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1 Introduction

Many aspects of conformal field theories (CFTs) are universal at high energies. A famous
example is Cardy’s formula, which states that the entropy of local operators at sufficiently
high energies takes a universal form in all unitary, compact 2d CFTs [1] (see [2–4] for a
precise formulation). Equivalently, the partition function of a 2d CFT

Tr
[
e−βH+iθJ

]
(1.1)

is universal in the high temperature regime β → 0 with θ ∼ O(β).
The derivation of Cardy’s formula uses invariance of the torus partition function under the

modular transformation S : τ 7→ −1/τ . By instead using the full modular group PSL(2,Z),
one finds similar universal behavior as β → 0, near any rational angle θ = 2πp

q , see e.g. [5].
This leads to universal “spin-refined” versions of the density of states. For example, in the
case p

q = 1
2 , the modular transformation τ 7→ −τ

2τ−1 gives the universal behavior of

Tr
[
e−β(H−iΩJ)(−1)J

]
= Tr

[
e−βH+iθJ

]
θ=π+βΩ

, (1.2)

in the regime β → 0 with Ω ∼ O(1). For any given 2d CFT, the logarithm of (1.2) is 1/4
the logarithm of (1.1) at high temperature, leading to a universal result for the difference
between densities of even- and odd-spin operators in 2d CFTs.1

While modular invariance is not available on Sd−1 × S1 in higher dimensions, higher
dimensional CFTs still display forms of universality at high energies, both in their density
of states [12–18], and OPE coefficients [17, 19]. A central insight from [14, 20, 21] is that
the high temperature behavior of a CFT can be captured by a “thermal Effective Field
Theory (EFT)” that efficiently encodes the constraints of conformal symmetry and locality.
In [15–18], thermal EFT plays the role of a surrogate for the modular S-transformation (as
well as modular transformations on genus-2 surfaces).

In this work, we will be interested in “spin-refined” information about the CFT density
of states in general dimensions. In particular, we will study the partition function (1.1) with
high temperature (β ≪ 1) and finite angles θ⃗. (In higher dimensions we promote θ⃗ and J⃗ to
vectors with ⌊d/2⌋ components coming from the rank of SO(d).) The regime θ⃗ = βΩ⃗ with
fixed Ω⃗ is captured by thermal EFT as discussed in [14, 16, 17, 20, 21]. However, when θ⃗

does not scale to zero as β → 0, the naïve EFT description breaks down.
A simple example of a partition function with finite θ⃗ is (1.2): the relative density of

even-spin and odd-spin operators with respect to some particular Cartan generator J of
the rotation group. This observable is naïvely outside the regime of validity of the thermal
EFT, since θ remains finite as β → 0.

More generally, we can consider a partition function that includes a rotation by finite
rational angles in each of the Cartan directions:2

Tr
[
e−β(H−iΩ⃗·J⃗)R

]
, where R = e

2πi

(
p1
q1

J1+···+ pn
qn

Jn

)
. (1.3)

1Modular invariance on higher genus surfaces also leads to universal results for OPE coefficients in 2d
CFTs, as derived in [6–10], and unified in [11].

2In parity-invariant theories, we can also include reflections.
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Figure 1. A qualitative picture of log(log(Z)) in the 3d Ising CFT, where Z = Tr(e−βH+iθJ ) is the
S2×S1 partition function. To construct this picture, we took the leading terms in the EFT description
around each rational angle (up to denominator 15), and combined them with a root-mean-square. We
give more detail in appendix A.

Using a trick that was applied in [22] to study superconformal indices near roots of unity, we
will find a different EFT description for this partition function, in terms of the thermal EFT
on a background geometry with inverse temperature qβ and spatial manifold Sd−1/Zq, where
q = lcm(q1, . . . , qn). This determines the small-β expansion of (1.3) in terms of the usual
Wilson coefficients of thermal EFT, up to new subleading contributions from “Kaluza-Klein
vortices” that we classify. For example, the effective free energy density of (1.3), coming from
the leading term in the thermal effective action, is smaller than the usual free energy density
by a factor of 1/qd. In particular, the effective free energy density of even-spin minus odd-spin
operators described by (1.2) is smaller by 1/2d. (This generalizes the factor of 1/4 in 2d.)3

The EFT descriptions around each rational angle patch together to create fractal-like
behavior in the high-temperature partition function — see figure 1 for an illustration in the
3d Ising CFT. It is remarkable that effective field theory constrains the asymptotics of the
partition function in such an intricate way, even in higher dimensions.

Kaluza-Klein vortices appear whenever the rational rotation R does not act freely on
the sphere Sd−1. Each vortex creates a defect in the thermal EFT, whose action can be
written systematically in a derivative expansion in background fields. By contrast, when R

generates a group that acts freely, no vortex defects are present, and the complete perturbative
expansion of (1.3) in β is determined in terms of thermal EFT Wilson coefficients, with
no new undetermined parameters.

While most of our discussion and examples are focused on CFTs, our formalism also
applies to general QFTs. In particular, using thermal effective field theory, we derive a relation
between the partition function at temperature T with a discrete isometry of order q inserted,

3Note that simply taking the density of states computed in [17] and inserting the phase R into the trace
will not give the correct answer to the partition function. For a demonstration of this in 2d, see appendix B
of [5].
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to the partition function with no insertion at temperature T/q, in the thermodynamic limit.4
For example, we have

− log TrH(ML)
[
e−βHR

]
∼ −1

q
log TrH(ML)

[
e−qβH

]
+ topological + KK defects

(as L→ ∞). (1.4)

Here, ML is a spatial manifold of characteristic size L, with associated Hilbert space H(ML),
R is a discrete isometry of order q, and “∼” denotes agreement to all perturbative orders
in 1/L. The relation (1.4) holds whenever the theory is gapped at inverse temperature qβ.
We write the most general relation in (2.28), which we check in both massive and massless
examples. An interesting consequence of this simple formula is that twists by discrete
isometries can be sensitive to lower-temperature phases of the theory. For example, the
partition function of QCD at temperature T > ΛQCD, twisted by a discrete isometry with
order q, becomes sensitive to physics below the confinement scale when T/q < ΛQCD.

This universality of partition functions with spacetime symmetry insertions is in contrast
to the case for global symmetry insertions. The insertion of a global symmetry generator
operator is equivalent to turning on a new background field in the thermal EFT. The
dependence of the effective action on this background field introduces new Wilson coefficients
that are not necessarily related in a simple way to the Wilson coefficients without the global
symmetry background, see e.g. [23–25].

The paper is organized as follows. In section 2, we present a derivation of our main
result: a systematic study of the high temperature expansion of the partition function of
any quantum field theory with the insertion of a discrete isometry. In section 3, we look in
more detail at the Kaluza-Klein vortices that appear on Sd−1 when the discrete isometry
(which is a rational rotation in this case) has fixed points. In section 4, we discuss subtleties
that appear for fermionic theories. In section 5, we give several examples in free theories
that illustrate our general results. In section 6, we consider thermal effective actions with
topological terms. In section 7, we apply our results to holographic CFTs. In section 8, we
look at irrational θ. In section 9, we discuss non-perturbative corrections in temperature.
Finally in section 10, we conclude and discuss future directions.

2 Folding and unfolding the partition function

2.1 Thermal effective action and finite velocities

Equilibrium correlators of generic interacting QFTs at finite temperature are expected to have
a finite correlation length. Equivalently, the dimensional reduction of a generic interacting
QFT on a Euclidean circle is expected to be gapped. When this is the case, long-distance
finite-temperature observables of the QFT can be captured by a local “thermal effective
action” of background fields [14, 20, 21]. For example, consider the partition function of a
QFTd on ML × S1

β , where the spatial d−1-manifold ML has size L. In the thermodynamic

4We are extremely grateful to Luca Delacretaz for emphasizing the general QFT case to us.
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limit of large L, we have

TrH(ML)[e−βHL ] = ZQFT[ML × S1
β ]

= Zgapped[ML]
∼ e−Sth[g,A,ϕ] + nonperturbative in 1/L (L→ ∞), (2.1)

where H(ML) is the Hilbert space of states on ML, and HL is the Hamiltonian. Here,
the thermal effective action Sth depends on a d−1-dimensional metric gij , a Kaluza-Klein
gauge field Ai, and a dilaton ϕ, which can be obtained by placing the d-dimensional metric
in Kaluza-Klein (KK) form

Gµνdx
µdxν = gij(x⃗)dxidxj + e2ϕ(x⃗)(dτ +Ai(x⃗))2, (2.2)

where τ ∼ τ + β is a periodic coordinate along the thermal circle. The derivative expansion
for Sth becomes an expansion in inverse powers of the length L.

If the spatial manifold ML possesses a continuous isometry ξ, then we can additionally
twist the partition function by the corresponding charge Qξ:

TrH(ML)
[
e−β(HL−iαQξ)

]
. (2.3)

Geometrically, this twist corresponds to a deformation of the background fields g,A, ϕ that
depends on αξ. In the thermodynamic limit, we can describe (2.3) using the thermal effective
action, provided that the background fields g,A, ϕ remain finite as L → ∞. In particular,
the combination αξ must remain finite as L→ ∞. The physical reason is that iα represents
the velocity of the system in the direction of ξ in the canonical ensemble. This velocity must
remain finite in order to have a good thermodynamic limit.

By contrast, suppose that ML possesses a nontrivial discrete isometry R with finite
order Rq = 1. If we twist the partition function by R,

TrH(ML)
[
e−βHR

]
, (2.4)

then physically this corresponds to a system whose “velocity” is of order L. The background
fields g,A, ϕ naïvely do not have a good thermodynamic limit, and we cannot apply the
thermal effective action in an obvious way.

2.1.1 Example: CFT partition function

An important example for us is the partition function of a CFTd on Sd−1 × S1
β. Conformal

invariance dictates that

Tr
[
e−β(H−iΩ⃗·J⃗)

]
= TrH(Sd−1

L )

[
e−Lβ(HL−iΩ⃗·J⃗L)

]
. (2.5)

On the left-hand side, we have the usual partition function of the CFT on a sphere of radius 1.
On the right-hand side, HL denotes the Hamiltonian on a sphere Sd−1

L of radius L, and J⃗L are
generators of isometries of the sphere, normalized so that the corresponding Killing vectors
are finite in the flat-space limit L → ∞. (For example, for a rotation of the sphere by an
angle ϕ, a Killing vector with a finite flat-space limit is 1

L
∂

∂ϕ .)
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When β is small, we can set L = O(1/β) on the right-hand side and try to apply the
thermal effective action (2.1). We find that in order to have a good thermodynamic limit
as β → 0, the angular potentials Ω⃗ must remain finite. Phrased in terms of the rotation
angle θ⃗ = βΩ⃗, we find that θ⃗ must scale to zero as β → 0. Provided this is the case, the
1/L expansion of the thermal effective action gives an expansion in small β for the CFT
partition function.

We can also understand condition θ⃗ → 0 more explicitly from a direct computation
using the thermal effective action. In a CFT, the thermal effective action is constrained
by d-dimensional Weyl invariance. The most general coordinate- and Weyl-invariant action
takes the form5,6

Sth =
∫
dd−1x⃗

βd−1
√
ĝ
(
−f + c1β

2R̂+ c2β
2F 2 + . . .

)
+ Sanom. (2.6)

Here ĝ = e−2ϕg, R̂ is the Ricci scalar built from ĝ, F 2 is a Maxwell term, etc. The term
Sanom accounts for Weyl anomalies (which are not important for the present discussion).

On the geometry Sd−1 × S1
β, we can easily determine g,A, ϕ and evaluate Sth [17]:

Sth = volSd−1∏n
i=1(1 + Ω2

i )

[
−fT d−1 + (d− 2)

(
(d− 1)c1 +

(
2c1 +

8
d
c2

) n∑
i=1

Ω2
i

)
T d−3 + . . .

]
.

(2.7)

We see that terms of order T d−1−k = βk−d+1 in the high-temperature expansion of Sth
are multiplied by a polynomial in the angular potentials Ωi of degree k (see e.g. examples
in [26]). Consequently, θi → 0 as β → 0 is necessary for the high-temperature expansion
to be well-behaved.

To summarize, the thermal effective action can describe “small” angles θ ∼ βΩ, where
the angular velocity remains finite in the thermodynamic limit. However, results from the
thermal effective action like (2.7) break down outside this regime. How can we access more
general angles?

2.2 Spin-refined partition functions: warm-up in 2d CFT

As a warm-up, in 2d CFT, we can compute partition functions at more general angles using
modular invariance. Let us review how this works and derive some example results. For
convenience, we write the partition function as:

Z(τ, τ) = Tr
[
e2πiτ(L0− c

24)−2πiτ(L0− c
24)
]
, (2.8)

where τ = iβ
2π + θ

2π and τ = τ∗.7 The high temperature behavior of Z(τ, τ) at small angles
can be obtained by performing the modular transformation τ → −1/τ (similarly for τ)

5For simplicity, here we assume that the theory is free of gravitational anomalies.
6Note that [17] worked in conventions where τ has periodicity 1, and β is absorbed into the field ϕ. In

this paper, we instead use conventions where τ has dimensionful periodicity β (later we will also have other
periodicities) so that explicit powers of β appear in the action (2.6), as required by dimensional analysis. To
convert from the conventions of [17] to the conventions in this work, one shifts the dilaton by ϕ → ϕ + log β.

7Note that in this section, τ denotes the modular parameter of the torus, while in other sections τ denotes
Euclidean time. We hope this will not cause confusion.
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and approximating by the contribution of the vacuum state. The result agrees with the
thermal effective action:

Tr
[
e−β(H−iΩJ)

]
∼ e−Sth = exp

[
volS1

(1 + Ω2)
f

β

]
= exp

[
4π2

β(1 + Ω2)
c

12

]
(CFT2), (2.9)

where f = 2πc
12 . Here, we assume cL = cR for simplicity. In this case, only the cosmological

constant term appears in the thermal effective action in 2d.
Now let us instead assume that θ

2π is close to a nonzero rational angle p
q , so that τ, τ

are very close to p
q . Following [5], we can perform a different modular transformation to

map (τ, τ) close to ±i∞ and approximate the partition function by the vacuum state in the
new channel. For example, let us study the partition function with an insertion of (−1)J

given in (1.2). In this case, we have

τ = 1
2 + βΩ

2π + iβ

2π
τ = 1

2 + βΩ
2π − iβ

2π , β ≪ 1, Ω ∼ O(1). (2.10)

Modular invariance is the statement

Z(γ ◦ τ, γ ◦ τ) = Z(τ, τ) , γ ∈ PSL(2,Z). (2.11)

An appropriate transformation in this case is

γ = ±
(
−1 0
2 −1

)
∈ PSL(2,Z), (2.12)

which leads to

Tr
[
e−β(H−iΩJ)(−1)J

]
= Tr

[
e2πiτ̃(L0− c

24)−2πiτ̃(L0− c
24)
]
∼ exp

[
1
4

4π2

β(1 + Ω2)
c

12

]
,

where τ̃ = −1
2 + πi

2β(1− iΩ) , τ̃ = τ̃∗. (2.13)

On the right-hand side, we approximated the trace by the contribution of the vacuum state in
the β → 0 limit. We find that the partition function weighted by (−1)J grows exponentially
in 1/β, with an exponent that is 1/4 of the un-weighted case (2.9).

For a general angle θ
2π close to p

q , we repeat the same logic above but with a more
complicated modular transformation, namely

γ = ±
(
−(p−1)q b

q −p

)
∈ PSL(2,Z), (2.14)

where (p−1)q is the inverse of p modulo q, and b is chosen so the matrix has determinant
1. We get

Tr
[
e−β(H−iΩJ)e2πi p

q
J
]
∼ exp

[
1
q2

4π2

β(1 + Ω2)
c

12

]
. (2.15)

– 7 –
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In general, we find that the partition function of a 2d CFT weighted by e
2πi p

q
J grows

exponentially in 1/β, with an exponent that is 1/q2 of the un-weighted case (2.9).
Because modular invariance is not available in higher dimensions, it will be useful to

rederive (2.15) in a different way. We now describe two (related) approaches that can
generalize to higher dimensions.

2.3 Folding and unfolding

Thermal EFT naively breaks down in spin-refined partition functions like (1.2) because the
large spacetime symmetry (−1)J moves us outside the thermodynamic limit. One way to
recover an EFT description is to perform a change of coordinates that makes (−1)J look
more like a global symmetry.

For example, consider a spin-refined partition function of a 2d QFT (not necessarily
conformal) on S1

L × S1
β,

Tr
[
e−βH(−1)J

]
, (2.16)

where (−1)J denotes a rotation of the spatial circle S1
L by π. We can reinterpret one copy of

the QFT on S1
L ×S1

β as two copies of the QFT on (S1
L/Z2)×S1

β , with topological defects that
glue the two copies to each other, see the middle of figure 2. In this picture, the operator
(−1)J becomes a topological defect that simply permutes the two copies of the QFT as
we move along the time direction. If we begin in one copy of the QFT and move by β in
Euclidean time, we pass once through the (−1)J defect and go to the other copy. Moving by
β again, we pass through the (−1)J defect again and end up in the first copy. Thus, inserting
(−1)J into the partition function creates a new effective thermal circle of length 2β.

This reinterpretation of the path integral with a (−1)J insertion is illustrated in figure 2.
One wrinkle (that is clear in the figure) is that the effective thermal S1

2β is nontrivially
fibered over the spatial circle S1

L/Z2: when we go once around the new spatial circle, the
S1

2β shifts by β.
So far, we have considered a rotation angle of π. However, it is straightforward to study

nearby rotation angles of the form θ = π + βΩ. On the left-hand side of figure 2, we simply
insert an additional topological operator along the spatial cycle that implements the small
rotation eiβΩJ . Following the manipulations in the figure, we end up with a product of two
such operators on the new spatial cycle S1

L/Z2, which together implement a rotation of 2βΩ.
The advantage of this rewriting of the path integral is that we can now smoothly take

the thermodynamic limit L→ ∞ and use the thermal effective action. The effective inverse
temperature is 2β, the rotation angle is 2βΩ, and the effective spatial cycle is S1

L/Z2.
In fact, the above construction is straightforward to generalize to twists by any ra-

tional angle:

Tr
[
e
−β(H−iΩJ)+2πi p

q
J
]
. (2.17)

We interpret (2.17) as the partition function of q copies of the QFT on the space S1
L/Zq, with

appropriate topological defects that glue the copies together. The operator e2πi p
q

J becomes a
topological defect that permutes the copies of the QFT as we move around the Euclidean

– 8 –
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L

β 2β

L/2

=⇒ =⇒

Figure 2. Left: The torus partition function with spatial cycle of length L, inverse temperature
β, and an insertion of (−1)J . The (−1)J insertion means we must glue the top and bottom of the
figure with a half shift around the spatial circle. We split the figure into a left and right half using
the trivial defect (vertical dashed line), and for convenience we color the right half grey. Middle:
Placing the black and grey rectangles on top of each other, we can interpret this same observable
as the partition function of two copies of the QFT (black and grey) on an (L/2)× β rectangle, with
boundary conditions inherited from the left figure. Right: Finally, we can re-stack the two copies
of the QFT, resulting in a single copy of the QFT with a new spatial circle of length L/2 and an
effective thermal circle of length 2β. Note that the effective thermal circle is nontrivially fibered over
the new spatial circle.

time circle. This creates an effective thermal circle S1
qβ, which is fibered over S1

L/Zq. We
can now apply thermal EFT on S1

L/Zq.

2.3.1 Example: 2d CFT

As an example application, we can recover our previous answer for the spin-refined partition
function of a 2d CFT. For a twist by (−1)J , we find

Tr
[
e−β(H−iΩJ)(−1)J

]
∼ e−Sth[S1/Z2×S1

2β ] = exp
[
2πc
12

vol(S1/Z2)
2β(1 + Ω2)

]
= exp

[
1
4

4π2

β(1 + Ω2)
c

12

]
.

(2.18)

In the action, we obtain one factor of 1
2 from the smaller spatial cycle S1/Z2, and another

factor of 1
2 from the larger thermal circle, resulting in an overalll factor of 1

4 that agrees
with the result from modular invariance (2.13).8

More generally, for a twist by 2πp
q , the thermal effective action gives

Tr
[
e−β(H−iΩJ)e

2πip
q

J
]
∼ e−Sth[S1/Zq×S1

qβ ] = exp
[
2πc
12

vol(S1/Zq)
qβ(1 + Ω2)

]
= exp

[
1
q2

4π2

β(1 + Ω2)
c

12

]
.

(2.19)
8The fact that the thermal circle is nontrivially fibered plays no role here because the thermal effective

action is the integral of a local coordinate-invariant quantity that does not detect global features of the
bundle. In a theory with a gravitational anomaly, the thermal effective action would contain an additional
1-dimensional Chern-Simons for the Kaluza-Klein gauge field, which can detect the nontrivial topological
structure of the thermal circle bundle, see section 6. The nontrivial topology also enters into nonperturbative
corrections, see section 9.
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We find that the effective free energy at high temperature for the spin-refined partition
function (2.17) is down by a factor of q2, in agreement with (2.15). Note that the precise
permutation of the copies of the CFT implemented by e

2πi p
q

J depends on p, but the length
of the resulting thermal circle does not. Consequently the partition function is independent
of p, up to nonperturbative corrections as β → 0.9

2.3.2 Higher dimensions

The above construction works for d > 2 as well, and on more general geometries. Consider a
QFTd on any (d−1)-dimensional spatial manifold ML with a discrete isometry R of finite
order Rq = 1. Again, we can reinterpret one copy of the QFT on ML × S1

β as q copies of
the QFT on (ML/Zq)× S1

β, with topological defects that glue the copies to each other. In
this picture, R is represented as a topological defect that simply permutes the q copies of the
QFT as we move along the time direction, creating an effective inverse temperature qβ.

2.4 The EFT bundle

Before exploring further consequences of this idea, it will be helpful to adopt a more abstract,
geometrical perspective on this construction. Consider again a d-dimensional QFT with
spatial manifold ML. Given an isometry U ∈ Iso(ML), the partition function twisted by U ,10

TrH(ML)
[
e−βHU

]
, (2.20)

is computed by the path integral of the CFT on the mapping torus

Mβ,U ≡ (ML × R)/Z, (2.21)

where Z = ⟨h⟩ is generated by

h : ML × R → ML × R,
h : (x⃗, τ) 7→ (Ux⃗, τ + β), (2.22)

where x⃗ is a coordinate on ML.
Now let us specialize to U = R, where R has order q. In this case, the q-th power of

h acts very simply: it leaves ML invariant, and shifts τ by qβ:

hq : (x⃗, τ) 7→ (x⃗, τ + qβ). (2.23)

Consequently, it is useful to decompose Z ∼= qZ × Zq = ⟨hq⟩ × (⟨h⟩/⟨hq⟩), and obtain the
mapping torus Mβ,R via two successive quotients. We first quotient by qZ ∼= ⟨hq⟩ (which
turns R into S1

qβ), and then quotient by Zq = ⟨h⟩/⟨hq⟩:

Mβ,R = ((ML × R)/qZ)/Zq = (ML × S1
qβ)/Zq. (2.24)

9There is p-dependence if the theory is fermionic (see section 4) or has a gravitational anomaly (see
section 6).

10Here, we abuse notation and write U for both the isometry and the operator implementing its action on
the Hilbert space H(ML).
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The quotient (ML × S1
qβ)/Zq on the right-hand side of (2.24) can be viewed as a bundle

in two different ways. Firstly, it is a ML-bundle over S1
qβ/Zq

∼= S1
β. This is the usual point

of view of the trace as a spatial manifold evolving over Euclidean time β. However, we
can alternatively view (ML × S1

qβ)/Zq as an S1
qβ bundle over ML/Zq. We call this latter

description the “EFT bundle.” In section 2.3, the EFT bundle was a nontrivial S1
qβ bundle

over S1
L/Zq. As we saw, the virtue of the EFT bundle is that the thermodynamic limit

L → ∞ is straightforward: we can dimensionally reduce along the effective thermal circle
S1

qβ without leaving the thermodynamic limit. The theory is then described by thermal EFT
with effective inverse temperature qβ and spatial cycle ML/Zq.

Suppose for the moment that the action of R on ML is free, so that ML/Zq is smooth.
(This is the case, for example, for a rational rotation of the spatial circle in 2d.) For any
term in the thermal effective action that is the integral of a local density, the effect of the
quotient by Zq is simply to multiply its contribution by 1/q. Thus, we conclude

− log Tr
[
e−βHR

]
∼ −1

q
log Tr

[
e−qβH

]
+ topological (if the R action is free). (2.25)

Here, “∼” denotes agreement to all perturbative orders in the 1/L expansion. The term
“topological” indicates potential contributions from a finite number of terms capable of
detecting the topology of the EFT bundle, which cannot be written as the integral of a local
gauge/coordinate-invariant density. We discuss such terms in section 6.

Let us pause to note that the result (2.25) really only requires that the theory be gapped
at inverse temperature qβ (not necessarily at inverse temperature β), since we only use
locality of the thermal effective action on the right-hand side.

2.4.1 Adding “small” isometries

Just as before, we can also consider inserting into the trace an additional “small” isometry
U = eiβ(αQξ), where ξ is a Killing vector on ML, Qξ is its corresponding charge, and α is
the corresponding thermodynamic potential. We will be mainly interested in the case where
U commutes with the discrete isometry R, so we assume this henceforth. The insertion
of U can be thought of as a topological defect that wraps ML. Consequently, the defect
wraps q times around the base of the EFT bundle ML/Zq, resulting in an effective rotation
U q. We conclude that

− log Tr [gR] ∼ −1
q
log Tr [gq] + topological (if the R action is free), (2.26)

where g = e−βHU .
In fact, this argument applies to any global symmetry element V as well, so (2.26) holds

when g is multiplied by a global symmetry group element: g = e−βHUV . We can think of
V as implementing a nontrivial flat connection for a background gauge field coupled to the
global symmetry. In this case, the “topological” terms in (2.26) could include contributions
from nontrivial topology of this connection.
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We can also understand the insertion of “small” isometries geometrically. Again, the idea
is to view the mapping torus Mβ,UR as the result of two successive quotients

Mβ,UR = ((ML × R)/⟨hq⟩)/Zq =Mqβ,Uq/Zq,

where h : (x⃗, τ) 7→ (UR x⃗, τ + β), (2.27)

where Zq = ⟨h⟩/⟨hq⟩, and we have used (UR)q = U q. On the right-hand side, we have
the mapping torus Mqβ,Uq which is described by the thermal effective action at inverse
temperature qβ, with small isometries U q turned on. The effect of the Zq quotient is to
multiply the contribution of any integral of a local density by 1/q. This again leads to (2.26).11

The work [22] uses similar ideas to characterize superconformal indices of 4d CFTs near
roots of unity. Our novel contribution is to apply these ideas in not-necessarily-supersymmetric,
not-necessarily-conformal theories, on general spatial geometries, and also to describe the
effects of Kaluza-Klein vortices (see below), which do not appear in superconformal indices.

2.4.2 Non-free actions and Kaluza-Klein vortex defects

What happens if the action of R is not free? For example, in a 3d QFT on S2 × S1
β, the

action of (−1)J (where J is the Cartan generator of the rotation group) has fixed points
at the north and south poles of S2. In this case, the EFT bundle degenerates at the fixed
loci of nontrivial elements of Zq, namely R, . . . , Rq−1 ∈ Zq. After dimensional reduction,
these degeneration loci becomes defects Di (with i labelling the set of defects) in the d− 1
dimensional thermal effective theory. We call them “Kaluza-Klein vortex defects” because
the KK gauge field A has nontrivial holonomy around them, as we explain in section 3.1.

Each defect Di contributes to the partition function a coordinate-invariant effective
action SDi of the background fields g,A, ϕ in the infinitesimal neighborhood of Di. We then
have the more general result

− log Tr [gR] ∼ −1
q
log Tr [gq] + topological +

∑
Di

SDi . (2.28)

We conjecture that for generic interacting QFTs, the KK vortex defects will be gapped. (In
fact, in this work, we will study several examples of free theories where the appropriate
defects are still gapped.) In this case, each SDi will be a local functional of g,A, ϕ.

In CFTs, the defect actions SDi are additionally constrained by Weyl-invariance, just
like the bulk terms in the thermal effective action. We will determine the explicit form of
SD :=∑

Di
SDi in CFTs later in section 3. For now, we simply note that the leading term in

the derivative expansion of SDi in a CFT is a cosmological constant localized on Di:12

SDi = aDi

∫
Di

dniy

(qβ)ni

√
ĝ|Di + higher derivatives. (2.29)

Here, we assume that Di is ni-dimensional, y are coordinates on the defect, and ĝ|Di denotes
the pullback of ĝ = e−2ϕg to Di. This term behaves like β−ni as β → 0. In the case ni = 0, i.e.

11When U and R don’t commute, the same logic works but we have Mqβ,(UR)q /Zq on the right-hand side
of (2.27). We can still use thermal EFT, since (UR)q is O(β) close to the identity.

12SDi itself can also have topological terms; if the topological term has no derivatives (i.e. the Wilson line
of the KK photon), it will contribute at the same order in β as the defect cosmological constant.
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when Di is point-like (for example the north/south poles of S2), the “cosmological constant”
becomes simply a constant.

2.4.3 Example: CFT in general d

As an example application, consider a d-dimensional CFT on Sd−1 × S1
β. Although our

discussion so far has been somewhat abstract, and we have used only basic geometry and
principles of EFT, our conclusion (2.28) makes powerful predictions about CFT spectra. For
example, to leading order as β → 0, the defect term SD does not contribute, so very generally
we obtain a higher dimensional generalization of (2.19),

log Tr[e−β(H−iΩ⃗·J⃗)R] ∼ 1
qd

volSd−1∏n
i=1(1 + Ω2

i )
f

βd−1 + . . . , (2.30)

valid for any element R of the Cartan subgroup of SO(d) with order q. For example, the
relative density of even- and odd-spin operators (with respect to any Cartan generator) grows
exponentially at a rate precisely 1/2d times the rate for the un-weighted density of states.

Unlike in d = 2, the thermal effective action in d > 2 can have more than just a
cosmological constant term. Consequently, the “. . .” in (2.30) includes higher-derivative
corrections (in addition to possible vortex defect contributions). However, these higher-
derivative corrections can be predicted in the same way: they differ from the un-spin-refined
case by replacing β → qβ and multiplying by 1/q to account for the smaller spatial manifold.

The results (2.30) and (2.28) display an important difference between partition functions
weighted by spacetime symmetries and partition functions weighted by global symmetries. If
we replace R with a global symmetry element, this corresponds to turning on new background
gauge fields in the thermal effective action, whose contributions are captured by Wilson
coefficients that are not active when the global symmetry generators are turned off. For
example, the density of states weighted by a global symmetry generator U is controlled
by a U -dependent free energy density fU with no (obvious) relation to f when U ̸= 1 (see
e.g. [24, 25]). By contrast, the density of states weighted by different discrete spacetime
symmetries are all controlled by the same f (and the same higher Wilson coefficients like
c1, c2, . . . ), in a predictable way.

Finally, let us describe the possible discrete rotations R for which (2.30) applies. Let
us write R = eiθ⃗·J⃗ . In order for R to have finite order q, we must have θ⃗ = 2π(p1

q1
, . . . , pn

qn
),

where the pi/qi are rational numbers (which we assume are in reduced form, so that pi and
qi are relatively prime). The order of R is q = lcm(q1, . . . , qn).

When d is even, the action of Zq is free if all qi = q. In this case, the quotient Sd−1/Zq

is a lens space L(q; p1, . . . , pn), and there are no vortex defects D. If instead there exists at
least one qi ̸= q, then the group element Rqi will have a fixed locus S2k−1, where k is the
number of qj ’s such that qj |qi, and there will be a corresponding defect D at this location (or
rather its image after quotienting by Zq). Note that it is possible for fixed loci to intersect,
creating higher codimension defects. For example, if θ⃗ = 2π(1, 1

2 ,
1
3), the element R2 has

a fixed S3, the element R3 has its own fixed S3, and the two S3’s intersect along an S1.
Quotienting by Z6, we obtain a defect localized on S3/Z3 ⊂ S5/Z6, a defect localized on
S3/Z2 ⊂ S5/Z6, and they intersect along an S1 ∈ S5/Z6. In this case, the thermal effective
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action will include terms localized on the defects and their intersection. When d is odd,
any element of SO(d) necessarily has a nontrivial fixed locus, since there is a direction left
invariant by the Cartan generators.

If the theory has a reflection symmetry, then we can more generally consider R ∈ O(d).
The above arguments continue to hold, essentially unmodified. When R includes a reflection,
the base of the EFT bundle Sd−1/Zq can be non-orientable. For example, if we take R to be
the parity operator R : n⃗ → −n⃗, then Sd−1/Z2 = RPd−1, which is non-orientable in odd d.
Note that the parity operator acts freely, so in this case we can apply (2.26).

3 Kaluza-Klein vortex defects

In this section, we explore the form of the defect action SD that contributes whenever the
group generated by the discrete rotation R does not act freely. For simplicity, we will restrict
our attention to CFT’s in d-dimensions on a spatial sphere Sd−1.

3.1 Background fields and EFT gauge

As before, we wish to compute the partition function of a CFT on the geometry Mqβ,Uq/Zq,
where the mapping torus in the numerator is Mqβ,Uq = (Sd−1 × R)/⟨hq⟩, the group in the
denominator is Zq = ⟨h⟩/⟨hq⟩, and the action of h is given by

h : (n⃗, τ) 7→ (URn⃗, τ + β) =
(
e

i
( 2πpa

qa
+βΩa

)
Ja

n⃗, τ + β

)
. (3.1)

First, let us be more precise about the form of the background fields in this geometry.
Following [17], we use radius-angle coordinates on the sphere Sd−1. These are given by a
pair of radius and angle {ra, θa} for each orthogonal 2-plane (a = 1, . . . , n = ⌊d

2⌋). If d is
odd, we have an additional radial coordinate rn+1. Together, the radii satisfy the constraint∑n+ϵ

a=1 r
2
a = 1, where ϵ = 0 in even d and ϵ = 1 in odd d.

To write the metric on Mqβ,Uq in Kaluza-Klein form, we switch to co-rotating coordinates

φa ≡ θa − Ωaτ, (3.2)

where τ is the coordinate on R. In co-rotating coordinates, the action of h simplifies to

h : (ra, φa, τ) 7→
(
ra, φa + 2πpa

qa
, τ + β

)
. (3.3)

In particular hq, becomes simply a shift hq : τ 7→ τ + qβ. Thus, quotienting by ⟨hq⟩ to
obtain Mqβ,Uq makes τ periodic with period qβ.

The metric of Mqβ,Uq in co-rotating coordinates takes the Kaluza-Klein form

ds2 = g + e2ϕ(dτ +A)2, (3.4)
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where the fields g,A, ϕ are given by [17]

e2ϕ = 1 +
n∑

a=1
r2

aΩ2
a, (3.5)

A =
n∑

a=1

r2
aΩa

1 +∑b r
2
bΩ2

b

dφa, (3.6)

g =
n+ϵ∑
a=1

dr2
a +

n∑
a,b=1

(
rarbδab −

r2
ar

2
bΩaΩb

1 +∑n
c=1 r

2
cΩ2

c

)
dφadφb. (3.7)

The metric of the EFT bundle Mqβ,Uq/Zq is locally the same as (3.4). Consequently, we
can choose a local trivialization of the EFT bundle such that the fields g,A, ϕ are identical
to (3.5) in each patch. However, such a local trivialization will have nontrivial transition
functions between patches that contribute to holonomies of the Kaluza-Klein connection
along various cycles (including around the defect locus).

If we like, we can perform a gauge transformation that makes the transition functions
trivial, at the cost of introducing new contributions to A. We refer to such a gauge as “EFT
gauge” because it will be convenient for discussing the EFT limit of the CFT on this geometry.
In EFT gauge, the curvature F = dA has δ-function type singularities at the fixed-loci of
R whose coefficients reflect the topology of the EFT bundle.

3.1.1 Example: 2d CFT

Let us illustrate these ideas with an example. Consider a 2d CFT, where the action of h
is given by h : (φ, τ) 7→ (φ + 2πp

q , τ + β). The metric on Mqβ,Uq is

ds2 = dτ2 + dθ2 = dτ2 + (dφ+Ωdτ)2

= (1− Ω2

1+Ω2 )dφ2︸ ︷︷ ︸
g

+(1 + Ω2)︸ ︷︷ ︸
e2ϕ

(dτ + Ω
1+Ω2dφ︸ ︷︷ ︸

A

)2. (3.8)

To choose a local trivialization of the EFT bundle, we first specify two intervals in the
φ coordinate:

I1 = {φ : 0 < φ < 2π
q }, I2 = {φ : −ϵ < φ < ϵ}, (3.9)

with 0 < ϵ < π
q . We denote their images in S1/Zq by U1 and U2, respectively. Together U1

and U2 cover the quotient space S1/Zq, see figure 3.
The bundle projection π :Mqβ,Uq/⟨h⟩ → S1/Zq acts by π : [(φ, τ)] 7→ [φ], where [(φ, τ)]

denotes an equivalence class modulo the action of h, and [φ] denotes an equivalence class
modulo 2πp

q . Over each open set U1, U2, we must define trivialization maps

ϕUi : π−1(Ui) → Ui × S1
qβ . (3.10)

We choose them as follows. Given p ∈ π−1(Ui), thought of as an equivalence class modulo
⟨h⟩, let (φ, τ) be a representative of the equivalence class such that φ is contained in Ii.
Then we define

ϕUi(p) = ([φ], τ). (3.11)
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( )( )
I1I2

−ϵ 0 ϵ 2π
q

( )) (
U1

U2

S1

S1/Zq

φ ∈

[φ] ∈

Figure 3. The open intervals I1 and I2 are subsets of S1. Their images under the quotient map
S1 → S1/Zq are U1 and U2, respectively, which together cover S1/Zq. We can choose a gauge where
the KK fields g,A, ϕ are given by (3.8) in each of U1 and U2. However, in this gauge, there will be a
nontrivial transition function between U1 and U2.

Note that τ is well-defined modulo qβ because the only elements of ⟨h⟩ that map the Ii to
themselves are powers of hq. With this local trivialization, the fields g,A, ϕ are given by (3.8)
in each patch. In particular, we have A = Ω

1+Ω2dφ in both patches.
However, the data of the Kaluza-Klein connection includes both the value of A in each

patch, as well as the transition functions between patches. We must also determine these
transition functions.

There are two overlap regions to consider. The first is (0, ϵ). In this region, the transition
function is trivial. The second overlap region is the image of (−ϵ, 0) ⊂ I2 in S1/Zq, which
coincides with the image of (2π

q − ϵ, 2π
q ) ⊂ I1 in S1/Zq. Note that (φ, τ) for φ ∈ (−ϵ, 0) is

equivalent modulo ⟨h⟩ to (φ+ 2π
q , τ + (p−1)qβ), where φ+ 2π

q ∈ (2π
q − ϵ, 2π

q ). Here, (p−1)q

denotes the inverse of p mod q, i.e. it satisfies p(p−1)q = qn+ 1 for some integer n. Thus,
the transition function in this second overlap region is

ϕU2 ◦ ϕ−1
U1

: ([φ], τ) 7→ ([φ], τ − (p−1)qβ). (3.12)

The holonomy of the connection gets a nontrivial contribution from the transition functions:13

−
∮
A = −2π

q

Ω
1 + Ω2 − (p−1)qβ. (3.13)

(The holonomy is an example of the “topological” terms discussed in section 6 which can
contribute in the thermal effective action, but are not the integral of a local gauge/coordinate
invariant density.)

To go to EFT gauge, we perform a gauge transformation (i.e. a φ-dependent redefinition
of τ) that trivializes the transition functions. One possible choice is

τ ′ = τ − (p−1)q β
⌊

φ
2π/q

⌋
. (3.14)

Note that the function
⌊

φ
2π/q

⌋
is multi-valued on the entire circle S1, but there is no problem

defining it inside the intervals I1, I2 where we perform the gauge transformation. In terms of
τ ′, the transition functions are now trivial in both overlap regions. (A quick way to see why

13The parallel transport equation is dτ + A = 0, so the holonomy of τ is computed by −
∮

A.
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is to note that τ ′ is invariant under the h-action (3.3).) The gauge field becomes

A′ = A+ dτ − dτ ′ = Ω
1 + Ω2dφ+ (p−1)qβ δ(φ)dφ (EFT gauge). (3.15)

The holonomy − ∮ A′ is still given by (3.13), but that is now manifest in the local expression
for the gauge field (3.15).

3.1.2 Example: 3d CFT

Now consider the same setup in a 3d CFT. The metric on S2 is

ds2
S2 = dr2

1 + dr2
2 + r2

1 dφ
2 (r2

1 + r2
2 = 1). (3.16)

Essentially all of the above discussion goes through un-modified, with the radii r1, r2 coming
along for the ride. We can again go to EFT gauge, and the gauge field (3.15) now gets
interpreted as a gauge field on S2. This time, A has δ-function-localized curvature at the
north and south poles:

dA = ∓(p−1)qβδ(n⃗, n⃗±)d2n⃗+ nonsingular, (3.17)

where δ(n⃗, n⃗′) represents a δ-function on S2, and n⃗± are the north/south poles.

3.1.3 EFT gauge in general

More generally, we go to EFT gauge as follows. First choose a fundamental domain F for
the quotient map Sd−1 → Sd−1/Zq. Define an integer valued function k(n⃗) by

k(n⃗) = 0 if n⃗ ∈ F,

k(Rn⃗) = 1 + k(n⃗). (3.18)

In words, k(n⃗) counts the power of R needed to move from somewhere in F to n⃗. Again,
k(n⃗) is multi-valued if we try to define it on the entire sphere, but we only need to define it
inside a collection of open sets that cover Sd−1/Zq. For example, in the 2d case considered
above, we had k(φ) = (p−1)q⌊ φ

2π/q ⌋.
Finally, we define

τ ′ ≡ τ − βk(n⃗(ra, φa)). (3.19)

In the coordinates (ra, φa, τ
′), h acts simply by shifting angles φa:

h : (ra, φa, τ
′) 7→

(
ra, φa + 2πpa

qa
, τ ′
)
. (3.20)

Consequently, a local trivialization of the EFT bundle defined using the τ ′ coordinate has
trivial transition functions. The gauge field is given by

A′ = A+ dτ − dτ ′ =
n∑

a=1

r2
aΩa

1 +∑b r
2
bΩ2

b

dφa + βdk(n⃗(ra, φa)). (3.21)

The curvature dA′ has δ-function contributions βd2k(n⃗) at the fixed loci of powers of R.
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3.2 Effective action

Following the logic of the thermal effective action, let us now equip the EFT bundle with
a more general metric G and try to write down a local action of G. We will demand that
G satisfy the following conditions:

• It possesses a circle isometry, so that it can be written in Kaluza-Klein form (3.4).

• In EFT gauge, the curvature dA is a sum of δ-function singularities of the form βd2k(n⃗),
plus something smooth on Sd−1/Zq. (This ensures that the Kaluza-Klein bundle has
the same topology as Mqβ,V q/Zq.)

• g and e2ϕ should be smooth on Sd−1/Zq.

Here, a field is “smooth on Sd−1/Zq” if it lifts to a smooth Zq-invariant field on Sd−1.
In the limit β → 0, we can separate each of the background fields into a long-wavelength

part, with wavelengths much longer than β, and a short-wavelength part, with wavelengths
comparable to (or smaller than) β. The long-wavelength parts become background fields
for the thermal EFT. Meanwhile, the short-wavelength parts become operator insertions
in that EFT.

In our case, the δ-function curvature singularities dA ∼ βd2k(n⃗) are short-wavelength.
They determine the insertion of an operator in the thermal EFT, which is described by the
defect action SD. This action is a functional of the long-wavelength parts of g,A, ϕ. As
mentioned in section 2.4.2, we will assume that the defect is gapped, so that the action
functional is local and can be organized in a derivative expansion. To construct it, we should
compute curvatures and other invariants of g,A, ϕ, and throw away δ-function singularities.
Since g and ϕ are smooth, this effectively amounts to the replacement

dA→ dÃ ≡ dA− βd2k(n⃗). (3.22)

Henceforth, we leave this replacement implicit. In other words, when we write dA in the
defect action, we mean its long-wavelength part dÃ, with δ-functions thrown away.

The defects live at singularities in the quotient space Sd−1/Zq. How should we write an
action for long wavelength fields near these singularities? Recall that the long-wavelength
parts of g,A, ϕ lift to smooth Zq-invariant fields on Sd−1. We will write SD as a functional of
these Zq-invariant lifts, integrated over the preimage of the defect locus modulo Zq, which
we denote by D̃. We also conventionally divide by q, which ensures that Wilson coefficients
of defects living at singularities with the same local structure (but possibly different global
structure) are the same.

The action should be invariant under gauge/coordinate transformations that preserve
the defect locus. For now, we ignore the possibility of nontrivial Weyl anomalies on the defect
D, and we impose that SD be Weyl-invariant as well. Consequently, it will be a functional
of A and the Weyl-invariant combination ĝ = e−2ϕg.

Consider an n-dimensional defect D whose preimage D̃ is the fixed locus of an element
Rl ∈ ⟨R⟩ with order m. Given a point p on D̃, we can choose a vielbein êa

i at p satisfying
δabê

a
i ê

b
j = ĝij , where a, b are indices for the local rotation group SO(d − 1). The group
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⟨Rl⟩ ∼= Zm acts as a subgroup of the local rotation group SO(d−1), so the êa
i can be classified

into representations of this Zm. Singlets under Zm represent directions parallel to the defect.
They are acted upon by an SO(n) ⊂ SO(d− 1) that commutes with Zm. Hence, altogether
the êa

i can be classified into representations of Zm × SO(n).
To build the defect action, we enumerate curvature tensors built from ĝ and A, in a

derivative expansion, and contract them with êa
i to build Zm × SO(n) invariants Ii with

di derivatives. The defect action is then

SD = 1
q

∫
D̃
dny

√
ĝ|

D̃

(∑
i

ai(qβ)di−nIi

)
, (3.23)

where ĝ|
D̃

denotes the pullback of ĝ to D̃, and y are coordinates on the defect. The factors
of qβ are supplied using dimensional analysis.

Finally, to evaluate the defect action on Mqβ,V q/Zq, we simply plug in the expres-
sions (3.5), (3.6), (3.7), which are precisely the Zq-lifts to Sd−1 of the long-wavelength
parts of g,A, ϕ.

In what follows, we will sometimes use the notation D to refer to both a defect on Sd−1/Zq

and the lift D̃ of the defect locus to Sd−1. We hope this will not cause confusion.

3.3 Example: point-like vortex defects in 3d CFTs

As an example, consider a 3d CFT, where R acts by the discrete rotation φ→ φ+ 2πp
q . The

action of R fixes the north and south poles of S2. Consequently, there are two point-like
vortex defects: Dp/q located at the north pole, and its orientation reversal D−p/q located
at the south pole. Let us focus on Dp/q.

Classifying the vielbein at the north pole into representations of Zq, we have basis elements
êi

+, ê
i
− with charges +p and −p, respectively. We normalize them so that ê± · (ê±)∗ = 1.

To build basic Zq-invariant curvatures, we begin with tensors ∇̂i · · · ∇̂jR̂ and ∇̂i · · · ∇̂jFkl,
where F = dA, R̂ is the curvature scalar built from ĝ, and ∇̂ denotes a covariant derivative
with respect to ĝ. We then contract their indices with êi

± in such a way that the total
Zq charge vanishes. The action at each order in a derivative expansion is a polynomial
in these basic Zq-invariants.

Note that we cannot build valid terms in the action by multiplying two Zq-charged
objects to obtain a Zq-singlet. For example, (êi

+∇̂iR̂)(êi
−∇̂iR̂) is not admissible. The reason

is that êi
+∇̂iR̂ individually vanishes, due to Zq-invariance.

Proceeding in this way, the leading invariants in a derivative expansion are

SDp/q
∋ 1, ⋆̂F, R̂, (⋆̂F )2, . . . , (3.24)

where ⋆̂F = iêk
+ê

l
−Fkl is the Hodge star of F in the metric ĝ. Concretely, the action is

SDp/q
= 1
q

(
a0,p/q + (qβ)a1,p/q⋆̂F + (qβ)2

(
a2,p/qR̂+ a3,p/q(⋆̂F )2

)
+ . . .

∣∣∣
Dp/q

)
, (3.25)

where (· · · )|Dp/q
denotes evaluation at the preimage of the defect on S2 — in this case the

north pole. We have written the Wilson coefficients as ai,p/q to emphasize that they depend
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on the rotation fraction p/q. In bosonic theories, the ai,x are periodic in x with period 1,
while in fermionic theories, they are periodic in x with period 2.

At higher orders in derivatives, we can also include laplacians ∇̂2, as well as q-th powers
of charged derivatives (ê± · ∇)q. However, note that the background fields on Mqβ,Uq given
in (3.5), (3.6), and (3.7) are invariant not only under Zq, but under the full maximal torus
SO(2). Consequently, terms involving charged derivatives (ê± · ∇)q will actually vanish on
Mqβ,Uq/Zq, and in practice we only need to keep polynomials in ∇̂2k⋆̂F and ∇̂2kR̂.

Plugging in the fields on Mqβ,Uq , we find

⋆̂F |± = ±2Ω,
R̂|± = 2 + 10Ω2, (3.26)

where (· · · )|± denotes the north/south poles of S2. Thus, summing up the contributions
from the north and south poles, the total defect contribution to Tr[e−βHUR] is

SD =
a0,p/q + a0,−p/q

q
+ 2βΩ(a1,p/q − a1,−p/q)

+ (qβ)2

q
((2 + 10Ω2)

(
a2,p/q + a2,−p/q) + 4Ω2(a3,p/q + a3,−p/q)

)
+ . . . . (3.27)

In general, the point-like defect action at each order βk is a polynomial in Ω that is even if k
is even and odd if k is odd. We will verify this structure in several examples below.

There is an important distinction between the terms (3.27) arising in the defect action SD
and the “bulk” terms (2.7). Note that the bulk terms contain poles at Ωa = ±i. Physically,
such poles arise because a great circle ra = 1 of the spinning Sd−1 approaches the speed of
light as Ωa → ±i. The measure

√
ĝ becomes singular at the great circle, and the integral over

ra cannot be deformed away from the singularity because it is at an endpoint of the integration
contour. By contrast, the defects D±p/q are located at the north and south poles of S2, where
this phenomenon does not occur, and thus their contributions do not have poles at Ω = ±i.
In general, the action of a defect D on Mqβ,V q/Zq can have poles at Ωa = ±i if and only if the
support of D intersects the great circle ra = 1. We will see an example in the next subsection.

3.4 Example: vortex defects in 4d CFTs

Consider now a 4d CFT, where R acts by discrete rotations on each of the angles φ1 → φ1+2πp1
q1

and φ2 → φ2 + 2πp2
q2

. If q1 ̸= q2, we have two 1-dimensional vortex defects D(1) and D(2).
The first defect D(1) is located at the fixed locus of Rq1 , which is given by (r1, r2) = (1, 0)
with φ1 ∈ [0, 2π

q ), where q := lcm(q1, q2). The second defect D(2) is located at the fixed locus
of Rq2 , which is given by (r1, r2) = (0, 1) with φ2 ∈ [0, 2π

q ).
Let us focus on D(1) for now. On D(1), the leading term in the effective action is a

cosmological constant
∫
dϕ1

√
ĝ|D(1) , as usual. At the first subleading order in a derivative

expansion, we have the term
∫
dφ1

√
ĝ|D(1)iêk

+ê
l
−Fkl, which can be written more simply as

∫
⋆̂F .
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The Wilson coefficients of a defect depend only on the geometry of the singularity where
the defect lives. To describe this geometry, it is helpful to introduce the co-prime integers

P1 := p1q2
(q1, q2)

, Q1 := q1
(q1, q2)

,

P2 := p2q1
(q1, q2)

, Q2 := q2
(q1, q2)

.
(3.28)

where (q1, q2) is the greatest common divisor of q1, q2. The structure of the singularity at
D(1) is determined by the action of Rq1 , which is

Rq1 : φ2 7→ φ2 +
2πP2
Q2

. (3.29)

Thus, the Wilson coefficients of D(1) should depend only on P2/Q2. However, there is a
subtlety in fermionic theories: Note that Rq1 implements a rotation by 2πp1, which is (−1)p1F

in fermionic theories. Thus, the Wilson coefficients of D(1) can additionally depend on (−1)p1

in that case. Consequently, we will write the Wilson coefficients of D(1) as ai,P2/Q2,(−1)p1 to
emphasize the data they depend on. (We will see subtleties of a similar flavor in section 4.)

Putting everything together, the action SD(1) takes the form

SD(1) =
1
q

(
a0,P2/Q2,(−1)p1

qβ

∫
dφ1

√
ĝ|D + a1,P2/Q2,(−1)p1

∫
⋆̂F + . . .

)
= 2π
q(1 + Ω2

1)

(
a0,P2/Q2,(−1)p1

qβ
+ 2a1,P2/Q2,(−1)p1Ω2 + . . .

)
, (3.30)

where in the second line, we evaluated the action in the background Mqβ,Uq/Zq. Note that
because D(1) lives on the great circle r1 = 1, its action has poles at Ω1 = ±i.

Adding similar terms for D(2), the total defect contribution to Tr[e−βHUR] is

SD = 2π
q2β

(
a0,P2/Q2,(−1)p1

1 + Ω2
1

+
a0,P1/Q1,(−1)p2

1 + Ω2
2

)
+ 4π

q

(
a1,P2/Q2,(−1)p1

Ω2
1 + Ω2

1
+ a1,P1/Q1,(−1)p2

Ω1
1 + Ω2

2

)
+ . . . ,

(3.31)

where “. . . ” represents higher-order terms in β coming from higher dimension operators
in the defect action.

4 Fermionic theories

In this section, we describe some subtleties associated with partition functions of fermionic
theories. Again, for simplicity we mostly restrict our discussion to CFTd on a spatial sphere
Sd−1, though the final conclusion (4.19) holds in a general QFT. In short, the results (2.26)
and (2.28) work in fermionic CFTs as well, but we must take care to keep track of the spin
structure of the manifold (in particular whether we have periodic or antiperiodic boundary
conditions for fermions around S1

β and S1
qβ), and we must consider the rotation R as an

element of Spin(d).
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4.1 Review of 2d

Let us first review fermionic CFTs in 2d. In 2d, we need to specify the boundary conditions
of the fermions around both the space and time circles. This defines four different fermion
partition functions:

ZR,+(τ, τ) := TrR
(
e2πiτ(L0− c

24)e−2πiτ(L0− c
24)
)

ZR,−(τ, τ) := TrR
(
(−1)F e2πiτ(L0− c

24)e−2πiτ(L0− c
24)
)

ZNS,+(τ, τ) := TrNS
(
e2πiτ(L0− c

24)e−2πiτ(L0− c
24)
)

ZNS,−(τ, τ) := TrNS
(
(−1)F e2πiτ(L0− c

24)e−2πiτ(L0− c
24)
)
. (4.1)

The partition functions in (4.1) are not independent. The partition functions ZR,+, ZNS,+,
and ZNS,− are invariant under different subgroups of SL(2,Z) and can transform into each
other. More precisely, ZR,− is invariant under all of SL(2,Z); and ZR,+, ZNS,+, and ZNS,−
are invariant under the congruence subgroups Γ0(2), Γθ, and Γ0(2) respectively, which are
defined as:

Γ0(2) =
{(

a b

c d

)
∈ SL(2,Z), c even

}

Γθ =
{(

a b

c d

)
∈ SL(2,Z), a+ b odd , c+ d odd

}

Γ0(2) =
{(

a b

c d

)
∈ SL(2,Z), b even

}
. (4.2)

Finally they transformation into each other as:

ZR,+(−1/τ,−1/τ) = ZNS,−(τ, τ),
ZNS,+(τ + 1, τ + 1) = ZNS,−(τ, τ). (4.3)

The NS sector partition function (with or without a (−1)F insertion) at low temperature is
well-approximated by the vacuum state (which is a bosonic state), with Casimir energy − c

12 :

TrNS
(
e−β(∆− c

12)
)
∼ e

βc
12 , β ≫ 1. (4.4)

The Ramond sector ground state, in contrast, has a Casimir energy of Egs − c
12 where Egs is

the Ramond ground-state energy, a non-negative number that is theory-dependent.14 Finally,
the Ramond ground-state may not necessarily be unique, so we call the degeneracy Ngs ∈ N.

TrR
(
e−β(∆− c

12)
)
∼ Ngse

−β(Egs− c
12), β ≫ 1. (4.5)

To study the high temperature behavior of the NS-sector partition function with an
arbitrary phase e2πip/qJ inserted (with 0 ≤ p/q < 2 and p, q coprime)

TrNS
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
, β ≪ 1 (4.6)

14For supersymmetric theories, Egs = c
12 , but for generic fermionic theories, Egs can be above or below or

equal to c
12 .
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we can use an SL(2,Z) transform. In particular we would like to apply a modular trans-
formation of the form (

a b

q −p

)
(4.7)

to (4.6). The result crucially depends on the parity of p, q. If p + q is odd, then we can
choose (4.7) to be in Γθ and map the partition function to the NS sector at low temperature.
However, if p+ q is even, we map the partition function to the R sector at low temperature
instead. We therefore get, for β ≪ 1 and 0 ≤ p/q < 2:

TrNS
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ e

4π2
q2β(1+Ω2)

c
12 p+ q odd, β ≪ 1,

TrNS
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ Ngse

4π2
q2β(1+Ω2)( c

12−Egs)
p+ q even, β ≪ 1. (4.8)

Equivalently we can always take 0 ≤ p
q < 1 with the insertion of a (−1)F :

TrNS
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ e

4π2
q2β(1+Ω2)

c
12 p+ q odd, β ≪ 1,

TrNS
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ Ngse

4π2
q2β(1+Ω2)( c

12−Egs)
p+ q even, β ≪ 1,

TrNS
(
(−1)F e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ e

4π2
q2β(1+Ω2)

c
12 p odd, β ≪ 1,

TrNS
(
(−1)F e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ Ngse

4π2
q2β(1+Ω2)( c

12−Egs)
p even, β ≪ 1. (4.9)

We see that in (4.9), there are two real numbers that can determine the behavior of fermionic
partition functions: the central charge c and the Ramond ground state energy Egs. Moreover,
which of the two high temperature behaviors we get ( c

12 or c
12 −Egs multiplying temperature

in the free energy) depends on the parity of p and q. We will see this exact same behavior
repeat itself for fermionic theories in higher dimensions in section 4.2.

In 2d, we can also analyze the behavior of the partition function in the Ramond sector.
This does not have a direct analog as far as we are aware in higher dimension, but we
include it for completeness. By using the same modular transformation properties discussed
earlier, we find:

TrR
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ e

4π2
q2β(1+Ω2)

c
12 q even, β ≪ 1,

TrR
(
e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
∼ Ngse

4π2
q2β(1+Ω2)( c

12−Egs)
q odd, β ≪ 1,

TrR
(
(−1)F e−β[(∆− c

12)−iΩJ]e2πiJp/q
)
≲ Ngse

4π2
q2β(1+Ω2)( c

12−Egs)
β ≪ 1. (4.10)

Because the final spin structure (where the fermion is periodic in both space and time
directions) is invariant under the full modular group, it has the same universal behavior at
high temperature regardless of the phase. In general this spin structure cannot be directly
derived from the other three (although there are potentially powerful constraints coming from
unitarity, and knowledge of ZR,+ [27]). We write ≲ rather than ∼ in the last line of (4.10)
due to possible cancellations between fermionic and bosonic Ramond ground states, which
would effectively reduce Ngs (by an even number) for the final spin structure.
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4.2 Higher d

Let us now consider fermionic CFTs in d > 2. For simplicity let us first consider turning
on only a single spin and consider:

Tr
[
e−β(H−iΩJ)e2πi p

q
J
]
, (4.11)

with β ≪ 1, Ω ∼ O(1), 0 ≤ p/q < 2. As discussed before, this can be computed from a path
integral of Sd−1 × S1

β , where we insert a defect that rotates the sphere by 2πp/q. Moreover,
due to the fermions in the theory, we need to specify a spin structure on this geometry.
In (4.11) we compute the path integral with anti-periodic boundary conditions for the fermion
around the S1

β . We now imagine the setup as in figure 2 to reduce the setup into a geometry
we can obtain a thermal EFT. In particular we need to stack q copies of the CFT, and
perform a 2πp rotation in the spatial direction. The final geometry we get — in addition to
the spatial sphere being modded by Zq and the thermal circle increasing by a factor of q —
has different periodicity for the fermions about the time circle depending on the parity of
p+ q. If p+ q is odd, the fermions remain antiperiodic, and we can use the original EFT
description for fermionic CFTs on a long, thin cylinder. If p+ q is even, however, we need a
new EFT, for fermionic CFTs with periodic boundary conditions on a long, thin cylinder.

We now see there are two different thermal EFTs we consider, depending on the periodicity
of the fermions around S1

β. Each EFT comes with its own set of Wilson coefficients. We
write them as:

ZCFT[Sd−1 × S1
β, anti-periodic] = Zgapped[Sd−1] ∼ e−Sth[gij ,Ai,ϕ],

ZCFT[Sd−1 × S1
β, periodic] = Z̃gapped[Sd−1] ∼ e−S̃th[gij ,Ai,ϕ]. (4.12)

The two expressions e−Sth and e−S̃th respectively compute the partition function with and
without the insertion of (−1)F :

Tr
[
e−β(H−iΩJ)

]
∼ e−Sth ,

Tr
[
(−1)F e−β(H−iΩJ)

]
∼ e−S̃th . (4.13)

Let us write the two thermal actions as:

Sth =
∫
dd−1x⃗

βd−1
√
ĝ
(
−f + c1β

2R̂+ c2β
2F 2 + . . .

)
+ Sanom,

S̃th =
∫
dd−1x⃗

βd−1
√
ĝ
(
−f̃ + c̃1β

2R̂+ c̃2β
2F 2 + . . .

)
+ Sanom. (4.14)

The most general leading term behavior of (4.11) then goes as

log
[
Tr
(
e−β(H−iΩJ)e2πi p

q
J
)]

∼


1
qd

f vol Sd−1

βd−1(1+Ω2) + . . . , p+ q odd,
1
qd

f̃ vol Sd−1

βd−1(1+Ω2) + . . . , p+ q even.
(4.15)

Note that if we specialize (4.15) to d = 2, this is precisely the behavior we get for (4.8),
if we identify:

f = 2πc
12 ,

f̃ = 2π
(
c

12 − Egs

)
. (4.16)
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We can think of the difference between the two sets of Wilson coefficients in (4.14) as the
higher-dimensional analog of the “Ramond ground state energy”.

We can generalize (4.11) to turning on n spins and consider

Tr
[
e−β(H−i(Ω1J1+···+ΩnJn))e

2πi
p1
q1

J1 · · · e2πi pn
qn

Jn

]
(4.17)

for β ≪ 1, Ωi ∼ O(1), 0 ≤ pi
qi
< 2. If we define

q := lcm(q1, . . . , qn), (4.18)

then in our EFT, we will go around the time circle q times and go around the spatial sphere∑
i

piq
qi

times. Thus depending on if q +∑
i

piq
qi

is odd or even, we get the thermal EFT
described by Sth or S̃th.

Finally, all of these results are consistent with (2.28) if we simply interpret eiβΩ·JR as
an element of Spin(d) and interpret Tr as imposing periodic boundary conditions for both
bosonic and fermionic variable. With this understanding, (2.28) is the general recipe. If we
instead interpret Tr as imposing periodic boundary conditions for bosons and antiperiodic
boundary conditions for fermions, (2.28) should be modified to

− log Tr [gR] ∼ −1
q
log Tr

[
(−1)(q−1)F gq

]
+ topological +

∑
Di

SDi . (4.19)

We will see explicit examples of this in section 5.

5 Free theories

We now present several examples involving free fields to show explicitly that (2.26) and (2.28)
hold (along with their appropriate generalizations to fermionic theories). We begin in
section 5.1 by checking a massive quantum field theory, namely a massive free boson in 2d.
We then consider free CFTs in 3d and 4d. Our main tool for computing partition functions
in free CFTs is the plethystic exponential, which we review in appendix B (see e.g. [28–30]).

In section 5.2, we consider various examples involving free scalar fields and free fermions
in 3 dimensions. In section 5.3, we explore few more examples in 4 dimension. We present
additional 4d and 6d examples in appendix C. Lastly, in section 6, we consider 2d CFTs
with a local gravitational anomaly. Such theories can include Chern-Simons term in their
thermal effective action, which are not integrals of local gauge/coordinate invariant densities.
These furnish examples of the “topological” terms in (2.26) and (2.28).

5.1 Massive free boson in 2d

As a first check on our formalism (and to illustrate that the basic ideas do not require
conformal symmetry), let us study the partition function of a free scalar with mass m in 2d.
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We begin by computing the partition function on a rectangular torus S1
L × S1

β:

logZ = −1
2Tr log(m

2 +∆)− Sct

= −1
2

∑
(r,s)∈Z2

log
(
m2 +

(2πr
L

)2
+
(2πs
β

)2
)
− Sct

= −
∑
r∈Z

log 2 sinh

β
√
m2 +

(
2πr
L

)2

2

− Sct, (5.1)

where Sct is a cosmological constant counterterm, and in the third line we performed the sum
over r and threw away a constant using the fact that ∑s∈Z 1 = 0 in ζ-function regularization.

Because the summand is slowly-varying in r, we can take the thermodynamic limit
L → ∞ by replacing the sum over r with an integral over momentum k = 2πr

L :

logZ ∼ −L
π

∫ ∞

0
dk

(
log

(
1− e−β

√
m2+k2

)
− β

√
m2 + k2

2

)
− Sct (L→ ∞). (5.2)

The second term in the integrand is UV-divergent, but proportional to Lβ. Hence, it takes
the form of a cosmological constant and can be removed with an appropriate choice of Sct.
We will choose Sct to simply subtract this contribution, which is equivalent to setting the
free energy density to zero in flat R2. We find

logZ ∼ L

β
f(βm) (L→ ∞), (5.3)

where minus the effective free energy density is

f(y) = − y
π

∫ ∞

0
dx log

(
1− e−y

√
1+x2

)
∼


π
6 y ≪ 1,√

y
2πe

−y y ≫ 1.
(5.4)

Note that the limit of f(y) as y → 0 is consistent with f = 2πc
12 with c = 1 for the massless

free boson in 2d.
Before continuing to the twisted partition function, let us make two observations. Firstly,

the partition function Z obeys a form of modular invariance. To formulate it, let us write
T2 = R2/Λ, where the lattice Λ is spanned by basis vectors e⃗1, e⃗2. We can arrange the
basis vectors into a matrix E ∈ R2×2 whose columns are e⃗1 and e⃗2, and consider the
partition function as a function of E. (Above, we studied the case where e⃗1 = (L, 0) and
e⃗2 = (0, β), and thus E =

(
L 0
0 β

)
.) Rotational invariance implies that Z(E) is invariant under

left-multiplication by an orthogonal group element g ∈ SO(2). Modular invariance is the
statement that Z(E) is also invariant under an integer change of basis of the lattice Λ, which
is equivalent to right-multiplication by γ ∈ SL(2,Z):

Z(E) = Z(gEγ). (5.5)

In other words, Z is a function on the moduli space SO(2)\R2,2/SL(2,Z).
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The second key observation is that in the thermodynamic limit, Z is unchanged under
a small shift of the basis vector that grows as L → ∞: e⃗1 → e⃗1 + αe⃗2. To see why, note
that the corresponding dual basis shifts by ê2 → ê2 − αê1 (with ê1 unchanged). Thus, the
sum (5.1) changes by shifting r → r − sα:

logZ
((

L 0
αβ β

))
= −1

2
∑

(r,s)∈Z2

log
(
m2 +

(2π(r − sα)
L

)2
+
(2πs
β

)2
)
− Sct

∼ L

β
f(βm) (L→ ∞). (5.6)

In the continuum limit, we can identify the momentum k = 2π(r−sα)
L and rewrite the sum as

an integral over k. The shift r → r − sα becomes immaterial in this approximation.
Now let us finally consider the partition function with the insertion of a discrete rotation

of the spatial circle S1
L by an angle 2πp/q. This corresponds to the matrix

E′ =
(
L pL

q

0 β

)
=
(

L
q 0

(p−1)qβ qβ

)
γ′, where γ′ =

(
q p

−(p−1)q −b

)
∈ SL(2,Z). (5.7)

As before (p−1)q denotes the inverse of p modulo q, and b is chosen so that γ′ has determinant
1. Applying modular invariance (5.5) and the result (5.6), we find

logZ(E′) = logZ
(

L
q

0
(p−1)qβ qβ

)
∼ L

q2β
f(qβm) (L→ ∞), (5.8)

consistent with (2.28).
Using slightly fancier technology (see e.g. [31]), we can be more precise about what

information is thrown away in the “∼” in equation (5.8). We rewrite the partition function
in terms of a spectral zeta function

logZ(E) = 1
2ζ

′
E(0)− Sct, (5.9)

where

ζE(s) = Tr
[
(m2 +∆)−s

]
= 1

Γ(s)

∫ ∞

0

dt

t
tsTr

[
e−t(m2+∆)

]
= 1

Γ(s)

∫ ∞

0

dt

t
tse−tm2 ∑

r⃗∈Z2

e−t(2πE−T r⃗)2

= 1
Γ(s)

∫ ∞

0

dt

t
tse−tm2 detE

4πt
∑
λ∈Λ

e−
λ2
4t . (5.10)

In the last line, we performed Poisson resummation to obtain a sum over lattice points
λ ∈ Λ. (Recall that Λ is the lattice spanned by the columns of E.) We can now perform
the integral over t and plug the result into (5.9). The term λ = (0, 0) precisely cancels
against Sct, and we find

logZ(E) = m detE
2π

∑
λ∈Λ−(0,0)

K1(m|λ|)
|λ| , (5.11)

where K1(x) is a modified Bessel function.
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L

β

=⇒
2β

Figure 4. Left: the lattice Λ for a rectangular torus S1
L × S1

β . In the thermodynamic limit L→ ∞,
the sum (5.11) is dominated by λ ∈ Λshort (depicted in red), which are spaced apart by β. Right:
the lattice after twisting by a spatial rotation by π. In the limit L → ∞, the partition function is
dominated by λ ∈ Λ′

short, which are now spaced apart by 2β.

Now we can see clearly that in the thermodynamic limit, the lattice vectors λ ∈ Λ that
become longer give an exponentially suppressed contribution to logZ (since K1(r) ∼ e−r

for large r). Indeed, we have

logZ(E) = m detE
2π

∑
λ∈Λshort−(0,0)

K1(m|λ|)
|λ| +O(e−Lm) (L→ ∞), (5.12)

where Λshort are the lattice vectors that do not get longer in the thermodynamic limit L→ ∞,
see figure 4. Applying the result (5.12) to the rectangular torus S1

L × S1
β, we find another

expression for the effective free energy density:

f(y) = y

π

∞∑
ℓ=1

1
ℓ
K1(yℓ), (5.13)

which agrees with (5.4), as we can see by expanding log(1− e−y
√

1+x2) = −∑ℓ
1
ℓ e

−ℓy
√

1+x2

and integrating term-by term. The result (5.12) also immediately implies (5.6). Combining
this with modular invariance, we find that (5.8) holds up to exponential corrections of the
form e−mL. Note that this conclusion relies on finiteness of m in the thermodynamic limit.
If instead we take m → 0, then the thermal theory has a gapless sector, and we do not
expect (2.28) to hold.

We can also understand (5.8) more directly from (5.12) as follows. When the partition
function has a twist by a rational angle 2πp

q , then a new Λ′
short emerges, as depicted in figure 4.

The emergent Λ′
short looks like Λshort in the un-twisted case, but with the replacement β → qβ.

It is also straightforward to generalize this analysis to a massive free scalar in d dimensions.
The torus partition function is15

logZ(E) = detE
(
m

2π

)d/2 ∑
λ∈Λ

Kd/2(m|λ|)
|λ|d/2 . (5.14)

This is again consistent with (2.28) (with vanishing topological and defect contributions)
through the mechanism depicted in figure 4.

15This is an example of an Epstein ζ-function, see e.g. [32].
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5.2 3d CFTs

5.2.1 Free scalar

We now turn our attention to partition functions of higher dimensional CFTs on a spatial
Sd−1. Let us begin by studying the partition function of a free scalar in 3d, with various
discrete rotations inserted. The usual KK reduction of a free scalar on a circle possesses
a zero mode. However, in order to apply thermal EFT, the KK reduced theory must be
gapped. Thus, in order to avoid zero modes, we will study a complex scalar charged under a
Zk flavor symmetry. We will turn on the Zk fugacity as appropriate to eliminate zero modes,
and study the thermal EFT description of the resulting twisted partition functions. Note
that in a generic interacting CFT (as opposed to a free theory) we would not expect to have
zero modes, and it would not be necessary to consider flavor symmetry.

Let R(θ) ∈ SO(3) denote a rotation around the z-axis, and let Ψ denote a reflection in
the z direction. We will consider insertions of R(θ, s) = R(θ) ◦ Ψs ∈ O(3), where θ = 2πp

q .
Note that the reflection potential s takes values in {0, 1}, since Ψ2 = 1. The partition
function is given by

log Tr
[
e−β(H−iΩJ)e

2πiℓQ
k R(θ, s)

]
=
∑

n

1
n

(
e

2πiℓn
k + e−

2πiℓn
k

) e−nβ/2(1− e−2nβ)
(1− (−1)nse−nβ)(1− e−nβxn)(1− e−nβx−n) ,

(5.15)

where x = e2πip/q+iβΩ, and Q is the charge of the scalar under U(1) (of which Zk is a subgroup).
When we turn on a big rotation R(θ, s) with order q and include the global symmetry

operator V = e
2πiℓQ

k , a zero mode will be present on the EFT bundle whenever V q = 1, since
V wraps q times around the base of the EFT bundle — see the discussion around (2.26).

Let us consider the case p/q = 1/2, corresponding to a rotation by an angle π, which
fixes the north and south poles of S2. If the flavor group were Z2, then we would necessarily
have a zero mode on the EFT bundle. Hence we instead consider Z3 flavor symmetry.

The thermal partition function of a free scalar field with non-zero Z3 flavor and small
rotation-fugacity has the following high temperature expansion

log Tr
[
e−β(H−iΩJ)e

4πiQ
3
]

= − 16ζ(3)
9(1 + Ω2)β2 − (1 + 2Ω2) log 3

12(1 + Ω2) + (21 + 4Ω2 − 24Ω4)β2

4320(1 + Ω2) +O(β4). (5.16)

Now we would like to turn on the fugacity for the big rotation with or without a reflection,
leading to absence or presence of non trivial defect action, respectively.

• Free action: without defect

Let us first consider an insertion of R(π, 1) = R(π) ◦ Ψ. This is a parity transformation
n⃗ 7→ −n⃗ on S2, and it does not have any fixed points. Thus, the thermal effective action
will be free of defects. Concretely, we find

log Tr
[
e−β(H−iΩJ)e

2πiQ
3 R(π, 1)

]
= − 2ζ(3)

9(1 + Ω2)β2 − (1 + 2Ω2) log 3
24(1 + Ω2) + (21 + 4Ω2 − 24Ω4)β2

2160(1 + Ω2) +O(β4).
(5.17)
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Comparing (5.16) with (5.17) we find

log Tr
[
e−β(H−iΩJ)e

2πiQ
3 R(π, 1)

]
∼ 1

2 logTr
[
e−2β(H−iΩJ)e

4πiQ
3
]
, (5.18)

so (2.26) holds.

• Non-free action: defect

Without the reflection fugacity, the action of R has fixed points and thermal EFT predicts
a non-trivial SD as in (2.28). We find

log Tr
[
e−β(H−iΩJ)e

4πiQ
3 R(π, 0)

]
= − 2ζ(3)

9(1 + Ω2)β2 − (7 + 8Ω2) log 3
24(1 + Ω2) + (−69 + 94Ω2 + 156Ω4)β2

2160(1 + Ω2) +O(β4) .
(5.19)

Comparing with (5.16), we obtain

− log Tr
[
e−β(H−iΩJ)e

2πiQ
3 R(π, 0)

]
∼ −1

2 log Tr
[
e−2β(H−iΩJ)e

4πiQ
3
]
+ SD , (5.20)

where the total defect action SD(β,Ω) is given by

SD(β,Ω) = − log 3
4 + 2Ω2 − 1

24 β2 +O(β4) . (5.21)

Note that SD has precisely the form predicted in (3.27), with

a0,1/2 = − log 3
4 , a2,1/2 = − 1

192 , a3,1/2 = 7
384 . (5.22)

Furthermore, the linear term in β vanishes because a1,1/2 = a1,−1/2 in bosonic theories.
More generally, we can consider a rotation R(2πp

q , 0), where p and q are coprime and
q is not divisible by 3 (so that there is no zero mode upon dimensional reduction). The
leading defect Wilson coefficients in this case satisfy:

a0,p/q + a0,−p/q = −1
3

q−1∑
k=1

1
sin(πkp

3 )2

[
cos

(
2π(k+q)

3

) (
ψ
(

k
3q + 1

3

)
− ψ

(
k
3q

))
+cos

(
2π(k+2q)

3

) (
ψ
(

k
3q + 2

3

)
− ψ

(
k
3q

))]
, (5.23)

a1,p/q − a1,−p/q = 1
6

q−1∑
k=1

cos(πkp
3 )

sin(πkp
3 )3

[
cos

(
2π(k+q)

3

)
+ 2 cos

(
2π(k+2q)

3

)]
, (5.24)

where ψ(z) is the digamma function.

5.2.2 Free fermion

We can perform a similar exercise with free Dirac fermions. The partition function is given by

log Tr
[
e−βHe

2πiℓQ
k R(θ,0)(−1)F w

]

=
∑

n

(−1)nw (−1)n+1

n

(
e

2πiℓn
k +e−

2πiℓn
k

) e−nβ

[(
(
√
x)n+ 1

(√x)n

)
−e−nβ

(
(
√
x)n+ 1

(√x)n

)]
(1−e−nβ)

(
1−e−nβ (

√
x)2n

)(
1−e−nβ (

√
x)−2n

) .
(5.25)
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(−1)F ? Rotation Boundary Condition Flavor? Equation

p/q (−1)q(w+1)(−1)p

No (w = 0) 1/2 (−1)2(−1)1 = −1 No (5.27), (5.28)

Yes (w = 1) 1/2 (−1)4(−1)1 = −1 No (5.27), (5.28)

No (w = 0) 1/3 (−1)3(−1)1 = +1 Z2 (5.31), (5.32)

Yes (w = 1) 1/3 (−1)6(−1)1 = −1 No (5.31), (5.32)

No (w = 0) 2/3 (−1)3(−1)2 = −1 No (5.34), (5.35)

Yes (w = 1) 2/3 (−1)6(−1)2 = +1 Z2 (5.34), (5.35)

Table 1. Turning on fugacities corresponding to flavor, rotation and fermionic number. w = 0, 1 refers
to turning off and on the fugacity corresponding to (−1)F respectively. The fugacity corresponding to
big rotation is e2πip/q. The third column lists the effective spin structure on the EFT bundle, ±1 in
this column refers to periodic and antiperiodic boundary condition respectively. The fourth column
lists whether we need a flavor twist to make sure that there is no zero mode. Note that antiperiodic
boundary condition rules out the presence of zero modes. The final column refers to relevant equations
in the main text.

Fermions are antiperiodic in the time direction at finite temperature. Hence, when no
fugacities corresponding to a big rotation or fermion number are turned on, there is no zero
mode contribution to the thermal EFT description of the partition function. In this case,
we have the following high temperature behavior:

log Tr
[
e−β(H−iΩJ)

]
= 3ζ(3)

(1 + Ω2)β2 − (2 + Ω2) log 2
6(1 + Ω2) + (24− 4Ω2 − 21Ω4)β2

5760(1 + Ω2) +O(β4). (5.26)

However, when (−1)F and big rotations are turned on, we must be careful about zero
modes. If the big rotation is given by e2πip/q, then we have various cases depending on the
parity of p, q and presence or absence of (−1)F . We consider all possible cases in the table 1.

Let us consider the case when q is even. We take q = 2 for simplicity. According to
table 1, we do not need a flavor twist to remove zero modes. We compute

log Tr
[
e−β(H−iΩJ)R(±π, 0)

]
= 3ζ(3)

8(1 + Ω2)β2 − (2 + Ω2) log 2
12(1 + Ω2) ∓ Ωβ

4 + (24− 4Ω2 − 21Ω4)β2

2880(1 + Ω2) +O(β3).
(5.27)

Note that log Tr
[
e−β(H−iΩJ)(−1)FR(π, 0)

]
= logTr

[
e−β(H−iΩJ)R(−π, 0)

]
.

Comparing (5.26) and (5.27), we verify the appropriate generalizations of (2.28) to
fermionic CFT. In particular, see (4.19) and note that as an element of spin group, we
have R2(±π, 0) = (−1)F . We find

− log Tr
[
e−β(H−iΩJ)R(±π, 0)

]
∼ −1

2 logTr
[
e−2β(H−iΩJ)

]
+ SD± , (5.28)
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where SD± is given by

SD± = ∓Ωβ
4 +O(β3) . (5.29)

This has precisely the form predicted in (3.27), with

a1,1/2 − a1,−1/2 = 1
8 , a0,1/2 + a0,−1/2 = 0 . (5.30)

Next we consider the case when q is odd. Now p can be either even or odd. For example,
let us consider q = 3 and p = 1 or p = 2. We introduce a flavor twist according to table 1.
Note that, operationally the insertion of (−1)F is same as introducing a Z2 flavor twist.
The insertion of both amounts to inserting nothing. In what follows, we choose to insert
(−1)F to eliminate the zero mode.

For p/q = 1/3, we find that

log Tr
[
e−β(H−iΩJ)(−1)FR(2π/3, 0)

]
∼ ζ(3)

9(1 + Ω2)β2 − (10 + 9Ω2) log 2
18(1 + Ω2) + 5Ωβ

3
√
3
+ (−568 + 1028Ω2 + 1617Ω4)β2

5760(1 + Ω2) +O(β3).
(5.31)

Comparing (5.26) and (5.31) we find that

log Tr
[
e−β(H−iΩJ)(−1)FR(2π/3, 0)

]
∼ 1

3 logTr
[
e−3β(H−iΩJ)

]
+ SD(β,Ω) , (5.32)

where the total defect action SD(β,Ω) takes the form predicted in (3.27):

SD(β,Ω) ∼ −4 log 2
9 + 5Ωβ

3
√
3
− (8− 21Ω2)β2

72 +O(β3) . (5.33)

The p/q = 2/3 case can be easily be done using the following identity

log Tr
[
e−β(H−iΩJ)R(4π/3, 0)

]
= logTr

[
e−β(H+iΩJ)(−1)FR(2π/3, 0)

]
, (5.34)

from which it follows that

log Tr
[
e−β(H−iΩJ)R(4π/3, 0)

]
∼ 1

3 logTr
[
e−3β(H−iΩJ)

]
+ SD(β,−Ω) , (5.35)

where SD(β,Ω) is given by (5.33).

5.3 More examples with a defect action: 4d CFTs

In 4d, the rotation group has two Cartan generators, which we call J1 and J2. Let us consider
inserting R = exp(2πip1

q1
J1 + 2πip2

q2
J2) into the trace. When q1 = q2, the action of R is free

and there will be no vortex defects. However, when q1 ̸= q2, we will have two 1-dimensional
vortex defects D(1) and D(2), whose combined action is given by (3.31).

As a concrete example, consider the free Dirac fermion in 4d. Using plethystic expo-
nentials, we find

− log Tr
[
e−β(H−iΩ⃗·J⃗)e

2πi
p1
q1

J1+2πi
p2
q2

J2
]
∼ −1

q
log Tr

[
e−qβ(H−iΩ⃗·J⃗)

]
+ SD . (5.36)
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Here we impose that q
(
1 + p1

q1
+ p2

q2

)
is odd. This ensures absence of the (−1)F insertion in

the right hand side above. Thus the zero mode is absent and the thermal EFT applies.
Furthermore, SD has precisely the form predicted by (3.31) with the leading Wilson

coefficients given by the following function of (−1)p and coprime integers P,Q:

a0,P/Q,(−1)p =
Q−1∑
k=1

(−1)pk cos
(
πkP

Q

)
8π sin2

(
πkP

Q

) (
ψ′
(1
2 + k

2Q

)
− ψ′

(
k

2Q

))
, (5.37)

where ψ′(z) is the derivative of the digamma function. This is a highly nontrivial check
of (3.31). Matching (3.31) requires not just reproducing the correct function of β,Ω1,Ω2,
but also the fact that the Wilson coefficient of D(1) depends only on P2/Q2 and (−1)p1

(and analogously for D(2)).
Note that when q1 = q2, we have Q1 = Q2 = 1, hence the sum is non-existent, leading

to a0,P1/Q1,(−1)p2 = a0,P2/Q2,(−1)p1 = 0, which is consistent with the fact that the action of
R becomes free and SD should vanish.

6 Topological terms: example in 2d CFT

So far, we have focused on cases where the thermal effective action can be written as the
integral of a local gauge- and coordinate-invariant density. As discussed in section 3.1, we can
choose a gauge (“EFT gauge”) where the background fields g,A, ϕ on the EFT bundle look
locally the same as on Sd−1 ×S1

β (possibly with “small” angular twists turned on). Curvature
invariants built out of these fields are then also the same as on Sd−1 × S1

β , and their integral
is not sensitive to global properties of the EFT bundle.

By contrast, when d is even, the thermal effective action can also include Chern-Simons-
type terms that are not integrals of local curvature invariants, and hence can be sensitive to
global properties of the EFT bundle. The contributions of such terms were called “topological”
in (2.26) and (2.28). The coefficients of such Chern-Simons terms can be determined
systematically from the anomaly polynomial of the CFT [33–38]. The simplest case is when
d = 2, where the thermal effective action contains a 1d Chern Simons term whose coefficient
is proportional to the local gravitational anomaly cL − cR.

In more detail, consider such a 2d CFT with a local gravitational anomaly, cL ̸= cR. We
assume that cL − cR = 24k with k ∈ Z. From modular invariance we have a high-temperature
expansion of the partition function as:16

log
(
Tr
[
e−β(H−iΩJ)e2πi p

q
J
])

∼ 4π2(cL + cR − 24ikΩ)
24q2(1 + Ω2)β − 2πik(p−1)q

q
, (6.1)

where (6.1) is accurate to all orders in perturbation theory in β. This generalizes (2.15)
to theories with cL ̸= cR.

In the thermal effective action, we can reproduce the terms in (6.1) with a Chern-Simons
term from the KK gauge field in the action. In particular, we add a term of the form

−2πik
qβ

∮
A (6.2)

16To derive (6.1), we apply the modular transform (2.14) to the vacuum state e−
2πiτcL−2πiτcR

24 with
τ = iβ

2π
+ βΩ

2π
+ p

q
and expand in small β.
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to the thermal effective action. From (3.13), we see that (6.2) precisely reproduces the
additional terms in (6.1). Note that (6.2) is properly quantized precisely when k is an integer,
since A is a connection on a circle bundle where the fiber has circumference qβ.

7 Holographic theories

In this section we consider CFTs dual to semiclassical Einstein gravity in AdS. The high
temperature behavior of the thermal partition function, Tr[e−βH+iθ⃗·J⃗ ] around θi = 0, of such
holographic CFTs in d dimensions are captured by the thermodynamics of black hole solutions
in AdSd+1. We would like to understand the bulk solution that captures the high temperature
behavior of Tr[e−βH+iθ⃗·J⃗ ] near θi = 2πpi/qi, where at least one of the pi ̸= 0 and qi ⩾ 2.

First, let us consider a d = 2 dimensional CFT in the context of AdS3/CFT2 duality.
The relevant bulk solution is given by the rotating BTZ black hole with the metric

ds2 = −f(r)dt2 + dr2

f(r) + r2
(
dϕ− r+r−

r2 dt

)2
, f(r) := (r2 − r2

+)(r2 − r2
−)

r2 , (7.1)

where r± are radius of outer and inner horizon respectively. The BH temperature β−1 and
angular potential Ω = θ/β are given by

Ω = r−
r+

, β−1 = r2
+ − r2

−
2πr+

. (7.2)

Asymptotically, the metric is Weyl equivalent to −dt2 + dϕ2. In Euclidean signature, tE = it

and we have (ϕ, tE) ∼ (ϕ− βΩ, tE + β). The Euclidean action evaluated on this bulk saddle
reproduces the high temperature behavior of Tr[e−β(H−iΩJ)].

Now let us compute Tr[e−β(H−iΩJ)+2πip/qJ ] for a holographic 2D CFT. As explained
in section 2.4, this can be computed by doing a path integral over Mqβ,Ω/Zq,17 where the
action of Zq = ⟨h⟩ is given by

h : (ϕ, tE) 7→ (ϕ+ 2πp/q − βΩ, tE + β) , (7.3)

and Mqβ,Ω is obtained from S1 × R by quotienting by ⟨hq⟩.
Note that the action of Zq has a natural extension into the AdS bulk, where the radial

direction goes along for the ride

h : (r, ϕ, tE) 7→ (r, ϕ+ 2πp/q − βΩ, tE + β) . (7.4)

We can use this natural extension to build a bulk dual solution. We start with a BTZ black
hole Σqβ,Ω with parameters r̃± = r±/q, such that the black hole is at inverse temperature
β̃ = qβ. The Euclidean metric is given by

ds2 = f̃(r)dt2E + dr2

f̃(r)
+ r2

(
dϕ+ i

r̃+r̃−
r2 dtE

)2
, f̃(r) := (r2 − r̃2

+)(r2 − r̃2
−)

r2 . (7.5)

Note that (ϕ, tE) ∼ (ϕ − qβΩ, tE + qβ). We can then quotient Σqβ,Ω by the action of
Zq = ⟨h⟩, given by (7.4). The manifold Σqβ,Ω/Zq is smooth because the action of h in
the bulk (7.4) is free.

17In this section, we use the compressed notation Mβ,eiJΩ → Mβ,Ω.
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Recall that on the boundary, the quotient Mqβ,Ω/Zq is a nontrivial bundle over S1/Zq.
The discussion in 3.1.1 applies here, with the radial direction of AdS going along for the ride.
In short, we consider open sets in the total space and consider the bulk region that asymptotes
to this set. Locally in this bulk region, the metric is precisely given by (7.5). However, there
are non-trivial transition functions when we go from one open patch to a different one.

By construction, the quotient Σqβ,Ω/Zq solves Einstein’s equations with the appropriate
asymptotic geometry. Compared to a rotating BTZ black hole at temperature qβ, the above
quotient geometry has its angular variable restricted to 0 < ϕ < 2π/q. (Note that this almost
covers the full manifold except the locus ϕ = 0. This locus is covered by another open patch
and we have nontrivial transition function between these two patches.) Thus the evaluation
of the bulk action amounts to an integral over the angular variable in the range 0 < ϕ < 2π/q
producing a factor of 1/q, and a replacement β → qβ which produces another factor of 1/q
compared to the evaluation of Euclidean action on BTZ black hole at temperature β. Thus,
the Euclidean action evaluated on the saddle Σqβ,Ω/Zq reproduces

log Tr[e−β(H−iΩJ)+2πip/qJ ] ∼ logZgrav [Σqβ,Ω/Zq] =
1
q
logZgrav [Σqβ,Ω]

∼ 1
q
log Tr[e−qβ(H−iΩJ)], (7.6)

where Zgrav [Σ] is the gravitational path integral evaluated on the saddle Σ.
Overall, we have a quotient of a BTZ black hole whose boundary has a temporal cycle

of length βL = qβ(1 − iΩ) and a spatial cycle of length L = 2π
q . This naively leads to

the modular parameter

τ̃ “=” iL/βL = 2πi
q2β(1− iΩ) . (7.7)

The above is almost correct, but we must amend it by recalling the presence of nontrivial
transition functions. This leads to the following identification

τ̃ = 2πi
q2β(1− iΩ) −

(p−1)q

q
, τ̃ = − 2πi

q2β(1 + iΩ) −
(p−1)q

q
, (7.8)

which precisely matches the modular parameter τ̃ obtained after applying a modular trans-
formation, as explained around (2.13). Note that we have

1
2
(
τ̃ + τ̃

)
= −(p−1)q

q
− 2πΩ
q2β(1 + Ω2) , (7.9)

which is consistent with the holonomy of A derived in (3.13). We conclude that Σqβ,Ω/Zq

is simply a modular transformation of the BTZ black hole geometry.
In dimensions greater than two, we follow the same prescription. Let Σ

β,Ω⃗ be a black hole
solution that captures the high temperature behavior of the thermal partition function with
small angular fugacity — i.e. the AdS-Kerr black hole with inverse temperature β and angular
velocities iΩ⃗. We claim that the insertion of a big angular fugacity R with Rq = 1 is captured
by the bulk manifold Σ

qβ,Ω⃗/Zq, where Zq is the natural extension of the boundary Zq into
the bulk. To be precise, the AdS-Kerr solution possesses a time-translation isometry, which
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we parametrize by tE . It furthermore possesses isometries under the Cartan subgroup of the
rotation group, which we parametrize by ϕa. Then the Zq = ⟨h⟩/⟨hq⟩ group is generated by

h : (r, ra, ϕa, tE) 7→
(
r, ra, ϕa + 2πpa

qa
, tE + β

)
, (7.10)

where ra and r are the remaining bulk coordinates.
When the bulk action of h is free, Σ

qβ,Ω⃗/Zq is a smooth solution to Einstein’s equations
with the correct asymptotic geometry to describe the partition function with an insertion of R.
At very high temperatures, the gravitational path integral on this geometry matches the field
theory prediction (2.26) because the quotient by Zq just divides the semiclassical gravitational
action by q. Thus we expect Σ

qβ,Ω⃗/Zq is the dominant solution at high temperatures. As
we move away from high temperatures, we conjecture that Σ

qβ,Ω⃗/Zq remains the dominant
solution down to a finite temperature.

Unlike in 2d, in higher dimensions it is possible for the bulk Zq action (7.10) to have
a fixed locus. Such a fixed locus must occur at the horizon of the black hole (where the
Euclidean time circle degenerates), and at a location on the sphere Sd−1 where the boundary
action of h has a fixed point as well. For example, consider a 3d CFT, with a 4-dimensional
bulk dual, and consider the case p1/q1 = 1/2. The bulk action of h rotates the ϕ circle by π,
and also shifts tE → tE + β (which is equivalent to rotating the thermal circle by π). Fixed
points of h occur at the north and south poles of the horizon S2. For example, near the
north pole, we can choose coordinates so that the metric locally takes the form

dr2
1 + r2

1dϕ
2 + dy2 + y2dψ2, (7.11)

where ψ = 2π
2β tE , and y ∝ √

r − rH (with rH the location of the horizon). In these coordinates,
the Z2 action rotates both angles ϕ, ψ by π. Quotienting by this Z2, we obtain an orbifold
singularity of the form C2/Z2.

When Σ
qβ,Ω⃗/Zq contains an orbifold singularity, it no longer furnishes a smooth solution to

Einstein’s equations. To understand the correct bulk dual of the R-twisted partition function,
we must understand the fate of the orbifold singularity in the bulk theory. The physics of the
singularity (or its resolution) essentially determines the defect action SD in holographic CFTs.
Note that in a spacetime with vanishing cosmological constant, a C2/Z2 singularity can be
resolved by the “gravitational instanton” described by the Eguchi-Hansen metric. Perhaps
orbifold singularities occurring in the Σ

qβ,Ω⃗/Zq can be resolved similarly. Or perhaps the
orbifold singularity is resolved by stringy effects. We leave these questions to future work.

For fermionic theories dual to Einstein gravity (which all known examples are), there
is another set of Wilson coefficients f̃ , c̃1, . . . that can be defined (see (4.14)) coming from
periodic boundary conditions for the fermion. The behavior of the partition function with
(−1)F inserted was explored in [39], which found a black hole solution that lead to an
exponentially subleading (in temperature) contribution in the large N limit. Since generically
we expect f̃ to be nonvanishing, this means the black hole solution found in [39] should not
be the dominant contribution in the T ≫ N ≫ 1 limit. It would be interesting to explore
further if there are universal results or constraints on the Wilson coefficients f̃ , c̃1, . . . in
(fermionic) holographic CFTs (for instance by looking at the theories studied in [26]).

– 36 –



J
H
E
P
1
1
(
2
0
2
4
)
1
3
4

Finally, let us note that our construction works also in the case when the boundary
theory possesses a reflection symmetry and the group element R includes a reflection. In
this case, the bulk dual solution Σ

qβ,Ω⃗/Zq is non-orientable. This is allowed because the
boundary reflection symmetry must be gauged in the bulk, which means we must include
contributions from non-orientable geometries. It so happens that a non-orientable geometry
dominates in this case.18

8 Journey to β = 0

So far we have described the structure of CFT partition functions Z(β, θ⃗) at high temperature
near rational angles θ⃗

2π ∈ Qn. In this section we will use these results to sketch the behavior
of the partition function at high temperature around any (possibly irrational) angle. For
simplicity let us consider turning on only one angle θ, and study the partition function

Z(β, θ) = Tr
[
e−βH+iJθ

]
(8.1)

at small β with θ fixed. Suppose the angle has the following continued fraction expansion:

θ

2π = a0 +
1

a1 + 1
a2+ 1

a3+...

, (8.2)

where ai ∈ N. We also define the fractions pi
qi

as truncations of the continued fraction, i.e.

pi

qi
:= a0 +

1
a1 + . . . 1

ai

. (8.3)

For a generic angle, the probability of ai = n scales as 1
n2 for large n, which means that the

distribution of ai’s for a generic angle has infinite mean.19

Suppose we have an angle θ where ai ≫ 1 for some i. How does the partition function
behave at high temperature? Since we assume ai ≫ 1, we have qi ≈ aiqi−1 ≫ qi−1. So for

qi−1 ≪ T ≪ qi, (8.4)

we expect

logZ(T ) ∼ volSd−1fT d−1q−d
i−1. (8.5)

However, when

T ∼ qi (8.6)

the constant or proportionality in (8.5) suddenly shrinks.
In figure 5, we illustrate this explicitly for two example CFTs. We plot both the Klein

invariant j function (which is the partition function of some 2d CFTs at central charge 24)
18See [40] for a recent discussion of gauging spacetime symmetries in the bulk.
19One way to see this scaling is, for a random real number between 0 and 1, the probability that a1 = n is

roughly 1
n
− 1

n+1 ∼ 1
n2 .
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(a) 24 free bosons in 2d.
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(b) A free boson in 3d.

Figure 5. In blue, the log of the free energy of two CFTs evaluated at chemical potential θ
2π = 3−π

7π−22
vs. log T . In red, a line with slope d− 1. (a): d = 2. (b): d = 3. We see that at some temperature,
there is a region where the slope matches d− 1, meaning the effective field theory is a good description.
If we continue this plot to higher and higher temperatures, there will be infinitely many times the
slope matches d− 1.

and the 3d free boson partition function as a function of temperature, with chemical potential
θ

2π = 3−π
7π−22 . This has the continued fraction expansion:

θ

2π = 3− π

7π − 22 = 15 + 1
292 + 1

1+...

. (8.7)

(Although any generic real number would serve to illustrate the partition function’s behavior,
we choose (8.7) for convenience because of the large 292 showing up immediately.) We see
that there indeed is a region of T where the free energies scale as we predict from the effective
field theory; but when we increase T further, the scaling breaks down. At large T for generic
chemical potential, there will be an infinite number of times the plot in figure 5 has slope
d− 1, which is when the continued fraction approximation is well-approximated by a rational
number (i.e. whenever ai ≫ ai−1 in the continued fraction).

Finally we note that if we fine-tune the angle θ so that none of the ai’s ever become
large, we can make there be no regime where the partition function obviously grows as T d−1.
For example, choosing the angle to be the golden ratio

θ

2π = 1 +
√
5

2 = 1 + 1
1 + 1

1+...

(8.8)

gives an angle where there’s never a large enough regime in T trust our effective field theory.
In figure 6, we again plot the Klein invariant j function and the free boson partition functions
as a function of temperature, but this time with the chemical potential set to θ

2π = 1+
√

5
2 .

We see that the slope of log log |Z| against log T never matches d − 1 in a large region, so
there is no good EFT description of our system.

9 Nonperturbative corrections

In this section, we consider nonperturbative corrections to the thermodynamic limit L→ ∞
at finite β. For concreteness, we focus on a CFTd and its dimensional reduction on S1

β to

– 38 –



J
H
E
P
1
1
(
2
0
2
4
)
1
3
4

θ

2 π
=
1 + 5

2

7.0 7.5 8.0 8.5 9.0 9.5 10.0

1.6

1.8

2.0

2.2

2.4

log(T)

loglogZ2 d(T , θ)

(a) 24 free bosons in 2d.
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(b) A free boson in 3d.

Figure 6. In blue, the log of the free energy of two CFTs evaluated at chemical potential θ
2π = 1+

√
5

2
vs. log T . In red, a line with slope d − 1. (a): d = 2. (b): d = 3. We see that at no temperature
is there a region where the slope matches d − 1, meaning the effective field theory is never a good
description. Since we have fine-tuned the chemical potential to be a real number whose continued
fraction has no large numbers in it, we do not guarantee any region in temperature where we have a
good EFT description of our theory.

a d−1-dimensional gapped theory. By conformal symmetry, the thermodynamic limit is
equivalent to β → 0 (with a fixed-size spatial manifold). For simplicity, we will not turn on
“small” angular twists βΩ⃗, though it would be straightforward to incorporate them.

The thermal effective action essentially captures the dynamics of the ground state of
the d−1 dimensional gapped theory, while nonperturbative corrections come from particle
excitations. On the geometry Rd−1 × S1

β, the excitations can be classified into irreps of the
d−1-dimensional Poincaré group and the Kaluza-Klein U(1) that rotates the S1

β. Irreps of
the Poincaré group are labeled by a mass and a little group representation — for simplicity,
we will focus on scalars. Thus, each excitation of interest is labeled by a mass mi and a KK
charge qi ∈ Z. The lightest mass mq for each KK charge q is sometimes called the “q-th
screening mass”, while the lightest nonzero mass overall is the “thermal mass” of the theory.
Note that when d = 2, the spectrum of masses (mi, qi) are simply (2π

β ∆i, ℓi), where (∆i, ℓi)
are scaling dimensions and spins of local operators. However, in higher dimensions, the
masses mi are not related in an obvious way to the local operator spectrum.

In the partition function ZCFT[Md−1 × S1
β], the leading nonperturbative effects at

small β are expected to come from “worldline instantons” associated with particles of mass
mi propagating along geodesics of Md−1, see e.g. [31, 41–44]. Such contributions can be
computed from the worldline path integral

logZ
∣∣∣
single-particle

=
∑

(mi,qi)

∫
Dxµ(τ) exp

(
−mi

∫
dτ
√
ẋµẋµ + 2πiqi

β

∮
A

)
. (9.1)

Here, for each particle, we have included a length term −mi
∫
ds proportional to the mass,

along with a coupling 2πiqi
β

∮
A to the background KK gauge field. (Note that we include

a factor of 2π
β because in our conventions, A is a connection on a circle bundle where the

fiber has circumference β, instead of the usual 2π.)
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In appendix D.1, we compute the wordline path integral (9.1) on some geometries of
interest. For example, by computing (9.1) on Sd−1, we find that the leading nonperturbative
terms in the partition function ZCFT[Sd−1 × S1

β] have the form

log(TrH
Sd−1 [e−βH ]) ⊃

∑
mi

e−2πmi
(±i)d−2md−2

i

Γ(d− 1)

(
1 +O

( 1
mi

))
. (9.2)

Note that the effect of each particle is exponential in the mass e−2πmi , where 2π is the length
of a great circle on Sd−1. By dimensional analysis, the masses are proportional to 1/β, and
hence these are indeed nonperturbative corrections in β. In addition to the exponential
dependence, the worldline path integral makes an unambiguous prediction for the leading
coefficient of the exponential, coming from a gaussian determinant. We immediately see
that the interpretation of (9.2) is subtle because the coefficient becomes imaginary when d

is odd (even when the partition function must be real). We discuss this phenomenon and
its interpretation in appendix D.4.

Specializing to 4d, we can similarly compute leading nonperturbative corrections to a
partition function on a lens space L(q; 1), coming from a “short” geodesic of length 2π/q:

log(TrHL(q;1) [e
−βH ]) ⊃


∑

mi
e
− 2πmi

q mi

2 sin
(

2π
q

) (1 +O
(

1
mi

))
(q ̸= 2),∑

mi
e−πmi

m2
i

2

(
1 +O

(
1

mi

))
(q = 2).

(9.3)

By our discussion of the EFT bundle, this result is closely related to the partition function
on S3, with a twist by a rational angle of order q. To obtain the latter, we must replace
β → qβ, and account for the presence of a nontrivial holonomy for the KK gauge field (since
S1

qβ is nontrivially fibered over L(q; 1)). We find

log
(
TrHS3

[
e
−βH− 2πi

q
J12− 2πi

q
J34
])

⊃


∑

(mi,qi) e
− 2πmi

q2 + 2πiqi
q mi

2q sin
(

2π
q

) (1+O( 1
mi

))
(q ̸= 2),∑

(mi,qi) e
−πmi

2 +πiqi m2
i

8

(
1+O

(
1

mi

))
(q= 2).

(9.4)
In particular, nonperturbative corrections to the twisted partition function go like e−2πmi/q2 ,
as opposed to e−2πmi in the un-twisted case.

More generally, in any dimension d, when the quotient by Zq creates a short geodesic of
length ℓshort = 2π/q, the leading nonperturbative corrections will behave like e−(mi/q)ℓshort =
e−2πmi/q2 , where mi/q comes from the replacement β → qβ. Note that this matches the
result from modular invariance in 2d. In 2d, after applying a modular transformation, the
twisted partition function becomes Tr

[
e2πiτ̃(L0− c

24)−2πiτ̃(L0− c
24)
]
, where τ̃ = const + 2πi

q2β
.

Thus, the leading β-dependence of the contribution of excited states to the twisted partition
function is e−4π2∆i/(q2β) = e−2πmi/q2 , where mi = 2π∆i

β .
Note that the action (9.1) is only the leading approximation to the effective action of a

worldline instanton in the small β limit. In particular, there can be power-law corrections in β
coming from higher curvature terms. Thus, while the tree-level and 1-loop terms (9.2), (9.3),
and (9.4) in the worldline path integral are universal, the subleading corrections in 1/mi
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are not necessarily universal, since they get contributions both from (computable) loops
and from higher curvature terms.20

In appendix D, we derive (9.2), (9.3) and (9.4) by performing the worldline path integral
explicitly. We also verify the universal leading terms in several examples from free field theory.

10 Discussion and future directions

In this work, we found that the high-temperature partition function, twisted by a finite-
order discrete rotation R, is captured by the same thermal EFT as the un-twisted partition
function. One consequence is that “spin-refined” densities of states (like the difference
between the density of even-spin and odd-spin operators) are determined by the same Wilson
coefficients as the usual density of states, up to subleading contributions from Kaluza-Klein
vortices. Furthermore, the partition function Z(β, θ⃗) itself has an intricate fractal-like
structure as a function of angle at small β, with the same universal asymptotics controlling
the neighborhood of every rational angle.

These results follow entirely from effective field theory, together with the assumption
that generic CFTs develop a mass gap when dimensionally-reduced. It would be interesting
to revisit this assumption and understand how our results are modified in the presence of
potential gapless modes. It would also be interesting to investigate whether Kaluza-Klein
vortex defects can support gapless excitations, contribute to Weyl anomalies, and/or have
nontrivial topological terms in their effective action.21

Our central construction is simple: it is essentially the observation that it is useful
to construct a mapping torus Mβ,R = (ML × R)/Z from two successive quotients: first
quotienting by qZ, and then by Zq = Z/qZ. This idea is applicable on other geometries
besides Sd−1 × R, and it would be interesting to explore its implications for other types of
partition functions. For example, one could explore “spin-refined” statistics of OPE coefficients
by studying the behavior of discrete spacetime symmetries on the “genus-2” geometry of [17],
or spin-refined lens-space partition functions [48], or the interaction of discrete spacetime
symmetries with other forms of higher-dimensional “modular invariance” [15, 18, 49, 50].
Supersymmetric partition functions have been studied on a wide variety of geometries, see
e.g. [51]. It is an enduring challenge to understand observables of non-supersymmetric
(potentially nonperturbative) theories on these geometries.

One can also consider applying thermal EFT to BCFTs to study the asymptotic spectra
of boundary operators. In 2 dimensions, this boils down to studying the partition function
on a finite cylinder in the β → 0 limit and writing down an EFT on a finite interval with
two end points. The end points will become point-like defects in the thermal effective action.
In higher dimensions, by introducing defects one may break the SO(d) invariance down to
some subgroup H. We can imagine turning on a rotation belonging to H and applying
thermal EFT ideas in this context.

20Furthermore, our choice of ζ-function regularization does not in general respect coordinate-invariance of the
worldline path integral. To restore coordinate invariance one must add non-coordinate-invariant counterterms
like gµνgρτ gαβΓα

µρΓβ
ντ with the appropriate coefficients. See [45] for discussion.

21See e.g. [46, 47] for a study of similar vortex defects in the context of supersymmetric quantum field theories.
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So far, our main tool for computing partition functions has been thermal EFT, which
is organized in an expansion in small β. This expansion is likely asymptotic in general. In
fact we can see its asymptotic nature explicitly in odd-dimensional free theories. It is an
important question whether one can obtain more precise results about high temperature
partition functions, potentially including convergent expansions and/or numerical bounds
(as is possible in 2d using the modular bootstrap [52]).

One possible approach is through a better understanding of resurgence in the small-β
expansion. In particular, it would be nice to better understand the structure of nonpertur-
bative terms beyond the worldline instantons discussed in section 9. We expect that in an
interacting theory, there should also be contributions from an infinite sum of “instanton
graphs,” representing massive particles propagating and interacting. An old example of
instanton graphs are Lüscher corrections in field theories on torii [53, 54]. However, to our
knowledge, the rules for general instanton graphs on general geometries in general massive
QFTs have not been spelled out.

Relatedly, modular invariance in 2d CFTs constrains some of the nonperturbative behavior
of the partition function. Given some input light spectra, modular invariance highly constrains
the resulting spectra, which in effect forces the partition functions with any phase inserted
to behave in a certain way. Techniques such as Poincare series and Rademacher series have
been used to complete the light spectrum of a 2d CFT (see e.g. [55–58]), which roughly
take the form of a (convergent) sum over rational angles. It would be interesting if there
were related techniques in higher dimensions, resumming all rational angle insertions in
the partition function trace.

Another potential avenue to making the high-temperature expansion precise is using
Tauberian techniques, which have been applied successfully to correlation functions [59–62]
and torus partition functions in 2d [3, 4, 23]. An essential ingredient in Tauberian methods
is positivity,22 which has not yet played an important role in applications of thermal EFT.
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A Qualitative picture of the 3d Ising partition function

In this appendix, we explain our procedure for producing figure 1. Let Sp/q denote the leading
contribution to the thermal effective action around the angle 2πp

q in 3d:

−Sp/q = 1
q3

fvolS2

β2 +
(
θ − 2πp

q

)2 . (A.1)

We expect −Sp/q to be a good estimate for the action when it is large. Thus, to patch
together different EFT descriptions, we roughly want to choose the action −Sp/q that is
largest for each (β, θ). This would lead to the approximation −S ≈ maxp,q −Sp/q, where p, q
runs over co-prime pairs of integers. However, such an estimate would not be smooth, so
we instead combine the different actions with a root-mean-square:

−S ≈
(∑

p,q

(−Sp/q)2
)1/2

. (A.2)

In figure 1, we plot log logZ = log(−S), for S given in (A.2), with coprime pairs of integers up
to denominator 15. We use the value of minus the free energy density f ≈ 0.153 determined
from Monte-Carlo simulations [65–67].

Note that the approximation (A.2) has some unrealistic features. Firstly, its expansion
around each rational angle contains subleading corrections in β that do not conform with the
expectation from thermal EFT (2.28). Secondly, it does not incorporate the nonperturbative
effects discussed in section 9. Our goal with this approximation is simply to give a qualitative
picture of the partition function. It is interesting to ask whether there is a natural basis of
functions for Z that naturally incorporates these constraints.

In principle, the qualitative features of figure 1 can be checked. For instance, one can
explicitly build the partition function of the 3d Ising model with a phase (e.g. (−1)J ) inserted,
by simply using the operator scaling dimensions that have been estimated from the conformal
bootstrap (or other methods). One can then plot it as a function of β,Ω, and check that,
for instance, the leading Wilson coefficient is approximately 0.153

8 (similar to what was done
in appendix A of [68] and appendix D of [17]). An important technical obstacle we run
into when attempting this is: when computing the partition function with the phase (−1)J ,
the EFT is valid when 2β ≪ 1 (rather than β ≪ 1), so in effect, one needs to keep more
operators in the partition function to get a trustworthy estimate. It would be interesting if
other techniques to estimate the scaling dimensions of the 3d Ising model know about enough
high energy operators to see explicitly the qualitative features of figure 1.

B Review of plethystic sums

In this appendix, we review some facts about the high temperature expansion of plethystic
sums. Plethysic sums can be written as derivatives of various spectral zeta functions and
to compute the high temperature expansion, one “resums” the zeta functions following a
procedure very similar to (5.10). The same resummation technique is also used to compute the
high temperature expansion of massive free field free energy, as we discussed in the section D.2.
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Plethystic sums and spectral zeta functions. We start with some general discussion.
Let f(β) = ∑

k dk e
−βλk be a generating function. We define a few related quantities:

• Plethystic sum:

log(PE[f ]) :=
∑
n=1

1
n
f(nβ). (B.1)

• Spectral zeta function:

ζ(s; f) :=
∑
n∈Z

∑
k

dk

[(2πn
β

)2
+ λ2

k

]−s

. (B.2)

• Heat trace:

H(t; f) :=
∑

k

dk e
−tλ2

k . (B.3)

The plethystic sum is related to the spectral zeta function in a simple way:

log(PE[f ])− β

2
∑

k

dkλk = 1
2
d

ds

∣∣∣
s=0

ζ(s; f), (B.4)

where the second term on the left hand side is the zeta function regularized Casimir energy.23

To derive (B.4), we start by using the Schwinger parametrization to obtain:

ζ(s; f) =
∑
n∈Z

∑
k

dk

[(2πn
β

)2
+ λ2

k

]−s

= 1
Γ(s)

∑
n∈Z

∑
k

dk

∫ ∞

0

dt

t
tse

−t
(

2πn
β

)2
−tλ2

k

= 1
Γ(s)

β

2
√
π

∑
m∈Z

∑
k

dk

∫ ∞

0

dt

t
ts−

1
2 e

m2β2
4t

−tλ2
k ,

(B.5)

where in the last line we’ve Poisson resummed with respect to n. Now we split the summation
over m into an “excited part” with m ̸= 0 and a “vacuum part” where m = 0:

ζexcited(s; f) =
1

Γ(s)
β√
π

∞∑
m=1

∑
k

dk

∫ ∞

0

dt

t
ts−

1
2 e

m2β2
4t

−tλ2
k ,

ζvacuum(s; f) = 1
Γ(s)

β√
π

∑
k

dk

∫ ∞

0

dt

t
ts−

1
2 e−tλ2

k . (B.6)

Performing the integral over t, we get:

d

ds

∣∣∣
s=0

ζexcited(s; f) =
β√
π

∞∑
m=1

∑
k

dk

∫ ∞

0

dt

t
t−1/2 e−

m2β2
4t

−tλ2
k

= 2
∞∑

m=1

1
m

∑
k

dke
−βmλk = 2 log(PE[f ]).

(B.7)

23Note that the Casimir energy computed using zeta function regularization is NOT the same as the Casimir
energy included in appendix C. See section 3.1 in [17] for a discussion of schemes and [69] for the difference
with zeta function regularization.
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For ζvacuum(s; f), we invert the Schwinger parametrization:

d

ds

∣∣∣
s=0

ζvacuum(s; f) = β

2
√
π
Γ(−1/2)

∑
k

dkλk = −β
∑

k

dkλk. (B.8)

Putting everything together we arrive at (B.4).
To compute partition functions with flavor twists and rational angular fugacities we need

to consider plethystic sums taking the following form:
∞∑

n=1

e−inθ

n
F (nβ, ωn

q ), ωq = exp
(2πi
q

)
. (B.9)

Some formal manipulation shows that when the “twisted generating function” F (β, ωq)
satisfies F (β, ωq) = F (β, ω−1

q ), the following relation holds:

∞∑
n=1

e−inθ

n
F (nβ, ωn

q ) +
∞∑

n=1

einθ

n
F (nβ, ωn

q ) =
1
q

d

ds

∣∣∣
s=0

ζ[qθ, s;F (qβ, 1)] + β

q

∑
k

dkλk

+ 1
2q

q−1∑
ℓ=1

d

ds

∣∣∣
s=0

[
L

(
qθ,

ℓ

q
, s;F (qβ, ωℓ

q)
)
+ L

(
−qθ, ℓ

q
, s;F (qβ, ωℓ

q)
)]

.

(B.10)

where:

• In the second sum on the right hand side, dk and λk are supposed to be read from
F (qβ, 1), that is, F (qβ, 1) =∑

k=0 dke
−βλk

•

ζ(θ, s; f) =
∑
n∈Z

∑
k

dk

[(2πn
β

+ θ

β

)2
+ λ2

k

]−s

, with f(β) =
∑
k=0

dke
−βλk . (B.11)

•

L(θ, a, s; f) =
∑
n∈Z

∑
k

dk
e2πina[(

2πn
β + θ

β

)2
+ λ2

k

]s , with f(β) =
∑
k=0

dke
−βλk . (B.12)

Now that we’ve related different plethystic sums to various spectral zeta functions,the high
temperature expansion can be computed by “resumming” all these zeta functions. For
concreteness, we look at some examples:

Example: free scalar on S1 × S3. The relevant generating function is24

f(β) = e−β(1− e−2β)
(1− e−β)4 =

∑
k=1

k2e−βk. (B.13)

24This is the spectral generating function of the operator ∆+ (d−2)
4(d−1) R with ∆ being the Laplacian on S3

and d = 4.
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The spectral zeta function is:

ζ(s; f) = 1
Γ(s)

∑
n∈Z

∫ ∞

0

dt

t
tse

−t
(

2πn
β

)2

H(t; f), (B.14)

with

H(t; f) =
∞∑

k=1
k2e−tk2 =

√
π

4 t−3/2 +
√
π

∞∑
l=1

e−ℓ2π2/t
(1
2 t

−3/2 − ℓ2π2t−5/2
)
.

Here we performed a Poisson resummation with respect to k and separated the piece with
ℓ = 0 from ℓ ̸= 0.

• The term with n = 0 in the sum (B.14) is the contribution of zero mode:

ζ(s; f)
∣∣∣
n=0

=
∞∑

k=1
dkλ

−s
k =

∞∑
k=1

k2−2s = ζR(2s− 2). (B.15)

• Terms with n ̸= 0 and ℓ = 0 generate the perturbative series:

ζ(s; f)
∣∣∣
n ̸=0,ℓ=0

=
√
π

4Γ(s)
∑

n∈Z,n ̸=0

∫ ∞

0

dt

t
ts e

−t
(

2πn
β

)2

t−3/2

=
√
π
Γ
(
s− 3

2

)
2Γ(s)

(2π
β

)3−2s

ζR(2s− 3). (B.16)

• Terms with n ̸= 0 and ℓ ̸= 0 generate the non-perturbative corrections:

ζ(s; f)
∣∣∣
n ̸=0,ℓ ̸=0

=
√
π

Γ(s)

∞∑
n=1

∞∑
ℓ=1

×
[
2

5
2−s

(
n

ℓβ

) 3
2−s

K− 3
2 +s

(
4π2ℓn

β

)
− 2

9
2−sπ2ℓ2

(
n

ℓβ

) 5
2−s

K− 5
2 +s

(
4π2ℓn

β

)]
.

(B.17)

Following (B.4), we find:

log(PE[f ])− β

240 = π4

45β3 − ζ(3)
4π2 − 1

2π2

∞∑
n=1

∞∑
ℓ=1

e
− 4π2nℓ

β

(
1
ℓ3

+ 4nπ2

ℓ2β
+ 8n2π4

ℓβ2

)
. (B.18)

With the same dk and λk, we can construct a slightly different zeta function:

ζm(s) =
∞∑

k=0

dk(
λ2

k +m2)s , (B.19)

this spectral zeta function satisfies

1
2
d

ds

∣∣∣
s=0

ζm(s) = log(Zmassive[S3]) (B.20)
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where Zmassive[S3]) is given in eq. (D.25). Applying the same resummation procedure, we
get (D.26). The lens space partition functions Zmassive[L(q; 1)] can be computed in an almost
identical way. One simply replace dk = k2 by [70]:

dk =

k
[

k
q

]
, k − q

[
k
q

]
∈ 2Z,

k
([

k
q

]
+ 1

)
, k − q

[
k
q

]
∈ 2Z+ 1,

(q ∈ 2Z+ 1),

dk =

0, k ∈ 2Z,
k
(
2
[

k
q

]
+ 1

)
, k ∈ 2Z+ 1,

(q ∈ 2Z), (B.21)

which are the degeneracy for ∆+ (d−2)
4(d−1)R with ∆ being the Laplacian in L(q; 1) and d = 4.

The same calculations will yield (D.30) and (D.31).

Example: free scalar on S1 × S5. The relevant generating function is:

f(β) = q2(1− q2)
(1− q)6 =

∞∑
k=1

k2(k2 − 1)
12 e−βk.

and the heat trace is:

H(t; f) = 1
24
∑
k∈Z

k2(k2 − 1)e−tk2

=
√
π

( 1
32t5/2 − 1

48t3/2

)
+
√
π

∞∑
l=1

e−
l2π2

t

×
[
π4l4

12t9/2 − π2l2

4t7/2 + 1
t5/2

(
π2l2

12 + 1
16

)
− 1

24t3/2

]
.

(B.22)

Following the same procedure as in the example above, we obtain:

log(PE[f ]− 31
60480β=

2π6

945β5 −
π4

540β3 +
ζ(5)
16π4 +

ζ(3)
48π2 (B.23)

+
∞∑

n=1

∞∑
ℓ=1

e
− 4π2nℓ

β

[
4π4n4

3β4ℓ
+4π2n3

3βℓ2 + 1
β2

(
n2

ℓ3
+π2n2

3ℓ

)
+ 1
β

(
n

2π2ℓ4
+ n

6ℓ2
)
+ 1
8π4ℓ5

+ 1
24π2ℓ3

]
,

if we replace ζ(s; f) by ζm(s), we reproduce (D.27).

Example: free scalar on S1 × S3 with Z2 flavor twist. The plethystic sum in interest is:

∞∑
n=1

(−1)n

n
f(nβ), f(β) = e−β(1− e−2β)

(1− e−β)4 =
∑
k=1

k2e−βk. (B.24)

Setting q = 1 and θ = π in (B.10), we find that:

∞∑
n=1

(−1)n

n
f(nβ) = 1

2
d

ds

∣∣∣
s=0

ζ(π, s; f) + β

2
∑

k

dkλk, (B.25)
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where ζ(π, s; f) is defined in (B.11). After resumming the zeta function, we find:
∞∑

n=1

(−1)n

n
f(nβ)− β

240 = − 7π4

360β3 −
∞∑

n=1

∞∑
ℓ=1

e
− (4n−2)ℓπ2

β

(
(2n− 1)2π2

ℓβ2 + 2n− 1
ℓ2β

+ 1
ℓ3π2

)
.

(B.26)
Finally, we discuss twisted partition function with rational angular fugacity. These are the
main objects of interest in this paper. Even though the techniques outlined in this appendix
can be very easily generalized to higher dimensions and to more complicated combinations of
angles, we will focus on 4d scalar partition functions twisted by e−

2πi
q

J12− 2πi
q

J34 for simplicity.
As explained in section D.2, the subtle difference between the lens space partition function
and the twisted partition function is related to the non-trivial topology of the EFT bundle.

Example: free scalar in S1 × S3 with Zq rotation, q odd. We focus on the twisted
partition function log

(
Tr[e−βH− 2πi

q
J12− 2πi

q
J34 ]

)
and restrict to the case where q is odd. The

plethystic sum in interest is:
∞∑

n=1

1
n
F (nβ, ωn

q ), F (β, ωq) =
e−β(1− e−2β)

(1− ωqe−β)2(1− ω−1
q e−β)2 . (B.27)

It is easy to verify:

F (qβ, ωℓ
q) =


∑∞

k=1 k
2e−qβk, ℓ = 0

∑∞
k=1

k sin( 2πkℓ
q

)
sin( 2πℓ

q
) e−qβk, ℓ ̸= 0

(B.28)

Setting θ = 0 in (B.10),we find:
∞∑

n=1

1
n
F (nβ, ωn

q ) =
1
2q

d

ds

∣∣∣
s=0

ζ[0, s;F (qβ, 1)] + β

q

∑
k

dkλk

+ 1
2q

q−1∑
ℓ=1

d

ds

∣∣∣
s=0

L

(
qθ,

ℓ

q
, s;F (qβ, ωℓ

q)
)
.

(B.29)

where dk = k2, λk = qk for the second sum on the right hand side. After resumming all
the zeta functions, we find:

∞∑
n=1

1
n

e−nβ(1− e−2nβ)
(1− ωn

q e
−nβ)2(1− ω−n

q e−nβ)2

= π4

45β3q4 + β

240 − ζ(3)
4π2q

− 1
q

∞∑
n=1

∞∑
ℓ=1

e
− 4π2ℓn

βq

(
1

2π2ℓ3
+ 2n
βℓ2q

+ 4π2n2

β2ℓq2

)

+
∞∑

n=1

∞∑
ℓ=1
ℓ/∈qZ

cos(2πnℓ
q )

sin(2πℓ
q )

e
− 4π2nℓ

q2β

(2πn
ℓqβ

+ q

2ℓ2π

)

+
∞∑

ℓ=1
ℓ/∈qZ

1
4πℓ2

1
sin(2πℓ

q )
.

(B.30)
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Example: free scalar in S1 × S3 with Zq rotation and Z2 flavor twist, q=odd.
The relevant plethystic sum is:

∞∑
n=1

(−1)n

n
F (nβ, ωn

q ), F (β, ωq) =
e−β(1− e−2β)

(1− ωqe−β)2(1− ω−1
q e−β)2 . (B.31)

Setting θ = π in (B.10) and resum all the zeta functions, we get:

∞∑
n=1

(−1)n

n

e−nβ(1− e−2nβ)
(1− ωn

q e
−nβ)2(1− ω−n

q e−nβ)2

= − 7π4

360β3q4 + β

240 −
∑
n=1

∑
ℓ=1

e
− 2ℓ(2n−1)π2

qβ

(
(2n− 1)2π2

ℓq3β2 + 2n− 1
βℓ2q2 + 1

2ℓ3qπ2

)

+
∞∑

ℓ=1
ℓ/∈qZ

∞∑
n=0

cos(2πℓ
q ( q−1

2 − n))
sin(2πℓ

q )
e
− 2ℓ(2n+1)π2

q2β

((2n+ 1)π
ℓqβ

+ q

2ℓ2π

)
.

(B.32)

C More examples for 4d and 6d CFTs

In this appendix, we compute a few more examples of the high temperature expansion of CFTs
with a large rotation inserted. We will focus on insertions R without fixed points (so that
SD vanishes). In odd d, SO(d) necessarily has a nontrivial fixed locus, so we focus on even
d. In even d, if we insert R = exp

(
2πi

(
p1
q J1 + · · ·+ pn

q Jn

))
(namely all the denominators

are equal, with gcd(pi, q) = 1), then R has no fixed points and there is no defect action.
Previously in section 5.3, we described 4d examples with a defect coming from q1 ̸= q2; in
this example we will consider the (simpler) case with no defect action.

We note that the formulas in this section are accurate to all orders in perturbation theory
in β; this is because the free energy of free theories in even dimensions truncates at O(β).
This is an accident of free theories in even dimensions and does not generalize.

Finally, we note that in even dimensions, the Hamiltonian H = D + ε0 includes a
contribution from the Casimir energy, which is not accounted for in the sum over characters
using plethystic exponentials (see section 3.1 of [17] for details on this scheme, [69] for a
calculation of the Casimir energy, and e.g. [71] for values of the a anomaly). We have
included this contribution to the final expression (although terms linear in β are invariant
when acting on with (2.28)).

Example: 4d Z2-twisted complex scalar. Here we consider a 4d free complex scalar.
We insert a Z2 twist (which we denote as eπiQ) where we identify the field ϕ with −ϕ as we
go around the thermal circle, in order to remove the gapless sector. Without any insertion
of a rotation R, we get the following free energy:

log Tr
[
e−β(H−iΩ1J1−iΩ2J2)eπiQ

]
∼ 1∏2

i=1(1 + Ω2
i )

(
− 7π4

180β3 − π2∑2
i=1 Ω2

i

36β + (3 + 6∑2
i=1 Ω2

i − 10Ω2
1Ω2

2 + 6∑2
i=1 Ω4

i )β
720

)
.

(C.1)
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Now let us consider a rotation by 2π/3 in each Cartan direction. As expected, when
we insert the large rotation, we find:

log Tr
[
e−β(H−iΩ1J1−iΩ2J2)eπiQe2πi

(
J1
3 + J2

3

)]
∼ 1

3 log Tr
[
e−3β(H−iΩ1J1−iΩ2J2)e3πiQ

]
. (C.2)

Example: 4d Dirac fermion. As discussed in section 4, for fermionic theories we need
to compute the partition function without and with a (−1)F insertion:

log Tr
[
e−β(H−iΩ1J1−iΩ2J2)

]
∼ 1∏2

i=1(1+Ω2
i )

(
7π4

90β3 −
π2(3+∑2

i=1Ω2
i )

36β + (18+6∑2
i=1Ω2

i +10Ω2
1Ω2

2−21∑2
i=1Ω4

i )β
1440

)
(C.3)

log Tr
[
(−1)F e−β(H−iΩ1J1−iΩ2J2)e4πiQ/3

]
∼ 1∏2

i=1(1+Ω2
i )

(
52π4

1215β3 −
π2(3+∑2

i=1Ω2
i )

54β + (18+6∑2
i=1Ω2

i +10Ω2
1Ω2

2−21∑2
i=1Ω4

i )β
1440

)
.

(C.4)
Fermions carry U(1) charge. We use a convention where the particle carries charge +1

and anti-particle carries charge −1. To make sure that the zero mode does not contribute in
the thermal effective field theory description, we turned on the fugacity corresponding to U(1)
and set it to e4πi/3, along with a (−1)F insertion. This amounted to turning on Z3 ⊂ U(1)
flavor symmetry for the partition function with a (−1)F insertion. After turning on a large
rotation e2πiJ1p1/qe2πiJ2p2/q, we get the following results (exactly as predicted in section 4):

logTr
[
e−β(H−iΩ1J1−iΩ2J2)e2πi

(
J1
3 + J2

3

)]
∼ 1

3 logTr
[
e−3β(H−iΩ1J1−iΩ2J2)

]
(C.5)

logTr
[
e−β(H−iΩ1J1−iΩ2J2)e2πiQ/3e2πi

(
J1
2 + J2

2

)]
∼ 1

2 logTr
[
(−1)F e−2β(H−iΩ1J1−iΩ2J2)e4πiQ/3

]
.

(C.6)

Example: 6d twisted complex scalar. Here we consider a 6d free scalar with a Z2 twist:

log Tr
[
e−β(H−i

∑3
k=1

ΩkJk)eπiQ
]

∼ 1∏3
i=1(1+Ω2

i )

(
− 31π6

7560β5 +
7π4(1−∑3

i=1Ω2
i )

2160β3 +
π2(8

∑3
i=1Ω2

i −5
∑

cycΩ2
1Ω2

2−3
∑3

i=1Ω4
i )

2160β

−
(37+62

∑3
i=1Ω2

i −154
∑

cycΩ2
1Ω2

2−104
∑3

i=1Ω4
i +70Ω2

1Ω2
2Ω2

3+42
∑3

i=1Ω2
i

∑3
i=1Ω4

i −22
∑3

i=1Ω6
i )β

60480

)
.

(C.7)
With the insertion of a large rotation, we get:

log Tr
[
e−β(H−i

∑3
k=1 ΩkJk)eπiQe2πi

(
J1
3 + J2

3 + J3
3

)]
∼ 1

3 log Tr
[
e−3β(H−i

∑3
k=1 ΩkJk)e3πiQ

]
(C.8)
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θ(τ)

ya(τ)

Figure 7. Coordinates on Sd−1. The classical path is θ(τ) = 2πτ and perpendicular fluctuations
ya(τ) are integrated over.

Example: 6d Dirac fermion. Finally we consider a 6d free Dirac fermion. We get:

log Tr
[
e
−β(H−i

∑3

k=1
ΩkJk)

]
∼ 1∏3

i=1(1+Ω2
i )

(
31π6

1890β5 −
7π4(5+

∑3
i=1Ω

2
i )

1080β3 +
π2(135+26

∑3
i=1Ω

2
i +10

∑
cycΩ

2
1Ω2

2−21
∑3

i=1Ω
4
i )

4320β

+
(−880+55

∑3
i=1Ω

2
i −14

∑
cycΩ

2
1Ω2

2−743
∑3

i=1Ω
4
i −70Ω2

1Ω2
2Ω2

3+147
∑3

i=1Ω
2
i

∑3
i=1Ω

4
i −302

∑3
i=1Ω

6
i )β

120960

)
.

(C.9)
With an insertion of a rotation R, we get the following:

log Tr
[
e−β(H−i

∑3
k=1 ΩkJk)e2πi

(
J1
2 + J2

2 + J3
2

)]
∼ 1

2 log Tr
[
e−2β(H−i

∑3
k=1 ΩkJk)

]
(C.10)

D More on nonperturbative terms

In this appendix, we discuss more details on the nonperturbative parts of the partition
function outlined in section 9. In appendix D.1, we derive equations (9.2), (9.3) and (9.4)
by performing the worldline path integral. In appendices D.2, D.3, and D.4, we verify the
universal leading terms in several examples from free field theory.

D.1 Worldline path integral

D.1.1 Worldline path integral on the sphere

Let us begin by computing the worldline path integral on Sd−1. Let θ denote a coordinate
along a great circle and let yi (i = 1, . . . , d − 2) parametrize the perpendicular directions,
see figure 7. The metric on Sd−1 takes the form:

ds2 = dy2 + cos2 |y| dθ2. (D.1)

In the absence of a background gauge field, a single worldline instanton contribution
is given by∫

Dxµ(τ) e−mi

∫
ds =

∫
Dyi(τ) exp

−mi

∫ 1

0
dτ

√
cos2 |y|

(
dθ

dτ

)2
+
(
dy

dτ

)2


∼ e−2πmi

∫
Dyi(τ) exp

[
−mi

∫ 1

0
dτ

(
ẏ2

4π − πy2
)]

, (D.2)
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where in the last line we Taylor-expanded the square root in fluctuations around the great
circle.25 We also used reparameterization invariance of the Nambu-Goto action to set
θ(τ) = 2πτ . In the path integral, we sum over periodic paths yi(τ) satisfying yi(0) = yi(1),
with the following mode expansion:

yi(τ) =
∞∑

n=1
ai

n sin(2πnτ) +
∞∑

n=1
bi

n cos(2πnτ) + bi
0√
2
. (D.3)

In writing this mode expansion, we have defined the mode numbers and coefficients ai
n, b

i
n

so that the measure on the moduli space of geodesics is locally ∏i da
i
1db

i
1. We furthermore

imposed that each mode should be unit-normalized under the inner product ⟨y, y⟩ = 2
∫
dτ |y|2.

The path integral can then be reduced to a product of ordinary integrals over ai
n, bi

n:26

∫
Dyi(τ)exp

[
−mi

∫ 1

0
dτ

(
ẏ2

4π−πy
2
)]

=
d−2∏
i=1

{ ∞∏
n=1

∫
dai

ndb
i
n exp

[
−miπ

2
(
n2−1

)(
(ai

n)2+(bi
n)2
)]

×
∫
dbi

0 exp
[
miπ

2 (bi
0)2
]}

. (D.4)

Modes with n > 1 are massive and correspond to oscillations around the geodesic. The
modes with n = 0 are tachyonic. After adding these tachyonic fluctuations, the trajectory
of the particle will deviate from the great circle and shrink towards a point, reducing its
length (see e.g. figure 4 and the surrounding discussions in [31]). Consequently, the classical
trajectory we are expanding around is an unstable saddle point of the Nambu-Goto action.
To define the integral over the tachyonic directions, we need to make sense of integral of
the form

∫∞
−∞ dx eα2x2 where Re(α2) > 0. We do so by analytically continuing from the

region where Re(α2) < 0 and defining:∫ ∞

−∞
dx eα2x2 := (±i)

√
π

|α| , Reα2 > 0. (D.5)

Furthermore, we make the same choice of sign in (D.5) for integrals over all such tachyonic
modes. This prescription, however, does not remove all ambiguities. Since there are d− 2
perpendicular directions and each of them contributes a single tachyonic mode, the overall
phase factor is (±i)(d−2). When d is even, both choices of sign give the same result. But when
d is odd, the ambiguity remains. As we will see in appendix D.4, this remaining two-fold
ambiguity is related to a contour ambiguity in performing a Borel resummation.

The zero modes with n = 1 represent rotations of the great circle. The corresponding
mode coefficients ai

1, b
i
1 are local coordinates on the moduli space of geodesics. Every geodesic

on Sd−1 is an intersection of Sd−1 with a 2-plane in Rd containing the origin, so this moduli
25This approximation is allowed as long as the thermal wavelength

√
2π/m is much smaller than the size of

the sphere.
26The path integral measure Dy(τ) is induced from a choice of inner product. This inner product must

be local — i.e. an integral over τ — in order for the path integral to satisfy proper cutting and gluing rules.
However, the overall coefficient of the inner product does not matter because det(const) =

∏
n∈Z const = 1 in

ζ-function regularization. As long as the modes are all normalized the same way with respect to the inner
product, the measure factorizes into an integral over each mode coefficient Dy =

∏
i
dbi

0
∏

n,i
dai

ndbi
n.
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space is the same as the Grassmannian Gr(2,Rd). Hence, the zero mode integral is the
volume of this Grassmannian:

d−2∏
i=1

∫
dai

1db
i
1 = vol(Gr(2,Rd))= vol(O(d))

vol(O(2))×vol(O(d−2)) =
vol(Sd−1)×vol(Sd−2)

2vol(S1) . (D.6)

We can finally explicitly calculate the path-integral over yi(τ):∫
Dyi(τ) exp

[
−mi

∫ 1

0
dτ

(
ẏ2

4π − πy2
)]

= vol(Gr(2,Rd))
d−2∏
i=1

[
(±i)

√
2
mi

×
∞∏

n=1

′ 2
mi

∞∏
n=1

′ 1
n2 − 1

]

= (±i)d−2md−2
i

Γ(d− 1) , (D.7)

where ∏n
′ means we skip the mode n = 1. We computed the infinite product above using

zeta function regularization [72]. In particular, the following formulas are useful for such
computations:

∞∏
n=1

n =
√
2π, and

∞∏
n=1

a = a−1/2 (a > 0). (D.8)

Putting everything together, we obtain (9.2).

D.1.2 Worldline path integral on lens space

Three dimensional homogeneous lens space L(q; 1) can be defined as the quotient of the
three sphere S3 =

{
(z1, z2) ∈ C2∣∣|z1|2 + |z2|2 = 1

}
by the equivalence relation (z1, z2) ∼

(e2πi/qz1, e2πi/qz2). Geodesics in L(q; 1) comes in two types: the contractable “long geodesics”
with length 2π, and the non-contractable “short geodesics” with length 2π/q. If q ̸= 2, each
short geodesic is an intersection of a complex line αz1+βz2 = 0 with S3, so the corresponding
moduli space is Gr(1,C2). When q = 2, every real two-plane αz1 + βz2 + γz1 + δz2 in R4

intersects S3 at a short geodesic, so the corresponding moduli space is Gr(2,R4).
To compute worldline instanton contributions to the lens space partition function, we

choose the classical trajectory θ(τ) to wind around a short geodesic and integrate over
perpendicular fluctuations obeying a slightly different boundary condition:(

y1(1)
y2(1)

)
=
(
cos(2π

q ) − sin(2π
q )

sin(2π
q ) cos(2π

q )

)(
y1(0)
y2(0)

)
. (D.9)

Introducing the complex variable z(τ) = y1(τ)+iy2(τ), we have the following mode expansion:

z(τ) =
∑
n∈Z

cn e
2πi(n+1/q)τ . (D.10)

Plugging in θ(τ) = 2πτ
q , we find the worldline path integral

∫
Dz(τ) exp

−mi

∫ 1

0
dτ

√
(1− |z|2)

(
dθ

dτ

)2
+
∣∣∣∣dzdτ

∣∣∣∣2


= e
− 2miπ

q
∏
n∈Z

∫
dcndcn exp

[
−miπ

(
n2q + 2n

)
|cn|2

]
. (D.11)
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When q ̸= 2, the only zero mode is c0 e(2πi/q)τ . In this case, following the treatment
of zero modes outlined above, we find∏
n∈Z

∫
dcndcn exp

[
−miπ

(
n2q + 2n

)
|cn|2

]
= vol(Gr(1,C2))

∏
n∈Z ̸=0

1
mi

1
n (2 + nq) = mi

2 sin(2π
q )
,

(D.12)

where we’ve used

vol(Gr(k,Cd)) = vol(U(d))
vol(U(k))× vol(U(d− k)) = πk(d−k)G(k + 1)G(d− k + 1)

G(d+ 1) , (D.13)

where G(z) is the Barnes G-function.
When q = 2, there are two zero modes c0eπiτ and c−1e−πiτ . Thus,
∏
n∈Z

∫
dcndcn exp

[
−miπ

(
2n2 + 2n

)
|cn|2

]
=
∫
dc0dc0dc−1dc−1

∏
n∈Z ̸=0,−1

1
2mi

1
n (1 + n) .

(D.14)

The integral over zero mode coefficients c0 and c−1 is not exactly the same as the volume
of Gr(2,R4): the correct local coordinates on Gr(2,R4) should be the coefficient in front of
cos(πτ), i cos(πτ) sin(πτ) and i sin(πτ), therefore:

dVol(Gr(2,R4)) = 4 dc0dc0dc−1dc−1. (D.15)

Combing zero modes with massive modes, we get:

∏
n∈Z

∫
dcndcn exp

[
−miπ

(
2n2 + 2n

)
|cn|2

]
= m2

i

2 . (D.16)

Notice that tachyonic modes never appeared in the computations above. This is consistent
with the fact that short geodesics are non-contractable!

D.1.3 World line contribution to spin-refined partition function in 4d

We would like to compute single-particle non-perturbative corrections for a spin-refined
sphere partition function in 4d. As explained in section 2, the corresponding EFT bundle is
non-trivial. By winding around the fundamental cycle in L(q; 1), one also advances by β along
the thermal circle whose total length is qβ. Thus, after Kaluza-Klein reduction, we have a
flat connection on an S1

qβ bundle over L(q; 1) whose holonomy along a short geodesic is given
by
∮
A = β. The corresponding phase in the worldline action is thus exp(2πiqi

qβ β) = exp(2πiqi
q ).

Since the connection is flat, the classical equations of motion will not be affected, and we can
compute the “Nambu-Goto part” of the worldline path integral in exactly the same way as
for the lens space partition function. Putting everything together, we arrive at (9.4).

D.2 A closer look at free field theory

In this subsection, we discuss non-perturbative corrections in free field partition functions. In
particular, we will show that they indeed have the structure predicted in section 9. Actually,
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thanks to the Fock space structure of the Hilbert space, we can easily predict the leading
terms in all non-perturbative corrections to free theory partition functions using worldline
instantons. The “free-theory upgraded predictions” in (D.20), (D.22), and (D.23) can also
be checked explicitly, as we will do in section D.3.

In the language of section D.1, there is a worldline instanton correction for each Poincaré
irrep in the d−1 dimensional massive theory on Rd−1. In a free theory, the Hilbert space
furthermore has the structure of a Fock space, so that for any symmetry generator g, we have

TrH[g] =
∞∑

n=1
TrHn [g] =

∞∑
n=1

TrSymn(H1)[g] = exp
( ∞∑

ℓ=1

1
ℓ

TrH1 [gℓ]
)
, (D.17)

where H1 is the single-particle Hilbert space.
We can apply this result to a free massive theory on Sd−1 as follows. Consider the sphere

Sd−1 in “angular” quantization, where we choose an angle ϕ ∈ [0, 2π) and slice the path
integral on slices of constant ϕ. Each spatial slice is a d−2-dimensional hemisphere, with
some boundary conditions at the equator of the hemisphere. (Our arguments will be heuristic
because we will be vague about the nature of these boundary conditions, see [73] for a recent
discussion.) Let the corresponding Hamiltonian be H. The sphere partition function is then

TrH(e−2πH) = exp
( ∞∑

ℓ=1

1
ℓ
TrH1 [e−2πℓH ]

)
. (D.18)

Each single-particle worldline instanton discussed in section D.1 computes the leading con-
tribution to TrH1 [e−2πH ]. To instead compute TrH1 [e−2πℓH ], we should expand around a
classical trajectory θ(τ) = 2πℓτ that winds ℓ times around the great circle. Expanding the
worldline path integral around this trajectory, we find:

TrH1 [e−2πℓH ] =
∑
m

e−2πℓm (±i)(d−2)(2ℓ−1)md−2

Γ(d− 1)

(
1 +O

( 1
m

))
. (D.19)

For a free scalar CFT on Sd−1 × S1
β, the single-particle states are KK modes, so that

we expect

log(Zfree[Sd−1 × S1
β ]) ∼

∑
m

∞∑
ℓ=1

1
ℓ

TrH1e
−2πℓH , (D.20)

where each TrH1e
−2πℓH is given by (D.19), and m runs over the spectrum of KK masses. Here,

“∼” means that the right-hand side displays the nonperturbative terms in the left-hand side.
We can derive similar results for a free massive theory on the lens space L(q; 1). If we

consider an instanton on the locus |z1| = 1, wrapping ℓ times around the “short geodesic,”
then the lens space worldline path integral evaluates TrH1 [e

− 2πℓ
q

H− 2πℓi
q

J ], where J generates
a rotation in the z2 plane. Hence for the free scalar on L(q; 1) × S1

β, when q is odd:

log(Zfree[L(q; 1)× S1
β ]) =

∑
m

∞∑
ℓ=1

1
ℓ
TrH1 [e

− 2πℓ
q

H− 2πℓi
q

J ]

=
∑
m

∞∑
ℓ=1

1
qℓ

TrH1 [e−2πℓH ] +
∑
m

∑
ℓ/∈qZ

1
ℓ
TrH1 [e

− 2πℓ
q

H− 2πiℓ
q

J ].
(D.21)
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In the last line, we singled out terms where ℓ ∈ qZ. Up to a 1/q factor, the first sum is
exactly the same as the nonperturbative terms in log(Zfree[Sd−1 × S1

β]). Indeed, since the
short geodesic generates π1(L(q; 1)) ≃ Zq, after winding around q times, the loop becomes
contractable. Notice that each contractable long geodesic in L(q; 1) will be lifted to q different
geodesics in S3, so the moduli space of a long geodesic in L(q; 1) should have 1/q-th the
volume of Gr(2,R4) and this is the origin of the 1/q factor.

Combining everything, the leading order terms are:

log(Zfree[L(q; 1)× S1
β ]) ∼

∑
m

(
− 1
q

∞∑
ℓ=1

e−2πℓmm
2

2ℓ +
∞∑

ℓ=1
ℓ/∈qZ

e
− 2πℓm

q
m

2ℓ sin(2πℓ
q )

)
(odd q),

(D.22)

where “∼” means we show nonperturbative corrections. Similarly when q is even, we find

log(Zfree[L(q; 1)×S1
β ])

∼
∑
m

(
− 1
q

∞∑
ℓ=1

e−2πℓmm
2

2ℓ +
∞∑

ℓ=1
ℓ/∈(q/2)Z

e
− 2πℓm

q
m

2ℓ sin(2πℓ
q )

+ 1
q

∞∑
ℓ=1

e−π(2ℓ−1)m m2

2ℓ−1

)
(even q).

(D.23)

D.3 Partition function from functional determinants

In this section, we use the methods of [70] to compute the partition function of free
scalar theories by explicitly summing over the Laplacian spectrum. We will find agree-
ment with (D.20), (D.22), and (D.23). In particular, this will verify the general predictions
of section D.1 for free theories.

Consider a massive scalar field on Sd−1 with the action

Sfree =
1
2

∫
dd−1x

√
g

[
gµν∂

µϕ∂νϕ+m2ϕ2 + 1
4
(d− 2)
(d− 1)Rϕ

2
]
, (D.24)

with R = (d − 1)(d − 2). Here, we have chosen the curvature coupling 1
2ξRϕ

2 to have the
form appropriate for a conformally-coupled scalar in d-dimensions, dimensionally reduced to
d−1 dimensions. However, this coupling will not affect the leading form of nonperturbative
corrections that are our main focus. The partition function is the functional determinant

Zmassive[Sd−1] = det
[
∆+m2 + (d− 2)2

4

]−1/2

, (D.25)

where ∆ is the Laplace operator on Sd−1, which has eigenvalues λk = k(k + d − 2) with
degneracies dk = (d−3+k)!(d−2+2k)

k!(d−2)! . Let us focus on d = 4 and d = 6 i.e the sphere partition
function of a massive theory on S3 and S5.
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Using zeta function regularization, we find

log(Zmassive[S3]) = πm3

6 −
∞∑
ℓ

e−2πℓm

2ℓ

(
m2 + m

πℓ2
+ 1

2π2ℓ3

)
, (D.26)

log(Zmassive[S5]) = − π

120m
5 − π

72m
3 +

∞∑
ℓ=1

e−2πℓm

24ℓ

(
m4 + 2m3

πℓ
+m2

(
1 + 3

π2ℓ2

)

+m

( 1
πℓ

+ 3
π2ℓ2

+ 3
2π4ℓ4

+ 1
2π2ℓ2

))
. (D.27)

We now need to sum over the KK masses to obtain Zfree[Sd−1 × S1
β]. Let us consider

Z2-twisted free scalar fields as an example, where the Z2 twist is introduced to remove a
zero mode upon dimensional reduction. The KK mass spectrum is m = |(2n − 1)/β| for
n ∈ Z. Thus, the free energy in d = 4 and d = 6 is

log(Zfree[S3 × S1
β ]) ∼ −

∑
n=1

∞∑
ℓ=1

e
− 2π2(2n−1)ℓ

β
1
ℓ

(
(2n− 1)2π2

β2 + 2n− 1
βℓ2

+ 1
2π2ℓ3

)
, (D.28)

log(Zfree[S5 × S1
β ])

∼
∞∑

n=1

∞∑
ℓ=1

e−2π2(2n−1)ℓ/β

12ℓ

(
π4(2n− 1)4

β4 + 2π2(2n− 1)3

ℓβ3

+ π2(2n− 1)2

β2

(
1 + 3

π2ℓ2

)
+ π(2n− 1)

β

( 1
πℓ

+ 3
π2ℓ2

+ 3
2π4ℓ4

+ 1
2π2ℓ2

))
, (D.29)

where “∼” means we only show non-perturbative corrections. These results are in agreement
with the general form (D.20) predicted from worldline instantons, together with the Fock-
space structure of the free theory.

The same approach can be generalized to compute a lens space partition function in 4d.
We display the result here for a more direct comparison with the twisted partition function:

log(Zmassive[L(q; 1)]) =
πm3

6q − 1
q

∞∑
ℓ

e−2πℓm

2ℓ

(
m2 + m

πℓ
+ 1

2π2ℓ2

)

+
∞∑

ℓ=1
ℓ/∈qZ

e
− 2πℓm

q

sin
(

2πℓ
q

) (m
2ℓ +

q

4πℓ2
)

(q ∈ 2Z+ 1), (D.30)

log(Zmassive[L(q; 1)]) =
πm3

6q − 1
q

∞∑
ℓ

e−2πℓm

2ℓ

(
m2 + m

πℓ
+ 1

2π2ℓ2

)

+ 1
q

∞∑
ℓ

e−π(2ℓ−1)m

2ℓ− 1

(
m2 + 2m

π(2ℓ− 1) +
2

π2(2ℓ− 1)2

)

+
∞∑

ℓ=1
ℓ/∈ q

2Z

e
− 2πℓm

q

sin
(

2πℓ
q

) (m
2ℓ +

q

4πℓ2
)

(q ∈ 2Z). (D.31)
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In appendix B, we computed the high temperature expansion of a free scalar twisted by
e
− 2πi

q
J12− 2πi

q
J34 . Restricting to odd q and inserting a Z2 twist to remove the zero mode, we find

log
(
Tr
[
e
−βH− 2πi

q
J12− 2πi

q
J34(−1)N

])
∼ −

∑
n=1

∑
ℓ=1

e
− 2ℓ(2n−1)π2

qβ

(
(2n− 1)2π2

ℓq3β2 + 2n− 1
βℓ2q2 + 1

2ℓ3qπ2

)

+
∞∑

ℓ=1
ℓ/∈qZ

∞∑
n=0

cos(2πℓ
q ( q−1

2 − n))
sin(2πℓ

q )
e
− 2ℓ(2n+1)π2

q2β

((2n+ 1)π
ℓqβ

+ q

2ℓ2π

)
, (D.32)

where “∼” means we only show non-perturbative corrections and N is the ϕ-number operator,
so that (−1)N implements the Z2 twist. Note that this is not quite identical to the lens space
partition function (D.30) summed over the mass spectrum m = |2n+1|π

qβ . To obtain the twisted
partition function (D.32), we must additionally modify the lens space result to account for
the nontrivial background gauge field. To do so, we multiply each term in the summation
over short geodesics by a phase exp(2πiℓqi

q ). For a Z2 twisted free scalar field, the KK charge
spectrum is q = n+ 1

2 + q
2 . After putting in all the phases, we recover (D.32). Finally, note

that this result is consistent with the general prediction (9.4) from worldline instantons.

D.4 Free theories in odd dimension

The examples presented in section D.3 were all in even d. In odd d, we face the puzzle that
the contribution of a worldline instanton (9.2) is imaginary (even when the partition function
should be real), and furthermore its phase depends on how we choose the integration contours
for tachyonic modes. The proper interpretation of these kinds of contributions is explained
for example in [31]. They can be understood as characterizing singularities in the Borel plane
when computing the partition function via Borel resummation.

In this appendix, we provide a quick summary of the discussion from [31] in the example
of a massive free scalar on S2. (We can think of this theory as the contribution of a single
KK mode to the partition function of the 3d free scalar on S2 × S1

β.) We can compute the
partition function in terms of the heat trace, following appendix B. The heat trace on S2 is:

Tr
[
e−t(∆+( d−2

2 )2)
]
=

∞∑
k=0

(2k + 1)e−t(k+ 1
2 )2 =

∑
k∈Z

|k + 1
2 |e

−t(k+ 1
2 )2

=
∑
ℓ∈Z

(1
t
− 2πℓ
t3/2F

(
πℓ√
t

))
,

(D.33)

where F (z) is Dawson’s function which admits the following asymptotic expansion near z = ∞:

F (z) ∼
∞∑

n=0

(2n− 1)!!
2n+1

(1
z

)2n+1
. (D.34)

The heat trace therefore has the following expansion near t = 0:

Tr
[
e−t(∆+( d−2

2 )2)
]
∼

∞∑
n=0

ant
n−1, an = (−1)n+1(1− 21−2n)

n! B2n, (D.35)

where B2n are the Bernoulli numbers.
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Let us now perform a Borel resummation of the series Φ ≡ ∑∞
n=0 ant

n:

S[Φ](t) = 2√
t

∫ ∞

0
dζ e−ζ2/tBΦ(ζ), (D.36)

where the Borel transformed series BΦ(ζ) is:

BΦ(ζ) =
∞∑

n=0

an

Γ(n+ 1
2)
ζ2n = 1√

π

ζ

sin(ζ) . (D.37)

With this expression for BΦ, the integral in (D.36) is apparently ill-defined since there are
poles located at ζ = ℓπ, ℓ ∈ Z on the positive real axis. A contour prescription is needed
to define the integral.

One natural option is to deform the integration contour to pass over (we will refer to
the corresponding contour as C+) or under (we will refer to the corresponding contour as
C−) the poles. However, these two choices are not equivalent. Their difference is the sum
of residues at the poles:

2√
t

∫
C+−C−

dζ e−ζ2/tBΦ(ζ) = 2it
(
π

t

)3/2∑
ℓ̸=0

(−1)ℓ+1|ℓ|e−ℓ2π2/t. (D.38)

The ambiguity in integration contour leads to an ambiguity in the Borel-resummed heat trace:

Tr
[
e−t(∆+( d−2

2 )2)
]
= 2√

πt3/2

∫
C±
dζ

ζe−ζ2/t

sin ζ + 2i
(
π

t

)3/2∑
ℓ ̸=0

σ±ℓ (−1)ℓ+1|ℓ|e− ℓ2π2
t , (D.39)

where σ±ℓ are arbitrary coefficients which jump as we switch from C+ to C−. If we require
the heat trace to be real when t ∈ R+, then the σ±ℓ are fixed to be ±1

2 . This is equivalent
to a principal value prescription for the Borel integral:

Tr
[
e−t(∆+( d−2

2 )2)
]
= 2√

πt3/2

∫ ∞

0
dζ P

[
ζe−ζ2/t

sin ζ

]
. (D.40)

To compute logZ, we must supply a factor of e−tm2 and integrate
∫
dt/t. If we start

with (D.40), we get a valid integral representation for the partition function. However,
if we start with (D.39) and perform the t-integral term by term, we obtain the series of
nonperturbative corrections

log(Zfree[S2])
∣∣∣∣∣
non-perturbative

= ±i
∞∑

ℓ=1

(−1)ℓe−2πmℓ

ℓ

(
m+ 1

2πℓ

)
, (D.41)

whose leading terms in m agree precisely with the worldline instanton predictions (D.19)
and (D.20) when d = 3.

To summarize, worldline instantons encode residues of certain singularities in the Borel
plane. We conjecture that this remains true in interacting theories. In general, the thermal
effective action gives an asymptotic expansion in β. When we Borel-resum this expansion,
we encounter singularities in the Borel plane coming from worldline instantons (together
with other nonperturbative effects like instanton graphs).
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