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1 Introduction

In this work, we explore two universal features of higher dimensional conformal field theories
(CFTs) that are naively in tension: (1) there exist a large number of multi-twist local
operators [1–5], and (2) CFT data organizes itself into analytic functions of spin [6]. For
leading double-twist operators these two facts are easy to reconcile. The number of double-
twist operators does not grow with spin, and it is easy to connect them together into analytic
trajectories. The situation is more complicated for higher-twist trajectories where the number
of local operators grows with spin. Before discussing this more complicated case, let us
revisit some properties of leading trajectories.
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In weakly-coupled CFTs, analyticity in spin of double-twist families can be made fully
explicit at the level of operators. Consider a free field ϕ. The non-local light-ray operator

O2(S) =
∫ ∞

−∞
dα1 dα2

(
Ψ2,S(α1, α2) ≡

|α1 − α2|
Γ(−S)

−1−S)
:ϕ(α1n

+)ϕ(α2n
+): (1.1)

(where n+ is a null vector in the + direction) is manifestly analytic in S. Moreover, for
even integer spin S = 2k, it reduces to the null-integral of the local double-twist spin 2k
operator [ϕϕ]2k,0 defined by

[ϕϕ]2k,0 =:ϕ∂2k
+ ϕ: + ∂+ (· · · ),

with the total derivatives (· · · ) fixed so that [ϕϕ]2k,0 is a primary. To see this, note that as a
distribution, Ψ2,S(α1, α2) = δ(2k)(α1−α2)+O(S−2k). The matrix elements of O2(S) therefore
provide an analytic continuation in S of the matrix elements of null integrals of [ϕϕ]S,0.

Double-twist trajectories are simple because the wavefunction Ψ2,S is completely fixed by
kinematics. Requiring that O2 transforms as a primary operator with dimension ∆L = 1− S

translates into demanding that the kernel of (1.1) is a translation-invariant homogeneous
distribution of degree −1 − S, as we review in section 2. Ψ2,S is the unique1 distribution
with these properties, up to normalization. For generic S, interactions are expected to simply
multiplicatively renormalize the operator, leading to anomalous dimensions, see [7] for explicit
computations in the Wilson-Fisher theory.2

Besides manifesting analyticity in spin, the explicit perturbative expression for the double
twist light-ray operators (1.1) makes it clear that these operators exist in their own right,
irrespective of any particular correlator they might contribute to. This is to be contrasted
with the known non-perturbative constructions of Regge trajectories and light-ray operators,
which require choices of local operators to build the light-ray operators [6, 14].

It is less clear how to reconcile subleading higher-twist trajectories with analyticity in
spin. The number of higher-twist operators grows with spin, with infinitely many operators
accumulating in twist at large spin. How should we organize these degenerating operators
into analytic families? Do they indeed form discrete trajectories? If so, are these trajectories
unique, or do different ways of continuing operators reflect different kinds of Regge limits?
How do these infinitely many degenerate trajectories interact with each other at finite spin?

Weakly-coupled theories are an important playground to explore these questions. For
example, consider an ansatz for a “triple-twist” light-ray operator at weak coupling:

O3(S) =
∫ ∞

−∞
dα1 dα2 dα3Ψ3,S(α1, α2, α3) :ϕ(α1n

+)ϕ(α2n
+)ϕ(α3n

+): . (1.2)

The operator O3(S) is a primary with dimension ∆L = 1− S for any kernel Ψ3,S which is
translation invariant and homogeneous of degree −2−S. These leads to a continuous number

1For double-twist trajectories made out of distinct operators [ϕ1ϕ2]S,0 one could consider both |α1 − α2|−1−S

and sign(α1 − α2)|α1 − α2|−1−S . These would correspond to even and odd spin trajectories respectively, see
discussion around (2.7).

2At special values of S, this trajectory can mix with other trajectories, as in the case of the familiar
DGLAP-BFKL mixing [8–13].
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of candidate trajectories analytic in spin, since we can always dress any given kernel with
an arbitrary function of, say, x ≡ (α1 − α2)/(α2 − α3). What, if anything, quantizes these
continuum spectrum of operators down to the discrete Regge trajectories? Is this quantization
condition an intrinsically dynamical question whose answer depends very much on the theory
under consideration, or is there a more universal property guiding this discretization?

In [15], we explored the spectrum of multi-twist operators in planar N = 4 numerically,
finding evidence that multi-twist families form an infinite number of discretely-spaced Regge
trajectories. At any fixed integer spin, only a finite number of these trajectories have nonzero
matrix elements, which explains why there are only a finite number of local multi-twist
operators at each spin. More recently, [16] explored this question in the Wilson-Fisher theory,
explicitly constructing multi-twist operators and finding discrete Regge trajectories emerge
from diagonalizing an appropriate Hamiltonian.

Our goal in this work is to explore the explicit construction of higher-twist single-trace3

light-ray operators in planar N = 4 SYM at weak-coupling. Key behind the construction
is the integrability of the planar dynamics in this very special theory. Requiring that light-
ray operators diagonalize higher-integrable charges away from integer spin provides extra
constrains on the light-ray kernels. These extra constraints allow us to identify proper
quantization conditions which we later reinterpret as more universal requirements on the
kernels of light-ray operators. Our results and organization can be summarized as follows:

• The kernels are quantized by a smoothness condition when “partons” collide, αi = αj .
This is implemented by requiring sufficiently rapid decay of the kernels in Fourier space,
equation (2.31). Once this condition is imposed, there is a discrete set of operators
at each spin diagonalizing the dilatation operator. In planar N = 4, to diagonalize
the dilatation is equivalent to diagonalizing higher-integrable charges. The latter act
as a simple recursion relation in Fourier space, see equation (2.26)! The quantization
condition is then trivial to implement. This is the topic of section 2.

• In section 3 we define a norm for our light-ray operators, which was first introduced
in [17].4 The norm, written in equation (B.14), allows us to express the analytic
continuation in spin of CFT data in terms of integrals of light-ray kernels, see (3.10).
Plugging in our explicit expressions for the perturbative light-ray kernels, we reproduce
the continuation of the CFT data for twist-three trajectories obtained in [15], and derive
the “decoupling zeroes” uncovered in that reference. The mechanism giving rise to the
decoupling zeros is exactly as described in [16].

• We explore the continuation of twist-three trajectories in the full complex spin plane in
section 4. What we observe is rather surprising: the infinitely many trajectories (which
are degenerate at tree level), form a rich, infinitely-sheeted Riemann in perturbation
theory. This is to be contrasted with the traditional mixing of the “45-degree” trajec-

3Of course, single-trace operators are not quite the universal higher-twist trajectories of general CFTs.
However, all of the questions above still apply in the large N context, and many of the lessons we are going to
extract are expected to extend to general CFTs.

4The idea of using this norm was suggested to us by Petr Kravchuk, based on his work on the Wilson
Fisher theory [16].
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tories considered here with the horizontal/BFKL and/or shadow trajectories, which
manifests in perturbative CFT data as poles in anomalous dimensions of ever-increasing
order [7, 18–21]. For higher-twist trajectories, we have infinitely many branch-points at
finite positions in the left-half complex spin plane in perturbation theory. For example,
we are able to perform the monodromy described in figure 9: starting from a point
corresponding to (the null integral of) a local operator in the second even trajectory,5 we
move towards the left half plane, encircle the branch point, and return to the physical
region of positive integer spin, now landing on the third even trajectory! Note that, due
to the light-ray construction, we can perform this continuation at the level of operators,
instead of simply at the level of the spectrum. At any point along the trajectory, one
has a well defined operator which might be inserted in arbitrary correlation functions.

• In section 5, we find numerous alternative ways of analytically continuing twist-three
operators in spin, which we dub “CFT cousin trajectories.” The resulting light-ray
operators can be interpreted as twist operators on the string worldsheet. Whether these
trajectories persist after nonplanar corrections, and their physical implications, remain
open questions.

We conclude with a number of open problems and discussion of the various questions
raised in this introduction in section 6.

2 Light-rays and integrability

2.1 Review: the light transform

Light-ray operators are non-local primary operators in a CFT transforming in continuous
spin representations [14] of the conformal group. The simplest light-ray operators can be
constructed out of local primary operators via the light transform

L[O](x, z) =
∫ ∞

−∞
dα(−α)−∆−SO

(
x− z

α
, z

)
. (2.1)

Here we use index-free notation, O(x, z) ≡ zµ1 ...zµSOµ1...µS with a future pointing null
polarization vector z contracted with the indices of a traceless symmetric tensor operator O.
The integral moves O from x towards I + along z, reaching it at α = 0, and then continues
into the next Poincare patch in the Lorentzian cylinder, reaching T x (defined as the point
where future-directed light-rays emitted from x converge) when α = +∞.

The conformal properties of the light-transform are easier to see in the embedding-
space [22–27],

L[O](X,Z) =
∫ ∞

−∞
dα(−α)−∆−SO

(
X − Z

α
,Z

)
=
∫ ∞

−∞
dαO (Z − αX,−X) . (2.2)

Here, we used that O is a primary operator with dimension ∆ and spin S, which in the
embedding formalism means O(λ1X,λ2Z + βX) = λ−∆

1 λS2O(X,Z). In turn, this shows
5It turns out that Regge trajectories are ordered in terms of their anomalous dimension for any positive

spin.
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that the light transform L[O] transforms as a primary with dimension ∆L = 1 − S and
spin JL = 1 − ∆ since

L[O](λ1X,λ2Z) = λ−1+S
1 λ1−∆

2 L[O](X,Z).

The embedding space formula (2.2) also manifests that α = 0 is a regular point of the
integral transform.

Equation (2.1) can be recovered from (2.2) through the standard Poincare gauge fixing
X = (1, x, x2) and Z = (0, 2x · z, z). For our purposes, it will be more useful to choose
coordinates so that the light-ray fits in a single Poincare patch, stretching from I − to
I +. This is achieved by setting

X = (0,−2y · z,−z) and Z = (1, y, y2), (2.3)

which results in

L[O](x′, z) =
∫

dαO(y + αz, z),

with x′ = y − ∞z.
The light transform of even and odd spin operators can be distinguished through CRT

symmetry, which acts on local operators as UCRTO(x, z)U−1
CRT = (−1)SO†(x̄, z), where

x̄ = (−x0,−x1, x2, . . . xd). This results in(
UCRTL[O](x′, z)U−1

CRT

)†
= (−1)SL[O](x′, z). (2.4)

When constructing continuations in spin of light transforms, we will require that even/odd
spin trajectories at generic spin S are eigenvalues of CRT plus hermitian conjugation with
eigenvalues ±1 respectively.

2.2 Light-ray operators at weak coupling

At weak coupling, one might propose to construct more general light-ray operators in terms
of fundamental fields. For example, consider the following ansatz in N = 4 SYM:

O(X,Z) =
∫ ∞

−∞

L∏
i=1

dαiΨ(α1, . . . , αL)Tr (Z(Z − α1X) . . .Z(Z − αLX)) . (2.5)

We use the trace to denote Wilson lines along the contour cyclically connecting the various
field insertions. Due to the cyclicity of the trace, it is enough to consider cyclic-invariant
kernels. For Ψ given by appropriate linear combinations of (derivatives of) Dirac delta
functions, equation (2.5) reduces to the light-transform of local single-trace operators in the
SL (2,R) sector of N = 4 SYM, schematically given by

Tr
(
DS

+ZL
)
+ permutations. (2.6)

The ansatz (2.5) produces a tree-level primary operator with dimension ∆L = 1− S and spin
JL = 1 − L − S, provided that Ψ is a translation-invariant distribution with homogeneity
degree JL. We will often refer to Ψ as the light-ray wave function. For fixed (∆L, JL), there
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is a continuum of such wave functions. As discussed in the introduction, our first goal is to
understand how (and if) the dynamics of the theory selects a preferred discrete set of light-ray
operators (2.5) corresponding to the Regge trajectories of the multi-twist operators (2.6).

Henceforth, we use the coordinates defined in equation (2.3). Even- and odd-spin
trajectories will correspond to independent analytic operators. Following equation (2.4), it is
natural to consider operators with definite signature under CRT plus hermitian conjugation,
i.e. such that (

UCRTO(x′, z)U−1
CRT

)†
= ±O(x′, z), (2.7)

with the upper/lower sign corresponding to even/odd spin trajectories. In terms of the wave
functions, the requirement (2.7) corresponds to Ψ(α1, . . . , αL) = ±Ψ(−α1, . . . ,−αL).

Let us summarize the kinematic constrains on the light-ray wave functions.

Kinematic Constrains on Ψ

The wave function Ψ of single-trace light-ray operators

O(x′, z) =
∫ ∞

−∞

L∏
i=1

dαiΨ(α1, . . . , αL)Tr (Z(y + α1z) . . .Z(y + αLz)) (2.8)

continuing the light transform of single-trace SL (2,R) operators (2.6) must be

• Translation invariant: Ψ(α1, . . . , αL) = Ψ(α1 + a, . . . , αL + a), (2.9)
• Homogeneous: Ψ(λα1, . . . , λαL) = λ1−L−SΨ(α1, . . . , αL), (2.10)
• Reflection symmetric: Ψ(−α1, . . . ,−αL) = ±Ψ(α1, . . . , αL), (2.11)
• Cyclic symmetric: Ψ(α1, . . . , αL) = Ψ(α2, . . . , α1). (2.12)

It is important to trivialize the kinematic conditions (2.9)–(2.12) as much as possible
before considering the dynamics. We will first consider in detail the trivial case L = 2 and
then the L = 3 case, which is the main case of interest in this work.

As described in the introduction, the twist-2 wave function is completely fixed by the
kinematic constrains (2.9)–(2.12). Indeed, translation invariance implies that, in this case,

Ψ(α1, α2) = f(α1 − α2).

Homogeneity now requires that f is an homogeneous distribution of degree −1− S. These
are classified to be of the form

f(α1 − α2) = c1(α1 − α2 + iϵ)−1−S + c2(α2 − α1 + iϵ)−1−S .

For even spin trajectories,6 reflection symmetry then fixes c1 = c2. Let us normalize
c1 = 1/Γ(−S) so as to cancel the singularities of Ψ at positive even integer values of S. With

6There are no odd spin twist-2 operators in the SL (2,R) sector.
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this normalization, Ψ is holomorphic7 for all S ∈ C. In the end, we have

Ψ(α1, α2) =
|α1 − α2|
Γ(−S)

−1−S
,

which is to be compared with equation (1.1).
Let us now move on to the case L = 3. It is useful to introduce the polar coordinates

(r, θ) defined through

α1 − α2 = r cos(θ), (2.13)
α2 − α3 = r cos(θ − 2π/3), (2.14)
α3 − α1 = r cos(θ − 4π/3), (2.15)

the last equation being automatic. The primary condition (2.9) implies that the wave
function Ψ is a function of r and θ only, being independent of the center of mass coordinate
3αcm ≡ α1 +α2 +α3. In terms of these coordinates, homogeneity (2.10) takes the simple form

Ψ(α1, α2, α3) =
g(θ)

Γ(−S)r2+S . (2.16)

where g(θ) is an undetermined distribution on S1 and the Γ(−S) factor is added for later
convenience. The discrete symmetries (2.11)–(2.12) then reduce to

g(θ) = g(θ + π), g(θ) = g(θ + 2π/3),

which can be combined into

g(θ) = g(θ + π/3). (2.17)

2.3 Dynamics

The undetermined wave functions g(θ) are intrinsically dynamical objects. They should
be constrained by requiring that the light-ray operators are eigenvectors of the dilatation
operator D in the interacting theory, much like how D determines the precise permutations
in (2.6) for the various single-trace primary operators at the interacting level.

In planar N = 4 SYM, the task of diagonalizing the action of the dilatation operator
is greatly simplified due to integrability. In this theory, primary single trace operators are
not only eigenstates of the dilatation operator, but also carry higher quantum numbers
corresponding to extra integrable charges. This is a well known story at the level of local
operators. Here we simply demand this remains true at the level of single-trace light-ray
operators.

At one-loop order, these higher-charge operators can be constructed explicitly and take
the form of simple differential operators acting on the various field insertions along the
Wilson line [28, 29]. Their common building block is the R-matrix operator, whose action
on the Z fields of (2.8) is

Rab · Z(αj) =

u+ i
2

(
αj∂αj + 1

2

)
− i

2∂αj

i
2

(
α2
j∂αj + αj

)
u− i

2

(
αj∂αj + 1

2

)

ab

· Z(αj), (2.18)

where we denote Z(αj) ≡ Z(y + αjz) and set z = n+ for simplicity.
7This means that, for any test function h, ⟨Ψ, h⟩ is a holomorphic function of S.
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Figure 1. Action (2.19) for L = 3. In this case, each R-matrix is linear in u so in total τ(u) is a
differential operator in αj , ∂αj

which is cubic in u; in other words, it is a collection of four differential
operators, one for each power of u. In practice three of these are trivial and one leads to a nice
differential equation on the wave function upon integration by parts. This leads to equation (2.22)
coming from the u0 term in τ(u).

From the R-matrix, one can construct the transfer-matrix, which acts on the full light-ray
operator through

τ(u) · Tr (Z(α1z) . . .Z(αL)) = Tr ((Ra1a2Z(α1)) . . . (RaLa1Z(αL))) , (2.19)

see figure 1 for a graphical description of R and τ . For our purposes, it suffices to know
that the transfer matrix commutes with itself and the dilatation operator for any value
of the spectral parameter,

[τ(u), τ(v)] = [τ(u),D] = 0. (2.20)

Local single-trace operators are eigenvectors of τ(u) and therefore so are their light trans-
forms. We demand that this remains true for more general light-ray operators corresponding
to the continuation of the light-transforms at non-integer spin:

τ(u) ·O = t(u)O. (2.21)

The transfer matrix equation (2.21) is a polynomial in u of degree L. Collecting (2.21)
in powers of u provides a number of differential equations that must be satisfied by O. The
differential operators naturally act on the partons through (2.19). Integrating the action by
parts results in a system of differential equations for the wave functions Ψ. Ignoring the trivial
uL term, this provides a set of L equations on the L-variable wavefunction Ψ. Note that,
after imposing the kinematical constrains, the uL−1 and uL−2 terms in (2.21) are redundant,
the first being equivalent to (2.9) and the second8 equivalent to (2.10). We are thus left with
L− 2 non-trivial conditions on Ψ. For L = 3, using (2.16), the nontrivial equation reads
1
2 (1 + cos(6θ)) g(3) − 3

2(4 + S) sin(6θ)g(2) −
((
3S2+ 6S + 8

)
+
(
3S2+ 24S + 44

)
cos(6θ)

)
g′

=
(1
2(12i

√
3q + (2 + S)(4 + S)(6 + S) sin(6θ))

)
g, (2.22)

8The uL−2 term in τ(u) is proportional to the quadratic Casimir of the SL(2,R) group of conformal
symmetries that preserve the light-ray.
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where q is defined by

t(u) = 2u3 − 1
4C2(S)u+ q

8 , (2.23)

with C2(S) = S2 + 2S + 3
2 .

The periodicity of (2.22) invites us to work in Fourier space. The discrete symmetries
of g, equation (2.17), imply that, as a distribution,9

g(θ) =
∑
n∈Z

an(−1)nei6nθ, (2.25)

where we introduced factors of (−1)n for later convenience. Indeed, plugging the decom-
position (2.25) in (2.22) leads to a beautiful three-term recursion relation! We summarize
the results of this section in the following box.

Dynamic Constraints on Ψ (L = 3)

The g(θ) distribution defining one-loop even-trajectory single-trace light-ray opera-
tors through (2.16) must satisfy

(6n− S)(2 + 6n− S)(4 + 6n− S)an+1

−12(n
(
8 + 36n2 + 6S + 3S2

)
− 2

√
3q)an (2.26)

+(6n− 4 + S)(6n− 2 + S)(6n+ S)an−1 = 0,

where an are the Fourier coefficients of g(θ) defined in (2.25) and q is an operator
dependent charge defined in (2.23).

The determination of the light-ray wave functions corresponding to the various presumed
discrete trajectories can be separated into two parts. First, one should understand what
fixes, for the various discrete trajectories, indexed by j, the integrable charge eigenvalue
qj(S) at non-integer spin. Second, given qj(S), one must determine how to fix a unique
solution to (2.26). At this point there remains a continuous one parameter family of solutions
to (2.26). We solve these issues in section 2.5. However, first it is useful to consider the case
of light transforms of local operators from the perspective of (2.26).

2.4 Integer spin and reduction to the light transform

For even integer spin 2k, the ansatz (2.8), (2.16) reduces to

O =
∫

dαcm dθ drg(θ)δ(2k)(r)Tr (Z(y + α1z)Z(y + α2z)Z(y + α3z)) +O(S − 2k),

9This means that (2.25) might not converge pointwise, but does when integrated against a test function f

whose Fourier coefficients cn decay faster than any power, i.e.

⟨g, f⟩ ≡
∫ ∞

0
dθg(θ)f(θ) =

∑
n

anc−6n(−1)n (2.24)

converges. Equivalently, a (π/3 periodic) distribution on S1 is defined by a sequence of polynomially bounded
coefficients an through the right hand side of (2.24).
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where we assumed that g(θ) is regular as S = 2k, and the αi are understood to be functions
of αcm, r, θ according to (2.13)–(2.15). Because the radial part of the kernel degenerates
into a delta function the fields Z localize,

O =
∫

dαcm dθg(θ)
2k∑
j=0

Pj(θ)Tr
(
Z(z ·D)jZ(z ·D)2k−jZ

)
(y + αcmz) +O(S − 2k), (2.27)

where Pj is a homogeneous polynomial of degree S on sine and cosine of θ. Due to this
property of Pj , the wave function g(θ) can be truncated in its Fourier decomposition: only
an with |n| ≤ ⌊S6 ⌋ can contribute in (2.27).

Let us now examine the recursion relation (2.26) for integer spin. Beautifully, for even
S the equations indexed by |n| ≤ ⌊S6 ⌋ close! Indeed, these equations provide a system of
2⌊S6 ⌋+ 1 equations on the 2⌊S6 ⌋+ 1 variables an, |n| ≤ ⌊S6 ⌋. A non-trivial solution to these
linear equations is possible if and only if the determinant of the matrix of coefficients vanishes.
This condition is a polynomial equation of degree 2⌊S6 ⌋ + 1 for q. Each solution to this
equation will then define, up to normalization, the light transform of a local operator by
means of (2.27)! Indeed, there are 2⌊S6 ⌋+ 1 primary twist three operators at even spin S.
(See appendix A for the counting of local primaries for arbitrary twist L and spin S.) We
therefore recover the complete spectrum of even-spin twist-three local operators from the
light-ray construction, including the integrable charge q characterizing each of them.10

Due to integrability, it is straightforward to compute the CFT data associated to these
operators. In figure 2 we present all11 one-loop anomalous dimension for even spin twist
three operators up to spin S = 150.

The black dashed lines in figure 2 represent a complete set of trajectories ordered by their
anomalous dimensions. It is possible to provide a numerical argument that this assignment of
local operators into families indeed corresponds to analytic Regge trajectories. Assuming no
mixing of trajectories in a half right plane,12 the complex spin CFT data associated to a given
Regge trajectory admits a convergent expansion in terms of the integer spin CFT data through
a Newton series [15]. For instance, in the case of the anomalous dimension γ(S) we have

γ(S) =
∞∑
n=0

(
S−S0

2
n

)
n∑
i=0

(−1)n−i
(
n

i

)
γS0+2i, (2.28)

where γS corresponds to the integer spin CFT data. Convergence is guaranteed to the right
of the first singularity in the complex spin plane. In (2.28), we are free to choose S0 to be
any integer along the trajectory — γ(S) should be insensitive to this choice for a consistent
Regge trajectory. One can then use the self-consistency of equation (2.28) to probe whether
a given assignment of local operators into trajectories is consistent with analyticity in spin.

Plugging the anomalous dimension associated to the integer spin operators of the black
trajectories in figure 2 indeed results in beautiful numerical convergence of (2.28). Indeed,

10Bethe ansatz provides an alternative way of determining the spectrum of q at a given integer spin S, see
e.g. section IV of [15].

11Except for the lowest operator at each spin, operators come in degerante pairs, hence why at even spin S

there are ⌊S
6 ⌋+ 1 points in figure 2.

12In the case of the black trajectories in figure 2, it is verified a posteriori, see [15], that there are indeed no
branch points for Re (S) ≥ 0.
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Figure 2. Black dots: even spin twist three spectrum up to S = 150. Black dashed curves: first 50
analytic trajectories continuing the even spin spectrum. They correspond to the light-ray operators
constructed in section 2. The black lines are constructed entirely from the physical states using (2.28).
Alternatively, they can be obtained from the action of the light-ray Hamiltonian, see discussion
around (2.32), or directly from integrability, see section 4. One might wonder if there are alternative
ways of organizing the spectrum into analytic trajectories. Consider for example the red dashed curve,
which is drawn by hand. Is there an analytic trajectory which continues the selected local operators?
We expect that the answer is negative, and indeed, under the assumption of analyticity in a half-plane,
this can be verified using (2.28), see appendix 5. However, surprisingly, it turns out that, indeed,
there are (infinitely many) other reorganizations of the spectrum into analytic families. We discuss
this surprising fact in the conclusions and in appendix 5.

the black curves themselves are generated through Newton’s formula,13 and can be double
checked against other methods, see [15]. On the other hand, alternative assignments of local
operators to trajectories, such as the red curves in figure 2, result in numerical divergences
via (2.28) — see section 5. This suggests that such assignments do not correspond to Regge
trajectories controlling CFT correlators.

Newton’s series can also be used to reconstruct the analytic continuation of the integrable
charge qj(S) associated to the various black trajectories, indexed henceforth by j, from the
integer spin q values obtained from (2.26). The problem of determining the values of qj(S)
for non-integer spin is thus in practice solved, at least in a half-plane. In this work, however,
we would like to understand how the black trajectories and qj(S) are selected from the point
of view of light-ray operators, i.e. directly from (2.26) at non-integer spin.

13We use CFT data up to spin S = 500 in Newton’s formula, which allows us to control the higher trajectories
whose local operators are not included in figure 2.
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2.5 Quantization at non-integer spin

Light-ray operators at non-integer spin should diagonalize the one-loop dilatation operator,
which acts by

D1 · Tr (Z(α1) . . .Z(αL)) =
L∑
i=1

Hi,i+1 · Tr (Z(α1) . . .Z(αL)) , (2.29)

Hi,i+1 · Tr (Z(α1) . . .Z(αL)) = 2g2
∫ dτ

τ

(
2Tr (. . .Z(αi)Z(αi+1) . . . )

− Tr (. . .Z((1− τ)αi + ταi+1)Z(αi+1) . . . )

− Tr (. . .Z(αi)Z((1− τ)αi+1 + ταi) . . . )
)
,

where Z(α) ≡ Z(αn+). Demanding that O diagonalize D1 implies an integral equation
for the light-ray wavefunction Ψ. In the study of the Wilson-Fisher theory in [16], an
analogous integral equation implied certain smoothness/boundary conditions for Ψ, leading
to quantization conditions and discrete solutions.

Here, instead of analyzing how smoothness/boundary conditions come about from (2.29),
we will instead guess a simple quantization condition using our Fourier-space recursion
relation, and then check its consistency with D1. It is natural to expect that the quantization
condition is associated to analyticity properties of g(θ). We are thus led to examine the
asymptotics of the Fourier coefficients an.

Let us consider the large |n| asymptotics of (2.26) and look for power series solutions.
The most general asymptotic solution takes the form

an = α1n
−1
(
1 +

∞∑
i=1

ain
−i
)
+ α2n

S

(
1 +

∞∑
i=1

bin
−i
)
, (2.30)

with ai, bi fixed in terms of q and S through the recursion relation. Let us emphasize that the
asymptotic behaviors at n→ ±∞ are in principle distinct. Both should take the form (2.30),
but with different values of αi. Let us denote those by αi(±∞) respectively. It is a non-trivial
connection problem to determine αi(−∞) given the αi(+∞) asymptotics, q and S.

This connection problem can be explored numerically. Truncating the sums in (2.30)
with a decent number of terms provides a good approximation to a solution of (2.26) at large
positive values of n. From there, one can reconstruct the solution for arbitrary n through
iterations of the recursion relation (2.26). In this way, one can numerically fit αi(−∞) as
a function of q, S, and αi(+∞).

In figure 3 we plot the ratio α2(−∞)/α1(−∞) as a function of q for the solution of (2.26)
with α2(+∞) = 0. We fix the spin S = 6+1/3, just for the purposes of illustration. Zeroes of
the ratio correspond to discrete values qj(S) for which solutions with pure |n|−1 asymptotics

— and thus maximal smoothness in θ space — exist. The result is remarkable: these discrete
values correspond precisely to the values qj(S) determined by the black trajectories in
figure 2! We are thus led to the following proposal.
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Figure 3. We consider solutions of the recursion relation (2.26) that decay as n−1 for n→ +∞. The
recursion relation then determines the asymptotics as n→ −∞ to be of the form (2.30) with α2/α1
fixed in terms of S and q. Here we plot the ratio as a function of q for S = 6+1/3. Zeroes of the ratio
correspond to values of q for which solutions with pure |n|−1 asymptotic exist. Our main proposal is
that these are precisely the light-ray operators corresponding to Regge trajectories, see (2.31).

Quantization Condition on Ψ (L = 3)

The solutions of (2.26) corresponding to light-ray operators governing Regge trajec-
tories, equivalent to the black curves in figure 2, are those for which asymptotically

an ∼ |n|−1. (2.31)

At fixed S, these exist only for discrete values qj of the integrable charge. These
define the infinitely many discrete twist three trajectories as a function of spin.

To test the proposal (2.31) we can check the action of the one-loop dilatation opera-
tor (2.29) on the corresponding light-ray operators. In practice, we compute

γ̃ ≡
⟨Ω|Tr

(
X̄ 2Z̄

)
(x1) [D1,O(x2)] Tr

(
XZ̄

)
(x3)Tr

(
XZ̄

)
(x4)|Ω⟩

⟨Ω|Tr
(
X̄ 2Z̄

)
(x1)O(x2)Tr

(
XZ̄

)
(x3)Tr

(
XZ̄

)
(x4)|Ω⟩

(2.32)

for a range of cross ratios z, z̄. We observe that solutions defined through the criteria (2.31)
indeed correspond to cross-ratio independent γ̃, as it must be for light-rays diagonalizing
D1. Solutions of (2.26) with alternative asymptotics do not pass this consistency check, γ̃
being a non-trivial function of the cross-ratio in those cases. Moreover, for the solutions
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defined by (2.31), we observe that γ̃ agrees with γ(S), as determined by Newton series, for
each of the black trajectories14 in figure 2.

We have thus completed the explicit construction of the operators analytically continuing
the (light transform of) even15 spin triple-twist single-trace operators. They are given by (2.8)
with Ψ given by (2.16) in terms of g(θ), which in turn is fixed by (2.26) and (2.31). We
can explicitly plot these kernels, see figure 4.

3 Norm and structure constants

With explicit light-ray operators in hand, we can compute any correlator we want. Our next
task is to relate correlators of light-ray operators to the analytic continuation of local CFT
data. This will allow us to understand the origin of the decoupling zeroes in [15]. Local CFT
data is usually presented in conventions where local two-point functions have a standard
normalization. Thus, in order to relate correlators of light-ray operators to this data, we
must understand how to properly define the norm of light-ray operators.

This is not totally straightforward: light-ray operators annihilate the vaccuum [14]

O(X,Z)|Ω⟩ = 0 (3.1)

and therefore Wightman two-point functions do not define a proper norm for these continuous
spin operators.

A natural suggestion is, instead, to capture the light-rays norms through their time
ordered correlators, as suggested in [17]. One could thus hope for a formula of the form16

C2
OSO1O2(S)

?= fOSO1O2(S)
( ⟨O1OO2⟩
⟨0|O1OO2|0⟩

)2 ⟨0|OŌ|0⟩
⟨T {OŌ}⟩

, (3.2)

14The lowest trajectory in figure 2 provides a nice more analytic testing ground in which one can disentangle
the determination of q and of the asymptotics. This trajectory possess enhanced symmetry. It is invariant
under inversion of the orientation of the Wilson line in (2.8) — as can be verified explicitly for the various
light-transforms/local operators along the trajectory — or, equivalently, the wave function is invariant under
permutations:

Ψ(α1, α2, α3) = Ψ(α2, α1, α3) = Ψ(α2, α3, α1). (2.33)
This property is equivalent to the condition q = 0 for all S, as can be verified from the n ↔ −n symmetry of
the recursion relation (2.26). One does not need to compute q(S) numerically in this case. Solutions to the
recursion for q = 0 automatically have symmetrical asymptotics αi(∞) = αi(−∞). Using the solution with
pure n−1 asymptotics in (2.32) reproduces the correct anomalous dimension for these lowest lying trajectory,

γq=0(S) = 8h(S/2). (2.34)

For the higher trajectories the anomalous dimensions are not known in closed form, but we observe a beautiful
match when comparing with the continuations determined from Newton’s series (2.28).

15The construction for odd spin operator is identical, with the minor modification that in the Fourier
decomposition (2.25) one must sum (only) over half-integer n due to the negative signature under CPT.
Solving the corresponding recursion relation with Fourier modes decaying as an ∼ n−1 leads to the odd spin
light-rays. We have explicitly constructed the first few odd trajectories and verified that the general features
discussed in figures 4, 7, 8, 9 are reproduced for the odd trajectories. Due to the similarity with the even spin
story, we omit the details.

16Such a formula was derived by Henriksson, Kravchuk and Oertel in [16]; our results were presented
and discussed simultaneously with theirs at the Bootstrap Annual Meeting in 2023, in Sao Paulo, see talks
by Kravchuk and Homrich [30]. The derivation in [16] is more general, being performed directly at the
non-perturbative level by relying on the general construction of light-ray operators of [14] and their relation to
the inversion formula [6]. We believe that the perturbative argument in this section is nevertheless instructive,
and we present it here for completeness.
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Figure 4. Top: the dynamical part of the wave function, g(θ), for the lowest even-spin trajectory
at various values of spin. From red to green, spin is taken from S = −1 − 1/3 to S = 6 − 1/3 in
unit steps. The wave function has logarithmic divergences when partons collide. We see three such
divergencies in the plot, which correspond respectively to α2 = α3, α1 = α2, and α3 = α1. Bottom:
at integer spin, it is enough to truncate the wave function to the first few Fourier modes in order to
recover the light-transform of local operators, see section 2.4. From green to red, the lowest trajectory
at even spin from S = 4 to S = 16.

where fOSO1O2(S) is some universal function depending exclusively on the various conformal
quantum numbers of the operators, ⟨0|O1OO2|0⟩ and ⟨0|OŌ|0⟩ are canonical conformal
two- and three-point structures defined in appendix B, and ⟨O1OO2⟩, ⟨T {OŌ}⟩ are the
dynamical correlators. Let us stress that, out of the various factors in equation (3.2), only
⟨O1OO2⟩2/⟨T {OŌ}⟩ is dynamical and theory dependant, all other factors are kinematical.

The definition of a “time-ordered” correlator of light-ray operators is somewhat subtle.
In a perturbative CFT, we will define it by starting with a time-ordered correlator of the
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constituent fields that make up the light-ray operator, and then integrating against the
appropriate kernel Ψ. In a nonperturbative CFT, one approach is to construct the light-ray
operator via a bilocal integral of local operators [14], and apply the bilocal kernel to a time-
ordered correlator (as in the derivation of [16]). The relationship between these approaches is
not obvious. Fortunately, the simple perturbative definition will be suitable for this work.

3.1 (Twist 2 motivation of the) complex S structure constant formula

To get some intuition on how the formula (3.2) might work, let us consider the case of
twist two light-ray operators,

O2 = i
√
2
√
Γ(2S + 1)

2πΓ(S + 1)

∞∫
−∞

dα1dα2

( 1
(α1 − α2 + iϵ)1+S + 1

(α2 − α1 + iϵ)1+S

)
︸ ︷︷ ︸

ψ(α1,α2)

× Tr (Z(y + α1z)Z(x+ α2z)) (3.3)

at leading order. The full computation is completely fixed by conformal symmetry in this
case, and thus we can explicitly keep track of all factors contributing to (3.2). We will take
O1 = Tr

(
XZ̄

)
and O2 = Tr

(
X̄ Z̄

)
in this example.17

At even integer spin, these light-rays reduce to light-transforms of local twist-2 operators,

OS(x, z) = L[OS ](x, z) for even integer S,

where

OS(x, z) =
1√

2(2S)!
∑
i

(−1)i
(
S

i

)2

Tr
(
Di
zZDS−i

z Z
)
(x) .

The operators OS are canonically normalized,

⟨O(x1, z1)O(x2, z2)⟩ =

(
(x12 · z1)(x12 · z2)− 1

2x
2
12(z1 · z2)

)S
(x2

12)∆+S , (3.4)

and the three point function of interest is

⟨O1(x1)OS(x3, z)O2(x2)⟩ =
√
2S!√
2S!

(
z · x23x

2
13 − z · x13x

2
23
)S

x∆+S
23 x∆+S

13 x2
12

, (3.5)

from which one can read that COSO1O2(S) =
√
2Γ(S + 1)/

√
Γ(2S + 1).

Let us reproduce this result directly at complex spin from ⟨O1OO2⟩ and ⟨T {OŌ}⟩. At
leading order these correlators are given by simple Wick contractions. The computation is
discussed briefly in figure 5. Details and further discussion can be found in appendix B.

The computation of ⟨O1OO2⟩ is straightforward. One simply deforms the αi integrals
and picks up the propagator poles. The result is

⟨O1(x1)OO2(x2)⟩
⟨0|O1OO2|0⟩

=
(
−2πiΓ(2S + 1)

Γ(S + 1)2

)
COSO1O2(S). (3.6)

17That is, we compute structure constants of light-ray operators and two 1/2-BPS operators of which O1

and O2 are the relevant terms.
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Figure 5. Structure constants between the non-local operator and two local scalar operator are
obtained by Wick contracting the constituents of the line operator with the scalars (left) as well as
normalizing the light-ray operator by dividing by its norm (right). Here we are considering the twist
two case where two partons are integrated along a light-ray. The left picture yields (3.6) while the
right picture leads to (3.9).

The term in parenthesis can be understood as resulting from the light-transform of
the canonical three-point structure [14]. Indeed, now restoring explicit dependence on the
twist τ = ∆ − J and allowing for generic dimensions ∆1,∆2 for the scalar operators O1
and O2, we have

∫
dx+

3
(x−2 x2

13 − x−1 x
2
23)S

xτ+2S+∆2−∆1
23 xτ+2S+∆1−∆2

13 x∆1+∆2−τ
12

= (3.7)

(
−2πiΓ(τ + 2S − 1)

Γ( τ+∆1−∆2+2S
2 )Γ( τ+∆2−∆1+2S

2 )

) (
x2

1
x−1

− x2
2

x−2

)1−τ−S

x∆1+∆2−τ
12 (x−1 )(∆1−∆2+τ)/2(−x−2 )(∆2−∆1+τ)/2

.

The second term above is our definition for the kinematical three point conformal structure
⟨0|O1(x1)O(−∞n+, n+)O2(x2)|0⟩. The numerical prefactor in parenthesis will be absorbed
as part of fOSO1O2(S) in (3.2).

Next we move on to the computation of ⟨T {O(x1, z1)Ō(x2, z2)}⟩. The computation is
immediately more subtle. The correlator is invariant under the action of a SO(1, 1) conformal
transformation — the M+− boost in the frame of figure 5. Its action on the fields of (3.3)
can be absorbed by rescaling the integration variables.

One thus has a zero-mode in the integrals. It produces a divergent factor vol(SO(1, 1))
upon integration. We will divide the correlator by this factor to obtain a finite result. In
practice, this means ‘gauge fixing’ the action of the M+− boost and inserting the proper
Faddeev-Popov determinant, which guarantees the result is gauge independent.
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We thus want to compute

⟨T {OŌ}⟩g.f. =
Γ(2S + 1)

4π2Γ(S + 1)2

∫ 2∏
i=1

dαidβi
λδ(α1 + α2 − λ)ψ(α1, α2)ψ(β1, β2)
(α1β1 + d2 + iϵ)(α2β2 + d2 + iϵ) , (3.8)

where we inserted the gauge fixing (g.f.) condition α1 + α2 = λ, with the overall factor of λ
being the Faddeev-Popov determinant ensuring that the result is independent of λ. As in
the three-point element computation, there are two possible Wick contractions which can be
combined into a factor of two by permutation symmetry of the wave function ψ(β1, β2).

The computation is performed in appendix B. The result is

⟨T {OŌ}⟩g.f.

⟨0|OŌ|0⟩
= −

(
1 + eiπ(−1−S)

)
(2S + 1) . (3.9)

Combining the results (3.6) and (3.9) allows us to write a sharp version of (3.2):

Continuation of Structure Constants from Light-Ray Correlators

The analytic continuation in spin of structure constants is given in terms of light-ray
correlators as

C2
OSO1O2(S) = fOSO1O2(S)

( ⟨O1OO2⟩
⟨0|O1OO2|0⟩

)2 ⟨0|OŌ|0⟩
⟨T {OŌ}⟩g.f.

(3.10)

with

fOSO1O2(S) ≡
e−iπS − 1
∆ + S − 1

Γ
(
τ+∆1−∆2+2S

2

)
Γ
(
τ+∆2−∆1+2S

2

)
2πiΓ(τ + 2S − 1)

2

(3.11)

where ⟨0|O1OO2|0⟩ and ⟨0|OŌ|0⟩ are canonical two- and three-point structures
defined by the quantum numbers of the various operators, ⟨O1OO2⟩ is the three-
point correlator and ⟨T {OŌ}⟩g.f. is the light-ray norm as defined above.

We have derived this formula only in the case of twist two light-rays at leading order,
so from this perspective (3.10) is an ansatz. In the next section, we will use this formula to
compute structure constants for the various twist three light-ray operators constructed in
section (2) at complex spin. We can then compare — at least in the right-half spin plane

— the results obtained with (3.10) to the complex spin structure constants obtained using
Newton’s formula in [15] — see the analogous (2.28) for anomalous dimensions. The match is
perfect. Given that the twist three light-rays are certainly not fixed by conformal symmetry
and depend in detail on the dynamics of the theory, this gives robust evidence that (3.10)
is correct in general. This was our route to argue for (3.10). As mentioned in footnote 16,
a direct non-perturbative argument is given in [16].

3.2 Structure constants at twist 3 from light-ray wave functions

The integrals computing twist two structure constants, being controlled by conformal sym-
metry, could be done analytically. For twist three, the dynamical correlators ⟨O1On,SO2⟩
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Figure 6. Same as figure 5 but for twist three operators, made of three partons. The left picture
leads to (3.15) — once two of the three parton integrations is carried out explicitly — while the right
picture yields (3.16) — once we take care of three of the six integrations depicted in the figure.

and ⟨T {On,SŌn,S}⟩ are given by non-trivial integrals over the dynamical part of the twist
three wave functions: the functions g(θ) fixed by the quantization condition (2.31). The
computation is discussed in figure 6 and the precise expressions are derived in appendix B.
In this section, we quote the results and discuss the evaluation of the twist three structure
constants directly from the light-rays constructed in section 2. This will enable us to discuss
the origin of the decoupling zeroes uncovered in [15] from the light-rays.

We parametrize twist three light-rays inserted at x = −∞n+, z = n+ as

On,S =
∫
dαcmdrdθ

(
ψ (αcm, r, θ) ≡

1
Γ(S∗

n − S)
gn,S(θ)
r1+S

)
Tr (Z(α1)Z(α2)Z(α3)) , (3.12)

with αi being parametrized by (αcm, r, θ) according to (2.13)–(2.15) as

αi = αcm + 1
3rα

θ
i , (3.13)

αθi = cos(θ − 2π(i− 1)/3)− cos(θ − 2π(i− 2)/3). (3.14)

We introduce the Γ function factor for later convenience, where S∗
n = 6(n − 1) is the first

integer spin in which the n-th even trajectory has physical operators, see figure 2.
The computation of the matrix elements ⟨O1On,SO2⟩ is straightforward. The triple

integral is reduced to a single integral by deforming two of the integral contours, picking
up propagator poles. The result is

⟨O1OO2⟩
⟨0|O1OO2|0⟩

= 1
sin(πS)Γ(S∗

n − S)

∫
dθg(θ)Fthree points(θ), (3.15)

which must be evaluated numerically for each trajectory as we will discuss later. The kernel
Fthree points is purely kinematical, and is defined in equation (B.13).
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Figure 7. In red, structure constants computed from explicit light-ray operators using (3.10). In
black, the Newton interpolation (2.28) for the structure constants, see [15]. They match perfectly. We
plot the results for the first and second trajectory, including the first decoupling zero.

As in the twist two case, the twist three norm ⟨T {OŌ}⟩ requires gauge fixing. We
use the gauge δ(rα − 1). The starting point is given by a six-dimensional integral. Two
integrals can be performed by residues, while one is localized by the delta function, see
appendix B. The result is

⟨T {OŌ}⟩g.f.

⟨0|OŌ|0⟩
= 1

sin(πS)Γ(S∗
n − S)2

∫
D
dαcmdθαdθβgO(θα)gŌ(θβ)Ftwo point(αcm, θα, θβ),

(3.16)
where the kinematical kernel Ftwo point is defined in (B.14). The integral over αcm can
be performed analytically. Instead, it is enough for our purposes to proceed numerically
from this point.

All ingredients necessary to compute the structure constants COn,SO1O2 are now in place.

1. We generate the complex spin wave functions for the various discrete trajectories
following section 2. The wave function g(θ) is approximated by its Fourier series
truncated to some large Fourier mode.

2. The integrals (B.12) and (B.14) are then evaluated numerically. The multidimensional
integral can be straightforwardly computed through Quasi-Monte Carlo.

The result of this computation is shown in figure 7. There is a perfect match with
the result obtained from Newton’s formula (2.28). In particular, the decoupling zeroes
of [15] are reproduced.

It is interesting to understand how these decoupling zeroes arise from the point of view
of (3.10). It is important to clarify that the answer to such a question depends on how one
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⟨O1On,SO2⟩
(
⟨T {OŌ}⟩g.f.

)−1
fOSO1O2(S) C2

OSO1O2
(S)

2k < S∗
n (S − 2k)0 (S − 2k)0 (S − 2k) (S − 2k)

2k ≥ S∗
n (S − 2k)0 (S − 2k)−1 (S − 2k) (S − 2k)0

Table 1. Contribution of the various factors of equation (3.10) to the decoupling zeroes.

normalizes the operators. We chose to normalize the operators On,S through the condition
αm = 1

m + O( 1
m2 ) for all values of S. In this case what happens to the light-ray operators

as one approaches a positive even spin value 2k is:

• For S → 2k with 2k < 6(n−1), the Fourier modes am with |m| ≤ ⌊2k/6⌋ vanish linearly
as (S− 2k), other modes remaining finite and non-zero. For S → 2k with 2k ≥ 6(n− 1),
all Fourier modes am remain finite and non-zero. We introduce S∗

n ≡ 6(n− 1) for this
important threshold value separating these two behaviors.

• Meanwhile, the radial part of the wave function develops a simple pole for S → 2k with
2k < S∗

n,

r−1−S

Γ(S∗
n − S) = − δ2k(r)

Γ(S∗
n − 2k)Γ(2k + 1)(S − 2k) +O

(
(S − 2k)0

)
(3.17)

and remains finite for 2k ≥ S∗
n:

r−1−S

Γ(S∗
n − S) = Γ(2k − S∗

n + 1)δ2k(r)
Γ(2k + 1) +O (S − 2k) . (3.18)

Thus, with this choice of normalization, we see that, for any even integer 2k, the light-ray
operators and their matrix elements such as ⟨O1On,SO2⟩ remain finite and generically non-zero.

When analyzing ⟨T {OŌ}⟩g.f. one needs to be more careful. The presence of the gauge-
fixing factor δ(rα − 1) in ⟨T {OŌ}⟩g.f. effectively means we should replace r−1−S

α → 1 in
the ψO(αi) wave function contributing to the light-ray norm. The absence of the r−1−S

α

factor, which previously produced a pole and a delta function has two effective consequences:
first, the light-ray no longer localizes to the first few fourier modes and, second, there is
no longer a pole from the distributional limit of r−1−S at even S. Thus the radial part for
the gauge-fixed operator contributes an extra zero relative to (3.17) and (3.18), while the
angular part no longer contributes a zero for 2k < S∗

n. In total, we conclude that ⟨T {OŌ}⟩g.f.
vanishes for 2k ≥ S∗

n and remains finite for 2k < S∗
n.

Thus in this normalization the decoupling zeroes simply follow from 1 − e−iπS factor
in the conversion factor (3.11). More precisely, for even spin S = 2k ≥ S∗

n in which local
operators do exist, the conversion factor zero cancels with the zero from the light-ray norm,
resulting in a non-zero structure constant. For even spins S = 2k < S∗

n when the local
operators do not exist the conversion factor zero has no pole to cancel with and we get a
decoupling zero for the structure constant. We summarize the various factors in table 1.

Of course, one could chose to normalize the operators so that

fOSO1O2(S)
⟨0|OŌ|0⟩

⟨T {OŌ}⟩g.f.
= 1
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in analogy to what is conventionally done for local operators. In this case, the decoupling
zeroes would come directly from the three point correlators ⟨O1On,SO2⟩. Both options are fine.

This was the right-half plane story from the point of view of operators. It is time to
see what dragons await us in the left-half plane.

4 The complex plane

4.1 Riemann surface, expectation and result

A main point of this paper so far has been that the various twist three operators organize
themselves into infinitely many well defined Regge trajectories. They could be numbered
and ordered according to their anomalous dimensions γj , or their qj integrable charges,
continuously in spin. This picture is correct for the right-half spin plane, where local
operators live and where life is plain and simple.

The global picture is quite different: all these various well-defined trajectories merge into
a single18 analytic entity, connected through infinitely many branch points at (seemingly)
generic locations in the left half spin plane, see figures 8 and 9. Perhaps surprisingly, this
happens in perturbation theory! This is in contrast to more familiar operator mixing such
as the well studied BFKL-DGLAP-Shadow mixing [7–13], for which branch points can only
be accessed at finite coupling.19 In perturbation theory the BFKL-DGLAP cuts close, and
manifest as poles at negative integer values of spin. Here instead we consider a infinite
number of trajectories which are degenerate in perturbation theory, and thus mix right away,
allowing us to explore their rich and complicated Riemann surface already at leading order.

An integrabilist could have foreseen this by examining the local operator data. For
example, at spin S = 12 there are three local operators whose structure constants Cn,S ≡
C2
On,SO1O2

are given by

C2
1,12 = 11

12086676 ,

C2
2,12 = 206

16034270715 + 695219
(80171353575

√
455745)

,

C2
3,12 = 206

16034270715 − 695219
(80171353575

√
455745)

.

with a similar multi-square-root structure being present at higher values of spin. These
strongly suggest the various families (with the exception of the lowest trajectory which
remains rational at all value of spin) can be analytically continued into each other.

In section 4.2 we will describe how to reconstruct the twist three Riemann surface
numerically using integrability methods. The results are described in figures 8 and 9. In
section 4.3 we discuss an alternative strategy from which one could in principle reconstruct
the Riemann surface from the local operator spectrum.

18To be precise, the lowest even trajectory remains unmixed perturbatively due to its distinct parity charge,
see footnote 14. At finite λ, it mixes with other parity singlets, see [21]. Higher even and odd spin trajectories
also each belong to disconnected Riemann surfaces.

19In N = 4 SYM the Riemann surface realizing this mixing has been constructed at finite coupling for the
twist 2 trajectory in [20], and recently in [21] for the case of the leading twist three trajectory. See also [7] for
the direct mixing of the 45 degrees trajectory and its shadow in the Wilson-Fisher theory.
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S
<latexit sha1_base64="ubwbK8cGZkWbMLWFFThCwgBxy5s=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALC9jN8=</latexit>

�8� 6i
<latexit sha1_base64="4uwCb7gX9G55Ot6Q384sNhxsdME=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBS8uuVO2x6MVjBfsB7VKyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDvz209UaSbFg5nE1I/wULCQEWys1CnXUBldIdYvltyKOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+b1TdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJias+SkTcWKoIItFYcKRkWj2PBowRYnhE0swUczeisgIK0yMjahgQ/CWX14lrYuKV61c3ldL9ZssjjycwCmcgwfXUIc7aEATCHB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZoTjmM=</latexit>

�8� 3.2i
<latexit sha1_base64="iMB5pAxBGBeQz5Bf8wFrx/45xc4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ46bJbK/ZY9OKxgv2QdinZNG1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcyZNp737aytb2xubed28rt7+weHhaPjpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh+Hbmt56o0iySD2YS00DgoWQDRrCx0mOpikqXbhmxXqHoud4caJX4GSlChnqv8NXtRyQRVBrCsdYd34tNkGJlGOF0mu8mmsaYjPGQdiyVWFAdpPODp+jcKn00iJQtadBc/T2RYqH1RIS2U2Az0sveTPzP6yRmUA1SJuPEUEkWiwYJRyZCs+9RnylKDJ9Ygoli9lZERlhhYmxGeRuCv/zyKmmWXb/iXt1XirWbLI4cnMIZXIAP11CDO6hDAwgIeIZXeHOU8+K8Ox+L1jUnmzmBP3A+fwAdKI6q</latexit>

�5.5� 3.3i
<latexit sha1_base64="dLZv28hLoLCJEHA9g08TiN/6Nsw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ46bJrW/RY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737aytb2xubed28rt7+weHhaPjpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbmt56o0iyWD2ac0EDggWQRI9hY6bFUdaulsltmvULRc7050CrxM1KEDPVe4avbj0kqqDSEY607vpeYYIKVYYTTab6bappgMsID2rFUYkF1MJkfPEXnVumjKFa2pEFz9ffEBAutxyK0nQKboV72ZuJ/Xic10XUwYTJJDZVksShKOTIxmn2P+kxRYvjYEkwUs7ciMsQKE2MzytsQ/OWXV0nz0vUrbvW+UqzdZHHk4BTO4AJ8uIIa3EEdGkBAwDO8wpujnBfn3flYtK452cwJ/IHz+QNPlY7L</latexit>

�4� 0.5i
<latexit sha1_base64="Pj73qtEhOJGbMKPq38l9gn63IjI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBS5ddadFj0YvHCvYD2qVk02wbms2GJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCyd3c7zxRpVkiHs1U0iDGI8EiRrCxUqdaq3punQ3KFc/1FkDrxM9JBXI0B+Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NSP9VUYjLBI9qzVOCY6iBbnDtDF1YZoihRtoRBC/X3RIZjradxaDtjbMZ61ZuL/3m91EQ3QcaETA0VZLkoSjkyCZr/joZMUWL41BJMFLO3IjLGChNjEyrZEPzVl9dJ+8r1a279oVZp3OZxFOEMzuESfLiGBtxDE1pAYALP8ApvjnRenHfnY9lacPKZU/gD5/MHaaOOUg==</latexit>

�3.8� 0.12i
<latexit sha1_base64="7ObZGF4ui8E4R1e9ta43mjkMNCw=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmLihaYFjByJXjxiIh8RGrJdtrBhu212tyak4V948aAxXv033vw3LtCDgi+Z5OW9mczM82POlHacbyu3sbm1vZPfLeztHxweFY9P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7dzv/NEpWKReNDTmHohHgkWMIK1kR7LVbtedmy3wgbFkmM7C6B14makBBmag+JXfxiRJKRCE46V6rlOrL0US80Ip7NCP1E0xmSCR7RnqMAhVV66uHiGLowyREEkTQmNFurviRSHSk1D33SGWI/VqjcX//N6iQ7qXspEnGgqyHJRkHCkIzR/Hw2ZpETzqSGYSGZuRWSMJSbahFQwIbirL6+TdsV2a/bVfa3UuMniyMMZnMMluHANDbiDJrSAgIBneIU3S1kv1rv1sWzNWdnMKfyB9fkDu+uPAw==</latexit>�5.2� 0.63i

<latexit sha1_base64="cH1gXl+DR8RxhNA/ug+RkZ6EJVU=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmLihaZFUI9ELx4xkY8IDdkuW9iw3Ta7WxPS8C+8eNAYr/4bb/4bF+hBwZdM8vLeTGbm+TFnSjvOt5VbW9/Y3MpvF3Z29/YPiodHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3749uZ336iUrFIPOhJTL0QDwULGMHaSI/lml0pO/blBesXS47tzIFWiZuREmRo9ItfvUFEkpAKTThWqus6sfZSLDUjnE4LvUTRGJMxHtKuoQKHVHnp/OIpOjPKAAWRNCU0mqu/J1IcKjUJfdMZYj1Sy95M/M/rJjq49lIm4kRTQRaLgoQjHaHZ+2jAJCWaTwzBRDJzKyIjLDHRJqSCCcFdfnmVtCq2W7Vr99VS/SaLIw8ncArn4MIV1OEOGtAEAgKe4RXeLGW9WO/Wx6I1Z2Uzx/AH1ucPvuqPBQ==</latexit>

�6� 0.2i
<latexit sha1_base64="qGoLr+XZg0PhTtMYt1hRGTPEATQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBS5fdUj+ORS8eK1hbaJeSTbNtaDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0w408bzvp3C2vrG5lZxu7Szu7d/UD48etQyVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSu3qZdVza6xfrniuNwdaJX5OKpCj2S9/9QaSpDEVhnCsddf3EhNkWBlGOJ2WeqmmCSZjPKRdSwWOqQ6y+blTdGaVAYqksiUMmqu/JzIcaz2JQ9sZYzPSy95M/M/rpia6DjImktRQQRaLopQjI9HsdzRgihLDJ5Zgopi9FZERVpgYm1DJhuAvv7xKHmuuX3cv7uuVxk0eRxFO4BTOwYcraMAdNKEFBMbwDK/w5iTOi/PufCxaC04+cwx/4Hz+AGgmjlE=</latexit>

Possible BFKL poles of the various trajectories
<latexit sha1_base64="I8NGuI4m7wFhnk/7n4hTIV2x5VQ=">AAACGHicbVBNSwMxFMzW7/q16tFLsAie6q4oeiwVRNBDBWsLdSnZ9K2NzW6W5G2hlP4ML/4VLx4U8erNf2Na96DWgcAwM4+XN2EqhUHP+3QKM7Nz8wuLS8XlldW1dXdj88aoTHOocyWVbobMgBQJ1FGghGaqgcWhhEbYOx37jT5oI1RyjYMUgpjdJSISnKGV2u5+TRkjbJpWzy4uaaokGKoiil2gfaaFygxFze6Bo9ICTNsteWVvAjpN/JyUSI5a2/247SiexZAgl8yYlu+lGAyZRsEljIq3mYGU8R67g5alCYvBBMPJYSO6a5UOjZS2L0E6UX9ODFlszCAObTJm2DV/vbH4n9fKMDoJhiJJM4SEfy+KMklR0XFLtCO0vVgOLGFcC/tXyrtMM462y6Itwf978jS5OSj7h+Wjq4NSpZrXsUi2yQ7ZIz45JhVyTmqkTjh5IE/khbw6j86z8+a8f0cLTj6zRX7B+fgCSqWf+A==</latexit>

at
<latexit sha1_base64="RCjv4wLKYvuZastPglVIduI9Wkk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB4r9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5pdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2NhkIzRnKiSWUaWFvJWxENWVowynZELzll1dJq1b1LqqX97VK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AJp5jWk=</latexit> for which S = Z�<latexit sha1_base64="EYzMXCLcBr7VHUaxabRuxju0y6o=">AAACDXicbVC7TsNAEDyHVwgvAyXNiYBEQ2SjIGiQImgogyAPEUfR+XJOTjk/dLcGIss/QMOv0FCAEC09HX+D7biAhKlGM7va2bEDwRUYxrdWmJtfWFwqLpdWVtfWN/TNrabyQ0lZg/rCl22bKCa4xxrAQbB2IBlxbcFa9ugi9Vt3TCruezcwDljXJQOPO5wSSKSevmcBe4AIY8eX+H7I6RDHGF+fYcslMLTt6DbuHfb0slExMuBZYuakjHLUe/qX1fdp6DIPqCBKdUwjgG5EJHAqWFyyQsUCQkdkwDoJ9YjLVDfKvonxfqL0szyO7wHO1N8bEXGVGrt2MplmVNNeKv7ndUJwTrsR94IQmEcnh5xQYPBxWg3uc8koiHFCCJU8yYrpkEhCISmwlJRgTr88S5pHFbNaOb6qlmvneR1FtIN20QEy0QmqoUtURw1E0SN6Rq/oTXvSXrR37WMyWtDynW30B9rnD57JmqY=</latexit>

Under this
<latexit sha1_base64="d4xcjqUuvd0kIJOifkYcoNpb6O0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VTFtsS9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqjhUijuo0DJ24nmNAokbwXj25nfeuLaiFg94CThvYgOlQgFo2ilR18NuCY4EqZfrrhVdw6ySrycVCBHo1/+6g5ilkZcIZPUmI7nJtjLqEbBJJ+WuqnhCWVjOuQdSxWNuOll84un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rpBhe9zKhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJs1b1LqqX97VK/SaPowgncArn4MEV1OEOGuADAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHYDSQug==</latexit>

monodromy,
<latexit sha1_base64="9WA8f1smSFNEs8fTAeOEoX4o3Sc=">AAAB8XicbVDLSsNAFL3xWeur6tJNsAgupCRF0WXRjcsK9oFtKJPJpB06jzAzEULoX7hxoYhb/8adf+O0zUJbD1w4nHMv994TJoxq43nfzsrq2vrGZmmrvL2zu7dfOThsa5kqTFpYMqm6IdKEUUFahhpGuokiiIeMdMLx7dTvPBGlqRQPJktIwNFQ0JhiZKz0yKWQkZI8Ox9Uql7Nm8FdJn5BqlCgOah89SOJU06EwQxp3fO9xAQ5UoZiRiblfqpJgvAYDUnPUoE40UE+u3jinlolcmOpbAnjztTfEzniWmc8tJ0cmZFe9Kbif14vNfF1kFORpIYIPF8Up8w10p2+70ZUEWxYZgnCitpbXTxCCmFjQyrbEPzFl5dJu17zL2qX9/Vq46aIowTHcAJn4MMVNOAOmtACDAKe4RXeHO28OO/Ox7x1xSlmjuAPnM8fuouQ9A==</latexit>

becomes
<latexit sha1_base64="Y3tG76A6iszyiAgbgf5sQtJgcns=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd2g6DHoxWME84BkCbOT3mTI7MwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYikZ3M7/1hNpwJR/tOMUwoQPJY86odVIrQqYSNL1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSuqWhJP5uVNy7pQ+iZV2JS2Zq78nJjQxZpxErjOhdmiWvZn4n9fJbHwTTrhMM4uSLRbFmSBWkdnvpM81MivGjlCmubuVsCHVlFmXUNGFECy/vEqa1UpwWbl6qJZrt3kcBTiFM7iAAK6hBvdQhwYwGMEzvMKbl3ov3rv3sWhd8/KZE/gD7/MHcOePpA==</latexit>

family 2
<latexit sha1_base64="YytIbRh7sR5AeemN2/vsG4ImEpI=">AAAB73icdVDNSgMxGMzWv1r/qh69BIvgacluW1tvRS8eK1hbaJeSzWbb0Gx2TbJCWfoSXjwo4tXX8ebbmG0rqOhAYJj5PvLN+AlnSiP0YRVWVtfWN4qbpa3tnd298v7BrYpTSWiHxDyWPR8rypmgHc00p71EUhz5nHb9yWXud++pVCwWN3qaUC/CI8FCRrA2Ui/EEeNT6A7LFWQ3q8gAIhvVa+i8mpNmo+6eQcdGc1TAEu1h+X0QxCSNqNCEY6X6Dkq0l2GpGeF0VhqkiiaYTPCI9g0VOKLKy+b3zuCJUQIYxtI8oeFc/b6R4UipaeSbyQjrsfrt5eJfXj/VYdPLmEhSTQVZfBSmHOoY5uFhwCQl2gQOGCaSmVshGWOJiTYVlUwJX0nh/+TWtZ2aXb92K62LZR1FcASOwSlwQAO0wBVogw4ggIMH8ASerTvr0XqxXhejBWu5cwh+wHr7BN/Cj+A=</latexit>

family 3
<latexit sha1_base64="+2g9/X1vi15LZfDws8tlkusbpkI=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GibTjq27ohuXFawttEPJZDJtaDIzJhmhDP0JNy4UcevvuPNvTB+Cih4IHM65l9xzgpQzpR3nwyqsrK6tbxQ3S1vbO7t75f2DW5VkktA2SXgiuwFWlLOYtjXTnHZTSbEIOO0E48uZ37mnUrEkvtGTlPoCD2MWMYK1kboRFoxPYHVQrjg2QtUztwYd2/MaTtU1BJ17tTqCyHbmqIAlWoPyez9MSCZorAnHSvWQk2o/x1Izwum01M8UTTEZ4yHtGRpjQZWfz++dwhOjhDBKpHmxhnP1+0aOhVITEZhJgfVI/fZm4l9eL9NRw89ZnGaaxmTxUZRxqBM4Cw9DJinRJnDIMJHM3ArJCEtMtKmoZEr4Sgr/J7eujWq2d+1WmhfLOorgCByDU4BAHTTBFWiBNiCAgwfwBJ6tO+vRerFeF6MFa7lzCH7AevsE66aP6A==</latexit>

family 4
<latexit sha1_base64="8DvCJaJd7GfEgVcILT0IQ1D1dts=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GmbqDG13RTcuK9gHtEPJZDJtaJIZk4xQhv6EGxeKuPV33Pk3pg9BRQ8EDufcS+45Ycqo0o7zYRXW1jc2t4rbpZ3dvf2D8uFRRyWZxKSNE5bIXogUYVSQtqaakV4qCeIhI91wcjX3u/dEKpqIWz1NScDRSNCYYqSN1IsRp2wKvWG54tiu5zX8GnTsqufX6xeGeLVGw/WhazsLVMAKrWH5fRAlOONEaMyQUn3XSXWQI6kpZmRWGmSKpAhP0Ij0DRWIExXki3tn8MwoEYwTaZ7QcKF+38gRV2rKQzPJkR6r395c/MvrZzquBzkVaaaJwMuP4oxBncB5eBhRSbA2gSOKsKTmVojHSCKsTUUlU8JXUvg/6VRNUbZ/U600L1d1FMEJOAXnwAU10ATXoAXaAAMGHsATeLburEfrxXpdjhas1c4x+AHr7RMVzpAF</latexit>

Under this
<latexit sha1_base64="d4xcjqUuvd0kIJOifkYcoNpb6O0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VTFtsS9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqjhUijuo0DJ24nmNAokbwXj25nfeuLaiFg94CThvYgOlQgFo2ilR18NuCY4EqZfrrhVdw6ySrycVCBHo1/+6g5ilkZcIZPUmI7nJtjLqEbBJJ+WuqnhCWVjOuQdSxWNuOll84un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rpBhe9zKhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJs1b1LqqX97VK/SaPowgncArn4MEV1OEOGuADAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHYDSQug==</latexit>

monodromy,
<latexit sha1_base64="9WA8f1smSFNEs8fTAeOEoX4o3Sc=">AAAB8XicbVDLSsNAFL3xWeur6tJNsAgupCRF0WXRjcsK9oFtKJPJpB06jzAzEULoX7hxoYhb/8adf+O0zUJbD1w4nHMv994TJoxq43nfzsrq2vrGZmmrvL2zu7dfOThsa5kqTFpYMqm6IdKEUUFahhpGuokiiIeMdMLx7dTvPBGlqRQPJktIwNFQ0JhiZKz0yKWQkZI8Ox9Uql7Nm8FdJn5BqlCgOah89SOJU06EwQxp3fO9xAQ5UoZiRiblfqpJgvAYDUnPUoE40UE+u3jinlolcmOpbAnjztTfEzniWmc8tJ0cmZFe9Kbif14vNfF1kFORpIYIPF8Up8w10p2+70ZUEWxYZgnCitpbXTxCCmFjQyrbEPzFl5dJu17zL2qX9/Vq46aIowTHcAJn4MMVNOAOmtACDAKe4RXeHO28OO/Ox7x1xSlmjuAPnM8fuouQ9A==</latexit>

becomes
<latexit sha1_base64="Y3tG76A6iszyiAgbgf5sQtJgcns=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd2g6DHoxWME84BkCbOT3mTI7MwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYikZ3M7/1hNpwJR/tOMUwoQPJY86odVIrQqYSNL1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSuqWhJP5uVNy7pQ+iZV2JS2Zq78nJjQxZpxErjOhdmiWvZn4n9fJbHwTTrhMM4uSLRbFmSBWkdnvpM81MivGjlCmubuVsCHVlFmXUNGFECy/vEqa1UpwWbl6qJZrt3kcBTiFM7iAAK6hBvdQhwYwGMEzvMKbl3ov3rv3sWhd8/KZE/gD7/MHcOePpA==</latexit>

family 2
<latexit sha1_base64="YytIbRh7sR5AeemN2/vsG4ImEpI=">AAAB73icdVDNSgMxGMzWv1r/qh69BIvgacluW1tvRS8eK1hbaJeSzWbb0Gx2TbJCWfoSXjwo4tXX8ebbmG0rqOhAYJj5PvLN+AlnSiP0YRVWVtfWN4qbpa3tnd298v7BrYpTSWiHxDyWPR8rypmgHc00p71EUhz5nHb9yWXud++pVCwWN3qaUC/CI8FCRrA2Ui/EEeNT6A7LFWQ3q8gAIhvVa+i8mpNmo+6eQcdGc1TAEu1h+X0QxCSNqNCEY6X6Dkq0l2GpGeF0VhqkiiaYTPCI9g0VOKLKy+b3zuCJUQIYxtI8oeFc/b6R4UipaeSbyQjrsfrt5eJfXj/VYdPLmEhSTQVZfBSmHOoY5uFhwCQl2gQOGCaSmVshGWOJiTYVlUwJX0nh/+TWtZ2aXb92K62LZR1FcASOwSlwQAO0wBVogw4ggIMH8ASerTvr0XqxXhejBWu5cwh+wHr7BN/Cj+A=</latexit>

family 3
<latexit sha1_base64="+2g9/X1vi15LZfDws8tlkusbpkI=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GibTjq27ohuXFawttEPJZDJtaDIzJhmhDP0JNy4UcevvuPNvTB+Cih4IHM65l9xzgpQzpR3nwyqsrK6tbxQ3S1vbO7t75f2DW5VkktA2SXgiuwFWlLOYtjXTnHZTSbEIOO0E48uZ37mnUrEkvtGTlPoCD2MWMYK1kboRFoxPYHVQrjg2QtUztwYd2/MaTtU1BJ17tTqCyHbmqIAlWoPyez9MSCZorAnHSvWQk2o/x1Izwum01M8UTTEZ4yHtGRpjQZWfz++dwhOjhDBKpHmxhnP1+0aOhVITEZhJgfVI/fZm4l9eL9NRw89ZnGaaxmTxUZRxqBM4Cw9DJinRJnDIMJHM3ArJCEtMtKmoZEr4Sgr/J7eujWq2d+1WmhfLOorgCByDU4BAHTTBFWiBNiCAgwfwBJ6tO+vRerFeF6MFa7lzCH7AevsE66aP6A==</latexit>

family 4
<latexit sha1_base64="8DvCJaJd7GfEgVcILT0IQ1D1dts=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GmbqDG13RTcuK9gHtEPJZDJtaJIZk4xQhv6EGxeKuPV33Pk3pg9BRQ8EDufcS+45Ycqo0o7zYRXW1jc2t4rbpZ3dvf2D8uFRRyWZxKSNE5bIXogUYVSQtqaakV4qCeIhI91wcjX3u/dEKpqIWz1NScDRSNCYYqSN1IsRp2wKvWG54tiu5zX8GnTsqufX6xeGeLVGw/WhazsLVMAKrWH5fRAlOONEaMyQUn3XSXWQI6kpZmRWGmSKpAhP0Ij0DRWIExXki3tn8MwoEYwTaZ7QcKF+38gRV2rKQzPJkR6r395c/MvrZzquBzkVaaaJwMuP4oxBncB5eBhRSbA2gSOKsKTmVojHSCKsTUUlU8JXUvg/6VRNUbZ/U600L1d1FMEJOAXnwAU10ATXoAXaAAMGHsATeLburEfrxXpdjhas1c4x+AHr7RMVzpAF</latexit>

Under this
<latexit sha1_base64="d4xcjqUuvd0kIJOifkYcoNpb6O0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48VTFtsS9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqjhUijuo0DJ24nmNAokbwXj25nfeuLaiFg94CThvYgOlQgFo2ilR18NuCY4EqZfrrhVdw6ySrycVCBHo1/+6g5ilkZcIZPUmI7nJtjLqEbBJJ+WuqnhCWVjOuQdSxWNuOll84un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rpBhe9zKhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJs1b1LqqX97VK/SaPowgncArn4MEV1OEOGuADAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHYDSQug==</latexit>

monodromy,
<latexit sha1_base64="9WA8f1smSFNEs8fTAeOEoX4o3Sc=">AAAB8XicbVDLSsNAFL3xWeur6tJNsAgupCRF0WXRjcsK9oFtKJPJpB06jzAzEULoX7hxoYhb/8adf+O0zUJbD1w4nHMv994TJoxq43nfzsrq2vrGZmmrvL2zu7dfOThsa5kqTFpYMqm6IdKEUUFahhpGuokiiIeMdMLx7dTvPBGlqRQPJktIwNFQ0JhiZKz0yKWQkZI8Ox9Uql7Nm8FdJn5BqlCgOah89SOJU06EwQxp3fO9xAQ5UoZiRiblfqpJgvAYDUnPUoE40UE+u3jinlolcmOpbAnjztTfEzniWmc8tJ0cmZFe9Kbif14vNfF1kFORpIYIPF8Up8w10p2+70ZUEWxYZgnCitpbXTxCCmFjQyrbEPzFl5dJu17zL2qX9/Vq46aIowTHcAJn4MMVNOAOmtACDAKe4RXeHO28OO/Ox7x1xSlmjuAPnM8fuouQ9A==</latexit>

becomes
<latexit sha1_base64="Y3tG76A6iszyiAgbgf5sQtJgcns=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd2g6DHoxWME84BkCbOT3mTI7MwyMyuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYikZ3M7/1hNpwJR/tOMUwoQPJY86odVIrQqYSNL1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSuqWhJP5uVNy7pQ+iZV2JS2Zq78nJjQxZpxErjOhdmiWvZn4n9fJbHwTTrhMM4uSLRbFmSBWkdnvpM81MivGjlCmubuVsCHVlFmXUNGFECy/vEqa1UpwWbl6qJZrt3kcBTiFM7iAAK6hBvdQhwYwGMEzvMKbl3ov3rv3sWhd8/KZE/gD7/MHcOePpA==</latexit>

Figure 8. Here we present the analytic continuation of the various operators to the left half-plane.
We observe no interesting structure to the right of a dashed cone, which includes the positive integers
where the light-rays reduce to light-transforms of local operators, and where we observe the decoupling
zeroes discussed in section 3. If we start with a certain family on the right, go for a walk on the
left and come back to the same point we sometimes encounter non-trivial monodromies ending up in
a different family! We zoom in one such monodromy in figure 9. In other words, the various even
families form a single Riemann surface (except for the lowest q = 0 trajectory which has a life of its
own, see footnote 14). The branch points are located inside the dashed cone and come in conjugate
pairs. For Re(S) > −8, Im(S) > 1 the three branch points displayed here exhaust the monodromies
involving even spin families 2, 3 and 4. In the grey region, close to the real axis, we observe a high
density of branch points, which in turn slow down our numerical algorithm. In this region we expect
several other branch points, in particular mixing to higher trajectories, such as in the green-black
branch points. There are certainly many more that we did not manage to resolve. There could even be
tiny real cuts there. In that region besides these cuts we have infinitely many poles at negative integers
corresponding to the mixing with horizontal trajectories. This figure is a quantitative depiction of the
qualitative cartoon anticipated in figure 3 of [15]. The position of the branch points seem generic and
we provide approximate (but rather precise) values here. All of them have ramification index 2.

4.2 How it is derived: integrability

To generate energies at complex spin and construct the rich Riemann surfaces and associated
monodromies, we diagonalize the Baxter operator, whose action on light-rays is discussed in
appendix C. In practice, we solve the twist-three Baxter equation

Q(u+ i)(u+ i/2)3 +Q(u− i)(u− i/2)3 = Q(u)× (2u3 − (S2 + 2S + 3/2)u+ q︸ ︷︷ ︸
t(u)

) , (4.1)

with S complex. One algorithm for solving this equation was suggested in [15]; it works
perfectly for S in the right half-plane but it does not work for Re(S) < −1. We suggest here
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Re(S)
<latexit sha1_base64="rlw8E4UhdlyO3QuzFoax34QKTVg=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiDES5iRiB6DXjzGJQtkhtDTqSRNeha6a8Qw5De8eFDEqz/jzb+xk8xBEx8UPN6roqqeH0uh0ba/rdzK6tr6Rn6zsLW9s7tX3D9o6ihRHBo8kpFq+0yDFCE0UKCEdqyABb6Elj+6nvqtR1BaROEDjmPwAjYIRV9whkZyXYQnTO9gUr4/7RZLdsWegS4TJyMlkqHeLX65vYgnAYTIJdO649gxeilTKLiEScFNNMSMj9gAOoaGLADtpbObJ/TEKD3aj5SpEOlM/T2RskDrceCbzoDhUC96U/E/r5Ng/9JLRRgnCCGfL+onkmJEpwHQnlDAUY4NYVwJcyvlQ6YYRxNTwYTgLL68TJpnFadaOb+tlmpXWRx5ckSOSZk45ILUyA2pkwbhJCbP5JW8WYn1Yr1bH/PWnJXNHJI/sD5/AKSSkW4=</latexit>

Im(S)
<latexit sha1_base64="9sWCl9lU+HRdHXigg/laxgw076s=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQL2VXKnosetFbRfsB3aVk07QNTbJLMiuWpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMC2PBDbjut5NbWV1b38hvFra2d3b3ivsHTRMlmrIGjUSk2yExTHDFGsBBsHasGZGhYK1wdD31W49MGx6pBxjHLJBkoHifUwJW8n1gT5Deykn5/rRbLLkVdwa8TLyMlFCGerf45fcimkimgApiTMdzYwhSooFTwSYFPzEsJnREBqxjqSKSmSCd3TzBJ1bp4X6kbSnAM/X3REqkMWMZ2k5JYGgWvan4n9dJoH8ZpFzFCTBF54v6icAQ4WkAuMc1oyDGlhCqub0V0yHRhIKNqWBD8BZfXibNs4pXrZzfVUu1qyyOPDpCx6iMPHSBaugG1VEDURSjZ/SK3pzEeXHenY95a87JZg7RHzifP6MBkW0=</latexit>

f(q3)
<latexit sha1_base64="c4L4sGV40m118Iq8fojZT5OmT2A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquVvRY9OKxgv2AdinZNNvGZpM1yQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupn6rSeqNJPi3oxj6kd4IFjICDZWaoblx975aa9YcivuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDKT5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnlW8auXirlqqXWdx5OEIjqEMHlxCDW6hDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHjnCOeA==</latexit>

Figure 9. As we encircle the branch points around S ≃ −5.5± 3.3i (see figure 8) families 2 and 3 get
swapped. Here we plotted the integrability charge q (or rather f(q) = arctan (Im(q)/20) which leads
to a prettier plot) around that branch point to illustrate this. Two sheets of this function meet at
that branch point. Of course, since the operators themselves are getting swapped, any quantity that
probes them — such as the anomalous dimensions, the structure constants or any other correlator
involving them — would produce a similar picture. We used a grid of 1.7× 106 points to generate this
plot. Around Re(S) = −8 we encircle two other branch points which connect to a third sheet which is
not represented here to ease visualization. Crossing these branch cuts with similar monodromies lead
to the fourth even spin trajectory, see figure 8.

an alternative algorithm very close in spirit to [20] which works for any S and agrees with
the one in [15] for Re(S) > −1.20 The algorithm is based on three simple steps:

• For any q, there exist two special solutions to the Baxter equation with pure power
asymptotics. We define them through their behavior as we go up, u→ +i∞,

Q−2−S(u) = u−2−S + a1u
−3−S + a2u

−4−S + . . . ,

QS(u) = uS + b1u
S−1 + b2u

S−2 + . . . . (4.2)

Importantly, note that the leading power is canonically normalized to 1, and furthermore
note that plugging such expansions into the Baxter equation allows us to fix completely
all aj and bj . For example,

a1 = − q

2S + 3 , a2 = q2

4(S + 2)(2S + 3) +
1
48(S + 2)

(
S2 + 4S + 6

)
, etc. (4.3)

So as a first step in the algorithm we compute the functions Q̂−2−S and Q̂S given as a
large u expansion truncated after N terms {a1, . . . , aN} and {b1, . . . , bN}. For N large,

20We thank Kolya Gromov for discussions which lead to the algorithm we discuss below. Simon Caron-Huot
recently presented yet another numerical algorithm to solve the L = 3 Baxter equations at complex spin
during a lecture series at ICTP-SAIFR [31]. We thank Simon for several discussions.
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such functions Q̂−2−S and Q̂S are excellent approximations to Q−2−S and QS as long
as u has a big imaginary part. How big should the imaginary part be and for a given
large cut-off N can be found experimentally checking for proper convergence.

• The functions QS and Q−2−S are holomorphic in the upper half plane but they are
singular in the lower half plane. Indeed, suppose we have a solution to the Baxter
equation in the upper half place, valid for some large imaginary part u. Using Baxter
repeatedly we can lower the imaginary part in integer steps. Explicitly we have

Q(u) = t(u+ i)Q(u+ i)−Q(u+ 2i)(u+ 3i/2)3

(u+ i/2)3 . (4.4)

so that the right hand side will develop a third order pole at u = −i/2 unless the
numerator is carefully tuned. This pole at u = −i/2 then propagates to −3i/2 and
then to −5i/2 etc. To construct fully holomorphic solutions to Baxter thus requires
tuning and — in particular — it requires dropping pure power asymptotics. Instead we
consider

Qholomorphic(u) ≡ (e2πu + c0 + c1e
−2πu)Q−2−S(u) + c2QS(u), (4.5)

which of course solves Baxter as long and Q−2−S and QS do. Then we tune the three
constants c0, c1, c2 to require that the third-, second- and first-order pole at u = −i/2
vanishes. Once the function is regular at this point, it will no longer generate poles
at −3i/2,−5i/2, . . . and will thus be holomorphic everywhere. At infinity it behaves
as e2πuu−2−S which we assume is the correct behavior for the Q-functions.21

In practice we use the approximate solutions Q̂−2−S and Q̂S to obtain in this way an
approximate solution Q̂holomorphic.

• Note that up to now we have constructed (approximate) holomorphic solutions for any
complex spin S and complex charge q. Lastly, we quantize q by imposing the zero
momentum condition

0 = Qholomorphic(i/2)−Qholomorphic(−i/2) . (4.6)

Numerically solving this equation, e.g. with Newton’s method, will lead to many q’s for
each complex spin S. The various solutions are the various Regge trajectories!

In practice we change S adiabatically. We find some q corresponding to the n-th Regge
trajectory for some complex spin S and then we change S slightly and use that previous
value of q as a starting point for a new scan of (4.6). In this way we can follow Q

(and thus the corresponding charges including the energy) as we follow arbitrarily
complicated paths in the complex S plane! Sometimes we find that under closed paths
Q’s acquire monodromies and do not come back to themselves. This is fine; it simply

21Similar asymptotics were advocated in [32] to be the correct ones when dealing with complex spin for
twist two operators. In [15] we argued for this solution to the be the proper one for twist three as well.
For Re(S) > −1, Qholomorphic this is the slowest growing holomorphic solution to Baxter equation, a fact which
was implicitly used in the algorithm in [15] and which is not being used in the new argument presented here.

– 25 –



J
H
E
P
1
0
(
2
0
2
4
)
1
2
5

means they live on a Riemann surface and that different Regge trajectories are actually
different branches of the very same master function. As long as our complex spin S

paths do not get too close to the branch points of this Riemann surface, the numerics
will be fast and stable.

• Finally, to extract energies, one can consider the expansion of the quantized Qholomorphic
at u± i/2,

γ(S) = 2
(
Q′(−i/2)−Q′(i/2)

)
/Q(i/2). (4.7)

Note that the Baxter equation (4.1), the holomorphicity condition, the zero momenta
condition (4.6) and the asymptotics (4.5) are not new conditions but instead should follow from
the action of the Baxter operator on the light-rays constructed in section 2. Indeed, we discuss
how to derive all these properties in appendix C, with the exception of the asymptotics which
we only managed to derive for L = 2. In particular, we discuss how, in the light-ray language,
one can simply derive Janik’s Q-function from the twist two light-ray wave function (3.3).

4.3 How it could in principle have been derived: dispersion relation

Could we have derived such nice Riemann surfaces with all their various sheets from a clever
analytic continuation of the integer spin data, in the spirit of Newton’s method employed
in [15] without any of the fancier methods just developed?

In principle Yes.22

In this section we explain how. As a warm up suppose we want to take a trivial integral
that we know how to compute very well for integer spin, namely,

I2(S) ≡
1
2

+1∫
−1

dz (PS(z))2 = 1
2S + 1 . (4.8)

Suppose we are given (4.8) for S = 0, 1, 2, 3, . . . . How can we analytically continue this integral
away from the integers to reproduce the expected result 1/(2S+1) for any complex spin? What
we should not do is use Mathematica blindly: NIntegrate[LegendreP[S,z]^2,{z,-1,1}]/2
does not give 1/(2S + 1) unless S is integer. Why do we like 1/(2S + 1) as an continuation
to complex spin compared to what Mathematica gives and which we plot in figure 10?

The key difference is that 1/(2S + 1) does not blow up exponentially for large complex
spin. By Carlson’s theorem, it is the unique analytic continuation of the integer sequence
{1/1, 1/3, 1/5, 1/7, 1/9, . . . } with this property. Mathematica’s continuation does blow up.
This can be seen from the asymptotics of LegendreP[S,z], which read for |z| ≤ 1

PS(−z) ∼
1√
S

(
eiSθ + e−iSθ

)
, z = cos θ, (4.9)

which diverges with exponential type π in the right-half plane (violating Carlsons assumptions).
The oscillations in figure 10 are actually a sign of such e2πiS like terms which oscillate when
S is real but explode for complex S. Of course, it is easy to cook up combinations of
such oscillations as in sin(πS) which vanish for all the integers which is why Mathematica’s
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4<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

6
<latexit sha1_base64="DODAioN1aV47MlpLY60K+xzXZHM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/apXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYTJjMI=</latexit>

8
<latexit sha1_base64="xftMMpF5HVACqgqnH1COskfCSX8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVylfNyql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIfRjMQ=</latexit>

10
<latexit sha1_base64="lElyhjbwv9PI53xFimw0qV1tMYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vK9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+sKjPc=</latexit>

0
<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

2<latexit sha1_base64="KABtTuE2bHd1XLi8DfYY+6Pgzgs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fNaql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH65jL4=</latexit>

4<latexit sha1_base64="Ryty953uOy2UrItprN86hcgSdyo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKp6LHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNb9eu6o2boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxdLi5Y=</latexit>

6
<latexit sha1_base64="DODAioN1aV47MlpLY60K+xzXZHM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/apXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Wa+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYTJjMI=</latexit>

8
<latexit sha1_base64="xftMMpF5HVACqgqnH1COskfCSX8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyVylfNyql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIfRjMQ=</latexit>

10
<latexit sha1_base64="lElyhjbwv9PI53xFimw0qV1tMYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vK9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+sKjPc=</latexit>

2<latexit sha1_base64="KABtTuE2bHd1XLi8DfYY+6Pgzgs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fNaql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH65jL4=</latexit> 2<latexit sha1_base64="KABtTuE2bHd1XLi8DfYY+6Pgzgs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1fNaql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH65jL4=</latexit>

1<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit> 1<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

0
<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

0
<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

(a)
<latexit sha1_base64="Ac+cs8EQeHY6Uohp+aTWQJMy8+k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai0ONUg==</latexit>

(b)
<latexit sha1_base64="zVpXaXYpCy/5Krr2sSqRENfT7FA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxWvWrm8r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjMiNUw==</latexit>

Figure 10. (a) Blue: 2/(2S + 1). Black:
∫ 1

−1 PS(x)2dx which can be evaluated with Mathematica’s
continuation of the Legendre polynomials. They agree at the integers. (b) Blue: non-exponential
analytic continuation from the integers as described in this section. Black: continuation of the sum in
equation (6) of [15]. Green:

∫ 1
−1 PS(x)4dx from Mathematica.

continuation passes through all the correct black dots in the figure despite being wrong as
long as we are after the non-exploding unique continuation.

Let’s then set Mathematica aside and try to be cleverer in our analytic continuation.
We want to start with integer S and do some massaging to arrive at an expression where
there are no S oscillations as we continue to complex S. The trick is to do a few cleaver
contour manipulations that will end up transforming an oscillating contour integral into
an exponentially damped integral over a simple discontinuity. We were inspired from the
same type of manipulations performed in Regge theory to make sense of partial waves at
complex spin, see [6].

We start with

1
2

1∫
−1

dxPS(x)2, (4.10)

which for integer S is obviously equal to∮
dt

2πi
1

tS+1F (t) where F (t) =
∞∑
S′=0

tS
′

2

1∫
−1

dxPS′(x)2 (4.11)

Now note that to compute F (t) all we need to do it add up integer spin S′ for which we
do know (4.8). We obtain that F (t) is a nice holomorphic function in the plane minus
a single cut for t > 1,

F (t) =
∞∑
S′=0

tS
′

2S′ + 1 = 1
2
√
t
log

(
1 +

√
t

1−
√
t

)
. (4.12)

Now we blow the contour integral in (4.11) so it becomes∫ ∞

1

dt

tS+1
Disc(F )(t)

2πi . (4.13)

22In practice no way.
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The discontinuity of (4.12) is trivial so we end up simply with
1
2

∫ ∞

1

dt

tS+3/2 = 1
2S + 1 , (4.14)

as we wanted. The key was going from (4.11) to (4.13). In this second representation
the integrand is manifestly damped. As such this representation should now be free from
oscillations and thus ought to yield the unique continuation a la Carlson theorem. And
it did indeed.

This was too trivial of an example. Lets try a much more interesting integral where the
values at the first few integer values of S are by no means enough to guess the general result,

I3(S) ≡
1
2

+1∫
−1

dx(PS(x))4 =
{
1, 15 ,

3
35 ,

241
5005 ,

529
17017 , . . .

}
S = 0, 1, 2, 3, 4, . . . . (4.15)

This is not a random example. Structure constants of the lowest twist three trajectory are
given by the this integral up to trivial combinatorial factors.23 In [15] we dealt with the
analytic continuation of this integral by Newton Method; here we will instead use a numerical
implementation of the method employed above. The match between the two methods is
perfect as depicted in figure 10(b).

1. First we construct

F̃ (t) ≡
Smax∑
S′=0

I3(S′)tS′
, (4.18)

This function will have a cut at t = 1 as in our analytic example (4.12). However, we
can not simply go to t± i0 with t > 1 to see this log since the Taylor expansion in t

will only converge in a radius 1 circle around the origin.

2. To solve this limitation we introduce the uniformizing variable

ρ(t) =
√
1− t− 1√
1− t+ 1

, (4.19)

which maps the cut plane C− (1,∞) to the unit disk and re-expand (4.18) to define

˜̃F (ρ) =
Smax∑
S=0

cSρ
S . (4.20)

23Indeed, to recover the infinite sum in [15] from (4.15) for the structure constant of the leading trajectory,
we recall the product of angular momentum identity

PS(x)2 =
∞∑

l=0

(4l + 1)
(

S S 2l

0 0 0

)2

P2l(x) (4.16)

where
(

j1 j2 j3

m1 m2 m3

)
are the Wigner-3j symbols given by ThreeJSymbol in Mathematica. Therefore, using

the orthogonality of Legendre’s,

1
2

∫
PS(x)4 = 1

2

∫
(PS(x)2)2 =

∞∑
l=0

1
2× 2l + 1

(
(4l + 1)

(
S S 2l

0 0 0

)2
)2

(4.17)

which is nothing but the infinite sum in [15] once we evaluate the 3J symbols in terms of a bunch of gamma
functions.
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This function with two tildes is fixed to have the same expansion around t = 0
(corresponding to the center of the unit disk) as (4.18) but it now converges everywhere
in the ρ unit disk! This allows us to access any t in the cut plane!

3. Finally, we can now estimate the discontinuity of F (t) ≡∑∞
S′=0 I3(S′)tS′ for t > 1 as

F (t+ i0)− F (t− i0) = ˜̃F (ρ)− ˜̃F (1/ρ), (4.21)

with ρ in the upper arc of the unit disk.

4. Assuming we can blow the contour up in the general case, the desired integral can then
be approximated by inserting (4.21) in (4.13) for z > 1. We then recover the smooth
dark blue curve in (b) of figure 10, reproducing the continuations of the structure
constants obtained in [15] using Newton’s series.

One can also successfully reproduce the Newton series continuation of the higher twist
three families through this procedure. This provides a new perspective on the decoupling
zeroes of [15]. We define, in the even twist three case,

F (t) =
∞∑

n=S∗
k
/2

(
f(S≡2n),k ≡

Γ(2n+ 1)2

Γ(4n+ 2)C2
2n,k

)
tn−S∗k/2, (4.22)

where the index k label the various classically degenerate twist three trajectories which starts
at spin S∗

k . This definition of f applied to twist 2 or for the lowest familty of twist three
would lead precisely to f = I2 and f = I3, the two examples considered above. Suppose
that fS ∼ eαSSβ at large S. Then the series converges for teα < 1. Experimentally we
observed α = 0.24

We claim that F (t) is polynomially bounded with a single cut at |t| > 1. This in
turns implies that fS,k are analytic in spin, which can be made manifest by writing the
dispersive representation

fS,k =
∫ ∞

1
dt

discF (t)
t

1
2 (S−S∗

k
)+1

, (4.23)

where we drop the contour at infinity (and obtain a convergent expression) for large enough
S due to polynomial boundedness of F (t). This can be evaluated numerically following
the four step method just outlined.

Combining the analyticity of fS,k with the analyticity of C2
S,k lead to a number of

interesting observations:

• CS,k is analytic in the right half plane (RHP), which in turn implies that fS,k can never
vanish in the RHP.

• fS,k is analytic for S > S∗ if and only if C2
S,k has definite sign for S > S∗.

24Note that the factor of Γ functions captures the large spin limit of the sum over structure constants
∑

k
C2

S,k

that contributes in four-point scalar correlators, and can be determined from, e.g., light-cone bootstrap. That
α = 0 is thus the statement that the individual trajectories share the same asymptotic.
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• Indeed, in [15] we observed that C2
S,k is positive for S > S∗

k . In fact, the only zeroes in
the RHP are the decoupling zeroes at the even integers smaller than S∗

k . This in turn
is equivalent to

discF (t) =
S∗

k/2∑
n=1

an
tn

+ o(t−S∗
k/2). (4.24)

Can (a refined version of) this be proved in general CFT?

• From our new investigations we know that C2
S,k has branch points with ramification

index 2 at points Sbi
, bi standing for branch point i. The question arises: how this

can be generated from (4.23)? These are obtained from specific logarithmic decay of
discF (t). Specifically, the asymptotic terms

discF (t) ∼ t(Sbi
−S∗

k)/2(log t)−m/2 (4.25)

with m ∈ Z produces a branch point at S = Sbi
with ramification index 2 upon

integration.

In sum: from purely integer spin data we can construct a function F (t); with clever coordinates
we can explore F (t) beyond its naive convergence domain given by its Taylor series. Moreover,
the asymptotic behavior of such a function at large t contains formidable information! In
principle information about its various cuts can even be extracted as in (4.25). This can
thus in principle be used an alternative method to rederive the Riemann surfaces of the
previous section as long as we have a monumental amount of integer data to play with as
well as ingenious fit methods to extract such asymptotic behaviors from well constructed
extrapolations. Does it work in practice? See footnote 22. See also footnote 25.25

Hopefully we can learn better spectroscopy methods to make this approach more com-
petitive.

5 CFT cousin trajectories

The black trajectories in figure 2 provide an analytic continuation in spin of the even-spin
twist-three spectrum. They are realized by the light-ray operators constructed in section 2,
and naturally appear in the Regge limit of four point correlators.

It is natural to ask whether these analytic continuations are unique. Namely, is there
a different way of organizing the spectrum into analytic trajectories? This was one of the
questions posed in the introduction. In section 2, we argued that the black trajectories
correspond to light-ray operators of the form (2.8) with sufficiently smooth kernels at
coincident points, or, equivalently, light-ray operators (2.8) that diagonalize D1. Nevertheless,
this does not exclude the possibility of other analytic continuations existing, even if they
are not realized by light-rays of the form (2.8).

25Although we can’t actually use this technique to reconstruct the branch points, we did manage to
reconstruct discF(t) numerically for the first few trajectories and reproduced the asymptotic expansion (4.24)
with precise determination of the coefficients an through fitting of discF(t). The coefficients an control the
derivative of the structure constants at the decoupling zeroes. We successfully compared the an’s determined
from discF(t) with the slopes at the zeroes obtained from the light-ray construction, see e.g. figure 7, or,
equivalently, from Newton’s series [15].
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6
<latexit sha1_base64="IZK/bS3juOiKiePQBMv78HTUeqA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjhCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G93O//YRK81g+mEmCfkSHkoecUWOlxk2/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwzp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aV2VvUr5ulEpVWtZHHk4g3O4BA9uoQo1qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIaXjMg=</latexit>

8
<latexit sha1_base64="ioQfA8dj/BR5jS5DnscI9dFvQZs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo4kXjhCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9wu/84RK80g+mFmMfkjHko84o8ZKzeqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU9VMu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2jdlr1K+bVZKtXoWRx4u4BKuwYM7qEEdGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/iZ+Myg==</latexit>

10
<latexit sha1_base64="u+EmJXyyhQjGSQUr5/V5zl5kVgw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD547KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDWz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXq16fV+r1Bt5HEU4g3O4BA9uoA4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AezYjP0=</latexit>

12<latexit sha1_base64="oibNkCzD+GcNiUBT/fRaOASYy4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLz1WsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmt3P/8QmV5rF8MNME/YiOJA85o8ZK915tUK64VXcBsk68nFQgR2tQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSadW9erVq7t6pdHM4yjCGZzDJXhwDQ1oQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+/gjP8=</latexit> 14<latexit sha1_base64="8Gmwp2aRkcvgCpCqOSCuT1o2Too=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseClx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpwasNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VvVr1+r5WqTfyOIpwBudwCR7cQB0a0IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A/LojQE=</latexit>

16
<latexit sha1_base64="ky34B27F5+DumXecyFoScibnxrw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAS45RzAOSJcxOepMhs7PLzKwQlvyBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqz04F33yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhrZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvcvq1f1lpVbP4yjCCZzCOXhwAzWoQwOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/XwjQM=</latexit>

18
<latexit sha1_base64="Lm7n/56kI6NkcONzi6/RlerTMIc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD15tUK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGNT8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+q3nX15v66Um/kcRThDM7hEjy4hTo0oAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB/j4jQU=</latexit>

20
<latexit sha1_base64="DLRqrYUBvzErvrH41svF7OM/J5Q=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLz1WsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmt3P/8QmV5rF8MNME/YiOJA85o8ZK9zV3UK64VXcBsk68nFQgR2tQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSadW9erVq7t6pdHM4yjCGZzDJXhwDQ1oQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+5djP4=</latexit>

0
<latexit sha1_base64="IHFb/VF9o1vokDBNO2pSNs9dK+I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBS48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGdn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSq+dxFOEMzuESPLiFGtShAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDfX+Mwg==</latexit>

10
<latexit sha1_base64="u+EmJXyyhQjGSQUr5/V5zl5kVgw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD547KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDWz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXq16fV+r1Bt5HEU4g3O4BA9uoA4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AezYjP0=</latexit>

20
<latexit sha1_base64="DLRqrYUBvzErvrH41svF7OM/J5Q=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLz1WsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmt3P/8QmV5rF8MNME/YiOJA85o8ZK9zV3UK64VXcBsk68nFQgR2tQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSadW9erVq7t6pdHM4yjCGZzDJXhwDQ1oQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+5djP4=</latexit>

30
<latexit sha1_base64="xCb/kqr7Z2iThkHNa+ECiiLVOY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseClx6rWFtoQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHS/aXbL1fcqjsHWSVeTiqQo9kvf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8sur5PGi6tWqV3e1Sr2Rx1GEEziFc/DgGurQgCa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+/ijP8=</latexit>

40
<latexit sha1_base64="R+tX75JKeAZSjCjtdsgrmTtmH2Q=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseClx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoeYOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VvVr1+r5WqTfyOIpwBudwCR7cQB0a0IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A/FnjQA=</latexit>

50
<latexit sha1_base64="qwIBTCKNIAeF3EF24Rc+m705y/s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGt34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9Vvetq7f66Um/kcRThDM7hEjy4gTo0oAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB/LsjQE=</latexit>

60
<latexit sha1_base64="B7XmOlNbWi1OXQ2l/20HZDQQY8c=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAS45RzAOSJcxOepMhs7PLzKwQlvyBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqz0cO32yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhrZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvcvq1f1lpVbP4yjCCZzCOXhwAzWoQwOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/RxjQI=</latexit>

nmax = 10
<latexit sha1_base64="l6+1UwVUJZKo8zMuwplnC/tX4G4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoheh4KXHCvYD2hA22027dLMJuxNtif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YJcPWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0e3Mbz8wpXks72GSMC8iA8lDTgkYybfL0u8BG0MWkfEU32DX8e2KU3XmwKvEzUkF5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+anT/GpUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPYyLpMUmKSLRWEqMMR4lgPuc8UoiIkhhCpubsV0SBShYNIqmRDc5ZdXSeu86l5UL+8uKrV6HkcRHaMTdIZcdIVqqI4aqIkoekTP6BW9WU/Wi/VufSxaC1Y+c4T+wPr8AVrSk20=</latexit>

nmax = 20
<latexit sha1_base64="T9gDBwfbTJ1R24o6+acE5VZF5EQ=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KUil6EgpceK9gPaEPYbLft0s0m7E60JfanePGgiFd/iTf/jds2B219MPB4b4aZeUEsuAbH+bZyG5tb2zv53cLe/sHhkV08bukoUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxrdzv/3AlOaRvIdpzLyQDCUfcErASL5dlH4P2ATSkExm+AZXHN8uOWVnAbxO3IyUUIaGb3/1+hFNQiaBCqJ113Vi8FKigFPBZoVeollM6JgMWddQSUKmvXRx+gyfG6WPB5EyJQEv1N8TKQm1noaB6QwJjPSqNxf/87oJDK69lMs4ASbpctEgERgiPM8B97liFMTUEEIVN7diOiKKUDBpFUwI7urL66RVKbvV8uVdtVSrZ3Hk0Sk6QxfIRVeohuqogZqIokf0jF7Rm/VkvVjv1seyNWdlMyfoD6zPH1xXk24=</latexit>

S
<latexit sha1_base64="6OmrZ4jlYhFAmXWNWaSfYXfa4rw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjhClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXqV83aiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALKLjOU=</latexit>

�nmax
<latexit sha1_base64="hjbaCJ/mTa+mSxH3bf2td8hyVrI=">AAAB/3icbVA9SwNBEN2L3/ErKtjYLAbBKtxJREvRxjKCiUJyHHObvbhkd+/YnZOEM4V/xcZCEVv/hp3/xk1M4deDgcd7M8zMizMpLPr+h1eamZ2bX1hcKi+vrK6tVzY2WzbNDeNNlsrUXMdguRSaN1Gg5NeZ4aBiya/i/tnYv7rlxopUX+Iw46GCnhaJYIBOiirbnR4oBVGhow7yARYKBqMRjSpVv+ZPQP+SYEqqZIpGVHnvdFOWK66RSbC2HfgZhgUYFEzyUbmTW54B60OPtx3VoLgNi8n9I7rnlC5NUuNKI52o3ycKUNYOVew6FeCN/e2Nxf+8do7JcVgIneXINftalOSSYkrHYdCuMJyhHDoCzAh3K2U3YIChi6zsQgh+v/yXtA5qQb12eFGvnpxO41gkO2SX7JOAHJETck4apEkYuSMP5Ik8e/feo/fivX61lrzpzBb5Ae/tE7pQlpE=</latexit>

Figure 11. The partial sums (5.1) defining Newton’s series constructed with the integer spin red
points in figure 2 — the highest anomalous dimension operators at every even spin. From light-colored
to dark red nmax ranges from ten to twenty. The partial sums diverge as more integer points to the
right are included in the interpolation. This is expected since there should not be an analytic trajectory
satisfying good Regge behavior and analytic in the right half-plane which interpolates the red operators.
A similar result would be obtained by applying Newton’s series to, e.g., f(S) = 1/((S − 10)2 + 1) or
f(S) = elog(3)S .

The Newton series (2.28) provides a numerical strategy to explore this question. Under
the assumption of analyticity in the right half S plane and sufficiently tame asymptotic
growth in this regime [33, 34], e.g. exponential type less than log(2), Newton series converges
in the right half-plane. One can then reverse the logic: plugging a selection of even integer
values in the right-half plane one can test for convergence of (2.28). This is how the black
trajectories, and the decoupling zeroes of the structure constants of higher trajectories, were
originally identified in [15].

In this section we

• Explore this strategy to argue that there exist alternative analytic continuations of the
CFT spectrum.

• Identify how to define these trajectories from integrability, at the level of the quantum
numbers.

• Speculate on their operator realization and list some open questions.

We will omit the operators on the q = 0 lowest trajectory throughout figures in this section.
We should think of them as living in a different symmetry sector as discussed in footnote 14.

Let us first illustrate that not anything goes. For example, consider the assignment
of operators defined by the red curve in figure 2. In figure 11 we plot the partial sums
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6
<latexit sha1_base64="IZK/bS3juOiKiePQBMv78HTUeqA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjhCIo8ENmR26IWR2dnNzKwJIXyBFw8a49VP8ubfOMAeFKykk0pVd7q7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G93O//YRK81g+mEmCfkSHkoecUWOlxk2/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwzp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aV2VvUr5ulEpVWtZHHk4g3O4BA9uoQo1qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIaXjMg=</latexit>

8
<latexit sha1_base64="ioQfA8dj/BR5jS5DnscI9dFvQZs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo4kXjhCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9wu/84RK80g+mFmMfkjHko84o8ZKzeqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU9VMu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2jdlr1K+bVZKtXoWRx4u4BKuwYM7qEEdGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/iZ+Myg==</latexit>

10
<latexit sha1_base64="u+EmJXyyhQjGSQUr5/V5zl5kVgw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD547KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDWz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXq16fV+r1Bt5HEU4g3O4BA9uoA4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AezYjP0=</latexit>

12<latexit sha1_base64="oibNkCzD+GcNiUBT/fRaOASYy4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLz1WsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmt3P/8QmV5rF8MNME/YiOJA85o8ZK915tUK64VXcBsk68nFQgR2tQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSadW9erVq7t6pdHM4yjCGZzDJXhwDQ1oQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+/gjP8=</latexit> 14<latexit sha1_base64="8Gmwp2aRkcvgCpCqOSCuT1o2Too=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseClx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpwasNyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhrZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VvVr1+r5WqTfyOIpwBudwCR7cQB0a0IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A/LojQE=</latexit>

16
<latexit sha1_base64="ky34B27F5+DumXecyFoScibnxrw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAS45RzAOSJcxOepMhs7PLzKwQlvyBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqz04F33yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhrZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvcvq1f1lpVbP4yjCCZzCOXhwAzWoQwOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/XwjQM=</latexit>

18
<latexit sha1_base64="Lm7n/56kI6NkcONzi6/RlerTMIc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD15tUK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGNT8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+q3nX15v66Um/kcRThDM7hEjy4hTo0oAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB/j4jQU=</latexit>

20
<latexit sha1_base64="DLRqrYUBvzErvrH41svF7OM/J5Q=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLz1WsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmt3P/8QmV5rF8MNME/YiOJA85o8ZK9zV3UK64VXcBsk68nFQgR2tQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSadW9erVq7t6pdHM4yjCGZzDJXhwDQ1oQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD+5djP4=</latexit>

nmax = 10
<latexit sha1_base64="l6+1UwVUJZKo8zMuwplnC/tX4G4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoheh4KXHCvYD2hA22027dLMJuxNtif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YJcPWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0e3Mbz8wpXks72GSMC8iA8lDTgkYybfL0u8BG0MWkfEU32DX8e2KU3XmwKvEzUkF5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+anT/GpUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPYyLpMUmKSLRWEqMMR4lgPuc8UoiIkhhCpubsV0SBShYNIqmRDc5ZdXSeu86l5UL+8uKrV6HkcRHaMTdIZcdIVqqI4aqIkoekTP6BW9WU/Wi/VufSxaC1Y+c4T+wPr8AVrSk20=</latexit>

S
<latexit sha1_base64="6OmrZ4jlYhFAmXWNWaSfYXfa4rw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjhClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXqV83aiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALKLjOU=</latexit>

�3⇥ 10�6
<latexit sha1_base64="E/fDUz7LECU05SjuGM5pDjd/dRk=">AAAB+HicbVDLTsJAFJ3iC/FB1aWbicTEDaRVfCyJblxiIo8EKpkOU5gwnTYztybY8CVuXGiMWz/FnX/jAF0oeJKbnJxzb+69x48F1+A431ZuZXVtfSO/Wdja3tkt2nv7TR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6Gbqtx6Z0jyS9zCOmReSgeQBpwSM1LOL5bMu8JBp13lIyxeTnl1yKs4MeJm4GSmhDPWe/dXtRzQJmQQqiNYd14nBS4kCTgWbFLqJZjGhIzJgHUMlMbu8dHb4BB8bpY+DSJmSgGfq74mUhFqPQ990hgSGetGbiv95nQSCKy/lMk6ASTpfFCQCQ4SnKeA+V4yCGBtCqOLmVkyHRBEKJquCCcFdfHmZNE8rbrVyflct1a6zOPLoEB2hE+SiS1RDt6iOGoiiBD2jV/RmPVkv1rv1MW/NWdnMAfoD6/MHWm6SQQ==</latexit>

�2⇥ 10�6
<latexit sha1_base64="2dHbj9g9HmEMEwlhsCdoNx42wRc=">AAAB+HicbVDLTsJAFL3FF+KDqks3E4mJG0hL8LEkunGJiTwSqGQ6TGHCdNrMTE2w4UvcuNAYt36KO//GAbpQ8CQ3OTnn3tx7jx9zprTjfFu5tfWNza38dmFnd2+/aB8ctlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj29mfvuRSsUica8nMfVCPBQsYARrI/XtYrna0yykynUe0vLFtG+XnIozB1olbkZKkKHRt796g4gkIRWacKxU13Vi7aVYakY4nRZ6iaIxJmM8pF1DBTa7vHR++BSdGmWAgkiaEhrN1d8TKQ6VmoS+6QyxHqllbyb+53UTHVx5KRNxoqkgi0VBwpGO0CwFNGCSEs0nhmAimbkVkRGWmGiTVcGE4C6/vEpa1Ypbq5zf1Ur16yyOPBzDCZyBC5dQh1toQBMIJPAMr/BmPVkv1rv1sWjNWdnMEfyB9fkDWN2SQA==</latexit>

�1⇥ 10�6
<latexit sha1_base64="dVkkL9kb9aPureCu7V7hi9YGYgg=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwkjAjcTkGvXiMYBZIYujp9CRNeha6a4Q45Eu8eFDEq5/izb+xk8xBEx8UPN6roqqeF0uh0XG+rZXVtfWNzdxWfntnd69g7x80dJQoxusskpFqeVRzKUJeR4GSt2LFaeBJ3vRGN1O/+ciVFlF4j+OYdwM6CIUvGEUj9exCye2gCLh2nYe0dDHp2UWn7MxAlombkSJkqPXsr04/YknAQ2SSat12nRi7KVUomOSTfCfRPKZsRAe8bWhIza5uOjt8Qk6M0id+pEyFSGbq74mUBlqPA890BhSHetGbiv957QT9q24qwjhBHrL5Ij+RBCMyTYH0heIM5dgQypQwtxI2pIoyNFnlTQju4svLpHFWdivl87tKsXqdxZGDIziGU3DhEqpwCzWoA4MEnuEV3qwn68V6tz7mrStWNnMIf2B9/gBXTJI/</latexit>

1⇥ 10�6
<latexit sha1_base64="BWKLY+flH94rXSts268nEYWZObA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgxZJI/TgWvXisYD+gTctmu2mXbjZhd6KU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+bHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dho4SRVmdRiJSLZ9oJrhkdeQoWCtWjIS+YE1/dDv1m49MaR7JBxzHzAvJQPKAU4JG6rod5CHTrtNNzy4nvWLJKTsz2MvEzUgJMtR6xa9OP6JJyCRSQbRuu06MXkoUcirYpNBJNIsJHZEBaxsqidnlpbOrJ/aJUfp2EClTEu2Z+nsiJaHW49A3nSHBoV70puJ/XjvB4NpLuYwTZJLOFwWJsDGypxHYfa4YRTE2hFDFza02HRJFKJqgCiYEd/HlZdI4L7uV8sV9pVS9yeLIwxEcwym4cAVVuIMa1IGCgmd4hTfryXqx3q2PeWvOymYO4Q+szx9z4JHX</latexit>

2⇥ 10�6
<latexit sha1_base64="+WB63yP2KC0KzUDvrj5ZF4EgSNk=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBG8WJJSP45FLx4r2A9o07LZbtqlm03YnSgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tlZW19Y3NnNb+e2d3b39wsFhQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/up36zUemNI/kA45j5oVkIHnAKUEjdcsd5CHTrtNNzy8nvULRKTkz2MvEzUgRMtR6ha9OP6JJyCRSQbRuu06MXkoUcirYJN9JNIsJHZEBaxsqidnlpbOrJ/apUfp2EClTEu2Z+nsiJaHW49A3nSHBoV70puJ/XjvB4NpLuYwTZJLOFwWJsDGypxHYfa4YRTE2hFDFza02HRJFKJqg8iYEd/HlZdIol9xK6eK+UqzeZHHk4BhO4AxcuIIq3EEN6kBBwTO8wpv1ZL1Y79bHvHXFymaO4A+szx91cZHY</latexit>

3⇥ 10�6
<latexit sha1_base64="oMTl0lBP7sCKzOD4zhL7g1rhxtA=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBG8WBKtH8eiF48V7Ae0adlsN+3SzSbsTpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8PxZco+N8W0vLK6tr67mN/ObW9s5uYW+/rqNEUVajkYhU0yeaCS5ZDTkK1owVI6EvWMMf3k78xiNTmkfyAUcx80LSlzzglKCROudt5CHTrtNJTy/H3ULRKTlT2IvEzUgRMlS7ha92L6JJyCRSQbRuuU6MXkoUcirYON9ONIsJHZI+axkqidnlpdOrx/axUXp2EClTEu2p+nsiJaHWo9A3nSHBgZ73JuJ/XivB4NpLuYwTZJLOFgWJsDGyJxHYPa4YRTEyhFDFza02HRBFKJqg8iYEd/7lRVI/K7nl0sV9uVi5yeLIwSEcwQm4cAUVuIMq1ICCgmd4hTfryXqx3q2PWeuSlc0cwB9Ynz93ApHZ</latexit>

0
<latexit sha1_base64="N5TJ24ZtGvvOJUapKeIo4Hi0i/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe7GMvA==</latexit>

nmax = 40
<latexit sha1_base64="yc04OsA/GKKZd3uCdm4VsinK/z0=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBKp6EUoevFYwX5AG8Jmu2mXbjZhd6ItsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t26WDpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDP1Ww9MaR7LexgnzItIX/KQUwJG8u2S9LvARpBFZDTBV7jq+HbZqTgz4GXi5qSMctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPTJ/jEKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnoZl0kKTNL5ojAVGGI8zQH3uGIUxNgQQhU3t2I6IIpQMGkVTQju4svLpHlWcauV87tquXadx1FAR+gYnSIXXaAaukV11EAUPaJn9IrerCfrxXq3PuatK1Y+c4j+wPr8AV2Tk2o=</latexit>
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Figure 12. For the black trajectories of figure 2 the Newton partial sums converge everywhere in the
right half-plane. From light-colored to navy nmax ranges from ten to fourty in steps of four. We plot
the error between the partial sums and the ‘exact’ result computed from the Baxter function.

defined by Newton polynomials

γnmax(S) =
nmax∑
n=0

(
S−6

2
n

)
n∑
i=0

(−1)n−i
(
n

i

)
γred

6+2i, (5.1)

where we use the first nmax + 1 even operators along the red curve. Compare this with
figure 12, where we display the analogous exercise for the second lowest black trajectory of
figure 2. We interpret the result of this exercise as indication that the red list of operators do
not form an analytic trajectory (holomorphic on a half plane, with good Regge behaviour at
large S), while the black list does (as derived from Baxter or from the light-ray construction).

We do, however, identify an infinite number of ways of assigning operators into analytic
trajectories! They are peculiar in that these trajectories interpolate the spectrum not in
steps of two, but in steps of multiples of three!

Before describing these trajectories in full generality, let us discuss the first non-trivial
example, considered in figure 13. These families interpolate operators in steps of three. The
various trajectories are indexed by an integer ℓ ≥ 0 and the operators in each trajectory
are indexed by k ≥ 1. Trajectory ℓ interpolates the (1 + ⌊ℓ/3⌋)-th operator with highest
dimension at spin 3k + 2ℓ. Note that the number of operators at each spin increases in steps
of six, hence the origin of the ⌊ℓ/3⌋ factor, see appendix A. Note that operators are organized
from top to bottom, and hence it is not clear if the trajectories are bounded from below.
Moreover, these trajectories mix even and odd spin data under analytic continuation!

These trajectories were in practice identified through Newton’s series. Plugging the
selected local operators in Newton’s formula results in beautiful numerical convergence which
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Figure 13. Twist three single-trace operators in N = 4 SYM can be organized into analytic
trajectories in infinitely many ways. Here we organize the spectrum by assigning operators from top
to bottom of the spectrum into families. They interpolate physical operators every three units of
spin (and thus mix even and odd spin operators). The solid curves in the figure are produced using
Newton’s interpolation using only the even spin (black points) operators — that they interpolate the
odd spin (red points) is automatic. We fade these curves to the left as they start to lose precision.
The dashed curves are produced using Baxter equation as explained in the main body of this section.
They perfectly agree with Newton’s interpolation. For the first three trajectories we continue them to
the left, where Newton’s partial sum is not perfectly accurate numerically. More generally, the Baxter
equation can be used to construct these trajectories in the full complex spin plane as in section 4.

we interpret as indication that the CFT data indeed extends into an analytic function satisfying
the basic properties required for Newton’s series convergence. Indeed, note that one could
reconstruct this analytic trajectory using only the even spin data along the trajectories using

γsteps of 3
ℓ (S) =

∞∑
n=0

(
S−6−2ℓ

6
n

)
n∑
i=0

(−1)n−i
(
n

i

)
γ

(1+⌊ℓ/3⌋)-th operator
6+2ℓ+6i . (5.2)

One can then recover the odd spin spectrum from (5.2). One obtains a perfect match with
the direct computation of the odd spin spectrum. Indeed, the solid curves in figure 13 were
generated using only even spin data through (5.2). That the red points are interpolated
comes automatically.

Although we identified these trajectories with Newton’s method, we understand how
to construct them directly at complex spin using the Baxter equation. They are described
by solutions of the Baxter equation (4.1) for entire functions with asymptotics e2πuu−2−S

as in section 4, but we must drop the zero-momenta condition Q(i/2) = Q(−i/2) in favor
of the deformed condition Q(i/2) = e

2(S−2l)iπ
3 Q(−i/2)! We thank Simon Caron-Huot for

this suggestion. Imposing this condition fixes q precisely as predicted by the Newton series
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Figure 14. The even spin n = 4 trajectories. They interpolate operators in spin steps of 12. It is not
clear if they are bounded from above or below.

(which can be applied directly for the q charges). The anomalous dimension extracted from
the Baxter function perfectly matches the solid curves in figure 13. Indeed, the dashed
curves in figure 13 are generated with Baxter equation and extend the curves beyond the
regime in which we have strong numerical control with Newton’s series. The Baxter equation
thus opens the way to explore the full complex plane structure of these new “steps of three”
trajectories. We anticipate that these various trajectories are connected by branch cuts and
form a unique Riemann surface as in section 4, only that now even and odd spin operators
are on the same surface.

Infinitely many other assignments are possible. These assignments can be characterized
by their “spin step” 3n with integer n ≥ 3. They interpolate operators of spin S = 3nk+S0 for
integer k ≥ 0. If a given trajectory interpolates the m-th highest dimension operator at spin
S, then it interpolates the (m+1)-th highest dimension operator at spin S+3n. We illustrate
the assignment n = 4 in figure 14. Baxter functions associated with these continuations can
be constructed through the quantization condition Q(i/2) = e

2(S−S0)iπ

3n Q(−i/2).

6 Discussion

In this work, we explicitly constructed light-ray operators in N = 4 SYM whose anomalous
dimensions and matrix elements provide an analytic continuation in spin of multi-twist local
operators. The wavefunctions of these light-ray operators satisfy integral and differential
equations coming from integrability. These equations can be solved systematically in a kind of
discrete Fourier space, allowing us to plot solutions and numerically compute operator norms
and matrix elements. The appropriate solutions satisfy falloff conditions in Fourier space,
which give restrictions on the types of singularities the wavefunctions possess at coincident
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points. These falloff conditions lead to quantization of the integrable charge q, and also to
discrete Regge trajectories. With explicit light-ray operators in hand, we can also confirm
the picture of [15, 16]: there are an infinite number of Regge trajectories, but only a finite
number of them have nonzero matrix elements at each integer spin.

An important ingredient in computing matrix elements of our light-ray operators is
the light-ray “norm” of [16, 17]. Our implementation of this norm involves starting with a
time-ordered correlator of 2L constituent partons, and then integrating them against light-ray
wavefunctions. This clearly gives a pairing between wavefunctions, but it is less clearly a
pairing between two separate light-ray operators. A nonperturbative approach to this norm is
used in [16], where they start with a time-ordered four-point function of local operators and
integrate it against a pair of bi-local kernels. These two constructions do not correspond to
each other in an obvious way, yet they both seem to give consistent results. Can we formulate
a more natural definition of a time-ordered correlator of light-ray operators?

The anomalous dimensions of our complex-spin light-ray operators can alternatively be
computed from the Baxter equation, by constructing solutions with the correct holomorphicity
conditions and large-u asymptotics. Results from the Baxter equation exactly match those
coming from our explicit numerical light-ray wavefunctions. Using the Baxter equation, we
can also continue further into the complex plane, revealing a rich Riemann surface that unifies
naïvely different Regge trajectories. It is interesting to ask how this Riemann surface interacts
with other trajectories such as BFKL trajectories and shadow trajectories that can intersect
the Riemann surface at special values of S, presumably through a generalization of [21, 35]
to non-parity symmetric trajectories. It would also be interesting to trace how light-ray
wavefunctions change in the vicinity of branch points connecting different Regge trajectories.
Furthermore, it would be nice to develop methods for computing light-ray matrix elements
using separation of variables/integrability without explicitly constructing the wavefunctions,
possibly opening the way to computing these observables away from weak coupling.

An alternative approach to computing data of twist-three light-ray operators in N = 4
SYM was recently presented in [31]. A central idea of [31] is to, instead of working with
light-ray operator wavefunctions directly, study correlators of local operators in the presence
of a light-ray operator. Such correlators are related by a series of integral transforms to the
wavefunctions we compute in this work. The approach of [31] gives an alternative way to
efficiently access anomalous dimensions in the right-half S plane.

Although we have developed a relatively complete picture for the simplest analytic
continuation in spin of multi-twist trajectories, we also found a surprise: there exist infinitely
many other ways of assembling local operators into analytic “cousin” trajectories. These cousin
trajectories require changing the quantization condition of the Baxter function, which suggests
that they involve modifying cyclicity of the trace. Perhaps we can interpret them as light-ray
versions of the “color twist operators” of [36]. Are these cousin trajectories an accident of
planar integrability in N = 4 SYM, a feature of single-trace trajectories in large-N gauge
theory, or are they a general property of the multi-twist spectrum in CFT? These questions
can be tested in particular examples with Newton’s series. One particularly interesting feature
of cousin trajectories is that they connect even- and odd-spin operators together into a unified
object. Is this also a quirk of N = 4 SYM, or does it reflect something more general?
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Cousin trajectories have anomalous dimensions asymptoting to γS = 3ΓCusp logS at large
spin. This is to be contrasted with non-cousin trajectories, whose anomalous dimensions
asymptote to γS = 2ΓCusp logS. At integer spin, the 3ΓCusp logS behavior can be understood
from the local operator wave function, which is dominated by spin equally distributed between
the various partons. The energy is dominated by the color flux connecting neighboring
partons [37]. Holographically, they correspond to a string made of three folds which approach
the boundary of AdS. The folds are connected by a Y-junction which does not approach the
boundary [38, 39]. By contrast, the 2ΓCusp logS behavior corresponds to local operators whose
wave function is dominated by two partons having small relative spin or, holographically, the
junction approaching the boundary. It would be interesting to understand these asymptotics
from a complex spin perspective. This story is remarkably similar to that of sister trajectories
in string theory, whose large spin semiclassics corresponds to spinning strings with extra
folds - and thus increased tension [40, 41].

Other natural questions about light-ray operators are also interesting to ask about
cousin trajectories. The standard analytic trajectories appear naturally in conformal Regge
theory [6, 14, 18, 42], where they describe the behavior of four-point correlators in the
Regge limit. What kinematic limit is described by light-ray operators on cousin trajectories?
What is the complete story at higher-twist? What do the light-ray wavefunctions of cousin
trajectories look like? Using Newton’s series one can construct the analytic continuation of
the integrable charge q associated to the trajectories of figure 13. We learn that, for these
trajectories, the quantized values of q, at fixed S, correspond precisely to the values for
which the function log(α2/α1) depicted in figure 3 diverges! In other words, for the values
of q corresponding to these trajectories there exist maximally asymmetric solutions of the
recursion relation, with Fourier modes asymptotics an ≃ n−1 for n→ ∞ while an ≃ nS for
n → −∞.26 It would be interesting to explore this further.

We opened this work reminiscing on the stiff analytic structure imposed on the spectrum
of CFTs by large boost physics. We conclude by noting that, at least in N = 4 SYM, likely
in holographic CFTs, and ambitiously in general, the story goes much further. Not only
operators must organize in analytic families, they must do so in infinitely many ways. How
far can we push this incredibly rigid constrain when bootstrapping this and other theories?
And what other secrets about the structure of CFTs does Lorentizan physics still hold?
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A Counting higher-twist trajectories

In this appendix, we provide the counting of primary operators at a given spin S. The first
part of the analysis is performed for general L. We then focus on L = 3.

For each L, to compute the number of single-trace primary states at spin S it is enough to
compute the dimension of the space of single-traces of spin S, nL(S). The number of primaries
at spin S is then given by nL(S)−nL(S−1). We therefore focus on the computation of nL(S).

The problem of determining nL(S) is equivalent to the problem of determining the number
of permutations of a set of S + L elements, S of which and L of which are indistinguishable,
modulo cyclic permutations. In simpler terms, we would like to make a “necklace” using
“beads” of two “colors”, L of which being blue and S of which being red. We aim to count
how many necklaces can be made. Before solving this problem, let us consider a simpler
but instructive problem.

Problem 1. Let us relax the condition that we have L and S beads of each color respectively.
Let us simply build necklaces of length K using m colors without tracking how many of
each beads of each colors were used.

Consider the set X of all sequences of K beads. We would like to identify those that are
equivalent under the action of the cyclic group G = Z/KZ and count the number of distinct
equivalent classes. In other words, we want to count the number of orbits of the action of
G on X, |X/G|. The result is provided by Burnside Lemma.

Burnside Lemma. Suppose one is given a set X and an action of a finite group G onto X.
Denote by |Xg| the number of elements in X that are left invariant by an element g ∈ G.
The number of orbits of the action of G onto X, |X/G| is given by the average number of
fixed points of the action. That is:

|X/G| = 1
|G|

∑
g∈G

|Xg|. (A.1)

Proof: let f(g, x) = 1 if g.x = x and zero otherwise. Then

1
|G|

∑
g∈G

|Xg| = 1
|G|

∑
g∈G

∑
x∈X

f(g, x) (A.2)

= 1
|G|

∑
x∈X

∑
g∈G

f(g, x) (A.3)

= 1
|G|

∑
x∈X

|Stab(x)|, (A.4)

where |Stab(x)| is the number of elements g that stabilize x. But |Stab(x)| = |G|/|Ox|
where |Ox| is the number of elements in the orbit of x (this is the orbit-stabilizer theorem).
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We then get

1
|G|

∑
g∈G

|Xg| = 1
|G|

∑
x∈X

|G|
|Ox|

(A.5)

=
∑
x∈X

1
|Ox|

= |X/G|, (A.6)

since each orbit O contributes 1
|O| |O| times.

Solution of problem 1. Given a cyclic permutation g ∈ G, how many necklaces are fixed
by the action of g? A necklace is fixed by the action of g if and only if each cycle of g has
a definite color. Suppose that g has c(g) cycles. Then

|Xg| = mc(g), (A.7)

where m is the number of colours available to build the necklace.
An element g ∈ Z/KZ has d cycles of length K/d, where d = gcd(K, g), the greatest

common divisor of K and g. The number of possible necklaces of length K is then

|X/G| = 1
K

K∑
g=1

mgcd(g,K) (A.8)

= 1
K

∑
d|K

ϕ

(
K

d

)
md, (A.9)

where the sum in the second equality is over the divisors of K. ϕ(x) is the Euler (totient) ϕ
function, which counts the numbers of positive integers y smaller than x that are relative
prime to x (i.e. gcd(y, x) = 1). The last equality is true because if gcd(g,K) = d then
d|K, d|g and gcd(K/d,m/d) = 1.27

Back to counting of primaries. Equation (A.9) provides the solution to problem 1. We
can think of (A.9) as a partition function. Each quantum number d has degeneracy ϕ(K/d),
and each state contributes with the number of possible colorings md. Our original problem
requires us to restrict the allowed colorings by requiring that out of the K = L+ S beads, L
of them are red and S of them are blue. We introduce chemical potential r and b associated
to red and blue beads respectively. The partition (generating) function then becomes

ZL,S(r, b) =
1
K

∑
d|K

ϕ

(
K

d

)(
r

K
d + b

K
d

)d
. (A.10)

We interpret each term in the sum as assigning color r or b to each of the cycles d of the
original element g. Each cycle has K

d elements which must have the same colour. The number
of single traces states nL(S) is then simply the coefficient of rLbS in the polynomial (A.10).

27Otherwise if gcd(K/d, m/d) = k then kd is a divisor of g and K contradicting that d is the gcd.
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Twist three primaries. Let us set L = 3 and ask for the coefficient of b3 in (A.10). We
can set r = 1 without loss of information. There are only two terms in the sum that can
contribute, d = K or d = K/3. The latter only contributes if S is a multiple of three. Using
that ϕ(1) = 1 and ϕ(3) = 2, we obtain that

n3(S) =
{
(S + 1)(S + 2)/6 if S/3 /∈ Z,
(S + 3)S/6 + 1 if S/3 ∈ Z.

(A.11)

Note that both answers are integers, as one can check with basic modular arithmetic. The
number of primaries p3(S) = n3(S) − n3(S − 1) at a given spin S is then

p3(S) =


(S + 1)/3 if S ≡ 1 mod 3,
(S − 1)/3 if S ≡ 2 mod 3,
1 + S/3 if S ≡ 0 mod 3.

(A.12)

To recognize the familiar functions quoted in the introduction, let us consider values of
S mod 6:

p3(S) =



(S − 1)/3 = 2⌊S/6⌋ = 2⌊(S + 4)/6⌋ if S ≡ 1 mod 6,
(S − 1)/3 = 2⌊S/6⌋+ 1 if S ≡ 4 mod 6,
(S + 1)/3 = 2⌊S/6⌋+ 1 if S ≡ 2 mod 6,
(S + 1)/3 = 2⌊S/6⌋+ 2 = 2⌊(S + 4)/6⌋ if S ≡ 5 mod 6,
S/3 + 1 = 2⌊S/6⌋+ 2 = 2⌊(S + 4)/6⌋ if S ≡ 3 mod 6,
S/3 + 1 = 2⌊S/6⌋+ 1 if S ≡ 6 mod 6.

(A.13)

We therefore conclude that

p3(S) =
{
2⌊(S + 4)/6⌋ if S ∈ 2Z+ 1,
2⌊S/6⌋+ 1 if S ∈ 2Z, (A.14)

as promised. See figure 15.

B Details of perturbative computations

B.1 Twist 2

In this subsection we expand on the computation of the twist two light-ray correlators
⟨O1OO2⟩ and ⟨T {OŌ}⟩g.f..

To compute ⟨O1OO2⟩ let us set y = 0 and z = n+ in (3.3). We take x−1 > 0 and
x+

2 < 0. There are two possible Wick contractions. They are related by (α1 ↔ α2), which
is a symmetry of the wave function, and therefore amounts to a factor of two. In the end,
the computation results in

⟨O1(x1)OO2(x2)⟩ =
i
√
2
√
Γ(2S + 1)

2πΓ(S + 1)x2
12

∫
dα1dα2

(α1 − α2 + iϵ)−1−S(
α1x

−
1 + x2

1 + iϵ
) (
α2x

−
2 + x2

2 + iϵ
) , (B.1)

where the second factor in the wave function vanishes by contour deformation. Both integrals
are performed by residues, deforming the contour away from the branch cut in the imaginary
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Figure 15. Number of twist three primaries as a function of spin. Blue: odd trajectories. Red: even
trajectories. They are given by expression (A.14).

direction. The final result is

⟨O1(x1)OO2(x2)⟩ =
(
2πiΓ(2S + 1)

Γ(S + 1)2

)
COSO1O2(S)

(
x2

1
x−1

− x2
2

x−2

)
x−1 x

−
2 x

2
12

−1−S

, (B.2)

which is quoted in (3.6).
Next, we want to compute (3.8) which we reproduce here:

⟨T {OŌ}⟩g.f. =
Γ(2S + 1)

4π2Γ(S + 1)2

∫ 2∏
i=1

dαidβi
λδ(α1 + α2 − λ)ψ(α1, α2)ψ(β1, β2)
(α1β1 + d2 + iϵ)(α2β2 + d2 + iϵ) . (B.3)

Before proceeding with the direct computation, let us emphasize a couple of nice properties
of (B.3):

• The integrals over βi vanish unless α1 and α2 have opposite sign. To see this, suppose
they are positive, and deform βi into the lower half plane, away from the propagator
poles. In each term of the wave function, see (3.3), only either β1 or β2 will have
singularities in the lower-half plane. One of the integrals thus vanishes, as seen by the
contour deformation.

• On the other hand, for even values of S, the wave functions have no support when αi
have opposite sign, see discussion under (1.1).

We thus expect that, for even spin, when the light-ray reduces to L[OS ], the continuous spin
norm defined by ⟨T {OŌ}⟩g.f./⟨0|OŌ|0⟩ vanishes. We thus see that the conversion between
the continuous spin norm and the continuation in S of the canonical norm of the local
operators OS — which equals one — must involve dividing by zeroes at every even integer.
We will see this explicitly.
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To compute (B.3), let us instead perform the integrals over βi by picking the poles of the
propagators. Change variables as u = α1 + α2, v = α1 − α2. The integral in u is fixed by the
gauge-fixing. Since αi must have opposite sign, it is enough to integrate over |v| > λ. In fact,
from permutation symmetry of ψ(α1, α2) we can restrict to v > λ up to a factor of two. We
will use the fact that ψ(α1, α2) =

(
1 + eiπ(−1−S)

)
|v|−1−S . The integral reduces to

4Γ(2S + 1)
Γ(S + 1)2

(
1 + eiπ(−1−S)

)
λ

∫
v>λ

dv
v−1−S

λ2 − v2

(
2d2

v + λ
+ 2d2

v − λ

)−1−S

= −

(
1 + eiπ(−1−S)

)
(2S + 1)d2+S .

(B.4)
The factor in the numerator realizes the manifest zeroes described above. The denominator, in
a similar manner to what happened in the three-point matrix element case, can be understood
from the (double) light-transform of the canonical two-point structure. Indeed, see [14],

⟨0|L[OS ]L[ŌS ]|0⟩ =
−2πi

τ + 2S − 1⟨0|OŌ|0⟩ = −2πi
(2S + 1)d2+S , (B.5)

where ⟨0|OŌ|0⟩ is the canonical two-point structure for operators of dimension 1 − S and
spin 1 − ∆. In the last equality we specified our coordinate frame and twist two. We
thus conclude that

⟨T {OŌ}⟩
⟨0|OŌ|0⟩

= −
(
1 + eiπ(−1−S)

)
/(2S + 1). (B.6)

B.2 Twist 3

In this appendix we examine the computation of ⟨O1On,SO2⟩ and ⟨T {On,SŌn,S}⟩.
We parametrize twist three light-rays On,S inserted at x = −∞n+, z = n+ as

On,S =
∫
dαcmdrdθ

(
ψ (αcm, r, θ) ≡

1
Γ(S∗

n − S)
gn,S(θ)
r1+S

)
Tr (Z(α1)Z(α2)Z(α3)) , (B.7)

with αi being parametrized by (αcm, r, θ) according to (2.13)–(2.15) as

αi = αcm + 1
3rα

θ
i , (B.8)

αθi = cos(θ − 2π(i− 1)/3)− cos(θ − 2π(i− 2)/3). (B.9)

We introduce the Γ function factor for later convenience, where S∗
n = 6(n − 1) is the first

integer spin in which the n-th even trajectory has physical operators, see figure 2.
The computation of the matrix elements ⟨O1On,SO2⟩ is straightforward. We take

O1 = Tr
(
XZ̄

)
and O2 = Tr

(
X̄ Z̄2

)
and consider x−1 > 0, x−2 < 0. All Wick contractions

are equivalent due to cyclic symmetry of the wave function, and amount to a factor of six.
We thus want to compute

⟨O1On,SO2⟩ = 6
∫
dαcmdrdθ

ψ (αcm, r, θ) (x−2 α3 + x2
2 + iϵ)−1

(x−1 α1 + x2
1 + iϵ)(x−2 α2 + x2

2 + iϵ)
. (B.10)

The integral over αcm can be performed by deforming the contour into the lower half-
plane, picking up the pole at αcm/3 = −x2

1/x
−
1 − rαθ1 − iϵ. The integral over r can also be
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performed by residues by realizing that distributionally
∫
R+
drr−1−Sf(r) =

∫
R
dr
e−iπ(1+S)(r − iϵ)−1−S − eiπ(1+S)(r + iϵ)−1−S

2i sin(πS) f(r). (B.11)

One can then perform the integral over r in each term by deforming away from the branch-
points in the imaginary direction, thus picking the propagator poles.28 The final result
for ⟨O1On,SO2⟩ is

12iπ23−S

x−1 (x−2 )2 sin(πS)Γ(S∗
n−S)

(
x2

1
x−1

− x2
2

x−2

)−2−S∫
dθg(θ)

(
αθ3 − αθ1 − iϵ

)1+S
−
(
αθ2 − αθ1 − iϵ

)1+S

(αθ3 − αθ2)
,

(B.12)

which must be evaluated numerically for each trajectory as we will discuss later. From (B.12)
we read that the kernel of (3.15) is

Fthree points(θ) = 12iπ23−S ×

(
αθ3 − αθ1 − iϵ

)1+S
−
(
αθ2 − αθ1 − iϵ

)1+S

(αθ3 − αθ2)
. (B.13)

Next, let us consider the computation of the norm ⟨T {OŌ}⟩g.f.. We will consider the
same crosswise kinematical configuration as in the twist-2 case, see figure 6. We use the
gauge fixing δ(rα − 1). In a similar manner to the previous case, the correlator vanishes
if all αi have the same sign. We can use cyclicity and reflection symmetry of the ψ(αi)
wave function, equations (2.11) and (2.12), to restrict to the case α1 > 0, α2 < 0, α3 < 0.
All planar Wick contractions can be related by cyclicity of the wave function ψ(βi). In
sum, we would like to compute

⟨T {OŌ}⟩g.f. = 18
∫
α1>0
α2<0
α3<0

drαdαcmdθαdrβdβcmdθβδ(rα − 1)ψO (αcm, rα, θα)ψŌ (βcm, rβ , θβ)
(β1α1 + d2 + iϵ)(β2α2 + d2 + iϵ)(β3α3 + d2 + iϵ) .

The integrals over βcm and rβ can be performed by picking the propagator poles, as
in the three-point matrix element computation. The integral over rα is localized. We are
left with a triple integral

⟨T {OŌ}⟩g.f. =
(d2)−1−S

sin(πS)Γ(S∗
n − S)2

∫
D
dαcmdθαdθβgO(θα)gŌ(θβ)× (B.14)

((
(αcm + αθ1)(−αcm − αθ2)

)1+S
F1(θα, θβ)−

(
(αcm + αθ1)(−αcm − αθ3)

)1+S
F2(θα, θβ)

)
(−36π2i(3)−2Seiπ(S+1))−1 (F3(θα, θβ) + αcmF4(θα, θβ))


︸ ︷︷ ︸

Ftwo point(θα, θβ , αcm)

,

28Whether each propagator pole is in the upper or lower half-plane depends on the value of θ. However, the
pole is always picked in either the first or the second term in (B.11). One thus needs to be careful with the
appropriate iϵs and phases, which is uninteresting and straightforward. When the dust settles, the various
contributions combine into the simple result (B.12).
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from which we read the kernel Ftwo point of (3.16) which is defined in terms of

F1(θα, θβ) =
(
αθ1 − αθ2
βθ1 − βθ2

+ iϵ

)−1−S

, F2(θα, θβ) =
(
αθ1 − αθ3
βθ1 − βθ3

+ iϵ

)−1−S

,

F3(θα, θβ) = αθ1β
θ
1(αθ2 − αθ3) + αθ2β

θ
2(αθ3 − αθ1) + αθ3β

θ
3(αθ1 − αθ2),

F4(θα, θβ) = βθ1(αθ2 − αθ3) + βθ2(αθ3 − αθ1) + βθ3(αθ1 − αθ2)

and we re-scaled αcm → αcm/3. The domain of integration D is given by αcm > −αθ1,
αcm < −αθ2, αcm < −αθ3. The integral over αcm can be evaluated analytically. We do
not use this fact.

Finally, in order to be able to write (3.15) and (3.16) we define our choices of two- and
three- point structures. In our conformal frames, we choose

⟨0|OŌ|0⟩ = (d2)−1−S and ⟨0|O1OO2|0⟩ =
1

x−1 (x−2 )2

(
x2

1
x−1

− x2
2

x−2

)−2−S

. (B.15)

C Q-functions from light-rays

In section 2, we emphasized that light-ray operators in N = 4 SYMs should diagonalize the
transfer-matrix operator, whose action on light-rays of arbitrary twist is defined through
equation (2.19). The transfer matrix operator was very useful due to its simple differential
action. Its polynomial eigenvalues are sufficient to completely characterize the state.

The light-rays should also diagonalize the Baxter Q operator. It act as an integral
operator [43]

Q(u) ◦O = cosh(πu)L
πL

∫ 1

0

L∏
j=1

dzj(1−zj)iu−1/2(zj)−iu−1/2× (C.1)

∫ ∞

−∞

L∏
i=1

dαiψ(α1, . . . , αL)Tr [Z(z1α1 + (1−z1)αL) . . .Z(zLαL + (1−zL)αL−1))] ,

and is especially useful due to serving as a generating function of (infinitely many) integrable
charge operators

C±
k = 2ik+1

(
Q(k)(i/2)∓Q(k)(−i/2)

)
. (C.2)

In particular, the dilatation operator, whose action was defined in (2.29), is given by D = C+
1 .

Note that the Baxter operator is an entire function of u. The poles of the integral in (C.1)
at u = k ± i/2 cancel with the zeroes of the trigonometric prefactor. The prefactor is
normalized so that

C+
0 = 1, (C.3)

which follows from cyclicity of the trace.
The eigenvalues

Q(u) ◦O = Q(u)O (C.4)
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can be obtained without reference to ψ. This is the strategy adopted in section (4) in
order to uncover the operator mixing in the spin left half-plane. For that, one uses the
operatorial Baxter equation

Q(u+ i)(u+ i/2)L +Q(u− i)(u− i/2)L = Q(u)τ(u). (C.5)

Acting on a light-ray operator produces the Baxter equation (4.1) but, crucially, note
that the various quantization conditions for complex spin, first proposed by Janik in the
twist two context [32] and generalized to higher twist in [15], are here fixed given general
properties determing the light-ray wave functions. In particular, as argued above, the zero
momentum condition

Q(i/2) = Q(−i/2)

holds at complex spin due to cyclicity of the trace defining light-ray operators,29 the analyticity
of Q(u) follows from the analyticity of Q, and, we expect, the leading asymptotics of Q(u)
are fixed by the Lorentz spin of the light-ray JL

lim
u→∞

Q(u) ∝ e2πuuJL + . . . , (C.6)

where JL = 1−L− S, see section 2.2, thus providing a physical explanation for the decaying
solution of Janik. These three properties, combined with the Baxter equation (4.1), uniquely
fix all Baxter eigenfunctions corresponding to the twist three trajectories at any value of the
spin. In section 4 we discuss how to do so numerically and present results for twist three.

We have not been successful in deriving the result (C.6) for general L. However, it
is interesting to see that, for L = 2, (C.6) — and, therefore, Janik’s Q-function — can
be derived from the light-ray wave function ψ2. To do so, we start from (C.1). Changing
variables as (ziαi + (1 − zi)αi−1) → αi we obtain

Q(u) ◦O = cosh(πu)2

π2

∫ 1

0

2∏
j=1

dzj(1− zj)iu−1/2(zj)−iu−1/2×

∫ ∞

−∞

2∏
i=1

dαi|1− z1 − z2|−1ψ2

(
αi

−1 + z1 + z2

)
Tr [Z(α1)Z(α2))] . (C.7)

Using that ψ2(λαi) = |λ|J2≡−S−1ψ2(αi) we get

Q(u) ◦O =
(
Q2(u) =

cosh(πu)2

π2

∫ 1

0
dz1g(z1)× (C.8)

(∫ 1−z1

0
dz2(1− z1 − z2)Sg(z2) +

∫ 1

1−z1
dz2(−1 + z1 + z2)Sg(z2)

))
×O

with g(x) = (1 − x)iu−1/2(x)−iu−1/2. At large u, the integrals can be performed by saddle
point. The saddles are located at z1 − z2 = 0, z1 + z2 = 1. The large u behaviour of
Q2(u) ∼ u−1−S is then manifest. Of course, the integrals above are of the Euler type and
can be performed exactly, matching Janik’s Q-function at finite u.

29A priori, one might have wondered if such a condition should be non-trivially modified for non-integer
spin.
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