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inflation driven by the field responsible for the second stage of symmetry breaking. The
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1 Introduction and main result

Gravitational-wave (GW) signals offer a unique probe into the dynamics of the early universe.
In particular, they can carry information about the period during inflation after the large-scale
structure modes exit the horizon and the period after the end of inflation and before the
Big Bang nucleosynthesis (BBN), which is difficult to probe by other means. Many GW
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Figure 1. Various benchmarks to show that inflated string-bounded wall networks can potentially
produce GW signals across a wide frequency band as observed today, from 10−10 Hz to 104 Hz. Three
GW benchmark spectra from walls bounded by inflated gauge strings are shown (solid lines), and one
benchmark spectrum from walls bounded by inflated global strings is provided (dashed blue line) to
be compared with its gauge-string counterpart (solid blue line). The string tension scale µ1/2, the wall
tension scale σ1/3, and the Hubble size at string re-entry Hre of these benchmarks are shown next to
the curves in units of GeV. A zoomed-in panel is shown to compare the signal of the low-frequency
benchmark to the stochastic background observed by NANOGrav 15-year data release [2, 63].

observations are planned, such as pulsar timing arrays (PTAs) [1–6], Laser Interferometer
Space Antenna (LISA) [7, 8], Deci-hertz Interferometer Gravitational Wave Observatory (DE-
CIGO) [9, 10], Big Bang Observer (BBO) [11, 12], TianQin [13, 14], Taiji [15, 16], Advanced
LIGO-Virgo-KAGRA network [17, 18], Einstein Telescope [19, 20], Cosmic Explorer [18, 21],
galaxy survey data [22, 23], as well as smaller-scale experiments probing higher-frequency
GW signals (see, e.g., ref. [24] for a review on high-frequency GW detection).

One of the most promising sources of the GW signal is the topological defects in the
early universe [25]. These signals may be generated by cosmic strings [26–46], metastable
domain walls [47–57], and string-bound monopoles [58–62]. However, the richness of this
class of signals is far from being fully explored.

In this paper, we consider the possibility that there were two phase transitions in the
early universe. In the first phase transition, cosmic strings are formed, and subsequently, a
brief period of inflation takes place to inflate the strings outside the horizon. Then, a second
phase transition occurs after inflation ends to form domain walls. Those domain walls collide
with each other and reduce their number to maintain typically one domain wall per horizon
volume, and the domain wall network appears to evolve in a scaling solution [64–66]. These
collisions produce gravitational waves [48–51]. Without a difference in the energy among
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Figure 2. Sketch for the evolution of the string-wall network against the horizon size: the blue line
denotes the horizon scale, while the orange ellipses show the size of cosmic strings that bound the
domain walls. These strings are produced by a phase transition before or during inflation and are frozen
outside the horizon. Once inflation ends, the universe enters a radiation-domination epoch. When the
radiation bath cools below the energy scale v1 for another phase transition, walls (pink-shaded regions)
are produced and enter the scaling regime. The network decouples from the Hubble flow when the
strings re-enter the horizon at t ≈ H−1

re , and the walls oscillate until their size exponentially decays
around t ≈ Γ−1

tot, where Γtot parameterizes the total decay rate of the domain wall. The dynamics of
domain walls and the re-entry of cosmic strings are crucial for our mechanism (pink and orange words),
while stable strings in the scaling regime (orange words in parenthesis) are a particular feature of our
benchmark model and are not required for inflated string-bounded walls. We considered gravitational
waves (violet curves) produced at three stages of the inflated string-bounded wall network.

different vacua, the wall network is expected not to collapse and lead to a wall-dominated
universe, which is inconsistent with the standard cosmology.1 However, in our case, the wall
can be unstable; once the strings re-enter the horizon, the string-wall network can annihilate.
It was considered in the previous literature how boundary defects (here, cosmic strings)
and bulk defects (here, domain walls) can interact and produce novel gravitational-wave
signatures [60]. However, the signal is typically less pronounced for general parameter spaces.
In our case, the brief period of inflation makes these signals much more conspicuous, as
illustrated in figure 1. Roughly speaking, the time at which the network starts to annihilate
is controlled by the Hubble scale when the inflated strings re-enter the horizon, denoted as
Hre, and the final collapse of the system is controlled by a decay rate which we will denote
as Γtot. A sketch of the evolution of the size of the string-wall network is shown in figure 2.
More comparison with ref. [60] and explanations for why inflation is advantageous, if not
unavoidable, for this scenario is provided in sections 5.3 and 5.4.

1However, see, for example, ref. [55] for how a brief period of the wall-domination epoch can be incorporated
in a model.
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Before we investigate the details of the evolution of the defect network, we would like
to remark on the generality of the model. First, a cascade of phase transitions with the
production of topological defects is quite common in UV models.2 It is natural to expect
that phase transitions can happen in hierarchically different scales. If so, there would be
enough room for additional dynamics, such as a period of inflation, to happen in between
the two phase transitions. An epoch of vacuum domination, so long as it ends before BBN,
does not necessarily contradict current cosmological observations and can be consistently
incorporated into the cosmological timeline. In our case, the period of inflation after the
formation of cosmic strings could be either within the primordial cosmic inflation that seeds
the large-scale structure fluctuations or due to a second inflation after the primordial one. If
the primordial cosmic inflation is responsible for inflating the strings, this would require a
phase transition during inflation, which can be achieved by, for example, inflaton-dependent
mass terms for the string-producing field. As the inflaton may traverse a distance ∼ O(1)MPl,
it is possible that a phase transition for some field during inflation can be triggered [67–73].
On the other hand, if a second inflation is responsible for inflating the strings, the phase
transitions can be triggered by the decreasing temperature of the thermal bath from the
Hubble expansion after the primordial inflation. The second inflation needs not to be a
slow-roll inflation; a thermal inflation can also realize a brief period of inflation [74–77], and
we will use this mechanism to build a model that offers more stringent parameter constraints.
This scenario can be motivated from a different angle. As emphasized in section 5.4, a stage
of inflation before the second symmetry-breaking phase transition is expected if we focus
on the models with a sizable gravitational wave signal.

Although we will use a particular benchmark model to make our discussion more
concrete, we believe that similar discussion for the evolution of the string-wall network and
its gravitational signature is applicable to more generic models, and most of our estimation
will be presented in a less model-dependent way to reflect this generality. The model-specific
features of this general mechanism via more thorough analytical and numerical methods
are also worth further investigation.

The crucial ingredients of our scenario are cosmic strings whose typical size is much
larger than the horizon size when domain walls are produced. Such cosmic strings can
also be produced even if the first symmetry breaking occurs before the observable cosmic
inflation, through the quantum nucleation of cosmic strings during inflation [78], or through
the accumulation of the fluctuations of the symmetry breaking field outside the horizon [79].
Our analysis is also applicable to those cases.

In this work, we will derive both the size and the spectrum of gravitational wave signals
from the defect network. Our emphasis is on the analytical understanding of general features
of the spectral shape. Precise calculation of this requires detailed numerical simulation.

The paper is organized as follows. Section 2 discusses how the inflated string-bounded
wall network can be produced and evolve. Whether the boundary string is a gauge string or
a global string slightly alters the physics. For walls bounded by inflated gauge strings, their
gravitational-wave signals are computed in section 3. In the parameter region of interest
discussed in section 3.1, the network undergoes three stages of evolution, and the spectral

2See, for example, figure 1 of ref. [60].
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shape of these contributions is evaluated in sections 3.3 and 3.4 and summarized in section 3.5.
Following a similar method as discussed in section 3, the gravitational-wave signal from walls
bounded by global strings is discussed in section 4 and summarized in section 4.3. A few
benchmarks are provided in section 5 to show how this signal can cover a wide range of
frequencies (cf. figure 1). We also show how inflation is generally preferred if one would like
domain walls to produce large gravitational-wave signals in section 5.4. To further restrict
the parameter space, we provide in section 6 a concrete model that uses the field producing
domain walls as the inflaton of a second inflation. In this model, probing the GW spectrum
of inflated string-bounded walls provides a probe to the soft supersymmetry breaking scale
and the wall tension. We conclude in section 7.

2 Productions and evolution of the defect network: general picture

In this section, we discuss how inflated string-bounded domain walls can be produced, evolve,
and eventually collapse.

Topological defects, such as cosmic strings and domain walls, can be produced during
phase transitions, and these defects can be classified by the 0th and 1st homotopy group
of the vacuum space. In particular, given a symmetry breaking G → H in which G is the
symmetry group of the full UV theory and H is that of the vacuum, the resulting defects
are classified by π0(G/H) for domain walls and π1(G/H) for cosmic strings. During cosmic
evolution, such defects will be produced through the Kibble-Zurek mechanism [80, 81].

To anchor our discussion, we consider the following sequence of symmetry breaking
U(1) → Z2 → ∅ in a model with two complex scalar fields ϕ1 and ϕ2 that have U(1) charges
of 1 and 2, respectively. Then, one may consider the following Lagrangian3

L = |Dµϕ1|2 + |Dµϕ2|2 + λ1

(
|ϕ1|2 −

v21
2

)2

+ λ2

(
|ϕ2|2 −

v22
2

)2

+ µm

(
ϕ∗2ϕ1

2 + h.c.
)
, (2.1)

in which λ1,2 are dimensionless couplings, v1,2 are the VEV of ϕ1,2 respectively, and µm denotes
the mixing parameter. If v2 ≫ v1, phase transition of ϕ2 field leads to U(1) → Z2 breaking.
The corresponding ϕ2 cosmic string will form according to the Kibble-Zurek mechanism.

The U(()1) symmetry may be a gauge symmetry, such as the B − L symmetry, or a
global symmetry, such as the Peccei-Quinn symmetry. In sections 3 and 4, we consider a
gauged and global U(()1) symmetry, respectively. This symmetry breaking leads to Z cosmic
strings. Yet, our proposal can be applicable to other types of cosmic strings, such as unstable
Z2 strings from breaking of SO(10) to Standard Model (SM) gauge group. More discussions
about unstable cosmic strings will be presented in section 3.5.

For the remnant Z2 symmetry after the first phase transition, a second phase transition
happens to settle ϕ1 to its true vacuum, breaking the Z2 and producing domain walls. The
resulting string-wall bound states are shown in figure 3. Due to the trilinear interaction

L ⊃ µm(ϕ21ϕ∗2 + h.c.) → µm√
2
v21v2 cos(2θ1 − θ2), (2.2)

3We ignore the coupling of the form |ϕ1|2|ϕ2|2. This coupling needs to be small to preserve the hierarchy
v2 ≫ v1. In section 6, we present a SUSY model in which such a small coupling is technically natural.
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Figure 3. Schematic sketch of the two configurations of the string-bounded walls: for the particular
model we consider, there is a stable configuration (left panel) and an unstable configuration (right
panel). The phases of two complex scalar fields are indicated by arrows. The first phase transition
produces topological defects (strings) of ϕ2 fields (blue arrows), and, later, a second phase transition
settles ϕ1 (orange arrows) to its true vacuum. Due to the trilinear coupling, ϕ1 will rotate along the
phase set by the phase of ϕ2 near the ϕ2 strings. Far away from ϕ2 strings, ϕ2 takes a uniform value
so that the phase of ϕ1 falls into either vacuum, leading to the formation of Z2 walls (orange lines).
The left panel shows two ϕ2 strings with the same winding number pulled by a wall. As we will show
later, wall tension can sufficiently bring these strings together, resulting in a composite string bundle
that has the same winding number as the stable gauge string in this particular model. The right panel
shows two ϕ2 strings with opposite winding numbers. When heavy walls bring two strings together,
the two ϕ2 strings annihilate.

where we have parameterized ϕi = vie
iθi/

√
2, there is a correlation between the winding

of θ1 and that of θ2
Now, we introduce a stage of inflation before the second phase transition and after strings

are formed. The production of the strings can be either during the primordial inflation
or followed by a second period of inflation. After its production, the string network may
evolve into a scaling solution so that each Hubble patch has ∼ O(1) long cosmic strings.4
Hence, the typical distance between strings soon after its production is ξ ≈ H−1

i in which Hi

denotes the inflationary Hubble size. Due to the subsequent inflation, they will be quickly
inflated to super-horizon separations. Then, causality dictates that the co-moving separation
between the strings is almost frozen as they exit the horizon. This allows us to estimate
the Hubble size when they re-enter the horizon Hre as

1 ≈ aH|exit
aH|re-entry

=⇒ Hre ≈ e−2NinfHi, (2.3)

4It is also possible that the network does not have enough time to evolve into the scaling regime, but this
will not be essential to our discussion. If the scaling regime is not reached, the typical string size may no
longer be of size H−1

i , and the correspondence between Ninf and Hre should be altered. Nonetheless, inflation
still allows us to treat Hre as a free parameter, which is the only condition we assumed in the remaining text.
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in which a(t) denotes the scale factor. Here, we have implicitly assumed that the reheating
after this inflation is efficient. When reheating is less efficient, this estimate changes to

Hre ≈ e−2NinfHi

(
T 4

R
ρinf

)1/6

. (2.4)

However, the main discussion in section 3 is mostly independent of this assumption. We
also provide more discussions on how relaxing this assumption can impact the GW signal
in appendix D.

After the second phase transition, assumed to be after the inflation, a network of stable
domain walls is produced following the scaling solution. One might worry that the wall
network will dominate the universe. Fortunately, the dynamics change once the inflated strings
re-enter the horizon. As the temperature drops below T ≲

√
MPlHre, the string-wall network

observes the re-entry of boundary strings and starts to collapse. This is to be contrasted with
the familiar bias-induced collapse of domain walls [27, 82, 83]. In that case, the wall collapses
due to the presence of ∆V , a small difference in the energy of the two vacua across the wall,
and the annihilation happens around H ≈ ∆V/σ assuming that the wall enters the scaling
regime [50, 57, 84]. Both σ and ∆V are fixed by the parameters on the wall-producing field
ϕ1. This usually relates the wall tension with the Hubble scale at wall annihilation and limits
the strength of the gravitational-wave signal if one does not carefully tune ∆V . In our case,
the network starts to slowly collapse at a scale Hre controlled by the first phase transition
and the inflationary dynamics, both of which are not specific to the dynamics of ϕ1. As we
will demonstrate in section 3, this generality also admits sizable gravitational-wave signals.
For the scenario that we will consider, although the network decouples from the Hubble flow
around H ≈ Hre, the network does not necessarily immediately collapse at Hre. We will
consider its final collapse due to some decay process controlled by a decay rate Γtot. Also,
the particular model shown in eq. (2.1) admits both a stable and an unstable configuration
as shown in figure 3. Both configurations will lead to the collapse of the wall network, but
one of them leaves a stable string defect after the wall collapses. The stable configuration
exists since the wall binding two strings with the same ϕ2 winding number collapses into a
composite string bundle [85, 86]. These string bundles have the same winding number as
the gauged U(1) string, so we will assume that their evolution will be similar to those gauge
strings produced before the second phase transition. On the other hand, when the wall binds
two strings with opposite ϕ2 winding numbers, the strings annihilate once the wall tugs the
boundary defects together. Our analysis of the production of the gravitational wave should
be applicable to both cases because their dynamics are similar.

3 GW signal from network bounded by inflated gauge string

3.1 Parameter region of interest

First, we would like to determine the specific parameter region of interest. There are generally
two possible hierarchies: (1) Estr ≳ Ewall or (2) Ewall ≳ Estr, in which Estr and Ewall denote
the total energy of the string and the wall within the horizon, respectively. This determines
which component of the network dominates the dynamics as well as what sources gravitational
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waves predominantly. The hierarchy Estr > Ewall is partially covered in a previous study
without assuming inflation between two phase transitions [60]. Comparisons between this
study and the previous one are provided in section 5.3, and we will briefly comment on
how inflation can modify the GW spectrum from strings in appendix C. Here, we will
focus on the hierarchy Ewall > Estr. As the walls follow the scaling regime, their energy is
roughly Ewall ≈ πσR2 ≈ πσ/H2, where we assumed that the walls have characteristic radius
R ≈ H−1 of the horizon size. In contrast, the string on its boundary will have an energy of
Estr ≈ 2πµR ≈ 2πµ/H . This hierarchy provides a bound on the string re-entry Hubble scale

Ewall ≳ Estr =⇒ Hre ≲
σ

2µ. (3.1)

On the other hand, we should avoid wall domination as it will decrease the comoving
horizon [87] and inflate away the strings bounding the wall network. Domain walls in wall
domination remain dynamically stable, causing a domain wall problem in the model. Hence,
there is also a lower bound on the re-entry Hubble

Hre ≥ Hwd = σ

3M2
Pl
, (3.2)

where Hwd is the would-be wall-domination Hubble scale [80].
String loops can also be nucleated on the wall [88, 89]. The Euclidean bounce action

of the string wall system,

SE = 4πµR2 − 4π
3 σR

3, (3.3)

has a critical bounce radius of R∗ = 2µ/σ, and the corresponding probability of nucleating
strings per area per Hubble time is

P

L2T
≈ σe−SE(R∗) = σ exp

(
−16πµ3

3σ2

)
. (3.4)

This is negligible in our case since even one order-of-magnitude difference between the string
tension scale µ1/2 and that of the wall tension σ1/3 leads to roughly a six order-of-magnitude
difference between µ3 and σ2. Such a large exponent suppresses the nucleation rate to be
utterly negligible.

In the course of the evolution of the network, there may be other observational bounds
on Hre due to BBN or ∆Neff from cosmic microwave background (CMB), which we will
briefly discuss when a set of concrete benchmark parameters are presented in section 5. To
recapitulate, the consistent choice of the string re-entry Hubble Hre must satisfy

σ

3M2
Pl

≲ Hre ≲
2σ
µ
. (3.5)

3.2 Catalog of defects in the network

In the defect network, there will be three types of defects to consider as illustrated in
figure 4: (a) cosmic disks (walls attached to string loops), (b) cosmic belts (walls attached
to long strings), and (c) cosmic rings (annular walls attached to two string loops). Initially,
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Figure 4. Three types of topological defects in the early universe considered in this paper: cosmic
disks (left) and cosmic belts (middle) are formed mainly due to boundary conditions from inflated
cosmic strings. Inflated string loops tend to bound walls to form disks, whereas inflated long strings
tend to form belts. When H ≪ Hre, the boundary cosmic strings enter the scaling regime by their
efficient reconnection. These reconnections may leave behind cosmic rings (right) similar to string
loops produced in a pure string network. As long as the walls have not reached their decay time, these
belts “know” both about the string re-entry and the network reconnection, as encoded in their two
characteristic sizes. The ring width is typically controlled by the string re-entry Hubble size w ≈ H−1

re ,
but their length (radius) is typically controlled by the Hubble size when they are produced H−1

p .

only cosmic strings are present, and they may appear in the form of long strings or string
loops. When walls are formed during the second phase transition, some of these walls should
eventually terminate on a long string or a string loop. These eventually lead to the production
of cosmic disks and belts when the horizon expands sufficiently. Later, as the boundary
string of the cosmic belt intercommutes, the length ℓ of the cosmic belt remains in the scaling
regime ℓ ∼ O

(
H−1) while its width remains w ∼ O

(
H−1

re
)

as walls are still heavy compare
to the boundary strings. However, when two long belts reconnect, a residual cosmic ring
may be formed. This object will have a typical width of w ≈ H−1

re but a typical radius of
ℓ ≈ H−1

p , where Hp denotes the Hubble scale when the two belts intercommute and produce
the ring. One may regard the extended cosmic belts as analogous to long strings in a string
network, while cosmic rings are more akin to string loops in a string network.

Here, we distinguish disks and belts from rings. The former two are mainly produced
because of the boundary condition set by the inflated cosmic strings, while the latter one is
mainly a consequence of the network reconnection. This is reflected by the fact that both
disks and belts have characteristic sizes of either H−1

re or H−1 while cosmic rings have widths
of ∼ H−1

re but a length of ∼ H−1
p . Therefore, cosmic disks and belts may oscillate at one

characteristic frequency k ∼ Hre while the motion of cosmic rings may have two scales, one set
by Hre and the other set by Hp, making modeling GW spectrum from rings more involved.5

5Cosmic belts can have motions on the scale of ∼ H. However, since the typical scale of this motion scales

– 9 –
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For cosmic disks and belts, we shall assume that around t ≈ H−1
re , almost all Hubble patches

are occupied by one such object. This implies that we may estimate their energy density
as a function of Hre and regard these defects as of characteristic size ∼ H−1

re . Technically,
the configuration of these defects is set by the boundary condition at the horizon exit of
boundary strings during inflation. How one precisely evaluates their energy densities around
the horizon re-entry may be affected by whether the boundary strings are produced during
inflation or have reached scaling before inflation. Additional numerical simulation is required
in the future to fully address this. Nonetheless, we expect our parametric estimate to hold
on dimensional ground. Detailed discussion will be provided in section 3.3. On the other
hand, when evaluating the gravitational-wave signal from cosmic rings, they can be produced
at different Hp. Therefore, beyond obtaining their individual gravitational-wave spectrum,
we should regard them as following some distribution of sizes due to network reconnection,
and the total gravitational-wave signal comes from integrating over this distribution. We
will discuss this more in section 3.4.

3.3 Gravitational wave from scaling and re-entering defects

Next, we discuss how much this defect network can contribute to stochastic gravitational waves.
For the moment, we ignore the network reconnection, in particular, the gravitational-wave
signal from cosmic rings. We instead focus on the gravitational-wave spectrum from defects
that are already formed before the string re-entry. Cosmic rings are discussed in section 3.4.

As the walls contain most of the energy in the string-wall system, we first focus on the
gravitational waves from the dynamics of the walls. It is generally convenient to split the
computation into three parts: contribution from (1) walls following the scaling regime before
string re-entry, (2) walls oscillating before rapid decay, and (3) the rapidly decaying network.
To estimate the gravitational waves emitted from the inflated string-bounded walls, we use
the Boltzmann equation for the gravitational-wave energy density

ρ̇GW + 4H(t)ρGW = n(t)P (t), (3.6)

in which ρGW denotes the energy density of the gravitational waves produced at some cosmic
time t, H(t) is the Hubble parameter, P (t) denotes the gravitational-waves power emitted by
one source, and n(t) denotes the number density of the source. In what follows, we will focus
on a qualitative understanding of the signal strength and spectrum. More careful calculations
are presented in appendix B, and the main results are summarized in section 3.5.

3.3.1 GW from scaling walls (t ≲ H−1
re )

For walls reaching the scaling regime, previous numerical studies on the case where the walls
decay via explicit Z2 symmetry breaking [50, 51] suggest that its gravitational-wave spectrum
follows a k3 power law at the IR and falls off like k−1 after reaching the peak frequency
around the Hubble scale in physical momentum k · a(tobs)/a(tprod), in which the ratio of scale
factors captures the redshift from the time of gravitational-wave production tprod to that of

with H ∼ t−1, it should not be regarded as an oscillation and cannot generate significant GWs, analogous to
GW radiation from infinitely long string [25].
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observation tobs. Here, we use the following parameterization for the power spectrum

∂P

∂ ln k ≈ Cπσ2

M2
PlH

2

(
kH−1a(tobs)/a(tprod)

)3
1 + (kH−1a(tobs)/a(tprod))4

, (3.7)

in which C denotes some ∼ O(1) to O(10) dimensionless constant. While the k3 spectrum is
a general feature expected from causality [90], the k−1 power law may depend on the specific
microscopic physics of wall collisions, which calls for more detailed analytical and numerical
studies. As we will see, this UV part of the spectrum is subdominant in comparison with
other contributions and will not be observable unless it is shallower than k−1. The number
density n(t) can be estimated from scaling law, i.e.,

n(t) ∼ H−3, (3.8)

so that each Hubble patch has ∼ O(1) domain walls.
Now, we may solve the Boltzmann equation by explicit integration. The detailed

computation is presented in appendix B. As it turns out, it is more convenient to consider
the fractional energy density at the wall decay time t = Γ−1

tot (to be discussed in more
detail in section 3.3.2), and the gravitational-wave spectrum redshifted to t = Γ−1

tot can
be approximated as

∂ΩGW, scaling
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 2πσ2C
21M4

PlH
2
re



(
k√

HreΓtot

)3
, k ≲

√
HreΓtot,(√

HreΓtot
k

)
, k ≳

√
HreΓtot.

(3.9)

As expected, the GW spectrum follows a power law similar to that of ∂P/∂ ln k . Also, the
spectrum peaks at k =

√
HreΓtot = Hrea(H−1

re )/a(Γ−1
tot) in which a(H−1

re )/a(Γ−1
tot) is a redshift

factor to evaluate ΩGW at t = Γ−1
tot. This is also sensible because the gravitational wave

peaks around the horizon scale as dictated by the scaling of domain walls. After the string
re-entry, the defect network deviates from scaling solutions, and the rapid wall oscillation
produces gravitational waves, as we will discuss next.

3.3.2 GW from cosmic disks (t ≳ H−1
re )

GW from oscillating cosmic disks (H−1
re ≲ t ≲ Γ−1

tot). After the strings re-enter the
horizon, most of the domain walls reside in the following two configurations: walls attached
to long strings (“belts”) and walls attached to string loops (“disks”). Domain walls that
stretch far outside the horizon are rare, as dictated by causality that forbids the correlation
beyond the horizon. The scaling regime of walls terminates at this point. Therefore, cosmic
disks/belts produced from string re-entry are expected to be of radius/width r ≈ H−1

re .
In the following subsection, we will focus on the disk contribution, and the subdominant
contribution from belts is discussed in section 3.3.3.

Because we assume that Ewall ≳ Estr, the dynamics of the network is mainly governed
by walls. These walls will oscillate with some characteristic frequency of their size. This
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characteristic scale is r0 ≈ H−1
re so that this oscillation of walls with characteristic curvature

r can be roughly described by

r(t) ≈ r̄(t) cos
(

t

r̄(t)

)
, (3.10)

in which r̄(t) is the slowly varying radius of the wall with r̄ ≈ r0 around t ≈ H−1
re . A slightly

more sophisticated modeling yields a similar estimate as shown in appendix A. One may
estimate the power radiated into gravitational waves by the quadrupole formula

P = dE
dt ≈

〈 ...
Q

2〉
8πM2

Pl
≈ 1

8πM2
Pl

∣∣∣∣∣ d3dt3
(
σπr̄4 cos4

(
t

r̄

))∣∣∣∣∣
2

≈ πσ2r̄2

M2
Pl
. (3.11)

Therefore, the gravitational-wave radiation damps the domain wall with a characteristic
rate of Γwall ≈ πσ/M2

Pl so that

d(σr̄2)
dt ≈ −Γwallσr̄

2. (3.12)

In the discussion to follow, we will use Γtot to parameterize the total decay rate of the
domain wall. As we average over oscillations with a period ≈ H−1

re , we generally expect
Γtot ≈ ∆t−1 ≲ Hre to maintain consistency. Although the specific initial condition and
geometry of the string dictate the precise spectrum, we will approximate the emission as
if all the gravitational-wave power is emitted in the fundamental mode on the wall, i.e.,
k ≈ Hre.6 This implies that

∂P (t)
∂ ln k ≈ πσ2

M2
PlH

2
re

a(Γ−1
tot)k
a(t) δ

(
a(Γ−1

tot)k
a(t) −Hre

)
. (3.13)

We expect there to be ∼ O(1) number of disks in a volume of H−3
re when the strings re-enter

the horizon. The gravitational-wave signal can be estimated as follows. The energy fraction
of each disk radiated into the gravitational wave by time t is roughly ≈ Γwallt, the energy
density of the oscillating wall is approximately ≈ σHre, and the redshift dilution for the
number density of walls ∝ a−3. Denoting the temperature and Hubble scale at the emission of
gravitational waves during the oscillating stage of the disks as T and H ≈ T 2/MPl respectively,
the fractional energy density of gravitational waves around t = Γ−1

tot is

∂ΩGW, osc.
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 1
T 4 (σHre)

Γwall
H

(
T

Tre

)3
≈ σ2Hre
MPlT 3

re

1
T 3

=⇒ ∂ΩGW, osc.
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ σ2

M4
PlH

1/2
re Γ3/2

tot

(
k

Hre

)3
,

(3.14)

6It is possible that a more complicated mechanism, such as disk self-intersection, can dissipate disks’
energy. Unless the self-intersection is very frequent, it should only affect our estimation of the GW spectrum
by an ∼ O(1) factor. Whether self-intersection significantly dissipates the disks’ energy and alters the GW
spectrum calls for further numerical simulations. Also, the presence of higher harmonics may affect the
gravitational-wave spectral shape, but the computational technique to obtain the spectrum should be similar.
We provide a discussion about higher harmonics in section 3.5.
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where we have used the adiabatic invariant k(t = Γ−1
tot)/TΓtot = Hre/T , and TΓtot ≈

√
ΓtotMPl

denotes the temperature of the bath around t ≈ Γ−1
tot. This agrees with the explicit solution

of the Boltzmann equation as shown in appendix B.
Around k ≈

√
HreΓtot, ΩGW, osc. has a similar parametric dependence as the peak

amplitude of the gravitational waves from walls in the scaling regime,

ΩGW, osc.(k =
√
HreΓtot)

∣∣∣∣
t=Γ−1

tot

≈ 2πσ2
3M4

PlH
2
re

= 7
C

ΩGW, scaling(k =
√
HreΓtot)

∣∣∣∣
t=Γ−1

tot

. (3.15)

A more detailed numerical simulation is needed to determine the precise dynamics during
the transition from the scaling regime to the oscillating regime and the gravitational-wave
spectrum produced by it. Nonetheless, this transition is likely to be smooth enough without
producing striking features, such as sharp discontinuous jumps, on the gravitational-wave
spectrum; hence, we will match the two contributions with C = 7 to obtain a continuous
spectrum.

GW from collapsing cosmic disks (t ≳ Γ−1
tot). At the last stage of the evolution of

the disks, rapid collapse happens, and the network annihilates. Because of this, we may
approximate the frequency of the gravitational waves emitted at this stage as if they are
all produced around t = Γ−1

tot. The average radius r̄(t) starts to decay from r0 = H−1
re since

t = Γ−1
tot and is described by

r̄(t) ∼ H−1
re exp

(
−Γtott

2

)
. (3.16)

Following a strategy similar to that gives rise to eq. (3.13), the power spectrum here can
be estimated as

∂P (t)
∂ ln k ≈ πσ2r̄2(t)

M2
Pl

kδ

(
k − 1

r̄(t)

)
, (3.17)

in which we dropped the redshift dependence on the frequency. The estimate for the number
density of the network is still ∼ H3. The gravitational-wave energy density is

∂ΩGW, col.
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 1
T 4
Γtot

σHre

(
TΓtot

Tre

)3
(r̄Hre)2 ≈

σ2

M4
PlH

1/2
re Γ3/2

tot

(
Hre
k

)2
, (3.18)

where we have used k = r̄−1, following eq. (3.17).
It is worth remarking that the microscopic physics of the wall collapse could potentially

change the power-law dependence of the UV part. For instance, when the disk size is
≲ µ/σ so that the string energy dominates, one expects that the gravitational-wave spectrum
transitions from ∼ k−2 to ∼ k−1, which is the typical UV tail of the GW spectrum from a
cosmic string loop. This, however, should be in the deep UV as we assumed Hre ≪ σ/µ.7

7Another example of a change in the GW spectrum due to microscopic physics could be the inter-string
interaction, which can potentially compete with the wall tension as the boundary gauge strings are pulled by
walls. However, for a string separation larger than that of the string core size, this interaction is exponentially
suppressed. When v1 ≈ µ1/2 ≫ σ1/3, this competition is never important when the wall is large and contributes
significantly to the energy of the defect network.
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Another potential source of modification to the UV part of the GW spectrum comes from the
finiteness of the collapse time. We assumed that the string-wall network collapses sufficiently
quickly so that the GW spectrum is produced at t = Γ−1

tot almost instantaneously. However, a
finite collapse time for the network gives additional logarithmic dependence on k because
of the redshift of k during the collapse process. A dedicated numerical study is required
to fully determine the details of the spectrum.

3.3.3 GW from long belts

Now, we direct our attention to the gravitational-wave signal from cosmic belts. These defects
may reconnect and enter a scaling regime by breaking off daughter defects. Here, we focus
on how long belts (mother defects) evolve and produce additional gravitational-wave signals;
we will discuss the production of gravitational waves from the daughter defects in section 3.4.

We assume that the boundary defects enter the scaling regime efficiently. For sufficiently
small Hre considered here, the belts’ energy comes from the walls stretching between cosmic
strings. These belts have an energy density that scales as

ρbelts ≈ σℓwH3 ≈ σH2

Hre
, (3.19)

in which we assumed that the belt has a width w set by H−1
re and a length ℓ set by H−1. This

energy density redshifts as ∝ a−4 in radiation domination. When belts collide and reconnect,
some of their energy is converted into kinetic energy, which is why belts redshift more than
disks. Also, kinks and cusps at the intersection lead to the production of relativistic particles
and radiation that may further dissipate the energy stored in long belts. Two analogous
mechanisms during reconnection give rise to the scaling regime of cosmic strings, and the
scaling regime explains why gravitational-wave radiation from string loops is generally more
significant than those emitted by long strings [25, 91]. While we expect this analogy between
belts and strings to hold, it is interesting to check whether this expectation is valid in
numerical simulations when domain wall energy is larger than string energy.

Let us now estimate the decay rate of cosmic belts into gravitational waves. Here,
the gravitational-wave signal mainly comes from the rapid oscillation of domain walls with
frequency k ≈ Hre. There is no dynamical reason for this motion to be coherent on a scale
of the horizon size ℓ ≈ H−1. Hence, when using the quadrupole formula to estimate the
power of gravitational radiation, we should use an incoherent sum over patches of size w × w

on an object of size ℓ × w, i.e.,

PGW ≈

〈 ...
Q

2〉
M2

Pl
≈ 1
M2

Pl

 ∑
w×w patches

σw4

w3

2

≈ σ2w2

M2
Pl

ℓ

w
. (3.20)

Cross terms of
...
Q between different patches should vanish on average due to incoherent

oscillation. Note that PGW ∝ ℓ instead of ∝ ℓ2 is a tell-tale feature of this incoherent sum.
This leads to Γbelt = Γwall ≈ σ/M2

Pl. Since Γbelt = Γwall and the energy density of the
belts redshifts faster than that of the disks does, the gravitational waves from the belts are
subdominant in comparison with those from disks, as we confirm explicitly below.
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To estimate the gravitational-wave emission before belts collapse, one may consider

∂ΩGW, belt, osc.
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 1
T 4

(
σH2

Hre

)
Γwall
H

= σ2

M4
PlHreΓtot

(
k

Hre

)2
,
√
ΓtotHre ≲ k ≲ Hre.

(3.21)
Here, the change in power law ∼ k2 in comparison with that of the disks ∼ k3 comes
from the ∝ a−4 redshift of belts’ energy density in the scaling regime. As anticipated, the
belts produce less GW signals than the disks, as can be seen from the maximal abundance
ΩGW, belt|k=Hre

t=Γ−1
tot

≈ (Hre/Γtot)1/2 ΩGW, disk|k=Hre
t=Γ−1

tot
; see eqs. (3.14) and (3.21). As the network

rapidly decays at around t ≈ Γ−1
tot, belts are pulled by domain walls to either annihilate or

form stable string bundles as well. Then, the gravitational-wave spectrum can be estimated as

∂ΩGW, belt, col.
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 1
T 4
Γtot

(
σΓ2

tot
Hre

)
(wHre) =

σ2

M4
PlΓtotHre

(
Hre
k

)
, k ≳ Hre (3.22)

in which we assumed that the gravitational wave is predominantly emitted with a frequency
k ≈ w−1 ≈ Hre controlled by its width while its length ℓ ≈ H−1 remains in the scaling regime.
This agrees with the approach by solving the Boltzmann equation as discussed in appendix B.

3.4 Gravitational wave from network reconnection

In this section, we discuss contributions to the gravitational-wave signal from defects produced
during reconnections. These computations generally involve two steps: identifying the GW
spectrum from each individual defect and summing over all possible defect sizes. This strategy
can reproduce the parametric form of the well-studied gravitational-wave spectrum of gauge
cosmic strings as demonstrated in appendix C. Here, we focus on the contribution from
cosmic rings that are particular to the inflated string-bounded wall network.

Each cosmic ring is produced from its mother defects at t ≈ H−1
p . They should have a

typical radius ℓ ≈ H−1
p and width w ≈ H−1

re . The assumption that ℓ ≈ H−1
p is motivated by

similar properties of horizon-sized string loops in the scaling regime [92–96], but it is currently
under debate whether string loops much smaller than horizon size can be amply produced and
impact the scaling solution [97–100]. Different from defects previously discussed, cosmic rings
can have two oscillation modes, one from the overall coherent oscillation of the rings with
k ≈ Hp (hereafter “string mode”) and the other from the rapid incoherent oscillation of the
heavy walls with k ≈ Hre (hereafter “wall mode”). Because the walls are mostly transverse
to the string, one may assume that the frequency of the wall mode k ≈ Hre remains mostly
unchanged during reconnection. As cosmic belts reconnect later, they break off longer cosmic
rings that produce GWs with lower frequencies.

3.4.1 Estimating spectrum from cosmic ring of fixed size

Wall mode (k ≈ Hre) GW spectrum. We first estimate the wall mode spectrum for
cosmic rings produced around H ≈ Hp. The ring density around its production is

ρring ≈ σwℓH3
p ≈

σH2
p

Hre
≈ ρbelt(H = Hp), (3.23)
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Figure 5. Schematic sketch for the evolution of the individual cosmic ring: cosmic belts meet and
reconnect to form cosmic rings around t ≈ H−1

p . Isolated cosmic rings then redshift like matter and
emit gravitational waves in two frequencies: (1) the string mode (yellow) with frequency k ≈ Hp and
(2) the wall mode (pink) with frequency k ≈ Hre. During the wall mode oscillations, the width of
cosmic rings remains w ≈ H−1

re . This also enhances the string mode signal as the effective tension
of the string model µeff ≡ σ/Hre is much higher than the string tension µ. Until much later around
t ≈ Γ−1

tot, all walls rapidly collapse, and all cosmic rings slim down. Unstable string-wall configuration
(cf. figure 3) is annihilated at this point while the stable configuration is bound into a loop of stable
string bundles. Each thin string loop continues to oscillate and finally collapses much later at their
respective t ≈ Γ−1

str .

comparable to the energy density of the long belt. However, as illustrated in figure 5, after
separating from the mother long belt, it becomes an isolated object with w ≈ H−1

re and
ℓ ≈ H−1

p , redshifting like matter. During the oscillating stage of the wall mode, the GW
abundance may be estimated as

∂2ΩGW, ring, wall osc.
∂ ln k∂ lnHp

∣∣∣∣∣
t=Γ−1

tot

≈ 1
T 4

(
σ

Hre
H2

p

)(
T

Tp

)3Γwall
H

≈
(
Hp

Hre

)1/2 σ2

M4
PlH

1/2
re Γ3/2

tot

(
k

Hre

)3
, k ≲ Hre.

(3.24)

The ∼ k3 power-law dependence is similar to that of oscillating cosmic disks or string loops.
Compared to cosmic disks (cf. eq. (3.14)), these cosmic rings are produced later and have
“narrower” walls (w < ℓ). Because rings first redshift as radiation as part of the long belt
until their later breakoff, they necessarily make up a smaller fraction of the energy density
than cosmic disks. Consequently, these rings produce gravitational-wave signals that are
∼ (Hp/Hre)1/2 smaller than those from disks. During the collapsing stage, the width of these
rings shrinks, resulting in a decrease in energy ∝ wHre, and produces a ∼ k−1 spectrum
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Figure 6. Decomposition of the gravitational-wave spectrum from cosmic rings on a logarithmic
scale. Generally, three peaks appear. Two peaks are from the string mode oscillating with a frequency
k ≈ Hp: one from the usual thin string with tension µ, and the other from the fat string with
effective tension µeff ≡ σ/Hre. The last peak comes from the wall mode oscillating with frequency
k ≈ Hre. Top left: as Hp decreases (lighter color), the rings are produced later and radiate GWs
of lower frequencies. The GW abundance of thin-string mode remains unchanged. However, that
of the fat-string mode decreases and traces out the ∝ f3/2 power law. The fat-string peak vanishes
for Hp ≲ Γtot since domain walls have collapsed when cosmic rings are produced. In other words,
almost all cosmic rings (belts) have effectively become string loops (long strings). Top right: the
GW spectrum for the wall mode of cosmic rings of decreasing Hp (lighter color). While the wall
mode constantly radiates at k ≈ Hre, the GW abundance of cosmic rings produced later decreases
and is subdominant. Bottom: the total GW spectrum of cosmic rings produced due to network
reconnection is obtained by summing over the GW spectrum produced at all possible Hp. This is
approximated by the envelope of all the spectra (thick green line).

similar to long cosmic belts. Hence,

∂2ΩGW, ring, wall col.
∂ ln k∂ lnHp

∣∣∣∣∣
t=Γ−1

tot

≈
(
Hp

Hre

)1/2 σ2

M4
PlH

1/2
re Γ3/2

tot

(
Hre
k

)
, k ≳ Hre. (3.25)

When Hp ≪ Hre, both the oscillating and collapse stage of the wall mode are obscured
underneath the disks’ GW spectrum because of the (Hp/Hre)1/2 suppression. However, when
Hp ≈ Hre, the collapsing stage of cosmic rings is less rapid than that of disks and produces a
shallower UV spectrum ∝ k−1. This ∼ k−1 part of the spectrum should be one of the main
features in the GW signal from the reconnection of the inflated string-bounded wall network.
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String mode (k ≈ Hp) GW spectrum. The string mode on individual cosmic ring
spectrum has more features. We start by noticing that ρring takes a similar form to that of
string loops ρloop ≈ µH2

p if we define an effective string tension µeff ≡ σ/Hre. The presence
of walls, therefore, makes the cosmic ring appear like a “fat string”.8 This means that the
string mode of the cosmic rings will have a decay rate

Γfat str ≈
PGW, ring
Ering

≈ σ

M2
Pl

Hp

Hre
, (3.26)

in which we used

PGW, ring ≈

〈 ...
Q

2〉
M2

Pl
≈ 1
M2

Pl

(
Eringℓ

2

ℓ3

)2

≈ σ2

M2
PlH

2
re
, Ering ≈ σwℓ. (3.27)

Note that the fat-string decay rate Γfat str is always smaller than the wall decay rate into
gravitational wave Γwall ≲ Γtot, as sketched in figure 5, because Hp < Hre < σ/µ. Yet once
the wall mode decays, the ring width rapidly shrinks so that rings behave like cosmic string
loops with their usual tension µ. Then, much later, these string loops collapse and decay into
gravitational waves. It is then helpful to call the string mode with µeff before t ≲ Γ−1

tot the fat-
string mode and call the string mode with µ after t ≳ Γ−1

tot the thin-string mode. The fat-string
mode stays in the oscillating stage so that its gravitational-wave spectrum can be estimated as

∂ΩGW, ring, fat str
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 1
T 4

(
σH2

p

Hre

)(
T

Tp

)3Γfat str
H

≈
(
Hp

Hre

)3/2 σ2

M4
PlH

1/2
re Γ3/2

tot

(
k

Hp

)3

, k ≲ Hp.

(3.28)

At t = Γ−1
tot, domain walls rapidly collapse. Because tension changes suddenly from µeff = σ/Hp

to its true tension µ within t ≈ Γ−1
tot, the gravitational-wave spectrum of fat-string mode

sharply cuts off at k ≈ Hp,9 and the cosmic ring, now a thin string loop, remains in its
oscillating stage.

The string mode then continues to behave just like a usual string loop until it decays
around t−1 ≈ Γstr ≡ µHp/M

2
Pl and matches to the well-studied gauge string GW spectrum.

The spectral peak of thin strings should be around k ≈ Hp at t ≈ Γ−1
str or, equivalently,

k ≈ a(Γ−1
str )Hp/a(Γ−1

tot) at t ≈ Γ−1
tot. Also, it should exhibit k3 → k−1 power-law dependence

around this peak. A more elaborated computation for this contribution is provided in
appendix C with results given in eqs. (C.2) and (C.3). To sum up, the full GW spectrum

8The word “fat string” in this work refers to the low-frequency oscillating mode of cosmic rings with
frequency k ∼ Hp and effective tension ∼ σ/Hre before the wall decays. This term should not be confused with
the “fat string” used in numerical simulations of cosmic strings that refer to simulated strings with artificially
enlarged string cores for better dynamics resolutions.

9Here, we assumed that Hp ≪ Hre so that the typical string mode frequency k ≈ Hp cannot resolve the
dynamics on a scale w−1 ≈ Hre. Technically, the spectrum may not be sharply cut off when Hp ≈ Hre,
and ∼ k−1 UV part of the GW spectrum from the fat string collapse may be resolved. Nonetheless, this
contribution is comparable to that of the wall mode with Hp ≈ Hre and does not introduce a shallower
power-law dependence to the total GW spectrum. Hence, we will not further discuss this subtlety.
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from the string mode of cosmic rings should look like

∂2ΩGW, ring, str.
∂ ln k∂ lnHp

∣∣∣∣∣
t=Γ−1

tot

≈



(
Hp

Hre

)3/2 σ2

M4
PlH

1/2
re Γ3/2

tot

(
k

Hp

)3

, k ≲ Hp,

√
µ

MPl

(
a(Γ−1

tot)
a(Γ−1

str )
k

Hp

)3

, Hp ≲ k ≲
a(Γ−1

str )
a(Γ−1

tot)
Hp,

√
µ

MPl

(
a(Γ−1

tot)
a(Γ−1

str )
k

Hp

)−1

, k ≳
a(Γ−1

str )
a(Γ−1

tot)
Hp.

(3.29)

A sketch of example spectra from the string mode of individual cosmic rings with different
Hp is shown in the top left panel of figure 6.

For our next discussion on the total gravitational-wave spectrum from rings, the important
observation here is that the string mode has two peaks, one at k ≈ Hp and another around
the usual peak of thin string loops. The thin-string mode behaves similarly to the well-studied
GW spectrum produced by gauge strings as illustrated in appendix C. Thus, when reporting
the string spectrum in section 3.5, we will use the spectrum from previous studies that treated
the reconnection more carefully with support from detailed numerical simulations and will
not distinguish the thin-string contribution from that from a usual cosmic string. The novel
contribution is that from the fat string, which will be our main focus in section 3.4.2, and we
will defer further discussion on the thin-string mode until section 3.5.

3.4.2 Summing contributions from cosmic rings of all sizes

Once the GW signal from individual cosmic rings is determined, the total gravitational-wave
spectrum can be obtained by summing over spectra of rings of various sizes. Reconnection
of the string-wall network produces cosmic rings at different Hp. Thus, the total spectrum
can be obtained by

∂ΩGW, loop
∂ ln k

∣∣∣∣
t=Γ−1

tot

=
∫ Hp,max

Hp,min
d lnHp f(lnHp)

∂2ΩGW, loop
∂ ln k∂ lnHp

∣∣∣∣∣ , (3.30)

in which f(lnHp) denotes the distribution of cosmic rings produced with size ℓ ≈ H−1
p

at cosmic time t ≈ H−1
p . Maintaining a scaling regime for the network implies that this

distribution is roughly scale-invariant, and f(lnHp) ∼ const. ≈ 1. This integral can be
estimated by to approximating it as envelope of the integrand as we change Hp within the
integration bound as illustrated in the bottom panel of figure 6.

When Hp ≈ Hre, both the wall mode and string mode produce comparable peaks at
k ≈ Hre with maximal GW abundance ≈ σ2/

(
M4

PlH
1/2
re Γ3/2

tot

)
. Coincidentally, when domain

walls decay mainly into gravitational waves, the ∼ k−1 falloff from the wall mode spectrum
matches parametrically with the ∼ k−1 spectrum from the thin-string mode (or the usual
cosmic string GW spectrum). That is,

∂ΩGW, ring, wall, col.
∂ ln k

∣∣∣∣k=a(Γ−1
str )Hre/a(Γ−1

wall)

t=Γ−1
wall

=
√
µ

MPl
. (3.31)
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As Hp decreases, the maximum abundance of both string and wall modes decreases. However,
the (fat-) string mode now oscillates at a lower frequency Hp than Hre. This leads to a ∼ k3/2

envelope due to the ∼ (Hp/Hre)3/2 factor. Therefore, by integrating Hp from Γtot to Hre, we
find that the cosmic rings produce a gravitational-wave spectrum of the form

∂ΩGW, ring
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 2πσ2

3M4
PlH

1/2
re Γ3/2

tot



(
k

Γtot

)3(Γtot
Hre

)3/2
, k ≲ Γtot,(

k

Hre

)3/2
, Γtot ≲ k ≲ Hre,(

Hre
k

)
, k ≳ Hre,

(3.32)

in which we dropped the contribution from the thin-string peak.

3.5 Summary

We have computed the gravitational-wave spectrum due to the three-stage evolution of the
inflated string-bounded wall network. Taking Γtot = Γwall, the full wall spectrum, including
disks, belts, and rings, observed at around t = Γ−1

wall, is

∂ΩGW
∂ ln k

∣∣∣∣
t=Γ−1

wall

≈ 2πσ1/2

3MPlH
1/2
re



(
k

Γwall

)3(Γwall
Hre

)3/2
, k ≲ Γwall,(

k

Hre

)3/2
, Γwall ≲ k ≲ Hre,(

Hre
k

)
, k ≳ Hre.

(3.33)

This spectrum is shared among any inflated string-bounded wall networks. Redshifted to
today, this provides a peak around

fpeak

∣∣∣∣
T0

≈2× 10−3Hz
(

106.75
g∗,s(TΓtot)

)1/3(
g∗,ρ(TΓtot)
106.75

)1/4( Hre
10−13GeV

)(5.3× 10−19GeV
Γtot

)1/2

≈2× 10−3Hz
(

106.75
g∗,s(TΓtot)

)1/3(
g∗,ρ(TΓtot)
106.75

)1/4( Hre
10−13GeV

)(106GeV
σ1/3

)3/2

,

(3.34)
in which the 2nd equality assumes that Γtot = Γwall. The fractional energy density of the
gravitational wave around this peak, as observed today, is

ΩGWh
2
∣∣∣∣
T0,fpeak

≈2× 10−8
(

σ1/3

106GeV

)6(5.3× 10−19GeV
Γtot

)3/2(10−14GeV
Hre

)1/2

=2× 10−8
(

σ1/3

106GeV

)3/2(10−14GeV
Hre

)1/2

.

(3.35)

In the model discussed in section 2, topologically stable strings remain after the annihila-
tion of domain walls. The string contribution (both scaling string after t ≳ Γ−1

tot and thin-string
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mode of cosmic rings) will be part of the gravitational-wave spectrum. It has been shown that
the gravitational-wave spectrum from gauge string as observed today is approximately [34]

∂ΩGW, strh
2

∂ ln f

∣∣∣∣∣
T0

≈ 4× 10−11
(

µ1/2

1013GeV

)


(
f

fstr, eq

)3/2

, f ≲ fstr, eq,

1, fstr, eq ≲ f ≲
a(Γ−1

tot)kstr
2π ,

a(Γ−1
tot)kstr
2πf , f ≳

a(Γ−1
tot)kstr
2π .

(3.36)

Here, fstr, eq is defined as the typical frequency of GWs emitted by strings around matter-
radiation equality

2a(teq)
fstr, eq

= γ
µ

M2
Pl

1
H(teq)

=⇒ fstr, eq ≈ 2× 10−6Hz
(
1013GeV
µ1/2

)2

, (3.37)

in which teq denotes the cosmic time at equality, and γ ≈ 50 is a dimensionless parameter
governing the decay efficiency of gauge strings. The two IR contributions are familiar from
cosmic strings in the scaling regime during a matter-dominated and radiation-dominated epoch.
The novel signature is the UV falloff. Unlike the usual case where this falloff is controlled by
the symmetry-breaking scale, our falloff is controlled by the string re-entry Hubble as well.

Note that we ignore the GW emission from higher harmonic modes, especially from
possible cuspy structures on the domain wall, in this work. The higher modes may potentially
modify the UV part of the spectrum. This is analogous to cusps modifying the UV part
of the GW spectrum of cosmic strings. It is known that the nth harmonic mode on strings
may be excited and emit GWs with a power Pn ∼ n−q with spectral index q = 4/3 for
cusp-dominated string configuration [37, 47]. Assuming that the UV spectrum from the
fundamental mode follows a power law ΩGW ∝ (k/kc)−nUV , the higher-order harmonics
excited by cusps can lead to a shallower spectral shape ΩGW =∑∞

n=1ΩGW,n ∝ k1−q in the
UV when q < nUV + 1 [38]. This modifies the UV tail of the GW spectrum of cosmic strings
from ∼ f−1 to ∼ f−1/3. Similar effects may appear for the wall oscillation and change the
UV part of the GW spectrum, but the investigation of such an effect requires dedicated
numerical simulations and is beyond the scope of this work.

As a concrete demonstration of this power-law dependence, we consider a benchmark
point with µ1/2 = 1013GeV, σ1/3 = 106GeV, Hre = 10−14GeV, and Γwall ≈ 5.3× 10−19GeV,
whose spectrum is shown in figure 7. Various contributions from cosmic disks, cosmic rings,
scaling strings, and scaling walls are decomposed with the characteristic frequency dependence
labeled near each curve. Both cosmic disks and cosmic rings contribute significantly to the
GW spectrum near its peak. But because cosmic rings of longer radius ℓ are produced from
the reconnection of cosmic belts, their contribution dominates the IR part of the GW signal.
If the thin string is sufficiently long-lived, this contribution may eventually overtake the IR
part of the ring contribution, leaving a string-like spectrum in the lower frequency.

We note that the presence of the string spectrum (dot-dashed green line) is model-
dependent. It is possible that cosmic strings produced in the first phase transition are all
topologically unstable and annihilated by walls produced in the second phase transition.
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Figure 7. Decomposition of the gravitational-wave signal of the defect network bounded by inflated
gauge strings with the string tension µ1/2 = 1013 GeV, the wall tension σ1/3 = 106 GeV, the string
re-entry Hubble parameter Hre = 10−13 GeV, and the decay rate of domain walls Γtot = Γwall ≈
5.3 × 10−19 GeV. The dominant GW signal is from domain walls and comes in three parts: rings
(dot-dash-dotted yellow line), disks (dashed light-blue line), and scaling (dot-dashed violet line) with
the characteristic power-law behavior labeled on the figure. Stable gauge strings in the model also
produce GW (dot-dashed green line). The full GW signal is the sum of the two spectra (solid dark-blue
line). The string spectrum for the inflated string-wall network has a UV falloff because the strings
can produce GWs only after t = H−1

re due to inflation. If there remain no stable gauge strings after
the annihilation of walls, only GW from walls will be observed. The same benchmark model with the
production of both gauge strings and domain walls after inflation will produce a GW spectrum only
from scaling gauge strings (solid brown line), with no sharp feature due to the annihilation of walls on
the spectrum.

For instance, unstable Z2 strings can usually arise when breaking an SO(10) grand unified
theory to the Standard Model. Unlike our model with π1(U(1)) = Z showing the stability
of boundary strings, π1(SO(10)/(SU(3) × SU(2) × U(1))) = 0 implies that these strings are
not protected by topology. Due to this topological instability, all strings must attach to
domain walls, and no string remains after the walls collapse. This may remove the flat string
spectrum. Nonetheless, due to inflation, walls (rings and disks) bounded by unstable strings
are capable of providing some striking signal.10

Here, it is also opportune to compare our scenario (thick blue curve in figure 7) with
a period of inflation between phase transitions to the typical post-inflationary production
of both cosmic strings and domain walls (solid brown curve labeled “post-inflation”). For

10However, it should be noted that the unstable string does not affect the dynamics of the network until
much after the collapse of the walls. This makes extracting information about the string, such as the string
tension, from the GW spectrum quite challenging in general.
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the post-inflationary production scenario, the typical energy of domain walls is initially
smaller than that of strings.11 As strings scale with the Hubble size, walls attached to strings
shall also grow until H ≈ σ/µ. Then, domain walls become important and can annihilate
some strings (see figure 3), analogous to the NDW = 1 axion strings annihilated by domain
walls due to QCD potential. A previous study suggests that wall-driven string annihilation
contributes within ∼ O(1) of the GW spectrum from that of the string in scaling regime [42].
On top of this contribution from annihilating strings of opposite winding numbers, the gauge
string remains stable due to the nontrivial 1st homotopy group of U(1) and will continue to
produce a scaling spectrum. It is, thus, reasonable to assume that the wall-driven annihilation
process almost does not produce significant features on top of the scaling spectrum from the
gauge string. This is why we choose to plot the “post-inflation” curve in figure 7 to match
the spectrum of a scaling string without domain walls. It is, however, expected that some
small ∼ O(1) enhancement of GW spectrum in the IR can appear for the post-inflationary
case since the stable string is bundled up from lower-tension strings, and increased string
tension generally augments GW abundance. Comparing the thick blue line with the brown
line, we see that the wall annihilation delayed by re-entered strings produces a distinctive
spectral shape above the usual flat GW spectrum of strings. This shows how the inflated
string-bounded walls produce more gravitational-wave signals. Also, in the UV, the flat
string spectrum is modified as no earlier strings are present before re-entry. This shows how
inflated string-bounded walls produce more spectral features than the usual cosmic strings.
We stress that the peak frequency of the spectrum needs not to be around ≈ 10−4Hz, and
this will be demonstrated with more benchmarks in section 5.

4 From boundary gauge string to boundary global strings

In this section, we will shift our focus to finding the gravitational-wave signature when global
strings, instead of gauge strings, bound the walls. This can be achieved by demoting the U(1)
gauge symmetry to a global symmetry for our model shown in eq. (2.1). Different from the
scenario discussed in section 3, the model with global strings has an extra Nambu-Goldstone
boson (NGB). Strings may radiate NGBs and open up another channel to dump the energy
of the defect network. This can suppress its gravitational wave signal.

4.1 NGB radiation from boundary strings: an illustrative toy computation

Before computing the actual GW spectrum from various defects in the network, it is helpful
to clarify how NGB radiation changes the dynamics and GW emission of defects with a toy
computation. In this computation, crucial features introduced by boundary global strings
are demonstrated with an artificially chosen defect shape that is not part of the network.
Let us consider a rectangular domain wall “ribbon” of width w and length ℓ (with w < ℓ)
bounded by a global string on its rim. We will also assume that the ribbon oscillates quickly
with frequency k ≈ w−1.

11See, however, the discussion in section VII of ref. [60] and our remarks in section 5.3.
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Figure 8. Schematic sketch of the evolution of string-wall “ribbon” used as a toy model in section 4.1:
Top: when the ribbon’s initial width is larger than k−1

NGB, Nambu-Goldstone boson (NGB) radiation
(wavy yellow lines) is not efficient compared to gravitational-wave (GW) emission (wavy violet lines).
The ribbon’s energy is mostly dumped into GWs, and the wall collapses. However, as the wall width
decreases below k−1

NGB, the NGB emission becomes efficient and takes most of the ribbon’s energy
away in the UV, modifying the GW spectrum. Bottom: when the ribbon’s initial width is smaller
than k−1

NGB, NGB radiation is efficient compared to that of GW, and the wall mode collapses at
t ≈ ΓNGB

wall (wi)−1 which is earlier than its would-be collapse timescale triggered by the GW emission.
There is generally less GW emitted since (1) the ribbon decays away earlier, and (2) the ribbon mostly
emits NGBs instead of GWs.

4.1.1 Changes to evolution of string-wall system

At this point, it is worth reviewing the difference between global strings and gauge strings.
On the one hand, the string tension has a logarithmic enhancement from NGB modes

µ ≈ πv22 ln(v2d), (4.1)

where d denotes the typical distance between cosmic strings, and we will estimate the
logarithm to be ∼ O(60). Therefore, the condition that Ewall ≳ Estr translates to a rough
bound on Hre as

Hre ≲
2σ
µ

≈ σ

90v22
. (4.2)

On the other hand, global strings radiate NGBs with power

PNGB ≈ γav
2
2kℓ, (4.3)

in which γa ≈ 60 is a dimensionless number controlling the radiation efficiency into Nambu-
Goldstone modes [101, 102].12 The power radiated by a one-dimensional object should scale

12We note that the NGB couples to cosmic strings only, but as topology dictates that all open walls are
attached to cosmic strings at their boundaries, the oscillation of a heavy domain wall will drag the boundary
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linearly with its size so long as the rapid oscillation is incoherent on scales larger than its
wavelength (see discussion in section 3.3.3), and this motivates the ∝ ℓ dependence in our
parameterization. Without the rapid oscillating wall, the string typically oscillates at a
frequency k ≈ ℓ−1 so that the power loss into NGB emission is roughly independent of the
string size [101]. However, when k ≈ w−1 > ℓ−1, the rapid oscillation enhances the power
radiated by the string-wall defect.

Here, we will also assume that the wall does not emit NGBs efficiently. This can be
justified by two reasons. First, the domain wall in our two-field model mainly consists of the
angular field of ϕ1. This is nearly orthogonal to the light global NGB mode mainly in ϕ2.
Also, from the effective action perspective, coupling of NGBs to a string worldsheet involves
a lower-dimensional operator than that to a wall’s worldvolume. Therefore, the emission rate
of NGBs from oscillating walls is suppressed compared to that from their boundary strings.
More concrete discussion on this suppression is provided in appendix E

By assuming Ewall ≳ Estr, we find that the string-wall system’s energy evolves as

d(σwℓ)
dt ≈ −Γwallσwℓ− γav

2
2
ℓ

w
= −

(
Γwall + ΓNGB

wall (w)
)
σwℓ, (4.4)

in which we defined

ΓNGB
wall (w) ≡

γav
2
2

σw2 . (4.5)

A special scale is obtained by comparing the decay rates in the two channels, i.e.,

kNGB ≡ Γ1/2
wallσ

1/2

γ
1/2
a v2

. (4.6)

By estimating that w ≈ k−1, it is also helpful to relate ΓNGB
wall (w) to Γwall by

ΓNGB
wall (w) ≈ Γwall

(
k

kNGB

)2
, k ≳ kNGB. (4.7)

This equation highlights that when w−1 ≳ kNGB, more energy from the string-wall ribbon
will be dumped into NGBs relative to GWs, which changes the GW spectrum.

The crucial point here is that there is a competition of the decay timescale between the
NGB radiation determined by ΓNGB

wall (wi) and the GW radiation determined by Γwall. The
larger one of them determines the collapse time of the network. Fortunately, both scales are
completely determined by the initial width of the ribbon wi and independent of its length.
Hence, the most important decay channel can be determined by comparing w−1

i with kNGB.

4.1.2 Changes to gravitational-wave spectrum

Let us now briefly comment on the GW spectrum for this rectangular string-wall ribbon.
When w−1

i ≳ kNGB, NGB radiation can efficiently collapse the string-bounded wall ribbon

cosmic string, force it to radiate NGBs, and decrease the wall’s energy. This mechanism is slightly different
from the usual NGB radiation from strings that oscillate by their own tension. It is, thus, possible that γa ≈ 60
is modified when heavy walls drag strings, but the parametric dependence of PNGB should remain the same.
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and set its decay rate. In other words, if the string-wall rectangle’s initial width wi is small
enough, the total decay width Γtot is roughly determined by

ΓNGB
wall (wi) ≈

µ

πσ
w−2

i , (4.8)

in which we estimated πγav
2
2 ≈ µ as illustrated in the bottom panel of figure 8. Note that the

ΓNGB
wall (wi) defined above is a fixed parameter independent of the width w(t) and should be

contrasted with ΓNGB
wall (w) that depends on the w(t). There are two modifications compared

to our estimation for a wall bounded by gauge strings: (1) the maximal abundance is affected
since the decay time t ≈ ΓNGB

wall (wi)−1 < Γ−1
wall, and (2) the UV tail of the spectrum should

be altered to reflect the enhancement of NGB radiation while the width decreases as shown
in eq. (4.7). The first change can be addressed by doing the same estimation as eq. (3.24)
with a replacement Γtot → ΓNGB

wall (wi) as the total decay rate Γtot is almost entirely ΓNGB
wall (wi).

The second change enters the computation in the form of a branching ratio, i.e.

Γwall
Γtot

= Γwall
Γwall + ΓNGB

wall (w)
≈ Γwall

ΓNGB
wall (wi)

ΓNGB
wall (wi)
ΓNGB

wall (w)
≈ Γwall

ΓNGB
wall (wi)

(wik)−2, (4.9)

in which k ∼ w−1 denotes the GW frequency due to the rapidly shrinking width observed
at t ≈ ΓNGB

wall (wi)−1. This extra ∼ k−2 dependence will further suppress the UV part of
the GW spectrum from ∼ k−n to ∼ k−n−2. Similar to the wall mode of a cosmic ring, the
UV part of the ribbon GW spectrum should have been scaled like ∼ k−1. However, with
the NGB radiation taking over the energy loss process, the UV part of the ribbon GW
spectrum scales like ∼ k−3 instead.

On the other hand, if initially w−1
i ≲ kNGB, the string-bounded rectangular wall still

mainly collapses due to energy loss from the wall, i.e., Γtot ≈ Γwall, but NGB emission
eventually dominates when w−1 ≳ kNGB in the collapse stage as illustrated in the top panel of
figure 8. This means that while the peak of the GW spectrum remains unaffected, we should
see a k−n → k−n−2 power-law change in the UV part of the GW spectrum. This effect kicks
in when w−1 ≈ k ≳ kNGB and, analogous to eq. (4.9), the branching fraction is modified to

Γwall
Γtot

≈ Γtot
ΓNGB

wall (w)
≈ ΓGW

Γwall

(
kNGB
k

)2
. (4.10)

Unlike the previous case (w−1
i ≳ kNGB) in which the domain wall oscillation is prematurely ter-

minated by NGB radiation, this case allows the wall to oscillate fully and decay predominantly
into GWs while giving an interesting transition in spectral shape in the UV.

4.2 Gravitational-wave signal: spectrum and strength

With the previous toy computation in mind, we now compute the gravitational-wave spectrum
from the inflated string-bounded wall network. We will focus on the novel features from
the gauge string case instead of reiterating already familiar computations. A summary of
GW spectra is provided in section 4.3.
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4.2.1 GW from cosmic disks

Cosmic disks generate gravitational-wave signals quite analogous to the scenario discussed
in section 4.1 with r−1 ≈ ℓ−1 ≈ w−1

i ≈ Hre. If kNGB ≳ Hre, they still undergo three-stage
evolution. Both the scaling regime (t ≲ H−1

re ) and the oscillation stage (H−1
re ≲ t ≲ Γ−1

tot)
remains unaffected. Only the UV part of the gravitational-wave spectrum, which comes from
the collapsing stage of cosmic disks, is altered. The estimation for this stage should be

∂ΩGW, col.
∂ ln k

∣∣∣∣
t=Γ−1

wall

≈ 1
T 4
Γwall

(σHre)
(
TΓwall

Tre

)3Γwall
Γtot

(rHre)2

≈ σ2

M4
PlH

1/2
re Γ3/2

wall


(
Hre
k

)2
, Hre ≲ k ≲ kNGB,(

Hre
k

)2(kNGB
k

)2
, k ≳ kNGB,

(4.11)

following eq. (4.10). This means that the UV spectrum of the gravitational wave during the col-
lapse stage is modified such that a steeper falloff ∼ k−4 may appear. This is corroborated with
a more sophisticated computation using the Boltzmann equation as discussed in appendix B.

When we take kNGB ≲ Hre, the three-stage evolution of walls is altered slightly to (1)
scaling regime, (2) oscillating regime that is prematurely terminated by NGB radiation,
and (3) rapid decay into predominantly NGBs. This means that the oscillating spectrum
remains valid until t ≈ ΓNGB

wall (wi)−1, i.e.,

∂ΩGW, osc.
∂ ln k

∣∣∣∣
t=ΓNGB

wall (wi)−1
≈ σ2

M4
PlH

1/2
re
(
ΓNGB

wall (wi)
)3/2

(
k

Hre

)3
. (4.12)

Then, the radiation into NGBs becomes efficient, and the network rapidly collapses. The
gravitational-wave spectrum becomes much steeper because of the enhancement of the decay
rate into NGBs from eq. (4.9), and its UV part should be

∂ΩGW, col.
∂ ln k

∣∣∣∣
t=ΓNGB

wall (wi)−1
≈ σ2

M4
PlH

1/2
re
(
ΓNGB

wall (wi)
)3/2

(
Hre
k

)4
. (4.13)

While the spectral shape still is interesting, this case with kNGB ≲ Hre leads to a smaller
peak in ΩGW(k), hence yielding typically a smaller GW signature.

4.2.2 GW from cosmic rings

Another significant contribution from the string-wall network to the GW spectrum comes
from cosmic rings. It is worth reiterating that cosmic rings have a wall mode (k ≈ Hre ≈ w−1)
and a string mode (k ≈ Hp ≈ ℓ−1). Each of them gives different decay rates, as summarized in
table 1. Most of these have been computed in the previous section, and the new contribution,
coming from the NGB radiation of string mode (lower-right entry of table 1), can be evaluated
using the NGB radiation formula (eq. (4.3)) and dividing the power by the energy of cosmic
rings.13 Table 1 tells us that the wall mode dissipates more power and controls the dominant

13We implicitly assumed that the cosmic rings are in the stable configuration instead of the unstable
configuration as shown in figure 3. This allows us to treat the NGB radiation of the string mode as if it is
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Γ wall string

GW σ

M2
Pl

σ

M2
Pl

Hp

Hre

NGB µ

πσ
H2

re
µ

πσ
HreHp

Table 1. Summary table of decay rates of two oscillation modes of cosmic rings into various channels.

decay rate. It is also worth mentioning that by assuming that Hre ≲ σ/µ, it is guaranteed
that the decay of the walls by NGB radiation can happen only after the string re-entry, i.e.,

H−1
re <

σ

µHre
H−1

re ≈ ΓNGB
wall (wi)−1. (4.14)

This matches the intuition that the boundary string does not affect the dynamics too much
when the wall energy is large.

We can then repeat the analysis for the wall and string mode similar to that presented
in section 3.4.2. If kNGB ≳ Hre, cosmic rings are wide enough such that NGB emission is not
the dominant decay channel during its oscillating stage. Therefore, the IR part of the GW
spectrum from cosmic rings remains the same as that discussed in section 3.4.2, exhibiting
∼ k3 →∼ k3/2 power law. As the wall starts to collapse, the ring width w(t) decreases
below k−1

NGB, and the NGB emission becomes the dominant decay process. Then, according
to eq. (4.10), an extra ∼ k−2 suppression in the GW spectrum from the branching ratio
becomes important. Aggregating all these observations, we obtain the gravitational-wave
spectrum analogous to eq. (3.32),

∂ΩGW
∂ ln k

∣∣∣∣
t=Γ−1

wall

≈ 2πσ2

3M4
PlH

1/2
re Γ3/2

wall



(
k

Γwall

)3(Γwall
Hre

)3/2
, k ≲ Γwall,(

k

Hre

)3/2
, Γwall ≲ k ≲ Hre,

Hre
k
, Hre ≲ k ≲ kNGB,

Hre
k

(
kNGB
k

)2
, k ≳ kNGB.

(4.15)

If kNGB ≲ Hre, the dominant decay mode is the NGB radiation instead and Γtot ≈
ΓNGB

wall (wi). The k3 → k3/2 power law remains unchanged in the oscillating stage, but the
maximal gravitational-wave abundance is changed to ≈ σ2/

(
M4

PlH
1/2
re ΓNGB

wall (wi)3/2
)
. At wall

collapse, NGB emission is already important. Hence, the UV tail in this scenario is ∼ k−3;

emitted from a string. The unstable configuration, however, contains strings that wind oppositely, and the
NGBs radiated from the string mode can have a parametrically smaller energy scale ∼ Hp than the inverse
wall width ∼ Hre. Radiated NGB at such a long wavelength typically cannot resolve the winding of individual
boundary strings. Hence, the NGB radiation from the string mode of the unstable configuration should be
further suppressed by some small parameter controlled by ∼ Hp/Hre, analogous to the electric quadrupole
radiation as a subleading effect to the electric dipole radiation in classical electrodynamics.
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see the discussion below eq. (4.9). The GW spectrum from rings is of the form

∂ΩGW
∂ ln k

∣∣∣∣
t=ΓNGB

wall (wi)−1
≈ 2πσ2

3M4
PlH

1/2
re ΓNGB

wall (wi)3/2

×



(
k

ΓNGB
wall (wi)

)3(ΓNGB
wall (wi)
Hre

)3/2

, k ≲ ΓNGB
wall (wi),(

k

Hre

)3/2
, ΓNGB

wall (wi) ≲ k ≲ Hre,(
Hre
k

)3
, k ≳ Hre.

(4.16)

At this point, it may be interesting to ask whether the k3/2 spectrum can also be
suppressed by the NGB radiation. This requires Hre < ΓNGB

wall (wi) and is incompatible with
our assumption that Ewall > Estr as demonstrated in eq. (4.14). This conclusion is also
intuitive. By removing the ∼ k3/2 spectrum, we effectively demand that the cosmic belts
almost do not reconnect before walls collapse so that cosmic rings of various sizes are never
produced. This is only possible if cosmic belts are similar to global strings and produce
string loops instead of cosmic rings. In other words, the scenario without the k3/2 part of
the spectrum requires domain walls to be a subdominant component of the energy budget
of the network.

4.2.3 GW from other defects

Besides rings and disks, there are other defects in the network, such as cosmic string loops
and cosmic belts. Now, we show that their contribution to the GW spectrum is negligible.
We will omit these contributions when we report the benchmark gravitational-wave spectrum
from walls bounded by inflated global strings.

First, cosmic belts are already known to be a subdominant source of GWs even in the
boundary gauge string case as discussed in section 3.3.3. Its maximal abundance should still
be suppressed compared to that from cosmic disks or rings, i.e.,

ΩGW, belt, peak

∣∣∣∣
t=Γ−1

tot

≈
(
Hre
Γtot

)1/2
ΩGW, ring, peak

∣∣∣∣
t=Γ−1

tot

. (4.17)

This claim still holds for the case with boundary global strings with Γtot≈max{Γwall,ΓNGB
wall (wi)},

and the prefactor still suppresses the belt contribution to the GW spectrum when Γtot ≈
ΓNGB

wall (wi) as shown in eq. (4.14). Hence, we may safely ignore the cosmic belt contribution
regardless of whether NGB emission is significant or not.

For the string spectrum, the NGB radiation is extremely efficient in damping the energy
in string loops, and the typical decay rate by the NGB radiation for global strings is roughly

d(µℓ)
dt ≈ −γav

2
2 =⇒ ΓNGB

str ≈ Hp

π
∼ Hp. (4.18)

This should be contrasted with the decay rate of strings into gravitational waves, Γstr ≈
µHp/M

2
Pl (see eq. (C.1)). Then, we may estimate the maximal gravitational-wave abundance
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emitted by global strings as

ΩGW, str, peak ≈
µH2

p

M2
PlH

2
p

Γstr
ΓNGB

str
≈ µ2

M4
Pl

≈ 105
(
v2
MPl

)4
. (4.19)

If we take v2 ≈ 1013GeV, we find that the maximum gravitational-wave signal from global
strings observed today should be

ΩGW, global strh
2
∣∣∣∣
T0

≈ 2× 10−21
(

v2
1013GeV

)4
. (4.20)

Our naïve estimate here agrees parametrically with previous studies that implemented
numerical simulations of GWs from global strings [36, 42, 44].14 This GW abundance is too
small to be observed by current or near-future GW observatories, so we may safely ignore
the contribution to GWs from global strings.

4.3 Summary

In recapitulation, when the boundary defect is a global string, NGB radiation becomes
efficient for a small enough string-bounded wall. If Hre ≲ kNGB, the string-wall network
continues to oscillate until t = Γ−1

wall. In this case, the gravitational-wave spectrum is

∂ΩGW
∂ ln k

∣∣∣∣
t=Γ−1

wall

≈ 2πσ1/2

3MPlH
1/2
re



(
k

Γwall

)3(Γwall
Hre

)3/2
, k ≲ Γwall,(

k

Hre

)3/2
, Γwall ≲ k ≲ Hre,

Hre
k
, Hre ≲ k ≲ kNGB,

Hre
k

(
kNGB
k

)2
, k ≳ kNGB.

(4.21)

The maximum gravitational-wave fractional energy and characteristic peak frequency observed
today remain unchanged from eqs. (3.34) and (3.35) so long as Hre ≲ kNGB. Here, the
characteristic scale for NGB emission is

kNGB ≈ 10−13GeV
(

σ1/3

106GeV

)3(1013GeV
µ1/2

)
, (4.22)

or as observed today,

fNGB

∣∣∣∣
T0

≈ 2× 10−3Hz
(

106.75
g∗,s(TΓwall)

)1/3(
g∗,ρ(TΓwall)
106.75

)1/4( σ1/3

106GeV

)3/2(1013GeV
µ1/2

)
.

(4.23)

14The precise form of a logarithmic dependence on the horizon size is currently under debate [36, 42, 44, 103–
110]. Nonetheless, it is more or less agreed in the literature that the maximum gravitational-wave abundance
observed today is at most ΩGWh2 ≲ 10−21 · (v2/1013 GeV)4.
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If kNGB ≲ Hre, the maximum GW abundance is suppressed, and fewer power-law changes
are present in the GW spectrum. The GW spectrum takes a characteristic power law

∂ΩGW
∂ ln k

∣∣∣∣
t=ΓNGB

wall (wi)−1
≈ 2π5/2σ7/2

3M4
PlH

7/2
re µ3/2

×



(
k

ΓNGB
wall (wi)

)3(ΓNGB
wall (wi)
Hre

)3/2

, k ≲ ΓNGB
wall (wi),(

k

Hre

)3/2
, ΓNGB

wall (wi) ≲ k ≲ Hre,(
Hre
k

)3
, k ≳ Hre.

(4.24)

The maximal gravitational-wave fractional energy and characteristic peak frequency observed
today can still be estimated similar to eqs. (3.34) and (3.35) by replacing Γtot = ΓNGB

wall (wi) as

fpeak

∣∣∣∣
T0

= fNGB

∣∣∣∣
T0

≈ 2× 10−3Hz
(

106.75
g∗,s(TΓtot)

)1/3(
g∗,ρ(TΓtot)
106.75

)1/4( σ1/3

106GeV

)3/2(1013GeV
µ1/2

)
,

(4.25)

ΩGWh
2
∣∣∣∣
T0,fpeak

≈ 10−11
(

σ1/3

106GeV

)21/2(1013GeV
µ1/2

)3(10−12GeV
Hre

)7/2

. (4.26)

Now, we take a slightly modified benchmark from that in section 3.5 with Hre changed
from 10−13GeV to 10−14GeV. All other parameters, such as µ1/2 = 1013GeV, σ1/3 = 106GeV,
and Γtot = Γwall ≈ 5.3×10−19GeV, remains unchanged. This leads to a characteristic scale of
NGB emission kNGB ≈ 10−13GeV. This scale was coincidentally close to the peak frequency
(cf. eq. (3.34)) for the benchmark in section 3.5. Thus, for clarity, we choose to decrease
Hre by one order of magnitude so that fpeak|T0

≈ 2 × 10−4GeV. This shows the entire
∼ k−1 →∼ k−3 spectrum as shown figure 9.

Interestingly, the scale kNGB observed today is independent of Hre. If a ∼ k−1 →∼ k−3

transition is observed in the GW spectrum, the prominent peak can be used to infer both
σ1/3 and Hre while the transition frequency, related to kNGB, may be used to further extract
the string tension. In other words, although the low-lying gravitational-wave signature from
the strings is not detectable, solely using the wall spectrum is sufficient to determine the
property of boundary strings in this scenario. On the other hand, even if ∼ k3/2 →∼ k−3

spectrum is observed, hinting at Γtot = ΓNGB
wall (wi), if the global NGB is massless or has a

small mass, one may also expect it to be a component of dark radiation as well. In this
scenario, while the GW spectrum near its peak cannot provide more information about the
boundary string, ∆Neff and other dark radiation searches provide a complementary reach for
these inflated topological defects that decay into either GWs or very light NGBs, offering
an alternative probe to the string tension.
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Figure 9. Decomposition of the gravitational-wave (GW) signal of walls bounded by inflated global
strings for the scale related to string tension µ1/2 = 1013 GeV, the scale related to wall tension
σ1/3 = 106 GeV, the string re-entry Hubble parameter Hre = 10−14 GeV, for which the network decay
width Γtot = Γwall ≈ 5.3× 10−19 GeV. The wall contribution to the GW spectrum still comes from
three parts: rings (dot-dash-dotted yellow line), disks (dashed light-blue line), and scaling (dot-dashed
violet line). The new feature, in comparison with gauge strings, is the quicker falloff in both the disk
and belt spectrum in the UV. They appear because global strings can radiate Nambu-Goldstone bosons
(NGB) and can further accelerate the collapse of the string-wall network when walls are sufficiently
small. The full GW signal is the envelope of all these spectra (solid dark blue line). The global string
considered here has a low tension and produces a GW signal that is too small to be visible by current
and near-future GW observatories. Nonetheless, the change in power-law dependence in the UV part
of the GW spectrum comes from the NGB emission of the boundary strings and can be used to infer
the string tension.

When the global NGB has a mass and is stable, it can be an axion-like particle dark matter.
Then, the inflated string-bounded wall considered in this work could lead to another way to
produce axion dark matter beyond the standard misalignment mechanism or production from
defects in the minimal case, allowing for a smaller decay constant than what the minimal case
predicts. Note that unlike refs. [111–113], where domain walls are made from the axion, the
domain walls in our setup are made from a heavy field, and hence, the domain-wall energy
density can be larger and produce larger GW signals without overproducing axion dark matter.

5 GW spectrum benchmarks and comparison

In this section, we provide a few more benchmarks to show the generality of this mechanism
in producing interesting gravitational-wave signals across a wide range of frequencies. We
also compare the signal of our setup with the case without intermediate inflation and other
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µ1/2 (GeV) σ1/3 (GeV) Hre (GeV) Hwd (GeV) fpeak|T0
(Hz) ΩGWh

2∣∣
T0,fpeak

1013 106 10−13 6× 10−20 2× 10−3 2× 10−8

107 2× 106 1.4× 10−17 6× 10−23 1.2× 10−7 5× 10−6

1011 108 10−6 6× 10−14 20 6× 10−9

1013 106 10−14 6× 10−20 2× 10−4 6× 10−8

Table 2. Benchmarks of the model parameters {µ1/2, σ1/3, Hre} adopted in figures 1, 7 and 9. The
would-be wall domination scale Hwd is also shown as a comparison with the string re-entry Hubble.
We also provide the peak GW frequency and abundance as observed today for these benchmarks.

possible stochastic GW sources.

5.1 Signals from nanohertz to kilohertz

Before discussing particular benchmarks, we comment on possible observational or phenomeno-
logical constraints from ∆Neff and BBN. First, the dominant light decay products, GWs for
gauge-string-bounded walls and possibly NGBs for global-string-bounded walls, should not
give too much dark radiation beyond the current bound, ∆Neff ≲ 0.17 at 1σ level from CMB
and BBO [114]. Second, the defects should not significantly disrupt BBN. While it is not
strictly required when the domain wall energy fraction is small, TΓtot ≈

√
ΓtotMPl ≳ TBBN

guarantees that the wall network decays before BBN. It is also worth commenting that so long
as the GW emission is the dominant decay channel of the string-wall network, demanding
the relic gravitational-wave density to be below the ∆Neff bound also limits the maximal
abundance of these defects around BBN, assuming a radiation-dominated background from
BBN to recombination. Therefore, it suffices to check the ∆Neff bound for all benchmarks
we considered below because they all predominantly decay into gravitational waves.

Let us now revisit the scenario with µ1/2 = 1013GeV, σ1/3 = 106GeV, Hre = 10−13GeV,
and Γtot = Γwall ≈ 5.3 × 10−19GeV that we considered in section 3.5. In this case, the
wall-domination Hubble scale is around Hwd ≈ 6× 10−20GeV, which is 6 orders of magnitude
smaller than Hre. This benchmark point also satisfies the observational and phenomenological
constraints. First, the ∆Neff bound is satisfied because of the small fractional energy density
of the resulting GW ΩGW|t=Γ−1

tot
≈ 2 × 10−4. Second, the wall network decays around

TΓwall ≈ 1GeV, well above the typical BBN temperature ∼ O(10MeV).
Now, we turn to the potential signature of this benchmark. As shown in figure 1, this

benchmark (solid blue curve) produces a gravitational-wave signal across a wide range of
frequency bands due to stable gauge strings, and a sharp peak is present in the spectrum
due to the wall collapse after string re-entry. This spectrum is widely visible in many
future gravitational-wave observatories from pulsar timing array measurements, such as
Square Kilometer Array (SKA) [1, 6], to space-based observatories, such as LISA [7, 8],
DECIGO [9, 10], and BBO [11, 12], to 3rd-generation ground-based observatories, such
as Einstein Telescope (ET) [19, 20], and Cosmic Explorer (CE) [18, 21]. The power-law-
integrated sensitivity curves for these observatories [115, 116] are shown in gray to compare
with signals shown in colors. Even when NGB radiation is present to compete with the
gravitational-wave production, domain walls bounded by inflated global strings (dashed blue
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source spectral shape ref(s)
gauge str. + inf. + wall f3 → f3/2 → f−1 eq. (3.33)

global str. (wi ≳ kNGB) + inf. + wall f3 → f3/2 → f−1 → f−3 eq. (4.21)
global str. (wi ≲ kNGB) + inf. + wall f3 → f3/2 → f−3 eq. (4.24)

primordial metric perturbation fnT → fnT −2 [117]
secondary GW (log-normal Pζ) f3 ln2 f → cutoff [118]
secondary GW (Dirac delta Pζ) f2 ln2 f → cutoff [118]
secondary GW (knIR → k−nUV) f3 ln2 f → f−2nUV [119]

phase transition, turbulence, analytical f3 → f−7/2 [120]
phase transition, turbulence, numerical f1 → f−8/3 [121]

phase transition, sound wave f9 → f−3 [122]
domain wall f3 → f−1 [50]

cosmic gauge string f3/2 → f0 → f−1 [34]
gauge string in kination domination f1 → f−1/3 bump [41, 45, 46]

supermassive black hole binary f2/3 [123]

Table 3. Summary table of a few other GW spectral shapes in comparison with this work: various
sources and their power-law dependence of GW spectra are provided with references. More discussions
are offered in section 5.2.

line) can still produce gravitational waves that are detectable and have intriguing spectral
shapes encoding the string tension scale as well.

By choosing different model parameters, the gravitational-wave signal in this scenario can
show up in different observations. In figure 1, we provide a few more parameter choices with
the peaks of the gravitational-wave spectra centered at vastly different frequencies as shown
in table 2. These parameters all satisfy the desired hierarchy as shown in eq. (3.5), and for the
benchmark with the latest string re-entry (orange line with the smallest Hre), we have checked
that the walls decay around T ≈ 35MeV well before BBN starts. It is interesting that this
benchmark also matches decently with the observed GW spectrum by NANOGrav 15-year
data release [2, 63] and provides another explanation of this spectrum based on new physics.

5.2 Comparison with other typical stochastic GW spectra

It is worth comparing the gravitational-wave spectrum produced by inflated string-bounded
walls with that from other possible sources. For simplicity, we will use ∼ f3 →∼ f3/2 →∼ f−1

from walls bounded by gauge strings as the benchmark for this discussion. It is not hard
to compare the GW spectrum for the boundary global string case. As the global string
case may provide more power-law transitions, its spectrum is more distinguishable from
those in the gauge string case. This is not a proof that our scenario is unique in producing
such a signal. Instead, we will demonstrate that it is different from the signals from often
considered benchmark scenarios.
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A summary of other benchmark GW spectral shapes is given in table 3. Generally,
cosmological sources of gravitational waves fall into four broad categories: (1) primordial tensor
perturbation, (2) scalar-induced (secondary) gravitational wave from curvature perturbation,
(3) phase transition, and (4) early-universe topological defects. One feature of the GW
spectrum generated by inflated string-bounded walls is that their frequency dependence is
rather different from these standard scenarios.

Primordial tensor perturbation typically has some small spectral tilt nT ∼ 0. However,
due to reheating, its spectrum shape typically takes the form fnT → fnT −2 [117], distinct
from our f3 → f3/2 → f−1 spectrum. Of course, the primordial tensor perturbations are
also vanishingly small and not accessible by future gravitational wave detectors unless the
inflation scale is near the current upper bound.

Another benchmark is scalar-induced gravitational waves. The particular spectral shape
depends on the choice of the primordial curvature perturbation Pζ . For instance, for a log-
normal distribution Pζ(k), the GW spectrum ΩGW takes roughly the power law f3 ln2 f →
cutoff; for delta-function-distributed Pζ(k), the GW spectrum is roughly f2 ln2 f → cutoff;
for a broken-power-law-distributed Pζ(k) ∼ knIR → k−nUV with 0 < nUV < 4 and nIR > 3/2,
the GW spectrum is approximately f3 ln2 f → f−2nUV [118, 119]. For 0 < nIR < 3/2, one
does expect the IR tail to behave as ∼ f2nIR from the naïve counting of the curvature
power spectrum. nIR = 3/4 and nUV = 1/2 can mimic the f3/2 → f−1 transition from
walls bounded by strings.

As for phase transitions, its turbulence phase may produce a GW spectrum of the form
f3 → f−7/2 [120]15 and its sound waves have a GW spectral shape of f9 → f−3 [122].

Lastly, various topological defects may produce interesting GW spectra. For instance,
a rapid domain wall collapse can produce a GW spectrum that looks like f3 → f−1 [50]16

while a gauge cosmic string typically has a flat spectrum (∼ f0) with an IR roll-off of f3/2

around matter-radiation equality [34]. Due to the long lifetime of gauge strings, previous
studies also proposed ideas to use the change in their gravitational spectral shape as a probe
of the early universe dynamics [33, 36, 44]. For instance, if a period of early matter and
kination domination occurs, which is common from axion rotation [124], a bump of the
form f1 → f−1/3 on top of the flat spectrum may appear as discussed in refs. [41, 45, 46].
Nonetheless, these spectral shapes are distinct from our benchmark spectra.

In addition to the cosmological sources, the supermassive black hole binary merger
induces a stochastic gravitational-wave background with a power law f2/3 [123], which also
differs from the IR part of our benchmark GW signal.

5.3 Comparison with a previous study

Ref. [60] is an enlightening study on how the interaction between boundary defects and bulk
defects may affect their GW spectrum. The scenario considered in this paper is akin to
the “walls eating strings” case discussed in section VII of ref. [60]. The crucial difference

15We should remark that an updated numerical study seems to provide a different power-law dependence
f1 → f−8/3 due to the turbulence [121].

16The simulation done in ref. [50] does not include a bias in the potential. However, a similar spectral shape
is seen in a numerical study that incorporates a bias in the potential [57].
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between the previous study and this work is that we introduce a period of inflation after
string formation and before wall formation. When both strings and walls are produced after
inflation, the typical wall size at its formation is much smaller than the critical scale ∼ µ/σ.
This means that the dominant contribution to ΩGW comes from the boundary string. The
main role of these small walls is to grow along with the horizon-sized scaling strings and pull
strings together after the horizon size H−1 exceeds the critical scale ∼ µ/σ. This is how the
IR roll-off of the GW spectrum is determined by the wall dynamics in ref. [60]. In our case,
domain walls are larger than the critical size because the boundary strings are inflated away.
Domain walls overtake the network energy and produce a large gravitational-wave signal.
This feature is most clearly demonstrated by comparing the blue curve and the brown curve of
figure 7, showing the striking difference between this work and post-inflationary production.

It is also worth stressing that the brown curve of figure 7, labeled as “post-inflation”,
is not identical to the post-inflationary production considered in ref. [60]. This is because
whether the string spectrum is terminated by walls depends on the particular UV model
as discussed in section 3.5. For the SO(10) grand unified theory considered in ref. [60],
cosmic strings are unstable, i.e., π1(SO(10)/(SU(3) × SU(2) × U(1)) = 0. Thus, as walls
pull boundary strings together, the entire defect network must annihilate completely, hence
walls “eating” the GW spectrum of strings. On the other hand, for the scenario considered in
this work, π1(U(1)) = Z implies that a stable string configuration is possible. Hence, after
walls collapse and pull in boundary strings, the formation of stable string bundles is allowed
(cf. figure 3), and they can still follow the scaling regime to produce a flat GW spectrum.
The IR roll-off of the GW spectrum for the particular symmetry-breaking pattern in this
work is not determined by the wall dynamics, even if both strings and walls are produced
after inflation. This is another subtle difference between this work and ref. [60].

At this point, one may ask if a large-wall scenario (Ewall ≳ Estr at wall formation) can be
realized without inflation. Ref. [60] also discusses this possibility, in which the walls are formed
later and have a characteristic size larger than ∼ µ/σ. In this case, there is an enhanced
GW signal (see, e.g., figure 16 of ref. [60]). This large-wall scenario is analogous to our
contribution from cosmic disks, having a ∼ f3 part in the IR and a UV falloff similar to that
of a string.17 However, this enhanced spectral peak appears at very high frequency ∼ 1011Hz
in the parameter region with an appreciable amount of GWs. With a period of inflation,
cosmic strings are “diluted” so that the network produces, somewhat counterintuitively, a
larger gravitational-wave signal. The characteristic size of the network is set by Hre which is
less constrained than the scenario considered in ref. [60]. In addition, our study incorporated
an improved analysis of the network reconnection effects from cosmic rings. We will also
argue in the next section that inflation is not only preferred but also almost inevitable if
domain walls are to produce large gravitational-wave signals.

17The spectral shape in the UV ∼ f−1/3 in ref. [60] is shallower than our ∼ f−1 because they considered
the possible enhancement of the GW spectrum in the higher harmonics from cusps on the string. The
precise contribution from higher-order harmonics is beyond the scope of this work, so we drop this potential
contribution when evaluating the GW spectrum. See section 3.5 for more discussions.
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5.4 Inevitability of inflation for large GW signal from walls

In this section, we will show that in order to produce large GW signals from domain walls
during a radiation-dominated epoch, a period of inflation before its production is inevitable.
Here, we will assume that 1) the network almost entirely collapses into gravitational waves
Γtot = Γwall at T = TΓtot to maximize gravitational-wave production, and 2) the defects are
in a radiation-dominated background from their formation to decay.

Since all energy density stored in the wall network ρwall decays into gravitational waves,
the maximal gravitational-wave abundance equals to the maximum fractional energy density
of domain walls, i.e., maxk{ΩGW} ≈ maxt{Ωwall}. Then, we may estimate the maximum
GW abundance as

ΩGW, peak ≈ σHp

M2
PlΓ2

wall

(
TΓwall

Tp

)3

≈
(
v1
MPl

)1/2√m1v1
Tp

, (5.1)

in which we used Γwall ≈ σ/M2
Pl (predominant GW decay), Hp ≈ T 2

p /MPl (production during
radiation domination), TΓwall ≈

√
ΓwallMPl (collapse during radiation domination), σ ≈ m1v

2
1

(typical wall tension as a function of the VEV v1 and mass m1 of the field ϕ1 comprising the
walls), and ρwall ∝ T 3 (walls bounded by strings dilute as matter). Unless v1 ∼MPl, the first
factor typically suppresses the GW spectrum. It is, therefore, necessary to demand that

Tp ≪
√
m1v1 (5.2)

in order to obtain a large GW signal. However, the typical energy density of ϕ1 before
the domain wall production should be ρ1 ∼ m2

1v
2
1.18 This means that demanding a large

gravitational-wave signal from domain walls implies ρrad ∼ T 4
p ≪ m2

1v
2
1 ∼ ρ1; ϕ1 needs to have

a much larger energy density than the radiation bath, implying inflation by vacuum-energy
domination. If v1 ∼MPl instead, ρ1 may be smaller than ρrad, and inflation does not seem
to be required for large GW signals. But the reheating by the dissipation of ρ1 is generically
not efficient because of the Planck-suppressed dissipation rate of ϕ1. As a result, there will
be a prolonged period of matter domination by ϕ1, violating our assumption that defects
are formed and decay in a radiation-dominated background, and their GW signal will be
diluted. In the next section, we will present a concrete model of inflation and revisit this
point on the inevitability of inflation.

6 Model realization: thermal inflation

So far, we have discussed the evolution of an inflated string-bounded wall network. This
mechanism is generally applicable so long as a brief period of inflation appears between
two phase transitions. Note that Hre, µ1/2, and σ1/3 are essentially free parameters coming
from different physics. In this section, we further restrict parameters in the mechanism
considered and propose a concrete model relating Hre to the mass of the field producing

18Here, we implicitly assumed that there is no additional mechanism to dial the potential energy of ϕ1 so
that its energy density at ϕ1 = 0 is at least from its potential energy ρ1 ∼ m2

1v2
1 . The cancellation of ρ1 will

generically require fine tuning.
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domain walls. Interestingly, measuring the gravitational-wave signal provides a novel probe
to model parameters, such as the soft supersymmetry (SUSY) breaking scale.19

We consider a scenario involving thermal inflation [74–77] driven by inflaton ϕ1, which is
also the field producing domain walls. The crucial mechanism here is the interplay between a
flat potential with a tachyonic instability near ϕ1 = 0 and the thermal mass of ϕ1. Specifically,
let us consider the following potential

V (ϕ1) = −m2
1|ϕ1|

2 + Vlift(ϕ1), (6.1)

in which m1 is a small mass parameter and Vlift(ϕ1) denotes some lifting potential. Taking
m2

1 > 0, ϕ1 has a tachyonic mass at the origin, but the potential is eventually stabilized by
Vlift(ϕ1) at ϕ1 = v1. The energy difference ∆V between ϕ1 = 0 and ϕ1 = v1 is of order m2

1v
2
1.

Thus, a large v1 leads to large energy for ϕ1 if it is trapped at the origin. To trap ϕ1, one can
consider some coupling between ϕ1 and the thermal bath. Then, thermal correction to the ϕ1
potential leads to a positive mass term of the form V ⊃ y2T 2|ϕ1|2, in which y denotes some
dimensionless coupling, and T is the temperature. The thermal mass compensates for the
tachyonic mass of ϕ1 and traps ϕ1 near the origin so that ϕ1 can dominate the universe and
drive a brief period of inflation. This happens when the radiation density drops below the
energy density in ϕ1 at a temperature Ti ≈

√
m1v1. On the other hand, cosmic expansion

cools the universe, and ϕ1 can see its vacuum potential when the temperature drops below
Tf ≲ m1/y. This terminates the thermal inflation. Hence, the number of e-foldings for this
thermal inflation can be estimated by

Ninf ≈ ln
(
Ti

Tf

)
≈ 1

2 ln
(
y2v1
m1

)
. (6.2)

Using eq. (2.3), we determine the re-entry Hubble for cosmic strings as

Hre ≈ e−2NinfHi ≈
1
y2

m2
1

MPl
(6.3)

in terms of the mass m1. The wall tension σ comes from the trilinear coupling between
ϕ1 and ϕ2 and is irrelevant for the thermal inflation dynamics. We will thus treat σ1/3

as an independent model parameter. Then, it is possible to probe m1/y and σ1/3 via its
gravitational-wave signature.

The thermal inflation scenario provides a concrete example of the connection between the
a stage of inflation before the second phase transition and the size of the gravitational wave
signal. From the discussion in the previous paragraph, we see that a long period of thermal
inflation is naturally realized when Ti ≫ Tf or y2v1/m1 ≫ 1. Recall from eq. (5.1) that a lower
domain-wall production temperature Tp is preferred. In the context of thermal inflation, this
occurs at the end of thermal inflation when ϕ1 rolls to its true vacuum, i.e., Tp ∼ Tf ∼ m1/y.
Thus, Tp ≪ √

m1v1 means yv1/2
1 /m

1/2
1 ≫ 1, which coincides with the condition for a period

of inflation before phase transition. On the other hand, the condition yv
1/2
1 /m

1/2
1 ≫ 1 means

v1 ≫ m1. A parametrically large v1 typically means that the lifting potential is sufficiently
19There are other ideas to use gravitational-wave signals to probe the soft SUSY breaking scale, such as

those discussed in refs. [125, 126].
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flat. Some examples of a flat lifting potential include higher-dimensional operators and a
SUSY Coleman-Weinberg potential.

A flat potential is generally destroyed by the quartic coupling of ϕ1 generated by the
renormalization group running ∼ y4. To protect the flatness of the potential, we consider
the following supersymmetric theory with 4 chiral superfields charged under some U(1)
symmetry. They are ϕ1 with charge 1, ϕ2 with charge 2, ϕ−2 with charge −2, and ψ with
charge −1. We also introduce two more fields X and ψ̄ that are not charged under U(1).
Let us consider the following superpotential

W = X
(
ϕ2ϕ−2 − v22

)
+ λϕ21ϕ−2 + yϕ1ψ̄ψ. (6.4)

The F term of X fixes ϕ2 and ϕ−2 on the F -flat direction ϕ2ϕ−2 = v22 . This breaks the U(1)
symmetry spontaneously and produces cosmic strings. Soft SUSY breaking, parameterized
by the scale msoft, lifts the F -flat direction and stabilize ϕ2 ≈ ϕ−2 ≈ v2. When the U(1)
symmetry is gauged, the D term potential dominates over the soft SUSY breaking, and it
also stabilizes ϕ2 ≈ ϕ−2 ≈ v2. The same SUSY breaking can also radiatively generate a flat
potential for ϕ1 through the Yukawa coupling y ∼ O(1) to ψ and ψ̄ by

V✘✘✘SUSY,|ϕ1|2 ≈ −m2
soft|ϕ1|

2 + y2m2
soft

(4π)2
|ϕ1|2 ln

(
|ϕ1|2

Λ2

)
, (6.5)

in which Λ denotes a reference energy scale. This flat potential gives a VEV of ϕ1 much larger
than msoft. Therefore, we may treat the VEV of ϕ1 as an arbitrary parameter satisfying
msoft ≪ v1 ≪ v2. At the same time, when ϕ1 is near the origin, ψ becomes a light field in
the thermal bath and can give ϕ1 a thermal mass term ≈ y2T 2|ϕ1|2 that stabilizes ϕ1 around
the origin at high temperatures. Then, using our conclusions from the previous paragraph,
we determine that the string re-entry Hubble scale is

Hre ≈
m2

soft
MPl

. (6.6)

As for the wall tension, soft SUSY breaking also induces a trilinear coupling of the form

V✘✘✘SUSY,tri. ≈ −msoftλ
(
ϕ21ϕ−2 + h.c.

)
≈ −msoftλv

2
1v2 cos

(2a1
v1

)
. (6.7)

Then, the angular direction of ϕ1 obtains a cosine potential, and domain walls are formed
between the two degenerate vacua with a mass ma ∼

√
λmsoftv2. This give rises to a wall

of tensions σ ∼ mav
2
1 ∼

√
λmsoftv2v

2
1. Note that while minimizing the potential for ϕ1, we

ignored the trilinear term; hence, to maintain consistency, we must demand an upper bound
on λ ≲ msoft/v2.20 Instead of λ, v1, and v2, we use the wall tension scale σ1/3 and soft SUSY
breaking scale msoft as model parameters in presenting our results.

Let us now focus on the gauged U(1) case such that walls entirely decay into gravitational
waves, i.e., Γtot = Γwall(σ), for which the maximal fractional energy ΩGWh

2 and peak
20While the trilinear coupling is numerically small according to this bound, its small value is technically

natural. Alternatively, one may consider a theory with ϕ1 and ϕ±3 and a higher-dimensional operators
W ⊃ ϕ3

1ϕ−3 to generate a naturally small domain wall tension.
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Figure 10. Maximal gravitational-wave abundance and peak frequency observed today as functions
of the model parameters in the thermal inflation model msoft and σ1/3 in units of GeV: blue solid lines
show (fpeak, ΩGWh

2
∣∣
fpeak

)
∣∣∣
T0

for fixed msoft with varying σ1/3, and the orange dashed curve is that

for fixed σ1/3 with varying msoft. The values of msoft and σ1/3 are shown near each line. Parameter
space with too much gravitational wave is shown as the shaded region. In plotting this figure, we
assumed instantaneous reheating. This turns out to be possible for most of the parameter space
considered except for a small region. More detailed discussions can be found in appendix D.

frequency fpeak today are determined by msoft and σ1/3. In particular, the dependence of the
peak frequency observed today in terms on the thermal inflation parameters is

fpeak

∣∣∣∣
T0

∝ m2
softσ

−1/2, (6.8)

whereas the maximal abundance

ΩGWh
2
∣∣∣∣
T0,fpeak

∝ σ1/2m−1
soft. (6.9)

Due to the different power-law dependence, upon observing this particular GW spectrum,
the peak frequency and maximal abundance point to a particular combination of msoft and
σ1/3. This is shown in figure 10. Interestingly, the SUSY breaking scale msoft can be probed
by near-future gravitational-wave detectors for reasonably large wall tension. We note that
we assumed instantaneous reheating. If a significant matter-dominated epoch follows the
thermal inflation, the string re-entry Hubble size Hre becomes smaller than that estimated
here, leading to a larger ΩGWh

2. More remarks regarding non-instantaneous reheating are
provided in appendix D.
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7 Conclusion and discussions

In this paper, we discussed how domain walls bounded by inflated cosmic strings can produce
large gravitational-wave (GW) signals. The mechanism relies on two phase transitions, the
first one producing cosmic strings and the second one producing domain walls, and an epoch
of inflation between them. This inflation can be either the primordial cosmic inflation or a
second stage of inflation. The crucial mechanism here is that while the domain walls may be
topologically unstable, they remain dynamically stable so long as no cosmic string terminates
their boundaries. In other words, although G → H → K is the full symmetry-breaking
pattern, because boundary defects are inflated away, each local Hubble patch does not see
cosmic strings and cannot appreciate the full breaking pattern. The breaking H → K then
appears to produce stable domain walls until boundary defects associated with G → H

re-enter the horizon. After string re-entry, the full pattern emerges, and the network starts
to annihilate. We demonstrated this with a simple two-field model as shown in eq. (2.1)
that follows a breaking pattern U(1) → Z2 → ∅.

At first, we gauged U(1) to suppress the energy loss due to the radiation of Nambu-
Goldstone bosons (NGBs) from boundary strings. In particular, we considered the case
where the walls’ total energy is larger than the strings’ energy when the strings re-enter
the horizon around t ≈ H−1

re . In this case, the string-wall network undergoes three stages
of evolution: 1) walls enter a scaling regime while strings are frozen outside the horizon, 2)
the string-wall network begins oscillations when cosmic strings re-enter, and 3) the network
rapidly decays. We estimated the gravitational-wave spectrum from domain wall dynamics in
each of these stages and provided the power-law dependence (eq. (3.33)) and the approximate
peak frequency (eq. (3.34)) of the spectrum, as well as the maximal gravitational-wave
abundance (eq. (3.35)) as observed today. A particular feature of gauging the U(1) symmetry
here is the existence of gauge strings. These gauge strings produce more gravitational-wave
signals than their global string counterparts due to the absence of the decay channel into
NGBs. This leads to the flat shoulder below the sharp domain wall peak as shown in figure 7.

We then discussed the case in which the U(1) symmetry is not gauged and show that
it can still lead to novel gravitational-wave signals in section 4. The radiation into NGBs
changes the spectrum from both the cosmic disks (walls bounded by inflated string loops) and
cosmic rings (string-bounded walls formed due to the reconnection of cosmic belts). These
can produce extra power-law suppressions to the spectrum, and the frequencies at which
the power-law dependence changes (eqs. (4.21) and (4.24)) can be used to infer the string
tension scale in spite of the low-lying GW spectrum from strings.

We provided a few more benchmark spectra in section 5. Since there needs not be a
relation between the wall tension σ, the string tension µ, and the string re-entry Hubble scale
Hre, the gravitational-wave signature from these inflated string-bounded walls can peak at
a wide range of frequencies as shown in figure 1. We also compared the GW spectrum in
our scenario with other GW spectra by various cosmological or astrophysical sources and
showed that our GW spectrum has a distinct spectral shape. A comparison between this
study and a previous study is made in section 5.3. We then argued in section 5.4 that to
have large gravitational-wave signals from domain walls, a period of inflation before their
production, as considered in this work, seems to be inevitable.
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In section 6, we discussed a concrete model relating Hre to the mass of the wall-producing
field ϕ1 by thermal inflation. In this model, only two free parameters (m1, σ

1/3) appear, and
they can be constrained by the peak frequency and amplitude of the GW signal. This model
is more naturally realized with SUSY, and observing this GW signal can probe the soft SUSY
breaking scale msoft along with the wall tension scale σ1/3 as shown in figure 10.

One of the most exciting directions for future studies is to cross-check the estimated
spectra presented in this paper against numerical simulations. In particular, the following
points should be checked:

• Cosmic belts are assumed to reconnect efficiently and follow a scaling law. Is this a
reasonable assumption? What are the dominant configurations of the resulting breakoff
topological defects such as cosmic rings?

• We assumed that string-wall defects mainly oscillate to dissipate energy into gravitational
waves or NGBs. However, self-intersection during such oscillations may also provide
additional damping on the system. It would be interesting to check if such an effect is
important and how it may modify the GW spectrum.

• Given the scaling regime of the cosmic-belt network, we assume that cosmic rings produced
from these connections have a size controlled by H−1

p , and the distribution of the size is
logarithmically even in the range of H−1

re < H−1
p < Γ−1

tot. Are the size indeed ∼ H−1
p , and

are the upper and lower bounds for the size reasonable?

• During reconnection of the inflated string-bounded wall network, small structures on the
defects, such as kinks and cusps, may also produce bursts of gravitational waves or NGBs.
How significant are these contributions in the scenario proposed in this paper? Also, will
small structures on the wall modify the UV part of the GW spectrum as discussed in
section 3.5? Our naïve model only takes into account GW radiation in the fundamental
mode. It would be interesting to see whether higher-order harmonics due to the oscillation
of the defect network alter the spectrum significantly.

• Upon reconnection, cosmic strings may bring domain walls very near each other. This
may prompt the formation of Y-junction-like structures on the cosmic belt. It is possible
that these Y-junction-like structures can zip the cosmic belts. In this study, we implicitly
assumed that the violent oscillation of the domain wall prevents this zipping process from
destroying the cosmic belt network. Does this emerge in numerical simulations? If so,
under what conditions is this a good assumption?

• We also assumed that inflated cosmic strings re-enter around the same cosmic scale Hre.
Is this true if the phase transition happens during inflation? As for strings reaching the
scaling regime before they are inflated away, it is likely that this characteristic scale Hre
follows some distribution. This could smear the spectrum as Hre takes various possible
values in different Hubble patches. In this case, is it still reasonable to talk about some
characteristic scale Hre, or is the smearing effect too strong?

There are possible future studies besides numerical simulation. It would be interesting to
see if more complicated symmetry-breaking patterns can result in model-dependent features
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in the GW spectrum. For instance, one of the best-motivated global U(1) symmetry would
be the PQ symmetry, for which the NGB radiation may be affected by the non-zero mass
of the QCD axion due to the explicit PQ breaking by QCD anomaly. The axions radiated
from the string-wall network may be dark matter. As these walls once occupied a significant
portion of the Hubble patch, it would also be interesting to ask how they might impact the
matter power spectrum, and whether smaller-scale structures seeded by these large walls
can be formed and detected. If these defects couple to the Standard Model, it may also be
worth investigating whether current or near-future collider and beam dump experiments can
probe these couplings and what novel cosmological signature they may induce such as that
proposed in [127, 128]. If inflation happens between phase transitions that produce other
kinds of topological defects, such as monopoles and strings, their GW signal may also beg for
further investigation. Lastly, in our mechanism, the causality plays an important role in the
evolution of topological-defect networks and producing a feature in the GW spectrum. It,
hence, would be enlightening to learn if such mechanism can be applied in other contexts.
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A Evolution of domain wall from Nambu-Goto action

In this appendix, we discuss how we estimate the domain wall evolution using the Nambu-
Goto action and justify our claim that when Ewall > Estr, the characteristic frequency of
the wall dynamics is set by k ∼ r−1

0 in which r0 is its initial size. For a semi-classical string
and wall, its Nambu-Goto action reads

S = −σ
∫

d3ζ √
γ − µ

∫
d2ζ

√
−Υ, (A.1)

in which ζ denotes the world-volume coordinates on the wall, γ and Υ are the determinants
of the induced metric on the wall and string respectively, defined as

γ ≡
∣∣∣∣gµν

∂Xµ

∂ζa

∂Xν

∂ζb

∣∣∣∣, (A.2)

in which the gµν is given by the FLRW metric ds2 = dt2 − a(t)2dr2.
Considering a hemispherical wall bounded by a string with a radius r, its worldvolume is

most conveniently parameterized as Xµ = (t, r(t), θ, ϕ) in spherical coordinates with

∂Xµ

∂t
= (1, ṙ, 0, 0)µ,

∂Xµ

∂θ
= (0, 0, 1, 0)µ,

∂Xµ

∂ϕ
= (0, 0, 0, 1)µ, (A.3)
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while fixing the gauge of the worldvolume coordinate on the wall to be ζa = (t, θ, ϕ)a. The
effective action becomes

S = −2π
∫

dt σa2r2
√
1− a2ṙ2 + µar

√
1− a2ṙ2. (A.4)

Assuming that Estr ≪ Ewall, we may drop the term proportionate to µ governing the string
dynamics and find that the variation of the action by r → r + δr is

(−2πσ)−1δS =
∫

dt δr
[
2a2r

√
1− a2ṙ2

]
− δṙ

[
a4r2ṙ√
1− a2ṙ2

]
. (A.5)

In the flat spacetime limit with a(t) = 1, this reduces to an equation of motion for r(t)

d
dt

(
r2ṙ√
1− ṙ2

)
= −2r

√
1− ṙ2, (A.6)

which can be solved by

r(t) = r(0) · cd
(

t

r(0) ,−1
)
, (A.7)

in which cd(u,m) denotes the Jacobi elliptic function. This function has an angular frequency
ω = 2π(4K(−1)r(0))−1 ≈ 1.2r(0)−1, in which K(m) denotes the complete elliptical integral
of the first kind. Hence, one can see that the wall radius oscillates with a characteristic
frequency comparable to k ∼ r(0)−1.

Alternatively, one may consider a cylindrical wall of height L bounded by a circular
string of a radius r at the endpoints such that the wall’s world-volume is parameterized
as Xµ = (t, r(t), θ, z) in cylindrical coordinates. Then, by choosing ζa = (t, θ, z)a on the
worldvolume, the effective Lagrangian becomes

S = −2π
∫

dt σa2rL
√
1− a2ṙ2 + µar

√
1− a2ṙ2, (A.8)

and the equation of motion on the flat background,

d
dt

(
rṙ√
1− ṙ2

)
= −

√
1− ṙ2, (A.9)

can be solved by

r(t) = r(0) cos
(

t

r(0)

)
, (A.10)

demonstrating again that the wall oscillates at a characteristic frequency k ∼ r(0)−1.

B Details for the computation of the gravitational wave spectrum

In this appendix, we will provide some more details on how the gravitational-wave spectrum
was obtained in sections 3 and 4.
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When the wall is still in the scaling regime (t ≲ H−1
re ) as discussed in section 3.3.1, we

may solve the Boltzmann equation at t = H−1
re as

∂ρGW, scaling
∂ ln k

∣∣∣∣
t=H−1

re

=
∫ H−1

re

MPlv
−2
2

dt
(

a(t)
a(H−1

re )

)4

n(t)∂P (t)
∂ ln k . (B.1)

For simplicity, we will assume that the second phase transition happens sufficiently early
compared to the string re-entry time so that the lower bound of the integral can be effectively
taken to be zero. Numerically, as long as the two timescales are separated by more than one
order of magnitude, the result will not change much as the redshift factor ∝ a4 peaks at later
time t ∼ H−1

re . Then, by assuming that n(t) ∼ ρwall/Ewall ∼ H−3, one obtains

∂ρGW, scaling
∂ ln k

∣∣∣∣
t=H−1

re

≈ πσ2C

M2
Pl

∫ H−1
re

0
dt (Hret)2

t

(
k
√
t/Hre

)3
1 +

(
k
√
t/Hre

)4
= 2πσ2C

7M2
Pl

(
k

Hre

)3
2F1

[
1 7/4
11/4 ;− k4

H4
re

]
.

(B.2)

Here, the essential power law can be captured by expanding in small and large k limits,
which we find to be

lim
k→0

∂ρGW, scaling
∂ ln k

∣∣∣∣
t=H−1

re

= 2πσ2C
7M2

Pl

(
k

Hre

)3
,

lim
k→∞

∂ρGW, scaling
∂ ln k

∣∣∣∣
t=H−1

re

= 2πσ2C
3M2

Pl

(
k

Hre

)−1
.

(B.3)

As the IR spectrum is more universal, we will focus on reproducing the IR spectrum while
making a power law approximation for this spectrum as

∂ρGW, scaling
∂ ln k

∣∣∣∣
t=H−1

re

≈ 2πσ2C
7M2

Pl


(
k

Hre

)3
, k ≤ Hre,(

Hre
k

)
, k > Hre.

(B.4)

After t ≈ H−1
re , the wall network becomes a string-wall network and deviates from the scaling

regime. This contribution to the gravitational-wave energy density redshifts with radiation.
The fractional density at t = Γ−1

tot is

∂ΩGW, scaling
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈ 2πσ2C
21M4

PlH
2
re



(
k√

HreΓtot

)3
, k ≤

√
HreΓtot,(√

HreΓtot
k

)
, k >

√
HreΓtot,

(B.5)

in which we take into account the redshift in frequency.
Now, we turn our attention to cosmic disks. After the cosmic string re-enters the horizon,

the network no longer grows but only oscillates for H−1
re ≲ t ≲ Γ−1 (see section 3.3.2 for more

details). Here, we obtain the gravitational-wave density by integrating

∂ρGW, osc.
∂ ln k

∣∣∣∣
t=Γ−1

tot

=
∫ Γ−1

tot

H−1
re

dt
(

a(t)
a(Γ−1

tot)

)4

n(t)∂P (t)
∂ ln k , (B.6)
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with the number density n given by

n(t) ∼ H3
re

(
a(H−1

re )
a(t)

)3

= (ΓtotHre)3/2
(
a(Γ−1

tot)
a(t)

)3

, (B.7)

and power spectrum ∂P/∂ ln k given by eq. (3.13). We shall also approximate the power
spectrum as if all the gravitational-wave energy is dumped into the fundamental mode, which
has a frequency comparable to the oscillation frequency of the wall. This means that the
power spectrum will roughly have a Dirac delta peak around this frequency, and integrating
this over a finite range of cosmic time t leads to a Heaviside step function that marks the
UV and IR cutoff of the spectrum during this period, i.e.

∂ρGW, osc.
∂ ln k

∣∣∣∣
t=Γ−1

tot

= 2πσ2
M2

Pl

√
Γtot
Hre

(
k

Hre

)3
Θ(Hre − k)Θ

(
k −

√
HreΓtot

)
(B.8)

agreeing parametrically with eq. (3.14) from simple estimate.
In the last stage of the evolution (t ≳ Γ−1

tot), the string-wall network collapses rapidly and
dumps most of all of its remaining energy into gravitational waves as presented in section 3.3.2.
The collapse of the disk is reflected in its average radius that exponentially decreases its size as

r̄(t) ≈ H−1
re exp

(
−Γtot

2
(
t− Γ−1

tot

))
. (B.9)

Then, the energy density of the gravitational wave can be evaluated as

∂ρGW, col.
∂ ln k

∣∣∣∣
t=Γ−1

tot

=
∫ ∞

Γ−1
tot

dt n(Γ−1
tot)

∂P (t)
∂ ln k = 2πσ2

M2
Pl

√
Γtot
Hre

(
Hre
k

)2
Θ(k −Hre), (B.10)

in which the number density is still estimated by eq. (B.7) similar to the oscillating regime
while the power spectrum is given by eq. (3.17) taking into account the rapid shrinking
of the network as described by eq. (B.9). After normalizing with respect to the critical
density, this leads to eq. (3.18).

For the evolution of cosmic belts (see section 3.3.3), we assumed that the energy density
of these objects follows the scaling law as shown in eq. (3.19). Then, for t = tprod ≲ Γ−1

tot,
the power spectrum roughly follows

∂P (tprod)
∂ ln k ∼ πwℓ

M2
Pl

a(tobs)k
a(tprod)

δ

(
a(tobs)k
a(tprod)

− 1
w

)
, (B.11)

with w ∼ H−1
re and ℓ ∼ H−1. The scaling regime also enforces that one observes ∼ O(1)

belt per Hubble volume so that the number density can be estimated as n ∼ H3. Therefore,
using eq. (B.6), we obtain that

∂ρGW, osc., belt
∂ ln k

∣∣∣∣
t=Γ−1

tot

= 2πσ2
M2

Pl

Γtot
Hre

(
k

Hre

)2
Θ(Hre − k)Θ

(
k −

√
HreΓtot

)
, (B.12)

similar to the estimate provided in eq. (3.21). Here, one may take tprod ≈ H−1 while letting
tobs ≈ Γ−1

tot. Note that at the IR boundary, k =
√
ΓtotHre, this density matches that of a disk
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since this part of the gravitational wave is generated by cosmic strings that first re-enter
the horizon. Here, both belts and disks appear of similar sizes. However, as the belt energy
density scales with Hubble following ∝ a−4, the disks’ contribution becomes more important.
For tprod ≳ Γ−1

tot, the network rapidly decays into gravitational waves whose power spectrum is

∂P

∂ ln k ≈ πσ2w(t)ℓ
M2

Pl
kδ

(
k − 1

w(t)

)
, (B.13)

in which w(t) follows eq. (B.9) and ℓ ∼ Γ−1
tot is the Hubble length when belts collapses.

Computing an integral similar to eq. (B.6), we find

∂ρGW, col., belt
∂ ln k

∣∣∣∣
t=Γ−1

tot

= 2πΓtotσ
2

M2
PlHre

(
Hre
k

)
Θ(k −Hre), (B.14)

which agrees with eq. (3.22).
Lastly, when we consider walls bounded by global strings in section 4, we argued that

the UV spectrum is suppressed by an extra factor of ∼ k−2 due to NGB radiation. This
can also be understood in the formalism discussed in this appendix. We will illustrate this
point by considering circular walls bounded by a global string loop in its final collapse stage
t ≳ ΓNGB

wall (wi)−1. We will also assume that Hre = kNGB so that the NGB radiation becomes
important immediately after the network collapses. This assumption is not necessary for
using this formalism, but it keeps the following computation concise and highlights the
salient physics. When Hre = kNGB, the evolution of the typical radius of the wall during
collapse follows approximately

d(σr̄2)
dt ≈ −γav

2
2 =⇒ r̄(t) ≈

√
r20 −

γav22
σ

(t− t0) ≈
1
Hre

√
2− ΓNGB

wall (wi)t, (B.15)

in which we used Γtot ≈ ΓNGB
wall (wi) ≈ t−1

0 . Then, using eqs. (3.17) and (B.10), we find that

∂ρGW, col., global
∂ ln k

∣∣∣∣
t=Γ−1

tot

= 2πσ2
M2

Pl

√
Γtot
Hre

(
Hre
k

)4
Θ(k −Hre). (B.16)

The extra (Hre/k)2 factors show how the more rapid decay of the network due to NGB
radiation appears in the gravitational-wave spectrum. To relax our assumption Hre = kNGB,
one simply needs to modify t0 in eq. (B.15) to the appropriate timescale at which the
NGB radiation becomes efficient. Changing t0 shifts where the extra ∼ k−2 suppression
appears on the spectrum, but the extra UV suppression persists as it is essentially the same
computation as done above.

C Reproducing gw spectrum from gauge strings

In addition to the string-bounded walls, there is a stable gauge string for the model in eq. (2.1).
We will leave the following discussion general enough so that not only the well-studied gauge
string GW spectrum is reproduced, but one can also apply it to the benchmark model
considered in this work. We start by estimating the gravitational-wave signal from individual
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string loops. Because the gauge string loops tend to decay much later than Hubble time when
they are produced, they tend to emit more gravitational radiation at a particular frequency
than their long-string counterparts [25, 129]. To find the spectrum of an individual string
loop of an initial radius ℓ ∼ H−1

p , where Hp is the Hubble scale when the loop is produced,
we partition its evolution into an oscillating stage and a decay stage again. To connect with
our previous estimates, it is convenient to anchor our spectrum as that observed at the wall
decay time t = Γ−1

tot. Here, the decay rate to string loop of size H−1
p can be estimated by

considering the following damping of gauge string due to gravitational interactions

d(µℓ)
dt ≈ PGW ∼ − µ2

M2
Pl

=⇒ Γstr ≈
µHp

M2
Pl
, (C.1)

in which Γstr is the characteristic decay rate at which the string of size H−1
p decays efficiently

into gravitational waves. Then, in the oscillating stage, the string loop produces radiations
with a frequency k ∼ Hp, and its fractional energy density at t = Γ−1

tot can be estimated by

∂2ΩGW, loop, osc.
∂ ln k∂ lnHp

∣∣∣∣∣
t=Γ−1

tot

≈ 1
T 4

(
µH2

p

)( T
Tp

)3Γstr
H

=
√

µ

M2
Pl

(
a(Γ−1

tot)
a(Γstr)

k

Hp

)3

. (C.2)

in which we used the adiabatic invariant k/TΓtot = Hp/T and µ1/2H
1/2
p /

(
MPlΓ1/2

tot

)
=

a(Γ−1
tot)/a(Γ−1

str ) during radiation domination.21 In the decay stage, the loop energy, which
is proportionate to ℓ ∝ k−1, is quickly dumped into gravitational waves, resulting in a UV
spectrum of the form

∂2ΩGW, loop, col.
∂ ln k∂ lnHp

∣∣∣∣∣
t=Γ−1

tot

≈ 1
T 4
Γstr

(
µH2

p

)(TΓstr

Tp

)3

(ℓHp) =
√

µ

M2
Pl

(
a(Γ−1

tot)
a(Γ−1

str )
k

Hp

)−1

. (C.3)

Here, we included the appropriate redshift factor ℓ ≈ a(Γ−1
str )/

(
ka(Γ−1

tot)
)

because we chose
to evaluate the GW spectrum around the wall decay time t = Γ−1

tot instead of the string
decay time t = Γ−1

str . From this computation, we noticed that the individual string loop has a
GW spectrum that peaks at a(Γ−1

str )Hp/a(Γ−1
tot) and has a maximal abundance of

√
µ/M2

Pl.
The important feature is that the abundance is mostly independent of Hp while the peak
frequency changes with Hp.

Similar to section 3.4.2, we will now sum over individual string loop spectrum by
finding its envelope as shown in figure 11. At the smallest Hp, the IR spectrum looks like
∼ √

µM−1
Pl (k/kmin)3; at the largest Hp, the UV spectrum looks like ∼ √

µM−1
Pl MPl(kmax/k).

In between, the envelope mainly traces out the peak amplitude, which is mostly flat. However,
when Hp becomes more IR, the string may not have time to fully oscillate to its maximum

21Similar to the cosmic disk case, we technically need to impose the k ≳
√

HpΓtot for the oscillation
contribution. However, on a large scale, these string loop with length ℓ ∼ H−1

p provides a white-noise-like
fluctuation. One can see this by evaluating the GW generated by large field fluctuation ΩGW, fluc. ∼ (δρ/ρc)2

around string re-entry and noticing the parametric agreement between the GW abundance from the oscillating
stage and the fluctuating stage. These fluctuations will continue the ∼ k3 power-law dependence, analogous to
the scaling solution of domain walls. Therefore, the ∼ k3 spectral shape continues to the deep IR.
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Figure 11. Decomposition of gauge string spectrum: gravitational-wave spectrum from individual
string loops of size ℓ ≈ H−1

p are shown as blue lines. A lighter color indicates a lower Hp or later
production of string loop from string reconnection. The envelope (green line) of the individual spectra
gives rise to the total GW spectrum of the string network. Some long string loops produced later
do not have time to oscillate fully and generate a large enough GW signal around matter-radiation
equality. In other words, their decay timescale is longer than that of equality. Thus, their GW
spectrum is prematurely terminated around equality, resulting in the ∼ k3/2 spectrum. Had they
oscillated fully, they would generate a GW spectrum with a higher amplitude (dashed line).

amplitude. Choosing our IR cutoff Hp,min to be the Hubble scale around matter-radiation
equality Heq, the string of size ℓ = H−1

p cannot fully oscillate to reach its decay time if

Γstr

∣∣∣∣
Hp

< Heq =⇒ Hp <
M2

Pl
µ
Heq. (C.4)

When the oscillation is incomplete, the ∼ k3 spectrum is prematurely terminated at k =
Heq. The maximum gravitational-wave abundance generated by these long loops is also
suppressed by

ΩGW ∼ 1
T 4

eq

(
µH2

p

)(Teq
Tp

)3Γstr
Heq

=
√
µ

MPl

(
µ

M2
Pl

Hp

Heq

)3/2

. (C.5)

More precisely, the spectrum for long loops still follows ∼ k3 power law and has the form

∂ΩGW
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈
√

µ

M2
Pl

(
µ

M2
Pl

Hp

Heq

)3/2(
a(Γ−1

tot)
a(teq)

k

Hp

)3

, k <
a(teq)
a(Γ−1

tot)
Hp. (C.6)

This is illustrated as the change in power-law dependence of the envelope (green line) and
missing part of the GW spectrum (dashed line) in figure 11. Therefore, integrating over

– 49 –



J
H
E
P
1
1
(
2
0
2
4
)
0
3
2

these long loops produces a GW spectrum of the form

∂ΩGW, str
∂ ln k

∣∣∣∣
t=Γ−1

tot

≈
√
µ

MPl



(
k

kmin

)3( kmin
kmed

)3/2
, k ≲ kmin,(

k

kmed

)3/2
, kmin ≲ k ≲ kmed,

1, kmed ≲ k ≲ kmax,(
kmax
k

)
, k ≳ kmax,

(C.7)

in which we defined

kmin ≡
√
ΓtotHeq, kmed ≡ M2

PlΓ
1/2
tot

µ
H1/2

eq , kmax ≡ MPlΓ1/2
tot

µ1/2 H1/2
p,max. (C.8)

Usually, the ∼ k3 spectral shape is hidden in the deep IR and much below the experimental
sensitivity. The remaining ∼ k3/2 →∼ k0 →∼ k−1 power-law dependence agrees with previous
studies on GW signal generated by cosmic strings during radiation domination [31, 34, 40].22

For the usual gauge string scenario, Hp,max is usually set by either the Hubble scale of the
phase transition that produces cosmic strings or the Hubble scale when friction on strings
is subdominant and string’s scaling regime is reached. For the inflated string-bounded wall
discussed in this work, the choice of Hp,max should be the Hubble scale around the wall decay
scale ∼ Γtot because thin strings emerge from reconnecting rings only after all the domain
walls have decayed.23 When one includes both the thin-string mode (cf. section 3.4) and
the stable string contribution, one may take Hp,max = Hre.

D Remarks on instantaneous reheating assumption

In our discussion in section 6, we assumed that the reheating is instantaneous such that
a radiation-dominated epoch follows immediately after the inflation that pushes cosmic
strings away. In this appendix, we discuss how non-instantaneous reheating can minimally
modify our results and evaluate if the instantaneous reheating for thermal inflation is a
reasonable assumption.

Regardless of the details of inflation, the dominant impact of a non-instantaneous
reheating is that it introduces a brief period of a matter-domination epoch, which delays
the string re-entry. This leads to a smaller re-entry Hubble scale

Hre ≈ e−2NinfHi

(
T 4

R
ρinf

)1/6

, (D.1)

in which TR denotes the reheating temperature, which should be smaller than the fourth
root of the inflaton energy density ρinf. As long as the string re-entry happens after the end

22Here, our naïve estimate, assuming that cosmic string predominantly radiates in its fundamental mode,
produces ∼ k−1 GW spectrum for strings generated during inflation. This claim agrees with some previous
studies [36, 130]. However, it is currently under debate whether higher-order harmonics of the string may
produce a shallower spectrum due to the presence of cusps and kinks [35].

23The stable string has a higher winding number in ϕ2; therefore, its production during the first phase
transition is suppressed.
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of reheating, our estimate in section 3 should hold. This would mean that while keeping
the domain wall tension fixed, the gravitational wave will peak at a slightly lower frequency
while having a large maximal abundance as shown in eqs. (3.34) and (3.35). This is because
a delayed re-entry leads to a larger string radius. This both gives a larger defect network,
resulting in a larger gravitational-wave signal and a lower frequency for the normal mode
oscillating on the domain wall in its oscillating stage (H−1

re < t < Γ−1
tot). More specifically, for a

second thermal inflation, a non-instantaneous reheating of the thermal inflation can potentially
impact our estimate in section 6. In this case, the re-entry Hubble size is modified to

Hre ≈
m2

1
MPl

(
T 2

R
m1v1

)1/3

(D.2)

so that the peak frequency and maximal abundance have a different power-law dependence
on model parameters

fpeak

∣∣∣∣
T0

∝ m
5/3
1 σ−1/2T

2/3
R v

−1/3
1 , ΩGWh

2
∣∣∣∣
T0,fpeak

∝ m
−5/6
1 σ1/2T

−1/3
R v

1/6
1 . (D.3)

If string re-entry happens during matter domination, the power-law dependence of the
frequency for its oscillating phase may be altered due to different redshift factors and could
lead to other interesting features on the gravitational-wave spectrum. Nonetheless, as this
complication is somewhat tangential to our pursuit in this paper, we leave further discussions
on this possibility to a future study.

We now discuss if instantaneous reheating is possible for thermal inflation. Let us consider
a coupling of ϕ1 to chiral multiplets χ and χ̄ with superpotential W = yχϕ1χχ̄. Via a Yukawa-
type interaction, ϕ1 decays into χχ̄ if yχv1 < m1 with a decay rate y2χm1/(8π) < m3

1/(8πv21).
Even if yχv1 > m1, ϕ1 can still decay into light particles that couple to χχ̄ with a decay
rate (g2χ/16π2)2m3

1/(8πv21), where gχ is the coupling of χ and χ̄ to the light particles. Thus,
we may generically parameterize the decay rate as

Γϕ1 = κ2

8π
m3

1
v21
, κ ≲ 1. (D.4)

The reheating temperature is

κ2

8π
m3

1
v21

≈ T 2
R

MPl
=⇒ TR ≈ κ

(8π)1/2
m

3/2
1 M

1/2
Pl

v1
. (D.5)

An instantaneous reheating requires TR ≳
√
m1v1, which translates to an upper bound on

the wall symmetry breaking scale v1,

v1 ≲ 107GeV
(

m1
1TeV

)2/3( κ

0.1

)2/3
. (D.6)

Recall that the trilinear coupling λ is at most m1/v2 so that the domain wall tension is at most

σ ∼ λ1/2m
1/2
1 v

1/2
2 v21 ≲ m1v

2
1; (D.7)
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thus, to be consistent with an instantaneous reheating, the wall tension scale should be

σ1/3 ≲ 4.6× 105GeV
(

m1
1TeV

)5/9( κ

0.1

)2/9
. (D.8)

However, decay of ϕ1 is not the most efficient way to terminate this reheating. One may
consider dissipation of the inflaton by the scattering with particles in the thermal plasma.
In this case, the dissipation rate is given by

Γ = κ2

8π
T 3

v21
, κ ≲ 1. (D.9)

The energy dumped into the radiation bath due to scattering of ϕ1 within a Hubble time
after the end of thermal inflation is given by

∆ρrad ≈ ∆T 4 ≈ Γρϕ∆t ≈
κ2

8π
T 3

v21

(
m2

1v
2
1

) MPl
m1v1

=⇒ ∆T ∼ κ2

32π
m1MPl
v1

(D.10)

Demanding this process depletes all energy in the inflaton field into radiation implies ∆T ≳
√
m1v1, and this provides an upper bound on v1

v1 ≲ 1011GeV
(

m1
1TeV

)1/3( κ

0.1

)4/3
. (D.11)

This translates to an upper bound on σ1/3,

σ1/3 ≲ 108GeV
(

m1
1TeV

)5/9( κ

0.1

)8/9
. (D.12)

These constraints are generally satisfied for the parameter space considered in figure 10. Thus,
at least for the parameter space of interest, instantaneous reheating is a valid assumption
for a second thermal inflation. Also, it is in principle possible to enhance the dissipation
rate by the cancellation of the mass of daughter particles between ϕ1-dependent contribution
and other contributions [131], or by adding many fields.

E Suppressed coupling between NGB and domain wall

In this appendix, we provide a quick parametric estimate for the coupling between the NGB
and the domain wall considered in this work in support of our claim made in section 4.1 that
oscillating walls almost do not radiate NGB efficiently. In this section, we will assume, similar
to the main text, that v2 ≫ v1. Recall that the Lagrangian considered in our model contains

L ⊃|∂µϕ1|2 +
(
µmϕ

2
1ϕ

∗
2 + h.c.

)
− V (|ϕ1|, |ϕ2|)

→
(
1 + r1

v1

)2 1
2(∂µa1)2 +

µmv
2
1v2√
2

(
1 + r1

v1

)2(
1 + r2

v2

)
cos
(2a1
v1

− a2
v2

)
∼
(
1 + 2r1

v1

)1
2

[
∂µ

(
ah + v1

2v2
al +O

(
v−2
2

))]2
+ m2

av
2
1

4

(
1 + 2r1

v1

)
cos
(2ah

v1
+O

(
v−2
2

))
,

(E.1)

– 52 –



J
H
E
P
1
1
(
2
0
2
4
)
0
3
2

in which we used ϕi = (vi + ri) exp(iai/vi)/
√
2 and performed a field redefinition

ah = a1 +
v1
2v2

a2 +O
(
v−2
2

)
,

al = a2 −
v1
2v2

a1 +O
(
v−2
2

)
.

(E.2)

Here, the field redefinition allows us to identify the heavy angular direction ah that forms the
domain walls and separate it from the massless NGB mode al. This leads to two interaction
terms among al, ah, and the lightest radial mode r1,

L ⊃ 1
v2
r1∂µah∂

µal +
m2

av1
2 r1 cos

(2ah

v1

)
. (E.3)

Here, the radial direction r1 typically has a mass m1 that is larger than the angular mode.
Then, by integrating out the heavy r1, we obtain an effective Lagrangian that includes
interaction between the NGB mode al and the heavy domain wall field ah

Leff ∼ m2
av1

2m2
1v2

(∂µal)(∂µah) cos
(2ah

v1

)
= 2
m2

1v1v2
(∂µal)(∂µah)V (ah). (E.4)

Note that away from the domain wall, both V (ah) and ∂µah terms vanish. Only on domain
walls does the heavy angular field ah have fluctuation that can be coupled to the light axion
field al. Integrating along the direction transverse to the domain wall, we can find that∫

dz ∂zah(z)V (ah(z)) =
m2

av
3
1

8 = σ2

32v1
. (E.5)

The light NGB can then couple to the domain wall by dualizing ∂µal to a 3-form field strength
Bµνρ ∝ ϵµνρσ∂

σal that couples to the domain wall worldvolume. Thus, parametrically, we
expect the effective action between the domain wall at the light axion is

Swall ∼
m2

av
2
1

m2
1v2

∫
dΣµνρBµνρ. (E.6)

This should be compared to the coupling between the cosmic string and NGB mode

Sstr ∼ 2πv1
∫

dσµνBµν , (E.7)

in which Bµν denotes the 2-form potential of the 3-form field strength Bµνρ. Then, one
may estimate the power loss due to NGB radiation on a H−1

re ×H−1
re -sized wall oscillating

with k ≈ Hre as

Pwall ≈
m4

av
4
1

m4
1v

2
2
≈ m4

a

v22
, (E.8)

in which we assumed that m1 ≈ v1 in the 2nd equality. This should be contrasted with the
power radiated by the boundary string of length ℓ ≈ H−1

re and frequency k ≈ Hre, which is

PNGB ≈ γav
2
2, (E.9)
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according to eq. (4.3). Indeed, as ma ≪ v2, the power radiated by the wall is highly suppressed.
If we take m1 ≪ v1 instead so that thermal inflation can be realized, there is an upper bound
on ma ∼

√
λm1v2 ≲ m1 so that a large trilinear coupling does not spoil thermal inflation.

In this case, the power loss into NGB from the bulk defect is

Pwall ≲
v41
v22
, (E.10)

which is suppressed compared to the boundary defect. This suppression of direct NGB
emission from walls is not too counterintuitive because (1) the wall-producing field is almost
orthogonal to the light NGB direction whereas the string consists mainly of the NGB-
producing field, and (2) despite the large overall energy of the wall, the wall is locally always
lighter than cosmic strings due to v1 ≪ v2.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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