3h.

The magnetization as a function of time ¢ displayed in-
termittent spikes owing to the SQUIDs’ measurements.
A representative example is exhibited in Figure 6. These
aberrations, typically because of external interference
with the SQUID coil, were subsequently removed in our
analysis. The first derivative of the magnetization as a
function of logt was then calculated.
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FIG. 6. Raw measurement data and the spike removed
data Data from a typical S(t) measurement. (Red) The raw
magnetization vs ¢t with random spikes from the SQUID mea-
surements. (Blue) Magnetization vs t with spikes removed.

The derivative of the raw data tends to be noisy, com-
plicating the task of identifying the position of the peak
in S(t). It was necessary to suitably smooth the S(?)
curve. We utilized a Chebyshev polynomial fit for the M
vs t curve prior to computing its derivative.

With an appropriate number of terms, the Chebyshev
polynomial fit accurately represents the raw M vs ¢ data,
effectively eliminating the spikes in the dM/dlogt data
produced by measurement artifacts, as illustrated in Fig-
ure 7. A 60-term Chebyshev polynomial fit typically de-
picts the S(¢) curve satisfactorily, with less than a 1%

residual. Using higher terms further reduces this resid-
ual. The Chebyshev polynomial fit excels over a simple
box smoothing of raw data because it preserves the spline
of the M vs t curve while simultaneously decreasing the
noise in the derivative.
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FIG. 7. Chebyshev polynomial fitting of the data and
the residual (Top) The spike removed M vs t data with 60-
term Chebsyhev fit of the data marked in orange. (Bottom)
The residual of the Chebyshev fit.

Upon obtaining the derivative of the Chebyshev poly-
nomial, we constructed a single Lorentzian peak function
with a constant background:

_ AP

(D1)
In this equation, A denotes the amplitude of the peak,
xo represents the center, and ~ indicates the peak width.
As depicted in Figure 8, the derivative of the Chebyshev
curve provides a relatively uncluttered peak with a fit to a
Lorentzian shape. With a sufficient number of Chebyshev
polynomial terms, the fitted curve can trace the raw data
precisely.

To ensure that the Chebyshev polynomial accurately
represents the M vs t data, we iteratively conducted the
fitting and peak searching procedure over a number range
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FIG. 8. Comparison of the derivative of the raw data
vs the derivative of one Chebyshev fitted curve. (Blue)
The dM/dlogt plot of raw magnetization vs logt. (Yellow)
The dM/dlogt plot of a 60-term Chebyshev fit of the mag-
netization vs logt.

of terms, typically from 30 to 1200. Each iteration pro-
duced a value for the time at which the Lorentzian peaks.
We then calculated the average of these values to deter-
mine the peak time for a given S(¢) measurement. The
error bar for the time of the peak was determined from
the standard deviation of the peak times. In cases where
overfitting or underfitting was apparent within certain

ranges of the number of Chebyshev polynomial terms, as
evinced by deviant peak values, the peak values obtained
in these ranges were disregarded.

Appendix E: Determination of the coefficients for
the scaling function F(z,y)

As we have explained in the main text, we introduce
a simple scaling function F(z,y) for describing both the
experimental and numerical data. Here we report the
details for the determination of the constants a; and as
[and analogously o and aj].
Our procedure consists of two steps:

e we fit the data for the memory coefficient under
consideration —Cpym or Cy»— to a smooth, generic
function of the scaling function F(z,y) introduced
in the main text[52]:

C(l’,y) :BO_Blj:(xvy)_B2[]:(xay)]27 (El)
Note that there are five fit parameters, namely By,
B; and Bs and the two parameters a; and as that
determine F(z,y).

e The free parameters By, By, By are disregarded in
the analysis. Instead, we keep aj,as (or af and
ay for Cy»v), to describe our data as a function of
the scaling function F(z,y) [F'(2',y’) in the case
of CX” .

For the numerical data, By ~ 1 and By = 0. The data
for C,, taken from Ref. [35], require By # 0.
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