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1 Introduction

Many aspects of conformal field theories (CFTs) are universal at high energies. A famous
example is Cardy’s formula, which states that the entropy of local operators at sufficiently
high energies takes a universal form in all unitary, compact 2d CFTs [1] (see [2—4] for a
precise formulation). Equivalently, the partition function of a 2d CFT

Tr {efﬁHﬂ'e‘]} (1.1)

is universal in the high temperature regime § — 0 with  ~ O(f5).
The derivation of Cardy’s formula uses invariance of the torus partition function under the

modular transformation S : 7~ —1/7. By instead using the full modular group PSL(2,7Z),

one finds similar universal behavior as 8 — 0, near any rational angle 0 = ?, see e.g. [5].

This leads to universal “spin-refined” versions of the density of states. For example, in the
-7
27—1

case % = %, the modular transformation 7 — gives the universal behavior of

Tr [G—B(H—iQJ)(il)J} — T [e—,@H—H@J} (1.2)

o=r+8Q "’

in the regime 8 — 0 with Q ~ O(1). For any given 2d CFT, the logarithm of (1.2) is 1/4
the logarithm of (1.1) at high temperature, leading to a universal result for the difference
between densities of even- and odd-spin operators in 2d CFTs.!

While modular invariance is not available on S4! x S! in higher dimensions, higher
dimensional CFTs still display forms of universality at high energies, both in their density
of states [12-18], and OPE coefficients [17, 19]. A central insight from [14, 20, 21] is that
the high temperature behavior of a CFT can be captured by a “thermal Effective Field
Theory (EFT)” that efficiently encodes the constraints of conformal symmetry and locality.
In [15-18], thermal EFT plays the role of a surrogate for the modular S-transformation (as
well as modular transformations on genus-2 surfaces).

In this work, we will be interested in “spin-refined” information about the CFT density
of states in general dimensions. In particular, we will study the partition function (1.1) with
high temperature (5 < 1) and finite angles g. (In higher dimensions we promote 6 and J to
vectors with |d/2] components coming from the rank of SO(d).) The regime 6 = 4 with
fixed  is captured by thermal EFT as discussed in [14, 16, 17, 20, 21]. However, when )
does not scale to zero as § — 0, the naive EFT description breaks down.

A simple example of a partition function with finite 6 is (1.2): the relative density of
even-spin and odd-spin operators with respect to some particular Cartan generator J of
the rotation group. This observable is naively outside the regime of validity of the thermal
EFT, since 0 remains finite as § — 0.

More generally, we can consider a partition function that includes a rotation by finite

rational angles in each of the Cartan directions:?

— i( PL v P
2m(q1 Ji+ +qZJn)

Tr [e_ﬁ(H_iﬁ"])R} , where R=e (1.3)

"Modular invariance on higher genus surfaces also leads to universal results for OPE coefficients in 2d
CFTs, as derived in [6-10], and unified in [11].
2In parity-invariant theories, we can also include reflections.
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Figure 1. A qualitative picture of log(log(Z)) in the 3d Ising CFT, where Z = Tr(e~#H+107) is the
52 x S partition function. To construct this picture, we took the leading terms in the EFT description
around each rational angle (up to denominator 15), and combined them with a root-mean-square. We
give more detail in appendix A.

Using a trick that was applied in [22] to study superconformal indices near roots of unity, we
will find a different EFT description for this partition function, in terms of the thermal EFT
on a background geometry with inverse temperature ¢ and spatial manifold S%~1/ Zgq, where
q = lem(qy,...,q,). This determines the small-5 expansion of (1.3) in terms of the usual
Wilson coefficients of thermal EFT, up to new subleading contributions from “Kaluza-Klein
vortices” that we classify. For example, the effective free energy density of (1.3), coming from
the leading term in the thermal effective action, is smaller than the usual free energy density
by a factor of 1/¢%. In particular, the effective free energy density of even-spin minus odd-spin
operators described by (1.2) is smaller by 1/2¢. (This generalizes the factor of 1/4 in 2d.)?

The EFT descriptions around each rational angle patch together to create fractal-like
behavior in the high-temperature partition function — see figure 1 for an illustration in the
3d Ising CFT. It is remarkable that effective field theory constrains the asymptotics of the
partition function in such an intricate way, even in higher dimensions.

Kaluza-Klein vortices appear whenever the rational rotation R does not act freely on
the sphere S%1. Each vortex creates a defect in the thermal EFT, whose action can be
written systematically in a derivative expansion in background fields. By contrast, when R
generates a group that acts freely, no vortex defects are present, and the complete perturbative
expansion of (1.3) in f is determined in terms of thermal EFT Wilson coefficients, with
no new undetermined parameters.

While most of our discussion and examples are focused on CFTs, our formalism also
applies to general QF Ts. In particular, using thermal effective field theory, we derive a relation
between the partition function at temperature 7" with a discrete isometry of order ¢ inserted,

3Note that simply taking the density of states computed in [17] and inserting the phase R into the trace
will not give the correct answer to the partition function. For a demonstration of this in 2d, see appendix B
of [5].



to the partition function with no insertion at temperature 7'/q, in the thermodynamic limit.*
For example, we have

1
—log Tray ) [e_BHR] ~ ~y log Tryy () [e‘qﬂH] + topological + KK defects

(as L — 00). (1.4)

Here, M, is a spatial manifold of characteristic size L, with associated Hilbert space H(Mp),
R is a discrete isometry of order ¢, and “~” denotes agreement to all perturbative orders
in 1/L. The relation (1.4) holds whenever the theory is gapped at inverse temperature ¢0.
We write the most general relation in (2.28), which we check in both massive and massless
examples. An interesting consequence of this simple formula is that twists by discrete
isometries can be sensitive to lower-temperature phases of the theory. For example, the
partition function of QCD at temperature T' > Aqcp, twisted by a discrete isometry with
order ¢, becomes sensitive to physics below the confinement scale when T'/q < Aqcp.

This universality of partition functions with spacetime symmetry insertions is in contrast
to the case for global symmetry insertions. The insertion of a global symmetry generator
operator is equivalent to turning on a new background field in the thermal EFT. The
dependence of the effective action on this background field introduces new Wilson coefficients
that are not necessarily related in a simple way to the Wilson coefficients without the global
symmetry background, see e.g. [23-25].

The paper is organized as follows. In section 2, we present a derivation of our main
result: a systematic study of the high temperature expansion of the partition function of
any quantum field theory with the insertion of a discrete isometry. In section 3, we look in
more detail at the Kaluza-Klein vortices that appear on S%~! when the discrete isometry
(which is a rational rotation in this case) has fixed points. In section 4, we discuss subtleties
that appear for fermionic theories. In section 5, we give several examples in free theories
that illustrate our general results. In section 6, we consider thermal effective actions with
topological terms. In section 7, we apply our results to holographic CFTs. In section 8, we
look at irrational #. In section 9, we discuss non-perturbative corrections in temperature.
Finally in section 10, we conclude and discuss future directions.

2 Folding and unfolding the partition function

2.1 Thermal effective action and finite velocities

Equilibrium correlators of generic interacting QFTs at finite temperature are expected to have
a finite correlation length. Equivalently, the dimensional reduction of a generic interacting
QFT on a Euclidean circle is expected to be gapped. When this is the case, long-distance
finite-temperature observables of the QFT can be captured by a local “thermal effective
action” of background fields [14, 20, 21]. For example, consider the partition function of a
QFT4 on My x Sé, where the spatial d—1-manifold M, has size L. In the thermodynamic

“We are extremely grateful to Luca Delacretaz for emphasizing the general QFT case to us.



limit of large L, we have

Traymyle 770 = Zqrr[ML x S}
= gapped[ML]
~ ¢~ Sml9:44 4 nonperturbative in 1/L (L — o0), (2.1)

where H(Mp) is the Hilbert space of states on My, and Hj is the Hamiltonian. Here,
the thermal effective action Sy, depends on a d—1-dimensional metric g;;, a Kaluza-Klein
gauge field A;, and a dilaton ¢, which can be obtained by placing the d-dimensional metric
in Kaluza-Klein (KK) form

Gditdz’ = gi;(Z)da'da? + 24D (dr + Ay(T))?, (2.2)

where 7 ~ 7 + 3 is a periodic coordinate along the thermal circle. The derivative expansion
for Sin, becomes an expansion in inverse powers of the length L.

If the spatial manifold M possesses a continuous isometry £, then we can additionally
twist the partition function by the corresponding charge Q¢:

Tryyu,) [ePHE7100)] (2.3)

Geometrically, this twist corresponds to a deformation of the background fields g, A, ¢ that
depends on «&. In the thermodynamic limit, we can describe (2.3) using the thermal effective
action, provided that the background fields g, A, ¢ remain finite as L — oo. In particular,
the combination a§ must remain finite as L — oo. The physical reason is that ia represents
the velocity of the system in the direction of £ in the canonical ensemble. This velocity must
remain finite in order to have a good thermodynamic limit.

By contrast, suppose that M possesses a nontrivial discrete isometry R with finite
order R? = 1. If we twist the partition function by R,

Try,) | R] (2.4)

then physically this corresponds to a system whose “velocity” is of order L. The background
fields g, A, ¢ naively do not have a good thermodynamic limit, and we cannot apply the
thermal effective action in an obvious way.

2.1.1 Example: CFT partition function

An important example for us is the partition function of a CFT4 on S x § é Conformal
invariance dictates that

Tr [e*B(H*’ﬁ' )} = Tr,, e~ LB(HL =i T)] (2.5)

(5i7H
On the left-hand side, we have the usual partition function of the CFT on a sphere of radius 1.
On the right-hand side, Hj, denotes the Hamiltonian on a sphere Sz_l of radius L, and J, are
generators of isometries of the sphere, normalized so that the corresponding Killing vectors
are finite in the flat-space limit L — co. (For example, for a rotation of the sphere by an

angle ¢, a Killing vector with a finite flat-space limit is %3@.)



When f is small, we can set L = O(1/) on the right-hand side and try to apply the
thermal effective action (2.1). We find that in order to have a good thermodynamic limit
as § — 0, the angular potentials () must remain finite. Phrased in terms of the rotation
angle g = BQ, we find that  must scale to zero as B8 — 0. Provided this is the case, the
1/L expansion of the thermal effective action gives an expansion in small 5 for the CFT
partition function.

We can also understand condition § — 0 more explicitly from a direct computation
using the thermal effective action. In a CFT, the thermal effective action is constrained
by d-dimensional Weyl invariance. The most general coordinate- and Weyl-invariant action

takes the form?®:©

ddfl z _ R
Sih = /Bd—l \/5 (—f + ClBQR + 0252}7’2 + .. ) + Sanom- (26)
Here § = e 2%y, R is the Ricci scalar built from g, F'? is a Maxwell term, etc. The term
Sanom accounts for Weyl anomalies (which are not important for the present discussion).
On the geometry S%1 x S’é, we can easily determine g, A, ¢ and evaluate Sy, [17]:

vol 541

Sih = =
NS 9

l—de_l +(d—2) <(d — e+ (261 + Z@) iﬂf) T

i=1

(2.7)

We see that terms of order T4 1=F = gk=d+l ip the high-temperature expansion of S
are multiplied by a polynomial in the angular potentials €2; of degree k (see e.g. examples
in [26]). Consequently, §; — 0 as 8 — 0 is necessary for the high-temperature expansion
to be well-behaved.

To summarize, the thermal effective action can describe “small” angles 6 ~ 5€), where
the angular velocity remains finite in the thermodynamic limit. However, results from the
thermal effective action like (2.7) break down outside this regime. How can we access more
general angles?

2.2 Spin-refined partition functions: warm-up in 2d CFT

As a warm-up, in 2d CFT, we can compute partition functions at more general angles using
modular invariance. Let us review how this works and derive some example results. For
convenience, we write the partition function as:

Z(r,7)="Tr [62””(%_5)_2“?@0_&)} ) (2.8)

where 7 = % + % and 7 = 7*.7 The high temperature behavior of Z(r,7) at small angles
can be obtained by performing the modular transformation 7 — —1/7 (similarly for 7)

5For simplicity, here we assume that the theory is free of gravitational anomalies.

5Note that [17] worked in conventions where 7T has periodicity 1, and § is absorbed into the field ¢. In
this paper, we instead use conventions where 7 has dimensionful periodicity 8 (later we will also have other
periodicities) so that explicit powers of 3 appear in the action (2.6), as required by dimensional analysis. To
convert from the conventions of [17] to the conventions in this work, one shifts the dilaton by ¢ — ¢ + log 5.

"Note that in this section, 7 denotes the modular parameter of the torus, while in other sections 7 denotes
Euclidean time. We hope this will not cause confusion.



and approximating by the contribution of the vacuum state. The result agrees with the
thermal effective action:

An” C] (CFTy),  (2.9)

—B(H—i)] . ,~Sw _
Tr{e } e °th —ex (1_1_(22)5

B+ 02) 12

vol §1 f] B
= exp

where f = 2%¢. Here, we assume ¢y, = cg for simplicity. In this case, only the cosmological
19 ’ p Y ) Yy g

constant term appears in the thermal effective action in 2d.

Now let us instead assume that % is close to a nonzero rational angle g, so that 7,7

are very close to %. Following [5], we can perform a different modular transformation to
map (7,7) close to tico and approximate the partition function by the vacuum state in the

new channel. For example, let us study the partition function with an insertion of (—1)J
given in (1.2). In this case, we have
1 B ip
TTo o Tan
1 B B
T=—-t——— 1, Q~O(1). 2.10
T=5t3 5 A< (1) (2.10)
Modular invariance is the statement
Z(yor,yoT)=Z(1,7), ~€PSL(2Z). (2.11)
An appropriate transformation in this case is
-1 0
y==+ < 5 _1> € PSL(2,7), (2.12)
which leads to
Tr {Q—B(H—iQJ)(_l)J} Ty [627ri;(L0—264)—27ri?(L0—204)} ~ oxp 1 4n® e
46(1+9Q2)12|°
1 e ~
h T=——-t———— T=7" 2.13
where T 2+2ﬁ(1—i9)’ T=T (2.13)

On the right-hand side, we approximated the trace by the contribution of the vacuum state in
the 8 — 0 limit. We find that the partition function weighted by (—1)7 grows exponentially

in 1/, with an exponent that is 1/4 of the un-weighted case (2.9).

For a general angle % close to 2, we repeat the same logic above but with a more

q7
complicated modular transformation, namely

= (‘091)‘1 b ) € PSL(2,7), (2.14)
q -D

where (p‘l)q is the inverse of p modulo ¢, and b is chosen so the matrix has determinant
1. We get

2
—p(H—iu) 2mitd] |1 Amt
Tr e e } exp [qz i+ 05 12| (2.15)



In general, we find that the partition function of a 2d CFT weighted by 2! grows
exponentially in 1/3, with an exponent that is 1/¢? of the un-weighted case (2.9).

Because modular invariance is not available in higher dimensions, it will be useful to
rederive (2.15) in a different way. We now describe two (related) approaches that can
generalize to higher dimensions.

2.3 Folding and unfolding

Thermal EFT naively breaks down in spin-refined partition functions like (1.2) because the

7 moves us outside the thermodynamic limit. One way to

large spacetime symmetry (—1)
recover an EFT description is to perform a change of coordinates that makes (—1)7 look
more like a global symmetry.

For example, consider a spin-refined partition function of a 2d QFT (not necessarily

conformal) on S} x S},
Tr |:€—BH(_1)J:| , (216)

where (— )J denotes a rotation of the spatial circle S}J by w. We can reinterpret one copy of
the QFT on S} x Sﬁ as two copies of the QFT on (S} /Zs) x SB’ with topological defects that
glue the two copies to each other, see the middle of figure 2. In this picture, the operator
(—1)7 becomes a topological defect that simply permutes the two copies of the QFT as
we move along the time direction. If we begin in one copy of the QFT and move by § in
Euclidean time, we pass once through the (—1)7 defect and go to the other copy. Moving by
3 again, we pass through the (—1)7 defect again and end up in the first copy. Thus, inserting
(—1)7 into the partition function creates a new effective thermal circle of length 24.

This reinterpretation of the path integral with a (—1)” insertion is illustrated in figure 2.
One wrinkle (that is clear in the figure) is that the effective thermal S%ﬁ is nontrivially
fibered over the spatial circle Si /Zs: when we go once around the new spatial circle, the
S%ﬁ shifts by £.

So far, we have considered a rotation angle of w. However, it is straightforward to study
nearby rotation angles of the form 6 = 7 + 5£). On the left-hand side of figure 2, we simply
insert an additional topological operator along the spatial cycle that implements the small
rotation €%/, Following the manipulations in the figure, we end up with a product of two
such operators on the new spatial cycle S} /Zs, which together implement a rotation of 23Q.

The advantage of this rewriting of the path integral is that we can now smoothly take
the thermodynamic limit L — oo and use the thermal effective action. The effective inverse
temperature is 23, the rotation angle is 282, and the effective spatial cycle is Si /Zs.

In fact, the above construction is straightforward to generalize to twists by any ra-
tional angle:

We interpret (2.17) as the partition function of ¢ copies of the QFT on the space St L /Zq, with
appropriate topological defects that glue the copies together. The operator ™57 becomes a
topological defect that permutes the copies of the QFT as we move around the Euclidean
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Figure 2. Left: The torus partition function with spatial cycle of length L, inverse temperature
B, and an insertion of (—1)7. The (—1)7 insertion means we must glue the top and bottom of the
figure with a half shift around the spatial circle. We split the figure into a left and right half using
the trivial defect (vertical dashed line), and for convenience we color the right half grey. Middle:
Placing the black and grey rectangles on top of each other, we can interpret this same observable
as the partition function of two copies of the QFT (black and grey) on an (L/2) x 8 rectangle, with
boundary conditions inherited from the left figure. Right: Finally, we can re-stack the two copies
of the QFT, resulting in a single copy of the QFT with a new spatial circle of length L/2 and an
effective thermal circle of length 2. Note that the effective thermal circle is nontrivially fibered over
the new spatial circle.

time circle. This creates an effective thermal circle S, ;ﬁ, which is fibered over S} /Z,. We
can now apply thermal EFT on S} /Z,.

2.3.1 Example: 2d CFT

As an example application, we can recover our previous answer for the spin-refined partition
function of a 2d CFT. For a twist by (—1)7, we find
[1 472 c ]
= eXp — .

4B(1+92)12
(2.18)

1
CB(H—10)_\T] L —SulS"/Z2xSL,] _ 2mevol(S* /Zs)
Tr [e (-1) } e exp | 7o 5511 02)

In the action, we obtain one factor of % from the smaller spatial cycle S'/Zy, and another
factor of % from the larger thermal circle, resulting in an overalll factor of i that agrees
with the result from modular invariance (2.13).%

More generally, for a twist by %Tp, the thermal effective action gives

B 1 4ar? ¢
= exp ?75(1—1—(22)5 .
(2.19)

. 1
Tr e_B(H_iQJ)e%#J ~ e_S“h[Sl/ZqXS;/f] =X [217;6 VZI((IS—F/SZZE;
q

8The fact that the thermal circle is nontrivially fibered plays no role here because the thermal effective
action is the integral of a local coordinate-invariant quantity that does not detect global features of the
bundle. In a theory with a gravitational anomaly, the thermal effective action would contain an additional
1-dimensional Chern-Simons for the Kaluza-Klein gauge field, which can detect the nontrivial topological
structure of the thermal circle bundle, see section 6. The nontrivial topology also enters into nonperturbative
corrections, see section 9.



We find that the effective free energy at high temperature for the spin-refined partition
function (2.17) is down by a factor of ¢2, in agreement with (2.15). Note that the precise
permutation of the copies of the CFT implemented by e depends on p, but the length
of the resulting thermal circle does not. Consequently the partition function is independent
of p, up to nonperturbative corrections as 5 — 0.%

2.3.2 Higher dimensions

The above construction works for d > 2 as well, and on more general geometries. Consider a
QFT, on any (d—1)-dimensional spatial manifold M with a discrete isometry R of finite
order R? = 1. Again, we can reinterpret one copy of the QFT on M x Sé as q copies of
the QFT on (Mp/Zg) % Sé, with topological defects that glue the copies to each other. In
this picture, R is represented as a topological defect that simply permutes the ¢ copies of the
QFT as we move along the time direction, creating an effective inverse temperature ¢f.

2.4 The EFT bundle

Before exploring further consequences of this idea, it will be helpful to adopt a more abstract,
geometrical perspective on this construction. Consider again a d-dimensional QFT with
spatial manifold M. Given an isometry U € Iso(M), the partition function twisted by U,'°

Trymy) [e—ﬂH U} : (2.20)
is computed by the path integral of the CFT on the mapping torus
Mgy = (Mp xR)/Z, (2.21)
where Z = (h) is generated by

h:MpxR— Mp xR,
h:(@7) — (UZ,1+p), (2.22)

where Z is a coordinate on M.
Now let us specialize to U = R, where R has order ¢. In this case, the ¢g-th power of
h acts very simply: it leaves M, invariant, and shifts 7 by ¢f:

he:(Z,7) — (Z,7 + qp). (2.23)

Consequently, it is useful to decompose Z = qZ x Zq = (h9) x ((h)/(h?)), and obtain the
mapping torus Mg p via two successive quotients. We first quotient by ¢Z = (h9) (which
turns R into S;B), and then quotient by Z, = (h)/(h9):

Mg = (Mg xR)/qZ)/Zq = (ML x Sg5)/Zq. (2.24)

9There is p-dependence if the theory is fermionic (see section 4) or has a gravitational anomaly (see
section 6).

10Here, we abuse notation and write U for both the isometry and the operator implementing its action on
the Hilbert space H(Mp).

,10,



The quotient (My, x S;B) /Zq on the right-hand side of (2.24) can be viewed as a bundle
in two different ways. Firstly, it is a Mg-bundle over S;B [Zq = Sé. This is the usual point
of view of the trace as a spatial manifold evolving over Euclidean time 3. However, we
can alternatively view (M, x S;ﬁ) /Zq as an S;B bundle over My, /Z,. We call this latter
description the “EFT bundle.” In section 2.3, the EFT bundle was a nontrivial Sqlﬁ bundle
over S}/Z,. As we saw, the virtue of the EFT bundle is that the thermodynamic limit
L — oo is straightforward: we can dimensionally reduce along the effective thermal circle
S ;B without leaving the thermodynamic limit. The theory is then described by thermal EFT
with effective inverse temperature ¢f and spatial cycle My, /Z,.

Suppose for the moment that the action of R on My, is free, so that My /Z, is smooth.
(This is the case, for example, for a rational rotation of the spatial circle in 2d.) For any
term in the thermal effective action that is the integral of a local density, the effect of the
quotient by Z, is simply to multiply its contribution by 1/¢. Thus, we conclude

1
—log Tr [e‘ﬂHR] ~ ——log Tr {e—qﬁH} + topological (if the R action is free). (2.25)
q

4

Here, “~” denotes agreement to all perturbative orders in the 1/L expansion. The term
“topological” indicates potential contributions from a finite number of terms capable of
detecting the topology of the EFT bundle, which cannot be written as the integral of a local
gauge/coordinate-invariant density. We discuss such terms in section 6.

Let us pause to note that the result (2.25) really only requires that the theory be gapped
at inverse temperature gf (not necessarily at inverse temperature [3), since we only use

locality of the thermal effective action on the right-hand side.

2.4.1 Adding “small” isometries

Just as before, we can also consider inserting into the trace an additional “small” isometry
U = ¢P@Q¢)  where ¢ is a Killing vector on M, Q¢ is its corresponding charge, and « is
the corresponding thermodynamic potential. We will be mainly interested in the case where
U commutes with the discrete isometry R, so we assume this henceforth. The insertion
of U can be thought of as a topological defect that wraps M. Consequently, the defect
wraps ¢ times around the base of the EFT bundle M, /Z,, resulting in an effective rotation
U?. We conclude that

1
—log Tr [gR] ~ —— log Tr [¢?] + topological (if the R action is free), (2.26)
q

where ¢ = e PHU.

In fact, this argument applies to any global symmetry element V' as well, so (2.26) holds
when ¢ is multiplied by a global symmetry group element: g = e ?7UV. We can think of
V as implementing a nontrivial flat connection for a background gauge field coupled to the
global symmetry. In this case, the “topological” terms in (2.26) could include contributions
from nontrivial topology of this connection.
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We can also understand the insertion of “small” isometries geometrically. Again, the idea
is to view the mapping torus Mg g as the result of two successive quotients

Mg ur = (Mr xR)/(h"))/Zq = My va/Zq,
where h: (Z,7) — (URZ, 7+ ), (2.27)

where Z, = (h)/(h?), and we have used (UR)? = U9%. On the right-hand side, we have
the mapping torus M,z 7« which is described by the thermal effective action at inverse
temperature ¢, with small isometries U? turned on. The effect of the Z, quotient is to
multiply the contribution of any integral of a local density by 1/q. This again leads to (2.26).!

The work [22] uses similar ideas to characterize superconformal indices of 4d CFTs near
roots of unity. Our novel contribution is to apply these ideas in not-necessarily-supersymmetric,
not-necessarily-conformal theories, on general spatial geometries, and also to describe the
effects of Kaluza-Klein vortices (see below), which do not appear in superconformal indices.

2.4.2 Non-free actions and Kaluza-Klein vortex defects

What happens if the action of R is not free? For example, in a 3d QFT on S? x S}, the
action of (—1)7 (where J is the Cartan generator of the rotation group) has fixed points
at the north and south poles of S2. In this case, the EFT bundle degenerates at the fixed
loci of nontrivial elements of Z,, namely R, ... JRI7L ¢ Zg4. After dimensional reduction,
these degeneration loci becomes defects ©; (with ¢ labelling the set of defects) in the d — 1
dimensional thermal effective theory. We call them “Kaluza-Klein vortex defects” because
the KK gauge field A has nontrivial holonomy around them, as we explain in section 3.1.

Each defect ®; contributes to the partition function a coordinate-invariant effective
action Sgp, of the background fields g, A, ¢ in the infinitesimal neighborhood of ®;. We then
have the more general result

—log Tr[gR] ~ —(1] log Tr [g?] + topological + Z Sy, (2.28)
D;
We conjecture that for generic interacting QFTs, the KK vortex defects will be gapped. (In
fact, in this work, we will study several examples of free theories where the appropriate
defects are still gapped.) In this case, each Sp, will be a local functional of g, A, ¢.

In CFTs, the defect actions Sp, are additionally constrained by Weyl-invariance, just
like the bulk terms in the thermal effective action. We will determine the explicit form of
Sp =) 9, S, in CFTs later in section 3. For now, we simply note that the leading term in
the derivative expansion of Sp, in a CFT is a cosmological constant localized on D;:12

dmi
Sp, = a@i/ 73/ Glo, + higher derivatives. (2.29)
o, (¢B)™

Here, we assume that ©; is n;-dimensional, y are coordinates on the defect, and g|p, denotes
the pullback of § = e2?¢g to ©;. This term behaves like 7™ as 8 — 0. In the case n; = 0, i.e.

" When U and R don’t commute, the same logic works but we have M3, (uRya/Zq on the right-hand side
of (2.27). We can still use thermal EFT, since (UR)? is O(8) close to the identity.

IQSgi itself can also have topological terms; if the topological term has no derivatives (i.e. the Wilson line
of the KK photon), it will contribute at the same order in § as the defect cosmological constant.
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when ©; is point-like (for example the north/south poles of S2), the “cosmological constant”
becomes simply a constant.

2.4.3 Example: CFT in general d

As an example application, consider a d-dimensional CFT on S¢1 x Sé. Although our
discussion so far has been somewhat abstract, and we have used only basic geometry and
principles of EFT, our conclusion (2.28) makes powerful predictions about CFT spectra. For
example, to leading order as 5 — 0, the defect term So does not contribute, so very generally
we obtain a higher dimensional generalization of (2.19),

3.7 1 volsi! f
log Trle BH—QT) p1 o —
o8 Trle M~ e a e s

+.., (2.30)

valid for any element R of the Cartan subgroup of SO(d) with order ¢q. For example, the
relative density of even- and odd-spin operators (with respect to any Cartan generator) grows
exponentially at a rate precisely 1/2% times the rate for the un-weighted density of states.

Unlike in d = 2, the thermal effective action in d > 2 can have more than just a

“

cosmological constant term. Consequently, the “...” in (2.30) includes higher-derivative
corrections (in addition to possible vortex defect contributions). However, these higher-
derivative corrections can be predicted in the same way: they differ from the un-spin-refined
case by replacing 8 — ¢f and multiplying by 1/¢ to account for the smaller spatial manifold.
The results (2.30) and (2.28) display an important difference between partition functions
weighted by spacetime symmetries and partition functions weighted by global symmetries. If
we replace R with a global symmetry element, this corresponds to turning on new background
gauge fields in the thermal effective action, whose contributions are captured by Wilson
coefficients that are not active when the global symmetry generators are turned off. For
example, the density of states weighted by a global symmetry generator U is controlled
by a U-dependent free energy density fyy with no (obvious) relation to f when U # 1 (see
g. [24, 25]). By contrast, the density of states weighted by different discrete spacetime
symmetries are all controlled by the same f (and the same higher Wilson coefficients like
c1,¢2,...), in a predictable way.

Finally, let us describe the possible discrete rotations R for which (2 30) applies. Let
)
where the p;/g; are rational numbers (which we assume are in reduced form, so that p; and

us write R = ¢®7. Tn order for R to have finite order q, we must have 6 = 27r( Yo

gi are relatively prime). The order of R is ¢ = lem(qi,...,qn).
When d is even, the action of Z, is free if all ¢; = ¢. In this case, the quotient gd-1 /Zq
is a lens space L(q;p1,...,pn), and there are no vortex defects ©. If instead there exists at

S2k=1 " where k is the

least one ¢; # ¢, then the group element R% will have a fixed locus
number of ¢;’s such that ¢;|g;, and there will be a corresponding defect ® at this location (or
rather its image after quotienting by Z,). Note that it is possible for fixed loci to intersect,
creating higher codimension defects. For example, if = 27 (1, ;, il,’) the element R? has
a fixed S3, the element R? has its own fixed S2, and the two S3’s intersect along an S!.
Quotienting by Zg, we obtain a defect localized on S%/Z3 C S%/Zg, a defect localized on

S3/Zy C S°/Zg, and they intersect along an S € S°/Zg. In this case, the thermal effective
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action will include terms localized on the defects and their intersection. When d is odd,
any element of SO(d) necessarily has a nontrivial fixed locus, since there is a direction left
invariant by the Cartan generators.

If the theory has a reflection symmetry, then we can more generally consider R € O(d).
The above arguments continue to hold, essentially unmodified. When R includes a reflection,
the base of the EFT bundle S%~1/ Z4 can be non-orientable. For example, if we take R to be
the parity operator R : @i — —ii, then S9=1/Zy = RP!, which is non-orientable in odd d.
Note that the parity operator acts freely, so in this case we can apply (2.26).

3 Kaluza-Klein vortex defects

In this section, we explore the form of the defect action Sp that contributes whenever the
group generated by the discrete rotation R does not act freely. For simplicity, we will restrict
our attention to CFT’s in d-dimensions on a spatial sphere 91

3.1 Background fields and EFT gauge

As before, we wish to compute the partition function of a CFT on the geometry Mg 1ra/Zq,
where the mapping torus in the numerator is Mg« = (S x R)/(h?), the group in the
denominator is Zq = (h)/(h?), and the action of h is given by

h: (1) s (URR, ™+ B) = (a'(%éfi“ ) I 5) . (3.1)

First, let us be more precise about the form of the background fields in this geometry.
Following [17], we use radius-angle coordinates on the sphere S%!. These are given by a
pair of radius and angle {r,,0,} for each orthogonal 2-plane (a = 1,...,n = |4]). If d is
odd, we have an additional radial coordinate r,11. Together, the radii satisfy the constraint

n+e .2

uime = 1, where € = 0 in even d and € = 1 in odd d.

To write the metric on Mg 17« in Kaluza-Klein form, we switch to co-rotating coordinates
Va = 04 — QqT, (3.2)

where 7 is the coordinate on R. In co-rotating coordinates, the action of h simplifies to

b (Tay par™) > (Tar pa + 22,7+ B) . (3.3)

In particular h?, becomes simply a shift h? : 7 — 7+ gf. Thus, quotienting by (h?) to
obtain Mg 7« makes 7 periodic with period ¢f.

The metric of Myg 7q in co-rotating coordinates takes the Kaluza-Klein form

ds? = g+ €2 (dr + A)?, (3.4)
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where the fields g, A, ¢ are given by [17]

X =1+ Z r202, (3.5)
- Z 1+ Zb 7“2Q2 @a, (3.6)
n+te 2,.2
rary 2
g= Z dr? + Z <7“arb§ab b) dpqdpy. (3.7)
a, b=1 1 + Zc—l 292

The metric of the EFT bundle Mg 7a/Z4 is locally the same as (3.4). Consequently, we
can choose a local trivialization of the EFT bundle such that the fields g, A, ¢ are identical
to (3.5) in each patch. However, such a local trivialization will have nontrivial transition
functions between patches that contribute to holonomies of the Kaluza-Klein connection
along various cycles (including around the defect locus).

If we like, we can perform a gauge transformation that makes the transition functions
trivial, at the cost of introducing new contributions to A. We refer to such a gauge as “EFT
gauge” because it will be convenient for discussing the EFT limit of the CFT on this geometry.
In EFT gauge, the curvature F' = dA has d-function type singularities at the fixed-loci of
R whose coefficients reflect the topology of the EFT bundle.

3.1.1 Example: 2d CFT

Let us illustrate these ideas with an example. Consider a 2d CF'T, where the action of h
is given by h : (¢, 7) — (¢ + 27”’ , 7+ ). The metric on Mg q is

ds® = dr* + do* = dr? + (dp + Qdr)?

02 2 2 Q 2
g e A

To choose a local trivialization of the EFT bundle, we first specify two intervals in the
@ coordinate:

— . 27 — .
L={p:0<p <} I ={p:—e<¢p<e}, (3.9)

with 0 < e < g. We denote their images in S!/ Zq by Uy and Us, respectively. Together Uy
and Us cover the quotient space S!/ Zq, see figure 3.

The bundle projection 7 : Myg 7a/(h) — S'/Zq acts by 7 : [(p,7)] = [¢], where [(p, )]
denotes an equivalence class modulo the action of h, and [¢] denotes an equivalence class

modulo 2%. Over each open set Uy, Us, we must define trivialization maps

ou; :Wﬁl(Ui) — U; x Sql/g (3.10)

We choose them as follows. Given p € 7~1(U;), thought of as an equivalence class modulo
(h), let (p,T) be a representative of the equivalence class such that ¢ is contained in I;.
Then we define

¢u; (p) = ([, 7)- (3.11)
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I I
p e St — 2)
—€0 € l 7”
Ux
[p] €51/Z, = —
N ~
n___Uz___/

Figure 3. The open intervals I, and I, are subsets of S'. Their images under the quotient map
St — S1/7Z, are Uy and Us, respectively, which together cover S'/Z,. We can choose a gauge where
the KK fields g, A, ¢ are given by (3.8) in each of U; and U,. However, in this gauge, there will be a
nontrivial transition function between U; and Us.

Note that 7 is well-defined modulo g because the only elements of (h) that map the I; to

themselves are powers of h?. With this local trivialization, the fields g, A, ¢ are given by (3.8)
Q
1492
However, the data of the Kaluza-Klein connection includes both the value of A in each

in each patch. In particular, we have A = dy in both patches.
patch, as well as the transition functions between patches. We must also determine these
transition functions.

There are two overlap regions to consider. The first is (0, €). In this region, the transition
function is trivial. The second overlap region is the image of (—¢,0) C I3 in S1/Z,, which

coincides with the image of (27” — €, 27“) C I in S'/Z,. Note that (¢,7) for ¢ € (—¢,0) is
equivalent modulo (h) to (¢ + 27”,7' + (p71)¢B), where ¢ + 27” € (27” — €, 27”) Here, (p~1),

denotes the inverse of p mod ¢, i.e. it satisfies p(p_l)q = gn + 1 for some integer n. Thus,
the transition function in this second overlap region is

¢, © o, ([0l 7) = (o], 7 — (07 1)gh)- (3.12)

The holonomy of the connection gets a nontrivial contribution from the transition functions:'3
2r

A= (ph),B. 3.13

fa=—irg 0 (3.13)

(The holonomy is an example of the “topological” terms discussed in section 6 which can
contribute in the thermal effective action, but are not the integral of a local gauge/coordinate
invariant density.)

To go to EFT gauge, we perform a gauge transformation (i.e. a ¢-dependent redefinition
of 7) that trivializes the transition functions. One possible choice is

T =1—(p Y8 {ﬁJ . (3.14)

Note that the function {%}qJ is multi-valued on the entire circle S*, but there is no problem
defining it inside the intervals Iy, Is where we perform the gauge transformation. In terms of
7/, the transition functions are now trivial in both overlap regions. (A quick way to see why

13The parallel transport equation is dr + A = 0, so the holonomy of 7 is computed by — f A.
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is to note that 7/ is invariant under the h-action (3.3).) The gauge field becomes

Q
A'=A+dr —dr’' = mdg@ +(p1)yB(p)dy (EFT gauge). (3.15)

The holonomy — ¢ A’ is still given by (3.13), but that is now manifest in the local expression
for the gauge field (3.15).
3.1.2 Example: 3d CFT

Now consider the same setup in a 3d CFT. The metric on S? is
dsge = dry + dr3 + i dp® (r? +r3 =1). (3.16)

Essentially all of the above discussion goes through un-modified, with the radii r1,ry coming
along for the ride. We can again go to EFT gauge, and the gauge field (3.15) now gets
interpreted as a gauge field on S2. This time, A has J-function-localized curvature at the
north and south poles:

dA = F(p~1),B6(i, i+ )d*7 + nonsingular, (3.17)
where (77, 7') represents a é-function on S?, and 74 are the north/south poles.

3.1.3 EFT gauge in general

More generally, we go to EFT gauge as follows. First choose a fundamental domain F' for
the quotient map S%~1 — S9-1/7Z,. Define an integer valued function k(i) by

k() =0ifii € F,
kE(Rf) = 1+ k(7). (3.18)
In words, k(77) counts the power of R needed to move from somewhere in F' to ©i. Again,
k(i) is multi-valued if we try to define it on the entire sphere, but we only need to define it
inside a collection of open sets that cover S¢~1 /Zq. For example, in the 2d case considered

above, we had k() = (p_l)qLﬁj.
Finally, we define

v =7 — Bk(Ai(ra, 0a))- (3.19)
In the coordinates (74, pq,7’), h acts simply by shifting angles ¢,:

h: (Ta7¢aa7/) = (TaaSOa + 22%77'/) . (320)

Consequently, a local trivialization of the EFT bundle defined using the 7’ coordinate has
trivial transition functions. The gauge field is given by

n 2

0
A =Atdr—dr' =Y — 9 o, + Bdk(ii(ra, pa))- (3.21)
a1 1 + Zb TgQ%

The curvature dA’ has J-function contributions 3d?k(i7) at the fixed loci of powers of R.
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3.2 Effective action

Following the logic of the thermal effective action, let us now equip the EFT bundle with
a more general metric G and try to write down a local action of G. We will demand that
G satisfy the following conditions:

o It possesses a circle isometry, so that it can be written in Kaluza-Klein form (3.4).

« In EFT gauge, the curvature dA is a sum of é-function singularities of the form Bd2k(i),
plus something smooth on S%~!/Z,. (This ensures that the Kaluza-Klein bundle has
the same topology as Mg va/Zg.)

« g and €2? should be smooth on S¥~1/Z,.

Here, a field is “smooth on S4~1/Z,” if it lifts to a smooth Z,-invariant field on S9-1.

In the limit 8 — 0, we can separate each of the background fields into a long-wavelength
part, with wavelengths much longer than 3, and a short-wavelength part, with wavelengths
comparable to (or smaller than) 5. The long-wavelength parts become background fields
for the thermal EFT. Meanwhile, the short-wavelength parts become operator insertions
in that EFT.

In our case, the d-function curvature singularities dA ~ B3d?k(7) are short-wavelength.
They determine the insertion of an operator in the thermal EFT, which is described by the
defect action Sp. This action is a functional of the long-wavelength parts of g, A, ¢. As
mentioned in section 2.4.2, we will assume that the defect is gapped, so that the action
functional is local and can be organized in a derivative expansion. To construct it, we should
compute curvatures and other invariants of g, 4, ¢, and throw away J-function singularities.
Since g and ¢ are smooth, this effectively amounts to the replacement

dA — dA = dA — Bd*k(i7). (3.22)

Henceforth, we leave this replacement implicit. In other words, when we write dA in the
defect action, we mean its long-wavelength part dﬁ, with d-functions thrown away.

The defects live at singularities in the quotient space S%~! /Z4. How should we write an
action for long wavelength fields near these singularities? Recall that the long-wavelength
parts of g, A, ¢ lift to smooth Zg-invariant fields on S4=1. We will write Sp as a functional of
these Zg-invariant lifts, integrated over the preimage of the defect locus modulo Z,, which
we denote by D. We also conventionally divide by ¢, which ensures that Wilson coefficients
of defects living at singularities with the same local structure (but possibly different global
structure) are the same.

The action should be invariant under gauge/coordinate transformations that preserve
the defect locus. For now, we ignore the possibility of nontrivial Weyl anomalies on the defect
®, and we impose that Sp be Weyl-invariant as well. Consequently, it will be a functional
of A and the Weyl-invariant combination § = e~ 2%g.

Consider an n-dimensional defect ® whose preimage D is the fixed locus of an element
Rl € (R) with order m. Given a point p on 35, we can choose a vielbein €} at p satisfying
5ab€§”€§’- = §ij, where a,b are indices for the local rotation group SO(d — 1). The group
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(R'Y = Z,, acts as a subgroup of the local rotation group SO(d — 1), so the &% can be classified
into representations of this Z,,. Singlets under Z,, represent directions parallel to the defect.
They are acted upon by an SO(n) C SO(d — 1) that commutes with Z,,. Hence, altogether
the €¢ can be classified into representations of Z,, x SO(n).

To build the defect action, we enumerate curvature tensors built from g and A, in a
derivative expansion, and contract them with €¢ to build Z,, x SO(n) invariants I; with

d; derivatives. The defect action is then

So = ; L/l (Z ai(qﬁ)d””fi> , (3.23)

where g| 5 denotes the pullback of g to 35, and y are coordinates on the defect. The factors
of qf are supplied using dimensional analysis.

Finally, to evaluate the defect action on Mygyva/Zq, we simply plug in the expres-
sions (3.5), (3.6), (3.7), which are precisely the Z,-lifts to S9! of the long-wavelength
parts of g, A, ¢.

In what follows, we will sometimes use the notation D to refer to both a defect on S~1/Z,
and the lift D of the defect locus to S4~1. We hope this will not cause confusion.

3.3 Example: point-like vortex defects in 3d CFTs

As an example, consider a 3d CFT, where R acts by the discrete rotation ¢ — ¢ + Q?er. The
action of R fixes the north and south poles of S?. Consequently, there are two point-like

vortex defects: D/, located at the north pole, and its orientation reversal © located

-p/q
at the south pole. Let us focus on ©

p/q

Classifying the vielbein at the north pole into representations of Z,, we have basis elements
é”ﬂr,éi_ with charges +p and —p, respectively. We normalize them so that ey - (ex)* = 1.
To build basic Zg-invariant curvatures, we begin with tensors 61 e §]}?E and 61 cee §ij1,
where F' = dA, R is the curvature scalar built from g, and V denotes a covariant derivative
with respect to §g. We then contract their indices with € in such a way that the total
Z4 charge vanishes. The action at each order in a derivative expansion is a polynomial
in these basic Zg-invariants.

Note that we cannot build valid terms in the action by multiplying two Zg-charged
objects to obtain a Zg-singlet. For example, (é‘ﬂr@zf%) (¢" V;R) is not admissible. The reason
is that é“+@zfi individually vanishes, due to Zg-invariance.

Proceeding in this way, the leading invariants in a derivative expansion are
B (a2
So,, 21, xF, R, (*F)%, ..., (3.24)

where xF = i@'j_él_Fkl is the Hodge star of F' in the metric g. Concretely, the action is

So

p/aq -

(aO,p/q + (qﬁ)al,p/ti + (qﬂ)Q (G,Q,p/qﬁ + a37p/q(¥F)2) 4+ ... @p/q) s (325)

|-

where (--+)|p, , denotes evaluation at the preimage of the defect on S% — in this case the

north pole. We have written the Wilson coefficients as a;,,, to emphasize that they depend

p/q
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on the rotation fraction p/q. In bosonic theories, the a;, are periodic in x with period 1,
while in fermionic theories, they are periodic in x with period 2.

At higher orders in derivatives, we can also include laplacians @2, as well as g-th powers
of charged derivatives (e4 - V)9. However, note that the background fields on Mg 7« given
in (3.5), (3.6), and (3.7) are invariant not only under Z,, but under the full maximal torus
SO(2). Consequently, terms involving charged derivatives (€4 - V)? will actually vanish on
M,s,va/Zq, and in practice we only need to keep polynomials in V2%F and V2*R.

Plugging in the fields on M3 ¢, we find

*F|y = +2Q,
R+ =2+ 1002, (3.26)

where (---)|+ denotes the north/south poles of S?. Thus, summing up the contributions
from the north and south poles, the total defect contribution to Tr[e *#UR] is

a +ag _
o — w +28Qa1,/q — @1,p/q)

+ (24 1092) (02,70 + 02, _pyg) + 49 (@370 + 03 pyg) ) + oo (3:27)

(48)?
q
In general, the point-like defect action at each order B* is a polynomial in  that is even if k

is even and odd if k is odd. We will verify this structure in several examples below.

There is an important distinction between the terms (3.27) arising in the defect action Sy
and the “bulk” terms (2.7). Note that the bulk terms contain poles at £, = £i. Physically,
such poles arise because a great circle 7, = 1 of the spinning S~ approaches the speed of
light as Q, — 4i. The measure /g becomes singular at the great circle, and the integral over
r, cannot be deformed away from the singularity because it is at an endpoint of the integration
contour. By contrast, the defects D/, are located at the north and south poles of 5?2, where
this phenomenon does not occur, and thus their contributions do not have poles at €2 = 4.
In general, the action of a defect © on Mg vq/Z4 can have poles at 0, = +i if and only if the
support of ® intersects the great circle r, = 1. We will see an example in the next subsection.

3.4 Example: vortex defects in 4d CFTs

2mp1
q1
and 2 — @2 + 27;%. If ¢1 # g2, we have two 1-dimensional vortex defects DM and 9@,

The first defect ©() is located at the fixed locus of R%, which is given by (r1,79) = (1,0)
with ¢ € [0, 27”), where ¢ := lem(qy, g2). The second defect D) is located at the fixed locus

of R, which is given by (r1,72) = (0,1) with @2 € [0, 27”)'

Consider now a 4d CF'T, where R acts by discrete rotations on each of the angles 1 — @1+

Let us focus on @M for now. On ®W), the leading term in the effective action is a
cosmological constant [ d¢i4/g|oa), as usual. At the first subleading order in a derivative

expansion, we have the term [ dip; /§\®<1>i€ﬁéﬂ Fy;, which can be written more simply as [ *F'.
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The Wilson coefficients of a defect depend only on the geometry of the singularity where
the defect lives. To describe this geometry, it is helpful to introduce the co-prime integers

P = p1q2 : Q) = q1 7
(q1,92) (q1,92)
(3.28)
p2q1 q2
P = , Qs = .
(Q1a QQ) (Q17 Q2)

where (q1,¢q2) is the greatest common divisor of g1, ga. The structure of the singularity at
W is determined by the action of R%', which is

27TP2
Q2

R 2 9 — o + (3.29)

Thus, the Wilson coefficients of D) should depend only on P, /Q2. However, there is a
subtlety in fermionic theories: Note that R9' implements a rotation by 27py, which is (—1)P1¥
in fermionic theories. Thus, the Wilson coefficients of ®(1) can additionally depend on (—1)P!
in that case. Consequently, we will write the Wilson coefficients of (1) as A Py /Qq,(~1)P1 1O
emphasize the data they depend on. (We will see subtleties of a similar flavor in section 4.)

Putting everything together, the action Sgu) takes the form

1 /ag.p,/q,, .
Sg(l)zq( 2/Q2 /dgply/ |®—|—CL1P2/Q2 1)P1 /*F—I—...)

_ o 2m (%0.P/Qa (-1 )
g1+ 92 < a8 +2ay,py Qo (—1)p1 22+ ), (3.30)

where in the second line, we evaluated the action in the background Mg 74 /Z4. Note that
because DM lives on the great circle r; = 1, its action has poles at Q; = =+i.
Adding similar terms for D), the total defect contribution to Tr[e #HUR] is

L <a0,P2/Q2,(—1)p1 4 “O,Pl/czm—l)w)
D q25 1+ Q% 1+ Q%
47

(3.31)
q 1,P2/Q2,(—1)P1 1+ Q% 1,P1/Q1,(—1)P2 1+ Q% )

14 7

where represents higher-order terms in # coming from higher dimension operators

in the defect action.

4 Fermionic theories

In this section, we describe some subtleties associated with partition functions of fermionic
theories. Again, for simplicity we mostly restrict our discussion to CFT4 on a spatial sphere
S?=1 though the final conclusion (4.19) holds in a general QFT. In short, the results (2.26)
and (2.28) work in fermionic CFTs as well, but we must take care to keep track of the spin
structure of the manifold (in particular whether we have periodic or antiperiodic boundary
conditions for fermions around Sé and S;/B), and we must consider the rotation R as an
element of Spin(d).

— 21 —



4.1 Review of 2d

Let us first review fermionic CFTs in 2d. In 2d, we need to specify the boundary conditions
of the fermions around both the space and time circles. This defines four different fermion

partition functions:

(627”'7'(110*&) efzm(zofi))

=
+
S
Rl
Il
=
e

= Trxg ((_1)F627ri‘r(Lo*i)6727ri?(Z0*i)) . (41)

The partition functions in (4.1) are not independent. The partition functions Zg 1, Zns +,
and Zyg,— are invariant under different subgroups of SL(2,7Z) and can transform into each
other. More precisely, Zg — is invariant under all of SL(2,Z); and Zg 4, Zns,+, and Zng,—
are invariant under the congruence subgroups I'g(2), T'g, and T'°(2) respectively, which are

defined as:
a b
[h(2) = {( J ) € SL(2,Z), ¢ even}
c

Ty = {(“ b) € SL(2,7), a+bodd,c+dodd}

10(2) = {( Z 2 ) €SL(2,Z), b even} . (4.2)

Finally they transformation into each other as:

Zr 4 (=1/7,-1/7) = Zns,—(7,7),
ZNS,Jr(T + 1,7+ 1) = ZNS,*(Tv ?)' (43)

F

The NS sector partition function (with or without a (—1)" insertion) at low temperature is

well-approximated by the vacuum state (which is a bosonic state), with Casimir energy —<5:
c Be
Tryg (e 87 H)) nels, 1. (4.4)

The Ramond sector ground state, in contrast, has a Casimir energy of FEys — {5 where Ey; is
the Ramond ground-state energy, a non-negative number that is theory-dependent.!* Finally,
the Ramond ground-state may not necessarily be unique, so we call the degeneracy Ny € N.

Trr (e—ﬂ(A—ﬁ)) ~ Ny PBo=12) > 1. (4.5)

To study the high temperature behavior of the NS-sector partition function with an

2mip/qJ

arbitrary phase e inserted (with 0 < p/q < 2 and p, g coprime)

Trns (675[@7%)49@6%@/(1) 7 B<1 (4.6)

Y“For supersymmetric theories, Egs = but for generic fermionic theories, Eys can be above or below or

<

127
C

equal to 15.
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we can use an SL(2,7Z) transform. In particular we would like to apply a modular trans-

(“ b) (4.7)
q—p

0 (4.6). The result crucially depends on the parity of p,q. If p + ¢ is odd, then we can

formation of the form

choose (4.7) to be in I'y and map the partition function to the NS sector at low temperature.
However, if p 4 g is even, we map the partition function to the R sector at low temperature
instead. We therefore get, for § < 1 and 0 < p/q < 2:

c

2
Tryg (efﬁ[(Af%) zQJ] 27rin/q> ~ eq25(1+g2)3 p+qodd, 8<1,
¢ . , 4r? < _
Trxs (676[(A7§)719J] eQmjp/q) ~ Ngseq2ﬂ<1+92)(12 Fos) p+qeven, f<1. (4.8)

Equivalently we can always take 0 < 2 g <1 with the insertion of a (—1)%":

c

TrNS (e—ﬁ[(A ZQJ 2me/q ~ 25 1+Q2) 12 P + q Odd, B < ]_’

c

Trns (efﬁ[(A*% —iJ] 27”‘]1’/‘1) ~ Nysea’s 1“’2)( ~Eor) p+qeven, <1,
Trxg ((_1)F676[(A7% zQJ 27erp/q) ~ €q25(1+92) 12 p odd, /3 <1,

Trys <(—1)F€_B[(A_%)_i9‘]}62”]?/‘1) ~ NgS@QQﬁ(1+Q2)(ﬁfE93) peven, < 1. (4.9>

We see that in (4.9), there are two real numbers that can determine the behavior of fermionic
partition functions: the central charge ¢ and the Ramond ground state energy Fys. Moreover,
which of the two high temperature behaviors we get (15 or {5 — Eys multiplying temperature
in the free energy) depends on the parity of p and q. We will see this exact same behavior
repeat itself for fermionic theories in higher dimensions in section 4.2.

In 2d, we can also analyze the behavior of the partition function in the Ramond sector.
This does not have a direct analog as far as we are aware in higher dimension, but we
include it for completeness. By using the same modular transformation properties discussed
earlier, we find:

2 C

Trg (e*ﬁ[(Afﬁ)fm‘I]ezm‘]”/g) ~ quﬁ(lHZZ) 2 g even, < 1,

c . . 4z < _
TI‘R (e—ﬁ[(A—ﬁ)—zQJ]e%'zJp/q) ~ Ngseq25(1+92)(12 EgS) q Odd, 5 < 17
2

Trg ((—1)F6—B[(A—é)—i9ﬂe%i«’p/q) < N errm (57 Pe) g oy, (4.10)

Because the final spin structure (where the fermion is periodic in both space and time
directions) is invariant under the full modular group, it has the same universal behavior at
high temperature regardless of the phase. In general this spin structure cannot be directly
derived from the other three (although there are potentially powerful constraints coming from
unitarity, and knowledge of Zg 4 [27]). We write < rather than ~ in the last line of (4.10)
due to possible cancellations between fermionic and bosonic Ramond ground states, which
would effectively reduce Nys (by an even number) for the final spin structure.
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4.2 Higher d

Let us now consider fermionic CFTs in d > 2. For simplicity let us first consider turning
on only a single spin and consider:

Tr [e= PN 2] (4.11)

with § < 1, Q@ ~ O(1), 0 < p/q < 2. As discussed before, this can be computed from a path
integral of S9-1 x Sé, where we insert a defect that rotates the sphere by 27p/q. Moreover,
due to the fermions in the theory, we need to specify a spin structure on this geometry.
In (4.11) we compute the path integral with anti-periodic boundary conditions for the fermion
around the Sé. We now imagine the setup as in figure 2 to reduce the setup into a geometry
we can obtain a thermal EFT. In particular we need to stack ¢ copies of the CFT, and
perform a 27p rotation in the spatial direction. The final geometry we get — in addition to
the spatial sphere being modded by Z, and the thermal circle increasing by a factor of ¢ —
has different periodicity for the fermions about the time circle depending on the parity of
p+q. If p+ q is odd, the fermions remain antiperiodic, and we can use the original EFT
description for fermionic CFTs on a long, thin cylinder. If p 4 ¢ is even, however, we need a
new EFT, for fermionic CFTs with periodic boundary conditions on a long, thin cylinder.

We now see there are two different thermal EFTs we consider, depending on the periodicity
of the fermions around Sé. Fach EFT comes with its own set of Wilson coefficients. We
write them as:

d— d— —Stn[gig,Ai,
ZCFT[S ' x Sé, anti—periodic} = Zgapped[s 1] ~e nlgis d)],
ZCFT[Sdfl % S}j, periodic} _ Zgapped[sdil] ~ o Sthlgij, Aid] (4.12)

The two expressions e~ and e~ S respectively compute the partition function with and
without the insertion of (—1)%":

Tr [e—,B(H—iQJ)} -~ e_S““,
Tr [(—1)F e PHAD] =5 (4.13)

Let us write the two thermal actions as:

dd_la_f — 25 2 2
Sth: W\/‘;(_‘f—’_clﬁ R"‘CQBF +~--)+San0ma
~ dd_la_f —~ x 25 2 12
Sen = /Bdlﬁ(—fﬂlﬁ R+ &% F? + ) + Sunom: (4.14)
The most general leading term behavior of (4.11) then goes as
1 f vol §¢-1
. P *774_7 p+q0dd7
0 R 413
Fm+”" P+ g even.

Note that if we specialize (4.15) to d = 2, this is precisely the behavior we get for (4.8),
if we identify:

27me
F=7
f =2 (162 - Egs> . (416)
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We can think of the difference between the two sets of Wilson coefficients in (4.14) as the
higher-dimensional analog of the “Ramond ground state energy”.

We can generalize (4.11) to turning on n spins and consider

. i P1 :Pn
Tr e—ﬂ(H—Z(QlJ1+~~~+Qan))62m ol eQﬂ'lﬁJn (4.17>

for 8 < 1, Q; ~ O(1), 0 < % < 2. If we define

q = lem(qi,...,qn), (4.18)

then in our EFT, we will go around the time circle g times and go around the spatial sphere
Do % times. Thus depending on if ¢ + >, % is odd or even, we get the thermal EFT
described by Sy, or Sip.

Finally, all of these results are consistent with (2.28) if we simply interpret e**/R as
an element of Spin(d) and interpret Tr as imposing periodic boundary conditions for both
bosonic and fermionic variable. With this understanding, (2.28) is the general recipe. If we
instead interpret Tr as imposing periodic boundary conditions for bosons and antiperiodic
boundary conditions for fermions, (2.28) should be modified to

1
—log Tr[gR] ~ 2 log Tr [(—1)(‘1_1)ng} + topological + Z So,- (4.19)
D;

We will see explicit examples of this in section 5.

5 Free theories

We now present several examples involving free fields to show explicitly that (2.26) and (2.28)
hold (along with their appropriate generalizations to fermionic theories). We begin in
section 5.1 by checking a massive quantum field theory, namely a massive free boson in 2d.
We then consider free CFTs in 3d and 4d. Our main tool for computing partition functions
in free CFTs is the plethystic exponential, which we review in appendix B (see e.g. [28-30]).

In section 5.2, we consider various examples involving free scalar fields and free fermions
in 3 dimensions. In section 5.3, we explore few more examples in 4 dimension. We present
additional 4d and 6d examples in appendix C. Lastly, in section 6, we consider 2d CFTs
with a local gravitational anomaly. Such theories can include Chern-Simons term in their
thermal effective action, which are not integrals of local gauge/coordinate invariant densities.
These furnish examples of the “topological” terms in (2.26) and (2.28).

5.1 Massive free boson in 2d

As a first check on our formalism (and to illustrate that the basic ideas do not require
conformal symmetry), let us study the partition function of a free scalar with mass m in 2d.
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We begin by computing the partition function on a rectangular torus S} x Sé:

1
log Z = —§Tr log(m? 4+ A) — Se

— _% > log <m2+ (227&>2+ <2;S>2> — Set

(r,s)€Z?
2
o )
= — Zlog2sinh 5 — Octs (5.1)
r€Z

where S¢; is a cosmological constant counterterm, and in the third line we performed the sum
over r and threw away a constant using the fact that > ., 1 = 0 in (-function regularization.
Because the summand is slowly-varying in r, we can take the thermodynamic limit

L — oo by replacing the sum over r with an integral over momentum k = ZTFTT:

L o /1?2 2
log Z ~ ——/ dk <log (1 —e PV m2+k2) - ﬁm2+k> — St (L — 0). (5.2)
0

™

The second term in the integrand is UV-divergent, but proportional to L3. Hence, it takes
the form of a cosmological constant and can be removed with an appropriate choice of Set.
We will choose St to simply subtract this contribution, which is equivalent to setting the
free energy density to zero in flat R2. We find

L
log Z ~ Ef(ﬁm) (L — 0), (5.3)
where minus the effective free energy density is
00 s < 1’
fly) = —9/ delog (1— W) L pe Y (5.4)
T Jo € Y y>1

Note that the limit of f(y) as y — 0 is consistent with f = % with ¢ = 1 for the massless
free boson in 2d.

Before continuing to the twisted partition function, let us make two observations. Firstly,
the partition function Z obeys a form of modular invariance. To formulate it, let us write
T? = R2?/A, where the lattice A is spanned by basis vectors €1,é. We can arrange the
basis vectors into a matrix E € R?*? whose columns are & and &, and consider the
partition function as a function of E. (Above, we studied the case where €; = (L,0) and
é = (0, ), and thus £ = (6 g)) Rotational invariance implies that Z(F) is invariant under
left-multiplication by an orthogonal group element g € SO(2). Modular invariance is the
statement that Z(F) is also invariant under an integer change of basis of the lattice A, which
is equivalent to right-multiplication by v € SL(2,Z):

Z(E) = Z(gEn). (5.5)

In other words, Z is a function on the moduli space SO(2)\R*?/SL(2,Z).
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The second key observation is that in the thermodynamic limit, Z is unchanged under
a small shift of the basis vector that grows as L — oco: €1 — €] + aés. To see why, note
that the corresponding dual basis shifts by €2 — €2 — aé; (with €; unchanged). Thus, the
sum (5.1) changes by shifting r — r — sa:

oz (59) =3 5w (75) (5 ) ) s

(r,s)€Z2
L
~ Ef(ﬂm) (L — 0). (5.6)
In the continuum limit, we can identify the momentum k = ZW(TL_ 59 and rewrite the sum as

an integral over k. The shift r — r — sa becomes immaterial in this approximation.
Now let us finally consider the partition function with the insertion of a discrete rotation
of the spatial circle Si by an angle 27p/q. This corresponds to the matrix

/ L % ! ! ere ' = q p)
o <0 5) <( 1)Bqﬁ>7’ where —<_(p—1)q 5, esuez). (6T

As before (pfl)q denotes the inverse of p modulo ¢, and b is chosen so that + has determinant
1. Applying modular invariance (5.5) and the result (5.6), we find

L f@pm) (L o), (5.8)

L
log Z(E) =log Z[ @ °>~
0g Z(F') = log ((p‘l)qﬁqﬁ 2B

consistent with (2.28).

Using slightly fancier technology (see e.g. [31]), we can be more precise about what
information is thrown away in the “~” in equation (5.8). We rewrite the partition function
in terms of a spectral zeta function

log Z(E) = *CE( ) = Set (5.9)

where

Co(s) = Tr[(m? + 4)7] = ! /OOo sy, { tm )]

I'(s) t
1 /OO e —tm? t2rE~TF)
= —— e
F(S) 0 gz:z
1 dt 2detE A2
= . 5.10
F(s)/o N dnt Ze B (5.10)

In the last line, we performed Poisson resummation to obtain a sum over lattice points
A € A. (Recall that A is the lattice spanned by the columns of F.) We can now perform
the integral over ¢ and plug the result into (5.9). The term A = (0,0) precisely cancels
against S¢, and we find

mdet B
log Z(E) = —— >
AEA—(0,0)

Ki(m|A)
AL

(5.11)

where Ki(z) is a modified Bessel function.
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L

Figure 4. Left: the lattice A for a rectangular torus S} x Sé. In the thermodynamic limit L — oo,
the sum (5.11) is dominated by A € Aghore (depicted in red), which are spaced apart by 5. Right:
the lattice after twisting by a spatial rotation by 7. In the limit L — oo, the partition function is
dominated by A € A’ which are now spaced apart by 2.

short?

Now we can see clearly that in the thermodynamic limit, the lattice vectors A € A that

become longer give an exponentially suppressed contribution to log Z (since Ki(r) ~ e~ "

for large r). Indeed, we have

det B
logZ(E):ﬂ Z

27
AEAshort - (070)

K1(|7)':‘||)‘|) +0(e ') (L — ), (5.12)

where Aghort are the lattice vectors that do not get longer in the thermodynamic limit L — oo,
see figure 4. Applying the result (5.12) to the rectangular torus S} x Sé, we find another
expression for the effective free energy density:

IO SET ) (5.13)
(=1

\/1+a:2)
and integrating term-by term. The result (5.12) also immediately implies (5.6). Combining

_ 1, —lyv1+a?
> 7€

which agrees with (5.4), as we can see by expanding log(1 —e™¥

this with modular invariance, we find that (5.8) holds up to exponential corrections of the
form e~™%. Note that this conclusion relies on finiteness of m in the thermodynamic limit.
If instead we take m — 0, then the thermal theory has a gapless sector, and we do not
expect (2.28) to hold.

We can also understand (5.8) more directly from (5.12) as follows. When the partition
function has a twist by a rational angle %Tp, then a new AL, . emerges, as depicted in figure 4.
The emergent AL, . looks like Aghort in the un-twisted case, but with the replacement 8 — ¢f3.

It is also straightforward to generalize this analysis to a massive free scalar in d dimensions.

The torus partition function is!®

d/2 K A
m> a/2(m|A[) (5.14)
AEA

This is again consistent with (2.28) (with vanishing topological and defect contributions)
through the mechanism depicted in figure 4.

5This is an example of an Epstein ¢-function, see e.g. [32].
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5.2 3d CFTs
5.2.1 Free scalar

We now turn our attention to partition functions of higher dimensional CFTs on a spatial
S9=1. Let us begin by studying the partition function of a free scalar in 3d, with various
discrete rotations inserted. The usual KK reduction of a free scalar on a circle possesses
a zero mode. However, in order to apply thermal EFT, the KK reduced theory must be
gapped. Thus, in order to avoid zero modes, we will study a complezr scalar charged under a
Zy, flavor symmetry. We will turn on the Zj fugacity as appropriate to eliminate zero modes,
and study the thermal EFT description of the resulting twisted partition functions. Note
that in a generic interacting CFT (as opposed to a free theory) we would not expect to have
zero modes, and it would not be necessary to consider flavor symmetry.

Let R(0) € SO(3) denote a rotation around the z-axis, and let ¥ denote a reflection in
the z direction. We will consider insertions of R(6,s) = R(f) o ¥* € O(3), where 6 = Q”Tp.
Note that the reflection potential s takes values in {0,1}, since ¥? = 1. The partition
function is given by

27ilQ

log Tr [e*ﬁ(H*mJ)e z R(G,s)}

B Z l (eQW;;'én s QTFI:;ZR) e—nﬁ/2(1 _ €—2n5) (5.15)
—n (1 —(=1)mse=mB)(1 — e=Bxn)(1 — e~ By—n)’

where 2 = 2™/ and Q is the charge of the scalar under U(1) (of which Zj, is a subgroup).
When we turn on a big rotation R(6,s) with order ¢ and include the global symmetry

2milQ

operator V =e~ * , a zero mode will be present on the EFT bundle whenever V¢ = 1, since
V wraps ¢ times around the base of the EFT bundle — see the discussion around (2.26).
Let us consider the case p/q = 1/2, corresponding to a rotation by an angle m, which
fixes the north and south poles of S2. If the flavor group were Zs, then we would necessarily
have a zero mode on the EFT bundle. Hence we instead consider Zs flavor symmetry.
The thermal partition function of a free scalar field with non-zero Zs flavor and small
rotation-fugacity has the following high temperature expansion

log Tr [e_B(H_"QJ)e%}
16¢(3 14+20%)1log3 (21 + 402 — 240452
9(1+0N2)3 12(1 + Q2) 4320(1 + Q2)

Now we would like to turn on the fugacity for the big rotation with or without a reflection,

leading to absence or presence of non trivial defect action, respectively.

e Free action: without defect

Let us first consider an insertion of R(m, 1) = R(w) o ¥. This is a parity transformation
il — —i on S, and it does not have any fixed points. Thus, the thermal effective action
will be free of defects. Concretely, we find

log Tr [e*B(H*mJ)eyR(ﬂ, 1)}

_ 2¢(3) (14+20%)1og3 (21 + 402 — 240%)32 ) (5.17)
B IO R VTG I =) B YT (I B
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Comparing (5.16) with (5.17) we find
T 1 . T
logTr{ —B(H—i0)  * QR(ﬂ',l)] ~ ilogTr [e_Qﬂ(H_ZQJ)e%} ) (5.18)
o (2.26) holds.

e Non-free action: defect

Without the reflection fugacity, the action of R has fixed points and thermal EFT predicts
a non-trivial Sp as in (2.28). We find

log Tr [e_B(H—iQJ)eM;Q (7r70)}
L A(B) (1480003 | (694940 + 15605 o (5.19)
91+ 0282~ 24(1 + 02) 2160(1 + Q2) '
Comparing with (5.16), we obtain
T 1
“log Tr {e— (H=i0]) 2 QR(T&',O)} N _510g Tr{ —2p(H-i0J) 2 } + So, (5.20)
where the total defect action Sp(f3,€2) is given by
log3 202-1
Sa(8,Q) = === + =52+ 0(8"). (5.21)
Note that Sp has precisely the form predicted in (3.27), with
log 3 1 7
ap,1/2 = — 4 az1/2 = T 192 asi/2 = 384" (5.22)

Furthermore, the linear term in § vanishes because a; /2 = a; /5 in bosonic theories.

More generally, we can consider a rotation R(27rp 0), where p and ¢ are coprime and
q is not divisible by 3 (so that there is no zero mode upon dimensional reduction). The
leading defect Wilson coefficients in this case satisfy:

g—1
ot i = =5 5 o o (252 (0 (8 +3) - ()
oo (520) (0 (48) - (4))]. 02

s — 1o — (15‘12:% 008(7)3 [cos (21500} 4 9 cos (2ri20))] (5.24)

where 1(z) is the digamma function.
5.2.2 Free fermion
We can perform a similar exercise with free Dirac fermions. The partition function is given by

R(9,0)(—1)™™]

Y (it B et

e (e ) (e () )
(5.25)

7T1€Q

log Tr [e*

=2.(-
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(-1)F? Rotation ~ Boundary Condition Flavor? Equation

p/q (1At (1)
No (w=0) 1/2 (-D)2(-1)t =1 No (5.27), (5.28)
Yes (w=1) 1/2 (D1t =-1 No (5.27), (5.28)
No (w=0) 1/3 (13- =+1 Zo (5.31), (5.32)
Yes (w=1) 1/3 (-DS(-1)t = -1 No (5.31), (5.32)
No (w=0) 2/3 (-1)3(=1)? = -1 No (5.34), (5.35)
Yes (w=1) 2/3 (-1)5(-1)2 = +1 Zo (5.34), (5.35)

Table 1. Turning on fugacities corresponding to flavor, rotation and fermionic number. w = 0, 1 refers
to turning off and on the fugacity corresponding to (—1) respectively. The fugacity corresponding to
big rotation is €27?/¢. The third column lists the effective spin structure on the EFT bundle, +1 in
this column refers to periodic and antiperiodic boundary condition respectively. The fourth column
lists whether we need a flavor twist to make sure that there is no zero mode. Note that antiperiodic
boundary condition rules out the presence of zero modes. The final column refers to relevant equations
in the main text.

Fermions are antiperiodic in the time direction at finite temperature. Hence, when no
fugacities corresponding to a big rotation or fermion number are turned on, there is no zero
mode contribution to the thermal EFT description of the partition function. In this case,
we have the following high temperature behavior:

logTr {e—ﬁ(H—iQJ)} — 3<(32> _ (2 + Q2) IOg 2 + (24 — 492 — 2194)52 + 0(54) (526)
(14 Q2)32 6(1+ Q?) 5760(1 + Q2)

However, when (—1) and big rotations are turned on, we must be careful about zero
modes. If the big rotation is given by e2™?/4, then we have various cases depending on the
parity of p, ¢ and presence or absence of (—1)F . We consider all possible cases in the table 1.

Let us consider the case when ¢ is even. We take ¢ = 2 for simplicity. According to
table 1, we do not need a flavor twist to remove zero modes. We compute

log Tr {e‘B(H_mJ)R(:I:W, 0)}

5.27
3¢(3) 2+0%)log2 QB (24— 402 — 210432 L O, (5.27)

TR(1+ )R 12(1+97) 4 2880(1 + Q2)
Note that log Tr {e_ﬁ(H_mJ)(—l)FR(W,O)} = logTr {e‘B(H_mJ)R(—W, 0)}
Comparing (5.26) and (5.27), we verify the appropriate generalizations of (2.28) to

fermionic CFT. In particular, see (4.19) and note that as an element of spin group, we
have R%(£m,0) = (—1)F. We find

, 1 A
—log Tr {e_ﬁ(H_ZQJ)R(:tW, 0)} ~ g log Tr [e_Qﬁ(H_’QJ)} + So. , (5.28)
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where Sp_ is given by

Qﬁ
So. =F— O(B%). (5.29)
This has precisely the form predicted in (3.27), with
1
aiji/2 —a1,-1/2 = R agp,1/2 + Qo —1/2 = 0. (5.30)

Next we consider the case when ¢ is odd. Now p can be either even or odd. For example,
let us consider ¢ = 3 and p =1 or p = 2. We introduce a flavor twist according to table 1.
Note that, operationally the insertion of (—1) is same as introducing a Zo flavor twist.
The insertion of both amounts to inserting nothing. In what follows, we choose to insert
(—=1)¥ to eliminate the zero mode.

For p/q = 1/3, we find that

log Tr [~ #1127 (—1)" R(2r/3,0)]

¢(3) (104 902)log2 508 (=568 + 102802 + 1617Q4) 32 5 (5:31)
0A+0)F  1BI+2) 35 5760(1 4+ Q2) +0(8°).

Comparing (5.26) and (5.31) we find that

A 1 )
log Tr [e_B(H_zQJ) (—1)FR(27/3, 0)] ~ g logTr [e—%(ff—mﬂ] +55(3,9Q), (5.32)

where the total defect action Sp(3,€2) takes the form predicted in (3.27):

4log2 508 (8 —210%)5° N
9 3v3 72

The p/q = 2/3 case can be easily be done using the following identity

So(8,Q) ~ — 0(5). (5.33)

log Tr [e #H=2) R(47/3,0)] = log Tr [ H+H(—1)F R(27/3,0)] ,  (5.34)
from which it follows that

log Tr [e_ﬂ(H_iQJ)R(Zlﬂ/?),O)} ~ %log Tr {e‘gﬁ(H_mJ)} + So(8,-9), (5.35)
where Sp(5,€) is given by (5.33).

5.3 More examples with a defect action: 4d CFTs

In 4d, the rotation group has two Cartan generators, which we call J; and Jy. Let us consider
inserting R = exp(ZWi%Jl + 2772";—;J2) into the trace. When q; = ¢, the action of R is free
and there will be no vortex defects. However, when ¢; # g2, we will have two 1-dimensional
vortex defects D) and D), whose combined action is given by (3.31).

As a concrete example, consider the free Dirac fermion in 4d. Using plethystic expo-
nentials, we find

= =

1 3
log Tr | e AT EL jy +2mi22 J2:| ~ —~log Tr [e—qﬁ(H—zQ.J)} + 5o, (5.36)
q

=
foli
=
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Here we impose that ¢ (1 + % + 2’—;) is odd. This ensures absence of the (—1)¥ insertion in

the right hand side above. Thus the zero mode is absent and the thermal EFT applies.
Furthermore, Sp has precisely the form predicted by (3.31) with the leading Wilson

coefficients given by the following function of (—1)? and coprime integers P, Q:

Q-1 (—1)P* cos (ﬂkf%) 1k [k
ao,P/Q,(-1)p = kZ::l . (Wkg) (w (2 + 2@) - (2@)) : (5.37)

where 1)/(2) is the derivative of the digamma function. This is a highly nontrivial check
of (3.31). Matching (3.31) requires not just reproducing the correct function of 3,2, Qs,
but also the fact that the Wilson coefficient of D) depends only on P»/Qy and (—1)P!
(and analogously for D).

Note that when g1 = ¢2, we have Q1 = Q2 = 1, hence the sum is non-existent, leading
to ag p, /Q1,(~1)P2 = Q0,Py/Qs,(—1)»1 = 0, which is consistent with the fact that the action of
R becomes free and Sp should vanish.

6 Topological terms: example in 2d CFT

So far, we have focused on cases where the thermal effective action can be written as the
integral of a local gauge- and coordinate-invariant density. As discussed in section 3.1, we can
choose a gauge (“EFT gauge”) where the background fields g, A, ¢ on the EFT bundle look
locally the same as on S9! x Sé (possibly with “small” angular twists turned on). Curvature
invariants built out of these fields are then also the same as on S%1 x Sé, and their integral
is not sensitive to global properties of the EFT bundle.

By contrast, when d is even, the thermal effective action can also include Chern-Simons-
type terms that are not integrals of local curvature invariants, and hence can be sensitive to
global properties of the EF'T bundle. The contributions of such terms were called “topological”
in (2.26) and (2.28). The coefficients of such Chern-Simons terms can be determined
systematically from the anomaly polynomial of the CFT [33-38]. The simplest case is when
d = 2, where the thermal effective action contains a 1d Chern Simons term whose coefficient
is proportional to the local gravitational anomaly cy — cg.

In more detail, consider such a 2d CFT with a local gravitational anomaly, ¢y, # cr. We
assume that ¢y —cp = 24k with k € Z. From modular invariance we have a high-temperature

expansion of the partition function as:'®

2 ; (=1
_p(H—i) 2mi2J|\ AT (cL +cr — 24ikQ))  2mik(p™)q
log (Tr {e e D 2121+ )5 . , (6.1)
where (6.1) is accurate to all orders in perturbation theory in . This generalizes (2.15)
to theories with ¢y # cg.
In the thermal effective action, we can reproduce the terms in (6.1) with a Chern-Simons
term from the KK gauge field in the action. In particular, we add a term of the form

_ 2mik ]{A (6.2)

qap
2miTep, —2mwiTC
6To derive (6.1), we apply the modular transform (2.14) to the vacuum state e Lo with

T = % + % + % and expand in small 3.
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to the thermal effective action. From (3.13), we see that (6.2) precisely reproduces the
additional terms in (6.1). Note that (6.2) is properly quantized precisely when k is an integer,
since A is a connection on a circle bundle where the fiber has circumference ¢g.

7 Holographic theories

In this section we consider CFTs dual to semiclassical Einstein gravity in AdS. The high
temperature behavior of the thermal partition function, Tr[e=#H +ifl-J) | around 6; = 0, of such
holographic CFTs in d dimensions are captured by the thermodynamics of black hole solutions
in AdSg41. We would like to understand the bulk solution that captures the high temperature
behavior of Tr[e*BH*w'j] near 0; = 27p;/q;, where at least one of the p; # 0 and ¢; > 2.
First, let us consider a d = 2 dimensional CFT in the context of AdS3/CFTy duality.

The relevant bulk solution is given by the rotating BTZ black hole with the metric

(2 ) —r2)

r2

ryr

2
_dt>, £r) = AY

r2

dr?
ds? = —f(r)dt* + o) + 72 <d¢ —

where r4 are radius of outer and inner horizon respectively. The BH temperature 5! and
angular potential Q = 0/5 are given by

r_ r2 —r2
a="=, pgr_li7r= 2
ry’ B 277y (7.2)

Asymptotically, the metric is Weyl equivalent to —dt? + d¢?. In Euclidean signature, tp = it
and we have (¢,tg) ~ (¢ — fQ,tg + ). The Euclidean action evaluated on this bulk saddle
reproduces the high temperature behavior of Tr[e=#(H=#2J)],

Now let us compute Tr[e_B(H —i€2)+2mip/q] | for a holographic 2D CFT. As explained
in section 2.4, this can be computed by doing a path integral over ng,Q/Zq,17 where the

action of Z, = (h) is given by

and Mg is obtained from S x R by quotienting by (h9).
Note that the action of Z, has a natural extension into the AdS bulk, where the radial
direction goes along for the ride

h:(r,¢,tg) — (r,¢+2mp/q — BQtg + B). (7.4)

We can use this natural extension to build a bulk dual solution. We start with a BTZ black
hole ¥,3 o with parameters 7+ = ry/q, such that the black hole is at inverse temperature
B = qB. The Euclidean metric is given by

o (dqs +ilts th>2 L Fye= T g

dr?
f(r)
Note that (¢,tg) ~ (¢ — qBSdtg + ¢B). We can then quotient ¥,53 o by the action of

Zq = (h), given by (7.4). The manifold ¥,50/Z, is smooth because the action of h in
the bulk (7.4) is free.

2 F 2
ds® = f(r)dty + ; .

1"Tn this section, we use the compressed notation Mg iza — Mg .q.
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Recall that on the boundary, the quotient Mg o/Z, is a nontrivial bundle over S!/Z,.
The discussion in 3.1.1 applies here, with the radial direction of AdS going along for the ride.
In short, we consider open sets in the total space and consider the bulk region that asymptotes
to this set. Locally in this bulk region, the metric is precisely given by (7.5). However, there
are non-trivial transition functions when we go from one open patch to a different one.

By construction, the quotient Y5 .0/Z4 solves Einstein’s equations with the appropriate
asymptotic geometry. Compared to a rotating BTZ black hole at temperature ¢, the above
quotient geometry has its angular variable restricted to 0 < ¢ < 27/q. (Note that this almost
covers the full manifold except the locus ¢ = 0. This locus is covered by another open patch
and we have nontrivial transition function between these two patches.) Thus the evaluation
of the bulk action amounts to an integral over the angular variable in the range 0 < ¢ < 27/q
producing a factor of 1/¢, and a replacement 8 — ¢ which produces another factor of 1/q
compared to the evaluation of Euclidean action on BTZ black hole at temperature 8. Thus,
the Euclidean action evaluated on the saddle ¥,3 o/Z, reproduces

) . 1
log Te[e™ #H =M H2WRI]  Nog Zyray [Ls.0/Zq) = 108 Zgrav [Sqp,0]
q
1 .
~ = log Tr[e~9FH=12))] (7.6)
q

where Zgray [X] is the gravitational path integral evaluated on the saddle 3.

Overall, we have a quotient of a BTZ black hole whose boundary has a temporal cycle
of length g = ¢B(1 —iQ2) and a spatial cycle of length L = 27”. This naively leads to
the modular parameter

27
¢?B(1 —iQ)

The above is almost correct, but we must amend it by recalling the presence of nontrivial

F 9" iL/Bp = (7.7)

transition functions. This leads to the following identification

27i -1 ~ 27 -1
. i (P~ )q =_ uxs (P~ )q

T2 ¢ @B+ g

which precisely matches the modular parameter 7 obtained after applying a modular trans-

(7.8)

formation, as explained around (2.13). Note that we have

1/ = ( _l)q 272
) e &

which is consistent with the holonomy of A derived in (3.13). We conclude that ¥,5.0/Z,
is simply a modular transformation of the BTZ black hole geometry.

In dimensions greater than two, we follow the same prescription. Let X 5.0 be a black hole
solution that captures the high temperature behavior of the thermal partition function with
small angular fugacity — i.e. the AdS-Kerr black hole with inverse temperature 5 and angular
velocities i€). We claim that the insertion of a big angular fugacity R with R? = 1 is captured
by the bulk manifold Zq 5.6 /Zq, where Z, is the natural extension of the boundary Z, into

the bulk. To be precise, the AdS-Kerr solution possesses a time-translation isometry, which
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we parametrize by tg. It furthermore possesses isometries under the Cartan subgroup of the
rotation group, which we parametrize by ¢,. Then the Z, = (h)/(h?) group is generated by

h (T7 Ta7¢aatE) — (’l“, ra7¢a + %atE + B) s (710)

where 7, and r are the remaining bulk coordinates.

When the bulk action of h is free, Eqﬁ,ﬁ /Zq is a smooth solution to Einstein’s equations
with the correct asymptotic geometry to describe the partition function with an insertion of R.
At very high temperatures, the gravitational path integral on this geometry matches the field
theory prediction (2.26) because the quotient by Z, just divides the semiclassical gravitational
action by ¢. Thus we expect Eq 5.0 /Zq is the dominant solution at high temperatures. As
we move away from high temperatures, we conjecture that Eq 5.6 /Z, remains the dominant
solution down to a finite temperature.

Unlike in 2d, in higher dimensions it is possible for the bulk Z, action (7.10) to have
a fixed locus. Such a fixed locus must occur at the horizon of the black hole (where the
Euclidean time circle degenerates), and at a location on the sphere S?~! where the boundary
action of h has a fixed point as well. For example, consider a 3d CFT, with a 4-dimensional
bulk dual, and consider the case p1/q1 = 1/2. The bulk action of h rotates the ¢ circle by m,
and also shifts tg — tg + 8 (which is equivalent to rotating the thermal circle by 7). Fixed
points of h occur at the north and south poles of the horizon S2. For example, near the
north pole, we can choose coordinates so that the metric locally takes the form

dr? 4 rid¢?® 4 dy* + y2dy?, (7.11)

where ¢ = g—gt g, and y < /7 — rg (with 7z the location of the horizon). In these coordinates,
the Zs action rotates both angles ¢, by w. Quotienting by this Zs, we obtain an orbifold
singularity of the form C2/Zs.

When Eq 5.0 /Z4 contains an orbifold singularity, it no longer furnishes a smooth solution to
Einstein’s equations. To understand the correct bulk dual of the R-twisted partition function,
we must understand the fate of the orbifold singularity in the bulk theory. The physics of the
singularity (or its resolution) essentially determines the defect action Sg in holographic CFTs.
Note that in a spacetime with vanishing cosmological constant, a C2/Zy singularity can be
resolved by the “gravitational instanton” described by the Eguchi-Hansen metric. Perhaps
orbifold singularities occurring in the Zq 5.6 /Zq can be resolved similarly. Or perhaps the
orbifold singularity is resolved by stringy effects. We leave these questions to future work.

For fermionic theories dual to Einstein gravity (which all known examples are), there
is another set of Wilson coefficients f, ¢, ...that can be defined (see (4.14)) coming from
periodic boundary conditions for the fermion. The behavior of the partition function with
(—=1)¥" inserted was explored in [39], which found a black hole solution that lead to an
exponentially subleading (in temperature) contribution in the large N limit. Since generically
we expect f to be nonvanishing, this means the black hole solution found in [39] should not
be the dominant contribution in the 7' > N > 1 limit. It would be interesting to explore
further if there are universal results or constraints on the Wilson coefficients f, ¢, ... in
(fermionic) holographic CFTs (for instance by looking at the theories studied in [26]).
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Finally, let us note that our construction works also in the case when the boundary
theory possesses a reflection symmetry and the group element R includes a reflection. In
this case, the bulk dual solution Eqﬂﬁ /Z4 is non-orientable. This is allowed because the
boundary reflection symmetry must be gauged in the bulk, which means we must include
contributions from non-orientable geometries. It so happens that a non-orientable geometry

dominates in this case.'®

8 Journey to 8 =0

—

So far we have described the structure of CF'T partition functions Z (3, #) at high temperature
near rational angles % € Q™. In this section we will use these results to sketch the behavior
of the partition function at high temperature around any (possibly irrational) angle. For
simplicity let us consider turning on only one angle 6, and study the partition function

Z(8,0) = Tr [e=PH+7] (8.1)

at small 8 with 0 fized. Suppose the angle has the following continued fraction expansion:

0 1
S =t — 1 (8.2)
2w a1 _—

aerW
where a; € N. We also define the fractions Z—?

7

as truncations of the continued fraction, i.e.

Di 1
—=ay+ —r. 8.3
qi 0 al—l-...a%_ ( )

For a generic angle, the probability of a; = n scales as n—IQ for large n, which means that the
distribution of a;’s for a generic angle has infinite mean.
Suppose we have an angle 6 where a; > 1 for some i. How does the partition function

behave at high temperature? Since we assume a; > 1, we have ¢; = a;¢;—1 > ¢;—1. So for

g1 < T < g, (8.4)
we expect
log Z(T) ~ vol§4=1 fTd=1g—4. (8.5)
However, when
T~ q (8.6)

the constant or proportionality in (8.5) suddenly shrinks.
In figure 5, we illustrate this explicitly for two example CFTs. We plot both the Klein
invariant j function (which is the partition function of some 2d CFTs at central charge 24)

18See [40] for a recent discussion of gauging spacetime symmetries in the bulk.

190ne way to see this scaling is, for a random real number between 0 and 1, the probability that a; = n is
1

1 1
roughly = — Pl 2
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log(log(| Z2%(T, 6)|)) 4 / log(log(| Z°(T. 6)|))
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(a) 24 free bosons in 2d. (b) A free boson in 3d.

Figure 5. In blue, the log of the free energy of two CFTs evaluated at chemical potential % = 73’;22

vs. logT. In red, a line with slope d — 1. (a): d =2. (b): d = 3. We see that at some temperature,
there is a region where the slope matches d — 1, meaning the effective field theory is a good description.
If we continue this plot to higher and higher temperatures, there will be infinitely many times the
slope matches d — 1.

and the 3d free boson partition function as a function of temperature, with chemical potential

% = 7fr:72r2. This has the continued fraction expansion:
0 3—m 1
i =154+ 8.7
or  Tm— 22 +292+ﬁ (87)

(Although any generic real number would serve to illustrate the partition function’s behavior,
we choose (8.7) for convenience because of the large 292 showing up immediately.) We see
that there indeed is a region of T' where the free energies scale as we predict from the effective
field theory; but when we increase T' further, the scaling breaks down. At large T for generic
chemical potential, there will be an infinite number of times the plot in figure 5 has slope
d — 1, which is when the continued fraction approximation is well-approximated by a rational
number (i.e. whenever a; > a;—1 in the continued fraction).

Finally we note that if we fine-tune the angle 6 so that none of the a;’s ever become
large, we can make there be no regime where the partition function obviously grows as 791
For example, choosing the angle to be the golden ratio
0 1+V56 1

1 -
o 5 +1+ﬁ

(8.8)

gives an angle where there’s never a large enough regime in 7" trust our effective field theory.
In figure 6, we again plot the Klein invariant j function and the free boson partition functions
as a function of temperature, but this time with the chemical potential set to % = 1+T‘/5
We see that the slope of loglog|Z| against log T never matches d — 1 in a large region, so

there is no good EFT description of our system.

9 Nonperturbative corrections

In this section, we consider nonperturbative corrections to the thermodynamic limit L — co
at finite 5. For concreteness, we focus on a CFT; and its dimensional reduction on Sé to
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(a) 24 free bosons in 2d. (b) A free boson in 3d.
Figure 6. In blue, the log of the free energy of two CFTs evaluated at chemical potential % = 1+2‘/5

vs. logT. In red, a line with slope d — 1. (a): d = 2. (b): d = 3. We see that at no temperature
is there a region where the slope matches d — 1, meaning the effective field theory is never a good
description. Since we have fine-tuned the chemical potential to be a real number whose continued
fraction has no large numbers in it, we do not guarantee any region in temperature where we have a
good EFT description of our theory.

a d—1-dimensional gapped theory. By conformal symmetry, the thermodynamic limit is
equivalent to  — 0 (with a fixed-size spatial manifold). For simplicity, we will not turn on
“small” angular twists ﬁﬁ, though it would be straightforward to incorporate them.

The thermal effective action essentially captures the dynamics of the ground state of
the d—1 dimensional gapped theory, while nonperturbative corrections come from particle
excitations. On the geometry R~ x Sé, the excitations can be classified into irreps of the
d—1-dimensional Poincaré group and the Kaluza-Klein U(1) that rotates the Sé. Irreps of
the Poincaré group are labeled by a mass and a little group representation — for simplicity,
we will focus on scalars. Thus, each excitation of interest is labeled by a mass m; and a KK
charge q; € Z. The lightest mass mg for each KK charge q is sometimes called the “g-th
screening mass”, while the lightest nonzero mass overall is the “thermal mass” of the theory.
Note that when d = 2, the spectrum of masses (m;, q;) are simply (%”Ai, ¢;), where (A, 4;)
are scaling dimensions and spins of local operators. However, in higher dimensions, the
masses m; are not related in an obvious way to the local operator spectrum.

In the partition function Zcpr[Mg—1 X Sé], the leading nonperturbative effects at
small 8 are expected to come from “worldline instantons” associated with particles of mass
m; propagating along geodesics of My_1, see e.g. [31, 41-44]. Such contributions can be
computed from the worldline path integral

27Tiqi
= H —m; r,, ok
log Z ingle-particle g /Da; (1) exp( ml/dﬁ/xux + 3 %A) (9.1)

(mi,q4)

Here, for each particle, we have included a length term —m; [ ds proportional to the mass,
along with a coupling QLB“LZ § A to the background KK gauge field. (Note that we include
a factor of %” because in our conventions, A is a connection on a circle bundle where the
fiber has circumference 3, instead of the usual 27.)
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In appendix D.1, we compute the wordline path integral (9.1) on some geometries of
interest. For example, by computing (9.1) on S?!, we find that the leading nonperturbative
terms in the partition function Zcpr[S9~! x Sé] have the form

log(Tra g, [ePH)) o ;ezﬂmiw (1 +0 (nll)) . (9.2)

Note that the effect of each particle is exponential in the mass e 2™ where 27 is the length
of a great circle on S?~!. By dimensional analysis, the masses are proportional to 1/3, and
hence these are indeed nonperturbative corrections in 8. In addition to the exponential
dependence, the worldline path integral makes an unambiguous prediction for the leading
coefficient of the exponential, coming from a gaussian determinant. We immediately see
that the interpretation of (9.2) is subtle because the coefficient becomes imaginary when d
is odd (even when the partition function must be real). We discuss this phenomenon and
its interpretation in appendix D.4.

Specializing to 4d, we can similarly compute leading nonperturbative corrections to a
partition function on a lens space L(g; 1), coming from a “short” geodesic of length 27/q¢:

2mm;

S QQS;:R(%;)(“FO("}L)) (¢ #2), (9.3)

S e ™ 5 (140 (31)) (g=2).

log(TrHL@;l) [e_ﬁH]) -

By our discussion of the EFT bundle, this result is closely related to the partition function
on S3, with a twist by a rational angle of order ¢. To obtain the latter, we must replace
B — qf, and account for the presence of a nontrivial holonomy for the KK gauge field (since
S;B is nontrivially fibered over L(g;1)). We find

,51_1,%%27%”,34}) 5 > (i) 6—2272”1+2”;qi 2(18;;7(1‘%{) (1_|_O (mi)) (¢#2),

Z(miqu‘) e~ E T %? <1+O (le)) (g=2).
(9.4)

27m; /q>
)

log (TrHS3 {e

In particular, nonperturbative corrections to the twisted partition function go like e~
as opposed to e 2™ in the un-twisted case.

More generally, in any dimension d, when the quotient by Z, creates a short geodesic of
length lgport = 27/q, the leading nonperturbative corrections will behave like e~ (Mi/@)lsnort —
e~ 2mmi/ qz, where m;/q comes from the replacement § — ¢f5. Note that this matches the
result from modular invariance in 2d. In 2d, after applying a modular transformation, the

2mit (Lo~ ) —2mi7 (Lo~ ) 2mi

2B
Thus, the leading S-dependence of the contribution of excited states to the twisted partition

. . _A2A . 2 _ 2 .
function is e~ 4 2i/(@B) — =2mmi/0" where m; = QWﬁAl.

Note that the action (9.1) is only the leading approximation to the effective action of a

twisted partition function becomes Tr [e , where 7 = const +

worldline instanton in the small § limit. In particular, there can be power-law corrections in 3
coming from higher curvature terms. Thus, while the tree-level and 1-loop terms (9.2), (9.3),
and (9.4) in the worldline path integral are universal, the subleading corrections in 1/m;
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are not necessarily universal, since they get contributions both from (computable) loops
and from higher curvature terms.?’

In appendix D, we derive (9.2), (9.3) and (9.4) by performing the worldline path integral
explicitly. We also verify the universal leading terms in several examples from free field theory.

10 Discussion and future directions

In this work, we found that the high-temperature partition function, twisted by a finite-
order discrete rotation R, is captured by the same thermal EFT as the un-twisted partition
function. One consequence is that “spin-refined” densities of states (like the difference
between the density of even-spin and odd-spin operators) are determined by the same Wilson
coefficients as the usual density of states, up to subleading contributions from Kaluza-Klein
vortices. Furthermore, the partition function Z(8,6) itself has an intricate fractal-like
structure as a function of angle at small £, with the same universal asymptotics controlling
the neighborhood of every rational angle.

These results follow entirely from effective field theory, together with the assumption
that generic CF'Ts develop a mass gap when dimensionally-reduced. It would be interesting
to revisit this assumption and understand how our results are modified in the presence of
potential gapless modes. It would also be interesting to investigate whether Kaluza-Klein
vortex defects can support gapless excitations, contribute to Weyl anomalies, and/or have
nontrivial topological terms in their effective action.?!

Our central construction is simple: it is essentially the observation that it is useful
to construct a mapping torus Mg r = (M x R)/Z from two successive quotients: first
quotienting by ¢Z, and then by Z, = Z/qZ. This idea is applicable on other geometries
besides S4! x R, and it would be interesting to explore its implications for other types of
partition functions. For example, one could explore “spin-refined” statistics of OPE coefficients
by studying the behavior of discrete spacetime symmetries on the “genus-2” geometry of [17],
or spin-refined lens-space partition functions [48], or the interaction of discrete spacetime
symmetries with other forms of higher-dimensional “modular invariance” [15, 18, 49, 50].
Supersymmetric partition functions have been studied on a wide variety of geometries, see
e.g. [51]. It is an enduring challenge to understand observables of non-supersymmetric
(potentially nonperturbative) theories on these geometries.

One can also consider applying thermal EFT to BCFTs to study the asymptotic spectra
of boundary operators. In 2 dimensions, this boils down to studying the partition function
on a finite cylinder in the 8 — 0 limit and writing down an EFT on a finite interval with
two end points. The end points will become point-like defects in the thermal effective action.
In higher dimensions, by introducing defects one may break the SO(d) invariance down to
some subgroup H. We can imagine turning on a rotation belonging to H and applying
thermal EFT ideas in this context.

20Furthermore, our choice of ¢-function regularization does not in general respect coordinate-invariance of the
worldline path integral. To restore coordinate invariance one must add non-coordinate-invariant counterterms
like g’“’g”gQBFfL‘prT with the appropriate coefficients. See [45] for discussion.

21Sce e.g. [46, 47] for a study of similar vortex defects in the context of supersymmetric quantum field theories.
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So far, our main tool for computing partition functions has been thermal EFT, which
is organized in an expansion in small §. This expansion is likely asymptotic in general. In
fact we can see its asymptotic nature explicitly in odd-dimensional free theories. It is an
important question whether one can obtain more precise results about high temperature
partition functions, potentially including convergent expansions and/or numerical bounds
(as is possible in 2d using the modular bootstrap [52]).

One possible approach is through a better understanding of resurgence in the small-8
expansion. In particular, it would be nice to better understand the structure of nonpertur-
bative terms beyond the worldline instantons discussed in section 9. We expect that in an
interacting theory, there should also be contributions from an infinite sum of “instanton

”

graphs,” representing massive particles propagating and interacting. An old example of
instanton graphs are Liischer corrections in field theories on torii [53, 54]. However, to our
knowledge, the rules for general instanton graphs on general geometries in general massive
QFTs have not been spelled out.

Relatedly, modular invariance in 2d CFTs constrains some of the nonperturbative behavior
of the partition function. Given some input light spectra, modular invariance highly constrains
the resulting spectra, which in effect forces the partition functions with any phase inserted
to behave in a certain way. Techniques such as Poincare series and Rademacher series have
been used to complete the light spectrum of a 2d CFT (see e.g. [55-58]), which roughly
take the form of a (convergent) sum over rational angles. It would be interesting if there
were related techniques in higher dimensions, resumming all rational angle insertions in
the partition function trace.

Another potential avenue to making the high-temperature expansion precise is using
Tauberian techniques, which have been applied successfully to correlation functions [59-62]
and torus partition functions in 2d [3, 4, 23]. An essential ingredient in Tauberian methods
is positivity,?? which has not yet played an important role in applications of thermal EFT.
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228ee [63] where, even if OPE coefficent can become negative, Tauberian theorems were used along with
some boundedness conditions from below, to predict asymptotics of OPE coefficent averaged over a large
microcanonical window. However, it is not clear how to extend the result rigorously for an order one window.
The same theorem is used in [64] as well.
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A Qualitative picture of the 3d Ising partition function

In this appendix, we explain our procedure for producing figure 1. Let S, /, denote the leading

contribution to the thermal effective action around the angle 2% in 3d:

1 fvolS2

Pre(o-m)

(A.1)

P/q

We expect —S,,

together different EFT descriptions, we roughly want to choose the action —5,,, that is

/q to be a good estimate for the action when it is large. Thus, to patch

largest for each (/3,60). This would lead to the approximation —S ~ max,, —S,

runs over co-prime pairs of integers. However, such an estimate would not be smooth, so

/q» Where p, q

we instead combine the different actions with a root-mean-square:

1/2
—8 ~ (Z(—Sp/q)2> : (A.2)

p.q

In figure 1, we plot loglog Z = log(—S), for S given in (A.2), with coprime pairs of integers up
to denominator 15. We use the value of minus the free energy density f ~ 0.153 determined
from Monte-Carlo simulations [65-67].

Note that the approximation (A.2) has some unrealistic features. Firstly, its expansion
around each rational angle contains subleading corrections in 5 that do not conform with the
expectation from thermal EFT (2.28). Secondly, it does not incorporate the nonperturbative
effects discussed in section 9. Our goal with this approximation is simply to give a qualitative
picture of the partition function. It is interesting to ask whether there is a natural basis of
functions for Z that naturally incorporates these constraints.

In principle, the qualitative features of figure 1 can be checked. For instance, one can
explicitly build the partition function of the 3d Ising model with a phase (e.g. (—1)7) inserted,
by simply using the operator scaling dimensions that have been estimated from the conformal
bootstrap (or other methods). One can then plot it as a function of 3,2, and check that,
for instance, the leading Wilson coefficient is approximately % (similar to what was done
in appendix A of [68] and appendix D of [17]). An important technical obstacle we run
into when attempting this is: when computing the partition function with the phase (—1)J ,
the EFT is valid when 25 < 1 (rather than § < 1), so in effect, one needs to keep more
operators in the partition function to get a trustworthy estimate. It would be interesting if
other techniques to estimate the scaling dimensions of the 3d Ising model know about enough
high energy operators to see explicitly the qualitative features of figure 1.

B Review of plethystic sums

In this appendix, we review some facts about the high temperature expansion of plethystic
sums. Plethysic sums can be written as derivatives of various spectral zeta functions and
to compute the high temperature expansion, one “resums” the zeta functions following a
procedure very similar to (5.10). The same resummation technique is also used to compute the
high temperature expansion of massive free field free energy, as we discussed in the section D.2.
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Plethystic sums and spectral zeta functions. We start with some general discussion.
Let f(8) = Y dr e P be a generating function. We define a few related quantities:

e Plethystic sum:

f(npB). (B.1)

1
n

log(PE[f]) :=
n=1
e Spectral zeta function:

™ 2 -
C(si f) =" di l(%) +>\i] . (B.2)

o Heat trace:

H(t; f) =Y dy e . (B.3)

k

The plethystic sum is related to the spectral zeta function in a simple way:

L (s, (B.4)

log(PE[f]) — —de)\k 57

where the second term on the left hand side is the zeta function regularized Casimir energy.??
To derive (B.4), we start by using the Schwinger parametrization to obtain:

-y (Y ] ol S [ e e

neZ k neZ k (B.5)

1 /8 o0 dt S—l m2ﬂ2 —t>\2
()QIZde/O 775 2 e 4t k,

mezZ k

where in the last line we’ve Poisson resummed with respect to n. Now we split the summation
over m into an “excited part” with m # 0 and a “vacuum part” where m = 0:

1 6 © dt S—l m2 )\2
Cexcited('—g?f) = @7 Z deA 7 72 e a

. —Li - ﬂ s—1 —t)\i
Cvacuum(saf) = zk:dk/O 7 t . (BG)

Performing the integral over t, we get:

d e N ©dt
%LZOCexcited(Saf) = T Z Z k/o 7 12,

2" LS ape s~ 21og(PE)
k

k

IS8

3
ﬂ‘
>

(B.7)

ZNote that the Casimir energy computed using zeta function regularization is NOT the same as the Casimir
energy included in appendix C. See section 3.1 in [17] for a discussion of schemes and [69] for the difference
with zeta function regularization.



For (yacuum($; f), we invert the Schwinger parametrization:

d

— (~1/2) Z kM, = — Z Ak (B.8)

5,
SZOCvacuum( f) 2\/»
Putting everything together we arrive at (B.4).

To compute partition functions with flavor twists and rational angular fugacities we need
to consider plethystic sums taking the following form:

> et 27
Z - F(nB,wy), wg=exp <q) . (B.9)
n=1

Some formal manipulation shows that when the “twisted generating function” F(3,wq)
satisfies F'(8,wq) = F(8,w, 1), the following relation holds:

e —zn6‘ 1d
> ——F(nb.w Z F(nf.wf) = o Clad.s: FlaB. 1)) + de
el q ds's=0
+i“i 2 (00,5 Pa8.0)) + 1 (<00, L Pl )
2q£ ldS s=0 q 7q? ? q Y q q 7q? Y q ) q °
(B.10)
where:

e In the second sum on the right hand side, d; and Ax are supposed to be read from
F(gB,1), that is, F(gfB,1) = 3_g dre” P

—S8

, with f(8) =Y dre P, (B.11)

2
050 =33 dy [(27;%;) a2

2mina

L(G,Q,S;f) = szk ‘ 2 Ex) with f(ﬁ) = dee_ﬂ)\k' (B12)
neZ k {(27/;" + %) + )\%} k=0

Now that we’ve related different plethystic sums to various spectral zeta functions,the high
temperature expansion can be computed by “resumming” all these zeta functions. For
concreteness, we look at some examples:

Example: free scalar on S' x S§3. The relevant generating function is?*
5(1 — *2ﬁ
e e
_ k2e— Bk B.13
0= G = X (B.13)

24This is the spectral generating function of the operator A + R with A being the Laplacian on S*

and d = 4.

4(d
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The spectral zeta function is:
Z / e (8 h e ), (B.14)
with
_ i 2 th? _ \ft—wz n ﬁie—£2w2/t (;t—3/2 B £2w2t_5/2> '
k=1 =1

Here we performed a Poisson resummation with respect to k£ and separated the piece with
¢ = 0 from ¢ # 0.

o The term with n = 0 in the sum (B.14) is the contribution of zero mode:
oo
= diA k7% = (p(2s — 2 B.15
D],y = LN Z Cr(2s —2). (B.15)

e Terms with n # 0 and ¢ = 0 generate the perturbative series:

C(s;f)’nﬂ,e:o GZZ#)/ A s ot (25) 302
_ \/;ngr(;;) <2ﬁ”>325 Cr(2s — 3). (B.16)

e Terms with n # 0 and ¢ # 0 generate the non-perturbative corrections:

Following (B.4), we find:

4 3 1 & _an?ue (1 4dnm? 8n2pt
log(PE[f])—%i)zlgm—irg—WZZe 5 <£3+ZZ+ZBZ> (B.18)

Cn(s) =) o5 (B.19)
2 0+ )
this spectral zeta function satisfies
1d
a7 1 massive 3 B‘2
37| () = 108 Zmasive[7) (B.20)
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where Zyassive[S°]) is given in eq. (D.25). Applying the same resummation procedure, we
get (D.26). The lens space partition functions Zmassive[L(q; 1)] can be computed in an almost
identical way. One simply replace di = k% by [70]:

dj, = k5] k-q[f) <22, (¢ €2Z +1)
’ E([f]+1), k—q[t] e2z+1, I ’
dp = 0 ke, 27 B.21
" k:(2[§]+1), ke2Z+1, ¢ €22), (B.21)

which are the degeneracy for A + %R with A being the Laplacian in L(g;1) and d = 4.
The same calculations will yield (D.30) and (D.31).

Example: free scalar on S' x S®. The relevant generating function is:

P -¢h)  SE(R 1)
f(ﬁ)_W_’;Te Bk,

and the heat trace is:

2 7tk2
24 Z R

keZ

1252

=vr <32t5/2 - 48t3/2> * \FZ(T (B.22)
(| w1 ﬁ; 1
12072 472 T 52\ 120 T 16) 24432 |

Following the same procedure as in the example above, we obtain:

31 276 at (¢(5)  ((3)

60480” ~ 91535 54085 | 1674 | 4872

+ii _4ﬂTné 47r4n4+47r2n 1 712+ m2n2 1 < n n n >+ 1 n 1
e rn il T [ T
— = 3344 3302 62 B 21204 642 Smdes 247243 |’

if we replace ((s; f) by Gn(s), we reproduce (D.27).

log(PE[f]— (B.23)

Example: free scalar on S! x S with Z, flavor twist. The plethystic sum in interest is:

> (
n=1

—1" 18 =" (Bl(i;—eﬁ_w ZkQ P, (B-24)

Setting ¢ = 1 and # = 7 in (B.10), we find that:

el S 1s=0

i (—;)”f(nﬁ) = %di\ (s f)+ gde)\k, (B.25)
k
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where ((7, s; f) is defined in (B.11). After resumming the zeta function, we find:

> (=17 B =2 ((2n — 1272 2n—1 1
; AU v 36053 nzuz;e @ e Tee)
(B.26)
Finally, we discuss twisted partition function with rational angular fugacity. These are the

main objects of interest in this paper. Even though the techniques outlined in this appendix
can be very easily generalized to higher dimensions and to more comphcated combinations of
angles, we will focus on 4d scalar partition functions twisted by e~ ¢ T T2 S gy simplicity.
As explained in section D.2, the subtle difference between the lens space partition function

and the twisted partition function is related to the non-trivial topology of the EFT bundle.

Example: free scalar in S! x S3 with Zg4 rotation, g odd. We focus on the twisted

2w 271
partition function log (Tr[ffﬁ H77J1277J34]) and restrict to the case where ¢ is odd. The
plethystic sum in interest is:

3 1 e_ﬁ(l — 6_26)
- , W F(3, = . B.27
; n n,B (ﬁ wq) (1 — wqe*B)Z(l _ w;16*5)2 ( )
It is easy to verify:
Zzoil kQG_qﬂk, f = 0
Flae) = (B.28)
K sin(2Z M)
2k sin (QM) e~k #£0
Setting # = 0 in (B.10),we find:
nz::l n (nﬁﬂﬂq) 2 ds‘SZOQ[O S; q/B’ + de)\k
— (B.29)
iq d L<9£S'F(ﬂwz)>
2(16216185:0 q’q’ ’ qp, q .

where di, = k%, A\, = ¢k for the second sum on the right hand side. After resumming all
the zeta functions, we find:

o0 1 —nB(l —ZTLB)
Z n (1 —whie )2(1 — wy "emnh)2

n=1
4 0o 00 2 2,2
T 3 1 _4nZin 1 2n dmen
= 34+B*<(2)**ZZ€ ha Y T PRRY P
4583¢q 240 4m%q ¢ 2wl Bl2q  [B%lq

n=1/=1
N [ee} i COS<27an£)6_4:22£Z <27Tn " q ) (B30)
1= s1n(277r€) fq,B 2021
L&qZ
<1 1
+ _
Z:Z‘; 42 sm(%é)
LEqZ
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Example: free scalar in S x S§3 with Z, rotation and Zs flavor twist, g=odd.
The relevant plethystic sum is:
> )" e Bl —e 28
(nfB,w F(B,wy) = .
R T e e

(B.31)
Setting @ = 7 in (B.10) and resum all the zeta functions, we get:

> &

— n (1- wge_”5)2(1 — wq "e"nB)2

7t 2tennx? (20 — 1272 2n—1 1
= 36081 240 P IPIL ( P8 Beg T ak) (B32)

1)n e—nﬁ(l __e—Znﬂ)

n=1/=1
. i i cos( 2L (43t — n) - eninet ((2n—l— Dr, 4 )
2 2T si(%) W 2r)
LEq

C More examples for 4d and 6d CFTs

In this appendix, we compute a few more examples of the high temperature expansion of CFTs
with a large rotation inserted. We will focus on insertions R without fixed points (so that
Sp vanishes). In odd d, SO(d) necessarily has a nontrivial fixed locus, so we focus on even
d. In even d, if we insert R = exp (27ri (%L +- 4+ %”Jn» (namely all the denominators
are equal, with ged(p;,q) = 1), then R has no fixed points and there is no defect action.
Previously in section 5.3, we described 4d examples with a defect coming from q; # ¢2; in
this example we will consider the (simpler) case with no defect action.

We note that the formulas in this section are accurate to all orders in perturbation theory
in (; this is because the free energy of free theories in even dimensions truncates at O(/3).
This is an accident of free theories in even dimensions and does not generalize.

Finally, we note that in even dimensions, the Hamiltonian H = D + ¢( includes a
contribution from the Casimir energy, which is not accounted for in the sum over characters
using plethystic exponentials (see section 3.1 of [17] for details on this scheme, [69] for a
calculation of the Casimir energy, and e.g. [71] for values of the a anomaly). We have
included this contribution to the final expression (although terms linear in § are invariant
when acting on with (2.28)).

Example: 4d Zs-twisted complex scalar. Here we consider a 4d free complex scalar.
We insert a Zso twist (which we denote as ¢™?) where we identify the field ¢ with —¢ as we
go around the thermal circle, in order to remove the gapless sector. Without any insertion
of a rotation R, we get the following free energy:

log Tr [e—ﬂ(H —iQJ1 i J2) em@}

N 1 R YIRS n (3+637, 97 —100i05 + 637, )8
[I2,(1+02) \ 18083 363 720
(C.1)

— 49 —



Now let us consider a rotation by 27 /3 in each Cartan direction. As expected, when
we insert the large rotation, we find:

log Tr |:e—B(H—z‘Q1J1—ngJ2)em‘Q62m'(”;1+‘]32) N llog T [6—3/3(H—191J1—i92J2)e3m‘Q} . (C2)
3

Example: 4d Dirac fermion. As discussed in section 4, for fermionic theories we need
to compute the partition function without and with a (—1)F insertion:

log Tr {Q—B(H—mul—mm)]

1 Tt T34+ 99 N (184+652, Q2 +100203 -215°2 , QHB
1(1+97) \ 905 363 1440
(C.3)
log TI' |:(_1)F67ﬁ(H7inJ177292]2)6471'2'@/3}
1 st w3+, ) N (18+6372 Q2 +109303 -2157 QB
2 (1+92) \ 121588 5413 1440
(C.4)

Fermions carry U(1) charge. We use a convention where the particle carries charge +1
and anti-particle carries charge —1. To make sure that the zero mode does not contribute in

the thermal effective field theory description, we turned on the fugacity corresponding to U(1)

armi/3 F

and set it to e , along with a (—1)" insertion. This amounted to turning on Zs C U(1)

flavor symmetry for the partition function with a (—1)f insertion. After turning on a large
rotation e27/1P1/4e2m)2p2/4 e get the following results (exactly as predicted in section 4):
J J: )

logr:[\r |:e—5(H—iQ1J1—iQQJ2)€27Ti(31+32 ~ %logr:[\r {e—Sﬁ(H—iﬂljl—iQQJQ)} (C5)

log Tr |:eﬁ(HiQ1J1ngJ2)€27riQ/362m'(JQl+J22) N %logTr [(_1)F6725(H7i91J17i92J2)e4m’Q/3} _

(C.6)
Example: 6d twisted complex scalar. Here we consider a 6d free scalar with a Zs twist:

log Tr [e_ﬁ(H_iZizlﬂk‘]’“)e”Q

N 1 318 +77r4(1—2f:1§2§) T2 (830 =53, MB -3, )
H§:1(1+Qg) 756045 216033 21605
BTHRY, o1y, 0303104500 QA TOR30E 23 020 Qi3 af)p
60480 '
(C.7)
With the insertion of a large rotation, we get:
o T [e A s i@ 24 8)) o L [ om0
(C.8)
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Figure 7. Coordinates on S9~!. The classical path is (7) = 277 and perpendicular fluctuations
y®(T) are integrated over.

Example: 6d Dirac fermion. Finally we consider a 6d free Dirac fermion. We get:

log Tr [eiﬂ(H*iZi:IQk‘lk)}

1 31r° T (5+3, 9D w2 (13542630, 07 +10),, Q0321377 )
I, (1+02) | 189057 1080537 43208

. (—880+5557 Q2143

cyc

Qfsz?7432?1937OQ§Q§Q§+1472§’1932§19;‘3022319?)ﬁ>
120960 '

(C.9)

With an insertion of a rotation R, we get the following'

log Tr {e_ﬂ(H_izz—lQk‘]’“)e2m(J21+J22+J23)] ~ flog Tr{ BlH-i 3T, 19ka)] (C.10)

D More on nonperturbative terms

In this appendix, we discuss more details on the nonperturbative parts of the partition
function outlined in section 9. In appendix D.1, we derive equations (9.2), (9.3) and (9.4)
by performing the worldline path integral. In appendices D.2, D.3, and D.4, we verify the
universal leading terms in several examples from free field theory.

D.1 Worldline path integral

D.1.1 Worldline path integral on the sphere

Let us begin by computing the worldline path integral on S¢!. Let # denote a coordinate
along a great circle and let y* (i = 1,...,d — 2) parametrize the perpendicular directions,
see figure 7. The metric on S¢ ! takes the form:

ds? = dy* + cos? |y| d6>. (D.1)

In the absence of a background gauge field, a single worldline instanton contribution
is given by

) 1 2 d 2
/D:c“(T) emiJds — /Dy’(T) exp [ m; dT\/cos2 |y[ + (dy> ]
0 T
‘ 1
e~ 2mm /Dyl T) exp ml dr | — —my? ||, (D.2)
0 47‘(‘
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where in the last line we Taylor-expanded the square root in fluctuations around the great

circle.??

We also used reparameterization invariance of the Nambu-Goto action to set
(1) = 277. In the path integral, we sum over periodic paths y*(7) satisfying y*(0) = y*(1),
with the following mode expansion:
. . Sl b
y'(r) = Z ay, sin(2mnt) + Z bl cos(2mnT) + —~. (D.3)
n=1 n=1 ﬂ

In writing this mode expansion, we have defined the mode numbers and coefficients af,, b,

so that the measure on the moduli space of geodesics is locally []; daidbi. We furthermore
imposed that each mode should be unit-normalized under the inner product (y,y) = 2 [ dr|y|?.
The path integral can then be reduced to a product of ordinary integrals over af, b’ :26

/Dyi(r) exp l_mi/ol dr (;fr—wy?)]
Zd]‘[j{i[l / dat b, exp [—mf (n2-1) ((a;)u(b;ﬁﬂ x / dbi exp [mf(bg)ﬂ}. (D.4)

Modes with n > 1 are massive and correspond to oscillations around the geodesic. The

modes with n = 0 are tachyonic. After adding these tachyonic fluctuations, the trajectory
of the particle will deviate from the great circle and shrink towards a point, reducing its
length (see e.g. figure 4 and the surrounding discussions in [31]). Consequently, the classical
trajectory we are expanding around is an unstable saddle point of the Nambu-Goto action.
To define the integral over the tachyonic directions, we need to make sense of integral of
the form [°0_ dx e’ where Re(a?) > 0. We do so by analytically continuing from the
region where Re(a?) < 0 and defining:

VT
o]’

Furthermore, we make the same choice of sign in (D.5) for integrals over all such tachyonic

/ dz e’ = (£i) Rea? > 0. (D.5)

modes. This prescription, however, does not remove all ambiguities. Since there are d — 2
perpendicular directions and each of them contributes a single tachyonic mode, the overall

phase factor is (44)(¢—2)

. When d is even, both choices of sign give the same result. But when
d is odd, the ambiguity remains. As we will see in appendix D.4, this remaining two-fold
ambiguity is related to a contour ambiguity in performing a Borel resummation.

The zero modes with n = 1 represent rotations of the great circle. The corresponding
mode coefficients a},b% are local coordinates on the moduli space of geodesics. Every geodesic

on S9! is an intersection of S?1 with a 2-plane in R? containing the origin, so this moduli

25This approximation is allowed as long as the thermal wavelength /27 /m is much smaller than the size of
the sphere.

26The path integral measure Dy(r) is induced from a choice of inner product. This inner product must
be local — i.e. an integral over 7 — in order for the path integral to satisfy proper cutting and gluing rules.
However, the overall coefficient of the inner product does not matter because det(const) = Hn czconst =1in
(-function regularization. As long as the modes are all normalized the same way with respect to the inner

product, the measure factorizes into an integral over each mode coefficient Dy = Hz db}, an dal,dbl,.
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space is the same as the Grassmannian Gr(2,R?). Hence, the zero mode integral is the
volume of this Grassmannian:

- i i gy vol(O(d)) ~ vol(S%71) xvol(59-2)
11 / dajdby =vol(Gr(2,R%)) = o 5y ol O(d=2)) ~ 2vol(ST) (D-6)
We can finally explicitly calculate the path-integral over 3*(7):
1 i
/Dy exp [ mz/ dr ( — 7Ty2>]
47
ol(Gir( ﬁ EENWERNS | g
- r i=1 l LA —" L n?—1
d—2, d—2
_»(il) m,; a)j)

rd-1)
where [, means we skip the mode n = 1. We computed the infinite product above using

zeta function regularization [72]. In particular, the following formulas are useful for such
computations:

oo oo
H n=+v2r, and H a=a"1? (a>0). (D.8)
n=1 n=1

Putting everything together, we obtain (9.2).

D.1.2 Worldline path integral on lens space

Three dimensional homogeneous lens space L(g;1) can be defined as the quotient of the
three sphere S® = {(z1,22) € C?||21/* + |22/*> = 1} by the equivalence relation (z1,z2) ~
(€2™/4zy, €2™/92,). Geodesics in L(g;1) comes in two types: the contractable “long geodesics”
with length 27, and the non-contractable “short geodesics” with length 27/q. If ¢ # 2, each
short geodesic is an intersection of a complex line az; + Bz = 0 with S3, so the corresponding
moduli space is Gr(1,C?). When ¢ = 2, every real two-plane az; + S22 + 721 + 6Z2 in R*
intersects S? at a short geodesic, so the corresponding moduli space is Gr(2, R*).

To compute worldline instanton contributions to the lens space partition function, we
choose the classical trajectory 6(7) to wind around a short geodesic and integrate over
perpendicular fluctuations obeying a slightly different boundary condition:

y'(1)) 008(2;) sm(%;r)) <y1(0)>
<92(1)> B (bln(%;r) cos(2q7r) y2(0)) (D.9)

Introducing the complex variable z(7) = y*(7)+iy?(7), we have the following mode expansion:

=Y e, 2o (D.10)
nel

27T
q

/Dz(T) exp [—mi /01 dT\/(l — |2]2) (Zf_>2

_2m

= H /dcndcnexp{ m;m (n q+2n) |cn } (D.11)

nez

Plugging in 0(7) = , we find the worldline path integral

dz

|

+d7’
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When ¢ # 2, the only zero mode is ¢y e2™/97. In this case, following the treatment
of zero modes outlined above, we find

1 1 mg
H/dcndénexp —mym (n%q + 2n) |e,|?| = vol(Gr(1,C?)) H — =—,
s [ ( ) } w1 (2+ng) 2 sin(<)
(D.12)
where we’ve used
(U(d)) =BGk +1)G(d — k + 1)
1(Gr(k, C%)) = o = D.13
vol(Gr(k, €)= ST ) x vol(U(d = )] Gd+1) » (D13)
where G(z) is the Barnes G-function.
When ¢ = 2, there are two zero modes coe™" and c_1e~™7. Thus,
1 1
_ . 2 2] _ —~ - . _
H /dcndcn exp{ m;m <2n +2n) len] } = /dcodcodc_ldc_l H ()’
nez n€Z¢o,_1
(D.14)

The integral over zero mode coefficients ¢y and c_; is not exactly the same as the volume
of Gr(2,R%): the correct local coordinates on Gr(2,R*) should be the coefficient in front of
cos(mT), icos(mT) sin(n7) and isin(77), therefore:

dVol(Gr(2,R*)) = 4 deodegde_1de_;. (D.15)

Combing zero modes with massive modes, we get:

H /dcndén exp {—mm <2n2 + 2n) \cnﬂ = 7212 (D.16)
ne”

Notice that tachyonic modes never appeared in the computations above. This is consistent
with the fact that short geodesics are non-contractable!

D.1.3 World line contribution to spin-refined partition function in 4d

We would like to compute single-particle non-perturbative corrections for a spin-refined
sphere partition function in 4d. As explained in section 2, the corresponding EFT bundle is
non-trivial. By winding around the fundamental cycle in L(g; 1), one also advances by [ along
the thermal circle whose total length is ¢5. Thus, after Kaluza-Klein reduction, we have a
flat connection on an S qlﬁ bundle over L(g; 1) whose holonomy along a short geodesic is given

by § A = . The corresponding phase in the worldline action is thus exp(ggg'i B) = exp(@).
Since the connection is flat, the classical equations of motion will not be affected, and we can
compute the “Nambu-Goto part” of the worldline path integral in exactly the same way as

for the lens space partition function. Putting everything together, we arrive at (9.4).

D.2 A closer look at free field theory

In this subsection, we discuss non-perturbative corrections in free field partition functions. In
particular, we will show that they indeed have the structure predicted in section 9. Actually,

,54,



thanks to the Fock space structure of the Hilbert space, we can easily predict the leading
terms in all non-perturbative corrections to free theory partition functions using worldline
instantons. The “free-theory upgraded predictions” in (D.20), (D.22), and (D.23) can also
be checked explicitly, as we will do in section D.3.

In the language of section D.1, there is a worldline instanton correction for each Poincaré
irrep in the d—1 dimensional massive theory on R%!. In a free theory, the Hilbert space
furthermore has the structure of a Fock space, so that for any symmetry generator g, we have

Telgl = 3 Tralg] = 3 Troyme 9] = exp (z ! g ]) . @I
n=1 n=1

/=1

where H; is the single-particle Hilbert space.

We can apply this result to a free massive theory on S%! as follows. Consider the sphere
S9=1 in “angular” quantization, where we choose an angle ¢ € [0,27) and slice the path
integral on slices of constant ¢. Each spatial slice is a d—2-dimensional hemisphere, with
some boundary conditions at the equator of the hemisphere. (Our arguments will be heuristic
because we will be vague about the nature of these boundary conditions, see [73] for a recent
discussion.) Let the corresponding Hamiltonian be H. The sphere partition function is then

Try (e 2™ = exp <Z ~Tryy, [ 2 ]) : (D.18)
/=1

Each single-particle worldline instanton discussed in section D.1 computes the leading con-

tribution to Try, [e"2"H]. To instead compute Try, [e~>™H], we should expand around a

classical trajectory 6(7) = 2m¢t that winds ¢ times around the great circle. Expanding the

worldline path integral around this trajectory, we find:

ii)(d—?)(QE—l)md—Q 1
Tryg, [e ™M 2t { (1 0 ()) : D.19
TH Ze T(d—1) O (D-19)
For a free scalar CFT on S%! x Sé, the single-particle states are KK modes, so that
we expect
log(Zgree[ ST x SE]) ZZ ~Tryy, e ™A, (D.20)
m (= 1

where each Try, e 2™ is given by (D.19), and m runs over the spectrum of KK masses. Here,
“~” means that the right-hand side displays the nonperturbative terms in the left-hand side.

We can derive similar results for a free massive theory on the lens space L(g;1). If we
consider an instanton on the locus |z1| = 1, wrapping ¢ times around the “short geodesic,”

21l 21l
then the lens space worldline path integral evaluates Try, [e_TH_ q ‘]]

, where J generates
a rotation in the zo plane. Hence for the free scalar on L(g;1) X S’é, when ¢ is odd:

_ 27l gy 2wl
10g(Ztree[L(g; 1) x S}]) ZZ T R

izt (D.21)
_ ZZ ity —27reH ]+ Z Z rﬁHl Q;MH—%J]‘
m = 1 m E%qZ
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In the last line, we singled out terms where ¢ € ¢Z. Up to a 1/q factor, the first sum is
exactly the same as the nonperturbative terms in log(Zgeo[S?! x Sé]) Indeed, since the
short geodesic generates m(L(g; 1)) =~ Zg, after winding around ¢ times, the loop becomes
contractable. Notice that each contractable long geodesic in L(g; 1) will be lifted to ¢ different
geodesics in S2, so the moduli space of a long geodesic in L(g; 1) should have 1/¢-th the
volume of Gr(2,R%) and this is the origin of the 1/¢ factor.

Combining everything, the leading order terms are:

10g(Zivee[L(g; 1) x SE]) Z( Ze*Wm Z QWIm%Si:l”M) (odd q),

m 7=
ZiqZ

(D.22)

where “~” means we show nonperturbative corrections. Similarly when ¢ is even, we find

log(Zfree[L( ;1) x S3])

727r6m QMm m 1 & —7(20—1)m m’
~ + ——t+— e even q).

el
(D.23)

D.3 Partition function from functional determinants

In this section, we use the methods of [70] to compute the partition function of free
scalar theories by explicitly summing over the Laplacian spectrum. We will find agree-
ment with (D.20), (D.22), and (D.23). In particular, this will verify the general predictions
of section D.1 for free theories.

Consider a massive scalar field on S9! with the action

Shree = % / 4 /g [gwawa”qs +m2e? + igj = i§R¢2 , (D.24)

with R = (d — 1)(d — 2). Here, we have chosen the curvature coupling 3¢R¢* to have the
form appropriate for a conformally-coupled scalar in d-dimensions, dimensionally reduced to
d—1 dimensions. However, this coupling will not affect the leading form of nonperturbative
corrections that are our main focus. The partition function is the functional determinant

(d— 2)2 -1/2

Zmassive[sd_l] =det A + m2 + T y (D.25)

where A is the Laplace operator on S9!, which has eigenvalues A\, = k(k 4+ d — 2) with

degneracies dy = (d732ﬁ)é(_d27)!2+2k). Let us focus on d = 4 and d = 6 i.e the sphere partition

function of a massive theory on S% and S°.
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Using zeta function regularization, we find

3 7Tm3 oo e—27rfm 1
1()a‘:{(anlaLssive[S ]) = T - zg: i ( + 7 + W) (D.26)
o0 —2mlm 3

2m 3

o i) = ot~ St S5 ()

08(Zmassive[S7]) = =qg5m” = 75m +z:: e " T T U e

1 3 3 1
. D.2
tm (M 22 T oap T 27r2€2> ) (D.27)

We now need to sum over the KK masses to obtain Zgee [Sd_l X Sé] Let us consider
Zo-twisted free scalar fields as an example, where the Zs twist is introduced to remove a
zero mode upon dimensional reduction. The KK mass spectrum is m = |(2n — 1)/p] for
n € Z. Thus, the free energy in d = 4 and d = 6 is

2renone ] (20 — 1272 2n—1 1
log( Zreo S® Sﬁ ~— Z Ze 7 ( 72 + 52 + 5373 | (D.28)
n=1/=1

log(Zfree[S5 X Sé])
00 —2n%(2n—1)¢/8 <W4(2n —1)4 N 2m2(2n — 1)3

~ Z Z 124 /34 5/33

n=1/=1
m2(2n — 1)? 3 m(2n—1) [ 1 3 3 1
— (1 — D.2
T ( + 7r2€2> T3 (ﬁ toe T oap T 27r2€2> » (D:29)

where “~” means we only show non-perturbative corrections. These results are in agreement

with the general form (D.20) predicted from worldline instantons, together with the Fock-
space structure of the free theory.

The same approach can be generalized to compute a lens space partition function in 4d.
We display the result here for a more direct comparison with the twisted partition function:

m3 1 X, e—2mtm 1
1 Zm v L al = s T~ )
Og( ass e[ (q )]) 6q q; 20 ( t ﬂ'f_'_ 7T2€2)
27rim
m q
4 Z <2M) (26 4 47r€2) (g €2Z+1), (D.30)
/=1 sin
L&qZ
7Tm3 1 &) e—27r€m ]_
1 Zm v L al = s T~ )
Og( ass e[ (q )]) 6q q g 2/ ( + 94 + 271'262)

+1§:€7r(2€1)m< 2+ om N 9 )
¢2 20—1 \"" Trr-1) w1y

_ 2mém

o0 e P m q
' Z:l sin (22£) (25 * W) (¢ € 22). (D.31)
¢z, a
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In apgendlx B, we computed the high temperature expansion of a free scalar twisted by

27”
e~ a 12T . Restricting to odd ¢ and inserting a Zs twist to remove the zero mode, we find

log (Tr [e_ﬂH_%Jm_%l‘]M( 1)ND

20(2n—1)72 (Qn — 1)27r2 2n—1 1
e (T e
(g3 Bl2q 203qm

n=1/¢=1
00 00 COS(%@(i n)) _2e@n+yx> (2n+ 1)m q
+ 2B ( + > , D.32
gzl nzo sin( 23;() c LqB 2027 ( )
LEqZ

where “~” means we only show non-perturbative corrections and N is the ¢-number operator,

so that (—1)N implements the Zs twist. Note that this is not quite identical to the lens space

partition function (D.30) summed over the mass spectrum m = ‘2";;31‘7r. To obtain the twisted

partition function (D.32), we must additionally modify the lens space result to account for
the nontrivial background gauge field. To do so, we multiply each term in the summation
over short geodesics by a phase exp(Zmeql) For a Zo twisted free scalar field, the KK charge
spectrum is q =n + = + 1. After putting in all the phases, we recover (D.32). Finally, note
that this result is consistent with the general prediction (9.4) from worldline instantons.

D.4 Free theories in odd dimension

The examples presented in section D.3 were all in even d. In odd d, we face the puzzle that
the contribution of a worldline instanton (9.2) is imaginary (even when the partition function
should be real), and furthermore its phase depends on how we choose the integration contours
for tachyonic modes. The proper interpretation of these kinds of contributions is explained
for example in [31]. They can be understood as characterizing singularities in the Borel plane
when computing the partition function via Borel resummation.

In this appendix, we provide a quick summary of the discussion from [31] in the example
of a massive free scalar on S2. (We can think of this theory as the contribution of a single
KK mode to the partition function of the 3d free scalar on S? x S é) We can compute the
partition function in terms of the heat trace, following appendix B. The heat trace on S? is:

—232 i
Tr |:e—t(A+(sz) )] — Z(2k + 1)67t(k+%)2 _ Z ’k i %left(lﬂr%)z
o ke (D.33)

- Z% t3/2 (7%)) ’

where F'(z) is Dawson’s function which admits the following asymptotic expansion near z = oo:
00 2n+1
(2n -1 /1
n=0

The heat trace therefore has the following expansion near ¢t = 0:

Tr[ —t(A+(%52 ] Za ml g = (—1)mHi(1 — 212
n ) n n|

B2TL7 (D35)

where By, are the Bernoulli numbers.
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Let us now perform a Borel resummation of the series ® = > 72 5 apt™:

_ 2 [T e e
where the Borel transformed series B®(() is:
_ .- 2n __ 1 C
BO(() = ;)F(TH )C = = (D.37)

With this expression for B®, the integral in (D.36) is apparently ill-defined since there are
poles located at ( = ¢w, £ € Z on the positive real axis. A contour prescription is needed
to define the integral.

One natural option is to deform the integration contour to pass over (we will refer to
the corresponding contour as C;) or under (we will refer to the corresponding contour as
C_) the poles. However, these two choices are not equivalent. Their difference is the sum
of residues at the poles:

2
Vit e, —c.

The ambiguity in integration contour leads to an ambiguity in the Borel-resummed heat trace:

3/2
d¢ e~ Bo(¢) = 2it <7;> S~ ge (D.38)
040

- d—2 2 Ce ¢ /t 2.2
T t(A+(d 2)2)] — ( ) e+1 £ D.
e D) = e [t Dot T, (089)

where Uf are arbitrary coefficients which jump as we switch from C; to C_. If we require

the heat trace to be real when ¢t € R, then the azt are fixed to be j:%. This is equivalent
to a principal value prescription for the Borel integral:

Tr [et(m(dng)] _ 2/000 dC P [Ce.&/t] . (D.40)

V/Tt3/2 sin ¢

To compute log Z, we must supply a factor of e~ ™ and integrate [dt/t. If we start
with (D.40), we get a valid integral representation for the partition function. However,
if we start with (D.39) and perform the t-integral term by term, we obtain the series of
nonperturbative corrections

log(Zfree[Sz])

e E 727rm€ 1

non-perturbative

whose leading terms in m agree precisely with the worldline instanton predictions (D.19)
and (D.20) when d = 3.

To summarize, worldline instantons encode residues of certain singularities in the Borel
plane. We conjecture that this remains true in interacting theories. In general, the thermal
effective action gives an asymptotic expansion in 5. When we Borel-resum this expansion,
we encounter singularities in the Borel plane coming from worldline instantons (together
with other nonperturbative effects like instanton graphs).
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