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ABSTRACT: We explore a recently proposed effective field theory describing electromagnetically
or gravitationally interacting massive particles in an expansion about their mass ratio, also
known as the self-force (SF) expansion. By integrating out the deviation of the heavy particle
about its inertial trajectory, we obtain an effective action whose only degrees of freedom
are the lighter particle together with the photon or graviton, all propagating in a Coulomb
or Schwarzschild background. The OSF dynamics are described by the usual background
field method, which at 1SF is supplemented by a “recoil operator” that encodes the wobble
of the heavy particle, and similarly computable corrections appearing at 2SF and higher.
Our formalism exploits the fact that the analytic expressions for classical backgrounds and
particle trajectories encode dynamical information to all orders in the couplings, and from
them we extract multiloop integrands for perturbative scattering. As a check, we study the
two-loop classical scattering of scalar particles in electromagnetism and gravity, verifying
known results. We then present new calculations for the two-loop classical scattering of dyons,
and of particles interacting with an additional scalar or vector field coupling directly to the
lighter particle but only gravitationally to the heavier particle.
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1 Introduction

The natural domain of perturbative quantum field theory is a dilute ensemble of particles
evolving atop a quiescent vacuum state. However, as those degrees of freedom pile up, this
naive picture breaks down. Their collective behavior is instead more aptly described by an
ambient coherent background, for instance, as characterized by the Coulomb potential or
the Schwarzschild metric. In this condensed regime, one usually adopts a background field
method in which each degree of freedom is decomposed into a fixed background and the
perturbation about it. However, it is obvious that this description will also fail as soon as
the perturbation carries charge or energy-momentum of order of the background field itself.

At what point does quantum field theory on the vacuum “end” and quantum field theory
on a background “begin”? Here, an important clue can be gleaned from the seminal work
of [1] which, following [2], showed how the Schwarzschild metric is constructed order by
order in the gravitational constant, GG, by iteratively solving the equation of motions in a
flat space background. Specifically, the metric is computed from the one-point function of
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Figure 1. The expansion of the Schwarzschild metric, g,,, in powers of the gravitational constant,
G, corresponds to a perturbative computation, in flat space, of the graviton one-point function in the
presence of a massive scalar point particle source [1].

the graviton sourced by a massive scalar point particle. The relevant Feynman diagrams
for this calculation are shown in figure 1, and were recently resummed to all orders in [3, 4].
Note that this procedure is only possible because the Schwarzschild metric has a regular
series expansion in G.

The broader takeaway of [1] is that certain classical solutions can be computed from
perturbation theory in flat space. Conversely, it is natural to ask whether the reverse procedure
— extracting perturbative data from classical solutions — can be used to reorganize or simplify
perturbative calculations in a trivial background. After all, the Schwarzschild metric is
known in closed form and compactly encodes perturbative information at all orders in G.
The same is true of the geodesic trajectories of particles in a nontrivial background, which
in some cases are known at finite coupling G.

We thus arrive upon our earlier question, here framed more sharply: which flat space
Feynman diagrams are accounted for by a given classical background and its geodesics?
Conversely, which contributions are not encoded by these elements, and can they be computed
systematically?

In this paper, we explore an effective field theory, first described in [5], that rigorously
delineates between these contributions while exploiting classical backgrounds and trajectories
to extract all-orders perturbative data. Our system of interest is composed of a light and heavy
point particle of mass my, and mjs, respectively, interacting via a long-range force carrier.
We construct an effective field theory that can be applied to electromagnetism (EM), general
relativity (GR), and beyond. However, for clarity, we describe our results here in terms of GR.
A treatment similar in spirit to ours, though distinct in methodology, was also proposed in [6].

The expansion parameter of our effective field theory is the ratio of masses of two
interacting bodies,

A= (1.1)

In the parlance of existing approaches to the black hole binary inspiral problem for extreme
mass ratios, we refer to the expansion in A as the self-force (SF) expansion. While the SF
expansion is reminiscent of heavy quark mass expansion [7-10], our setup differs in its stated
aim of extracting certain contributions to all orders in the coupling. Naively, such a feat
might seem impossible but, as we have just described, classical GR does precisely this.
Let us briefly describe the structure of our effective field theory for extreme mass ratios.
At OSF order, we use the well-known result that the full gravitational dynamics of the heavy
and light particle are described by a probe evolving in a Schwarzschild background. Taking
our cues from [1], we interpret the Schwarzschild background as the OSF graviton one-point



function sourced perturbatively by a heavy particle traversing an inertial OSF trajectory.
Meanwhile, the OSF trajectory of the light particle is dictated by the geodesic equation.

At 1SF order, the deviation of the heavy particle from its OSF trajectory becomes
important. However, this perturbation enters quadratically into the action so we can integrate
it out exactly. The resulting effective action is the action for a probe particle interacting
with graviton perturbations in a Schwarzschild background — plus an additional operator
describing the recoil of the heavy particle. At a technical level, the recoil operator is simply
a correction to the two-point function of the graviton. It is nonlocal in time, precisely
because the heavy particle is a propagating degree of freedom. Physically, the recoil operator
describes how graviton propagation is modified by wobbles of the heavy particle sourcing
the Schwarzschild background. Any background field calculation must be supplemented with
the recoil operator in order to correctly reproduce the results of perturbation theory in a
flat background. By expanding the action order by order in A, one can systematically derive
the effective action to 2SF order and higher.

As a demonstration of the power of our formalism we present several old and new
calculations describing the elastic scattering of massive particles in EM and GR. In particular,
we show how the conservative dynamics — as encoded by the on-shell radial action — can be
computed with relative ease in explicit examples at OSF, 1SF, and 2SF. The radial action [11]
encodes the same dynamical information as more familiar on-shell scattering amplitudes [12—-
15]. For EM and GR, we work in the post-Lorentzian (PL) and post-Minkowskian (PM)
expansions, which correspond to perturbation theory in the fine structure constant, «, and
the gravitational constant, GG, respectively. In the language of quantum field theory, all of
our calculations include contributions up to and including two-loop order, i.e., to 3PL and
3PM order in EM and GR respectively. Our checks match known results [16-21]. Here, we
emphasize that this agreement relies critically on the inclusion of the recoil operator — the
background field method alone does not yield correct expressions. Afterwards, we present new
calculations of the radial action for dyonic scattering at 3PL, and for massive particle scattering
in GR where the light particle couples to a massless scalar or vector field that itself interacts
gravitationally. The latter theories are of particular relevance to previous SF studies [22-24].

Of course, there is a long history of studying perturbative classical gravitational dynamics
in the relativistic weak-field regime, also known as the PM expansion [25-31]. In recent
years, the PM program has received an infusion of new ideas from the scattering amplitudes
program and effective field theory, retooled to explore the binary inspiral problem and
push the state of the art in PM calculations [12, 14, 15, 19-21, 32-75]. The effective field
theory described here is essentially a reorganization of this perturbative PM approach into
the language of classical solutions. As we will see, this change of perspective offers some
advantages for practical calculations. Firstly, it accommodates a procedure for extracting
multiloop integrands directly from the time-domain geodesic trajectories of probe particles
and the Schwarzschild solution. Second, it allows for the trivial elimination of well-known
self-energy divergences that appear in classical EM and GR. As we will show explicitly,
since all classical dynamics are secretly resummations of perturbative diagrams in a trivial
background, we can regulate these divergences using standard dimensional regularization.
While this is standard in treatments of point particle effective theory [76-85], our framework



allows us to apply these ideas to dynamics in a nontrivial background. Note that a central
theme of this work — that there is an important distinction between Schwarzschild as a
vacuum solution of nonperturbative GR as opposed to the field generated by point particle
in perturbation theory — was studied closely previous work [86, 87].

Finally, we note that while the present work focuses solely on classical dynamics, this is
not required for the validity of our effective field theory. In particular, our general approach
can also be applied to quantum or thermal corrections that arise from loops of the photon,
graviton or other light particles.

The remainder of this paper will be structured as follows. We begin with an extensive
derivation of our effective field theory in the context of EM in section 2. This discussion
includes the derivation of the effective action at OSF, 1SF, and 2SF orders, followed by a
presentation of the perturbative Feynman rules. We describe the physics of classical resum-
mation, whereby known expressions for EM trajectories can be used to extract perturbative
multi-loop integrands. We then present a calculation of the radial action for scattering charged
particles and dyons. Afterwards, in section 3 we generalize all of these results to the case of
GR and the perturbative multi-loop integrands are extracted from the Schwarzschild metric
and its geodesic trajectories. Furthermore, we present explicit calculations of the radial action
for massive particles scattering in GR, with and without additional scalar and vector fields.

Notation and conventions. We work in mostly minus metric signature and natural units
where ¢ = i = 1. We also make use of the notation §(z) = 2w6(z). Where we are not explicitly
working in D dimensions, divergent integrals are defined via dimensional regularization. We
use the integral notation [, , = [ éfrf,g e f %, and will often take the D = 4 limit
implicitly after integration when the context is unambiguous.

2 Electromagnetism

In this section, we construct an effective field theory for electromagnetically interacting
particles in which the expansion parameter is the ratio of their masses. Let us briefly outline
our plan of attack. Our starting point is the worldline action for a pair of charged particles
interacting via the photon. The OSF dynamics, corresponding to the limit in which the mass
of the lighter particle is negligible compared to that of the heavier one, are exactly solvable.
In this case, the latter moves in a straight line trajectory, forming a background Coulomb
field that governs the probe motion of the former.

At 1SF, the deviation of the heavy particle away from its inertial motion must be taken
into account. However, as we will see, the deviation of the light particle from its probe
motion can be ignored. By integrating out the perturbations of the heavy particle about its
inertial OSF trajectory, we derive a 1SF recoil operator encoding the back-reaction of the
heavy particle. This recoil operator is a nonlocal-in-time correction to the propagation of
the photon. It encodes the leading correction to Rutherford scattering that scales as the
ratio between the masses of the light and heavy particles.

This approach generalizes systematically to higher orders. Power counting in the mass
ratio, we integrate out perturbations in the heavy trajectory at higher orders, and explicitly
derive the 2SF recoil operator.



As a check of our formalism, we compute the radial action for scattering at OSF, 1SF,
and 2SF — up to 3PL order. The OSF radial action is a known quantity [17] to all PL orders,
which we present in generality in appendix B. Meanwhile, we compute the 1SF radial action
at 2PL and 3PL order and find perfect agreement with known results [16, 17]. The first
appearance of 2SF contributions are at 3PL order and they match, as expected, the 0SF-3PL
terms upon exchanging the light and heavy particles. Finally, we present new results for the
1SF radial action for the scattering of dyonically charged particles at 2PL and 3PL.

2.1 Effective theory

To begin, consider the action describing a pair of massive charged particles interacting via
an EM field. As described in appendix A, we can gauge fix the worldline einbein so that
the action takes the simple form,

S:—Zmz/dT[ —&-;3614-21 A a:z} /d4 [ (x)F* (x)| , (2.1)
i=H,L
where z!'(7) are worldline trajectories and A, (z) is the photon field. Our worldline gauge
fixing enforces the on-shell condition, #%(7) = 1, for physical solutions. Here, eq. (2.1) is
written in terms of the charge-to-mass ratios, z; = ¢;/m;, which we assume throughout to
be of similar size. This is, of course, not generically true. For example, the charge-to-mass
ratios of the electron and proton are very different in magnitude. However, for our purposes,
we assume z; of the same magnitude so that the electric forces scale proportionally to mass
and the dynamics more closely parallels that of gravity.
The equations of motion for the particles and fields derived from eq. (2.1) are

B P (2)d, =0 and 9P = J7, (2.2)

where the electromagnetic current is

Yo M) = > zlml/dTé (v — a;)dt" . (2.3)

i=H,L i=H,L

There are two basic approaches to solving this equation of motion, which we now discuss.
As we will see, these different methods yield distinct intermediate expressions on the way
to computing physical observables.

2.1.1 Post-Lorentzian expansion on trivial background

The standard method for solving the equations of motion is to expand perturbatively in the
couplings, which for EM are the charges, ¢;. Doing so yields

zhfy = w4+ + 0aty
ahf = a4+ b+ oah (2.4)
A, =0+04,.

Here, 6xp,0xr,0A, encode deviations away from the inertial trajectories of neutral particles
together with the photon. These perturbations are all implicitly suppressed by powers of



the coupling constants, ¢;, and are computed by iteratively solving the equations of motion.
For example, at leading order one has
St = ziuiV%FW(bi +u;T) and 9 0F" = > zmauf / dr 6*(x — b —w;T), (2.5)
T i=H,L
and higher orders are obtained by expanding the equations of motion yet further about
these deviated solutions.

Of course, there is nothing intrinsically flawed in this standard approach. However,
it does not make use of known results describing the motion of a probe charge in a fixed
Coulomb field, which secretly encodes physics to all orders in the PL expansion. Furthermore,
the integrability of the dynamics in this limit is not at all obvious from the perturbative
expansion described above, let alone leveraged to simplify computations.

In what follows, we instead build an effective field theory that encodes the solutions to
these equations of motion organized in powers of the mass ratio, A. A crucial ingredient is
that many of our manipulations will be all orders in the PL expansion. As we will show, this
approach does indeed utilize the exactly known test-particle dynamics.

2.1.2 Self-force expansion on Coulomb background

The key observation is that we can solve the equations of motion which describe OSF dynamics
exactly. In this limit, the heavy particle moves in an inertial, straight line trajectory,

By (1) = T, (2.6)

where wugr is the heavy particle velocity, and sources an ambient boosted Coulomb field as
per the equation of motion,

W Uy Ap——— / druy 64 (2 — b 7)), 2.7)
written here in Lorenz gauge, 6#/_1“ (z) = 0. This has a well-known solution,
— ZHMHUH
A = ="k 2.
u(@) Ay (2.8)
where r = \/(ugx)? — 22 is the boosted radius. Meanwhile, the light particle equation of
motion at OSF is
.fli - ZLF!W(fL)l;'LV = 0, (2.9)

which is the usual Lorentz force law in a Coulomb field.
At this point, we perform an expansion about the 0SF dynamics. The corrections include
deviations away from the OSF solutions,

ot =zl + 62t and A, = Au +04,, (2.10)

where, hereafter in this paper, all perturbations will refer to the expansion in mass ratio, A,
rather than the coupling constant. Since z!' and f_lﬂ are exact OSF solutions, we know that
the deviation degrees of freedom are effectively 1SF objects and scale as

Szt ~ §A, ~ O\, (2.11)

when they are set to their on-shell configurations. As we will see, the OSF trajectory for
the light particle is critical for computing the 1SF action.



2.1.3 Regularizing self-force divergences

At this point, we encounter the subtlety of self-energy contributions to the heavy particle.
Consider the heavy particle action at OSF,

- 1 1. L
SH = —mH/dT |:2 + if% + ZH.CE’I;IAM(.%H) y (2.12)
with the corresponding equation of motion,
ilIfI—ZHF“V(a_}H).fHV =0. (2.13)

Evaluating the heavy effective action on the solution of the OSF equations of motion yields
singular terms. These involve F*¥(zy) evaluated at r = 0, corresponding to the EM force
acting on the heavy particle coming from its own Coulomb field.

In the usual approach to classical dynamics, one must devise a regularization scheme
to subtract this self-energy or self-force contribution. As we have emphasized, our setup
repackages probe trajectories and background field configurations as resummations of flat
space perturbative dynamics. In this picture, F* (Zgr) corresponds to a potential photon
mode that is emitted and then reabsorbed by the heavy worldline. As usual, in point-particle
effective field theory, such terms yield self-energy contributions which are absorbed through
the mass counterterm. Effectively, we can then discard F*(Zy) wherever it appears. More
generally, we are permitted to drop any contributions which arise in the flat space theory
from potential photons emitted and reabsorbed by the heavy particle. The upshot is that the
heavy particle equation of motion is effectively i‘é = 0, whose solution is eq. (2.6).

To explain our choice of regularization scheme it is instructive to pedantically recall how
the solution in eq. (2.8) arises using the language of Feynman diagrams. In Lorenz gauge,
the solution to the equation of motion, eq. (2.7), is given by the single Feynman diagram
which equals the propagator integrated against the source,

Ay(a) = /d4y Gz —y)J5(y). (2.14)
As is customary, we can evaluate this in momentum space, where the heavy source is simply
Ti(q) = zgmpuly d(upq), (2.15)

and the Lorenz gauge propagator is!

n
Guw(q) = —ﬁ : (2.16)
The solution to the equations of motion is then simply
_ d(u
Ay(q) = —ZHmHuHV(qQM), (2.17)

whose Fourier transform yields eq. (2.8). In the language of Feynman diagrams, the singular
term in eq. (2.12) is a contribution to the classical self-energy,

. 2,2 4. 5
I A o zgmy [ dlq (upq)
_& =Sy = ?/d wd'y Jy(2)Gu(x —y)Jh(y) = —iT 9 /(27r)4 —2
(2.18)

!The choice of ie-prescription is immaterial for this computation.



where T = 276(0) is the total time integral. The coefficient of —iT, i.e., the energy, is
ultraviolet divergent due to the integration over large values of ¢q. For instance, a cutoff
regularization gives

d*q S(umq)
~ A 2.19
/|Q|<A (277)4 q? A ( )

This linear divergence corresponds to the r = 0 singularity in eq. (2.12). This can be explicitly
reabsorbed by a mass counterterm. However, since this divergence is power law, it is most
convenient to use dimensional regularization, whereby the integral is analytically continued
to general dimension D. The advantage of this choice is that, by definition, dimensional
regularization sets all power divergences to zero,

J g -

Hence, in dimensional regularization we find that
Ay (zg)=0. (2.21)

This is an important simplification, which will become crucial when we study the gravitational
case. To reiterate, the renormalized heavy particle action at OSF is simply that of a free
particle,

Sy = —mH/dT;(l + 27, (2.22)

and we will drop this contribution, since it contains no dynamical information.

2.1.4 OSF dynamics

In this work we will focus on conservative scattering dynamics, for which the gauge invariant
quantity of interest is the scattering angle. Practically though, we will compute the on-shell
action, from which the scattering angle follows by simple differentiation.

Inserting the SF expanded trajectories and fields shown in eq. (2.10) into the action
in eq. (2.1), we now compute

S=5+> 85m, (2.23)

n=1

where n denotes the SF order and S is the 0SF on-shell action obtained by evaluating the
action in the probe limit, i.e., on the support of the solution where the heavy particle is
on an inertial path and the light particle traverses a probe trajectory in the background
sourced by the heavy particle. After using dimensional regularization to eliminate self-energy
divergences, we obtain the renormalized OSF action,

= 1 1. 1 1. S
S = —mH/dT [2 + 5a‘:%, + A <2 - 53}% + zLifAu(i’L)ﬂ : (2.24)
Here, the heavy particle contributions to the OSF action enter at O(A") while those of the

light particle enter at O(A!) on account of the factor of the light particle mass in the action.



Note that S does not contain any dependence on the dynamical perturbations away from the
probe trajectories. Thus, the 1SF contribution to the action, S(!), starts at O(\?).

Next, let us study the OSF dynamics, working in D = 4 dimensions for concreteness. In
the probe limit, the heavy particle simply moves in a straight line, while the light particle
dynamics are governed by the single-particle action,

1 1 -
S = —mL/dT [2 + 5:1:% + 2@l Ay(zr)| (2.25)

in a background Coulomb electric field, eq. (2.8). The equation of motion is just the Lorentz
force equation. Using conservation of energy and angular momentum, we find that

E=myg (t+ 2z A0) and J=mpr’é. (2.26)

The remaining radial equation of motion is also a first-order ordinary differential equation
coming simply from the on-shell condition,

— 2 2
2 (E - QLAo(T)> _ (2.27)
my, T

In D = 4, one can write exact solutions for the orbital trajectories, r(¢), since this system
describes Keplerian motion [11, 88]. For general D, we outline how to solve these equations
perturbatively in appendix A. In practice, depending on the physical observable in question,
the explicit solutions need not be computed.

To compute the on-shell action to higher SF orders, we will need the explicit probe
trajectory solutions. As described in appendix A, the OSF dynamics can be derived from
textbook classical mechanics by evaluating the on-shell action as a radial action integral,

_ [es)
S=2 dr|p.(r, E, J)|. (2.28)
Tmin
The radial conjugate momentum is readily solved for from the on-shell condition, giving
72 1/2

|pr| = [(E — QLAO(T))2 —myr, — W . (2.29)

Converting to orbital parameters more convenient for scattering,

E J
T o mp (o2 —1)1/27 (2.30)

we evaluate the radial action integral to 3PL order (see appendix B),

=1
2mpr.olog (ﬂbeD—4) Tmpr? mprio (202 — 3)

_l’_
o2 —1 20302 — 1 362 (02 — 1)°/?

where [i is a reference mass scale, and the infrared divergence in D = 4 is the familiar

S = —mbmp(0? — 1)/ - , (2.31)

Coulomb logarithm — it is a physical divergence in the time delay but does not affect the
scattering angle. With a physical IR cutoff, as is the case for finite time processes, this is



no longer divergent but set by the time scale. Our interest in the radial action is that it
generates the scattering angle, for which these IR divergent terms do not contribute anyways
since they are independent of b.

The PL expansion parameter in the above expression is the dimensionless ratio r./b,
where b is the impact parameter and we’ve defined the length scale,

ZHZLMT
re = —2LH 4L7r =, (2.32)

which is positive if the particles are oppositely charged, i.e., attracting. This is simply the
classical charge radius of a particle with charge, v/|qrqr|, and mass, mp.

As we generalize to higher SF orders, we no longer know the exact expression for the radial
momentum. However, we will still be able to compute the on-shell action with perturbative
diagrams and the symmetries of the problem ensure that the radial action continues to serve
as a generating function for the scattering angle. Since we wish to fix the energy and angular
momentum of the solutions but do not, a priori, know the interaction potential, we must
be sure to use causal propagators so that the integrals of motion can be specified by their
values in the asymptotic past when the particles are decoupled.

2.1.5 1SF dynamics

As mnoted earlier, the OSF action contains contributions at O(\?) and O(A!), where the
scaling comes from the masses of the heavy and light particles respectively. Consequently,
the 1SF action starts at O(\?) and depends on the perturbations away from the probe
trajectories and backgrounds.

First, the action for the electromagnetic field becomes
4 1 uv | 4 1~ njl4 1 R 1 uv
— [ d*x ZF‘“’F =—[|d=x EF‘“'F +§6FWF + 16FW,5F , (2.33)

where 0F),, = 0,0A, — 0,0A,, and we will highlight in blue terms that will cancel with other
terms in the action because FW satisfies its equation of motion.

Next, consider the contributions to the action from the worldlines,

11 1 1. L
—/dT {2 + 5:&? + zii:fAu(a;i)} = —/dT {2 + 55:? + zzh A, (Z;)
+5{tifi + ZZ(S:E‘;L:Z‘ZVFHV(fz) + Zl'i“gCSA”(:Z‘i)
1 :
+§6j:? + 2,028 6 F),) (2) (2.34)
1 _ 1 -
+§Zi5xf;6x‘;'/Fuy(ji) + iziéxféxﬁ.‘i;;-’apFW(i*i) + e,

where the ellipses are higher than quadratic order in the perturbations. It will be useful
to separately consider the contributions from the heavy and light worldlines, which will be

,10,



treated slightly differently. In particular, for the heavy particle and light particle we have

- [ar |+ 5+ sy Auon)| = - [ar |5+ SFhrendtAuan)
+4H5TH1 HF”/('/EH)—I_ZH'%/]J—‘[(SAM('%H)
—l—%éi:%[ + 202ty 2 0 F L (T )
+%ZH61";[5$?{F#,,(:EH)

1 " -
JrészcL‘%éxHxH() Fu(Zg)+--|,

1 1 1 1. -
- /dT [2 + 51‘% - zszﬁAu(xL)] = —/dT [2 + 5”%% + 212 A, (T1)
+03 2L, + 2p0xh Y Fu(Tr) + 2025 6 Au(ZL)
l c .2 o 7N nl
v;().i] - :/4(5.1‘1.1",‘01'/”,(.1'/‘)

] e
A;L/‘().I‘/L().I‘/ [,W( L)

-%,,mLmLi,oz,W( DR (2.35)
All of the colored terms will either be dropped or cancel amongst each other. The terms in
red arise when a background Coulomb field is emitted and then reabsorbed by the heavy
line. Since these are self-energy diagrams, we drop them. The blue, green, and purple
terms vanish since the background EM field, heavy particle, and light particle satisfy their
respective equations of motion.

Last but not least, we can also drop the terms in brown which encode the dynamical
propagation of the light particle. Crucially, since the light particle action is suppressed by an
overall factor of my, which is manifestly O(A\!), these terms that are quadratic in the light
particle perturbations scale as O(A\?) in the action, and are thus subleading to 1SF. Thus, we
enjoy an enormous simplification, which is that the deviation of the light particle from its
OSF trajectory can actually be ignored for any computation of the leading 1SF effects.

Putting together the terms in eq. (2.33) and eq. (2.35) that are relevant to the leading
1SF dynamics, the action for the perturbations is

s — —mH/dT [ 533H + zHéxH:UHéFW(SEH) + )\ZLZBL(SA Ty } /d4 [iéijéFW} .
(2.36)
We note again that the coupling of the light particle to the EM field has an explicit factor of
A, so we only needed to expand that term to linear order in perturbations. Typically, when
expanding an action about a background solution, the terms which are linear in perturbations
vanish, simply because we are expanding about a solution. In our situation however we must
recall that flu is a solution in the A — 0 limit, so it does not account for the light particle
source. This is why S®) still has a term linear in 0A,.
The action S describes how the EM field deviates from the boosted Coulomb solution
due to the dynamics of the heavy and light sources. With this in mind, let us write the

— 11 —



action for the perturbations as
1 . 1 _
s = —mH/dT [2(53&%{ + zH(Sa:’;IQE”HdFW(J_cH)] — /d4m [4(5FW5F’“’ +0A,J7 |, (2.37)

where the light particle OSF current is

Ji(z) = Azpmp / dr 64 — TL)3" . (2.38)

We emphasize again here that for the 1SF dynamics we can completely ignore the light
particle deviations away from geodesic motion.

It would be perfectly fine to simply compute observables using S(). However, if we
are not interested in observables that depend directly on the state of the heavy body, we
can do better. Such observables include the light body deflection, conservative scattering
angle, and the radiated waveforms or fluxes. In these cases it is more convenient to derive
an even simpler effective theory by integrating out the deviations of the heavy particle away
from inertial motion. At OSF, the action describes a charged probe evolving in the field
of an infinitely heavy source. However, with our 1SF corrections, there is an additional
effect — encoded in a term we dub the recoil operator — which accounts for the underlying
dynamical propagation of the heavy particle.

Conveniently, at 1SF order S(!) is quadratic in dxly, so we can integrate out this mode
exactly. Performing the path integral over dz/; we obtain, up to constant normalization,

1 .
/[déwH] exp (—imH/dT [253'0%1 + zH&c’ﬁi’f{éFm,(a_cH)]> = exp (iSr(;C)Oﬂ) , (2.39)

where S(l)

reooil 15 the electromagnetic recoil operator, with the superscript denoting the SF order.

To compute this operator, we use the fact that for a Gaussian integral, we can simply set
the perturbation to its solution under the equations of motion. Variation of eq. (2.37) with
respect to the heavy particle perturbation gives the equation of motion,

(5:6‘;1 - ZH(SFuu(iH)J;IHV = 0, (2.40)

which, as expected, is simply the equation for the heavy worldline expanded to 1SF. Plugging
this back into eq. (2.37), we obtain the recoil operator,

1 o 1. _
Sthdn = — 57k [ dr 50, () 550 F ) (2.41)

This gauge invariant operator encodes the dynamical propagation of the heavy particle as a
nonlocal-in-time correction to photon propagation localized exactly at the position of the
heavy particle. Note that, since Sf;c)oﬂ ~ [dT0E,(2y)07 25 E*(Zx), we can view the recoil
operator as a polarizability operator on the heavy worldline that is nonlocal in time. The
nonlocality makes this operator sufficiently different from true polarizability operators that
we will not push on this analogy further. However, we note that while a photon does not
scatter off of a fixed 1/r Coulomb potential, it does scatter off the recoil operator.

The utility of the recoil operator is that we no longer need to track the heavy degree
of freedom. The only explicit source of photons is the light particle OSF current and the
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recoil of the heavy body appears only in a modification to the photon’s propagator. This
allows us to essentially use the background field method, supplemented by this modified
propagator. The advantage of this will be more apparent in gravity, where the gravitational
perturbations couple to the background.

Note that, in eq. (2.41), we have not been explicit about the boundary conditions for the
Greens function 9-2. For the case of conservative dynamics, time reversal symmetry implies
that quantities like the scattering angle or radial action can be computed using either retarded
or advanced boundary conditions. For these computations it will then not matter if we use a
retarded or advanced ie-prescription for the propagator. However, more generally one must
properly specify the boundary prescription for 9-2 appropriate to the calculation at hand.

In this work we focus exclusively on conservative dynamics. However, our basic approach

— setting up an effective action to be accurate order by order in a mass ratio expansion —
along with the technical simplifications coming from extracting all-orders OSF information,
can be readily applied within an in-in formalism such as [70, 89, 90] to compute dissipative
effects. In such a framework, provided that one is not computing heavy-particle observables,
one can again integrate out dxy to obtain a recoil operator whose nonlocality describes a
causal propagator. If one is actually interested in computing a heavy-particle observable,
one would no longer integrate out dxy but would rather include it as either an external
line or a cut line in perturbative diagrams.

In conclusion, we have obtained the effective action encoding all 1SF dynamics,
s — g / d'a (16F SF™ 4 5A jﬂ) (2.42)
eff = *recoil 4 pv neL o) ot :

This describes photon perturbations about the background Coulomb field, which are sourced
by the probe motion of the light particle and augmented by the recoil of the heavy particle
via S
recoil*
wobble of the nucleus upon scattering.

For example, for the case of Rutherford scattering, this would account for the

2.1.6 2SF dynamics

Our formalism can be generalized to 2SF order by expanding the action to @(A3). This
procedure will generate terms of the schematic form, 5:1:% and 6x10A, as well as (6xp)?0A.
Contributions involving the light particle were already presented earlier in eq. (2.35),

Sf):—mL/dT Béa'c%-l—zLémﬁﬁvzéFW(xL)—l—;zLdac’ida'cEF’W(xL)+;zLéx’zéx‘L‘d:E@pFW(xL) )

(2.43)
The first two terms encode the propagation and deflection of the light particle away from
its probe motion due exchange of the photon. These contributions are analogous to those
of the heavy particle at 1SF, which precisely generated the recoil operator. The last two
terms involve the value of the background field, F, uvs at the OSF position of the light particle.
The analogous terms for the heavy particle were singular self-energy divergences that were
discarded in dimensional regularization. Here, these light particle terms are non-singular and
describe the fact that while the light particle can be perturbed away from its OSF trajectory
by non-Coulomb effects, it still propagates in the background, FW. As a preview, we note
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that in GR these kinds of light particle contributions encode the geodesic deviation caused
by the graviton perturbations.

The contributions to the heavy world-line action which are cubic in perturbations are
straightforwardly computed to be

1 1 .
SP = —mpzy / dT{Qém‘ﬁMﬁ{éFw(xH) + 0Ol 0, Fy (211)
244
Lo o5 nsovo @ (= Lo o5 s pzy P (7 (249
—|—§5(L‘HOJ:H5:L‘HC)pFﬂ,,(J:H) + ééwHOa:HészHagapFW(wH) .

The terms in red are self-energy divergences and can again be dropped. The terms in black
give rise to a double-recoil operator, i.e., an effective cubic photon operator which contains
two iterated matter propagators.

To see this, we combine all terms in the effective action through 2SF order involving
the heavy particle fluctuation,

1 . 1
Ly ) A —— / dr {255@, + 280 P (Th) + 520w 08 0 Fy ()

q (2.45)
+ 2zH5x§15m’;If”H8p5FW(£H)] ,
and integrate out the heavy particle as before. This generates the recoil operators,
/[d(st} exp (iSI(L}) + isg)) = exp (iSr(;goﬂ + iSr(zgoiJ . (2.46)

Since eq. (2.45) contains terms which are cubic in perturbations, i.e., scaling as A3, integrating
out the heavy particle perturbations will generate terms at arbitrarily high SF order. Given
that we started with a 2SF accurate action we are only, however, permitted to trust the
obtained recoil operators up to 2SF order.

At 2SF order we have the operator,

3
5@y =~ ZHTE / dr [ma(a—;mé(ssz(@méaEﬂ(:f;H)
T ! (2.47)
w1 N
o2 9

T T

where §EX(Zy) = g, 0F* (Zy) is the electric field in the frame of the heavy particle.
In summary, the effective action describing the dynamics through 2SF order is

1 2 1 2 1 v =
Se(sz) + Se(ff) = §e(zoil + SlEec)oil - /d4x (46F,UJ/6F“ + 5AHJZ>
1 .
— mL/dT |:2(5.%'% =+ zLéx’ii:EéFuy(EL) (2.48)

1 B e 1 A B -
+ §ZL59U‘LL5:ULFW(33L) + 22,;533253:’5%6[,17“1,(1‘,;)} .

A quick way to determine the PL order of certain contributions to conservative scattering
is to simple count powers of z;. For example, tree-level exchange has one insertion of a
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photon on the light body and is therefore 1PL. We can readily power count, in zy, the
operators appearing in eq. (2.48). As we know from the 1SF section, the perturbation 6F),,
is sourced by the light particle’s probe current J¥, such that 6F, w ~ zr. Additionally, the
equation of motion for dxy is of the form

0%y, ~ z10F + ZL(SxLF. (2.49)

From this, and the scaling of §F', we immediately determine the scaling dx, ~ 2%. Looking
at terms in eq. (2.48), it follows that the light particle perturbations do not contribute
until 4PL order, while the two terms involving zLéa:%F do not contribute until 5PL. So, for
tlrte)BPL coml(;)l)ltations performed later in this work, we will only need the recoil operators
St and S

recoil recoil*

2.2 Feynman rules

Physical observables are computed from the 1SF effective action in eq. (2.42) by performing
the path integral over the one remaining degree of freedom, which is the photon perturbation.
From eq. (2.42), it is straightforward to derive the associated Feynman rules for this calculation.
We first describe the Feynman rules for the propagator and vertices for the photon, and then
move on to describe its sources. For ease of use, we have presented a table summarizing
all of the 1SF Feynman rules for EM in table 1.

2.2.1 Photon propagators and vertices

To start, we choose Feynman gauge for the photon fluctuation,? so
p .
p*

Meanwhile, it is easy to derive the two-point vertex for the photon fluctuation induced by
the recoil operator in eq. (2.41), which is

b1

> B}
W@M _ iz?{mH (qul + qu2) (’)O‘”I(UH,pl)Oam (uH,pz) , (2'51)
5 (upp1)(upp2)

where O (u, p) = n® (up) — u*p®. The denominator factor is the nonlocal-in-time worldline
propagator, d-2, while the delta function encodes that the invariance of heavy particle
trajectory under translations in ug direction.

Note that the 1SF action in eq. (2.42) does not contain any explicit dependence on the
background gauge field. This is not an accident — since electromagnetism is a linear theory,
the perturbations decouple from the background about which we expand. The same will not
be true, however, for gravity. Nevertheless, for future reference let us recall that

- S(u _ o
AM(Q):_ZHmHUHu(qQHq) and  F,(q) = —igpA,(q), (2.52)

which are the background electromagnetic gauge field and field strength in momentum space.

2Since we are focused on the conservative dynamics, propagators should appear with a causal ie prescription,
thought we will only retain the time-symmetric component of the result.
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2.2.2 Photon sources

At 1SF order, the photon can only terminate on the light particle source in eq. (2.38) which,
transformed into momentum space and to all PL orders, is

J(p) = /d4xeipzj}j(a:) = )\szH/dTeipiLa_}’]j. (2.53)

In practice, we will be interested in a perturbative PL expansion. To compute to any given
PL order, we expand the expression for the light particle trajectory,

[e.9]

=> "z, (2.54)
k=0

where Z{, is the k-PL order contribution. Inserting this into the light particle source, we obtain

Ji(p) = )\szH/dT e"pioeip(iﬁiﬁ"')(a;;g + a_:’f + i’g +--4) (2.55)
T hd . =~ =~ —U —U . — - 1 —_ =~
= )\szH/dT e'Pro (x’g —i(pxodt — p,xh) (T} + TY) + ipT 12y — i(pxl)gx‘g + - ) ,

where in the last line we have expanded up to 2PL order in terms of eq. (2.54). Here, we
have integrated by parts to make some terms look more uniform and the ellipses denote
contributions that enter beyond 2PL order. For concreteness, let us consider the light particle
current at 1PL order, which can be written more compactly as

TE0) = Nepmpge® (S(urp)uly — 04" (ur, p)as (urp) + -+ ) (2.56)
where we have defined the trajectories in frequency space, 7! (w) = [ dr ™7zt (7).

At this point we can use any method we like to compute the light particle trajectory
in frequency space, 7/ (w). As described in section 2.3, we can either compute these probe
trajectories perturbatively, or extract them from the known analytic solutions. Taking the
former approach, we expand eq. (2.9) to leading PL order and transform to frequency space,

_ ZLULy dtq e =
H(w) = -2 / ek DS — upg) F™ (q), (2.57)

where the background electromagnetic gauge field and field strength in momentum space
are defined in eq. (2.52).
Lastly, the Feynman rule associated with the light particle source for the photon per-

Mé _ m@é . p% .o -

= —idzpmpe™ (§(urp)uf — 0, (ur, p)7 (urp) + - ) -

turbation is

Note that for z/'(w), we can choose either the expression in eq. (2.57) or any other repre-
sentation of the trajectory.
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p .
7y My
Photon propagator
b1
AR 5 )
o(u +u
-~ iZEmE O (ugr, p1) O, M2 (umr, p2
p2 a (upp1)(upp2) ( 0" )
Recoil vertex
p . : 2 . _
ﬁé —idzpmpeP? <u’£5(uLp) —i0, M(up, p)x$(urp) + - - )
Photon source

Table 1. Feynman rules for computing the radial action for EM at 1SF.

2.3 Classical resummation

A convenient byproduct of our effective field theory is that it repackages certain perturbative
contributions into the probe trajectories. Here we discuss various methods to extract this
information directly from the probe motion.

2.3.1 From second-order equations of motion

The most direct path to computing the probe trajectories is to solve eq. (2.9) perturbatively
in the coupling, which in the case of EM is the PL expansion. This is basically the approach
of [39], albeit here restricted to the probe limit. With this method, one plugs eq. (2.54)
into the light particle equations of motion in eq. (2.9) to obtain the perturbative equations
of motion at OPL, 1PL, and 2PL order,

zhy =0,
T = 2 FM (Zo)Zoy (2.59)
3 = 2 (F™(20)av, + 200, " (20)30s )
and so on and so forth. The solution to the OPL equation is just the straight line trajectory,
Th =0 +ufT, (2.60)

where uf is the light particle velocity and b* is a space-like vector defining the impact
parameter. Plugging this back into the 1PL equation, we obtain

1 -
= @ZLF‘LV(I)‘FULT)UL,/, (2.61)

—
Ty

expressed formally in terms of the light particle propagator, 1/92. The appearance of this
propagator indicates the second-order differential nature of the equations of motion.
Similarly, we consider the PL expansion of photon equation of motion,

W Uy A——— / druy 64 (2 — b 7)), (2.62)
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which truncates at leading order because EM is a linear theory. In nonlinear field theories like
GR, the fields’ low PM order solutions are themselves sources for higher order perturbations,
and the perturbative series for the field configuration does not truncate — leading, in principle,
to more and more complicated perturbative computations.

2.3.2 From first-order conservation laws

The procedure outlined above calculates the perturbative trajectories from the second-order
equations of motion. However, since this system has several underlying symmetries, like time
translation and rotational invariance, it is natural to instead study the first-order equations
dictated by the associated conserved quantities. To do so, let us consider the orbital equations
in spherical coordinates, (¢,r,¢), in the fixed background of the heavy particle. For the
outward branch of the scattering trajectory, corresponding to 7 > 0, we then have

i:o'—{-&,
r
; b
_ (2 1/2
¢=(0"—-1) / 720 (2.63)

2 2(52 —
f:¢@+“)—b“2”—L
r r

so the dynamics are controlled by three first-order differential equations which are straight-

forwardly solved in perturbation theory. Here one may rightly wonder whether there is any
operational advantage over the above second-order approach of the previous section. As we
will see, the solutions extracted from eq. (2.63) have a much simplified structure. This gain is
best articulated in the language of Feynman loop integrals: the trajectories extracted from the
first-order equations effectively exhibit manifest propagator pinches and a considerable reduc-
tion of tensor structures, leading to simpler numerators. In appendix A, we provide details on
this procedure in general D dimensions, which illustrate that this method effectively performs
integral-by-parts reduction on the Feynman integrals which comprise the trajectories.

It is convenient to combine the equations of motion for (r,¢) into equations of motion
for the Cartesian components (z,y),

A2 B(o?—1 1/2
:L«:% <a+’;> _(Uﬂ ) 4 —7%(02—1)1/%,
(2.64)
N2 B(o?—1 1/2
g="Y (a—i-r) —7(02 ) 4 +%(02—1)1/2b,
T T T T

where the variable, r, is understood to be an implicit function of (x,y). These components of
the trajectory can be reconstituted into a Lorentz covariant form,

“ ulf —ouk
TH(T) = t(T)uly + .Z'(T)% + y(T)ﬁ : (2.65)

As described in detail in appendix A, it is straightforward to integrate the above first-
order equations in the PL expansion to obtain time-domain trajectories. Crucially, we can
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algorithmicaﬂy rewrite these time-domain solutions in terms of iterated time integrals of

powers of R(T \/ b2 + —1)1/272, These solutions at 1PL order are

n=ry (%)

= ’]”C— _— s
P9, \R
1 b

1= "re0 o5 (s ) o (2.66)
_ o 1 /1

n=rer g, \R)

while at 2PL order they are

1 1
2 70; (E)
tQZ’I“

‘R(c2-1)"’
1 (b 1 (1
, 028717 <8T <RR3>> 02& <b67R(3R)> ) b
To=17¢ | — o2 1 - o2 — 1 o 872 (4) ’ (2.67)
1 1 1 1
I 7. (1)o 5 () %3 (&)
2Tl 02— 1) T2V —1 R(e2-1)P%)

and so on and so forth.

By construction, the above expressions for the trajectories resemble the elements of a
Feynman diagram. In particular, a Fourier transform to momentum space maps inverse
powers of R to inverse powers of the spatial momentum transfer, £=2. At the same time, it
maps 9! to the linearized matter propagators of the form, (uy, - £)~!. For example, consider

1 1 e*iT(Zl*F@Q)S (UHEI) 8 (UHZQ) Q >
— (=) =16 2/ - = 16ir> . 2.68
- (R2> " ot BB (url +urls + ic) m .5 20

The general D-dimensional Fourier transforms are given in egs. (A.2) and (A.3) of appendix A.

Each insertion of R3~P and bR'~" corresponds to the insertion of a background photon,
with products of these building blocks such as bR*~2P and R%~2P corresponding to one-loop
insertions,® and higher products corresponding to multi-loop insertions.

We thus observe that the trajectories are simply Feynman integrals, where inverse powers
of R correspond to background photon insertions, and powers of 9-! correspond to matter
propagators. With this identification, we can ascertain which Feynman integral topologies
are encoded in the trajectories, for example as shown in eq. (2.68). The marginal advantage
of this approach in EM is relatively minor. However, we will see later in GR that there is a
upside to this approach because the resulting integral topologies will be the same as in EM.

The factor of 5~ - (1) in eq. (2.67) actually corresponds to the D = 4 limit of = (R8 2Dy as illustrated
in appendix A. Here R®72P comes from the product of R*~P and R*~P, with the latter coming from the
insertion of a “doubled” photon propagator, (¢£2)2. See appendix A, and particularly eq. (A.30) for details.

,19,



() ()
D D D D

Figure 2. Diagram contributing to the 1SF electromagnetic on-shell radial action. The left-hand
side is composed of the source probe trajectory, photon propagators, and the 1SF electromagnetic
recoil operator and the right-hand side shows diagrams contributing at 2PL and 3PL.

2.4 Results and checks

To compute the on-shell radial action, we simply perform the path integral over the fluctuation
degrees of freedom. In particular, the radial action, Igy, is defined up to a constant
normalization by

exp(ilung) = / (d5a 7 [d6)[d6 A] exp(iS) (2.69)

Since we are interested only in classical physics, the path integral serves only as an organi-
zational tool for our perturbation theory. Working up to OSF and 1SF, we can ignore the
perturbations of the light particle, /. Meanwhile, performing the path integral over the
heavy particle perturbation, dz%;, simply yields the recoil operator which appears in the

effective action, S(ﬁ), as defined in eq. (2.42). Thus, we obtain
exp(iTant) = / [d5 A exp(iS +iSY +--.), (2.70)

where the ellipses denote contributions beyond 1SF. Decomposing the radial action according
to the SF expansion, we find that

Ton = Iy + Iy + - (2.71)
where the superscripts denote the SF order of a given contribution and
S,

~ ilog / [d5.A] exp(iSD) . (272)

70 _
Iy =
7Y
Tyt
The above manipulations imply, as is well-known, that the 0SF radial action, IIE]?\)/D is simply
the action evaluated on the probe solution, S, as given in eq. (2.31). Furthermore, the 1SF
radial action, ISI\)/[, is computed by summing all tree-level connected 1SF Feynman diagrams
that arise from integrating out the photon perturbation about the Coulomb background.

In what follows, we compute the OSF and 1SF actions in D = 4 spacetime dimensions,
expanded in the PL expansion. Concretely, we express

Iy = Z L5y, (2.73)
Jj=i+1

where i and j denote the SF and PL orders of a given contribution. We will focus on scattering
dynamics, in which case the kinematic data is the asymptotic impact parameter, b, and

— 20 —



the relative boost factor, o = uguyr. It follows from dimensional analysis that the SF+PL
expansion of the radial action has the form,

(id) _ i re\ N i)
Iy = Nmypre 5 ANV (2.74)

which is the electromagnetic analog of the good mass polynomiality in gravity [91].

2.4.1 Scattering electric charges

At last, we are equipped to compute the 1SF radial action for the scattering of electrically
charged particles in EM. This is computed by summing Feynman diagrams in our 1SF
order effective theory.

We are interested in only the conservative contributions to the scattering dynamics,
leaving a treatment of radiative losses for future work. Through 3PL order, these conservative
contributions to the radial action are entirely accounted for by the diagram in figure 2.
Beyond 3PL order, but still at 1SF, one must also consider multi-insertions of the recoil
operator, however such diagrams vanish in the potential region.

The leading, 2PL, contribution evaluates to

7(L2) _ Moo 3 / e~ IO (411 (£y + 02))0 (uply)d(urla) <1 _ d*(lbo) )
1,02 (

EM T T FLEHTH e wirly) (ugls)
Te T
= Ampret— T 2.75
By ovo? — 1 (2.75)

where the matter poles carry a principal value prescription unless otherwise specified. The two
integrations correspond to a one-loop integral over the internal photon momentum, followed

by a Fourier transform to impact parameter space. As expected, I]gl\’/?) is the same as the probe

result, Igl)\’/?), upon swapping the light and heavy particles, where I]gol\’f)

is given by eq. (2.31).
As a check, we have also performed the 2PL calculation in general spacetime dimension,

D, yielding

70.2) _ MmpriT(D —7/2)0(D/2 —3/2)? (2D — T)o? — 1
EM ™ poD-7 7TD_7/2F(D _ 3) 2(0.2 _ 1)3/2

(2.76)

We have verified that it is consistent using known results in the probe limit. See appendix B
for technical details.

Moving on to the next order, we compute the 3PL Feynman diagrams in figure 2 and
integrate them via the methods described thoroughly in [66, 92]. Here we have employed
both FIRE6 and LiteRed to reduce the loop integrals onto a small basis of master integrals
via integration-by-parts relations [93-96]. The b dependence of the integrals is fixed by
dimensional analysis, leaving only the nontrivial velocity dependence to be determined
using the method of differential equations [97]. The boundary conditions for the differential
equations are simply “static” integrals, which describe the particles at zero relative velocity.
As we are focused on the conservative dynamics up to 3PM order, we expand these integrals
in the potential region.
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The integrand and final integrated answer is

S(uLﬁl)S(uHﬁg)g(uL&;)
03030 (upl1)? (urlz)?

I}(Ell\)?) = —(mHmL)Q(ZHZL)?’/ 6ib(€1+£2+€3)(§(uH(€1 + 52 + ﬁg))
l1,82,03

Y <(€1€3)(€2€3)03 - %qQ(qul)(uLzQ)UQ T (Cals) (un )0 + (£16s) (upls)2o

b (uplo)(ugl)? + (uHel)(uHeQﬁ)

re\? 2 (0% — 302 +3)

which agrees exactly with the calculation from [17].
We also computed the 2SF radial action to 3PM order. The integrand and integral
is again quite simple,

A A A

O(urly)o(url)o(urls)
0305 (uprly)* (upla)?

Ig\’f) = —327r3)\2er§J/ eMOFEFE) 5wy () + £y + £3))
£1,02,83

X ((0rs)(Cals)o? — (E103) (urrla)? = (Cals)(utr)?)

2130 (902 —
_ mrrio (20 : 23) . (2.78)
362 (02 — 1)%/

This agrees with the OSF result, eq. (2.31), providing a crucial check on the consistency
of our effective field theory description.

2.4.2 Scattering dyonic charges

It is straightforward to generalize the above results to the scattering of particles with both
electric and magnetic charges. The action for the point-particle effective theory is then

1 : : 1
Sdyon = Z /dT {—2miaz§ — quAM(a:i) — giazéLBu(xi)] + /d4x {—4FMV(I)F“V(CC) ,
i=H,L
(2.79)
where ¢; and g; are the electric and magnetic charges, respectively. Here the fields, A, and
B, are the photon and dual photon field [98]. Of course, these degrees of freedom are not

actually independent, since they are related to the field strength tensor by

O, AN = Fuy,
(k] pv (2.80)
G[MBZ,] = *FMV'
Here * denotes the Hodge star operation, so %2> = —1 in Lorentzian signature.

The derivation of the 1SF effective action for dyons is essentially the same as for the
pure electric case, so we will not repeat those details here. However, the upshot of this
exercise is that the 1SF dyon action can be obtained by performing a set of EM duality
rotations on the 1SF action in the pure electric case. Conveniently, this procedure is relatively
straightforward because the electric framework is written in terms of the field strength, which
rotates simply under EM duality.
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In particular, under EM duality the light particle equation of motion transforms to
mL.%li—quLVF’uy(xL) =0 — mLilz—iLu(qL+gL*)F“l’(mL) :(), (2.81)

while the background field strength transforms as

N A

_ . O(upk) o(umk)

Fw,(k‘) = ZqHTk[MuHV} — ’LT(QH — gH*)k[MuHV} . (2'82)
Last but not least, in the recoil operator, we send
qu6Fu = (qm + ga*)6Fu (2.83)

which is simply an EM duality transformation of the photon perturbation.

In the previous sections, we expressed all quantities in terms of the charge to mass ratios,
zi = qi/m;. To draw a structure which is parallel to the pure electric case, here it will be
convenient to define the electric and magnetic charges in terms of angles,

q; = M;z; COS 91 and g, = my;z; sin 92 y (284)

so that the total magnitude of the EM charge of each particle is still given by m;z;. An EM
duality rotation rotates these angles simultaneously and a check on our final results is that
they depend only on the duality invariant, A0 = 0y, — 0.

The above EM duality transformations mechanically generate the 1SF dynamics for
interacting dyons, which we now summarize. The equation of motion for the light dyon
in the probe limit is

T4 — 2171, (cos AO + sin AG*)FH (x1) =0, (2.85)

where F, is given by eq. (2.52). Meanwhile, the 1SF effective action for the scattering
of dyons is given by
. 1 _
55l = S+ [ 'z (—46FW6F“” ~ (cos 084, + sin GLéBH)Jz‘> , (2.86)

dyons

where the dyonic recoil operator is

: 1 ~ — 1 = =
Sl = — ey [ i 350G, (2m) Sy #G, ). (2.87)

Here J 1" is the point-particle vector current given in eq. (2.38) with the particle following a
solution to eq. (2.85), and 0G,, = (cosfg + sin @y *)dF), is the appropriately EM duality
rotated field strength.

We have not yet addressed how to compute in perturbation theory in a formalism
containing both the photon and dual photon, dA, and 6B,,. In general, this is not trivial
because these are not independent degrees of freedom. However, our formalism evades this
complication rather nicely. In particular, we can ignore Wick contractions between dA,
and 6B, because they correspond to quantum self-energy contributions that are dropped
in the classical limit. Instead, A, and 65, only contract with 6F),, in the recoil operator.
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These Wick contractions can be performed using the definition in eq. (2.80). Said another
way, when computing Feynman diagrams we only ever encounter contractions between gauge
potentials and field strengths and never between two gauge potentials. Consequently, the
manifest gauge invariance of the recoil operator allows us to straightforwardly compute the
radial action for the scattering of dyonic charged particles.

We find that the 1SF radial action for the scattering of a pair of dyons is

1(172) - I(Lg) — N Eﬂ' (COS2 (91—[ + SiIl2 GH) (COS2 0L + SiIl2 GL)

EM EM,A9 = ALy 0ol 1 )

rc)2 cos Af (02 cos 2A0 + 20% — Ta? + 6)

1,3 (1,3)
I}(EM) = Apnag = —AmLTe (b 3 (0% — 1)

(2.88)

I

which is a new 3PL result. The above expression is consistent with known results, where they
overlap. For example, 05, and #y drop out of the 2PL radial action, so this expression for
dyonic scattering is exactly the same as for pure electric scattering. This agrees with the
probe limits computed in [13], wherein pure electric and dyonic scattering are identical at 2PL.
Furthermore, the 3PL radial action vanishes for a relative angle A = 7/2, corresponding
to a pure electric charge scattering against a pure magnetic charge. This is consistent with
general expectations from computations of probe motion [13].

3 General relativity

In this section we derive an effective field theory for GR in the extreme mass ratio expansion.
Our manipulations will parallel all of the steps taken in our analysis of EM. In particular, we
begin with the worldline action for a pair of massive scalar particles interacting gravitationally.
At 0SF,* one particle produces a background gravitational field described by the Schwarzschild
metric while the other particle, whose mass is comparatively negligible, evolves as a test
body moving in this background.

As before, at 1SF the heavy particle fluctuates dynamically while the light particle
fluctuations can be conveniently ignored. Integrating out the former, we derive the gravita-
tional recoil operator for the effective field theory. This operator encodes the recoil of the
Schwarzschild background against the orbiting mass. An important difference between GR
and EM is that gravitons are self-interacting. As we will see, these effects are encoded entirely
in the usual framework describing gravitons propagating in a Schwarzschild background.
While an analytic expression for the propagator of such gravitons is not known, we can
leverage the known background metric to straightforwardly compute this in the PM expansion.

As a crucial test of our framework, we compute the radial action for massive particle
scattering at OSF, 1SF, and 2SF, through 3PM order in general relativity. The OSF radial
action is already known to all PM orders, as recapitulated in appendix B, and our results
at 1SF and 2SF find exact agreement with known results [18-21].

4For the purposes of this paper, OSF refers to a test-particle traversing through a background Schwarzschild
metric while higher SF orders simply count contributions at increasing orders in the mass ratio, A = mg/mu,
with 1SF being of the order, A®>. This is distinct from counting using the symmetric mass ratio, v =
mima/(m1 +ma)?. See section 3.1 for details.
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To demonstrate the versatility of our framework, we also compute the 2PM and 3PM
radial actions for gravitational theories in which the light particle sources a scalar or vector
field which itself interacts gravitationally. The former agrees with existing calculations,
while the latter is a new result.

3.1 Effective theory

As our starting point, we consider the action for a pair of massive, gravitationally interacting
scalar particles in GR. Once again, as shown in appendix A, we can fix the worldline einbein
so that the action takes the simple form,

Z ml/dT[ +2x2x G iL'Z:| /d4x\/7{16 e } (3.1)

i=H,L

where z!'(7) are the particle trajectories and gy, (x) is the metric field. Our gauge fixing
implies the on-shell condition, zZ(7) = 1.
The geodesic equation and Einstein field equations are

1
~guwR =81GT,, , (3.2)

@y +TH , (2)@fi] =0 and R, — 5

where the energy-momentum tensor is

T (z) = Z T (x Z mz/dT 5w — a;)at iy . (3.3)
i=H,L i=H,L

Our effective field theory will provide an efficient way to solve these equations of motion as
an expansion in the mass ratio. As has been noted previously [99], the Schwarzschild metric
itself encodes infinite PM orders, simply by virtue of the fact that it is a formula that holds
at finite gravitational coupling. We will describe how the Schwarzschild metric, together
with the known geodesics of particles within it, can be used to incorporate all orders in PM
information into a systematic calculational framework.

3.1.1 Self-force expansion in curved space

At OSF, the light particle propagates as a nongravitating probe. Consequently, the heavy
particle moves in a straight line,

Ty () = uly, (3.4)
providing a stress-energy density,
— 9@ T (2) = my / dré* (@ — ugr)uliul | (3.5)

which sources the OSF accurate geodesic equation and Einstein field equations,

. _ o _ 1 - _

oy + T (ep)r72] =0  and Ry, — 3G = 87GT - (3.6)
Technically, the heavy particle also follows a geodesic according to the equation,

T+ 0 (Zg) Ty x% = 0. (3.7)
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Since f‘“pg(:i‘ ) is the Christoffel symbol for the Schwarzschild metric evaluated at the point,
r = 0, it is formally divergent. However, just as in the case of EM, we interpret this as a
potential graviton mode that has been emitted and then reabsorbed by the heavy particle.
This divergent self-energy contribution can be absorbed by a counterterm, and can effectively
be dropped. Consequently, the effective equation of motion for the heavy particle is a_:’;l =0,
which defines a straight line trajectory.

As before, one could try to solve the equations of motion perturbatively by PM expanding
the trajectory and metric and solving the equations iteratively at each order. Alternatively,
thanks to the symmetries of the problem, we can solve these equations exactly — the
gravitational background is just the boosted Schwarzschild metric and zy, is just a geodesic
within it. The solution can be written in isotropic coordinates,

2
1_7s re 4
<1+;‘,‘;> —<1+4i> }UHMUHV, (3.8)
4r

where r = \/(ugx)? — 22 is the boosted radius and rg = 2Gmy is the Schwarzschild radius.

4
_ rs
Guv () ( + 47") N +

Since we will recast the Schwarzschild background as a resummation of an infinite class of
flat space diagrams, it will be useful to define the deviation from flat space,

rs
r

rs

_ _ 1 2
'YW(x) = gul/(x) — Nuw = (”W - QUHHUHV) + 3 (7’) (377;w +umpuny) + O(Tg) , (3.9)

allowing us to trivially read off PM data order by order. Details on the light particle geodesic
will be provided in upcoming sections, where we will again see that there is no need to
explicitly study the graviton-graviton field interactions and we can instead read off PM data
from simple position space expressions.

Beyond their dynamics at OSF, the Schwarzschild metric and particle trajectories are
perturbed by corrections,

ot =zl + o2t and G = G + 09 5 (3.10)

where 0g,, is the graviton propagating on a Schwarzschild background. Since the solutions,
7! and Juv, are valid at OSF, we know that

St ~ 8gu ~ O\, (3.11)

for on-shell configurations of the fluctuation degrees of freedom.

3.1.2 OSF dynamics

As before, we compute the on-shell action by inserting SF expanded trajectories and fields
in eq. (3.10) into the action in eq. (3.1), yielding

S=S+> s, (3.12)
n=1

where n denotes the SF order. Here S is the OSF action evaluated on solutions in the
probe limit,

_ 11, I T
S = —mH/dT {2 + inuy:c“HxH + A (2 + 2guy(.%'L)$'Z.Z‘L>:| , (3.13)

after renormalizing away self-energy divergences in dimensional regularization.
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Again focusing on the OSF dynamics in D = 4, we can ignore the heavy particle while
the light particle trajectory is governed by the action,

1 1

The background metric sourced by the heavy particle is the Schwarzschild metric, expressed

here in isotropic coordinates,

2
Joo = <;+E:§> and  gi; = —0; f+(r)*, (3.15)
where we have defined
fo(r) =1+ % . (3.16)

Solutions to the equations of motion satisfy the curved space on-shell condition, g, &#%" = 1.

Since the metric is static and isotropic, we can restrict to motion in the equatorial plane,
subject to conserved energy and angular momentum. We will again label the trajectories
with (o,b), in terms of which the equations of motion are

r ; o? — 1)V
;jgriz and o= b(2r21)12f+(1")_4 . (3.17)

The radial equation of motion arises from the on-shell condition,

1/2
. a [ fe(r)? b2 (0% — 1) _8
T [f +0 <f<r>2°' B 1) =t AR B (3.18)
As discussed in appendix B, the OSF radial action is
S = 2/ dr |p.(r, E, J)]|. (3.19)

Using the equations of motion and conservation laws, we obtain the probe radial momentum,

1/2
Ipr] = m [Mr)‘* ( F - 1) - b(“”] - (320)

As shown in appendix B, we then integrate the radial action to obtain

-1
_ 2 — 402 log (fibeDP=7) + 1 2 _1q
S = —Wme\/OT—l + Gmpmyg (( ) ( ) ) + szLmﬂi&T (50 )
o2 —1 4bvo? —1
40% — 1200* 2
© Gy, (0400 12007+ 6007 = 5) (3.21)

3b2 (02 — 1)°/2

expanded here up to 3PM order.
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3.1.3 1SF dynamics

Now, let us move on to the 1SF gravitational dynamics. As before, we will derive the
1SF effective action by integrating out the deviations of the heavy particle about its probe
motion. Again, the OSF action receives contributions at O(A%) and O(A!), corresponding to
factors of the heavy and light particle masses in the action. We then expand up to O(\?)
to extract the 1SF contributions.

Expanding the Einstein-Hilbert action to 1SF order about the Schwarzschild background,
we obtain the usual action for a graviton perturbation in curved spacetime,

1 ’ 1
o V=i |R— ~F,Fr| =
167rG/dx Q{R 9t n }

4 _}— ) g
167 G/dx” [ < 5 9urft) 09

(3.22)
_ _ 1. _ 1 _
— ZVpchWVpég‘“’ + ngchVpég + iéguyégpgR“p””

1 — 1 1 _
+ 5(59;1;)69/0 - 59#1/69)le - 1 (5g,ulxég“y - 26g2> R] )

where g = dg%,, and we have include a harmonic gauge fixing term for the graviton pertur-
bation defined by F,, = V¥ O0Guv — %@#59. All raising, lowering, and contractions of indices
are performed with the background metric, g, .

At this point let us comment on an important subtlety in the above action. Typically, on
a Schwarzschild background we can set RW = R = 0 because the metric satisfies the vacuum
Einstein field equations. This would naively imply that we should drop the terms in blue and
in the final line of eq. (3.22). However, this is actually not correct in a point-particle effective
field theory. Specifically, our equations of motion in eq. (3.2) involve worldline sources rather
than a vacuum, so in perturbation theory, RW and R are zero except on the support of
the heavy worldline. This crucial distinction implies that we must actually retain all such
terms for any perturbative calculation. For the same reason, the terms highlighted in blue in
eq. (3.22) are not identically zero in perturbation theory, but rather cancel exactly with other
terms in the worldline action on the support of the Einstein field equations since, together,
they form the complete Einstein’s equations with a source.

Next, let us consider the worldline actions,

1 .
/dT{ —i—2xi‘x gu,,xl}: /dT{ —5:61-:@-

_5xff¢fgfpw(@) " %fﬁwsgﬂy(m

+;azf:v”v 628V 6, + 5&:”51’”:6“3:”]%1,,,0”(1'@)

— O 2 0T, (Ti) + -+ | (3.23)
where the ellipses denote contributions that are higher than quadratic order in the fluctuations

f{nd we have defined the difference of connections, 6I'f,, = Fﬁy—f‘zy = % 37 (V48 9ov+V 0 gon—
Vdgu), which is a tensor with respect to the background metric. As before, the worldline
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actions for the heavy and light particles are treated differently, so

1 1 1 1.
—mH/dT {2+2f’ﬁchHgW(xH)] :—mH/dT {2—{—2:6%{

) Lty T _ 1 oty _
_51;511$5L1”:Hrpw/(37H)+§x%$H59uu (TH)
1. . _ _ 1 - )
+§§:“H@VLIVH53:§{VV53:Hp+iéw@dw%i”lﬂwaw(:I;H)
—5$Hpi'MHf?I5FZV(i'H)+ ,

1 1 1 1. N
—mL/dT [2—1-21%3}29,“,(3@)} :—mL/dT |:2+2f%—5{£L{Z’L

- - — — 1 - - —
—61‘51‘5&72FPW(xL)+§:B‘L‘$Zégu,,(:EL)
Jrl%//%l/v ) A/’V S 15 ,/’g ﬂ%%’%i/j) -
5.1 1TV 027 V00 /‘,,Jr;( 20X T T Rypop(Tr)

b, TG00, (Tr)+ |, (3.24)
where all colored terms can be dropped. The terms in red contain the background metric
evaluated at the position of the heavy particle, and they include divergent self-energy
contributions from the emission and reabsorption of potential gravitons from the heavy particle.
More generally, all terms involving fpw,(i H) or RPUW(QZ 1) are self-energy contributions.
Furthermore, whenever there is an implicit insertion of g,,(Zx), the components which
deviate from flat space again correspond to self-energy contributions. As described in detail
in section 2.1.3, all of these self-energy contributions can be renormalized away, and in fact, in
dimensional regularization they are identically zero. Hence, in perturbation theory, the metric
evaluated on the heavy trajectory, g..(Zm), can be effectively set to the flat metric, 7.

Furthermore, the blue, green, and purple terms all vanish on the support of the equations
of motion for the background metric, heavy trajectory, and light trajectory. Finally, the
terms in brown can be dropped because the light particle action is suppressed by my, so
these contributions enter as O(A\3) and are subleading at 1SF.

Combining the terms relevant terms from eq. (3.22) and eq. (3.24), we obtain the 1SF
action for fluctuations,

1 L. 1 ...

g — —mH/dT [25:t§{—5:c§’{x’;lmgérpﬂy(m;1)+ 2Amﬁxzégw(n)]
\ T L I T (3.25)

+/d VG |5 (5 V000 980" — 19,8097+ )|

The 1SF action describes a dynamical graviton which is sourced by the light particle geodesic
motion, and whose propagator is corrected by the motion of the heavy particle. We can
rewrite the action in the form
1 o
SW = —mpy / dr [25¢§I — 5x§1@fg5:g5rpw(:z}1)}
1 1 1 1 (3.26)
A _ _ _ _ _ _
+ /d v/ —g [327TG <2vp<sng'fag/*” — vaagv%g + - > — 259WT‘“’} ,
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where the light particle OSF energy-momentum tensor is

— 4 — X . .
TH (z) = )\mH/dT 6(37_;]:)33‘2:62 (3.27)

Eq. (3.26) describes a graviton propagating in a Schwarzschild background, sourced by a
light particle geodesic, together with the fluctuations of the heavy particle. Just like in the
case of electromagnetism, we see that for general relativity, we only need the geodesic for
the light particle in order to compute at 1SF order.

Next, let us integrate out the heavy particle fluctuation, dz%;, to obtain a 1SF effective
action that depends solely on the graviton. The path integral over dz%; yields

1 -
/[déa:H] exp (—imH/dT |:2(5i7%1 — 596%5:’12,5:?{5FW,,(£H)}> = exp (iSr(gc)Oﬂ) : (3.28)

where S(l)

recoi
for the heavy particle back into the action. As a consistency check we see that variation

| is the gravitational recoil operator. To do the path integral, we plug the solution

of the action with respect to dz%; gives
§ity + 6T (Tp)iag =0, (3.29)

which is the geodesic equation expanded to 1SF. Inserting this solution back into eq. (3.26)
yields the recoil operator,
s o~ Lo, [ i (F1) &0y %07 s (F1) (3.30)
9 af 872. HYHY* py
We emphasize again that this operator is gauge invariant because 01", is a difference of
connections, and thus a tensor with respect to the background metric at each of the two
spacetime points where it is evaluated in eq. (3.30). Furthermore, in our renormalization
scheme the background metric evaluated at the location of the heavy body is effectively
flat and the tensor indices are thus unambiguously parallel transported between the two
spacetime points without the need for a gravitational Wilson line.

Here we emphasize the subtle difference between the Schwarzschild metric as the field
generated by a massive point particle source in a perturbative description of GR, as opposed to
a vacuum solution in full nonperturbative GR. This caveat was also emphasized by Pfenning
and Poisson in the context of PN dynamics [86], and later by Gralla and Lobo for 2PM
scattering [87]. Those authors referred to the contribution from the stress-energy of the
heavy body at 1SF order as a “matter-mediated-force”. The present article can be interpreted
as an alternative approach to systematically deriving these effects within the framework
of effective field theory. Crucially, our work prescribes precisely which “matter” operators
must be appended to the background field action at a given SF order to allow for consistent
computations at arbitrary PM order.

To summarize, we have defined a 1SF effective action for general relativity,

O S U (R 1
S(l) = Sr(ic)oil + /d4x\/ —g [W (2vp5glva5g“ — ZVP(SQVP(SQ + - ) — §5gHVTf :| y
(3.31)
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which describes a graviton in a Schwarzschild background which is sourced by a light particle
defined in
eq. (3.30). This operator encodes the fluctuations of the Schwarzschild metric entering at

geodesic through Tfu in eq. (3.27) and perturbed by the recoil operator, s

recoil?

1SF due to the motion of the orbiting light particle.

3.1.4 2SF dynamics

Just like in EM, the 2SF dynamics of GR are determined by expanding the action to O(\3).
Contributions to the light particle worldline were shown in brown in eq. (3.24),

1.y., = — 1 R
S = —/d7[2f’£ffvuéxﬁvydx/;p + 500 50T ELE Rypay (1)
(3.32)

— 5mLp:%‘Z597;5Fﬁy(:EL) .
The first two terms describe geodesic deviation of the light particle trajectory caused by
fluctuation gravitons which kick the body off its OSF motion due to the interaction shown
in the last term. This interaction of fluctuation gravitons with the light body is analogous
to the recoil experienced by the heavy body at 1SF.

Contributions to the heavy particle worldline at 2SF consist of terms of the form,
dxgdxrydg, which are cubic in perturbations,

S = / dr Bégwast‘,;&c;, + 0T o, 522, 61 2y + %5}‘2“,00,,5:3';{53:?,:?,;:%;[ . (3.33)

such that the total heavy particle effective action to 2SF order is given by
S+ S5 = —mi [ dr | 368% — ol 0T pun) + 30,0855 + 50y 5ty
+ ;6}2#,)0,,53:‘;1535%13?‘;{:%’;]] . (3.34)

The additional terms give rise to a new recoil operator at 2SF which is determined, as before,
by integrating the heavy particle perturbations,

/[d(SmH] exp (ng) + ng)) = exp (iSﬁ;goﬂ + z'Sr(eQC)OH + - ) , (3.35)
where the 2SF recoil operator is
2 1 o = 1 1 RN VAR
S = —mH/dT[2331{95?15%5?5%'/8:951137%”%
o = o 1 ~p 1 ey 2§ o
+ :L‘HxH(SFaﬁng(SFWp?xHxHéFw (3.36)

1; ;5 1 p = 1 LRV
+ §x‘}}:nH5I‘ZB%:L‘%:E}’{&prwa%a}?{xfléf% .
T

T
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Figure 3. The curved space graviton propagator can be thought of as a sum of the flat space
propagator and corrections involving interactions with the background. These interactions, depicted as

insertions on the flat space propagator, organize into a PM expansion of the background gravitational
field.

With this new recoil operator, the full effective action at 2SF is

1 §3S
————1 §G110950Ga
3! 6guuégpa(59aﬂ HuOGpo OFerp

recoil

SW 5@ =50 452+ / d'z

g

loyoye o pe 1 e =
+ mL/dr[Q:f:z:E’gvuéa;gvyépr + 502 03T F] 3 Rupoy(Tr) (3.37)
- 5%;;;;%'35%(@)] .

where the curved space graviton cubic self-interaction terms are calculated in a PM expansion
where necessary.

3.2 Feynman rules

Armed with the 1SF effective action in eq. (3.31), we can now calculate physical observables
by computing the path integral over the graviton perturbations about the Schwarzschild
background. Ideally, we would choose to work directly with the Schwarzschild graviton
propagator, however there is unfortunately no simple closed form expression for this quantity.
The absence of any notion of conserved momenta for particles also makes technical calculations
in curved spacetime quite difficult.

Instead, we opt to further decompose the dynamics in the PM expansion, which describes
perturbative corrections away from flat space. In this approach, the Schwarzschild graviton
propagator is equal to the flat space propagator corrected by terms involving interactions with
the background, as shown in figure 3. We also PM expand the background fields, treating
them as corrections to flat space. The advantage of extracting PM corrections from the
known Schwarzschild background will be discussed in section 3.3.

3.2.1 Graviton propagator and vertices

Given our choice of harmonic gauge for the background field action for the graviton in
eq. (3.22), the OPM limit yields a flat space graviton propagator in deDonder gauge, so

p .
m = 327TZG (nuanO' + nﬂanl’p o nul’npa> (338)
p2 2 2 '
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Meanwhile, it is trivial to compute the two-point vertex for the graviton from the recoil
operator S(egoﬂ in eq. (3.30), giving

b1

—> impg 0 (uep1 + uED2)
= O (ugr, p1)O 22 (ug, p2) , 3.39
W@\%: 5 (anp) (@) (ur, p1)O "2 (um, p2) (3.39)

where we have defined O (u,p) = 2 ((ufn"® + u’n)(up) — u*u’p®). Notice the similarity
of the above equation to the corresponding Feynman vertex in EM in eq. (3.30).

Since we will compute in a PM expansion about flat space, we must treat the background
metric insertions as perturbations. At leading nontrivial PM order, the background metric
and Christoffel connection are

8rGmy (Nuw — 2up pumy)

Y (p) = — 5 O(upp) + -+,
i p (3.40)

Lpap(p) = —% (PaY8u(P) + P8Vou(P) — PuVap(P)) + -+

These should be inserted into flat space Feynman diagrams as sources. To obtain the
corresponding flat space interaction vertices, we insert eq. (3.40) into the 1SF action in
eq. (3.31) and then expand in PM. For example, after PM expanding, we find a three-point
vertex linking two fluctuation gravitons and one linearized insertion of the background field,
and so on and so forth.

Notably, at 3PM and lower orders, the background metric insertions beyond 1PM order
are not needed.” However, starting at 4PM order, these contributions will become relevant.
The value added by resumming perturbative data directly from the background metric will
grow exponentially with PM order.

3.2.2 Graviton sources

From the 1SF effective action, we see that gravitons are sourced solely by the light particle
geodesic in eq. (3.27). Taking the Fourier transform of the stress-energy density, we define

" (p /d4a:e —g(z )TW( ) = )\mH/dTelpr:fffz
= )\mH/dT PO 5 P(@IF ) (Fh 4 G (@Y Y ) (3.41)
— ,\mH/dT e x (zhzh — i(pZo (240, + TH0k) — poabh)T] + -+ ),

where we have expanded up to 1PM order via eq. (3.63) and reorganized the expression using
integration by parts. In terms of the 1PM light particle trajectory, this expression is

T (p) = Amure™ (i d(urp) — 200, (ur, p)a§ (urp) + -+ ) , (3.42)

5This follows from the happy accident that the 2PM background metric, i.e. the Einstein-Infeld-Hoffman
correction to the Newtonian potential, enters at 3PM via a two-loop diagram that does not contribute
classically. In particular, it arises through diagram #8 in figure 14 of [33].
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p .
— 32miG NupMvo + NuoMvp _ NpvMpo
Graviton propagator
b1
/\:\)/\@\/\N ) A( )
imy 6(UEDP1 + UHD2) Ao
< O (upr, p1) O (um, p2
) 2 (ugpr)(ump2) ( )0a"( )
Recoil vertex
p . 1 ~
ﬁé —i)\mHelpb (2U%UE5(ULP) —i0""(ur, p)T1a(uLp) + - )
Graviton source

Table 2. Feynman rules for the flat space graviton propagator, recoil vertex, and graviton vertex
that enter into the radial action for GR at 1SF.

where we have again defined the frequency domain trajectory, z4' (w) = [ dr ez (7). The
1PM trajectory can be obtained perturbatively from section 3.3.2,

_ 1 d4q —igbT a e
T (w) = E/ 2n) e qu“aﬁ(q)uLugé(u} —urq), (3.43)

where the background metric and Christoffel symbol in momentum space are defined in
eq. (3.40). Putting everything together, the Feynman vertex for the graviton source is

p% _ mé . m@% Lo
D (3.44)

. 1 N
= —i)\mHeZpb <2u%uz6(uLp) — O (up, p)Z1a(uLp) + - - ) )

See table 2 for a convenient summary of the 1SF Feynman rules for the flat space graviton
propagator, recoil vertex, and light particle source for the graviton.

3.3 Classical resummation

Paralleling our analysis of EM, we now explore how the classical probe dynamics of GR also
encodes perturbative data to all orders. We first discuss resummation in the context of the
Schwarzschild background metric, and then move on to the case of geodesic trajectories.

3.3.1 Background field vertices

Let us focus on the Feynman rules for a gravitationally coupled scalar propagating in a

nontrivial background field,

5= % / 4P/ —55" ()8,000p (3.45)
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The flat space propagator receives corrections,

- F—®— + —@®— +

G (3.46)

@ =iV (@) — " Ve (3.47)
8
k1 ko

with momentum conservation requiring that k1 + k2 + ¢ = 0 on the vertex.
The background-field Feynman rule described above simply encodes the following sum
over flat-space Feynman diagrams,

—e—=- {
++

: »

which is the perturbative solution of the Einstein field equations with a point-like source,

T (x) =mpy / dTu‘Iqu”H(S(D) (z# — ulyT), (3.49)
or, equivalently, in momentum space,
T (q) = mpubyud(umq). (3.50)

The crucial observation is that we do not need to compute the sum over diagrams, as we
already know that they just compute the metric. One has to choose coordinates in which to
write the background metric, but we need not restrict ourselves to traditional choices such
as harmonic gauge. Here a convenient choice of background field coordinates is isotropic
coordinates in D dimensions, where

2
Guv (@) = (1 + M>4/(D3) (N — unpuEY) + m UH UHY (3.51)
H 4|,,,|D—3 I 1 1 4 4|T|;z)_3 1% )
where the “mass parameter” is
D-3
4nT(P3) _T(252) S
n= (D_Q)W(Dfl)/Q X2GmH:RF, and "r’ = (UHIB) — a2, (352>



with R = 16nGM (D — 3)/(D — 2) defined for later convenience. Expanded perturbatively
in the PM expansion, the metric becomes

_ D -2 1 1
g,uy($) = N — D_3 (UHMUHV T D_ 277MV) |’I"|D_3 + - (3.53)

More generally, the position-space background field vertex has an expansion of the form,

u 2 3
1+a0wD_3 +a1w2(D_3) +a27‘T’3(D_3) + (3.54)
The Fourier transform of a given power is
L+1
' L+1 RpL+1 T D=3 I'(1—-23L1
F(q) = /dD‘lre‘“” a = ( 2 ) (-2) . (3.55)

|r‘(L+1)(D—3) (qZ)l—%L (47T) 3 lLF (E(L + 1)

Let us compare the Fourier transform of a power to the “fan” integral,

L QK. /H dDe §ug - )8 (ugr - 2) - - 8(up - £1) (3.56)
il B B(g— T l)? ’ '

where up - ¢ = 0, such that ¢* = (0, q) in the rest frame of the heavy object. The integral

is then evaluated by going to this rest frame,

RV A B
1L (a)— L+1/H dP~1e; 1 (e T(B2) T r(1-252)
ol WP TBE (a6 (@) 5 (am) D (2R (L D))

/(dD_lf 1 . 1 (D 3)1;(10’ ) ( 2_1 —a). (3.57)

2m)P=12[(p — €20 (p2)a= P92y B P(@)D(D - 2 — a)
It is then easy to see that
F'(q) = (-R)" I, (q).- (3.58)

This means that we can rewrite any background field insertion in terms of simple loop
integrals without bulk graviton vertices. The above procedure is, in some sense, the reverse
algorithm of the constructions of [1, 3], which calculated relatively complicated multi-loop
integrals in GR to obtain the metric. Here we instead extract simplified multi-loop integrands
from the known expression for the metric.

In particular, taking the PM expansion of

D —2)ubul _ (D(4D —17)+19)ulpuy, 1

uu ,ul/_ 3— D( H"™H 21,,16—2D H"H  ~ uv

V=39 Pl g I < S(D—3)2 16"
31.19-30 (D —2)(D(3D —13) +16)ululy
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we find that the PM expansion of the isotropic gauge background insertions on the scalar
propagator

Q— =R+ ——+—&—+ -~ (3.60)

:mg:g(qul)(quz)é(qu> «
_ A j t
_iRZ (D(ZIS?D_T;));_ 19(qu1)(qu2) — 11(3(k1k2)) (5(qu) X

(3.61)

(D—2)(D(3D—13)+16) QY L

+ZR3 24(D—3)3 (UHkl)(UHkQ)S(UHq) X (362)

4+

As mentioned in the previous sections, we do not have an analytic expression for the propagator
of a field in a Schwarzschild background. Nonetheless, we have demonstrated in this section
how one can build such a propagator to a desired perturbative order rather efficiently. Without
resorting to summing complicated trees of self-interacting gravitons, we simply extract the
perturbative insertions by expanding the exactly known metric. This effectively sidesteps
numerous complicated tree diagrams in favor of simple scalar fan integrals, which are known
to arbitrary loop order. The expansion of the Schwarzschild graviton propagator using the
known all order metric inherits simplifications in the same manner.

3.3.2 From second-order equations of motion

It is straightforward to compute the particle trajectories by solving the second-order equations
of motion in the PM expansion [39]. To do so, one expands the worldline and background
fields in a PM series,

o0
o =>x, (3.63)
k=0
- > -
Tos =2 Thas: (3.64)
k=1

in which case the equations of motion become

h=0,
B = —Thagay (3.65)
3 = — (862] + 290 + 3570240, ) TY 45(0) — 2§ T4 5(T0)

and so on and so forth. Rather quickly, there becomes a proliferation of complexity arising
from the number of derivatives acting on background metric, the various independent index
contractions, and the powers of d-2. When inserting these solutions into Feynman diagrams
to compute a observables such as the radial action, we are led to increasingly complicated
loop integrands.
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The complete loop integrand is physically equivalent to infinitely many other integrands,
thanks to various linear relations among integrals in dimensional regularization. One could
hope to find, without solving complicated linear systems of equations, a simpler form of the
integrand via a more direct route. In the previous section, we showed precisely how this
can be done for background field insertions on the propagator of a field. In the following
section we will show how this can be done for the trajectory of the light particle. Further
details are given in appendix A.

3.3.3 From first-order conservation laws

We have seen above how to derive the particle trajectories from the second-order equations
of motion. However, it will pay dividends to instead consider a first-order formulation.
Again, using conservation of energy and angular momentum, we go to (¢,r, ¢) coordinates
and obtain the equations,

i— O’f+(r)2
f-(r)?
. o2 — 1)1/2
6= b(rzl)mm“ (3.66)
)2 2052 _ 1/2
fzpum4<ﬁﬁgﬂ—ﬂ—b(ﬂ”hw>ﬂ .

As before, we go to Cartesian coordinates to obtain

r

1)

1/2
o= 2 |ty ($5er 1) - B | - Bt -,

2
+ L F ) e - 1)

r2

which are three first-order differential equations. Again, writing the trajectory in a Lorentz
covariant form,

Sl () — I b ufp — ouly
() = t(m)uly + x(1) 2 +y(1) (02 —1)1/2’ (3.68)

we solve for the trajectories perturbatively in the time domain. Concretely, at 1PM order
we obtain

z1 = (Gmpy) (1 — 202> 812 (1;) , (3.69)
(Gmi) - (%)
Y = ?7
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Figure 4. The 1SF radial action in GR is computed from the Feynman diagrams on the left.
The corresponding Feynman propagators and vertices were derived in our effective field theory and
summarized in figure 3 and table 2. Meanwhile, by expanding these expressions to 3PM order, we
obtain the flat space Feynman diagrams on the right.

while at 2PM we have

2 1 1
o () + 2o ()
to = 6(Gmpy) 087 72 + R(2—1) ;
G 21_22L i(RL) G 21_22L bc’?-r(%)
(Gmu)* ( U)BT R (Gmu)® ( U)aT R3
2= 02— 1 * 02— 1 (3.70)
3 ) Nl [b
__WGma -2 3Gma) (35’ + V3 () (Gma’s ()
2= 22 (02 — 1)°2 1WoT—1 R(c2—1)2

and so on and so forth. Here we have defined R(7) = \/b2 + (02 = 1)1/272. The above
formulas apply to D = 4 but the analogous expressions for general D are given in appendix A.
Much like in the case of EM, we have recast the PM trajectories in the form of Feynman
integrands. In particular, a Fourier transform to momentum space maps inverse powers of
R to inverse powers of the spatial momentum transform, £~2, and sends 9; ! to linearized
matter propagators, (ug - £)7L.

Note that the Feynman integrand topologies encoded in the above trajectories for GR
are exactly the same in EM. This is a remarkable simplification, considering the fact that
the graviton has far more complicated interaction vertices than the photon.

3.4 Results and checks

In order to calculate the radial on-shell action for GR, we compute the path integral over
graviton perturbations about the Schwarzschild background. Following our procedure in
EM, we compute

exp(ilar) = / (d525)[dS)[d5 A] exp(iSar) = / [d6 A exp(iS + i8S ). (3.71)
Order by order in the SF expansion, the radial action is

Ier = IS +18h + -, (3.72)
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Figure 5. Flat space Feynman diagrams that contribute to the 1SF action to 3PM order. The dotted
lines depict static massive sources and the solid straight lines represent matter propagators.

where the leading few contributions are
719 _ g
GR S

3.73
ég{ = —zlog/ [do A exp(zéS( )) (3.73)

Each SF contribution to the radial action is then further expanded in PM, yielding

Z ey (3.74)

Jj=i+1

We will compute this SF and PM expanded radial action for an array of gravitational theories.
Note that by dimensional analysis, we find that

. , =1 ..
1) =3murs () 280). (3.75)
ensuring mass polynomiality of the expansion.

3.4.1 Scattering masses

Let us now compute the 0SF, 1SF, and 2SF radial actions for GR up to 3PM order. Using
the methodology reviewed in appendix B, we obtain the OSF radial action for GR,

© 1 1/2 ) (202 1)  7r53n(5o% —1)
It = — -1 —1 =
por mm‘s{(D 1~ log (me( ) ) o + TN

r% 6405 — 1200* + 6002 — 5 N }
b 24(02 —1)3 ’

shown here to the first few orders in the PM expansion.

(3.76)

Moving on to 1SF order, we use the Feynman rules described in figure 3 and table 2

(1)

to compute the radial action, I,z from the Feynman diagrams depicted in figure 4. A
mechanical calculation yields the 2PM contribution,

(12) _ r537r(0—1) 3.77
loh” = Amurs == o (3.77)
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Figure 6. The 2SF 3PM radial action in GR is computed from these Feynman diagrams. The first
diagram involves cubic graviton vertices in a Schwarzschild background, the second involves the 2SF
recoil operator, and the third involves 1SF recoil operator in combination with the cubic graviton
vertex. Diagrams with multiple recoil operator insertions vanish in the potential region at 3PM order.
When considering the radiation region or computing at higher PM orders, however, such diagrams
can contribute and must be added to this list.

The flat space diagram topologies that need to be evaluated for 1SF 3PM computations are
shown in figure 5 for comparison. As an additional consistency check, we have performed
the 2PM calculation in a more general gauge fixing defined by eq. (3.22) but with the choice,
F, = A% 0Guw — % 26#‘59- For general ¢; and (2, the flat space graviton propagator deviates
from the deDonder form in eq. (3.38), an in fact has spurious 1/p* and 1/p° poles. Working
in this gauge, we find that the contributions from pure background field method diagrams
are not gauge invariant, nor is the contribution from the recoil operator. However, their sum
is gauge invariant, and yields the correct 2PM expression. As yet another check, we have
also done this calculation in general spacetime dimension D, yielding

737D (2D = 5)0? (2D = 3)0? = 6) +3) I (D = T) T (25
(D—2)2(c2-1)*?T(D -2)

2
G = Ampr2p™?P ) . (3.78)
which agrees with known results [100].
Next, we compute the 1SF Feynman diagrams at 3PM order in figure 4 to obtain the
3PM radial action,

159 _ (rs)2 <0 (360% — 1140* 4+ 13202 — 55)  (40* — 1202 — 3) arccosha)

b

GR 12 (02 — 1)°/2 - 2(c%— 1)

(3.79)
using the integration methods described in [66, 92]. The above results agree exactly with
the known 2PM and 3PM expressions [18-21].

Last but not least, as a highly nontrivial check of our 2SF formalism, we also compute
the 2SF radial action expanded to 3PM order, Igf’f’ ). This calculation computes the Feynman
diagrams in figure 6 using the Feynman rules derived from the 2SF action in section 3.1.4.

7(2:3) (0,3)

Importantly, I, is exactly equal to I,z * under the exchange of the heavy and light particle

masses — and indeed we find that our final answer precisely exhibits this feature.

3.4.2 Scattering scalar charged masses

It is trivial to incorporate additional fields in our framework. In particular, let us consider an
additional scalar field that couples directly to the light particle but only gravitationally to
the heavy particle. Such theories have been explored in SF studies [22, 24] as a toy model
for full gravity. The action for this theory is

1o = 1 -
Secalar = /d41:\/—§ [2VM<I>V“<I> + §§R<I>2 —-®J|, (3.80)
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Figure 7. The 1SF radial action receives contributions from a field which couples to the light body
but not the heavy body, so there is no recoil operator insertion. The double line denotes the propagator
of this additional field, here taken to be a scalar or vector, in the Schwarzschild background. The
diagrams on the right correspond to the flat space expansion of these contributions to 3PM order.

where, for maximum generality, we have included a nonminimal coupling, £, and the scalar
couples to the current,

J(x) = yLmL/d754($ —7r) (3.81)

V=g
which only involves the light particle.

Crucially, in this theory the heavy particle does not accrue any additional interactions.
Consequently, the gravitational recoil operator in eq. (3.30) is completely unchanged. Thus,
to compute the radial action we need only include the additional background field diagram
depicted in figure 7.

Including this Feynman diagram, we find that the 1SF radial action for the scattering
of scalar charged masses is

1(1,2) — (7‘@) 602_1"’_45
scalar LTS b ) \/0'27_1 )

3.82
(13) rsre 0(204—02—1+§(602—3)) ( )
Isce;lar = —Amrrs 2 3/2 ’
b 6(c%2—1) /
where we’ve defined the scalar charge radius,
2
re = LM (3.83)

47

The above expression agrees with the results of [24]. Note that the contribution from the
nonminimal coupling, &, constitutes a new calculation.

An interesting check of this result can be performed by computing the probe action
in a background given by a solution to the Einstein field equations in the presence of a
gravitationally coupled massless scalar field [101]. Our expressions precisely match this result,
under the swap of the heavy and light bodies. We have also verified that for the case of
a conformally coupled scalar, { = 1/6, our results are in agreement with the probe action
for the conformal scalar solution in [102, 103].

3.4.3 Scattering vector charged masses

The procedure described above can also be applied to derive results for a theory in which
an additional vector field couples to the light particle but only gravitationally to the heavy
particle. This theory is described by the action,

1
Svector_ = /d4.’E\/ _g {4FMVFLW + AMJH 3 (384)
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where the vector current couples only to the light particle,

4(1' —7r) =

)
JH(x) :szL/dT e z .

As before, the recoil operator is unchanged, and now the only additional diagram is a

(3.85)

background field loop of the vector field shown in figure 7. Computing this Feynman diagram
and integrating, we obtain the 1SF radial action for the scattering of vector charged masses,

I(Lg) TA T 302 —1

i = —amars () (sm) |

(3.86)
7(13) e (7"57" A> o (80* — 2802 +23) (202 + 1) arccosh o
Vi r— LTS ,
ecto b? 12 (02 — 1)/ (02 —1)
where we have defined the vector charge radius,
2mpy

A7

The above expression is a new result. We find that the expression for the probe radial action
in the Reissner-Nordstrom metric when it is linearized in the vector charge and under the
swap of the heavy and light bodies, matches with the expression above.

4 Conclusions

In this paper we have presented a systematic effective field theory describing the dynamics of
two interacting bodies expanded in powers of their mass ratio, A = mp/mpg. To derive this
formulation, we expanded the light and heavy particle trajectories about their geodesics in a
Schwarzschild background. By integrating out the geodesic deviation of the heavy particle,
we systematically constructed an effective field theory whose sole degrees of freedom are the
light particle and the graviton fluctuation. A key ingredient in our setup is the fact that
classical solutions — like the Schwarzschild metric together with the span of all of probe
geodesics — carry information that is effectively all orders in perturbation theory from the
point of the field theory constructed in a trivial background.

The main technical result of our paper is a precise characterization of those perturbative
contributions which are not encoded in the background fields and geodesics that constitute the
OSF theory. In particular, these “leading corrections to the background field method” enter
at 1SF and are accounted for by a recoil operator describing the wobble of the heavy particle
sourcing the background field. The sole effect of this operator is a nonlocal-in-time correction
to the two-point function of the force carrier. Importantly, higher-order corrections to the
effective action can also be systematically derived, and we present those contributions at 2SF.

Applying these ideas to EM and GR, we use our effective field theory framework to
compute the conservative radial action for scattering particles in various systems. Here the
time-domain probe trajectories in EM and GR can be used to derive explicit loop integrand
contributions for the corresponding scattering processes. We have verified that our framework
correctly reproduces the conservative dynamics in a number of familiar scenarios. We also
present a few new calculations.
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The present work leaves many directions for future study. First and foremost is the
question of whether our results can be made at all useful for existing approaches to the SF
problem [104-106], which are inherently nonperturbative and often numerical. While we have
shown how the Schwarzschild metric and geodesics avail information at all orders in the PM
expansion, this data takes the form of perturbative loop integrands. In all honesty, it will be
daunting, if not outright impossible, to integrate these contributions to all loop orders.

A related obstacle is that our construction is fundamentally built from an effective field
theory of point particles interacting through long range forces. While resumming diagrams
reproduces the classical backgrounds such as the Schwarzschild metric, we should nevertheless
interpret the resulting background as a fundamentally perturbative field sourced by sources,
rather than a vacuum solution to the Einstein field equations. In the approach of existing
SF methods, however, there is no heavy point source. Hence, dimensional regularization is
not an option, and self-energy contributions must instead be dealt with in a substantially
different way. For this reason, it would be useful to try to port our results to this different
approach. For example, it would worthwhile to try to adapt our recoil operator, which is
defined naturally in dimensional regularization, to other regulators.

A second avenue for exploration is the generalization of our results to other types
of binary systems relevant to gravitational wave astronomy. Our formalism has already
been used to compute the two-loop matching and renormalization-group running of scalar
analogs to dynamical Love numbers, which describe the response of a black hole to scalar
disturbances [107]. It also proved to be efficient in studying the dynamics of a binary system
of charged Reissner-Nordstrom black holes [108], though this example is not relevant to
astrophysics. A more phenomenologically interesting target would be spinning black hole
binaries, which at OSF are described by a spinning probe in a Kerr background. Here the
1SF sector should also be corrected by a recoil operator corresponding to the back-reaction
on the heavy spinning source.

A third promising direction relates to the application of our effective field theory to
quantum mechanical processes. While we have applied our formalism to classical GR, there is
nothing intrinsically classical about the derivation of our construction. In particular, one can
consider a heavy particle worldline that sources a Schwarzschild background and furthermore
couples quantum mechanically to fluctuating gravitons and matter fields. In such a setup,
it should be possible to repeat the seminal calculation of Hawking [109], albeit including
the effect of black hole recoil from the emitted radiation.

Last but not least, it would be interesting to apply our methodology to systems other
than EM and GR. Here a natural candidate for exploration is fluid dynamics, which exhibits
gapless “force carriers” in the form of perturbations of the fluid velocity field. The analog
of perturbation theory is the so-called Wyld formalism [110], which is equivalent to solving
the Navier-Stokes equations as a 1/v expansion about the diffusion equation, where v is the
viscosity. Furthermore, there exist classical vortex solutions to the Navier-Stokes equations
that are regular at small 1/v, and can, in principle, be reconstructed in perturbation theory in
the spirit of the Duff approach for the Schwarzschild metric. As a result, it may be possible to
construct an effective field theory of light and heavy particles interacting via a fluid medium.
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A Time-domain trajectories

In this appendix we describe how to extract loop integrands from the time-domain solutions
of the probe particle equations of motion. We cover the cases of both electromagnetism
and gravity. The general strategy is as follows: ¢) use the conserved charges of the probe
system to write simple first-order ordinary differential equations for the motion, i) integrate
these equations perturbatively in the time domain, iii) express these time-domain solutions
in terms of the zeroth order radial trajectory,

R(r) = /0 + (02 — 1)72, (A1)

and then iv) recast them into momentum space integrals using the identity,

D-1 A
R20+1-D _ (—4)*n"z T'(a) / ¢ e—ié(b+um)5<uH5) (A.2)
NP —a) J (2m)P ()
together with
o 2= D Iy v
buRQQ—l—D — Z(_4) T 2 F(Oé) / =t e—if(b-ﬁ-uLT) 5(UH€)H EV (AS)
M(E —a) ) @mP @5

where « is a positive integer we have defined

™ = — (0% — 1) (oul, —u)uf — (0% — 1) (oulf — ul)uly, (A.4)
6

which is the projector orthogonal to both four-velocities.

A.1 Electromagnetism

To begin, we review the solution for a relativistic charged probe trajectory in a Coulomb
potential. In D = 4 dimensions this can be done exactly, as in [11, 88]. However, since our
formalism naturally uses dimensional regularization for divergences, we will want results
in general D. Unfortunately, there is no closed-form solution for D-dimensional charged
probe trajectories. However, we will see how to mechanically compute such a solution to a
desired order in the PL expansion in terms of iterated integrals involving o F hypergeometric
functions. While the latter are naively quite cumbersome, we demonstrate how corresponding
D-dimensional loop integrands are readily extracted from the expressions. The resulting

5Since ur? = 0 in the integrand, IT*" as written has redundant terms.
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expressions, especially in the gravitational case, are considerably more compact than expres-
sions that appear using standard Feynman diagrams. Moreover, from our final expressions
one will see that this detour through position space effectively performs integration by parts
reduction automatically.

Consider the einbein action for the charged probed particle in a Coulomb potential,

1 1
SEM = —/dT |:2€_1i2 + §6m2 +qitAy(z)| . (A.5)
To reduce notational clutter, we will drop subscripts and bars denoting this to be the light
particle evolving in a background EM field. The einbein equation of motion gives e = V2 /m.
Let us define the components z* = (t,r,0, ¢), where § = /2 for scattering in the equatorial
plane. Next, we gauge fix e = 1/m, which imposes the on-shell condition,

1 =% =§ -2 242, (A.6)

on the space of solutions. As usual, we take the background EM field A, to be the D-
dimensional Coulomb potential. Working in Lorenz gauge and in the rest frame of the source,
we find that the gauge potential is

q kp Te F(H)
EAO(T‘) = 7TD*3 = 77,.D73 ( D2—3 s (A?)

T 2

where 7, is the charge radius defined in eq. (2.32) and kp notation introduced to condense
upcoming expressions. The quantity in parentheses is unity in D = 4.

Since A, is time-independent and spherically symmetric, we can impose conservation
of energy and angular momentum,

E =mit + qAp and J=mrp. (A.8)

More convenient variables for scattering processes are

E J
g = % and b= m, (Ag)

which are readily defined in a Lorentz invariant manner from the asymptotic inertial trajecto-
ries of the two bodies. Eliminating ¢ and ¢ via eq. (A.9), the on-shell condition becomes

2 J—
1= (a - ;Ao(r)) — 2 62((7;1) (A.10)

On the outward branch of the scattering trajectory, corresponding to 7 > 0, we obtain

kp
t=o0+ D=3’
: b
b=(" -2, (A.11)
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So by the integrability of the probe motion, the equations of motion have reduced to three
first-order differential equations.

As mentioned above, we do not have a closed-form D-dimensional solution to eq. (A.11).
However, these equations are very simple to integrate perturbatively. To this end, it will
be more convenient to combine the equations of motion for (r, ¢) into equations of motion
for the Cartesian components (z,y),

k 2 b2 271 1/2
=2 |(o+ %) e )—1] — Lot =),
(A.12)
1/2
.y kp 2 b2(02_1) L 2 1/2
y=" (U+TD_3> R -1 +T—2(U — 1),

where hereafter we take r to be an implicit function of (z,y). Next, we perform a PL
expansion of the trajectory,

o0

t(7),2(7),y(7)) = D (tn(7), 2a(7), yn(7)), (A.13)

n=0

where the n labels terms that are O(k},). We then solve eq. (A.12) order by order in kp.
This yields the general solution, which expressed in Lorentz covariant form is

Fh(7) = t()ul + ()biJr()M (A.14)
(1) = tr)uy + (1) yT(02—1)1/2' .
The leading order solution at n = 0 is the straight line trajectory,

to=oT, xo =0, yo = (62 — 1)V/2%r. (A.15)

Meanwhile, for n > 1 the resulting equations of motion take the form

Lta(r) = Tu(r),
£ (40)- 500
L) = Ya(r)

where (T),, X,,, Y,) depend on 7 only through the lower order solutions (t,, T, Ym) for m < n.
As written these equations are now exact differentials, so their solutions are given by integrals
of the right-hand side. The functions (7},, X,,,Y,,) are computed by expanding eq. (A.12) to
the desired order, and the solutions (¢, Zm, Ym) for m < n on which they depend are written
as integrals of the lower order (7,, X, Ysn). One then starts from the inertial trajectory,
and iteratively solves these equations of motion order-by-order. The trajectory solutions at a
given order then take the form of iterated integrals of various functions of proper time.
Since our goal is to extract loop integrands from these trajectories we do not want explicit
7 dependence in the solutions. To match the structure of Feynman loop integrals, all
dependence should come entirely from the lowest order solution z{(7). Indeed, as we will

— 47 —



outline momentarily, the equations of motion can be manipulated in such a way that all
7 dependence is implicit, through powers of R and 9;R. As a result the structure of the
solutions will be iterated integrals of powers of R, which can be readily mapped to Feynman
integrals using egs. (A.2) and (A.3).

As previously mentioned, the functions (7, X,,Y,) already depend on 7 only through
the lower order trajectories, so the (ty,yy) solutions follow immediately,

talr) = 5 (Tu(r).

1

) = 5 (1)), e

Here inverse powers of d; are shorthand for dr integrals. As we will see later on, these
are precisely matter propagators, so the solutions (¢,,y,) automatically take the form of
Feynman loop integrals.

Unfortunately, a bit more work is needed in order to massage the x,, solution into loop
integral form. Here it will be useful to differentiate the x, equation in eq. (A.16) once more
and then use eq. (A.16) to eliminate @,. The resulting expression is a second order ordinary
differential equation with no factors of 7 remaining on the left-hand side,

;ijjn(ﬂ _1ld (TXn(T)) , (A.18)

The above expression will be useful because it will turn out that the combination of factors
17X, is more readily expressed in terms of R than other choices like X,, or 771X,,.
The solution to eq. (A.18) can be expressed in two convenient forms. The first is

1 [1d
which is related by integration by parts to the second,
1 [1d
. =—7X, — (X, . A.20
2a(r) = =T Xalr) + 75 | T (7 Xa())] (420

Just as the right-hand side of eq. (A.17) is a function of 7 only through its dependence on
R, so too is the right-hand side of eq. (A.19), in spite of appearances. While eq. (A.19)
and eq. (A.20) are mathematically equal, it will be advantageous to use one or the other
at various steps in the calculation.

To construct a solution z,, which takes the form of a loop integrand, one should start
with eq. (A.19). We will refer to this as the “outer layer” form of the solution, since it
should be used in the very first step taken to construct the solution for z,. Next, we
need to evaluate the contribution from X, entering in eq. (A.19). Here X,, depends on the
lower-order solutions x,,, for m < n. To evaluate these lower-order expressions, it turns
out that we should plug in eq. (A.20), which we hence dub the “inner layer” form of the
solution. This choice has two advantages: it simplifies the resulting expressions without
needing integration by parts identities, and it exhibits fewer proper time integrals, leading
to fewer matter propagators in the final result.
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To be concrete, let us compute the explicit trajectories to a few nontrivial orders.
Starting at n = 1, the right-hand sides of eq. (A.16) are

Ty = kpR3>P,
3-D
X1=kp Jf(i T RT ; (A.21)
Yi=kos _”1)1 SR,
which are integrated using egs. (A.17) and (A.19) to give the expressions,
t = /cDai (R3—D) :
21 = —kpb(D — 3)0013 (rRP), (A.22)

_ g 1 3-D
Y1 = 16137(02 — 1)1/257 (R ) )

The inverse powers of 0, are shorthand for dr integrals whose explicit expressions are

1 D-33 (o2-1)72
l R3D 3—D
; F -
/ b 2 1(2’ 2 2 b2 ’

T p>-P — R3-D 1 D-13 (02—1)72
/ I R1-D 1-D_2
T T + 7 F .
/ / (3—D)(0%—1) b 22y b?

(A.23)

In D = 4, these reduce to trigonometric and algebraic functions of 7, and the iterated
integrals required to build the higher order solutions are expressible in closed form. In
general D, however, one is left with iterated integrals involving hypergeometric functions.
Consequently, it is more notationally economical to leave the expressions above in terms
of formal dr integrals of powers of R.

For n > 1 and above, one can algorithmically solve the equations of motion to directly
yield a loop integrand. The procedure for this is as follows. First, let us assume that we
already have solutions for (t,,, T, ym) for m < n in terms of integrals of powers of R and
have used these to obtain the functions (7},, X,,Y,,) on the right-hand sides of eq. (A.16)
at order n. Crucially, as we noted above, the x,, solution one should be using here is best
written in the form of the inner layer solution eq. (A.20). Take these functions and use
them to write the first order equations of motion eq. (A.16) for (¢,,y,) and the second order
equation of motion eq. (A.18) for x,. The right-hand sides of these equations are now in a
form which can be simplified mechanically to write as a loop integrand.

These expressions will have various powers of 7 in both the numerator and denominator.
We want to eliminate explicit appearance of 7 in favor of R and its derivatives so that we
can trivially go to momentum space. If 7 appears in the combination b + (62 — 1)72, then
we simply replace it with R?. If 7 appears alone in the denominator, so there are terms with
a common factor 7! for I > 0, then we take the coefficient of 7=! and express all of factors
of R within it explicitly in terms of 7 and then simplify the expression. This will introduce
overall factors of 7 in the numerator that will cancel the factor of 77!, yielding only positive

— 49 —



powers of 7 to be dealt with. For even-positive powers we write 72 = (02 — 1)7}(R? — b?)!
while for odd-positive powers we write 72+ = (02 — 1)7/(R? — b%)!7. At this point, the only
explicit 7 dependence will be linear, moreover, it will necessarily be in the form of a factor
TRY for some gq. Here we simply rewrite such terms as

0, (RI+2)

(R P Ty

(A.24)
The expression is now expressed as a string of iterated integrals and derivatives, with respect
to proper time, of various power of R. From here the solutions are readily obtained as dr
integrals of the newly simplified equations.

While the above prescription succeeds in expressing the solutions solely in term of R(7),
there may still be another manipulation to perform in order to extract a loop integral. For
the solution at order n in the PL expansion, neglecting the various integrals and derivatives,
the powers of R that appear in each term will be in the form,

Retn(1=D) (A.25)

for some number c. To apply the general formulae egs. (A.2) and (A.3), we write this as

R2(a1+---+an)+n(lfD) (A26>

)

for some choice of a; such that ¢ = Z?:l aj. The choice is not unique, so one should aim to
chose a minimal set with all «; the smallest possible positive integers.

It may be the case, however, that some terms can only be written with some «a; being
non-positive integers, precluding the use of eq. (A.2), because of the singular I'(«) factor.
There is a simple fix for all such terms, simply replace the offending factors using the formula,

jp_ JT3=D iiop 1 9 jtd—D A9
f b2(j+2—D)R b2v2(j—|—2—D)(j+4—D)aTR ’ (4.27)

which will raise the power of the offending « until it is a positive integer. The result will be
an expression for the trajectories which is immediately expressible in terms of loop integrals.
There are further simplifications one can apply to the result to make it even more

compact. We utilize the following simple identities,

0 (R) 0, (R®) = ab(o® — 1) (R+-2 — p?Re+v=1) |

a 1 b\ _ al b a+b
1 a 1 b\ 1 al b bl a)
o (B 5 (R") = o (R o RGR)

The first formula is nothing other than an explicit evaluation of the derivatives. In terms
of Feynman integrals it is rather simplifying though, because it is eliminating two powers
of momenta from the numerator. The second formula is just integration by parts. The
third equation is a way to planarize diagrams, which is also a simple integration by parts in
the time domain. In terms of momentum space propagators, it is just the partial fraction
decomposition discussed by [74].
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Y

Figure 8. Diagram topology corresponding to eq. (A.30).

With this strategy one can systematically compute solutions to a desired PL order. For
example, to compute the radial action to 4PL order, one needs only OSF and 1SF contributions.
To compute the 1SF contribution one needs only the 1PL and 2PL trajectories, with the
former given above and the latter given by,

t2:k%< (D—4)0 4 (RG 2D)_(D_5) oR3-DL (R3 D)>7

02—1 02—1

02—-1 + 02—1

ka%(_b(D—:a) 24 (R (RP))  b(D=5)(D=3)02 - (R'-P - (R*-P))

)

WD) (20T 1) & (R-20) )
o2—-1

(D—5)0 2R3-D 1 (R3 D) (13_3D)02%(R872D) (D—4)c 2R5-D 1 <R3 D)
y2—k%<— + . +
(02—1 >3/2 20%(D—5)(02—1)"/? b2(D— ><a?— 1)*?
2 21 3D1 3—D _15)02_1) L (RS—2D
(D-4)% g (RP 3 (R >)+((4D 15)0%~1) - (R ))
b2\/o’2—1 2(02—1)%?

(A.29)

This expression is readily covariantized using eq. (A.14) and expressed as loop integrals using
eq. (A.3). The corresponding Feynman diagram topologies can be read off the time-domain
expressions by noting that the 9! and R have straightforward interpretations as background
field insertions and matter propagators. For example,

1 e~ H2) 5y 1 01) 6 (uprls)
2 8-2D 9 D22/ H1)O\UH T2 A.30
DOT (R ) —i3 (5 )7‘( " 01 0o f%(f%y(lq]ﬁ + uLég) ’ ( )

corresponds to the diagram topology shown in figure 8. The explicit factors of D in the
expressions eq. (A.29) together with doubled propagators such as the factor of (¢2)~2 are
both structures which do not arise in a standard Feynman diagrammatic computation and
suggest that integral reduction has, at least partially, been automatically performed by
passing through the time domain.

Covariantizing these expressions, and Fourier transforming, we find for the 1PL trajectory

ot = ﬂ /67”@8 (UHE) ( (ULE)(UH - UUL) (D 5)( 3)0’ (0-2 _ 1) HHVEV)
' (02 —1) 2(upl)? .

(A.31)
To keep the expressions concise we present only the leading in D = 4 contribution to the
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2PL trajectory integrand,

. idn?r? / e~ t02) 5y 01) 6 (uprls)
Lo =—
2 b2(0'2—1) 0y 0o éz(ﬂ )2(UL€2)(UL£1+UL€2)2

+(upli+urpls) <b2£2 (02 >U2HMV(€1V+£21/)+2(UL€2) <b2£2 ( ) 20 ) (UU%_U’ED
)

(4b2(uL€1 +urle) 30 (uk —aul)

+6263 (o1 ) (uplo H“”€2V+(’)(D—4)). (A.32)

The procedure continues straightforwardly to higher PL orders. Note that the trajectory is
only needed up to 2PL order in order to compute scattering at 4PL order.

A.2 General relativity

The strategy of solving probe equations of motion in order to extract loop integrands is
nearly identical between GR and EM. Indeed, this highlights an advantage of our approach,
which is that the trajectories in GR results are similar in form and complexity to the those
of EM, despite gravity being a nonlinear field theory.

We start from the worldline action for the probe,

1
/dr[ e g )x“i:”+§em2 , (A.33)

again dropping the subscripts and bars that would indicate we are describing the light particle
in a background metric. Here the background metric sourced by a heavy particle without
spin is just the Schwarzschild-Tangherlini solution,

_f*(r)Q d o — —6.: D3 (A.34)
goo = f+(’l“) an Gi5 = mf—‘r(r) ) .

presented here in isotropic coordinates. We have defined the function,

fe(r)=1=% Mp% : (A.35)

in terms of a generalization of the mass parameter,

_ 4nr(Pg)
"= (D= 2)x(0-1/2

x 2Gmy (A.36)

which is not to be confused a renormalization scheme subtraction scale. Like before, gauge
fixing the einbein to e = 1/m imposes the curved space on-shell condition, g, @*&" = 1,
on the space of solutions.

The background is time-independent and spherically symmetric, so we can restrict to
motion in the equatorial plane with dynamics constraints by the conserved energy and angular
momentum. We will again prefer to label trajectories by (o,b) using eq. (A.9), in terms
of which we have equations of motion,

fi(r)?
f-(r)?

and ¢ = Ho® - 1) fi(r) D3, (A.37)

t=0o
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with the radial equation of motion coming from the on-shell condition,

4 r)? 2(0? — 8 Y2
;= ler(r)_D—s Gfg?a;f? - 1) - b<r21>f+(7,)—D_3] . (A.38)

As before, we will prefer to write equation of motion for the Cartesian components,
1/2
€z —a f f(r 2 b2(c%—1 8 Yy 4
T [h(r) v ( il )202_1> _¥f+(7”) DB] —§f+(7“) D=3 (02 —1)Y/2p,
Yy _a [ fe(r)? b (0? 1) s x 4 s
_; [jﬁr(r) D—3 (f_(r)QU —1) —Tﬂr(r) D3 +T72f+(7«) D73(0' _1) / b.
(A.39)

The solutions at order n in the PM expansion scale as O(u™). As before the leading order

1/2

solution is a straight line,

to=ort, x0="0, yo = (o2 = DY2r, (A.40)
while the higher order equations of motion are
d

—tn =Ty )

tn(7) = Ta(7)
d (-’”n(T)) _ XulD) (A1)

dr T T
d%_yn(T) =Y,(7).

The exact same strategy outlined in the previous section for EM can be used in GR. For
example, the trajectory at 1PM order is

t, = ,ucrai (R3_D) ,

Ty = —u%b (( —2)o? — 1) 813 (Rl_D> ; (A.42)

p((D—4)0” +1)
2(D — 3)Vo? — 1

Y1 =

|~
N
=
v
S
N—

while at 2PM we obtain

ty= ((127(021)_01)—1)33 D81T<RBD)+M20((22lz;25_)i—3)81T<R62D)7
A S ek )
+u2b((D—4)01—012)_(£—2)02—1) ai (Rl—DalT (R3—D>>
_MQb( (2D—5) 028(((0221) ;’,a _6>+3)31$(R4_2D>’
s <D4bj(>D(<1;;\2/>;;_—11>2 S

)
2 (3D-13)((D— 2)o” —1>2 1 /8 9p 2 (1—(D—4)2‘74) 3-p 1 (3 p
8b(D—5)(D—3)?(02—~1)** O (#72) + 4(D—3)(02—1)3/2R 0- (#7)
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2 (D_4)((D_2)‘72_1)2 5-p 1 (p3-p
wo—oareyrt e ") (A.43)
| 2 (D(BD?=76D+241) ~251)0* ~2(D(2D—15)+31)0 ~7D+25) 1 (RS20).

+p

16(D—3)2 (02 —1)%/? Oy
Here we emphasize that we obtain the same topologies as in EM, without additional structures
describing the graviton self-interactions of GR.
The transformation to momentum space was already outlined in the previous section.
Here we present the D-dimensional trajectory at 1PM order,

b = D %gigf 5 /e 6_622;;;@ ((D =5)(D=3) (0* = 1) (D= 2)0* — 1) 114,
+ 40 (url) ((D = 2)0% = 2D +5) uly + 4(url) ((D — 4)0? + 1) w,;) . (A.44)

Again, since the D-dependent coefficients in the numerator are lengthy, we will present the
loop integrand for the 2PM trajectory in D = 4,

xg:_QiWQGQm%I/ e*"(flﬁz)g(uH@l)g(quQ)

m 01,00 2(03)2(upls) (uply +urle)?
— 8b2€% (uply +urpls) 2 (a (20'2 — 3) uly +u‘L‘)

+2b2€§ (204 — 302 + 1) (uL€1 +UL£2) H’uy(gly +£2y)

(35253 (02=1)" (507~ 1) (ur )",

~8(1-20%)" (urle) (urls +urls) (ol ) (A.45)
— 6023 (02 1) (uplo) (urlr +urts) (o (507 = 9) ly +30uf ) +uf)) +O(D—4)> .

Note that in GR, the trajectories are only needed up to 2PM order in order to compute
scattering up to 4PM order.

B Probe radial actions

B.1 Omn-shell action and radial action

This section will review some aspects of classical mechanics. Consider the generally covariant
action for a massive charged particle,

-1
S—— / dA h:bwgu,,(x) +Em? gt A ()] (B.1)

where we have included the worldline einbein e(7) for manifest reparameterization invariance.
If we define the conjugate momentum,

dL
Pu = _dxi'“’ (B-Q)
then the action can be expressed in the first-order form,
S — / A\ [—puit — cH] | (B.3)
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where the reparameterization generator for this problem is”

1= g (= (0= Ay~ A D)) (B4

As written, the above action exhibits a sensible variational principle if prescribe Dirichlet
boundary conditions for the z*, but not for the p*. If we instead desire an action suitable for
Dirichlet conditions on the momenta we could simply add the boundary counter term,

Sy — / dA d%(pﬂxu) . (B.5)

This does not change the equations of motion, but it allows for a well-defined variational
principle and modifies the value of the on-shell action. Since we are interested in scattering
dynamics, we will fix the asymptotic momenta. The upshot of this choice is that the correct
action for the problem of scattering from a static isotropic source is

5= / OX [prty, + el + pos — eM] . (B.6)
This expression simplifies considerably in the on-shell limit because ¢) energy and angular
momentum are conserved, and ) the einbein is a Lagrange multiplier enforcing the vanishing
of the reparameterization generator on physical solutions. This leaves the radial contribution
to the on-shell OSF action,

S:/d/\pr(r,E, J)r. (B.7)

Integrating by parts and using time reversal symmetry, we recast this as

_ Tmax
S = Tmiixm_)w (2rmaxpr(rmax) -2 - dr py(r, E, J)) . (B.8)
where the radial momentum is
Pr = e_lj“gru(x) +qA; . (B.9)

Thus we discover that S is nothing but the radial action, suitably subtracted to be finite as
Tmax — 00. This subtraction will affect only the “free-particle” contribution to the radial
action, and leaves “scattering” contributions unaffected, so we will omit the former in our
subsequent discussion.

The total change in azimuthal angle follows straightforwardly from Hamilton’s equation.
Since J = —py is a constant of motion, we have

ds d

which can be used to compute the scattering angle.

= /d)\gi} = Ag, (B.10)

on-shell

"One can also consider problems with a more general H(p,x), and what follows will continue to hold.
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B.2 General perturbative radial action integral

For a general D-dimensional theory, the on-shell radial action for a scattering solution is

5= 2/ dr |p,(r)] (B.11)

where rpi, its positive real zero of p,. In this work, we are only interested in scattering from
static spherically symmetric backgrounds. To solve for p,, we first write the momentum as

p= (Vi 25 (B.12)

with p the asymptotic spatial momentum, and then impose the on-shell condition &2 = 1.
which implies the following form for the spatial momentum,

€ Nk
=p +Z ) 3 : (B.13)

which applies with and without the inclusion of A,. Then we write

pr=\/P% — D3 (B.14)

To compute eq. (B.11) perturbatively in € requires some care. Since the radial momentum is
solved for from the quadratic equation eq. (B.13), it is singular at the turning point r,,, and
a naive expansion in e yields divergent integrals. A treatment of this is given in [111, 112],
and the upshot is that one should: 7) integrate to the unperturbed turning point ry, (e = 0),
ii) Taylor expand p, in €, and %) impose a hard cut-off scheme r;, = b+ §, and simply
discard power-law divergences in 1/, retaining only the finite part of the integrals. The
fact that this simple renormalization scheme is indeed correct follows from knowledge of the
analytic structure of the exact radial action integrand.

Following this prescription yields the well defined series expansion for the radial action

B oo k . 12 00 (T2 _ b2)1/2_q
S = I;) ZOE Ckq(P)P /b+6 dr 1-2g+k(D—3) (B.15)
=0q=

where ¢ is to be taken to zero after discarding power divergent terms, b = Jp~!, J is the
conserved angular momentum, and the cj 4(0) are simple monomials in the Ny (p). Through

O(e?) the non-zero coefficients are

1

co,0 = 2 c11 =N Co2 = —1N12 c2,1 = Na
1, 1
€33 = §N1 c32 = —§N1N2 c31 = N3.

Evaluating the integral yields the general result
ok k(D—3)—2 1 13
p
=3 2 2 <o) g G B (50 -9 - 55 -a) (B.16)

where B is the Euler beta function.

L\’JM—A
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B.3 Electromagnetism

For electromagnetism, the on-shell condition is
(P — qLAM)2 = m% . (B.17)

The D-dimensional attractive Coulomb potential is

D-3
qL F( 2 ) Tc
HAg=——2 (B.18)
mr e b3
where « is the fine structure constant. Inserting egs. (B.12) and (B.13) with p¢ = J—2 = pjf,

and solving for p2(p,r) we can extract the N;(p). Plugging back into the general probe radial

1/2

action eq. (B.16) under the identification € = r., and writing p = my,(c? — 1)¥/2 to conform

with our notation throughout the main text, we obtain

ol (D -2
]E: = —mbmp Vo2 — 14+ mprbt™ p” ( )

|
(2m)P (2D0> — 70> ~1)T (D - )T (%)2
2(0 = 1)*?1 (D -3)
=% 0 (3D — 10)02 fmr(23fr(%Lf)
3(c> = 1T (2 - 4) |

2b7 2D

+mpr,

+my T3b10 3D

expanding up to 3PL order. These expressions hold for general spacetime dimension D.

B.4 General relativity

For gravity, the on-shell condition is

Pupvg"’ = m% , (B.19)

where g, is the background metric in isotropic coordinates. For example the D-dimensional
Schwarzschild metric in isotropic coordinates is

2
1— 5= 4
4rD=3 K 55
_ d = 8.1 D—3 B.20
goo <1+ rD 3) an Gij z]( +47’D_3) ) ( )
where we have defined the mass parameter,
4T (251
) Gmy. (B.21)

"= (D= 2)x0-D/2
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Solving eq. (B.19), we obtain the corresponding N;(p). Identifying ¢ = rg, we obtain the
probe radial action,

D
2723

(D-2)0?-1)T (5 -2)
(D —2)Vo2 -1
(27)*-P (2D = 5)0* (2D = 3)0> = 6) +3) T (D — ) 1 (251)
(D —2) (02— 1)**1 (%)
16752 ((3D — 8)0? (D — 2)02 (3D — 4)o2 — 15) + 15) — 5)
(D—2)* (02— 1)°°T (2 - T)

(%) (7 -9)

expanding up to 3PM order.

Ig)P){ = —mwbmpV 02 -1+ GmHme4_D

+ (GmH)QmeF?D

+ (GmH)Smelong <

More generally, if a metric can be put in isotropic coordinates,
goo = A(e/rP7?) and gy = —6iB(e/r" %), (B.22)

with A(0) = B(0) = 1, then one can express the spatial momentum in the form eq. (B.13)
with the first few N;(p) given by

Ni(p) = (m* +p?) (B'(0) — A'(0)) — m*B'(0)

Na(p) = % (m? +p?) (—24'(0)B'(0) + 24'(0)* — A”(0) + B"(0)) — %mQB//(O)
Ns(p) = % (m2 + p2) (A’(O) (6A”(0) — 3B"(0)) — 34" (0)B'(0) 4+ 64"(0)2B'(0) — 64’(0)?

~A®(0) + BO(0)) - ém2B(3) (0).
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