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ABSTRACT: We study ensembles of 1/2-BPS bound states of fundamental strings and NS-
fivebranes (NS5-F1 states) in the AdS decoupling limit. We revisit a solution corresponding
to an ensemble average of these bound states, and find that the appropriate duality frame for
describing the near-source structure is the T-dual NS5-P frame, where the bound state is a
collection of momentum waves on the fivebranes. We find that the fivebranes are generically
well-separated; this property results in the applicability of perturbative string theory. The
geometry sourced by the typical microstate is not close to that of an extremal non-rotating
black hole; instead the fivebranes occupy a ball whose radius is parametrically much larger
than the “stretched horizon” scale of the corresponding black hole. These microstates are
thus better characterized as BPS fivebrane stars than as small black holes.

When members of the ensemble spin with two fixed angular potentials about two
orthogonal planes, we find that the spherical ball of the non-rotating ensemble average
geometry deforms into an ellipsoid. This contrasts with ring structures obtained when fixing
the angular momenta instead of the angular potentials; we trace this difference of ensembles
to large fluctuations of the angular momentum in the ensemble of fixed angular potential.
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1 Introduction and summary

The study of bound states of fundamental strings and NS5-branes has been particularly fertile
ground for the investigation of non-perturbative aspects of string theory [1, 2].

The 1/2-BPS states of ns Neveu-Schwarz fivebranes wrapping T* x Szl/, bound to nq
fundamental strings that wind S;, comprise a large ensemble of degenerate microstates. The
Lunin-Mathur construction [3, 4] provides supergravity descriptions of the vast majority of
these states in terms of a set of profile functions f!(v), including those which specify the
shape of the bound state in transverse space, where v =t + y, t is time and y parametrizes
the circle. The generic element of this ensemble has a deep throat with a large redshift to
the core of the bound state, but no horizons, closed timelike curves, or other pathologies; this



class of backgrounds has thus been considered as a prototype of the fuzzball paradigm [5] —
the idea that in string theory, the black hole interior is supplanted by some horizon-scale
structure having itself no horizon.

An important fact about the Lunin-Mathur solutions is that they are parametrized by
harmonic forms and functions that can be superposed to generate new solutions.! It is
possible to average these forms and functions by putting the system in a grand canonical
ensemble where the chemical potential conjugate to the string charge is fixed, and calculate
analytically a corresponding solution [6-8]. In this case, the resulting ensemble average
solution forms a non-spinning, spherically symmetric blob of radius 7, in which the redshift
saturates at a large value. One can interpret the solution as describing typical states in
the ensemble. While there is also a classical extremal black hole solution carrying the same
charges which has a horizon of microscopic size corresponding to the number of microstates,
the suggestion is that in string theory this solution is to be replaced in the near-source
region by the ensemble of horizonless objects, having the horizonless “ensemble geometry”
given by the spherical blob of radius 7.

More recently, this proposal has been criticized on several grounds [8]: first, that
expectation values of observables in typical microstates differ from those of the black hole
solution by only exponentially tiny amounts, while the “ensemble geometry” of the two-
charge state differs substantially from the extremal black hole geometry; second, that the
supergravity approximation is not valid near the source, because some parts of the geometry
become sub-Planckian in size; and third, that the quantum fluctuations remain large even
well away from the source, rendering classical supergravity inapplicable.

One of the aims of the present work is to revisit these issues. The reason that the
supergravity approximation breaks down in the D1-D5 and NS5-F1 duality frames, so that
they are inappropriate for describing the near-source structure, is that the circle the branes
are wrapping is much smaller than the string scale already far away from the source. If we
locally T-dualize the NS5-F1 geometry to the NS5-P duality frame, the geometry is sourced by
momentum waves propagating along the fivebranes, whose stress-energy is a pressure causing
the T-dual circle to expand to a large size near the source. Thus an effective supergravity
analysis in this frame is appropriate for describing this region of spacetime. We conclude
that while classical supergravity in the NS5-F1 frame breaks down, classical string theory
does not (at least, not on this account).

When we consider the near-source geometry in the appropriate duality frame, we find
that a black hole background is not the right description — the fivebrane source is spread out
over a region much larger than the stretched horizon of the extremal black hole background.
The “ensemble geometry” is a description of an explicit, smeared brane source which is not
close to collapsing behind a horizon. It differs substantially from the black hole background
near the source, where it describes a “fivebrane star”.

!Note that the metric is not always linear in harmonic functions (for instance in the NS5-F1 frame it
depends on the inverse of the onebrane harmonic function Hi, see eq. (2.2)), so the quantum superposition of
sources has a rather nonlinear effect on geometry; indeed, if one were to simply average 1/2-BPS metrics, the
result would not be BPS. The Hilbert space of 1/2-BPS states is embedded in the supergravity configuration
space in a highly nontrivial manner.
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Figure 1. On the left: the ellipsoidal structure of the ensemble average bound state when the angular
potentials are fixed. On the right: a ring shape of the bound state with fixed angular momenta.

As to the third issue, the analysis of [8] calculated the fluctuations of the harmonic
functions in the grand canonical ensemble, and pointed out that they are order one over
a region extending out to the blob radius 7, and beyond; we address this critique in a
companion paper [9].

The horizonless spherical blob solution appears to be weakly coupled throughout space,
implying that strands of the fivebranes are well-separated from each other in target space (since
it is coinciding fivebranes that leads to strong coupling [10-12]). We verify this by explicitly
calculating the probability that the fivebrane strands are separated by coordinate distance d

(8@ = |f o)~ Fw2))). (L1)

We will see that when the fivebranes are highly excited, this quantity peaks at a value of
d corresponding to an invariant distance of a few /@5 length scales, and actually vanishes
quadratically in d at small separation, ensuring that weakly coupled string theory is a
reliable description. This result is of interest because the analysis of [11-13] argued that
near-intersections of the fivebranes lead to the appearance of “W-strings” of little string
theory which are lighter than fundamental strings when the fivebranes are sufficiently close,
making strong coupling physics necessary. This phenomenon does not take place in typical
1/2-BPS states, suggesting that such self-intersections are relatively rare in the 1/2-BPS
configuration space.

In a separate thread of investigation of “ensemble geometries”, we consider ensembles of
rotating brane sources. Known examples with fixed angular momentum are characterized by
a ring transverse to the compactification manifold [3]. One can again ask: what structures
arise in the string theory of typical rotating bound states of fivebranes and strings? We
address this question both in the ensemble of fixed angular momentum, and the conjugate
ensemble of fixed angular potential.

The four dimensions transverse to the fivebranes permit two independent angular po-
tentials about two orthogonal planes. We first calculate the solution corresponding to an
ensemble average where the chemical potential conjugate to the string charge and the two
angular potentials are fixed. A priori, one might expect that the structure of the resulting
ensemble average would exhibit two phases: first, for low angular potentials, the blob structure
should arise as one sees in the absence of rotation. Then for large angular potentials, one
might expect that an angular momentum barrier would cause the ensemble average solution
to be localized about a ring, as one sees in known rotating NS5-F1 solutions [14]. Somewhat



surprisingly, the solution instead displays an ellipsoidal rather than toroidal structure across
all possible values of the angular potentials.

We trace this phenomenon to order one relative fluctuations of the angular momentum
in the grand canonical ensemble of fixed angular potential. For small angular potentials, the
average angular momentum scales linearly with the angular potential while the fluctuations
are constant, making the relative fluctuations large. For large values of the angular potential,
a mode that winds once around the spatial circle begins to fluctuate wildly. The relative
fluctuations of the angular momentum are set by the relative fluctuations of the occupation
number in this mode, which become of order unity.

A calculation demonstrates that relative fluctuations of the angular momentum surpass
90%. In this case, predictions from the two conjugate ensembles are allowed to disagree.
Having the result for fixed angular potential, one can apply a Fourier transform to switch
to ensembles of fixed angular momentum, and reproduce explicitly the effect of repulsion
from the rotation axis leading to ring shapes. In the ensemble of fixed angular potential,
one is averaging over rings of varying size, and because the fluctuations are large, the result
smears the ensemble of ring geometries into the observed ellipsoid.

The outline of the paper runs as follows. In section 2 we review the Lunin-Mathur
solutions and the solution corresponding to an ensemble average in the grand canonical
ensemble. We make a transition to the microcanonical ensemble of fixed charge, and recall
that the circumference of the y-circle is sub-Planckian near the bound state [8]. This section
concludes with an analysis of the solution written in the NS5-P duality frame where this
particular issue is resolved.

In section 3, we show that the fivebranes in the grand canonical ensemble with small
chemical potential are typically separated by a few /@5 length scales. Section 4 is devoted
to computing ensemble averages of the harmonic functions in the rotating ensemble with
fixed angular potentials, finding an ellipsoid spinning in transverse space. Section 5 performs
the transformation to an ensemble of fixed angular momentum, upon which repulsion from
the rotation axis emerges. We draw conclusions in section 6.

2 Review of the non-rotating solution

Consider an ensemble of NS5-F1 bound states, with each member making excursions in
transverse space. Suppose one fixes the charges of the state with ny,ns > 1. One can ask what
is the bulk structure of any member of this microcanonical ensemble? It is possible to address
this question by first weighting configurations with different charges using a grand canonical
distribution, through fixing a chemical potential conjugate to the string excitation level. We
denote this chemical potential by 27 because we will utilize a formalism that resembles
string theory on a worldsheet torus. The limit of 75 — 07 corresponds to nearly equal
weighting of the microstates. Then as we review below, the harmonic functions describing
the grand canonical ensemble average admit simple analytical expressions. Later we make a
transition to the microcanonical ensemble of fixed charges, which is the maximally mixed
state consisting of all states of the effective string at a fixed total oscillator level Lo = nins.



2.1 The Lunin-Mathur geometries

This subsection reviews the NS5-F1 Lunin-Mathur geometries [3] which constitute a starting
point for many of the subsequent calculations in this paper.

We adopt the following notations: gs is the asymptotic string coupling, (27)*V} is the
asymptotic volume of the four-torus and 27 R, is the asymptotic circumference of the spatial
y-circle. The charges carried by each member of the ensemble are expressible in terms of
the number of fundamental strings and fivebranes:

2n Oé/ 3
Ql = s %/g ) )
4

The string frame metric and B-field are given by:

Qs =nsa’. (2.1)

1
ds® = — (—(dt + A + (dy + B)*) + Hs d&® + |dz]?
1
2.2)
! (
B = F(dt+A)/\(dy+B)+b, db = dHs .
1

The spatial coordinates Z are transverse to the compactification manifold T4 x Szl/. One
can work with spherical coordinates where d#? = dr? + r2dQ3. The coordinates of the T4
factor are denoted by z. The dilaton is given by

H,
26 _ 2415
e’ = . 2.3
The harmonic forms and functions Hi, Hs etc. are given by the convolution of the four-
dimensional Euclidean Green’s function with one-dimensional sources located along & = f(v)

Qs f 1
D=Ll fwp”
Qs P Jauflo)P
H (%) = Lh ze _’(v)\de (2.4)
— L £l
A= -9 0 0 aB =« dA.

L Jo |7~ f(v)]?
where % denotes the Hodge dual operation with respect to flat four-dimensional transverse
space, and we have dropped constant terms in the harmonic functions in order to take the

AdS3 limit. The parameter L is obtained from successive applications of U-duality operations
starting from the duality frame where the conserved charges are F1-P (see e.g. [5]):

2mQs
L= . 2.5
i (25)
Far away from the sources,
@~ H@m~L (7). (2.6)
|Z| |Z|
By rescaling
r= Q1Q5f, y=R,)Y, t=R,T, (2.7)
Ry



the asymptotic line element can be written as

d~2
7; +d93] + [dz1?. (2.8)

ds? = By [P (— dT? +dY?) +
This is asymptotically AdSs x S? x T4 with the length scale set by the fivebrane charge Qs
fags = Vnsal . (2.9)

We will calculate the expectation values of the harmonic functions and forms in the grand
canonical ensemble and reproduce the known result [6-8]

_6rplal?
<H1<f>>=|f§,g(1—e )

(H5(%)) = |§]52 (1 - 6_6?5> (2.10)

The radial coordinate characterizing the fuzzy boundary of the thermal blob is

Ty =\, (2.11)
679

—

where 7y is a chemical potential for the total excitation level of the profile f(v), and

B 95(0/)2

"RV

2.2 Averages of the harmonic functions

(2.12)

We now present a detailed path integration derivation of equations (2.10) which is applicable
for any chemical potential for the charge ()1. Ultimately we will focus on the case of small
chemical potential relevant to the large N = njns limit.

The source profile f (v) parametrizes the 1/2-BPS phase space of purely NS backgrounds
(an additional set of four “internal” profile functions parametrizes 1/2-BPS configurations with
R-R excitations). Geometric quantization of this phase space turns the Fourier coefficients
of the profile functions into a set of decoupled harmonic oscillator creation/annihilation
operators [15]. The path integral approach we utilize gives the same results as the operator
approach used in previous literature on the average harmonic functions [6-8].

The approach of Lunin and Mathur was to begin with the F1-P 1/2-BPS solutions where
the momentum wave on the fundamental string has the profile f, and then perform a sequence
of U-dualities to arrive at the NS5-F1 solutions (2.4). One can instead start directly with the

—

NS5-P duality frame, where f(v) is the profile of a momentum wave on the fivebranes, and

—

then T-dualize to NS5-F1 where f(v) characterizes a string winding condensate carried by the

fivebranes. The fivebranes compactified on T* are an effective string, and we wish to quantize

this set of excitations, which form a closed subspace of the set of all fivebrane excitations.?

2Note that the profile function f (v) does not have a dynamical zero mode in the decoupling limit. The
fivebranes have a tension g5 2, and the decoupling limit involves taking the asymptotic string coupling to
zero, making the fivebranes infinitely heavy; the center-of-mass motion of the fivebranes thus decouples.



We wish to study the ensemble of 1/2-BPS states at some large total momentum on
this effective string. To that end, we introduce a chemical potential for the excitation level,
in other words, we consider the conventional worldsheet path integral on a Euclidean torus
with the modulus 7, described by the Polyakov action with the transverse R* as the target
space. This way we study the effects of four bosonic fields describing excursions of the
fivebranes in transverse space (this interpretation is appropriate in the NS5-P duality frame).
The integration is over closed curves of these excursions. We will then adapt the relevant
expressions to describe chiral bosonic states preserving half of the spacetime supersymmetry
generators that annihilate the worldsheet CFT ground states.

Starting with the expectation value of Hs(Z), we want to compute

1 _ 1 7 —Splfl 1
<|f—f<z,z>|2> 7w ] P e (213)

where the worldsheet position z is related to v through

- 2TV

z=e"L, (2.14)

the Polyakov action is given by

Splf] = /d%a Floof. (2.15)

472

Normally, the string tension is denoted o’. Here, one is instructed to describe an effective
“dual string” (the fivebrane compactified on T*) whose inverse tension u? is determined by
the moduli as in (2.12).3

The notation Z(7,7) represents the factor of the partition function of the theory on a
torus worldsheet of modulus 7, excluding zero modes:

1
[n(r)[P

We work in a convention where the expectation value of the unit operator is equal to one.

Z(1,7) = (2.16)

It is convenient to use the identity

1 o0 1 2 2
- S- = ds 7/(1[)1) 6_7|b| —s\x| +2(5$+Zb) f 2.17
7 b (227)

(the substitution D = 4 will be made later). Substituting into the path integral (2.13)

results in?

<|,f f?‘l(z 2)|2> = 7_ T /Df/ ds/ dP b —Sp [f] s|x|2+2(sm+zl_)> f(2,2) ' (218)
S (ms)

The profile f can be expanded in terms of eigenfunctions ®;(z, z) of the Laplacian on the

torus (with eigenvalues —w?)

=3 Xi®i(2,2); (2.19)

3More precisely, in the NS5-P frame, i® = g2(a’)?/V4 sets the inverse tension of the fivebrane wrapped on
T*; the factor of R, in the NS5-F1 frame expression (2.12) is due to the T-dual string coupling.
“We follow the conventions of [16] (Volume I section 6.2).



the path integral then becomes a set of decoupled Gaussian integrals over the coefficients
X;. The result can be expressed in terms of the worldsheet Green’s function

2
_ U _ _

G/(Zl, 22,21, 22) = E 7@ (IJi(zl, Zl)q)i(ZQ, 22) . (2.20)

— W

1#£0 ?

On the torus, this evaluates to [16]
0, (w —w
27

Orthogonality with the zero mode (the constant function on the torus) determines

G'(w,w',w,0") = —'u—Qlo
) ) ) - 2 g

2 2
H N2 —
7'> ‘ + o Im (w —w")" + k(1,7) . (2.21)

2
k(r.7) = 5 log (In(r)P) - (2.22)

The renormalized version of G’ at coincident points is obtained by subtracting the leading
logarithmic ultraviolet divergence from the limit of coincident points of G’. A finite func-
tion which is a sum of a holomorphic term and an anti-holomoprphic term emerges. The
holomorphic term in the result reads

2 / 2
r _ 01(07) _ K _1 9
G (0la) = ~*5-tog (1527 ) + k(r) =~ 13- og (4 u(a)?) (2:23)
Taking a degeneration limit with 7 = 0 results in
1 &1 w2 u?
G"(0|q) ~ pu? —— E — = = . 2.24
Olg) ~ ™ 37— Lem? T 6(1-q) 121 (2.24)

The renormalization scheme of subtracting the logarithmic divergence is not unique; instead
one could have introduced an ultraviolet cutoff € on the worldsheet and consider the Green’s
function for a pair of points separated by €. In the operator approach, one can show that the
same G"(0|q) emerges as a consequence of calculating the expectation value of the normal

ordered exponential operator : eiFf .

Z(lﬂtr( ¢S glo) = e~ 3RPGT0) (2.25)
where Lg is the zeroth Virasoro generator. Moreover, in the operator approach one can
consider the non-normal ordered operator and introduce a cutoff on the mode number m
that labels states, m < A, with ¢ = % The distinction between normal ordering or not
normal ordering does not matter as long as one first takes the limit of 75 — 0" and then
e — 0, because then the 7—12 term in the expansion (2.24) wins over any additive logarithmic
correction. Throughout this paper we consider this order of limits, and not the reverse.
Going back to the Green’s function and plugging in the equations above,

<!f— fl(z,z)|2> - Z(Tl, 7) (ri[/dDX”) /OOO ds/ (7?;% (2.26)
2 712

X exp <— Z 2:?)& X — “?9‘ — s|Z* 42 (sf—i- zl;) . Z)@@Az,i)) :




Performing the X -integration gives rise to

o] D b
<1> =/ dS/ 0 e—@—slf\%zm(om)(sﬂ@~(sf+i‘7). (2.27)
0

& — f(z,2)2 (ns)7

Note that the result is independent of the worldsheet position z, z. It follows that

0o D o o
I / ds e~ slF2+22132G" (0lg) / AT (L4267 (0]0) B2 +4isGT (0]0)BE
z,2)[? 0

|f - f( ) (71'8)%
(2.28)
Shifting the b variable to b = b — %f and doing the b integration yield
" <12 s2G"(0)2)7|2
< } > _ /OO s 6—8‘3}|2+252|x|2G (0|q)—% 1 _
|7 — f(z,2)|? 0 (14 2sG7(0]q))2
z 2
— /OO ds 1 e~ zeror (1~ Tresdrom) (2.29)
0 (1+2sG7(0]q))2

The integrand is analytic if Im(G"(0]|q)) = 0 and Re (G"(0|q)) > 0, which is the case in the
degeneration limit 75 — 0T with 7 = 0 that we will consider. As long as Im(G"(0|q)) # 0,
no essential singularity plagues the integrand. Let us focus on D = 4 and change variables:

Eil
Y= . 2.30
3G (0lg) (1 + 2567 (014)) (230
Then
1 1—e 2Glf(‘ilq)
— ry — = — 2 . (2.31)
|5L'—f(Z,Z)|2 |l’|

Substituting the small chemical potential limit in eq. (2.24) into eq. (2.31), averaging over
the worldsheet position and multiplying by the NS5 charge ()5 result in

dz _6mal7?
(H5(T)) = ¢ 5— <|f_ ?(Z 2)|2> = |§;g|52 (1 —e ) : (2.32)

At large distances |Z] > /G7(0]q) the result approaches the correct asymptotic falloff
condition Qs5/|7|%; at small distances |Z| < /G"(0[¢) or small 75 < 1, the averaged Green’s
function is finite and approximately constant at the value 673/ (mu?).

Next, consider the following quantity:

N\ avfz(v)
Ai(v,¥) = ————=——, 2.33
v 7) 1z — f(v)|? (233

We are interested in calculating

(Ai(v, 7)) = — /0 T ds / (dDbDe—sflz—i? (0fi ™7 (2.34)

wSs)2



where the operator on the right is taken at some point in the worldsheet and
k= —2i(si + ib). (2.35)

It is shown that the renormalized correlation function in the integrand above vanishes

(fi(m)e™ T2y =0 (2.36)

ren

The renormalization is done by subtracting a pole singularity from the limit of the correlator
as z1 — 29.

<6fi(21>eiﬁ‘f(22722)> = ikiazl G/(Zl, 51, 29, 52|7’) <€ng> . (2.37)

For nearly coincident points, v; — w9

1
V12 ,U ayel (v[7),—o MQ vig
Oy, G’ (|T> = n o = e R (2.38)
2n 2 261 (5217) 21+ 597 }((0\‘ ))”12 + 539 ((0|L))U%2 +..
It follows that the renormalized derivative of the Green’s function is
12
dG"(0]q) = 79’1’(017) = 0. (2.39)

8707 (0]7)

To explain the last equality, the Jacobi theta function satisfies the diffusion equation

82 w i 0 w
For v = 0, 0:(0|7) = 0 and so is %01(O|7') = 0. The conclusion is that
(A;)=0. (2.41)

This is physically sensible by thinking about members of the ensemble of the bound state
as coming in pairs that mirror each other around each axis ¢ with opposite momentum or
winding. Then the Kalb-Ramond and graviphoton fields that they produce cancel on average;
a parity symmetry emerges on average.

To evaluate the expectation value of the last harmonic function H;(Z), consider the

operator
) P
K(v, &) = J”iﬂ (2.42)
|7 = f(v)[?
Computing the expectation value of K (v,Z) amounts to writing
dPb 18]
e sIEP =T <af of T | (2.43)
TS)2

with & given by (2.35). We saw that the renormalized contraction between df; to etk-f

vanishes. It follows that the renormalized contraction we need to compute is between the two
derivatives of f, and multiply the result by the renormalized average of the exponential:

(oF-of ekf> = (0f0 f}m <ekf>n . (2.44)

,10,



The expectation value of the operator on the left factor on the r.h.s. of (2.44) admits a
w~? double pole singularity as w — 0; its renormalized value is the expectation value of
the normal-ordered stress energy tensor (times —u?) of the effective string. The relevant
expression is available in [16], but rather than writing it here, one can take a shortcut. A
useful relation between the charges carried by the bound state is

L —
@=L [C1o.fwPd. (245
Therefore,
L _filefl2
(Hy(Z)) = % ; (K(v,2))dv = ‘Q|12 <1 —e ) ) (2.46)

Alternatively, one can view the coefficient of |#]~2 falloff at large distances as the renormalized
value of the fundamental string charge.

The advantage of our derivation is that it shows that for any finite chemical potential,
the scale f;—;; is replaced by

G™(0lg) = —u Zlog 1-q") =p Z 1_q g=e (2.47)

Modular invariance implies that for small 7o, the leading order correction to % is pu?log(m),
which is negative. This means that the size of the solution decreases when increasing slightly
the chemical potential; this makes sense because states of high string charge are suppressed.
Note however that this logarithmic correction comes in at the same order as the cutoff
dependence that we renormalized away in evaluating G"(0,q) in eq. (2.23), and so suffers
from renormalization scheme dependence.

2.3 Moving to the microcanonical ensemble

We would like to calculate the averaged harmonic functions in the microcanonical ensemble
when the fixed charges are large. The upshot is that a saddle point approximation relates 7o
with an order one number times (nin5)~'/2, therefore one should make such a substitution
in the results (2.10).

As a short introduction to this subsection, it is useful to recall a few basic facts. Generally,
the partition function Z(/3) of any canonical ensemble is related to the density of states
p(E) through

_ / T AE p(E) e E (2.48)
0

(The ground state energy is set to zero.) The inverse Laplace transform allows one to extract
the density of states from the knowledge of the partition function

p(E) = Czde.Z(ﬁ) e (2.49)

In this equation, C is a vertical contour in the g-complex plane to the right of possible
singularities of Z(3). Thermal expectation values transform to microcanonical expectation

— 11 —



values (around the narrow energy window [E— %AE, E —i—%AE}) utilizing the same inverse
Laplace transform:

(A=

In writing (A)g one should not normalize it by dividing by the partition function. For our

° (4 )5€ (2.50)

2m

purposes, the notations = 277, is the chemical potential and £ = N, where N is the
total level or charge of the state:

dTQ

Ay = [ THA)Ym) ™Y (2.51)

1

Now, the following expression for the small chemical potential partition function on a
torus worldsheet with D physical target space dimensions, can be derived utilizing modular

invariance,
D

D =D
Z(ry = 0F) = 1,2 el2m2 . (2.52)

It is useful to recall the computation of the density of states that follows from it, via eq. (2.51),

p(N) = —z/ dTo ezme 61272 = —z/ dry e9(72) (2.53)
where
wD D
g(m2) =27 N1y + Tory +— log(Tg) . (2.54)

Conventionally, the saddle point approximation is used to evaluate the integral in eq. (2.53).
At large N, the condition ¢'(75) = 0 leads to

27 /24N 8nN

g(15) = 277\/%]\7 — glog(N) +... (2.56)

We choose the integration contour C' to contain the point 75 and parallel to the imaginary

(2.55)

axis Im(72). Then, one may rotate back to real 7 by multiplying the “original 75" by
—i. This leads to

p(N) ~ N~ 72 2™V &N | (2.57)

Moving on to the unnormalized expectation value of the 4D Green’s function,

1 1 _6mla?
lim <_,> 27'2263"'2 1l—e =2 |, (2.58)
no0t \|Z — f]2 |Z|

we want to apply an inverse Laplace transform on this function. The first term transforms
trivially to the density of states computed above. One can normalize it away, so that |#|~2
is the first term in the expression we want to calculate. Regarding the second term, note
that an “effective level” enters the computation

3|z

22

N'=N-— (2.59)
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As long as N > |7|?/u?, the saddle point approximation is reliable. In this case,

712
< 1 > 1 7N omy [3(N-285) ~2n /IN
&~ f1?

=——e"V3' [1—e¢ . (2.60)
Dividing by N~ 1 1e2"V3N and expanding the difference in the argument of the exponential

a2
1 V6| z?

1—e =2VN | . (2.61)
72 |x’

712
N>
I3

on the r.h.s. of the last equation yield
=7
@~ f?
675172

In the opposite regime N < |#|?/u?, the exponential suppression e =12

N>>

renders the second
term very small compared to the first one. In fact, already from eq. (2.61) one sees that
the scale at which the two terms are comparable is |Z| ~ N iu. The conclusion is that the
average harmonic functions for the ensemble in question, where N = nins, are

(1@ = 21— e )

|72
__eE?
(Hs(7)) = g;(l — ¢ v ) (2.62)

(A)=0.

These equations describe a spherically symmetric blob of radius

mﬁ(M%>l (2.63)

One can understand the scale r, as follows. The ensemble under consideration is a thermal
ensemble of left-moving excitations on the effective string governed by (2.15). The typical
mode number in such a thermal state is of order v/N, and one can crudely model the typical
configuration as a random walk whose step size is the thermal wavelength. There are v N
steps of this size, leading to an r.m.s. radius of the random walk of order N %, which is
what we see in (2.63).
The resulting exponential of twice the dilaton is everywhere constant and small:
026 — 2 Hs nsVy

=qg-— = ) 2.64
gs Hl nl (a/)Q ( )

The NS-NS flux components are given by

Or Hy
Hyy = _712, (2.65)
and defining angles through z; + iz = rsin(f)e’® and x3 + ixy = 7 cos(6)e'?,
0
Hpys = 7 cos(0) sin(0) — Hs(r). (2.66)

or
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The 6D part of the line element of the microcanonical ensemble averaged geometry is thus
given by:

2 o —7"2/7“2
r 2 2 Qs(1—e b)
T (—d* + dy?) +

ds2 = (ar? +r2d3) . (2.67)

r2

We use coordinates suitable for describing physics in the decoupling limit

r=ar, y=R)Y, t=R,T, (2.68)
where
o= YiUs (2.69)
Ry

In particular,

fb—“ﬁ<nln5)4—( T (2.70)

The line element becomes

72 1—e ™/7

ds2 = (% 4q [ (—dr? +av?) + — (a7 + f%mg)] . (2.71)

1—e ™/

The dilaton remains constant, and one should drop (via gauge transformation) the constant
—1 in the equation for B-field in the decoupling limit. Then

Hory — 0:B2, B2 — 3 2.72
rry = OpByy, Bry = —laqg oy (2.72)
1—e ™/
The proper size of the Y-circle in the string frame is given by:
Size(SY) = V/oyy = n5a’;. (2.73)
V1-— eI
The rescaled radial coordinate where the circle is approximately string-sized is
1
(2.74)

Fg= ——.
d e

Note that because ns < ni, the blob radius is much less than the duality radius 7, < 74.
Furthermore, since the 10D Planck length scale is given by

1
(10D) _ 7nsVa(e)? ) ®
o —((277) o , (2.75)

the boundary of the thermal blob has the property that

1

SiZe(Szll”fb n5(o/)2 8
x < 1. 2.76
£50P) n Vi (2.76)
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Therefore, NS5-F1 is the wrong duality frame far away from the thermal blob — it breaks
down already at 7y > 7. The y-circle shrinks below the 10D Planck scale in the NS5-F1
duality frame. The shrinking of the spatial circle below the string scale in the geometry
of the black hole with the same charges and the need to find an appropriate duality frame
was discussed in [17]. In the context of two-charge horizonless solutions, the same issue
was emphasized in [18].

The D1-D5 frame is also the wrong duality frame for describing the solution (2.10)
near the source. The logic of [17, 18] suggests that the appropriate duality frame for the
description of the vicinity of the source is the NS5-P frame. While heuristic arguments in [18§]
led to using several U-duality operations in a chase for a weakly coupled and weakly curved
description, which resulted in a strongly-curved phase, here we find that a single T-duality
operation suffices to attain this goal successfully.

2.4 The solution in the NS5-P frame

For the NS5-P duality frame to be the appropriate effective description, the string coupling
should be small and the gradients of the supergravity fields should be small in string units.
Let us apply the Buscher rules of T-duality [19] to the solution in the NS5-F1 frame with
respect to the Y-circle, to arrive at a solution in the NS5-P frame.

For the general NS5-F1 Lunin-Mathur geometries (2.2), the T-dual NS5-P geometry is

ds* = —dudv + Hy dv? + 2 A; dz' dv + Hs di* + |dz)?
dB = dv A% dA + % dHj (2.77)
e2® = g§H5 .

For the ensemble geometry, the harmonic functions remain those given above in eq. (2.10).
Applying the Buscher rules directly to the geometry (2.71), (2.72), one finds that the T-dual
line element can be written as

P 2

dY +ng———_dT

1— e ™/7

=2 ! —72 /72

T al—e b

ds¥gsp = —n50 —————— dT? + — —
NS5-P 1— 6—7“2/7‘13 ns 72

1—e /7

+msal ——; (@ + 72d03) + d| 212 (2.78)

(with Y the coordinate T-dual to V). This metric has the form (2.77) with u = —T/2, v =Y.
Curvature invariants of the geometry, like the Ricci curvature and the square root of the
Kretschmann scalar, are suppressed by Q5_1.

The geometry (2.78) and associated B-field and dilaton do not define an exactly conformal
sigma model — there will be non-trivial o/ corrections to the background. The gradients
of the background in string units are all of order 1/n5, however, so these corrections will
be small in the limit of large ns.

The near-source geometry in this duality frame has the structure of a “bag of gold”.
The Y-circle grows as the radius decreases, from the string scale at the radius 7y = ﬁ,
eq. (2.74), saturating at the value set by (2.78) as r — 0

1
o\ Jggv = '\ g¥Y (ZZ) * (2.79)
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Figure 2. a) The Y-circle metric as a function of a dimensionless radial coordinate that saturates
near the core of the solution. b) The radius squared of the S® factor of the geometry is fixed away
from the source to be y/nsa’, and decreases to zero at the origin smoothly.

starting at the blob radius 7. This value is much larger than the string scale for ns < n,
(which is a condition for the NS5-P duality frame to be valid). Thus, the Y-circle starts from

1
the string scale at 7y and saturates at v o’ (Z—’;) 4 at the origin. The invariant radial distance
over which the circle grows in this frame is approximately given by

1
Lbag ~ \/nsal {1 + Z log <Zp>} . (2.80)
5

A plot of gyy and the radius squared of the S3 factor of the geometry are shown in figure 2.

On the other hand, the S? factor of the geometry is large outside the blob, with radius
Vnsa!. As one dives inside the blob, the radius of the sphere starts to shrink, vanishing
smoothly at the origin. This behavior is explained by the NS-NS magnetic three-form flux
threading the sphere, which is supporting the sphere from shrinking. This flux is sourced by
the fivebranes, which are wandering about inside the blob radius, such that in the ensemble
average the source of flux smoothly fills the spherical blob. As we go to smaller radius
inside the blob, a Gaussian surface encloses less and less of the fivebrane charge, and so the
three-sphere starts to shrink in size since there is less magnetic H-flux to support it.”

In performing T-dualities, one runs the risk of encountering strong string coupling.
However, this is not the case for the problem under consideration: plugging the value of
the dilaton in the deep interior of the geometry predicted by the attractor mechanism

5In the NS5-P frame, the fivebranes are seen as explicit sources for the magnetic three-form flux via the
harmonic function Hs, and the momentum is carried by the fivebrane. Upon ensemble averaging, the fivebrane
singularity is smoothed out, but the magnetic H3 flux threading the angular sphere still measures the amount
of fivebrane charge inside a given radius; the geometry still has a distributed, explicit source. After T-duality
to the NS5-F1 frame, there are no explicit sources for the Hs flux — the wandering fivebranes have been
transformed into a distribution of KK monopoles, whose core is a coordinate singularity [5]. There are no
explicit charged sources in any individual geometry, as the fivebranes have in some sense been dissolved into
flux, nevertheless, upon ensemble averaging the dipolar KKM structure averages away, and one ends up with the
same feature that in the averaged geometry, Hs flux is decreasing as one penetrates further into the source blob.
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e2?(r=0) — naVa_ and the size of the Y-circle,
np(a’)

= () (@)

The factor on the right hand side of the last equation can be made small: Vj ~ (o/)? and

ns < ny,. The conclusion is that string theory admits a weakly-coupled and weakly-curved
description near the source.

The redshift factor for a “co-rotating observer”, for which the combination in the square
brackets of eq. (2.78) vanishes, is predicted to be

1
lgrT(r <71)|

~ (”P)‘l‘ > 1. (2.82)

dy + /Z—;dT:o

While the solution has no horizon, there is a large redshift in its core.

Reference [6] put a stretched horizon at the radius of the blob and pointed out that its area
in Planck units is proportional to N %, much bigger than the statistical mechanical entropy of
the system o< v/N. As this reference mentioned, the geometry is not that of a black hole, and
so we see no reason why one should have put a stretched horizon there in the first place.

One may introduce a stretched horizon for the classical, massless BTZ black hole at
Tstretch = \/ﬁ to reproduce the scaling of the statistical mechanical entropy. However, the
typical microstates contributing to the ensemble are not the vacuum all the way down to
this radius, but rather have explicit fivebrane sources already out at the blob radius. The
objects being described are fivebrane stars rather than black holes.

Note that the light excitations in this “bag of gold” are momentum modes, which are
string winding modes in the NS5-F1 frame — we are rearranging the string condensate
carried by the fivebranes. At very low energy, this amounts to motion along the 1/2-BPS
configuration space parametrized by the f!(v).

3 Separation between strands of the fivebranes

A well-known phenomenon in string theory is that a collection of coincident NS5 branes are
characterized by a dilaton that grows linearly in the proper distance towards them (in string
units). This phenomenon persists even in the stringy regime of two fivebranes, which can
be described by the worldsheet NSR formalism. In the NS5-P frame, D2-branes stretching
between the intersecting fivebranes become tensionless “W-strings”. In the NS5-F1 frame,
two-sphere factors of the geometry shrink and the tension of D3 branes wrapping them (as
well as a direction in T*) goes to zero. Consequently, string perturbation theory breaks down
and a different description has to be found. Reference [13] speculated that this different
description predicts the formation of a small black hole at the intersection point, or a splitting
of the original fivebrane into two.

On the other hand, when fivebranes are separated along a circle in transverse space, the
string coupling remains weak throughout [10, 20]. What happens when putting these solitonic
objects in an ensemble of fixed chemical potential in the limit of small chemical potential?
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We will see that the strands of the multiply wound fivebrane are typically separated by
an invariant distance scale comparable to an order one number times v/n5a/, allowing one
to use string perturbation theory to reliably describe them. This is consistent with the
result of the previous subsection, that the string coupling is weak even when approaching

the ensemble averaged source.
We would like to calculate the typical scale of separation between points on the fluctuating

fivebrane profile among typical members of the ensemble:
— — 2
<ﬁW—WM—WM)% (3.1)

Fourier transforming the delta function

<: 5 (d2 o ‘f(vl) N _’(’02)‘2) :> _ 217r/oo ds < : eis(d2*| _‘(vl)* _‘(v2)|2) . > (3.2)

—00

and then transforming the Gaussian in f using

L D R
o—isl Flon)—Flu) 2 _ / A7k 2 ik ()=o) (3.3)
(ims)2
eq. (3.2) becomes
- > 1 [ o dPk L IR2 T Froy F]
0 (¢ = |flon) = o)) sy = o [ ds e [ e (: FRID-F) ) |

The expectation value of the exponential operator on the r.h.s. is given by appendix A, which
demonstrates that in the small chemical potential limit 7 < 1,

<: eQiE-(f(Ul)_ (v2)) :> — e*E|E|2 , B = 2,u2 <67T + lOg(Tg)) . (3.5)
T2

Note that the same considerations regarding normal-ordering, renormalization scheme depen-
dence, etc. discussed in section 2.2, apply here as well — these only come in at the subleading
level of the logarithm. The k-integral takes the form

D
/de o~ BIRP+LIE? _ LQ (3.6)
(52"
Substituting eq. (3.6) into eq. (3.4) yields
— — 2 1 o is 2 1
<ﬁ@tump(@0§:?/ ds ¢t - (3.7)
/=00 (1+1iFEs)?
For D = 4 this can be written as
. 2 | f _F 2\ . _ 1 o id?%s 1
(:6 (@ = |Flor) = Floa)[*) ) = oyl Ik re (3.8)
where .
Sy = ! (3.9)



The Taylor series of the exponential around s = s, contains the terms

2

e’ =1 4 idze_df(s —Se)+ ... (3.10)

Since ¢isd® — gid®Re(s)—d’Im(s)

, the contour of the integral (namely the real line) can be
supplemented by a semicircle of infinitely large radius. The semicircle is located in the
positive Im(s) > 0 region in the complex plane associated with s. Since Re(E) > 0, a
pole is present inside that region. Plugging eq. (3.10) into eq. (3.8) and using the residue

theorem, one obtains

—

(20 (& = [Fln) = Fw2)*) 1) = 7577 (3.11)

The result in eq. (3.11) is consistent with the fact that the delta-function has a unit integral:
integrating d? from zero to infinity and changing the variable z = d—E2, JoTze ?dz =1 as
required. Using the result (3.5) of appendix A, it follows that

7r/¢2 . Y I N\ 1 e
o R R A eyl S ey

2

where

V319 d
VT

z (3.12)

To leading order,

2
% <: ) <d2 — | Flor) — f(v2)|2> :> ~ 2l (3.13)
This result is plotted in figure 3. One can see that the points on the profile are typically of
distance = ~ 1. Including the effect of the log(m) correction reduces the value of d where the
maximum is located and increases the value of that maximum: larger chemical potentials
contract the extent of the bound state in target space.

The observable we have computed treats the strands of the fivebranes as if they were
living in flat space, whereas they propagate in a curved spacetime. Nonetheless, the approxi-
mation of flat space becomes valid near the source where the metric components saturate
at constant values.

One can understand the length scale for the typical distance between strands

N

T
diypical = % oc pr(n1ns)t o< 1y, (3.14)

in the following way. If the strands are separated radially at {r; = 0,72 = rp}, {r1 =
0.5rp, 72 = 1.5} and {r1 = m, 72 = 213}, then the invariant distances can be computed
using the radial-radial component of the metric which we found in the previous subsection.
These distances are determined by

P 1 — e T2/}
L= / \/n50/\/7 di = {0.92,0.79,0.63} v/nsa’ . (3.15)
1
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Figure 3. When d is small, the likelihood that points along the profile are separated by d is small.

As d — o0, it is exponentially unlikely to find pairs of points separated by d. The likelihood peaks at
d=~ \‘/FH
3712 "

The conclusion is that the strands are separated over a characteristic invariant length
scale comparable with \/nsa’/. It is therefore permitted to use the same weakly-coupled
string theory description for them, without resorting to another description (e.g. low-energy
gauge theory or 11D M-theory) of a strongly-coupled phase of nearly-coincident fivebranes.
The phenomenon of brane self-intersection, which is nearby in the configuration space of
circular supertubes, does not generically occur in more general microstates. There is evidence
that black hole physics is tightly related to the self-intersection of fivebranes, when they are
described by non-abelian gauge theories. The result of the previous section that the grand
canonical ensemble average of the two-charge states is a horizonless configuration is consistent
with the lack of self-intersections we see in this ensemble average.

4 New rotating solution

In this section we derive the average harmonic functions in the half~-BPS ensemble of fixed
chemical potential and angular potentials in two orthogonal planes. The excitations of the
fivebranes are again restricted to the four transverse directions so that the background is
purely NS. The main result is that we obtain a smooth, horizonless, supersymmetric solution
that exhibits ellipsoidal structure normal to the compactification manifold. The spread of the
bound state with equal but nonzero angular potentials is a sphere of radius larger than the
sphere obtained at zero angular potentials, in a way we predict below. Breaking the symmetry
by distinct angular potentials (e.g. zero rotation in one plane and nonzero rotation in the
other) gives rise to the ellipsoid. The topology of this solution is generated by zero angular
momentum states participating in the ensemble of fixed angular potentials - a phenomenon
we explain in the next section. Figure 4 depicts the main result schematically. The physical
properties of the solution are summarized in subsection 4.6.

4.1 Preliminaries: action and partition function

To introduce the ensemble we wish to study, it is useful to review the action description
and the partition function describing rotating strings. In the present context, strands of
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Figure 4. Structure of the ensemble average of NS5-F1 with fixed but different angular potentials.

NS5 branes transverse to Sé x T* are described by an effective string on a worldsheet torus,
with four target space position fields.

The torus worldsheet is spanned by the vectors 2mé; and 27(71€1 + 7282). A parametriza-
tion of a cell in the torus has 0 < g1 < 27 and 0 < 09 < 27719. The o7 coordinate is treated as
a “spacelike” coordinate while o9 is considered to be a “timelike” coordinate. We would like
to describe fivebrane waves that depend on a torus coordinate, such that the fivebrane rotates
about a plane, subjected to a given chemical potential conjugate to the angular momentum.
We start with the Polyakov action on a torus:

1

I =
47

;3 [ do duxi0x, (4.1)

We parametrize the plane of rotation in the target space by X' and X?. The angular
momentum is defined in terms of the wedge product between the position and its conjugate
momentum. The momentum conjugate to X;(o1,02) is

ol 1
Blov o) = 5 Xionon) ~ a0 Xilon o) (12)

The angular momentum is the spatial integral at some constant o (“time slice”) of the product:

2

! doy (X105, Xo — X085, X1) . (4.3)

Lig=———
12 22

We integrate over the timelike direction the product iwisLi2, where wio stands for the
angular potential:

27T
1 / doowig L1a . (4.4)
0

While the inclusion of the term in eq. (4.4) is supposed to subject an extended object to a
given angular potential, naively it breaks conformal invariance on the worldsheet. In order
to preserve conformal invariance, we gauge the rotational symmetry, and interpret wio as
a constant background gauge field. Writing

X +iXo = reti?, (4.5)
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the Polyakov action reads

4@2 3 / P (0ur0°r +120,00°0) . (4.6)

The angular chemical potential term eq. (4.4) becomes

27Ty
Z/ dUQ w12 L12 = 9 g W12 T2 82¢ (47)
0

The gauging of rotations involves adding to the theory a background gauge field A with
the Lagrangian description

ot = 47;2 / d*o <Z Oar0r + 12711019010 + r27*% (029 + A) (026 + A)) . (48)

(The notation 4 here stands for the component of the inverse worldsheet metric.) Incor-
porating a chemical potential for the angular momentum amounts to setting a background
gauge field

A = w12 ) (49>

in other words a Wilson line on the “timelike” cycle of the torus.
To perform the path integral, one again expands in eigenfunctions of the wave operator

i(01,02) Z Dpm (01, 02) (4.10)

VQ(I)n,m(Ula 02) = _wg,mq)mm(alv 02), w721,m = k% + k%? (4.11)
1 : . _

By (01, 02) = ——— k101 Fik202 kp=n, ky= "1 (4.12)
(2m)% Ty To

The eigenfunctions satisfy an orthonormality condition

2T 27T
/0 do /0 doo ®pm(o1,02) s s (01,02) = 6n—n O, —m - (4.13)

The reality of the X; fields implies that X, , = X} * . A substitution of eq. (4.10) into
the Polyakov action results in

1 InT —m|?
22 7_22 ( Xln m+X2 in m) . (4'14)

We plug eq. (4.10) into eq. (4.3) to find

2mT2 w12 m— nm
d Ly = X! x? 4.15
/0 09 W12 L1112 7r,u2 o~ . nm<>—n,—m * ( )
The last A%-term is
w
1222( XL, X2 X2 ) (4.16)
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It is useful to change variables to diagonalize the quadratic sum with respect to the target
space dimensions:

1 . - ,
X = = (Xam +iX200) X = NG (X = iX2,0) - (4.17)

The inverse transformation is given by:

\}i (Kot + Xoom) » X2 = \gz (Xt = Xoom) - (4.18)

The sum of the actions above, namely eq. (4.8), now reads

Tyt = 22[('"7_7”' +w )(X+ X+ XX )

m—nn(

1 —
Xn7m -

— 20012 —n,—m

X X — X X )] (4.19)

T2

Next, the partition function of the theory with field content X7, Xo can be computed. First

one can treat the variables X! X2 X1 X2 as independent, and then take a

n,m? n,m? —n,—m? n,—m
square root of the result because they are actually dependent due to the reality conditions
Xt = X570 .
+ Lot [Xi s X ] ' Am® i
Z=1] /dX dX, e lotXnmXnml — TT - (4.20)
o nom |n7'7m _ Wl?} |n7'7m + W12‘

T2

Some comments about eq. (4.20): above we assumed that w2 € R in assembling the
quadratic form to an absolute square. Second, note that for real nonzero wyo, zero modes
exist if there is m € Z such that n =0, wi2 = 7, and then the prime notation appearing
in eq. (4.20) indicates the exclusion of such modes from the product, otherwise there are
no zero modes. Proceeding with the calculation, the inverse square root of the determinant
in eq. (4.20) can be expressed as an exponential of a trace:

/ 42 i
Z = exp [Z log <’mm - - |>] . (4.21)
n,m T T2 w12

w1z |

Below, the log of the product above is expressed as a sum of two logs and the following
identity is used

0
log(z) = a—pa:p|p:0 (4.22)
implies that
1 4 2,.2\p
Z = exp 582 Z ( T ) + (wlg — —wlg) . (423)
D m UM —i—le‘ } =0

We now use the second version of the classical Kronecker limit formula to calculate (4.23).
Reference [21] contains useful formulae for the following function:

1
Z ~ |mp + nv + up + vv|®

, (4.24)
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with p,v being complex variables, while u,v € R and not both integer. The classical
Kronecker limit formula states that

oy O (YA |1
G'(0) = —21og [emn s v 1w 4.25
v o) 2
Set u = 7,v = 1,u = 0,v = wya7s so that
G/(0) = 21og |— 17| (4.26)
91 (UJ127'2|7')
also, G(0) = 0. Both of these formulas will be proven in appendix B. It follows that
n\T 2
= el e | k) )
01 (w1272|T)

4.2 One-point function of an exponential

For the purpose of computing expectation values of harmonic functions in the presence of
rotation, let us insert an exponential in the path integral as in the analysis of section 2.2
(specifically, eq. (2.18)), located at (o1, 02). The case under consideration is where an angular
potential is turned on in a two-dimensional plane in the target space; the general formula for
two independent angular potentials in two planes is deduced by taking a suitable product.

<€HZ'X> = /DXlDX2€i(k1X1+k2X2)e— 473#2 [ %o 21:1’2(3aXi3“Xi+w%2(Xi)2)—ﬁ [ doswiaLia

(4.28)
Plugging the expansion (4.10) into (4.28) and using eq. (4.18) yield
(R Smen) T [ax,, [ dxg e Znntaihottaio i o (.29
n,m
_47\—% Zn m |:< % ’2+w%2) (XTIL,mXin,fmJ'_X?QL,'mXEn,fm)_4iw12 m:—i;qugl,mxzn,fm
xe ’
Defining
k‘l — ikz k1 + ik2
[ S W 4.30
12 \/5 12 \/§ ( )
one obtains
n,m
-3 ( BI=T_()19 2szxz [P o 2X;mxt _ )
xe MO ’ b ’ (4.31)
In these integrals, X,/ = (XZ,_,,)* and X, = (X*)*, _, are complex variables. We

perform a change of variables in which the phase of kfy®,,,, is absorbed in X!, and the
phase of k19®;, m is absorbed in X, . The last line of eq. (4.31) and the measure remain
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intact. Then
<61EX 01702) H/d /dX_ eizn,m (|kl2|X;7tm+|k12‘Xyzm)‘(Dn,m(0'170'2)|
n,m

47"M2 nm(
X e

2
XtmX~

—n,—m

nTt—m

+

—w12 +wi2

2
+
T X" men m)

TuloX 01,0 n,m (01,0 TuleX 01,0 n,m(o1,0
_é(k%_'_]@)znm( noep, n;(T 1m2+)<1> ‘ (01,00)  mn ‘1>n,n;(7_1m2><1> ,’2( 1 2))
w19 —wi2
= € 72 . (4.32)
The fact that |®,,,,|* = m implies
<ei12-)2> _ e—%(kﬂkg)m(omm)’ (4.33)
where )
T T
@ (0,7,w2) = =37 2 -+ 2 _p (4.34)
4m o \InT — m 4 w1 |nT — m — Towi2|

This function is elliptic: it is periodic under mwis — Towie + 1, Towis — Towis + 7.
It is also modular invariant: it is unchanged when 7 — 7 + 1,w;2 — wi2; and when
1
T = =, WiTy — 2R
In appendix B we evaluate

1
G(s,w,7) = Z‘mT e (4.35)

in the vicinity of s = 1, with w € R. Looking back at eq. (4.34), we are interested in:

GT(0,q,w) = “47 (G(s=1,w = wiam,7) + G(s = L,w = —wiam, 7)] . (4.36)

In that appendix we elaborate on a calculation that yields the following holomorphic part
of the Green’s function at coincident points

m 27rzw m ,—2miw

1 qge 2
" — — | = . 4.
G0, q,w) = Sp Z ( — e qm€2m> n*(g,w) (4.37)

One can interpret this as a measure of the spatial extent (squared) of the rotating bound
state in the rotation plane.
The one-point function of an exponential reads

<eu?- *<o1,az)> — o 3EPGT(0qw) _ o~ IRPHC(qw) (4.38)
Let us take a small chemical potential scaling limit

w—=0", w0, =" =fixed. (4.39)

For 7 = 0, the scaling limit involves fixing % Then e*™ = ¢7 and

~vlog(q 11 ikant g
C<q, ) 5 Z E 1— qm+’Y + 1—gn . (4.40)
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The limit in question is performed in

v log(q 1 & ( 1 1 ) 1 & 1
— = . 4.41
C<q o > 22 1—q +m—'y 1 Z}mQ—'yQ ( )

m oty =

A well-defined limit requires v ¢ Z/{0}. To evaluate the series, it is useful to recall the
product representation of the sin(x)/x function:

Ty

Taking the logarithm of eq. (4.42) and the derivative of it with respect to 7 yield
mweot(my) — — = —2 Z (4.43)

Consequently, eq. (4.41) becomes

1 1 1-
¢ <q’ gl og(Q)) . ™y cot(my) (4.44)
27 1—g¢q 22

For v =~ 0, the leading term in the Taylor series is ﬁ%, which one can also obtain from the

preceding calculation at v = 0. In the vicinity of integers, the function 1—7r+<;t(m)

+o00. In addition, this is an even and surjective function that admits infinitely many zeros.

goes to

We consider the range 0 < v < 1 where the function increases monotonically.

4.3 Averaged harmonic function Hp(Z)

The above result (4.38) allows us to calculate the averaged harmonic function (Hs(Z))
associated with the transverse metric. This subsection is devoted for the calculation of
this quantity.

(- Lo -

k= —2i(sZ + ib). (4.46)

A e B2
e ) )

with

Eq. (4.38) implies

o0 4 e o .
<q 1ﬂ2> :/ ds e~ / (d I;Q e,@e%ﬁ[(sj‘—}—z‘b)%QC(q,wle—(sf+ib)§4g(q,w34)]' (4.47)
T — 0 s

The b-integrals yield

< 1 > /°° J 1 1 |2 (4.48)
= = S (& .
’I_" — ’2 0 1+ QS,UQC(Q,W12) 1+ 28M2€(Q7 (,U34)

) alr o o e (2 +22)¢(a,w12)? | (R +29)¢(q,ws4)?
XGQMS [(xl+a:2)C(q,wlz)+(w3+x4)C(q,W34)]6 # 1+2p2s¢(q,w12) 1+2u25¢(q,w34)
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Combining the arguments in the exponentials through common denominators brings about

2, 2 2, 2
zyted r3tey

<1_,> = /OO ds 1 e 5[14'2#28((4&)12) 1+2u28<(q,w34)} .
|7 — f[? 0 (1+2sp2C(q, wi2)) (1 + 2512¢(q, w34))

(4.49)
This function admits a maximum at the center because the eigenvalues of the Hessian matrix

of this function are all negative. For instance,

82< 1 >
8.%'% 1z — f|2

Note that we consider values of the angular potential such that ((g,w) > 0. Negative values

52

:fQ/Oods 3
7=0 0 (1 +2sp2¢(q, wi2))” (1 4 25p%((q, ws34))

<0. (4.50)

of ¢(¢q,w) can be arranged for, however, in this case one is beset by an essential singularity

at s = making the integral divergent and so we deem these cases unphysical.

__ 1

212¢(q.w)
Additionally, the partial derivatives with respect to z; for all i = 1,2, 3,4 are negative and
thus the function decreases in all of the direction away from the center. Namely, the function

in question attains a global maximum there. One can rewrite eq. (4.49) as

2, 2 2, .2

1 Ty ) T3y oo 1

—5.2 —5.2
<ﬂ> = e 2r4(awi2) e 20°¢(q:w34) / ds 5
|7 — f[? o 142sp2C(q,wi2)
1 z%+z§ 1 z§+zi 1
% 5 e212¢(a,w12) 1+2025¢(q,.w12) @ 202¢(a,wsa) 1+2025¢(q,w34) (4.51)
1+ 28//’ C(Qa w34)

The result is simple when the two chemical potentials are equal: w2 = w3y = w. In this
case, one performs the change of variables:

1
1+2p2¢(q,w)s

(4.52)

)

which implies

212
|Z|

1 1—e 20%(qw)
<|:E— ﬂ2> N (453)

This result displays a spherical structure for any angular potential, in contrast to other
solutions sourced by rotating NS5-F1 bound states that have a ring shape [3]. Those solutions
have a fixed angular momentum which repels matter from the center, whereas in our case
the angular potential is fixed, and as the next section shows, the ensemble of fixed angular
potential admits large fluctuations of the angular momentum. The size of this averaged
bound state is roughly determined by the place where the exponential function decreases
by a factor of e from 1. This is given by

r= M\/mv (4.54)

and is somewhat larger than the size of the non-rotating solution (the properties of the
solution will be discussed further in section 4.6).
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For wio # ws4, one needs to evaluate

.A+B

_A-B o el+ax T+bx
d . 4.55
‘ /0 "0+ a1+ ba) (4:55)

If either a = 0,b # 0 or a # 0,b = 0 then the integral diverges logarithmically at large x. If
a < 0 or b < 0 then the integrand suffers from an essential singularity. It is assumed below

_b
that @ # b, a,b > 0. The change of variables z = 11@‘; + % leads to

00 %"'1% bB_Z‘a 11 aa Bb
_A-B el+ax T _ e a— 1 Z_Z_Wd 456
€ /0 x(1+am)(1+bx) a—2b éze = (4.56)

a

Then the relevant integral is

1 #1212 #3412
< L > - 1 / Lemmaran e e (75 gy (4.57)
Z— f2/ 202(C2 = Ga) St 2
where
Gij = Clg,wij) , ij = {12,34}. (4.58)
We can evaluate the integral analytically for |Z34] = 0 and any |Z12| > 0.
1 /1 1 el (o |Z12]°
—e21°(C12—¢34) dz=|w== ————————2 4.59
2p%(Cr2 — Gaa) St 2 2u2(C12 — C3a) (4.59)

|#19]2 = 12 = 12
— 2; e EIPE) Ei % _ Ei 2’3"#’@
2p%(Cr2 — C34) 2% (Cr2 — C3a) 203 (G2 — C34) Ci2
where Fi is the exponential integral function.

We now consider this expression in the regimes where the argument of the exponential
integral function is either large or small. To this end, the following formulas are useful [22]

Fi(y> 1) = eyy (1 + ; +0 (;2)) Bi(y < 1) = vp + log(y) + O) | (4.60)

where 7 is the Euler constant. For large arguments, which are realized for large distances:

212(Ciz — Cat) B [Ez <2M2(C12 - C34)> b <2M2(C12 — (34) Cu)]
~ L (1 G n o(“Q(C” - C34)>> . (4.61)

ETE C34 |72

This behavior is familiar from previous calculations where one had (12 = (34. For short
distances, |Z12| < puv/Ci2,

1 Tl I G P T Ot e
20%(Ciz — Caa) e [Ez <2M2(Clz - C34)> b <2M2(C12 — C34) Cm)]

~ 1 G2 |12/
T 202(Ci2 — Ga) tog (C34> O <M2C12> ’ (4.62)
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Taking further the limit (34 — (12, one obtains which again agrees with the results

1
2u2C12
above. When (2 > (34, we see that a logarithmic enhancement occurs with respect to the
case of equal angular potentials. This suggests that the length scale “seen” by the above

averaged harmonic function is approximately

1/ Ci2

\/log (¢2)

The result for the harmonic function does not exhibit a divergence anywhere, which in

(4.63)

particular implies that there is neither an event horizon nor a singularity in transverse space.

Small chemical potential limit. Previously we showed in eq. (4.44) that as ¢ — 1,
2miw
log(q)’

w — 0 with a fixed v =

lo 1 1—mycot(m 1 —7mycot(m
Cro <q,7 g(q))ﬁ e (™) gl 2( 7). (4.64)
2 1—g¢q 27y Aoy
We consider zero chemical potential for the 3-4 plane. Using the small x approximation
cot(z) ~ L — g,
0
(34(q, w34 = 0) = 1o (4.65)
72
Consequently,
1 1 g |12/ [Z12* Gaa
— ) — e 22(C2-Go) | B | — 2=t ) i — el 5ot
<\512—f!2> 202 (C12 — C34) [ <2N2(C12—C34) 2012 (€12 — C34) Ci2
67'2 |: 67’2’512‘2 :|
= 3 exp|— 3
T2 (ﬂ%Q (1—mycot(my)) — 1) T2 <7T272 (1—mycot(my)) — 1)
= 12
X Ez( g 675|112 )
T2 <7r2’YZ (1—mycot(my)) — 1)
< 672|Z12|? w22 )
—Fi
T2 (Wz?’wg (1—mycot(my)) — 1) 3(1—=mycot(my))

We have thus found an analytical expression for the average harmonic function in the ensemble
of fixed chemical potential and angular potentials in the scaling limit (4.39) at the plane
xg = x4 = 0. It displays a maximum at a central point and its support in transverse
space increases as the angular potential parameter v increases. At the same time, the
value of the maximum decreases, meaning that the bound state spreads when it rotates
faster, consistent with a general expectation that highly-spinning objects are less localized
than low-spinning ones. We will explain in the next section that the maximal value at the
central point can be understood as a consequence of zero angular momentum states that
participate in the ensemble.
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Figure 5. Averaged harmonic function for real values of v in the x; — x> plane. Increasing the
chemical potential for the angular momentum makes the maximal value of the averaged harmonic
function decreasing and its support on the plane increasing.

4.4 Averaged harmonic form A (%)

The goal of this subsection is to derive the average harmonic form A appearing in the
metric (2.2), in the ensemble of fixed chemical potential for the string charge and fixed
angular potentials. This expectation value is first related to (9, fleiE'f ) and then we use
an expression for the two-point function of exponential operators efrfeike o extract the
result for (9, fretk ! ). We then evaluate the integral expressions for A, with the final result
given in eq. (4.84).

Let us now calculate the x1 component of a quantity related to the xy component of
the one-form A, but without the v-integral

with
k= —2i(si + ib). (4.67)

This requires calculating <8v fleiE'f> first. If one knows the two-point function of tachyon
vertex operators, then it possible to extract this expectation value:

<8fo(1}1)e”22' _‘(v2)> = —4 lim 9 ( 9 <eiE1- _‘(vl)eilg ~ﬁ(7_}2)>

vi—=v2 Quy \ Ok1g

M

) . (4.68)
k1:=0

The purpose of appendix C is to show that the part of the two-point function of exponentials
in the ensemble of fixed chemical potential and angular potential, coming purely from
holomorphic oscillators, is given by

<eik1.X(Zl)+ik2-X(22)> x efé(lgl|2+|E2|2)GT(07QJ,T)7I;;1'EQG(Z:[,ZQ,LAJ,T)*’L’El/\Egg(Zl,ZQ,LU,T) , (469)

where

El A EQ = klxkgy — klykgm . (4.70)
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When k1||ky this vanishes, in particular for ki = +ky. Also:

2 o© n ,2miw n ,—2miw
_H 1 q"e q'e
GT (O,w, T) = ? Z — (1 — q €2ﬂ_2w + 1 — qne_2ﬂ_iw) (471)

n:l

oo n 27rzw n ,—2mwiw n n
M qe 21 z2
G(z1, 22, w,T) = Ez (1 T + — 6_27”“> ((@) + (2’1> ) . (4.72)

This equation reduces to the previous one for equal points on the torus z; = zs.

2 o0 1 qne2mw qne—27riw 29 n 21 n
G(z1,22,0,7) = > n\ T gz~ T gig 7 Km) - (@) ] . (473)

n=1

=

Substituting eq. (4.69) into the eq. (4.68) and using egs. (4.72)—(4.73), one obtains

<8vfx(vg)eig2'ﬂ”2)> =— lim (—kgz@le(vl,vg,(,u,T)—z‘k‘zy&,lg(vl,112,0.:,7‘))e_%c’w(o’w”)“”‘2

V1 —V2
2 o0 n ,2miw n,—2miw
_ H qe qe _lgr 0,w,7)|k |2
—_k?yjz <1—q ne2riw 1_qne—2ﬂ'iw>e 2¢Okl (4.74)
n=1
Similarly,
2 o0 n ,2mwiw n ,—2mTiw
ika-f K ae qe — 167 (0,w,7) ka2
<a“fy(1}2)ez 2f(v2)> =k > (1 TR T N p—— 62m'w> em2 @0l (4.75)
n=1

As we will show in section 5.2, the expectation value of the angular momentum operator
admits the following series representation:

m 27riw12 qm€—27riw12
<J q,W12 = Z 1— qm62mw12 1— qm6727riw12 (476)
Returning to (A1) of eq. (4.66) with k = —2i(s% + ib) and also usin eq. (4.74),
g
A o0 a2 d*b e .
(A1) = —2(J12) (¢, w12) /0 ds =17 / € (s ity (4.77)
_E (l+2M2C(QW12)) b__2iugszj<(q,w12) ’ A 92(214-172)4(!1 w12)?
% e g=12%s ’ T L42u2¢(qw12) 14202¢(q,012) 21 C(q,w12)s% (27 +23)
2
_ .72iu2smjg(q,w34) 74u4s2(z§+zi)g(q&)34)2
< e Z] 34( +20%¢(qu0s4) {b] §+2u2c(q»ws4)} L14242¢(q,w34) 62u2§(q,w34)32(w3+x4)

A few manipulations lead to

1+z 3+z
(A1) == (Ji2)(qwia) e 7clawia) e 27Caes) (4.78)
o) z]+x 1 o4 1
X/ ds 52 1 @2u22(q7w12) 1+2p25¢(q,w12) €2u2?(q,w34) 1+2425¢(q,w34) i
o (1+2sp2C(q,wi2))? 1+2s0%¢(q,ws4)

For equal chemical potentials, the subscripts 12 and 34 can be omitted. Changing variables
from s to

|7 1
2p%¢(q,w) 14 2p2C(q, w)s

Y = (4.79)
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simplifies the integral, with the result for the components A;

(A1) = —m9 A,  (Ag) =+m1 A, (A3)=—24A, (Ag) = +a3A

2
|Z]

A= W<J>(q,w) B — (4.80)
When integrating along a variable v = %T” and multiplying by %2, the one-form A that

appears in eq. (2.2) is given by R, times eq. (4.80). For distinct angular potentials, the
following integral should be solved:

) 1 A B
7— —A—B/ z Tras T 1505 do . 4.81
¢ o (I+az)21l+bz ! sy

For a > b, the change of variables

1-2
_ a hd 4.82
z 1T az + pr ( )
gives rise to
Bb—.gla 1 1
a— aA bB

1= T (L) et (153)

a— b z

For #34 = 0 and general &9, calculations similar to the ones performed in subsection 4.4 give

2122 (J12)

Ay(F1a, Fag = 0)) = -212170N12)
(Ap(T12,734=0)) 12 —Cor)
e L . o
e 212(¢12—¢34) I ’xu’ B |.’E12| @ B _'1 1—6_%
202(C12 —C34) 202(C12— C34) 202(C12 — C34) Ci2 |Z12|?
Ay (T12,734 =0) = Ay (212,234 = 0) = Ag(L12,734=0) =0, (4.84)

where the angles ¢, ¥ and 6 are defined through
T1 4 iz9 = rcos(0)e’® | x3 4 ixy = rsin(h)e'?. (4.85)

One can take the scaling limits 75 — 0%, wi2, w34 — 0 with fixed ratios v;; = w% In
the absence of rotation in the x3 — x4 plane,

1=myeotmy) g wag) = —— (4.86)

— .

4 Toy?

As expected, we have obtained results proportional to the expectation value of the angular
momentum and with spatial support along 111/((g,w12). Using this, the angular momentum
of the solution is computed in subsection 4.6.
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4.5 Averaged harmonic function H; (&)

This subsection completes the calculations of the list of harmonic functions and forms, focusing
on the expectation value of the harmonic function H;(Z). This is related to an integral of
{ (0w fj)2 etk f ), and the three-point function of exponentials in the ensemble in question allow
one to evaluate it; the final result is given in eq. (4.99).

We would like to calculate

<1K'<v,f>>—2<,(i9 fﬂf,g> S [Tt [ (et )

with k = —2i(sZ + ib). The expectation value in (4.87) can be evaluated using standard

manipulations along the lines of the previous subsections, again using the Green’s func-
tions (4.72), (4.73), resulting in

(K(v,7)) = K1 + Ko, (4.88)

where

00 __ @i+es o} +a3 a3 tag e +ad 1
K = / ds e 21%¢(a,w12) g212¢(q,w12) 1+2M2C(q wi)s e 212¢(awsa) e 2n2(qw3e) 14202 (q,w34)5

a5y (l08(Z(q wiz)) +log(Z (g, w31))) 2oy {2 (4.59)
(1+202C(q,w30)9) (1 + 202 (g 0n2)s) Nz — 72/ '
and
22 2+z
o =2 +a? 242 e2+=3 2u2<(q %4) 1+2u2<(q w34)s
Ko=ut d 2u2<(<1 w12) 212<(qW12) 1+2u24(qw12) 2M2C(<1W34) 5¢
S ‘ ‘ (14202 (q,w12)5) (14 212C (g, ws4)3)
2 2 2
s(x7+23) 1 }
X log(Z(q, —
Hé’wu oo | |13t~ Tr B
0 2 s(zd+a9) 1 )
+ log(Z(q, - . 4.90
{awu o&(Zla “34))} (<1+2u2<<q,w34>s>2 122 (g5 (4.90)

It is possible to evaluate the integrals in the case of wis = wsy; afterward, we will exhibit
a rather more involved expression for the answer in the case w12 # w34 and 34 = 0. Using
eq. (4.53), equation (4.89) becomes

|22
0 1 —e 262¢(q.w)
Ky (wns = wae) = 22— (log(Z(q,))) " (4.91)
dq |Z|
To evaluate eq. (4.90), let us define
&9 $26m a—:"2
I:e_A/ de———, A=—"—— a=2u%(qw). 4.92
o Ty 22C(q.) preae) 49
Then
1 0% [~ 1 Aac 2 1
= — “Tredr = ——— (1 —e A (1 A ,42)> : 4.93
a? 0.A? /o (1+ a:v)Qe EEWE ( c tATS (4.93)

— 33 —



and so

2 z|2
Ko(wi2 = wsa) = 4((1) (aaw log(Z (g, ))) 672“2‘4‘("“) : (4.94)

Assembling egs. (4.91) and (4.94), multiplying by the charge of the one-branes and averaging
over the worldsheet locations lead to the expectation value of the harmonic function Hi:

12
|Z]

1 —e 26%i(aw) 1 (J)2 __ )i

Hq(¥ = — 2u2¢(g,w) 4.95
< 1($)>((],W) Ql( ’.’E‘z 4<(q’w)2 a2 € ( )
where a was defined in (2.69). The factor of aiz arises from a change of variables v = QEU.

Next, consider wig # wsq. Eq. (4.89) involves an integral we encountered previously:
I b A B A-B Ood GH%JFH% ebB(z:?a 1 1 adz_ c Bb) d 4 96

= p — _pa—b (a—b)z .

(a,0,4,8) = e /0 x(1+am)(1+bx) a—1b P : (4.96)

with

|Z34/°
202 (q, wa4)

|Z12]?

_ _ 2
= SR b=212C(q, ). (4.97)

y = 2M2C(q7w12) ) B =

Eq. (4.90) can then be computed

0 0?
e (e P g

0 02
2 = N
+ (Jszq) ( FENE + |ZL‘34| W)] I(Z12, %34, q, w12, W34). (4.98)

KQZ‘LL

For #34 = 0 and |Z12| > 0, the full result for the average harmonic function H; (%) is

Q1<Hl(w)>_2u2C12—C34)e e )[E2<2u2(C12—434)> E2<2,U«2(C12_C34)C12>]

i(Jz1x2>2_<Jw3x4> |='1712|2 2# (Cr2— C34) %
T 2(¢C12—C34) { 4p2(C12—C34)? ey (4.99)

N N o I S A
XlEl<2M2(C12—C34)> EZ(QMQ(QQ—C:M) Cl2>] 2(C12—C34) <1 ¢ >}

1 _ 171912 <<Jx1x2>2 . <J903CE4>2>

+ — ¢ 212¢1 o
4(¢12—C34)a? C12 (34

When the two angular potentials are equal, one recovers the result of eq. (4.95).

To recapitulate, we have found the ensemble averaged harmonic functions that give
rise to a new smooth and horizonless solution describing spinning NS5-P bound states. It
is specified by the charges, average angular momenta and the spatial extents where the
ellipsoidal source is.
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4.6 Properties of the solution
For simplicity, we consider the case of equal angular potentials. Then the harmonic functions
and forms are given by:

%2
1 —e 20%¢(qw)

H5(Z) = Qs FE , (4.100)
Ay = —Axy, Ay = Axy, A3 = —Axy, Ay = Axg (4.101)
where )
___ 17| —12
1—e 20%@w) (1 4+ 7
A= Ry, yi*(J) V\(‘* i0) . (4.102)
z
Finally,
ol
1— ¢ 202¢(q0) (J)? __@?
H. () = _ 2n2¢(qw) | 4.103
=T e A0
Here are the limiting values of these expressions when approaching the origin | 7] < p+/((q,w):
Qs Ry(J) Q1 Q1(J)?
H—»—7-— A -—""——, H — — . 4.104
252(0.) 12w 2 (gw)  Kgwpa 1Y
We have shown that in the small chemical potential limit,
1 — 7y cot(my)
_ 4.1
((g,w) = pr—— (4.105)
and will show in the next section that
o 1 -1 t
(Jy = + my cot(my) (4.106)

27T 0

When taking the decoupling limit and then the scaling limit of small chemical potential,
the first term in H; in eq. (4.104) proportional to % dominates the second term, as long
as N = nsny — oo. The full functions Hi, A, Hs interpolate between the limiting values in
eq. (4.104) and the power-law falloff associated with asymptotically AdSs.

There are several features of note: first, no singularities plague the solution corresponding
to the ensemble average, as Hq, H5, A all saturate near the source at finite values. Second, the
geometry has no horizon because Hs(Z) which is the radial-radial component of the metric
never diverges. Third, the solution is weakly-curved due to the fact that the characteristic
length of variation p+/C 2 \/LT—Q corresponds to invariant distances greater than v/nsa’. Fourth,
there does not exist an ergo-region since there is no divergence of H; at any location in
transverse space (see eq. (2.2)). Fifth, it can be checked that the Killing vectors that generate
rotations in the 1-2 and 3-4 planes, are always spacelike - implying that closed timelike
curves are absent.

The exponential of twice the dilaton is given by eq. (2.3)

62¢ 2 Q5 1 s Vi

=95 » EE Ty (a)? 10n
Ql - <J>2 |Z|2exp [* 21125(47W)J2 nl(a )
4¢(gw)2a? (1—exp [*%])
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Figure 6. The size of the rotating source in units of the non-rotating source vs the angular velocity
parameter . As expected, rotation increases the spatial extent of the extended object.

The approximation made in the last relation follows from taking nins > 1. Therefore,
the solution is weakly-coupled throughout space. Just as in the non-spinning ensemble
average, the size of the Y-circle becomes sub-Planckian near the core and one has to make
a transition to the NS5-P duality frame as in section 2.4 - and the dilaton stabilizes at a
value corresponding to weak coupling near the source.

The size of the bound state, v/2u1/C(q, w) can be evaluated in the small chemical potential
scaling limit as in eq. (4.44). The ratio of the size of the spinning bound state and the
non-spinning is plotted as a function of v = =.

We see that at any but the most extreme values of the angular potential, the rotating
blob struggles to exceed the size of the non-rotating blob, and so any potential ring structure
would be hidden underneath this existing natural size of the ensemble. At the extreme right
where it is possible for such a structure to emerge, the lowest rotating mode approaches
a critical point, and rather than having a sharply-defined condensate it undergoes large
fluctuations in its occupation number; the state can be thought of as a superposition of rings
of a wide variety of sizes, and so the ensemble geometry is more of a pancake than a ring.

One can read off the angular momentum of the solution J,, by using its standard relation

with the falloff condition of the metric spatial-time component of a D-dimensional spacetime:

vsin?() Wp_oV
e = = o (4.108)
Utilizing eq. (4.102) we obtain
TRy u*(J)
Jsol = — 25— = (J). 4.109
[ 4G§)\]D < > ( )

5 Fixing the angular momentum

Previously we observed that the solution corresponding to an ensemble average with fixed
angular potentials has an ellipsoidal shape. How do we reconcile this result with the fact that
generally one would expect the angular momentum to generate a barrier forcing the fivebranes
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away from the origin? Typically one would expect a ring-shaped ensemble geometry, as
seen in [14].

In this section we show how to reproduce the effect of repulsion from the rotation axis
in an ensemble with fixed angular momentum about one plane of rotation. We perform
an approximate calculation of the quantity <(54 (# — f3>, which conveys where the bound
state is, and show that it lies away from the rotation axis, with the scale of distance set by
the angular momentum. Further, we point out that the difference in structure in the two
conjugate ensembles can be explained due to order one (or more) relative fluctuations of
the angular momentum in the ensemble of fixed angular potentials. Finally, we calculate
the first two terms in the %—expansion of the expectation value of the harmonic function
H5(%) in a particular state of fixed angular momentum.

5.1 Switching to an ensemble with fixed angular momentum

We begin by calculating the average of this delta-function observable in the grand canonical
ensemble of fixed chemical potential and angular potentials. We require the small chemical
potential scaling limit of the partition function, which can be computed from its behavior
under modular transformations [23]

D =D ﬂ-fy
Z — Ty e ———.
p(2,w) = 75 € sin ()

(5.1)

Additionally, the expectation value of the exponential operator in the grand canonical
ensemble is useful for the purpose of computing the average of the delta-function. This

was computed in subsection 4.2 and including the factor % is necessary when passing
between ensembles; thus one has®
< . ik S > = 0o an [k HkE)C (gwiz)+ (k3 +RDC(qwsa)] (5.2)
wizwss  sin(my)
where L1 ()
— my cot(my
,W) — . 5.3
Ginlg ) =0 (53)
These expressions allow one to calculate the expectation value of the delta-function
(0MF - 7)) = 1 / A ok E TV P[RR (q,02) + (k3 +K3)C(a:04)]
(2m)4 sin(7y)
Ty 1 _1#19®  17341?
= e 21212 20234 (5.4)

sin(7y) (27)2p4C12C34

For simplicity we take (34 — 0 (alternatively, one can consider an ensemble where wsy
and Jio are fixed)

1 Ty _ 71212

<(54(f_ f)>w ({34 = 0) = 3721y Sn(m) e 272 §(x3)d(wy).

2 3 _ 271'7'272sin(7r'~/)\i’12\2
- T v e~ nZGintrm—mreosr) §(x3) 8(x4) . (5.5)
u?  sin(mwy) — 7wy cos(my)

5Again, any issues with operator normalization, scheme-dependence, etc., enter the discussion at subleading
order at large N.
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Let us prepare to make a transition to an ensemble in which the angular momentum is fixed.
The expectation value of any operator O in the ensemble of fixed real angular potential is
dressed with an exponential as shown in the following equation

(0), =tr ((’A)ei“’j) . (5.6)

Eq. (5.6) implies that in the conjugate ensemble of fixed angular momentum, the expectation
value is given by an inverse Fourier transform

(0), = / F e (0), dw . (5.7)
21 J_oo

Two comments are in order. First, the trace operation in eq. (5.6) implies that states
of different angular momenta J contribute to (O).; we later specify the variance of this
distribution. Second, we have been working with a purely imaginary w = i79y which permits
the interpretation of uy/C as the size of the rotating source. This means that an inverse
Laplace transform is required to isolate the coefficient of e~™7/ = ¢™? in the expectation
value (O),,. One can rotate 7 — iy and phrase the calculation in terms of an inverse Fourier
transform, which we choose to do below, similarly to [23]. For O = §%( f- ¥), and changing
variables through z = 7y

3 27’2z2 sinh(z)\flg\Q

T - 2
e mu=(x cosh(z)—sinh(z)) |

<54(f— f)> = 6(x3) 0(z4) 2r /oo dx =7
J 252 J oo x cosh(z) — sinh(z)

(5.8)

It is useful to approximate the integrand by expanding the argument in the exponential in

Taylor series around x = 0. The following formulas are useful for to this end:

22 sinh(z) 22 23 32
xcosh(r) — sinh(z) 3t 5 LA x cosh(w) — sinh(x) 3= 10 +oo (59
We denote
2T2|512|2
=2 5.10
P T2 (5.10)

xToJ

When p < 1, a part of the integrand multiplying eix admits a Taylor expansion and

the leading order result vanishes, because
o itaeroJ 1
/ e " dy =2m 0| —Jme ) =0. (5.11)
s T

Perturbative corrections that scale like positive powers of 22 x |#|2, would be derivatives of
the above delta-function with respect to J7o, which vanish too. As one dials p to be greater
than roughly one, the exponential can be approximated by a Gaussian. We plot below the
exact integrand and its Gaussian approximation, removing the oscillating exponential factor.
Now,

oo _2mplFppl®a® Tu/5  _sr2d%u?
/ dre  smizgii2du _ _)Mi\[e Srlznal (5.12)
—00 |1‘12|\/27'2
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Figure 7. These comparisons show that the integrand (blue) of eq. (5.8) can be approximated by a
2T2‘f12‘2

Gaussian (orange) for order one values of p = i

Consequently, the (normalized) expectation value of the delta-function is approximated by

(M7 -P), ~ =22 o (e vENR) o

This displays the effect of the potential barrier associated with the presence of an angular
momentum: as |T12| — 0T, the expression decays exponentially to zero. A characteristic
radius set by uv/J emerges.

5.2 Fixed angular potential vs fixed angular momentum

In this subsection we compute the relative fluctuations of the angular momentum in the
scaling limit of the grand canonical ensemble with fixed chemical potential and angular
potentials. In a diagonal basis, the angular momentum operator can be expressed in terms of
the difference between occupation numbers associated with two orthogonal polarizations:

[ee]
J =" (ftam — fgm) - (5.14)

m=1

The system we study is analogous to a thermal ensemble of infinitely many oscillators
labeled by integer numbers, where each number is analogous to a winding number in the
NS5-F1 duality frame. The partition function of a system with inverse temperature 5 = 277
(which we interpret as a chemical potential for the string charge) associated with a single
oscillator of index m in the z-direction where the angular momentum operator is diagonal reads

oo
_ ; 1
me — Z e Bmn+2miwn — — eQﬂﬁQi/Bm ) (515)
n=0
The averaged occupation number is
R 1 9 1 qm€2m‘w
(fom) = 5 50 10821 = gy =1 = T gemin (5.16)
Similarly,
m ,—2miw
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The effect of the angular potential is to bias the relative number of modes occupying each
oscillator with respect to the x and y directions. The bosonic modes are governed by the
conventional Bose-Einstein distribution when interpreting the oscillator index m as the
energy of the mode and writing 2miw = uf. The lowest-lying mode |n1,) starts to condense
when the angular potential approaches the inverse temperature - this is a phenomenon
that plays an important role as we explain below. Next, consider quantum fluctuations
of the occupation numbers.

1 9 m ,2miw

q e

An2 = (n?) — (n,)? .
z < > < > (1 _ qme27riw)2

x

Next, the knowledge of the averages of occupation numbers allows one to calculate the
expectation values of the angular momentum:

. 00 A . 00 qm€2m’w qmefQﬂ'iw
<ny> = Z (nxm - nym) = mZZI 1_ qme27riw — 1_ qme*27”'w . (519)

m=1

As a check, this vanishes when turning-off the angular potential. In the limit 75 — 0%, w — 0T

and v = —;;’2 = fixed,
o0
. 27y 1 1 —1+4 mycot(my)
Jo) = — E = . 5.20
(o) = 2 m2—~2 217y ol (5.20)

The last transition follows from eq. (4.43). The absolute value of the expectation value of
the angular momentum operator is much bigger than one whenever 0.1 < . Recalling the
relation m ~ \/ﬁ, the expectation value (J) is proportional to y/nins for v not too close
to 1. Next, consider the quantum fluctuations of the angular momentum operator:

9 0 9 9 o0 qm627riw qme—27riw
Ay = Z (A”zm + Anym) - Z (1 — qme2riw)2 T (1 — gme—2niw)2 (5.21)
m=1 m=1

In the scaling limit,

2 1 & 1 1 1 -
B dm?73 mzzl <(7 +m)? " (= + m)2> " 4n272 (C21+7)+021-7)). (522)

Here ((s,a) is the Hurwitz zeta function defined in eq. (B.4). We plot @‘i‘:g () as a function

of &v. In all the range 0 < v < 1, the ensemble of fixed angular potential would predict results
different from the ensemble of fixed angular momentum because the minimal value of the
relative fluctuations is around 0.928 for v = 0.84. For v = 0 the relative fluctuations are
much greater than the minimal value. In particular, this means that states of low angular
momentum are taken into account - which are more localized near the center than higher
angular momentum states.

5.3 Maximally-spinning supertube

The purposes of this subsection are to show that a particular state of fixed angular momentum
displays a ring structure, and to find the leading correction in the % expansion to metric
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Relative Angular Momentum Fluctuations

00 02 04 06 08 1.0

Figure 8. The horizontal axes in this graph is 7 = 7= and the vertical axis is the relative fluctuations
of the angular momentum in the ensemble of fixed angular potentials, in the scaling limit.

components in transverse space. For simplicity, we choose the state of maximal angular
momentum.

The one-point function of the harmonic function H5(Z), which determines the metric
components in transverse space in the NS5-F1 duality frame, is related to the one-point
function of an exponential as we have seen. We thus want to calculate first the one-point
function of a exponential operator in the maximally spinning state, but we can start by
writing several general expressions for the more general microcanonical ensemble of fixed
angular momentum J and level N in a D = 2 target-space:

D
2.
j=1

N N
Mnjm =N, > (Nam — nym) = J. (5.23)
1 m=1

m=

We denote states satisfying the constraints above by [{n;m,}). The scalar product of the vector
k with the profile function in 2D can be expressed in terms of the creation and annihilation
operators associated with the diagonal angular momentum. In equation,

A A ZM & 1 * 1 —n 7 n 7 -n * n
bafotkyfy = 75 T; NG (K3 ybona™ = ka2 + kaybynz ™™ = k3 0,27 ) . (5.24)

Here,
kg — ik,

V2

Then a factor in the matrix element we compute is

kay = (5.25)

1bT

<{nzm}‘( : ei’;'f: ) ‘{nmm}> - <{nzm}‘e%2¢m v’ kzye fzwm fzmbzmkzy

{nem} ) - (5.26)

In the last transition we used an identity that follows from the Baker-Campbell-Hausdorff

€2M |k’zy‘ Zme{nxm}m<{n })6 fom rzm Jmk‘*y fza:mr ]’mz ka

formula.
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We now insert the identity operator between the two exponentials. The completeness
relation expressed using coherent states implies that

({remb|(: €F7) {nem}) = [[ et Pl (5.27)

2 2n ke Bxm / *
X/d Brm |ﬁxm’ o 67|’Bzm‘267\/% 1/ 55 2 kay Bam

T N,

A useful integral representation of the Laguerre polynomial is
2, .2 L[ > 2 | 20— (z—izo)2—(y—iyo)?
Ln(x5+ y5) = — d:n/ dy (z*+y~)"e o) —y=to)”, (5.28)
™! J_s oo

Therefore the integrals over the coherent state parameters give rise to Laguerre polynomials

(g} €5+ [frpm) Han< k2+k2)> My (Zi(kg%;)). (5.29)

Additional factors associated with other target-space dimensions can be incorporated in a
simple way. A microcanonical average involves a sum over all partitions of N that also satisfy
the constraint of a fixed angular momentum.

Consider the state ny; = N and nj,, = 0 for j # x or m > 1. Denote this state by
|N, N), where the labels indicate the level and angular momentum. Then

- 2

Now,

ik-@ -
<: . > _ 1/d4k;e_, (semi®T). (5.31)
R IRV N Uik
Egs. (5.30) and (5.31) imply that

. 1 . B 1 . eiE-f MQ ) )
<N,N‘ e ]N,N> = m/d k T Ly <4(kx +E2) ). (5.32)

Parametrizing the momenta as

ke =kcos(¢), Ky =ksin(@), ks=qcos(®), ki = qsin(y).

k- % = k|Z12 cos(¢ — ¢') + q|Z|34 cos(yp — '), (5.33)
one has
27 27 oiF-E W2,
<NN] f’ ‘NN> 42/ d¢/ d¢/ dk/ dqqkk2 N<4k).
(5.34)
We perform the angular integrations using the formula
Jolz) = — / 7 gizeos(0) gg (5.35)
0~ on 0 ’ .
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and find

1 > > Jo(k|Z]12)Jo(q|Z|34) (M2 2)
NN — NN :/ dk/ dgqk L[ k2). (536

Next, the g-integration is performed thanks to [24]

o0 T
T = Ko(cz). .
| s aleayda = Kofe:) (5.37)
Therefore,
1 o S S pr o
<N,N‘: — :‘N,N>:/ dl k Jo(k|Z)12) Ko(k|Z]s1) Ly | B k2 ). (5.38)
|7 — f[? 0 4

The definition of the Laguerre polynomial and a few known formulae imply

x 1 1
Ly <N> ~ Jo(2/3) — 5 (2VE) + O (]\72) . (5.39)
Using eq. (5.39) and writing
2
2 a
=2 4
W= (5.40)
lead to
<N N’ b ’N N> ~ /oodkkJ (k|Z|12) Ko(k|E|34) [ Jo(ka) — Ko, (ka) +
A ~ 0 12) Ko 34 o(ka 3N 2
(5.41)
An integral identity that helps computing the leading order term in eq. (5.41) is [25]
/ du w Ko(az) J, (bx) Jy(cx) =~ (5.42)
0 15 (13— 17)
where
1 1
= - 24 42 24 g2 —— 24 42 24 g2
b= <\/(b+c) Tz -2 ta ) b= <\/(b+c) T+ Jb—c2ta )
(5.43)
It follows that this contribution reads
1 1
N,N D r=ralli N,N ~
< ’ |7 — f|? ‘ > V(lzel +a)? + [z3a?V/(J212] — a)? + |34 ]
1
= . (5.44)
VOFP + a2)? — 4a2(2,)2
The leading order 1/N correction is written in terms of
a? [> o R
o [ o(k1h2) Ko(klha) (k) (5.45)

To evaluate this, one can apply two parametric derivatives with respect to a on eq. (5.42)
and use

TN(2) = —Ji(2), Ji(z) = %Jl(z) —h(2). (5.46)
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One obtains that the leading order correction in the % expansion to Hs(¥) reads

Qs ( 5 07 d 1
e
8N Oa Oa \/(‘f|2 +(12)2 . 4a2|1—:»12|2
_ Qs (=712’ + [Tl + 6®)? — 2|F10]?|T5a|?
N (724 a2)? - 4a?(1P?)

(5.47)

At the plane of the ring #'s4 = 0, this simplifies to —%W, possessing a cubic singularity
where the fivebranes are. This is not an indication that 1/N corrections are making the
geometry more singular, but rather are modifying the dependence of the harmonic functions
on parameters such as a at order 1/N, and the series expansion in a breaks down near the
source. A resummation of that expansion is expected to have no worse singularity as a

function of # than the classical solution.

6 Conclusions

We draw several main conclusions from the calculations we have done. First, unlike the D5-D1
or NS5-F1 frames, the NS5-P duality frame is appropriate for describing the near-source
regime of ensemble averages of two-charge bound states. We found that the 1/2-BPS NS5-P
ensemble involves a spherical bound state with radius comparable to /@5 (which is the
AdS3 radius in the NS5-F1 frame). But at a scale parametrically larger by a factor of
order (n,/ ng,)i > 1, the y-circle of the geometry has a proper size of order the string scale;
at larger radii, the NS5-F1 frame is appropriate, while at smaller radii the NS5-P frame
provides the effective description.

At this outer limit of the validity of the NS5-P description, the T-dual spatial g-circle
has string scale size; it then expands as we move towards smaller radius, while the large
three-sphere factor of the geometry is approximately constant in size. Starting at the bound
state radius, the size of the g-circle saturates, while the three-sphere smoothly shrinks to
zero at the center. From the point of view of a far away observer, the frequency of any wave
emitted by the source would seem redshifted by a large factor (n,/ns)*.

Our second key result is that strands of the fivebranes are separated on average by
invariant distances proportional to /@5 and thereby admit a weakly coupled string theory
description. In particular, the probability that strands are of distance d much smaller than
the bound state radius r, goes to zero like d2.

A third finding is that, when the strands rotate with fixed angular velocities, their
bulk structure is an ellipsoid, in contrast to rings that were previously encountered. And
fourth, members of the ensemble with a fixed angular potential admit at least 90% relative
fluctuations in the angular momentum, making them qualitatively different from members
of ensembles of fixed angular momenta.

This two-charge system has been proposed as a model for black hole microstates [5, 14, 26].
The original idea is that the black hole “ensemble geometry” would be replaced by a
collection of individual horizonless microstate geometries — horizonless purportedly because
the individual pure microstate has zero entropy.
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This “fuzzball” proposal has been the subject of much debate in the literature, even
for the BPS two-charge ensemble. It was suggested in [27-30] that o/ corrections to the
effective action yield a modification of the extremal black hole solution that has a finite area
horizon whose area exactly matched the two-charge microstate entropy, raising the question
of why this solution should be discarded (on the other hand, [31] argued that certain o
corrections do not result in a modified horizon).

The issue of whether these two-charge microstates should be thought of as black holes
was revisited in [32], with the conclusion that in the D5-D1 frame there is no black hole
solution and so the microstates should not be thought of as black hole microstates; more
recently, [33] argued that the microstates are “fuzzballs” in all duality frames, while it was
pointed out in [8] that observables in generic two-charge microstates differ from those of
the corresponding black hole and suggested that this made the black hole interpretation
of two-charge BPS states problematic.

In a sense, the authors of [8, 32, 33] are all coming to the same basic conclusion, while
emphasizing different aspects of it — that the black hole geometry is mot an appropriate
characterization of the ensemble of 1/2-BPS microstates. The results of our analysis provide
more evidence for this conclusion.” The generic two-charge NS5-F1 microstate consists of a
fivebrane wandering a region which has a sensible supergravity description in the T-dual NS5-
P frame, where its proper size is of order v/nsa’/. Thus while supergravity in the NS5-F1 frame
breaks down near the source, perturbative string theory is just fine. The area surrounding
the region occupied by such a state is parametrically larger than the “stretched horizon”
scale of the extremal black hole whose area would account for the microstate degeneracy [6].
The fivebrane strands are typically well-separated, and as a result there are typically no loci
of strong-coupling dynamics. Basically, the source is spread over a region that lies outside
the scale of any would-be horizon, and thus should not be thought of as a black hole any
more than one should describe an electron or an 't Hooft-Polyakov monopole as a black
hole — their wavefunctions are spread over a scale much larger than the would-be horizon
of a black hole of that mass, and so just as we wouldn’t describe these particles/solitons as
small black holes, neither should we think of the two-charge states that way. Instead, these
states are better thought of as BPS “fivebrane stars”.

Nevertheless, we have in hand a system of macroscopic (though non-gravitational) entropy
and extraordinarily large redshift at the source; they are in some sense rather close to being
black holes, and it would be interesting to explore further to what extent they approximate
the properties of black holes when excited away from extremality. For instance, it was
emphasized in [34, 35] (reinterpreting [36]) that the probability of emission of a Hawking
quantum from a black hole is largely governed by considerations of phase space; in order to
model many black hole properties, it might be sufficient to simply have a localized object
with a large internal phase space and chaotic mixing in the dynamics.

"It is perhaps too much to hope that the issue is now settled.
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A Details on the torus Green’s function

We would like to compute the correlation function of the exponential that appears in section 3
eq. (3.5) in small chemical potential limit. To this end, we utilize an operator approach where
the torus boundary conditions are implemented by tracing states:

<: etk f(z1)+ikz-f(22) :>T2 =Tr (2 etk f(z1)+ikz-f(22) . qLo) ) (A1)

Choosing a coherent state basis |\j,,) where m labels oscillators and j labels polarization,
the trace can be written as

ﬂﬂ

- - d A _ —
(: e ikl ) H / I =il (| 2 @R TE0FRT ) gmy ) (A2)
The j** component of the f operator admits a mode expansion

Z (“ﬂm a}mzm) . (A.3)

The normal-ordered exponential operator is given by

- = —

) = 4t
ezk1.f(zl)+lk’ 2 f (22 He,u 2m ;m(kllzl +kojzl") e /“/Qmajm (k1jzy " 4kojzy ) (A4)
jm

Now this is substituted into eq. (A.2), implying that the two-point function is given by

2y . _ _
H/d)\]m -1 P‘]m|2 M/ 2m Jm(lizl +kajz5" )6 K ﬁqujm(klj"ﬁ m+k2j32 m)_ (A5)

The integrals can now be carried out by completing the squares, yielding

<: oik1-f(z1)+ikz-f(z2) :> _ Dl . —p21 3 1m(17q{(k1+k:2) +E1.Ez((%> +<%) —2)]'
q =n(q)”
(A.6)
The eta-Dedekind function 7(q) is defined in
1T m
n(a) = ¢ [[(1-q™). (A7)
m=1

— 46 —



Formula (8.1.32) of [37] allows one to simplify the argument of the exponential of eq. (A.6):

o0
1 z"

S — = —mEZ:Olog(l —zy™). (A.8)

n=1

m

0 q o - 9 5 o z1\™ 29\
— — | (k k ki-k — — -2 =
Z m(l —q™) [( 1 ke)" k- ((Zz) * <Z1) )]
=k - ko (log (1 — 2) + log (1 — Z)) + Z log(1 —¢™) [(El + Ez)z — 2k - Eg} +

m=1
+E1-E22 [log <1—q Zl)—l—log (1—q ZZ)}. (A.9)
m=1 2 1

Let us substitute
ky =2k, ko = —2k, (A.10)

and take a small chemical potential limit. We use the property that the Riemann zeta
function at zero is

(o= 1- —%. (A.11)

Also, the following limit ¢ — 17 is useful:

71_2

6(1—q)

Dividing the correlation function by the partition function gives rise to the following result

i log(1—¢q") ~ %log(ZTr) — %log(l —q)— (A.12)

n=1

27 2

<: 62iE~f(z1)—2z’E~f(z2) I> — 6_2M2|E|2 [log ( _%)—Hog (1_%)_log (1(1)+3(TQ)] . (A.13)

Z1
22

This can be simplified by neglecting the terms log ( — i—f) + log (1 — ) in the exponential,

in the limit of ¢ — 17:

q= e 2mT2 , (1 =0) (A.14)
<: 20k F(z1) 2k [(z2) :> s e IRPE, (A.15)
where
B =22 {" + 1og(72)} . (A.16)
679

B Details on the “rotating Green’s function”

The purpose of this appendix is to calculate

1
)_T;n|m7'—n+w|25’

(B.1)

G(s,w, T
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and isolate the contribution that arises purely from BPS holomorphic oscillators. Eq. (B.1)

can be rewritten as

G(s,w,7) = Z

n,m

1
((mm —n+ Re(w))? + (mm + Im(w))?)s

For m = 0 and Im(w) = 0 we obtain

> 1

{G(s,w,7),m=0} = ) o~ Re(@))® = ((2s,Re(w)) + ((2s,1 — Re(w)),

n——oo

where ((s,a) is the Hurwitz zeta function

> 1

((s,a) = Zm

n=0
Some useful identities about this function are written below [38],

C(()?a):%_av

%C(s, a)|s=o = log(I'(a)) — %IOg(%T) :

Near s = 1, the diagamma function ¢(a) plays a role:

((s,a) = s—% —(a) +0O(s—1).

The reflection formula is

™

Fz)I'1—=2) =

sin(7z)’

These identities imply that

{G(s:O,w,T),m:O} =0

) 1
{%G(s,w,T)‘so,m = 0} = 2log (2s1n(77Re(w))> )
For s ~ 1:
{G(s > 1,w,7),m =0} = ((2,Re(w)) + (2,1 — Re(w)).

We next set m # 0 and use the identity

i: 7° /OO @tse—wat
a’ F(S) o t '

Applying this equation to the sum of G(s) for m # 0, one obtains

1

m%(;,n ((m7 — n+ Re(w))? + (m7m + Im(w))?2)* -

r t
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ﬂ(—z) Z /OO @tsefﬂ((mﬁ 7n+Re(w))2+(m72+Im(w))2)t )
#070

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)



Let us use the Poisson summation formula to re-express the sum

o 7rﬁ,2
Zefﬂ(mnfn+Re(w))2t — \}i Ze*ZWZn(mTlJFRe(w))*T . (B13)

Plugging eq. (B.13) into eq. (B.12) results in

L Z /oo @ts—%e—27riﬁ(m7'1+Re(w))—7r(m72+1m(w))2t—@ (B 14)
I'(s) . o ¢ . '
n,m7#0

Let us compute the n = 0 contribution to the sum above using the identity in eq. (B.11)

fors%sf%:

[(s—3)Vm 1

{G(S,n, W), A= 0} N I'(s) n%;o (mme + Im(w))Q(s_%) ' (B.15)

Suppose Im(w) = 0 and use the fact that the definition of the Riemann zeta function is

((a)=) —. (B.16)

Then
2F(s — VT

[(s)72* T
TT2

Near s ~ 0 this approximates to *32. Therefore,

{Gs,nw), =0} = C(25—1). (B.17)

{G(s:O,w,T), ﬁ:O} =0, {iG(s,w,T), fL:O} = % = —log ((q(j)w) . (B.18)

Near s = 1, a few manipulations bring about

™

+ 2 (yp —log2ym) + O(s =), (B.19)

{Gemtuwn, i=0f= s

We now move to compute eq. (B.14) for both m # 0 and 7 # 0. To this end, we require
the formulas

o0 2 S
Ks(a,b) E/ e_“%_thsﬂ = (b> Ks(ab), (B.20)
0 t a
where - "
Ky(c) = / el (B.21)
0

The right transition in eq. (B.20) follows from the latter definition and the change of variables

t — gt. Also, it can be proven that
(c) = 1/16_20. (B.22)
c

Back in eq. (B.14), the contribution for both m,n # 0 is

K

N[

Ty emalmnaRe) i (rlmry + Im(w)|, /77 - (B.23)
L) i somo :
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We will first set s = 1 and then s = 0. For s = 1 eq. (B.22) implies

1

—2min(m7+Re(w))
m Z ¢ |m7s + Im(w)|

n#0,m#0

o~ 27| [mma+Im(w)| (B.24)

Let us compute this for Im(w) = 0. The pair of sums over {n, m > 0;72, m < 0} are equal and
similarly the sums over {2 > 0 m < 0,7 < 0 m > 0} are equal. Also "™ = e2miimm—2mAm
therefore we obtain

)

2

T2

00
Z l (Cjﬁme—Qﬂ'iﬁRe(w) + qﬁm€27riﬁRe(w)) ) (B25>
1,m m

f=1,m=1

Summing over the index m yields

o L _ - _
7—7T (6—27rmRe(w) log(l _ q'n,) + €27rmRe(w) 10g(1 _ qn)) . (B.26)
2 a=1

Summing instead over the index 7 leads to
—2mRe(w) m 2miRe(w)
Z q +—1° . (B.27)
— qme~ 2mRe(w)) m(l _ quQﬂZRe(w))

Let us assemble the result for G(s ~ 1,w, 7) from egs. (B.10), (B.19) and (B.26). We obtain

G(s ~ 1,w,7) = ((2,Re(w)) + ((2,1 — Re(w)) + ﬁ (v —log(2y/m)) + O(s — 1)
_ ?2 f: { —2minRe(w) log(l _ q’ﬁ) + 627riﬁRe(w) IOg(l - qﬁ)} . (B28)

We now consider
T2

S (GlsmLw,7)+G(s~ 1, —w,7)) =72 (¢(2, Re(w)) +((2, 1~ Re(w))) + —= +2m(y —log(2y/72)) (B.29)

_ﬂ_z [6727riﬁRe(w) log(l_qﬁ)_’_eZﬂ'iﬁRe(w) log(l_qﬁ)+672ﬂ'iﬁRe(w) log(l_qﬁ)+e27riﬁRe(w) lOg(l—qﬁ)] )
n=1
Next, we set s =0, Im(w) = 0 in eq. (B.23). Egs. (B.20) and (B.22) allow one to deduce
that the n,m # 0 contributions to G(s = 0,7 w) sum to

Z 6727Tiﬁ(m7'1 +Re(w)) 56727T|ﬁ||m|72 _ 2 i 1 (qﬁm627riﬁRe(w) _'_(jﬁmefZﬂiﬁRe(w))
(s) . I'(s) -
n#0,m=#0

7]

o2 3 (1) o1 )]
m=1

Recall that ( y =8+ O(s?). For s — 0 if one assembles the result for G(s ~ 0, w,7), then
G(0,w,7)=0. (B.31)

This equation has an important implication for the modular invariance of the partition
function. This function is copied again below:

10 42 )P
Z:exp (281)2/{ _( /.L)

|m772m+w12ﬂp

+ (w12 — —wlg)) . (B32)
p=0
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The numerator can be multiplied by T% without affecting the result, because eq. (B.31)
2
guarantees independence on the presence of overall multiplicative factors.
From egs. (B.9), (B.18) and (B.30), one obtains

) 01(Re(w)|7)|?
G G s=0 = —21 _ . B.33
= (G(s,w,7) + Gls, ~w,7) s og< e (1.33)
Then the partition function reads
2
1 3 bg( 01 Re(w)ir) 2
2 n(r) n(r)
(o) = i (Re(w)]7) (B30
Considering only the holomorphic part of the 7, m #% 0 modes, one obtains
2
Z(r,w1g) = 25n(rRe(w))n(r) (B.35)

01(Re(w)|7)
C Two-point function of exponentials — fixed angular potential

This section concerns with the two-point function of exponentials, which enables one to
compute expectation values of forms and harmonic functions. This quantity admits a path
integral expression

<eik1'X(z1)+ik2~X(z2)> — /DXeikl~X(Z1)+ik2‘X(Z2)€_ﬁ fd20<a“Xj8an+WQXJ2_wL12) . (C.1)

We focus on a 2D target-space; it is straightforward to generalize the result below for a 4D

target-space with two independent angular potentials associated with orthogonal planes. One

repeats the steps in egs. (4.10), (4.11), (4.12), (4.13), (4.18) and defines
oo o= ke tiky o ket Ry Ry~

It is useful to compute

(C.2)

El : Xn,mq)n m(01702) + ];/:2 : Xn,mCI)n,m(Uiaaé) =
( lxyXJr +k;1xyX;m) D, (01,02)+ (k‘%y m+k22y X, m) D, (07,0%).

Denote )
nT —m
wimm = +w (C.3)
T2
Then the two-point function becomes
<6ik1~X(zl>+ik2-X(zz)> =11 /dX;Lr_mdX;mei(kfmyximﬁkmxi,m)‘%m("1~<’2> (C.4)

w?
. — ,n,m + — + n,m —_ +
X el(k;xyXI,wn-"_szyX?L,nL)‘bn,mr(o’i70’%) 47\—;42 X, X*’ﬂ- —m 41ru2 X X*’ﬂ -m

We perform the following change of variables:
X+ o= 118(Kl 4y Pnm (01,02)+k5 ., B m (07,05)) X

X—7m _ eiarg(klzyq)n,m(o'l702)+k22yq>n,m(0'/1yaé))szm' (0,5)
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Now the contour of the integrals is the real line. Using |®y, (071, a)? = - |k1xy\2 =

A2y
% (k%x + k%y) and dividing by the partition function, it follows that

— - 2
_1 2 2 K T2 1 1
<eik‘1'X(Zl)+’ik‘2'X(22)> =e 2(|k1| +|k2| ) am ’”vm(|n7'7m+w72\2+|n-rfm7w7—2|2) (CG)

2
=Y (Ktoykpy @5 (01,02)@n.m (07,05) 4k 4 2wy rm (01,02) 85, 1, (07,05))
X e —n,m

2
_ Zn’m St (ki(zyk2xy(b:l,m (01,02)Pn,m(07,05) tkioyks,, Prnom(01,02) P, (0] ,0’2))
&

2
X “Ion,m

The two-point function is equal to

LR 120 B 12Y KT 1 1
<6ik1.X(z1)+ik2-X(22)> — e 3 (ka2 +k2|*) = nym(‘m,mﬂmgﬂmfmeQ,z) (C.7)

ke k M27'2 ein(o'l70/1)+i(mfn7'1)(6'27o’2/) ein(o'l70'/1)+7L(mfn7'1)(&270'"2/)

< 1R2 Tgx n,m [nT—m—wrg|? [nT—m+4wrg|?
&
ek, K272 ein(o'/1701)+i(7n7n7'1)(&éfo’2) ein(oll7(:1)+i('m7n7'1)(6/27(f2)

% 1R2 Tgx n,m [nT—m—wrg|2 |nT—m+4wrg|?
(&

ein(o'l 70',1)+i(m7n7'1)(6'270"2/) 7ein(o"1701)+i(m7n7'1)(6',270"2)

2
el(klkaz _k11k2y) HB;Q Zn,m

[nT—m—wrg|?

em(al—a’1)+i(m—ml>(52—f2’)_em(a’l—al)+i(m—ml)(&§—&2)

2
—i(k1ykos—k1zkay) Ho2
e ( tyR2z Lo 2y) 8w n,m \n‘rfm+w7'2|2

Here,
- 01,2
012 = (C.8)
T2
We want to calculate
eino1+i(mfn7'1)52
K(0-170-275a7-7w) = 2s (09)
o |nT —m — w|
in the vicinity of s = 1. This equation can be written as
ein01+i(mfnT1)5'2
K(O—170—27877—7w) = Z (010)

[(nT2 — Im(w))2 + (n7; — m — Re(w))?]*

n,m

We first write whether this function exhibits periodicity in the worldsheet coordinates and
the w-variable. Second, we show that this function times 73§ is invariant under modular
transformations. Third, we present the result of the calculation prior to doing it.

By construction, K is doubly-periodic in the worldsheet coordinates - it is built from the
eigenfunctions of the Laplacian operator which respect these periodic boundary conditions.

K(oy + 27, 09,8, 7,w) = K(01,09,8,T,w),

K(o1 + 2n11,09 + 2770, 8, T, w) = K (01,092, 8, T,w) . (C.11)

By taking w — w + 1 and defining m’ = m + 1,

einal +i(m/—1—n711)52 B
K(oy,09,8,7,w+1) = Z - 5 =¢ 2K(01,02,5,T,w). (C.12)
,nT —m/ — w|

n,m
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Similarly, for w — w + 7 and defining n’ = n — 1,

ei(n’+1)a1+i(mf(n’+1)71)&g

K(o1,09,8,T,w+T) = Z = TR K (0 09,5, 7, w). (C.13)

n’,m

/ 2s
|n/T —m — w|

Next, when the T-transformation applies 7 — 7 + 1 then

eina1 +i(m—n1i—n)d2

K(o1,09,8, 7+ 1,w) :Z

InT +n —m — wl|?s = K(o1,09,5,7,0). (C.14)
n,m

The reason for the last transition is the legitimacy of changing the dummy index from m

tom = m —n.

The S-transformation 7 — —% is slightly more complicated because one should also take

7 w
o1 +ioy — o1t and w — —. (C.15)
T T
It follows that
7'1—>7'{E—T—12, TQ-}TéE% (C.16)
7| 7|
and n
01T + 09T 09T| — O1T:
v RN s ok ©.17)
7| 7|
It can be checked that
/
ino} —i—z’(m—nT{)% = —imoy —i—i(n—i—mﬁ)%. (C.18)
2 2

The function K is also multiplied by 735 at this stage. This factor naturally arises for s =1
in the Green’s function as computed in the path integral formulation.

1w |T‘252 e—imal—l—i(n—l—mn)zfg Tsei (ina1+i(m—n7'1)%)
(Té)sK (O-llao-éas)_a> = - == 2 P
R R D
(C.19)
In the last transition we changed m — —n,n — m. Consequently,
I\s / / 1 w S
(7—2) K 0-170-2a57*;a? :T2K(O-1’02,Sa7_’w) . (020)

We conclude that the function 75K (01,09, s, 7, w) is modular invariant as well as elliptic
in o1,09. Nonetheless, it is not strictly elliptic in w.
Next, we compute

eino1 +i(m—nt1)52

K(oy,09,8,T,w) = (C.21)

25
o |nT —m — w|
The result is that K(s = 1) contains terms of the following form:

ze—iRew(@—&é) i l qnefQNiRe(w) z n N qn€2m’Re(w) i/ n
To —mn 1— qne—QﬁiRe(w) % 1— qneQNiRe(w) ~ ’
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where?
z = ¢ilortioz) (C.22)

The first contribution we calculate is n = 0,Im(w) = 0.

i eimﬁ'g _Zl eimﬁ'g i eimﬁ'g
(m + Re(w))® T Re(@N® T 2~ m F Re(w)s
w5 (m A+ Re(w))? w5 (m+ Re(w))? = (m+ Re(w))?
00 i(—1—1)62 00 imao
e e
= —_— C.23
2T 41— Re(w)? N;O (m + Re(w))? (C.23)
Now, the Lerch zeta function is defined in
o eQm'm)\ )
L\ s,a) = . (C.24
= (m+a)
A related function is the “Lerch transcendent”, defined in
[e's) p
) = —_— 2
(z,8,a) nz:o nta)r (C.25)

This allows one to extract a contribution to the Green’s function:
09 s op)
{K(01,02,T,w), n=0} =L (2, 2s, Re(w)) +e 2L (—2, 25,1 — Re(w)) . (C.26)
T T

The Lerch transcendent satisfies the following identity, which allows for the permutation
of the arguments of the function:

P (6271'1':(:’ 1— s,a) _ I'(s) (em(gq(zz)@ (e—2ma’ij) i oim(20(1-2)~3) g (627”'“,3, 1— x)) .

(2m)
(C.27)

One can set = Re(w),s — 2s,a = —22 and obtain

o e R )

L 195 02 = gidaRe(w) _ (gimsp (92 5
T'(25) Re(w), 5 =5 e e o s, Re(w) (C.28)
4 eTims o2, (—;QT, 25,1 — Re(w)) > .

Therefore,

{K(Jl,ag,T,’u))’ n = O} — _47r2€—i&2Re(w)L (Re(w), 1, _;’2)
T

e2miRe(w) g2

2x ) . (C.29)

(1 — e2niRe(w))? " 1 _ e2miRe(w)

— 747_[_26—1'62Re(w) (

Below we consider n # 0 and apply the integral representation of the power function

S

1 s o dt
— = — e C.30
a®  T(s) /0 A (C.30)

S 21y

8The notation z here differs from the notation z = e’ written in the main text.
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in

s Z einal—i-i(m—nn)&z /oo @tse—ﬁt[(—TLT2+Im(w))2+(m—TLTl—‘rRe(’w))Z] .

F(S) o o ¢t
(C.31)
Note that the total argument in the exponential can be written as
inoy +i(m — nr)dg — 7wt [(—m-g + Im(w))? + (m — nmy + Re(w))ﬂ =
.~ 2 .o~ 2
= —7t [m —n7 + Re(w) — ;:_QJ — 7t {—m-g + Im(w) + ;:_ﬂ
~2 | =2
_oitos iRe(w)dg + iIm(w)a . (C.32)
47t
We next use the Poisson summation formula for the index m:
Ze—wt[m—nn-l-Re(w)_;&TZt]Q _ i Ze_ WTQ +27rim(nTl—Re(w)+Zer> ' (033)
m \/i m
It follows that
A _ L\ o455 S o dt 1
K _ i(—Re(w)ga+Im(w)e1)— -2 T / Wis—3 C 34
(0'1,0'2,7','11)) € amt F(S)nzﬂ;l 0 t 2 ( )

01

9 o -
,wt(fm'ngIm(w)Jrﬁ) e,TrT +27Tiﬁl(nT17Re(w)+l2072t).

X e
In the above argument of the exponential, the quadratic term proportional to o7 cancels. Then

—Re(w)a+Im(w)1) T S et m(w)

K(Ul’UQ)Taw) :ei( F(S)

0o (M 5'72 2
" / dt ts_%e_m(—mﬂm(w))?e—@ﬂm‘m(nﬂ—wwﬂ. (C.35)
0

We require the following integral formula

o dt 2, n2 ™ _
/ 76at - :\/>6 2ab'
0

7 - (C.36)

In general, we will take a = /7| — n7 + Im(w)| and b = /7| + 32|. However, we start by

setting s = 1,m = 0,Im(w) = 0. The formulas above with a = v/7|n|m2 and b = 2‘?/2% imply
{K(O‘l, 09, T, W), M= 0} = I gmiRe(w)s: Z ie_‘"m@|'~'i51”72 (C.37)
T2 n=£0 |TL|
_ T _iRe(w)sa __—i(o1—102) _ i(o1+i02)
= 7_26 [log (1 e ) + log (1 e )} .

This displays a logarithmic singularity when 1,09 — 0.
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The third contribution comes from both n # 0,m # 0. In this case, for s = 1,Im(w) =0
egs. (C.35) and (C.36) lead to

lefiRew&Q Z ief2ﬂ'7'2\n|\ﬁz+g—72r|+in0'1+27rin7h7'1727rimRe(w)
T2 n£0,m£0 n|
N g—iRewds Z Z —27r72n\m+j—g|—2mmRe(w) ( eino1+2minmT | e—mal—zmnmn)
n= 1m3£0
—zRewag Z Z |: —27ran( m+ ) 2mimRe(w) (ein01+27rinﬁz’r1 _|_€—in01—27rinﬁw1)
n=1m= 1

+€—27r7'2n(771— g—fr)—l—ZmlﬁmRe(w) (einal —2minmT, + e—inal +2minmTy ) :|

71Rew0'2 Z Z 76727r1Re(w m [ nm 1n(01+102) +qnm —in(o1— 102)}

nlml

(o) o0
1 2miRe(w)m | nm  —in(o1+ioe) | -nm in(c1—io2)
+Z Z e {q e +q""e } . (C.38)
n=1m=1
Summing over m yields
efiRew&gz i l qne—QwiRe(w)+in(01+i02) N Ljne—QﬂiRe(w)—in(al—iag)—'_
Ty Fn 1— qne—ZwiRe(w) 1— qne—QwiRe(w)
nQZWiRe(w)—in(Ul—Hog) —n€27riRe(w)+m(ol—i02)
+4 , +1e (C.39)
1— qn627r7,Re(w) 1— qnGQMRe(w)
In the above derivation we can replace o1 — 01 — 0,02 — 02 — o) and define
o (U1+102) o — piloytioy) (C.40)
Then the holomorphic part of the expression for the third contribution above reads
—zRew (62-53) Z q" f2m'Re(w) z n N qneQﬂzRe(w) i/ n (C 41)
7-2 —q ne—2miRe(w) \ 5/ 1— qneQTriRe(w) 2 ’ ’

The conclusion is that the holomorphic oscillators contribution to the Green’s function is
Ll Z —27rzRe(w) o anQmRe(w) Y
_ ne—QmRe( w) 1— qn627riRe(w) ’

(C.42)

The two-point function is proportional to a purely holomorphic factor relevant for the physics
of half-BPS states:

—

— L (|R12HIR2]?) G (0,0,7) —F1 k2 G(21,22,w,7) —ik1 AR2G (21,22,w,7)

<€ik1~X(Z1)+i/€2'X(Z2)> x e ’
where
[eS) n ,2mwiw N o —2Tiw
T S ¢e
0=y 51 (s + ) o
=1
oo n ,2miw n ,—2miw n n
L e q"e it 2
G(ZI,ZQ,CU,T) - an::l E (1 o qn627riw + — qne—27riw> ((252) * (zl> ) . (044)
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This equation reduces to the previous one for equal points on the torus z; = zs.
ki Nkg = k‘lxkzy — klkam . (0.45)

When Eﬂ|l€2 this vanishes, in particular for k; = +ko.

2 o n ,2miw n ,—2miw n n
Y 1 q"e q"e 29 21
g(zl’z2’w’7—) T4 zjl E (1 _ qn627riw B 1— qne—27riw> |:( ) B ( ) :| : (046)
n=

Z1 Z9
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