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1 Introduction

The BFSS conjecture [1] states that the large N limit of a certain matrix model gives the
scattering amplitudes of massless particles in eleven dimensional M-theory. It is supposed
to give a full non-perturbative description of flat space physics in eleven dimensions and is
therefore an explicit example of flat space holography. The full Lorentz symmetry is not
present in the matrix model for finite N, but is supposed to emerge in the large N limit. In
this paper, we derive the soft theorems, after we make some assumptions that we spell out
below. These soft theorems can then be used to argue for Lorentz invariance.

In theories of gravity, we have soft theorems that indicate how amplitudes behave when
one of the particles has a momentum ¢, that is taken to zero. Schematically, they have
the form [2, 3]

Ant1(p1,- - Pnsq) ~ (So+ S1)An(p1, -+ ,pn) +---, as ¢—0. (1.1)

The leading soft factor scales like 1/q and the second like ¢ but depends on the direction in
which the limit is taken. The dots indicate terms that are less singular when ¢ — 0. These soft
factors can be written as a sum of terms that involve the momenta of each of the n particles
and also involve the choice of an unphysical reference vector related to the description of the
polarization of the soft graviton. Independence on this vector implies that the n particle
amplitude on the right hand side of (1.1) should obey momentum conservation and Lorentz
and rotational invariance [2, 3]. These soft theorems depend on the three point amplitude and
on factorization properties of the n 4+ 1 point amplitudes, see figure 1. These soft theorems
are now well understood at tree and loop level in gravitational theories, see e.g. [4-13].

In this paper, we present an argument for the soft theorems in the BFSS matrix model.
We were motivated in part by recent discussions of “celestial holography” where soft theorems
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Figure 1. The soft limit depends on the amplitude having a factorization channel when the soft
momentum and any of the external particles obeys (py +¢)? — 0. Crucially, the three point amplitude
that appears here should be the usual one.

play an important role [15-17]. We wanted to understand whether the soft theorems hold in
the explicit example of celestial holography, or flat space holography, that the BFSS model
provides. Recent studies in this direction include [18, 19]. Our discussion is an improvement
because it gives a derivation of the soft limit theorems directly in the matrix model without
referencing the eleven-dimensional theory, except for the assumption that a smooth large N
limit exists. The crucial input is the on-shell three-point amplitude with a soft momentum
of non-zero Niof;, which was derived from first principles in [20]. After taking the large N

limit, the soft momentum becomes a continuous variable —q_ = %, making it possible

to take derivatives with respect to p¥. These derivatives appear in a crucial term in the
subleading soft factor, giving rise to the non-trivial Lorentz generators that are broken by
the null compactification but should re-emerge in the large N limit.

Though our main target is the BFSS model, we structure the paper in a way that
highlights the origin of the soft theorems as following from a series of assumptions, regardless
of the specific theory. We then discuss whether these assumptions are correct in the BFSS
matrix model.

In section 2, we discuss our assumptions for deriving the leading and subleading soft
theorems. These assumptions are essentially the following. We assume that the external
particles are massless and that their three point amplitudes are those of minimally coupled tree
level gravity. We then assume that they factorize appropriately on poles when (py + ¢)? — 0,
see figure 1, and that possible branch cuts in the amplitude have a subleading dependence
on ¢ in the ¢ — 0 limit. In particular, we do not assume that the amplitudes are Lorentz
invariant, except for the three-point amplitude. Using these assumptions we derive the soft
theorem by performing a BCFW-like complex shift of the momenta. This shift introduces a
vector that should not affect the final answer. This leads to the condition that the amplitudes
are momentum conserving and Lorentz invariant [2, 3].

In section 3, we apply these ideas to the BFSS matrix model [1]. We make the non-trivial
assumption that the large N limit appearing in this conjecture gives a smooth function of
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that the limit of the matrix model scattering problem exists and that it is an analytic function

= —N;/R_, in the limit N;, R_ — oo keeping p’ fixed. In other words, we simply assume

(with poles, branch cuts, etc) of the momenta p’ , 5% of the n particles. We also make some
modest assumptions about the spectrum and the pole structure of the large-N limit of the
amplitude. However, we do not assume that the amplitude is Lorentz invariant or that it
coincides with gravity. In [20], we have shown from first principles that this limit indeed
exists for the three-point amplitude, that it is Lorentz invariant, and that it coincides with
the standard three-point function as implied by super-Poincare symmetry. We then argue
for the factorization properties assumed above. We can then conclude that the amplitudes
that we compute in the BFSS model are Lorentz invariant.

Due to our technical limitations, we restricted the kinematics to lie in a four-dimensional
subspace.! This is not a problem for the four-point amplitude, which can always be taken to
lie in that subspace, but it does not describe the most general n > 5 amplitudes. We expect
that the ideas in this paper could be easily extended to cover general kinematic configurations.

2 General argument for soft theorems

Here we present an argument stating that any scattering amplitude of massless particles
obeying a series of assumptions needs to also obey the soft theorems and be Lorentz invariant.

2.1 Assumptions

We now list our assumptions for proving the leading and subleading soft theorems:

1) The amplitudes 4, (pL) are analytic functions of their arguments. This means that they
are analytic for generic real momenta, but they can have poles or branch cuts as they
are analytically continued in the momenta to complex momenta.

2) When one particle is soft, it has a pole as (p; + ¢)?> — 0 which is of the form

1

An ~ A VNG
i ’ (pi + q)?

An, for (pi+q)?*—0 (2.1)

where the amplitudes on the right-hand side are on-shell amplitudes evaluated at
pr = p; + q, with pj = 0.

3) Other singularities, such as branch cuts, behave as ¢%, for « > 0 when ¢ — 0. In our
argument below, we will see more clearly how we use this condition and state more
precisely what we need.

4) The three-point amplitude in (2.1) is the standard, relativistic three-point amplitude of
a minimally-coupled graviton with another massless particle. In particular, note that
the n > 4 point amplitudes are not assumed to be Lorentz invariant.

"We use four-dimensional spinor helicity throughout this paper, which is reviewed in [21].



These assumptions should hold for any minimally-coupled gravitational theory in D > 4
dimensions. Assumption 3) is actually broken in four dimensional gravitational theories and
the subleading soft theorem subsequently receives a loop correction [8, 10].2

2.2 The contour deformation argument using a BCFW shift

We now present an argument that is in the spirit of BCFW [22, 23] as applied to the on-shell
derivation of the soft factor in [24]. The argument is technically similar to that in [3],
except that we do not take the deformed contour to infinity and argue that the derivation
applies to the full amplitude, not just the tree-level part. For technical reasons, we restrict
to four-dimensional kinematics, with momenta lying in a four-dimensional subspace of a
higher-dimensional theory. Finally, we will consider the holomorphic soft limit [3, 24]

|s) — els),  [s] = |s] (2.2)

which is the same as the usual soft limit up to an overall rescaling of the amplitude.
Since we have four-dimensional kinematics, we represent states in terms of spinor helicity
variables. We consider an amplitude

Apt1(s,1,--+,n) (2.3)

that depends on the spinor helicity variables A!, and S\z'a. We will also strip off the momentum-
conserving delta function. The first particle is the soft particle, denoted by s. We then perform
a general momentum-conserving BCFW shift [23] involving the soft particle and the particle n:

|s) = |s(2)) = [s) + z[n), [n] = [n(2)] = [n] — 2ls] (2.4)

where the brackets |i) |i] denote the spinor helicity variables A}, and 5‘23 respectively. We
do not touch the other variables.
We now write
1

2mi

d
Apt1 = jZAn-H(Z) (2.5)

where the integral is over a very small circle around the origin which only encloses the
explicit pole at z = 0, see figure 2.

As a function of z, A(z) has some poles and branch cuts, see figure 2. We will now
deform the contour in such a way that we pick up the contributions of the poles that are
close to the origin. In doing this, there might also be contributions from branch cuts and
the remaining contour integral at some finite value of |z|. In contrast to [23, 24], we will
not make any assumptions about the behavior of the amplitude for very large z because
we keep the contour at a finite distance.

The poles that are near the origin are the ones that come from (py + ¢)? — 0. These
poles sit at

(s, k)
(n, k)

(s(2),k) =0=(s,k) +z(n, k) — zp=-— (2.6)

2Tt may seem strange that we are restricting to four dimensional kinematics while our assumptions only
hold for gravitational theories in D > 4 dimensions. The key point is that we are restricting only the external
kinematics to lie in a four-dimensional sub-space. Momenta running in loops do not obey such a restriction.
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Figure 2. (a) The z plane and the original contour around z = 0. There are poles at z and branch
cuts that end there. When s is small, we concentrate on the poles and singularities near zero. There
might be other singularities that stay at a fixed z when we take s — 0. We do not indicate those here
since they are further away in the z plane. (b) After a contour deformation, we pick up contributions
from the (red) poles z; in (2.6) as well as some contributions along the branch cuts (in blue). Finally,
we have a contribution from a circle whose size we keep fixed as we take s — 0.

where, as usual (a,b) = eo‘ﬁ)\g)\%. As expected, zp approaches the origin in the soft limit,
|s) — 0. The behavior of the amplitude at this pole is determined by our factorization
assumption (2.1):

Res._., (An-i-l) o As(z) An(21) 2.7)

[s, k|(s, k)

where A3(zx) and A, (z) correspond to the three and n-point amplitudes with deformed,
but still on-shell, kinematics. To evaluate the residue at the pole (2.6) we need the spinor
helicity variables for the intermediate particle, I:

pr = DI = s)ls| + WKL+ ) lsl . D= 1K), =g (2

We also need the on-shell three-point amplitude with momenta g, pg, and p;y. We assume
that the soft particle has positive helicity, and helicities h and —h for particles & and I, which
correspond to minimal coupling.® The three-point amplitude is then

2 <n7 k>2

As(zg) x [s,k]2+2h[s,l]2_2h[k,I]_2 — [s, k] (n, 52

(2.9)

where in the last expression we used (2.8). We have ignored the overall factor of VG xn
and other numerical factors. The A, (z;) amplitude can also be written as a function of

3As a side comment, there are three-point amplitudes not of this form, such as the ones coming from an
R? contribution, but they involve non-minimal couplings in the gravitational theory and are not present in
the matrix model three point amplitude. According to [11], no local coupling can impact the leading and
subleading soft graviton theorems.



external kinematics:

I = K+ 000 =k, ez = [n] +

1], (2.10)

where the intermediate momentum appears in the k' position. Note that (2.9) and (2.10)
are exact and only the square brackets are modified. We have not yet taken the soft limit.

Using (2.7), (2.9) and (2.10), we can determine the residue on the pole. After summing
over all residues, the expression for the amplitude becomes

(n,k)? [s, K] (n, s) g in (s, k) .
A 32 (1 I+ s+ 20 ) (2D

The amplitude A,, contains n particles which are the original n + 1 particles with the soft one
removed. In the arguments of A,, the angle brackets are unshifted, but two of the square
brackets are shifted as indicated. The leading soft factor comes from setting s = 0 in the
A, amplitude in (2.11), so that it is evaluated in the original variables,

(n, k)
(n,s)

[\

[, ¥]
(s,k)

An (2.12)

[\

S()An X Z
k

where we also extended the sum to include k = n since this term vanishes anyway. The
amplitude A, is evaluated on the momenta p1,--- ,p,, the undeformed momenta, which
conserve momentum when s = 0

The subleading soft factor comes from expanding (2.11) to the next order. When
performing this expansion, it is convenient to keep |s] fixed and expand in |s). The next
term in the expansion is then

1 (n,k) [s,k] o )i s 0A, . 0A,
L (k) [s,K] < 0A,
2 Ek: (n,s) <s,k‘>)\6 35\’; (2:14)

where, in the second line, we used momentum conservation
> _ k)K= ~Is)ls] = n)|n] (2.15)
k

to get rid of the second term in (2.13).

So far, we have argued that the pole contributions give us what we want. We will
now argue that nothing else contributes. There are two sources of potentially undesirable
contributions

e The contour deformation argument gives us contributions from the branch cuts. Our
assumption 3) is that these contributions scale like a positive power of ¢ and that we
do not need to consider it at leading and subleading order in the soft limit.



e There is also a contribution coming from the amplitude evaluated on a circle of small
but fixed size as |s) — 0. In this integral, one would think that we could simply set
|s) — 0. In that case, the soft momentum and the n*" momentum go as

ps = z[n)|s], Pn = |n) (|n] — z[s]) (2.16)

in the soft limit. Crucially, both momenta are finite. Unfortunately, we have that
p% = (ps+pn)? — 0, which would lead to a divergent contribution in the soft limit. Note
that pr is finite but null in this limit. Therefore, we need to examine more closely the
approach to |s) — 0. We use again the factorization property (2.1). The denominator
vanishes as (s|n). The three-point amplitude and the n-point amplitude are both finite
as |s) — 0 because none of the relevant momenta, (2.16), p; and the other external
momenta, are soft for finite values of z. This means that this term goes as 1/s. This
is subleading compared to (2.12) and (2.14), which go like 1/s® and 1/s? respectively.
Since this term is subleading in s for any value of z on the outer contour in figure 2, the
outer contour does not contribute to the leading and subleading soft limits. In principle
that is all we need to say. However, we can also notice that when we factor on this pole
the intermediate momentum becomes just p; = p,, and the amplitude A, (p1,--- ,pr)
becomes independent of z. The z dependence of the three-point amplitude is easy to
calculate. The three square brackets of the three particles are |s], |n] — z|s], |n] and the

on shell three point amplitudes goes as Az o< z~2. Then, the final expression goes as

1

vanishes.
S,m)

§dzz=3 = 0. In other words, the z integral of the term that is going like 7

Therefore, we expect that the remaining z integral is finite as |s) — 0. This concludes our
argument for the leading and subleading soft factors (2.12) and (2.14). It looks like we can also
write an expression for the subsubleading soft factor by expanding (2.11) to one higher order.
We have not done so because it will not be necessary for what we want to do in this paper.

2.3 A contour deformation argument involving a three line shift

The reader might be slightly confused by our treatment of the part of the integral that does
not involve the poles. We can present an argument that is conceptually a bit clearer by
performing a different shift of the spinor helicity variables when we go to the complex plane.
Instead of the BCFW shift, we instead consider the three-line shift

|s) = |s(2)) = [s) + 2[1,2][n)
1) = [1(2)) = [1) + 2[2, s]n)
2) = [2(2)) = [2) + 2[s, 1]|n) (2.17)

where |n) is an arbitrary vector [25, 26]. We again take the soft limit by sending |s) — 0
keeping |s] fixed. The primary advantage of the three-line shift is that when we set |s) = 0, all
momenta are finite for general z and we are generically away from any singularity. Therefore,
after we deform the contour, we can then set |s) = 0 and this integral is manifestly finite.*

4Amusingly, this three-line shift actually fails when used to re-construct tree-level gravity amplitudes
starting at 12-point due to a boundary term [27, 28]. This boundary term is irrelevant for our discussion
because we are not taking the contour to infinity.



Of course, when we deform the contour, we pick up contributions from the poles. Again,
the only poles at small values of z come from those that diverge in the soft limit. The
contributions from these poles can be analyzed and expanded as above. Repeating similar
algebraic steps to those above, we ultimately get the leading and subleading soft factors

(k,m)? [s, k]

SoA,, < Ek 5n)? <57k>An (2.18)
(k,m) [s,k] 4 0An

S1A,, < Ek o) <s,k>)\5 85\2 ) (2.19)

These are similar to (2.11) and (2.14) but with [n) — |n) in the prefactors. Appendix A
contains the explicit derivation.

2.4 Momentum conservation and Lorentz symmetry

The expressions derived above for the soft factors involve some arbitrary vectors. In (2.18)
and (2.19), there is an auxiliary spinor |n). In (2.12) and (2.14), the auxiliary vector is replaced
by a spinor of the particle we used for the BCFW shift, which was particle n in section 2.2.

In both of these cases, these special vectors appeared as some arbitrary choices when
we performed a complex deformation of the amplitude. However, the amplitude itself is
independent of these choices. Therefore, as a consistency condition, we should impose
that (2.18) and (2.19) are independent of |n). Notice that the expressions are already
independent of the overall scaling of |). In addition, we can demand that they are invariant
under |n) — |n) + €|s). This shift cancels the (s, k) in the denominators and (2.18) yields
the constraint

1

0= e zk:(k,n) (s, k]A,, (2.20)

which is momentum conservation. Similarly, equation (2.19) yields

s vs ke OA . 4
SASNRGZT )= A% S aB
o zk:Ad)\B)\ ox: 0 AaABijﬁk An (2.21)

which is the condition for invariance under the SL(2) symmetry acting on the S\E vari-
ables, where

Y

aB _ Yka

(2.22)

If we had considered a negative helicity soft graviton, we would have obtained the SL(2) that
acts on the A\¥ variables. Of course, we are using that, suitably complexified, SO(1,3) ~
SL(2) x SL(2).

We could have obtained the same conclusions from (2.12) and (2.14). To see this,
note that the answer should be independent of the particle we pick to do the BCFW shift.
If we had chosen a particle m instead of particle n, we would then have obtained (2.12)
and (2.14) with |[n) — |m). For each external m # n, we set to zero the difference between



the expression with |n) and the one with |m), again finding the momentum conservation
and Lorentz invariance conditions.

The conclusion is that consistency of the soft theorem implies the Lorentz symmetry
of the amplitude, as emphasized in [19]. This fact can be physically understood as follows.
The soft graviton represents the coupling to long-distance gravity, and only theories that are
Poincare invariant in flat space can be consistently coupled to gravity.

3 Application to the BFSS matrix model

3.1 Lightning review of the BFSS conjecture

In the BFSS matrix model, one considers a scattering problem in a matrix quantum mechanics
of size N, which has a U(N) gauge symmetry. The model has nine matrices and a classical
potential that has flat directions involving diagonal matrices. The model has degrees of
freedom in its U(1) and SU(N) sectors. The SU(N) sector contains a zero-energy bound
state [29-35]. On top of this bound state, the U(1) part describes the degrees of freedom
of a massless superparticle in eleven dimensions in light-cone gauge where p_ = —N/R_,
which describes the graviton supermultiplet.

The model also has some asymptotic directions where the matrix splits into blocks of
matrices of sizes N;, U(N) — []; U(V;). Then, in each SU(N;), we have the zero energy ground
state and the overall U(1); degrees of freedom in U(1V;) describe a massless superparticle. The
incoming and outgoing states could have different splittings of N = >, IV;. The conjecture
is that the scattering amplitude in the quantum mechanical model describes the scattering
amplitude in M-theory. More precisely, the idea is that in the large N limit, where

N
N; = o0, R_ — o0, —pl_:R = fixed, (3.1)

the scattering amplitude in the matrix model is equal to the one in the eleven-dimensional M-
theory. Each particle also involves a momentum vector p’* which arises due to the momentum
of the i*" sub-block in the nine transverse dimensions. Notice that pi is fixed by the on-shell
condition for a massless particle.

The BFSS conjecture implies several sub-conjectures in the limit (3.1):

I: The limit (3.1) is finite and defines a continuous and suitably analytic function of the

pt and pl.
II: The limit defines a function that is Lorentz invariant in eleven dimensions.
III: The limit has all other desired physical properties of eleven-dimensional M-theory.
In this paper, we assume I, which is the same as 1), in section 2.1. We will then argue that

all other assumptions in that section are true so that II follows. We do not say anything
about IIT in this paper.



3.2 Properties of the matrix model

Here we argue for properties 2) and 3) in section 2.1. Property 4), which is the usual form
for the three point function, was demonstrated in [20].

It is important to understand the origin of singularities in the matrix model amplitudes.
For finite NV, the matrix model problem is a scattering problem in quantum mechanics. If
we use old-fashioned perturbation theory, a singularity can arise when there are energy
denominators that are becoming zero. For example, we can have a singularity that arises
because two sub-blocks merge, or are close to merging into some intermediate state. In this
region, we are talking about an energy denominator of the form

> S — (3.2)

T E[ - Eext

where we sum over intermediate states of energies E;. The external energies are the energies
of the particles s and k in the quantum mechanical model. And M denotes some matrix
elements, which we assume are smooth in the region we consider. We will assume the block
associated with the soft graviton state is outgoing.

We first consider a block of size Ny that is splitting into two subblocks of size Ng and
Np. This is a process that occurs when the hard and soft block are both outgoing. Each
of these particles obeys an on-shell condition

) N
2p_pr =p~, —p-= 5 (3.3)
We then see that Eeyy = —p3 — pi and it can be rewritten using (3.3). The intermediate state

I lives in the U(Ny) subsector. The overall momentum in the U(1)s, i.e. the center of mass
sector, is fixed to be p; = ps + pr. We can then write the energy of the intermediate state as

15/R-

E —
=9 Ny

+ €5 (3.4)

where the first term comes from the U(1); sector and € is the energy in the SU(N;) subsector.
We have e; = 0 for the zero energy intermediate state. Using (3.3) for the external particles,
we can rewrite

p*-p"R v s Nb o x Ns

EI - Eext = N[ ® R

+p°-p*. (3.5)

—+er, PP =pig g

We see that the bound state with e; = 0 gives rise to the pole discussed in (2.1). In that
case, the matrix element in (3.2) involves a three-point amplitude and an amplitude with one
less particle. This result follows from factorization of the matrix model scattering amplitude
on an on-shell intermediate state, which we would have at the pole EF; — Eet = 0, when
er = 0. Note that this denominator can only vanish when we analytically continue in the
external momenta; it is always bigger than zero for physical incoming momenta. We conclude
that the SU(N;) bound state gives rise to the pole and factorization structure in (2.1). The
odd-looking factor of Ny in (3.5) arises when we compare the relativistic and non-relativistic
normalizations, see [20].

,10,



We also need to consider a state associated with a block of size N; that is merging
with the sub-block N to make the N block. This process is relevant when the Ng; and Nj
block are outgoing and incoming respectively. This state is similar to the previous discussion
with some minor sign changes: N, = N;+ N, and pp = ps + pr. However, the end result
is again the pole discussed in (2.1).

We need to take into account the continuum of states that exist above zero energy,
e; > 0 [36]. This continuum arises due to the existence of a large set of scattering states. Here
we will consider the simplest one. We imagine that the Ny block splits into two blocks of sizes
N; and Ny. The center of mass degree of freedom, the U(1) in U(Ny) is constrained as before.
The relative degree of freedom arises from a combination of the U(1) in U(/N;) and the U(1)
in U(Ny). It gives us the relative position of these two blocks. The energy takes the form

o = Lol _ _ Nopy — Nipa NN,
1 2pr N, ) Pr = N; ) N; ’

Ny = N1+ Ny (36)

Integrating over p). yields an expression proportional to

/ d’p, ~ ! (3.7)

3P7 + %ps -pF

The crucial feature of this integral is that it is finite in the IR, where p;. ~ 0, thanks to the
fact that we are in a large number of dimensions. If we think of ¢ = p® - p* as a complex
variable, we get a branch cut at ¢ = 0 of the form ¢7/2. If we had done the same in d
transverse dimensions, we would get ¢ =

This branch cut involves a large power of (, so that its contribution as ps — 0 is
suppressed relative to the terms we kept. States with larger numbers of particles will give
rise to branch cuts that are similarly suppressed in the soft limit. If the N; block breaks
into n sub-blocks, there are n — 1 integrals over p, to evaluate and the integrand remains
very similar. Since ( is the only dimensionful scale in the integral, dimensional analysis
yields that the integral is proportional to ¢ (On=2)/2,

Notice that in the argument in section 2, the integral (3.7) gives rise to a branch cut

7/2

in A,,4+1(2z) which starts at z = z; and goes like (z — z)"/#, see figure 2. The integral along

this branch cut of the original expression has the form

/7(2 — z)7/? (3.8)

which has a finite limit when z; — 0, which is the limit when |s) — 0. This branch cut is
also expected in ordinary gravity amplitudes when we go to higher loops. Therefore the soft
argument of section 2 also implies that higher loop amplitudes obey the soft theorem in high
enough total number of dimensions, namely D > 4 [8-10, 12, 37, 38].

Note that our arguments for the pole and branch cut were for finite N. In principle, the
large N limit might produce new singularities. We are assuming that any new singularities,
if present, will give a subleading contribution when g5 — 0, similarly to the branch cuts

— 11 —



we explicitly discussed.” We are also assuming that M in eq. (3.2) does not diverge as
Fext — Er — 0 in the large-N limit.

Note that in the BFSS model, we can use the explicit symmetry of the matrix model
to transform any four-point amplitude into one where the kinematics is four-dimensional.
This can be done as follows. First, consider the two incoming particles and use a Galilean
transformation to set p1+p2 = 0. Then use a rotation to put these two vectors along the first of
the nine dimensions. By a similar rotation, the momenta of the two outgoing particles can be
set along the first and second spatial transverse dimensions. Together with the two light-cone
directions, these vectors lie in a four-dimensional subspace. Therefore, our arguments show
that the four-point amplitude is four-dimensional Lorentz invariant, which in turn, using the
explicit symmetries of the matrix model, implies the eleven-dimensional Lorentz symmetry.

On the other hand, for n > 5, our arguments only show Lorentz invariance for amplitudes
whose momenta lie in a four-dimensional subspace. One would like to have a more general
argument that is valid for general eleven-dimensional kinematics. We leave this problem
to the future.

4 Conclusions

The goal of this article was to show that the BFSS model amplitudes obey the gravitational
soft theorems. This in turn implies that the amplitudes are Lorentz invariant. As an input,
we assumed that the eleven-dimensional limit (3.1) is well defined. We used the factorization
properties of the amplitude and the explicit form of the three-point amplitude. The argument
used a BCFW deformation of the momenta.

Note that in our arguments, we took the soft momentum to have non-zero longitudinal
momentum Ny, and took the Ny — oo limit to obtain a continuous function of p* = —Ng/R_
before taking the soft limit. We then took |p® | to be much smaller than the other [p*|. The
nonzero value for g = p® is crucial for extracting, from the subleading soft theorem, the
Lorentz generators that mix the x~ direction with the others. These Lorentz generators
contain a derivative with respect to p_ and such terms arise in the subleading soft theorem
only if ¢g_ is non-zero.

BCFW shifts have been used to derive the full gravity tree amplitude starting from the
three-point amplitude [43-45]. It would be nice to use a similar BCFW shift in the matrix
model. One might need to similarly argue that the branch-cut contributions are subleading
at low energies and that the contour vanishes at infinity.

Our analysis was restricted to a four-dimensional kinematic configuration because spinor
helicity variables are convenient. This analysis is sufficient to derive the Lorentz symmetry of
the four-point amplitude, but it is not general enough for higher point amplitudes. Extending
the argument to a general kinematic configuration appears to be a matter of relatively simple
algebra and the same basic strategy should work.

5In the large N limit, new singularities appear in AdS, /CFT examples, where they are associated with the
emergence of the bulk [39, 40]. In fact, we expect such new singularities in the BFSS model when we consider
it at higher energies, where it has a holographic description in terms of a ten-dimensional black hole [41].
Numerics can probably be applied to this question along the lines of [42].

— 12 —



Acknowledgments

We thank T. Banks, N. Miller, S. Mizera, N. Seiberg, A. Strominger, A. Tropper, N. Valdes-
Meller, H. Verlinde, and T. Wang for discussions.

J.M. is supported in part by U.S. Department of Energy grant DE-SC0009988. A.H. is
supported by the Simons Foundation.

A Derivation of soft theorems from three-line shift

We consider the three line shift in eq. (2.17). We take the soft limit
|s) — €ls), |s] = 9] (A.1)

In this limit, the only pole contributions as ¢ — 0 are from the soft limit poles. The only
pole that is independent of z is

(p1(2) + p2(2) + p3(2))* = (p1 + p2 + p3)? (A.2)

but this pole does not diverge in the ¢ — 0 limit. Therefore, the contour itself should be
finite as € goes to zero at finite z as the integrand is finite.
We consider the contribution from the pole at (p; + ps(2;))? = 0, which is located at

o (s,1)
Z; = m (A.3)

where i # 1,2. The z; and 29 poles must be treated separately because the shift is asymmetric
with respect to particles 1 and 2. We compute the deformed three point amplitude on the pole:

([sm), é],[iiiiif z<zi>]>2 _ (<< 77; s Z»]>2 (A4)

where we used

[, 1(20)](1(2:), s) = z[1, 2] (s, m)[s,1] =
[s, 1(2:)](1(zi), ) = (s,3)[i; s] .

This gives all the soft limit poles except for those coming from z; and zs.
We consider the contribution from the pole at (p1(21) + ps(z1))? = 0. We proceed as
before, finding the solution for z;

(A.5)

B (1,s)
A= D) + sl (4.6)

and computing the deformed three point amplitude

([5(21)7 1(21)][5(21)71(21)]>2 _ <<i377>
[1(z1), 1(21)]
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The contribution at zs is similar. Since all the z; are themselves soft, the A,,_1 components
are undeformed at leading order in the soft expansion. We subsequently find that

_ (i,m)
An = Z ((S,n> [S

A
7Z]> [872.]7.-/47171 (A.8)

at leading order in e.

The computation of the sub-leading soft theorem is similar to the leading soft theorem.
The primary difference is that A, _1(z;) is now deformed relative to A,_1. We expand
An—1(z;) with i # 1,2 as an expansion in e.

Ant (1 1) 260, i)+ <j’;7>\ SNENCRY

= [ (¢ a?ﬁ it () i ()]
X An—1([2),[1),12), - I]I]I )

The last two terms in eq. (A.9) cancel when we sum over the contributions from all soft

—~

poles, including z; and z2. The end result is

which corresponds to the sub-leading soft theorem. We can derive angular momentum
conservation by requiring the above result is independent of 7.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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