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Advances in atomic physics have led to the possibility of a coherent trans-
formation between ultracold atoms and molecules including between com-

pletely bosonic condensates. Such transformations are enabled by the
magneto-association of atoms at a Feshbach resonance which results in a
passage through a quantum critical point. In this study, we show that the
presence of generic interaction between the constituent atoms and molecules
can fundamentally alter the nature of the critical point, change the yield of the
reaction and the order of the consequent phase transition. We find that the
correlations introduced by this interaction induce nontrivial many-body phy-
sics such as coherent oscillations between atoms and molecules, and a selec-
tive formation of squeezed molecular quantum states and quantum cat states.
We provide analytical and numerical descriptions of these effects, along with
scaling laws for the reaction yield in non-adiabatic regimes.

Ultracold atoms hold a prominent place in quantum engineering’,
information processing’, and further understanding of fundamental
quantum phenomena such as superconductivity, magnetism and
mechanisms of elementary chemical reactions. One of the landmark
experiments in the field is the creation of Bose-Einstein condensates
(BECs) using dilute gases of alkali metal atoms®™ in the 1990s. A series
of developments have led to the creation of a degenerate Fermi gas®.
More recently, it became possible to observe a quantum coherent
chemical reaction for a macroscopic number of bosonic atoms forming
a degenerate Bose gas of molecules”.

The association of bosonic/fermionic atoms into molecules is
achieved by tuning a time-dependent magnetic field across the Fes-
hbach resonance, which drives an ultracold atomic system through a
quantum phase transition’°. This ‘reaction’ is quantum coherent and
reversible at macroscopic scale. The time-dependent Tavis-Cummings
(TC) model" is a minimal model that captures many non-trivial many-
body effects that are encountered during the stimulated reaction. Its
Hamiltonian is

Hre(t)= — B+ %(zﬁ'? +98"), N=28 1

Here, S (> 1) is the quantum mechanical pseudo-spin, and j is the sweep
rate of the transition through the Feshbach resonance. The sweep rate
is experimentally controllable in a broad range - from almost instan-
taneous to quasi-adiabatic. The bosonic operator, §', creates a
molecule. Tbe terms with the pseudo-spin raising and lowering
operators, S and S , correspond, respectively, to the dissociation
of amolecule and association of two fermionic atoms to form a bosonic
molecule with a characteristic coupling constant g. The driven TC
model can also be reformulated in terms of a fully bosonic reaction
between bosonic atomic and molecular condensate (see™” and
section IV A for derivation of this model from true atomic-molecular
Hamiltonians). We will focus here on the reaction in which there are no
molecules initially. This corresponds in (1) to the initial state, as t > — o,
without molecules and the spin fully up-polarized along the z-axis.
The time-dependent field sweep is needed in practice to make all
atoms encounter the resonance. In addition, the quantum adiabatic
theorem guarantees that a sufficiently slow sweep converts the initial
atomic state into the bosonic ground state, which is the molecular
condensate. Hence, potentially, a 100% efficiency of the reaction is
experimentally possible. However, the true adiabatic limit cannot be
reached, so it is important to understand the quasiadiabatic regime
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with a small but finite S. This regime is characterized by the number of
nonadiabatic excitations, n.,, which is the number of the molecules
that would appear in the adiabatic limit but did not form after the
transition through the resonance, i.e., as t > + =,

An unusual theoretical finding about the time-dependent TC
model was the discovery of its integrability'”, which confirmed
semiclassical predictions for the power-law scaling of the nonadiabatic
excitation density after the quasi-adiabatic sweep through the
resonance'.

However, recent experiments® with a bosonic reaction show a
behavior that is not known within the slowly driven TC model, such as
coherent oscillations between atoms and molecules after crossing the
Feshbach resonance. Moreover, even with the slowest sweep rates, a
system usually ends up in a prethermalized atomic-molecular mixture
state, in disagreement with the nearly perfect reaction efficiency pre-
dicted by the TC model®.

One possibility to extend the TC model to account for the richer
reaction dynamics is to add a dispersion of the atomic states. This
results in a generalized TC model™" that, surprisingly, is also solvable
and leads to essentially the same predictions for the dependence of the
number of nonadiabatic excitations on the sweep rate as the minimal
model (1). Hence, other interaction types may be responsible for the
experimentally observed behavior beyond the standard TC model.

In this article, we consider a different generalization of the model
(1), in which we add another interaction term:

H=H;c+H;,,  where )

o= 1 @' = T2, o)

and where n is the molecular number operator; r is the interaction
strength. This interaction term includes all the ‘non-resonant’ inter-
actions that are possible due to elastic scattering between atoms and
molecules and is hence expected to have the same level of significance
as the resonance term in (1). Specifically, this interaction term consists
of two-body atom-atom, atom-molecule and molecule-molecule
scattering terms, all of which can be accounted for using the molecule
number operator i1 due to the fact that quantum dynamics conserves
the number of particles (explained in detail in sections Il A and IV B).
The coupling in (3) effectively broadens the molecular dispersion
energy, which becomes now dependent on the number of molecules
that changes during the reaction. Such a coupling must be present in
ultracold molecules due to elastic scattering and dipole interactions,
which in certain atomic systems can be stronger than the coupling
induced by the Feshbach resonance,

The main reason for the inclusion of the interaction term in (3) is
the fact that the TC model (1) is a phenomenological model that was
introduced as a simplification of a system of bosonic atoms in a con-
finement with complex pairwise atomic interactions. The full many-
body Hamiltonian includes only the interacting atoms in a trap. To
obtain the TC model from that Hamiltonian, one should identify a
quasi-stable bound state (the molecule), and then keep only the
interactions of this bound state with free atomic states (see sections IV
A and IV B). This truncation of the original Hamiltonian is justified not
by the dominance of the coupling g over all other interactions but
rather by the fact that the creation of the molecules from the atomsisa
distinct effect, whereas the remaining interactions, the most relevant
of which is given by Eq. (3), are usually assumed to just renormalize the
parameters of quasiparticles in a condensed matter.

We will show, however, that such an omission is not justified when
considering a transition through a critical point, particularly when the
characteristic energy scales for r and g are comparable. The addition of
I:Iint leads to substantially richer behavior, especially for quasi-
adiabatic transitions. This could be anticipated from the applications

of the TC model in optics, where such a nonlinear term describes the
optical mode in a ‘Kerr-like’ medium'*-?.,

With this addition, the phase diagram for the reaction efficiency
depends on both the sweep rate 8 and the nonlinearity r. In Fig. 1c we
show the result of our numerical simulations for the number of the
nonadiabatic excitations, which is the number of unformed molecules,
following the sweep of the chemical potential. We set r = kg, where the
line k=-1 marks a critical nonlinearity; for k <- 1 the number of the
nonadiabatic excitations is much larger than for k> - 1, especially in
the quasi-adiabatic limit (large 1/B.¢ = g2 /(Blog,N)). We will show that
this behavior follows from the possibility of either a second- or first-
order quantum phase transition during the sweep through the Fes-
hbach resonance. Our model is no longer exactly solvable but in the
quasi-adiabatic limit it can be studied analytically in detail. We propose
our model as a guide for future experiments that explore the complex
quantum dynamics of interacting molecular condensates. In parti-
cular, we will derive the formulas for the efficiency of the reaction
between molecular and atomic condensates as a function of the sweep
rate f, which can be also used to estimate the parameters r and g
experimentally (see also?*’). We also show that our approach can be
extended to more complex types of Feshbach resonance, such as the
one considered in the experiment described in ref. 8.

Results

The experimentally relevant regime corresponds to a large number of
starting atoms, N = 2§ » 1, that can potentially create a large number of
molecules during the sweep through the resonance. This forms the
basis of our semiclassical approximation, which we develop as follows.
First, we rewrite the Schrodinger equation for the nonlinear TC model
(2) in the form of the Schrodinger equation of a particle in a one-
dimensional potential. The large N-limit can then be understood by
considering the classical equations of motion in the same potential.
Next we show that the potential energy changes with time: for the
parameter regime r+g > 0, it starts off as a harmonic oscillator
potential as ¢t > — o, which is converted into a double-well potential
during the passage through a second-order phase transition. The
number of the nonadiabatic excitations generated during this passage
is obtained from the change of the adiabatic invariant upon this
transition.

This step reveals the universality of the equations of motion near
the critical point for r+g> 0, so we extend the known exact formula
for the TC model at r =0 to the case with r # 0. We then show that for
sufficiently strong attractive interactions (i.e. r + g < 0), there is a qua-
litative change in the behavior of the nonlinear TC model, due to the
emergence of an underlying first-order phase transition. In this case,
the potential energy changes from a ‘triple well’ potential before the
transition to a double well potential after the transition. We derive
scaling relations for the number of nonadiabatic excitations which do
not vanish even in the adiabatic limit, which is a characteristic of the
first-order transition. We then demonstrate some of the dynamical
features accompanying this transition, such as oscillatory dynamics of
the excitations and formation of nonclassical states, using numerical
simulations.

Semiclassical description and phase transitions
Note that our model conserves

N=9' §+S+S,), (4)

whose eigenvalue N =2S corresponds to our initial conditions, where
the starting state is the one without molecules. Hence, it is convenient
to mark all states by the number of molecules:

In) =n), ® S —ns,,
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9

Fig. 1| An ultracold atomic reaction undergoing a (non-adiabatic/quasi-adia-
batic) passage through, respectively. a, b the first-order and (d, e) the second-
order quantum phase transition. a For the first-order transition, both molecules and
atoms can be in the local energy minima simultaneously, whereas (d), for the
second-order transition, a high efficiency of the chemical reaction can be achieved
by an adiabatic transition between the molecular and atomic energy minima.

b-e The mean-field ground energy as a function of the order parameter in the first-

1/Ber

0.7 ..'.:o

L XY

06 ‘& —>

0.9 (d)

0.4

0.3 \ i

0.2 “\\ eo®eo0 I/I

0.1 \
13 17 00

(e)

order and second-order quantum phase transition, respectively (arrows indicate
the direction of time) (c) The numerically obtained phase diagram describing the
dependence of the number of nonadiabatic excitations, ne,, as a function of the
inverse sweep rate, 1/B.¢ = g2/(BInN) (x-axis), and the molecular interaction
strength, x =r/g in Egs. (1) and (3), (y-axis). For the model (2), k= -1 separates the
regimes with first (k < - 1) and second (k > - 1) order phase transitions. This explains
the fast increase of the excitation numbers below the x =-1 line.

where |n),, is the Fock state with n bosonic molecules and |S — n)g
is the pseudospin state with z-axis projection S,=S - n.
For example, (Zz|n),,, =J/nn-1),, S5,IS—n)s=(S—n)S—n),
$71S,)s=1/S(S+1) = 5,(S, +1)|S, +1)¢ and so on. Note also that due
to the conservation law (4), the addition of the interatomic interactions
of the form ~ S2 and atom-molecule (non-resonant) interactions of the
form nS, to the original Hamiltonian would be equivalent to a
redefinition of the coupling r in the term (3) and a time shift (see
section IV B). We assume that this redefinition is already included in
our definition of r.

The initial state as ¢t > — « corresponds to |n)=|0). The matrix
elements H,,,, = (n|Hyc + H,y/m) in this basis are given by

r IN—n+1
Hnm: <—ﬁtﬂ+ an) 6n,m+gn Té‘n,m—l

N-—-n
+g(n+1) T(S,Z'mﬂ.

(©)

We will show that the critical point appears at conditions 1< n <N, so
by disregarding terms of order (n/N)* and 1/N, the matrix elements can
be written as

Hnm = (_Btn+ %nz)an,m tgn (1 - %) (6n,m—1 +6n,m+1) +0(1/n)-
(6)

A formal solution to the time-dependent Schrodinger equation
for the driven nonlinear TC model (2) can be written as:
@)= Z',;’ _0a,(0)In). We introduce the amplitude generating function

N
u@, ="y a,te"?, @)
n=0

whose name follows from the fact that the amplitudes can be obtained
by the inverse Fourier transformation

1 2 .
@05 /O dpe " u(g, 1),

For the Hamiltonian (6), the time-evolution of the amplitudes, up to
the omitted terms - 1/n, is given by

ia,= (f,Btn + %nz)an +gn (1 — %) (@, ,+a,). 8)

Note that na,e™ = -ia,0e™/d¢. We then multiply Eq. (8) by €™ and
sum all equations for n=0, 1, 2, .... Using the definition in (7), the time-
dependent Schrodinger equation for the amplitudes is then written in
terms of a single equation for u(¢, t) as

2 YN
ta—tu(¢,t)—H<—1%,¢>u(¢,t), 9)

where we associate n = —id/0d¢. In the semiclassical approximation we
can then associate ¢ with a coordinate that is conjugate to the classical
momentum n. Then, the classical Hamiltonian that corresponds to the
Schrodinger equation (9) has the form

- Ie _n
H (n,¢)= — Btn+ ik +2gn <1 3 N> cos(¢), 10)
and the classical equations of motion are given by
dgp _O0Hy dn_ 0Hy an

dt on’ dt 0P -

Quasi-adiabatic second-order phase transition

Without the new r-dependent nonlinear term, the Hamiltonian (10)
would coincide with the analogous semiclassical Hamiltonian in ref. 12.
The relation between the classical variables and the number of non-
adiabatic excitations is established by noting that as ¢ > + « the time-
dependent term completely dominates: H,;~ —ftn. Following’?, we note
that the equations of motion initially conserve n and the adiabatic
invariant is given by the initial number of molecules, n_..:

2
I i/ ndp=n__.

7=27T 0

If during the evolution the adiabatic invariant acquires a small con-
tribution A/, this is interpreted in the semiclassical theory as the den-
sity of the produced elementary nonadiabatic excitations, i.e,
ne=AI/N. In the strict adiabatic limit, the ground state with no mole-
cules eventually transitions into the new ground state with N mole-
cules. Taking the nonadiabatic excitations into account, the number of
molecules created in our process is given by

n, =N—AI—1I_.
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We should assume that initially n—..=/_..~1, which is negligible in
comparison to the large N. We assume a nearly adiabatic sweep of the
chemical potential®. The point ¢ = is a steady point of the classical
equations (11), in the vicinity of which the system evolves. Assuming
that near this point n < N, and retaining the terms of the lowest order
we find an effective Hamiltonian that governs the evolution at the early
stage of the reaction, that is

rt+g

Hy(n, ¢;y) ~ (-t — 2g)n+ (T) n+gng’. 12)

For a quasi-adiabatic evolution, the nonadiabatic excitations
are generally suppressed exponentially, as A/ ~ exp(—a/p), with
some finite positive a. Such excitations are not essential and we can
safely disregard them. However, according to the Kibble-Zurek
phenomenology, the excitations are enhanced near a critical point
at which the symmetry of the original ground state breaks down
spontaneously. It turns out that the Hamiltonian (12) contains
this event, so it is sufficient to describe the phase transition
quantitatively.

We shift the zero of time by setting:

s=t+2g/B, 13)
and make a canonical transformation in (12):
n=Q, ¢=-P/QQ, 14)

leading to an effective classical time-dependent Hamiltonian for a
single degree of freedom:

g\ P
)7 @)
where now P is treated as the momentum and Q as the coordinate.

Suppose that r + g> 0. This corresponds to either repulsive (r>0)
or weakly attractive ( -g<r<0) interactions between the formed
molecules. If s were a constant, then the Hamiltonian (15) would
describe a nonlinear oscillator with the potential energy

Hlelff(Q,P,S): = 7‘65QZ+ <r+Tg>Q4+

V= - s+ ()" a6)

The initial conditions correspond to Q ~ 1. In fact, a quantum
mechanical treatment of the initial conditions requires the averaging
of the behavior over a distribution of small initial values with
0 < Q*< N2, However, we will show later that this information is irre-
levant within the leading-order semiclassical description. The system
with the potential (16) experiences the second-order phase
transition at s=0. Indeed, for s<O0, the potential V(Q) has a single
minimum at Q=0 but for s>0, there are two local minima
at Qn ~ ++/BNs/[2(r +g)).

In Fig. 1b, we illustrate that for s <0 the system is initially near a
single minimum but it follows one of the new minima for s>0. In
phase space, this corresponds to crossing a separatrix, in whose
vicinity the classical adiabatic invariant is no longer conserved. Thus,
so far our approximations were justified because they capture the
main source of the nonadiabatic excitations near the phase
transition.

The evolution equations for Q and P with the Hamiltonian (12),
acquire a universal form after rescaling of the variables:

s—As, Q—uQ, P-—vyY,

and
A
Hege — @Heff(/‘& uQ,vP),

where A, u, and v are constants. We choose them so that Heg in terms of
the rescaled variables has the form with only numerical coefficients
QZ Q4 P2

= = 4+ = 4+ ___
H 52 2 7

17)
In the new variables, the equations of motion have the canonical form
of the Painlevé-Il equation

2
‘(%2 =sQ - 2Q.

18)
The dynamics does not depend anymore on the relative values of
the parameters r and g. However, we reiterate that at r = 0, the model is
exactly solvable, so all known facts about the solution of the driven TC
model can now be applied to the dynamics according to Eq. (18).
The rescaling of variables, however, is not canonical, so it does not
conserve the action:

1 /2" uv
51./0 ndp= ﬁfpda.

Hence, if / is the adiabatic invariant in the original variables, n and ¢,
then in the rescaled Q and P coordinates, the invariant is given by
T =1/(uv). For our case, we found

_ 2N
uv= Frgr 19)
Equation (19) can be used to establish the relation between the
exactly solvable case at r=0 and our more general model for r>-g.
Namely, for r=0, the scaling for the number of the excitations was
found to be a power law with a logarithmic prefactor” (for earlier but
only semiclassical derivations of this formula at r=0, see also discus-
sion around Eq. (11) in ref. 28 and Eq. (15) in ref. 29):

_w u \ _ N N
Alr-o= g In <4I,n> " 2ng? In <2ngzl,> ’

where either the exact solution or further semiclassical analysis can
be used to fix /-=1 for our initial conditions in the model (1).
According to®, this result is valid only in the quasi-adiabatic case,
namely for 1/InN > B/(2mg?) » 1/N. For example, at I-=1, in this
range Eq. (20) coincides with the exact expression for the position of
the maximum of the probability distribution of the excitation
number.

Using (19), and the fact that all > - g values lead to the universal
Eq. (18), we can now extend the result in (20) to the case with arbitrary
r>- g by properly rescaling the action variables:

(20)

Al(r)= (1)

NB In< NB )
2ng(g+r) \2ng@g+nl_)’

where I_ is the parameter of order 1 that characterizes the initial con-
ditions. As this unknown factor appears inside the logarithm in (21), its
precise value is not important because its relative contribution to (21)
vanishes in the limit N > « for the quasi-adiabatic evolution with
1/InN > B/(2m(g*+rg)) > 1/N. For comparison with numerical
results, we set /_=1.
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Fig. 2 | Dependence of the final density of excitations, n = (N - n...)/N, on the
sweep rates for different values of « in the case of a second-order transition.

Insets: Distribution of molecule number in the limit ¢ > « at the value of S marked
in green.

Thus, Eq. (21) extends the expression known in the exactly sol-
vable case, for r=0, by merely re-scaling the coupling as

g*—gr+gr (22)

for a general value of r>- g. In terms of the parameter x=r/g, this
corresponds to the rescaling g > g*(1+ k). The smaller sweep rates,
B/(&+rg) <1/N, are not captured by the formula (21) because this
regime corresponds to the onset of the truly adiabatic evolution, with
exponentially suppressed excitations. For experimentally relevant
values, N>10* this truly adiabatic regime cannot be reached, so we
leave it without further discussion.

The change of the adiabatic invariant is interpreted in terms of the
density of the nonadiabatic excitations: n., = (N — (n))/N = Al/N, which
in turn is related to the deviation of the average number of the formed
molecules from its maximal value. Our analysis so far has been
restricted to the quasi-adiabatic regime. A comparison with numerical
results is shown in Fig. 2. We indeed find agreement with the theory for
the interval 1/ In(N) > (g2 +rg)/B8>1/N. However, beyond this inter-
val, the deviations from our formulas are strong. Note also that these
deviations persist to smaller § when k approaches the value x=-1,
indicating the breakdown of our analysis for k<-1.

In summary, our theory predicts the robustness of the dynamics
during a passage through a second-order quantum phase transition for
repulsive and moderate attractive interactions (k > - 1). Its signature in
experiments can be the scaling of the density of excitations (unformed
molecules) for different sweep rates in the quasi-adiabatic regime:

Neyx ~ BIng,

which is the same as in the exactly solvable case at xk =0.

First-order phase transition
The energy (12) has no finite global minimum for r<- g, so we must
include the next order term, =« n® in the Hamiltonian (5). After the

transformations (13) and (14) in the classical limit, we find

! D= 2 (148 o, (8 \ o, 8P
Ha@r.o: =+ (F ot ((5) @+ 57

(23)

Disregarding the higher-order terms in P and Q is justified when the

main nonadiabatic effects occur for 1 « @ < N. This requires that
|6r|<|g|, where or:=r+g<Oo.

In addition, we should assume the same initial conditions as in the

previous case, Q( — «) = O(1). Consider now only the potential energy

_ ) 16r|\ 4 g 6
v@=-ps@ - () (5;)e"

As s > — =, it has a single energy minimum at Q = 0. With time, two
additional energy minima initially appear at higher energy but
eventually become the global minima of V(Q). However, the tran-
sition into them, for some time, is classically forbidden due to the
energy barriers.

By approaching the time moment s=0, the minimum at Q=0
becomes initially a false vacuum, and for s> 0 it becomes an unstable
local maximum. The steady point at Q=0 can then be perturbed by
any quantum fluctuation, so at s = 0 the system has to fall towards one
of the remaining minima, which, at this moment are given by

Q. ==*/8I6rIN/(3g);

with the corresponding energy W(Q.) =—64|6r>N/(27g%). The system
can choose to be in one of the two minima with equal probability. At
this point, let us consider that the system escapes towards Q..

At s =0, the energy of the false vacuum state is £ = 0. Hence, along
the escape trajectory the momentum is given by

2
PQ= \Juerng - @

The turning points of this trajectory are at Qo =0 and Q; =2./|6r|N/g
and its adiabatic invariant is

(24)

2

Q N 2
o= 2 /Q P dq=""

gZ

2 ’ 25)

Since the initial value of the adiabatic invariant is O(1), to leading order
in N, the density of excitations is associated with the invariant (25):

2
nex =y (6r/8) = % = '%2', (26)
which is independent of the sweep rate S, as long as we consider the
quasi-adiabatic dynamics and disregard the exponentially sup-
pressed quantum tunneling events. Thus, the first-order phase
transition is associated with a finite density of the excitations even
in the quasi-adiabatic regime. We note also that an almost perfect
efficiency of ultracold chemical reactions has so far not been
achieved experimentally even for the slowest sweeps through the
Feshbach resonance. This may be an indication of the presence and
importance of molecular interactions of the type that we have
considered here.

Equation (26) explains the sharp transition in n., observed
around k=-1in Fig. 1c, in the quasi-adiabatic regime. Qualitatively
similar saturation of the number of excitations was found pre-
viously in the nonlinear Landau-Zener model*’, in which this
behavior was not related to a spontaneous symmetry breaking. The
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Fig. 3 | Dependence of the density of nonadiabatic excitations on the sweeping
rate and interaction strengths. a Numerically obtained dependence of the density
ney Of the excitations on B for different values of the coupling r (at N=100). The
curves correspond to the optimal fit for the exponent u as predicted by (29).

b Asymptotic dependence of the quasi-adiabatic saturation value of n, on the ratio

6r2/g?(x 10%)

8 10

-0.2-0.1 0.0 0.1 0.2
or/g
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6r*/g? in the adiabatic limit (N=500). The slope of the linear fit is ~0.97, which
corresponds well with the analytical expression in (26). ¢ Asymptotic dependence
of the S-dependent part of ne, on ér/g for the non-adiabatic case at different values
of sweeping rate Bes, where B.¢ = (BInN)/g? (decreasing from 1.5 to 0.6, top to
bottom), the slopes of which are all the same ( -~ 0.22) as expected (N=200).

dependence of neyx on g for different values of r with r<-g (or
k<-1) are plotted in Fig. 3a, confirming the saturation of n., at a
finite value in the adiabatic limit.

The S-dependent correction to Eq. (26) deserves a discussion. For
small ér, this correction can be considerable because the saturation
value of n., in (26) scales on &r as ne, = (6r)?, whereas for the g-
dependent component we provide the scaling arguments (Methods)
showing that at 6r = O the excitations are suppressed with decreasing 8
too slowly to be completely eliminated in our numerical simulations.
At fixed g, this f-dependent contribution changes linearly with a small
or.

n4(Sr /g) — nP(0) o — %

(27)
We plot the dependence of n%2¢ on 6r/g in the nonadiabatic regime in
Fig. 3c. The numerical results in Fig. 3b were obtained by looking at the
changes of n.,(6r) at the smallest possible but finite 8. Hence, only the
slope of the line (and not the constant offset from the origin) could be
compared to Eq. (26).

In general, for a finite sweeping rate 8 at 6r=0, we also have a

Kibble-Zurek scaling of the number of excitations:

ne(B) ~ B (28)
where the exponent u depends on k. In section IV D, we estimated this
exponent analytically for r=-g (k=-1) to be 2/3, which is different
from the exponent 1 of the second-order phase transition (see Fig. 3a
for numerical proof). For k<-1, we have numerically, together
with (26):
Nex(B) ~ C(6)B* +ny, 29)
where C(6r) is independent of S.

Previously, a similar scaling was observed for the formation of
topological defects in the dynamics of a classical field undergoing a
weakly first-order phase transition at finite temperature®. Here, we
have obtained a similar result for a fully coherent evolution through a
quantum phase transition at zero temperature.

Transient dynamics and prethermalization

While the type of the phase transition can be understood using the
scaling of the number of excitations obtained from the asymptotic
number distribution of molecules, the transient dynamics, in the
lead up to the number distribution as ¢ > + «, also exhibits features

specific to the underlying phase transition. One characteristic fea-
ture accompanying the passage through the quantum critical point
at time ¢ =0 is the oscillation of atomic and molecular populations
which become rapidly damped with time. Such transient oscilla-
tions of the number of molecules are usually observed in the non-
adiabatic regime with afinite sweep rate §> 0. In fact, the frequency
dependence of such nonadiabatic oscillations between atomic and
molecular populations was used in ref. 8 to infer the role of bosonic
enhancement of the ultracold reaction. These oscillations are
expected to vanish in the adiabatic limit f > O as per the mean-field
theory detailed in previous sections, as the dynamics is supposed
to ‘equilibrate’ to one of the minima of the mean-field potentials in
(12) and (23) in the ¢ > o limit.

In order to understand this transient quantum dynamics and
compare it with mean-field theoretic predictions, we plot the
numerically obtained instantaneous average number of molecules
computed as:

1 N
Ny (0)= Nz_(j)n | Pmo (D) (30)

for the quasi-adiabatic passage through a first-order (Fig. 4a) and
second-order (Fig. 4d) quantum critical point. Here |, () is
computed as [(yq(8)) =€), _, where ), _, corresponds to the
initial state with no molecules and H is the Hamiltonian in (2).
Numerically, this is implemented using a Trotter-factorized discretiza-
tion of the unitary propagator e/t (Since (2) is also sparse, as is evident
from (5), the time complexity of the cost of the propagation scales
almost linearly with N).

For the case of a second-order phase transition, Fig. 4d (plotted
for k=0) shows that n,(f) increases monotonically with time to its
saturation value of unity indicating a complete conversion of atoms to
molecules as predicted by mean-field theory in the adiabatic limit.
Fig. 4f also shows that the molecule number distribution P(rn)
computed as:

P(Rtmo)) = {Mimal [9) 2 (€Y
(where |y) is the molecular wavefunction at various instances of time)
becomes increasingly sharply peaked as ¢ > .

However, we found that the transient state in the case of a first-
order phase transition remains persistent and highly nonclassical.
This is manifested as a complex series of collapse and revival of the
number of molecules as a function of time (see Fig. 4a). This beating
pattern is particularly prominent in the adiabatic limit and is
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Fig. 4 | Characteristics of the quantum dynamics during the passage through a
critical point (All the plots in this figure have been generated for N=200).

a Plot of (nmo) (scaled by N) vs time for k= 3, i.e. for quasi-adiabatic first-order
transition. Inset: Dependence of (n,;) with ¢ in the long-time limit. b Coherent
projection of the molecular wavefunction (see Methods) at the times marked in red
dots in (a) (left-right-inset in (a), corresponds to left-right-top-bottom in (b)).

c Plots of the number distribution of the molecules for the times marked in (a)

(from left to right, followed by inset). The gray plot corresponds to the average
asymptotic number distribution in the limit ¢ > . d Same as in (a), but for the
second-order phase transition at x = 0. e Same as in (b), but with k= 0. f Same as in
(c), but with k= 0. g Plot of the number of the revivals in a given time window for
different values of  in the first-order phase transition (same g, adiabatic limit), fit to
alinear curve (dashed line). h Time period of a particular revival as a function of  fit
to Trev ~ 1/|K| (dashed line).

distinct from the non-adiabatic oscillations reported in ref. 8. We
note that such patterns have been encountered previously in the
time-independent versions of the Jaynes-Cummings model®, Bose-
Hubbard model**, a model of nonlinear directional couplers®, and
even in a generalized version of the model in (1) but for other
starting conditions™.

In stark contrast to the dynamics around a second-order cri-
tical point, the number distribution for the first-order transition is
very broad even as t > «, which indicates a phase squeezing. As
discussed for related models in refs. 33,36, the existence of such
collapse-revival patterns is a purely quantum-mechanical phe-
nomenon; the semiclassical Hamiltonian in (10) does not predict
these features.

To further understand the aspects of quantum dynamics that
lead to this collapse-revival oscillation, we generated Husimi Q
projections of the time-dependent molecular wavefunction onto
the basis of coherent states, as shown in Fig. 4e (for second-order
transition) and Fig. 4b (for first-order transition). The coherent
Husimi Q projections of the wavefunction in the molecule number
basis is obtained as:

1
Q@)= _1(@mon)l, (32)
((XI([J 1 :e*\a\z/l ZN: (X”([)mol(n)’ (33)
mo — \/m

where Q(a) corresponds to the projection onto a coherent state
indexed by |a) and @¥0i(n) is the amplitude of the wavefunction in the
molecular population basis |n) at any given time ¢.

The projections reveal that the collapse and revival patterns
constitute an oscillation of the number distribution P(n,.;) about the
asymptotic limit (marked in gray in Fig. 4c, f). For the second-order
transition, since the distribution becomes increasingly peaked around
Nmoi=1 as t > o, the phase of the molecular wavefunction |, (t))

becomes increasingly diffused along a circle of radius R (c +/n, where
n is the instantaneous number of molecules) which is numerically
demonstrated in Fig. 4e. This is due to the number-phase uncertainty
relation, as the molecular number distribution P(ng,,) becomes
increasingly narrow as t > o,

In the case of a first-order transition, the molecular number dis-
tribution at ¢ > « is not sharp even in the adiabatic limit, which allows
for the collapse-revival oscillation. In the Husimi projection, the ‘crest’
and ‘trough’ of the envelope of these oscillations localise on points
along the diameter of a circle which differ in phase by m. They also
correspond to an instantaneous peak of P(n.;) above and below the
asymptotic number distribution as shown in Fig. 4c. The molecular
wavefunction keeps ‘vacillating’ between these two extremes until the
t > o limit, when the trough and crest make way for the ‘cat state’ in the
molecular wavefunction, as shown in Fig. 4b.

We also found that the number N,., of revivals per unit time
increases linearly with the strength of nonlinearity (|«|) for the first-
order transition. The frequency of the collapse-revival patterns
decreases gradually following the sweep, and in general saturates to a
constant value resulting in a punctuated series of revivals that survive
for a very long time. The time-period T, of any particular collapse and
revival pair also decreases with |k| as

1

Ty ~ 7.
K|

(34)

We plot the numerically found dependence of N, and T,e, ON K in
Fig. 4g, h respectively. The sustained oscillation pattern and the
dependence of the frequency and time period on the interaction
strength are reminiscent of the prethermalized states® that were
numerically observed®** following a sudden quench in bosonic/fer-
mionic Hubbard models. A main aspect of such nonequilibrium states
is the existence of long-time memory of the initial conditions as in
our model.

The formation of a quantum cat state is one of the main con-
sequences of this long-term memory and inherently nonequilibrium
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dynamics of the prethermalized state. In the limit ¢+, after the
adiabatic first-order transition, the dynamics eventually freezes in a
superposition of two macroscopically distinguishable states (shown as
the bottom-right panel in Fig. 4b) which differ by a phase of rr. Each of
these states in the Glauber basis is localized, and therefore is similar to
a macroscopic Bose-Einstein condensate with a well defined phase.
Thus, even the prethermalized state of the nonadiabatic excitations is
strongly nonclassical.

Discussion

We have thus explored the role of interactions in mediating the pas-
sage through quantum phase transitions in ultracold chemistry with an
extension of the Tavis-Cummings model. The standard integrable
driven Tavis-Cummings model has made several predictions which
should be observable in experiments that associate ultracold atoms
into molecules by a stimulated passage through the Feshbach reso-
nance. We tested the robustness of these predictions against other
non-resonant interactions that break the model’s integrability. For
moderate interactions we found that, as in the integrable case, the
system passes through the second-order quantum phase transition. In
the quasi-adiabatic regime, this leads to a nearly linear scaling,
n,, « f1Inp, of the number of the unformed molecules on the sweep
rate f5.

Above a certain critical interaction strength, the order of the
phase transition changes from the second to the first, with drastic
changes in the reaction dynamics. The main characteristic of the
crossover to the first-order phase transition is that even in the adia-
batic limit, the density of non-adiabatic excitations remains finite.
Accompanying this is a transient dynamics that manifests as pro-
nounced oscillations in the molecular population. Asymptotically, the
system reaches a prethermalized state (Fig. 4b), which is a strongly
nonclassical superposition of two condensate-like states with a phase
difference of m between them, a feature which is absent in the typical
case of the second-order phase transition. Such dynamical features,
which are usually attributed to the strongly nonadiabatic regime (e.g.,
following a sudden quench, as in refs. 37-41), are observed in our
model (2), during the quasi-adiabatic transition through a first-order
critical point.

Our analysis provides experimentally testable scaling laws for
the number of nonadiabatic excitations as in (26),(27) and (29) and
for the time period of collapse-revival oscillations as in (34). The
number of nonadiabatic excitations can indeed be experimentally
measured as a function of the magnetic field ramp as was shown in
(Fig. 4a of)’. The coherent oscillations of atoms and molecules
observed in ref. 8 is a feature of the dynamics away from the
adiabatic limit, whereas the collapse-revival oscillation we present
are most prominent in the adiabatic limit. The collapse-revival
oscillations are experimentally observable as was demonstrated in
an experimental implementation of the Bose-Hubbard model using
ultracold atoms in ref. 36. While the experimental observation of
the cat state may be challenging due to finite lifetimes of the atoms
and molecules in a trap, as Fig. 4b, ¢ demonstrate, the features of
the transient quantum dynamics are indicative of the ensuing cat
state and may help design experiments to preserve the quantum
coherence required for its formation.

The possibility of creating non-classical states such as the
macroscopic cat states and squeezed states in bosonic systems has
potential impact in quantum sensing and metrology**. In the past,
several experiments have targeted the creation of such non-
classical states*™*, some of which used a Kerr-type nonlinearity
to stabilize these states. Given that the size of an atomic cloud is
of the order of N>10% the passage through the Feshbach reso-
nance with a first-order phase transition presents an attractive
opportunity to create practically desired strongly nonclassical
macroscopic states.

In addition to applications in quantum sensing, experiments in
ultracold chemistry also serve to demonstrate the universality of the
dynamics around quantum phase transitions*. For instance, there is
considerable evidence (both theoretical and observational) that phase
transitions occurred during the early evolution of our universe®. Our
study reveals that purely quantum correlations play a considerable
role in such processes and that the nature of the quantum critical point
is manifested in the scaling of the excitation density. The main
experimental challenge in studying such correlations will be in tuning
the interaction strength and obtaining the desired degree of quantum
control. With major strides in experimental development in ultracold
chemistry”®* in the last decade, we expect this to be possible in the
near future.

Methods

Empirical models for ultracold reactions

We follow? in order to explain the relevance of simple empirical
models (such as the Tavis-Cummings model) in describing ultracold
reactions. The most fundamental model that describes all the many-
body interactions in a gas of ultracold atoms is given as H = Ik drH,(r)
where

; St nv? - Ayt at o
Ha(r) = (pa(r) <_ W + Vgxt(”) wa(r) + % (pa(r)‘pa(r)wa(r)wa(r) (35)
a
where A, is the (elastic) interaction strength between two atoms and
,(r) is the atomic field operator that destroys an atom at position r.
This is written under the assumption of a short-range interaction
described by the Fermi pseudopotential as:

_4mh*a,,

A
aa ma

(36)

where a,, is the atom-atom scattering length. If the atoms are subject
to a magnetic field, in the vicinity of a Feshbach resonance, the
scattering length varies as a,,(B) = a,4(1 - AB/(B — B,)) where By, is the
peak of the resonance and AB is the width, which changes the
interaction strength A,, accordingly. However, this approach fails to
describe the transformation of atoms into molecules at the resonance,
so the scattering problem needs to be treated by considering
molecules as separate compound particles described by the field
operator ¢, (r).

Then the resonant interaction between atoms and molecules is
computed as a sum of all state-to-state scattering matrix elements of
the hyperfine interaction (K| Vhf||k, k'), where |k), |K') corresponds to
the atomic field and |K) to a molecular field with the respective
momentum vectors (see eq. (46) to (49) in?). Under the assumption of
an elastic interaction, the resonant term of the atom-molecule Hamil-
tonian becomes:

HE =a / X, OP OO + PaOBLODLE)  (37)

In line with (35), the Hamiltonian for the compound atom+molecule
system ought to contain all elastic interactions thereby yielding
Hgy = [ drHy(r) where:

22

v . Aoy a5t a s
+ sztm) $a0)+ 20 QL OPLOPL ()

" 2m,

()= rbl(r)(

. h2v? N A af At s N
+ (0 (— 5t vz;xr)) D)+ 2 G (O (O (O (F)
+ A (OD (OB (OD(0) + AP (OD (OB () + )
(38)
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where A, and A, are atom-molecule and molecule-molecule
scattering length. This is the minimal Hamiltonian that ought to be
considered to include all interactions that come from (resonant and
non-resonant) elastic scattering between atoms and molecules.

In the low-temperature limit, the kinetic energy terms are insig-
nificant, and spatial homogeneity of the field operators is a fair
assumption. Assuming a linear ramp of the magnetic field at the rate
(which forms the V. term), the resultant time-dependent Hamiltonian
is given as:

- ﬁt(p:n(:bm + a(‘l’;‘l’a@a + (z}ma]z‘zlz}jz)
’”’” Fm g o+ Aar e o

@m
Aaa ¢a Dol +

Hy(t)=
(39)

Truncating the above equation upto the terms in the first line yields the
model Hamiltonian considered in ref. 7 (the sign of S depends on the
starting state, but the time-dependant terms for atom and molecule
come with opposite signs always). However, we emphasize that there is
no theoretical justification for doing the same.

Relating Tavis-Cummings models to other models of molecular
dissociation

In the derivation of (39), the component atoms are assumed to be of
the same ‘type’ but that can be easily adjusted. For example, consider
the reaction of bosons W a+b, in which W, @, b are all bosonic
annihilation operators. The Hamiltonian H,,(t) becomes (in the nota-
tion of (1)):

(40)

where we absorb the time-dependent term that describes interactions
between atoms and magnetic field into the respective term for
molecular interaction. Since one molecule splits into two atoms, and
the number of atoms of a and b type is the same, the time evolution of
(40) conserves the number

~ At PP
N=W'U+@'a+b b2, (41
whose eigenvalue N corresponds to the initial conditions with N
molecules. Hence, it is convenient to mark all states by the number of
split molecules, n:

1) = IN = n)y, ® ) ® ) 42)

where, e.g., a' aln), = n|n),. The initial state with N molecules as t > —
corresponds to |n) =|0). It is then straightforward to see that the only
non-zero off-diagonal matrix elements of the Hamiltonian are:
=(N—-—m)\/(m+1).

(m+1|Hg(t)|m) (43)

Comparing with (40), we find

/

(miH\m') = (m|Hyclm’), vm,m'.

Another related example is that of a pair of fermions (with
opposite spin) transforming into a boson: ¢ © a, + a,. We can describe
this reaction by using the following pseudo-spin operators (the

pseudo-spin description is only useful for fermion-boson transforma-
tion) as in ref. 12:

PP IS
s =ala) S =a,a, $,= i(aIa +ala,) (44)

where a),, and a,,, are the fermionic creation and annihilation
operators in the up/down spin state.

Again, truncating upto the terms in the first line of (39) and using
the number conservation property, we get the driven Tavis-Cummings
model in (1) which is the starting model of this article:

Hre(t)= — B+ 2-@'s™ +¢5") 5)
VN
Thus, both bosonic and fermionic ultracold reactions can be ana-
lysed using the same theoretical tools described in this article. Also,
since the resonant transformation of atom to molecules is given by
the term

Hym=g@'S” +§5"), (46)

in the TC model, the non-resonant atom-molecule coupling term is
given as:

I:Iam = ram ﬁSZ (47)
the non-resonant atom-atom coupling term as:
: $'§ (48)

(that is, outside the resonance, a pair of atoms which are ‘destroyed’
form a new pair of atoms instead of molecules) and the molecule-
molecule coupling term as:
I:Imm = rmmfz2 (49)

By the number conservation property i1+S,=N, the terms propor-
tional to 42 can be collected to yield:

r:=rpm —Taa — Fam (50)
This makes sense physically because, if a repulsive interaction between
molecules increases the efficiency of the Feshbach transformation,
then repulsive interaction between atoms (or between atoms and
molecules) should have the opposite effect. The terms proportional to
n only lead to a time shift in the resultant dynamics.

Higher order Feshbach resonances

In ref. 8, a different type of Feshbach resonance was experimentally
studied: for reaction c+W © a+ b+ c, where a, b, c are bosonic atoms.
In our notation, this corresponds to making the reaction amplitude, g,
dependent on the number of atoms, i.e., assuming in Eq. (40) that
g — gn/~/N, where nis now the number of the decayed molecules We
again consider the additional interaction term m the formH;,, =rn ’/N,
where in the basis (42), we can define a=(a‘a+b b)/2. The entire
bosonic Hamiltonian is then

i et T gj A et
F=pei @+ N + N( ab+ wab)
(the correspondence between the model above and the model con-
sidered in ref. 8 can easily be seen by setting a=b, i.e. considering

identical atoms). The matrix elements H,,,, = (n|H|m) in the basis (42)
are given by

r IN—n+1
Hnm = (—ﬁtl’l + N"Z) 6n,m +gn2 T‘sn,m—l
N —

+g(n+1y

(51

6n,m+1'
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Repeating our derivation of the semiclassical Hamiltonian (15) at
low n, we find a classical Hamiltonian, in which the saddle point again
corresponds to ¢ =m. Performing then the same canonical transfor-
mation (14) for the case of 1« n < N, we identify the potential energy
by setting the momentum to zero, P=0, in the classical Hamiltonian,
which gives us

Verr(Q) = — BtQ* + (HTg) Qt+ .., (52)

The main difference from the case of the Tavis-Cummings model
is the lack of the renormalization of the chemical potentials by the
interaction term. Now, there is no«gQ? contribution to the
Hamiltonian from the interactions, so the critical point is passed
precisely at t=0. As in the Tavis-Cummings model, either the
2nd order, for r+g>0, or the 1st order, for r+g<0 phase
transition is then expected at the Feshbach resonance. Thus the
presence of non-resonant interactions considered in this work is
resilient to the presence of three-body recombination
events studied in ref. 8. The critical exponents, however, are
expected to be different because of a more complicated kinetic
energy term in the classical Hamiltonian that corresponds to
Eq. (51).

Scaling exponent beyond Painleve-Il equation

When a Hamiltonian has a time-dependent perturbation y, the non-
adiabatic tunneling probability is computed from the change in the
curvature (or frequency) w-*® as:

_AL [ e ydO
I'—T.—mzoo ie* PXIRY

Following the approach in ref. 30, to evaluate the scaling behavior of I,
we express - in terms of . In the case of the first-order transition, the
major change in the curvature occurs at the point ¢ = ¢ (see (13)) after
which n increases in time. We consider the dynamical equations given
by the Hamiltonian (10) in terms of the scaled time variable 7 = gt which
yields:

(53)

g =2nv1-nsing :=f,(n, ) (54)
d¢ _ _ 2-3n\ _ . _
E—V+2Kfl+ coszp(ﬁ) =f,M, P) (55)

wherey=y/g,k=r/g and n=n/N. It is straightforward to see that the
rate of change of y is given as:

d?_ :B L Beff

dr g2 log,N

(56)

The reason for the inclusion of a logarithmic term in the above
expression is explained in ref. 13: for a given S, the f=2m/Be is the
point of discontinuity in the behavior of ne, vs S (see Eq. (13) in ref. 13
and note that the parameter g in®” differs from the g in this article by a
factor of +/N).

Around the fixed point (7., ¢.) = (0, ), for k =-1, this yields:

w- ~ 7. (57)

from which we get:

w. ~ 26> (58)

This gives the following expressions:

Fe~— i@ (59)

= Ney(Ber) ~ ﬁz? (60)
which we confirmed numerically in Fig. 3a. In general, we found
that this power-law scaling holds for all values of k, but an
analytical derivation of the corresponding exponent g was not
possible.

For the near-critical case with k=-1+ 6k, we get:

W- ~ (ﬁ* + %6/{) (61)
Expanding upto linear order in k, we get:
[=r.+Al, (62)
where
AT, ~ 6K (63)

(we numerically found a weak dependence of Al with respect to Beg).
Note that the sign of I is positive: when k increases, the tunneling
probability increases (which can be inferred from Fig. 1c). For a con-
stant g, we hence have:

or

1) — Ny (0) o — . 64
Nex (01) — Ny (0) 5 (64)

Thus, the concentration of defective excitations increases linearly with
1/g, which is also evident from Figs. 1c and 3c.

Data availability

The simulation data generated in this study have been deposited here
in the University of Cambridge’s Apollo repository under the https://
doi.org/10.17863/CAM.113114.

Code availability

The code used to generate the data in this study is also available in the
same repository as the simulation data, under the same https://doi.
org/10.17863/CAM.113114.
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