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Abstract: In this paper we revisit the double cone wormhole introduced by Saad, Shenker
and Stanford (SSS), which was shown to reproduce the ramp in the spectral form factor.
As a first approximation we can say that this solution computes Tr[e−iKT ], a trace of the
“evolution” operator that generates Schwarzschild time translations on the two sided wormhole
geometry. This point of view leads to a simple way to compute the normalization factor of
the wormhole. When we have bulk matter fields, SSS suggested using a modified evolution
K̃ which involves a slightly complex geometry, so that we are really computing Tr[e−iK̃T ].
We argue that, for general black holes, the spectrum of K̃ is given by quasinormal mode
frequencies. We explain that this reproduces various features that were previously predicted
from the spectral form factor on hydrodynamics grounds. We also give a general algebraic
construction of the modified boost in terms of operators constructed from half sided modular
inclusions. For the special case of JT gravity, we work out the backreaction of matter on
the geometry of the double cone and find that it deforms the geometry in an undesirable
direction. We finally give some comments on the possible physical interpretation of K̃.
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1 Introduction and motivation

Saad, Shenker and Stanford have introduced a very interesting and general spacetime
wormhole solution [1]. It can be constructed whenever we have a finite temperature black hole
solution. The full extended black hole spacetime has two exterior regions and the geometry
has a symmetry K = i∂t that looks like a boost in the near horizon region and like a time
translation symmetry far away from the black hole horizons, see figure 1 (a). The construction
in [1] involves a compactification of the time coordinate associated to K, t ∼ t + T . This
identification leads to a double cone wormhole, see figure 1 (b).

From the bulk point of view, the double cone wormhole is essentially computing the
trace of the operator e−iKT in the bulk Hilbert space defined on a constant time slice. The
trace sums over different Einstein-Rosen bridge configurations as well as the states of the
quantum fields propagating on them.1 However, the trace is a bit singular for the quantum
fields due to the degenerating circle at the center of the wormhole. Ref. [1] introduced a
certain iϵ prescription that defines a complex geometry which leads to a new operator K̃,
for which the trace Tr[e−iK̃T ] is well-defined and can be computed. We will call this new
operator K̃ the “modified boost operator”.

The goal of this paper will be to elaborate on the interpretation of the double cone
wormhole as computing a trace, as well as understanding the properties of the modified
boost operator K̃. At a basic level, this is useful in understanding the perturbative quantum
fluctuations around the wormhole in [1], which is essential in understanding the role of such
wormholes in gravity theories in higher dimensions.2 Another reason to study this modified
boost operator further is that it appears in various other computations [7, 8]. The long time
exponential of this modified boost operator, e−iK̃t, is a non-unitary operator that eventually
projects us onto the thermofield double state, or, more precisely, onto the thermofield double
subspace which is classically described by the ADM mass and the relative time shift coordinate.
Part of our motivation was also that a better bulk understanding might help us elucidate
the boundary theory interpretation of this solution, in particular the reason that it is not
factorizing into a product of two partition functions [1].

The structure is the following.
In section 2 we review the geometry of the wormhole and the iϵ prescription by Saad-

Shenker-Stanford.
1Notice that this trace is over the type I algebra of the wormhole which includes the two sides. This should

not be confused with traces over the type II algebras discussed in [2, 3].
2See also [4–6] for work on understanding different aspects of the double cone wormhole.
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Figure 1. (a) The geometry of a two-sided black hole. We have an symmetry K = i∂t that acts like
a boost near the horizon and like a time translation far away. (b) The double cone geometry involves
quotienting the two-sided black hole such that t has period T .

In section 3, we point out that viewing the construction as a trace helps us determine the
overall normalization coefficient of the wormhole, which is important for the dual quantum
mechanical interpretation of this configuration in terms of the spectral form factor [1, 9].

In section 4, we also explore some aspects of the modified boost evolution K̃ defined
in [1] on general black hole backgrounds. We review the result in [8] that the eigenvalues of K̃
correspond to the quasinormal mode frequencies ωQNM of the black hole. This is interesting
because it gives the quasinormal modes as the eigenvalues of a (non-Hermitian) operator.
A consequence of this is that the one-loop determinant of (bosonic) quantum fields on the
double cone takes the following universal form3

Zone-loop(T ) =
∏

ωQNM

1
1− e−iωQNMT

. (1.1)

We provide some simple examples of this general expression.
In section 5, we also present a slightly more abstract way of thinking about the definition

of the modified boost operator K̃ in terms of the symmetries of the near horizon geometry,
by drawing a connection to the large N von Neumann algebra as discussed in [10]. This can
be used to justify some of the properties of the modified boost in general situations.

In section 6, we study the effect of backreaction from the matter on the double cone
wormhole. We find that this produces a complex deformation with the “wrong sign”. We also
discuss the case when we deform the problem to complex couplings which gives a deformation
of the geometry with the right sign. We discuss some interpretations of these results.

In section 7, in order to help understand the difference between the ordinary boost
operator K and the modified boost operator K̃ better, we also give a simple toy model in
a harmonic oscillator Hilbert space that contains operators similar to K and K̃. The toy
model is helpful for understanding the relation between the two operators and the properties
of their eigenvalues and eigenfunctions.

3If we have fermionic fields, then there are similar factors in the numerator from the fermions, see (4.9).
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2 The two-sided black hole geometry and its complexification

In this paper, we consider a general finite temperature black hole with the metric

ds2 = −f(ρ)dt2 + dρ2 + ds2
Σ , (2.1)

where Σ can be any space. Near the horizon we assume that f(ρ) ∝ ρ2 + · · · , where the
dots are higher order terms in the small ρ expansion. The two sides of the black hole have
ρ > 0 (right side) and ρ < 0 (left side), see the Penrose diagram in figure 1 (a). This can
describe general finite temperature black holes such as Schwarzschild AdSD black holes in
any number of dimensions. With some small modifications we expect to be able to describe
also rotating black holes, but we will not discuss that here. We will further assume that
the Hartle Hawking state exists.

Shifts in the coordinate t define a symmetry of this metric denoted by K. We see that
K acts like a boost symmetry near ρ ∼ 0.

It is possible to define a Hilbert space around this solution. A first step is to notice that
there is a family of solutions characterized by the mass M and the relative time shift Trel
between the two sides. In other words, the physical time t on the two sides is given by

tLphys = t , tRphys = t+ Trel (2.2)

We can think of these physical times as the boundary times on the two sides. These two
classical variables obey the Poisson bracket [11] (see [12] for a discussion in JT gravity)

{Trel,M} = 1 (2.3)

so that a simple semiclassical quantization would make them canonically conjugate operators.
If there are gauge symmetries (discrete or continuous) there will be discrete gauge

field holonomies or Wilson lines, extending from the left to the right boundary, that also
characterize the configuration. This means we will need to sum or integrate over these.
In particular, these are present if Σ has isometries, which can be viewed as giving rise to
Kaluza-Klein gauge fields in the two dimensional geometry spanned by t, ρ.

As is completely standard, on this two sided geometry we can also define a Hilbert space
for quantum fields. We can choose the Hartle-Hawking vacuum state which is invariant under
K, and we can add perturbations by acting with quantum fields on this state.

As instructed by [1], we are also interested in a certain complex deformation of the
geometry that is defined as follows. In the original spacetime (2.1), ρ takes real value from
−∞ to ∞. However, we could in general consider complexifying (2.1), in particular, allow ρ

to be complex. In the complex plane of ρ, the real axis is a specific contour from −∞ to ∞,
which we denote by C. Now, for arbitrary time t, we deform the contour for ρ as

ρ = ρ̃− iϵ, ϵ > 0 (2.4)

near ρ ∼ 0 with real ρ̃.4 We denote this new contour as C̃, see figure 2. As we will see
in section 4, the precise form of this deformation away from the horizon does not play an

4In fact, [1] defined the deformation with an opposite sign, namely ϵ < 0. This is due to an opposite sign
in their convention compared to us - in their convention, the double cone computes Tr[eiKT ]. The importance
of the sign of ϵ will be clear from the general discussion in section 5.
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Figure 2. SSS [1] proposed a prescription to regulate the double cone geometry, by deforming the
slice of ρ on which the path integral for quantum fields is defined from the real axis C to C̃ that has a
tiny excursion into the lower half plane.

important role. Notice also that since the spatial manifold Σ remains finite size everywhere
in the geometry, we do not need to consider the effect of this infinitesimal deformation on it.
Since the new contour represents just a (complex) coordinate transformation of the solution,
it still a solution of the original gravity equations and its gravitational action is unchanged.

A different (but equivalent) perspective, which we will often adopt, is that we are fixing
ρ̃ to be real, but rather changing the real metric (2.1) (with ρ there substituted by ρ̃) to
be slightly complex

ds2 ∼ −(ρ̃− iϵ)2dt2 + dρ̃2 (2.5)

for real ρ̃ in the ρ̃ ∼ 0 region. By definition, the operator K̃ is the operator that generates
time translation in the complex metric (2.5). This operator is non-Hermitian, a fact that will
become clearer later. This perspective makes it clear at what stage the difference between
K and K̃ comes in. We can first consider a constant time slice, described by dρ̃2 + ds2

Σ,
and construct the Hilbert space of quantum fields living on it. The iϵ deformation doesn’t
show up in this step, which makes it clear that we have a single Hilbert space. The iϵ

deformation only comes in when we discuss the time evolution or the trace, where we need
to decide whether we are evolving between different slices with K or K̃. Notice that this
evolution is a boost-like evolution.

3 The wormhole as a trace and the normalization factor

The authors of [1] constructed a wormhole that involved a periodic identification of the time t.
They argued that this wormhole is an approximation to the spectral form factor |Z(β + iT )|2
of the quantum mechanical system that describes the black hole, suitably averaged over
couplings and for a suitable range of parameters where it displays a “ramp”. More precisely,
it was found that it is a bit better to think in terms of a modified spectral form factor
where the sum over states is weighted by a “window function” f(E) focusing on some range
of energies. For example, this could be a simple Gaussian function, which was the case
considered in [1]. Then we compute

|Zf (T )|2 , with Zf (T ) ≡ Trbdy[f(Hb)e−iHbT ] , (3.1)

– 5 –
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where Hb is the Hamiltonian of the quantum mechanical system describing the black hole.5

We added a subscript “bdy” to the trace to highlight it is a trace taken in the boundary exact
description. All the traces without the explicit subscript are taken in the bulk effective theory.

This interpretation implies that the double cone wormhole is supposed to compute

Zdc ∼
∫
dEdE′ρc(E,E′)e−i(E−E′)T f(E)f(E′) (3.2)

where the subscript “dc” stands for double cone. The function f(E) should have a width
much larger than 1/T . We are also in the regime where 1/T is larger than the energy spacing
between consecutive eigenvalues, meaning that T is not too large. In this regime, the connected
pair correlation function of eigenvalues, which arises due to the average, is given by [13]

ρc(E,E′) = − 1
2π2(E − E′)2 (3.3)

where we have assumed that the system has no symmetries and belongs to the gaussian
unitary ensemble.6 This formula is valid when |E −E′| is significantly larger that the typical
spacing between eigenvalues. An important point about (3.3) is that the normalization is
independent of the details of the system. Therefore we expect that this normalization should
be reproduced by the gravity computation. This was indeed checked in [1] for some cases.
We would like to give a general argument that is valid for any black hole.

First we note that when we insert (3.3) into (3.2) and integrate over E − E′ we get∫
dE

|T |
2π × f(E)2 =

∫
dE

∫ |T |

0
dT ′ 1

2π × f(E)2. (3.4)

The goal is to explain this from gravity, including the prefactor. In deriving this formula
we have assumed that the function f(E) is close to constant over a scale of energies up to
1/T . In other words, if we pick a gaussian

f(E) ∝ exp
[
−1
2
(E − E0)2

∆2
E

]
, (3.5)

then we require

∆ET ≫ 1. (3.6)

3.1 General gravity computation

We can understand the specific normalization in (3.4) from the gravity point of view as
follows. We interpret the gravity solution as a trace over two sided configurations

Zdc ∼ Tr[f(E)2e−iK̃T ] , (3.7)

Here K̃ is the generator of the boost-like isometries for the geometry deformed as in (2.4).
For what we will discuss now, we can replace K̃ by K in this formula. The difference between
them will be discussed in section 4.

5Not to be confused with the operator H appearing in the bulk discussion in the latter sections.
6For relativistic theories that have time reversal and spatial reflection symmetries, we should have an extra

factor of two in (3.3) and some of the following. See section 4 of [14].
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More precisely, the double cone wormhole involves a compactification of both the left
and right times tL ∼ tL + T and tR ∼ tR + T . This implies that we have a compactification
of the boost time shift variable discussed in (2.2),

Trel ∼ Trel + T. (3.8)

When we take the trace, we will have to sum over the family of classical wormhole con-
figurations parameterized by E and Trel. Since they are cannonically conjugate variables,
this means that the trace can be approximated by an integral over these variables with
the standard measure factor

dEdTrel
2π (3.9)

We now see that this reproduces the expectation from the spectral form factor (3.4). In
other words, we have

Tr[f(EL)f(ER)e−iKT ]T = Tr[f(E)2]T =
∫
dE

∫ |T |

0
dTrel

1
2π × f(E)2 (3.10)

where the left and right energies are the same and we used that K annihilates the empty
wormholes. In addition, the subscript T emphasizes that the relative time shift coordinate
Trel has also been identified as in (3.8). So, T appears in the definition of the phase space of
wormhole configurations. In deriving (3.10) we ignored the quantization of E that would be
implied by making Trel periodic which is reasonable in the approximation (3.6). We discuss
the issue of compactifying Trel further in section 5.1.

The formula (3.10) was independently derived by [15].
In addition, we need to take the trace over the quantum fields. This trace over the

quantum fields was computed in [1] for the special case of a near extremal black hole, where
the geometry can be approximated by AdS2. In the next section, we will discuss this trace
in general and argue that for large values of T , it becomes one, thus not modifying the
linear ramp at late time.

More precisely, we are saying that the full formula for the double cone wormhole partition
function is

Zdc ∼
( |T |
2π

∫
dEf(E)2

)
× Tr[e−iK̃T ] (3.11)

where the last trace is over the bulk quantum field theory Hilbert space, ignoring the mass
and relative timeshift variables. We will now describe the computation of the last factor.

4 The modified boost operator K̃

In this section, we consider a general finite temperature black hole with the metric (2.1), but
we now set the temperature to β = 2π. It is easy to restore factors of the temperature later.
We consider the complex metric (2.5), which results from setting ρ = ρ̃ − iϵ in (2.1). So,
when we solve the wave equation we can use the variable ρ, but when we join the solutions
from the left to the right we need to remember they are connected through the variable ρ̃.
K̃ is the operator evolving the fields with this complex metric.

– 7 –
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Using this definition of K̃ we can proceed to find its eigenvectors and eigenvalues.7 We
consider fields propagating on the geometry (2.1). After decomposing them into eigenfunctions
of the space Σ we have a two dimensional problem. We can say that the field has a definite
eigenfrequency ϕ(t, ρ) = e−iωtϕω(ρ), where ϕω(ρ) obeys the wave equation

1√
f(ρ)gΣ

∂ρ

[√
f(ρ)gΣ∂ρϕω

]
+ ω2

f
ϕω −m2

effϕω = 0 (4.1)

where m2
eff is the effective two dimensional mass after taking into account the higher dimen-

sional mass as well as the eigenvalue of the wave equation in the Σ space.8 We imagine that we
have an AdS boundary condition at large ρ which selects one of the two independent solutions
of (4.1).9 Let us denote that solution as Dω(ρ). It is defined up to an overall normalization
which we will not fix. It is the solution that obeys the proper boundary condition on the
right side, ρ > 0. There is a similar solution that obeys the proper boundary condition on
the left side. It is given by Dω(−ρ) for ρ < 0.

The two independent solutions near ρ ∼ 0 behave as ρ±iω. This means that the solution
we constructed behaves as

Dω(ρ) ∼ a(ω)ρiω + b(ω)ρ−iω , ρ > 0. (4.2)

Note that the boundary conditions set the ratio of a(ω)/b(ω). We have a similar expansion
for the left side solution

Dω(−ρ) ∼ a(ω)(−ρ)iω + b(ω)(−ρ)−iω , ρ < 0. (4.3)

Now, we have the requirement that the solution is analytic when we continue it through the
lower half plane, ρ→ e−iπρ, which is the same as going from positive to negative ρ̃ along the
real ρ̃ line, see figure 2. This means that the analytic continuation of (4.2) is

Dω(e−iπρ) ∼ a(ω)eπωρiω + b(ω)e−πωρ−iω = Λ(ω)Dω(ρ) (4.4)

where we equated this continuation with the left hand side (4.3) up to an overall constant
Λ(ω), since the solutions on each side are determined up to an overall constant. In particular,
this implies that the ratio of the two coefficients of ρ±iω should remain the same. There are
three ways this can be true: a(ω) = 0, b(ω) = 0 or ω = in, where n an integer.

The condition

a(ω) = 0 (4.5)

gives a quasinormal mode. These are modes that are non-singular in the future horizon.
To see this, it is useful to go to flat space coordinates near the horizon X± = ±ρe±t. The
full wavefunction (4.2) then behaves as

Dω(ρ)e−iωt ∼ a(ω)(−X−)iω + b(ω)(X+)−iω. (4.6)
7This argument was originally given in an appendix in [8]. We reproduce it here for convenience.
8We defined m2

eff = m2 − 1√
gΣ

∂α[gαβ
Σ

√
gΣ ∂β ] and we are imagining that we diagonalize the last operator.

It could generally be a function of ρ.
9One can apply the argument to flat space as well, where the boundary condition at infinity will be

outgoing.
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The future horizon is at X− = 0. The term involving a(ω) is rapidly oscillating and non-
analytic there. The solution becomes smooth at the future horizon if we set the condition (4.5),
which indeed defines the quasinormal modes.

The condition b(ω) = 0 defines anti-quasinormal modes which are regular in the past
horizon, X+ = 0. In a stable background, all solutions to (4.5) have a negative imaginary part.
The solutions of b(ω) = 0 are opposite in sign and have a positive imaginary part. We will
later argue in section 5 that as a more abstract definition of the quantum operator K̃ makes it
clear that it has non-positive imaginary part, so that only quasinormal modes can be proper
eigenvalues of K̃. We also present in appendix A a different point of view on the imaginary
part of K̃. Of course, by just solving the wave equation we get solutions with both signs.

Finally, if we instead assumed that a ̸= 0, b ̸= 0 and ω = in, then the two indices of the
radial equation would differ by an integer. Generically this means that the most divergent
solution near ρ ∼ 0 contains a logarithmic term, that is:

ϕ1 ∼ ρ−|n| + . . . .+ cρ|n| log ρ+ · · · , ϕ2 ∼ ρ|n| + · · · (4.7)

This logarithm gives an extra term when we go from the right to the left and will not match
the solution with the right boundary conditions. Generically we expect that the coeffcient of
the log term does not vanish, so that the mode will not obey the SSS boundary conditions.
In the very special case when the coefficient of the logarithm vanishes, then we see from (4.6)
that when n < 0 the mode is smooth at the future horizon, so it is also a quasinormal mode.10

Conversely, if the coefficient of the logarithm is non-zero, then the solution will not be smooth
at the future horizon and will not be a quasinormal mode.

So, we conclude that the quasinormal modes are right eigenvectors of the operator K̃
defined by doing evolution in the complex geometry defined by (2.1) and (2.5). We can
summarize this result through the simple eigenvalue equation for K̃

K̃ ϕQNM,n = ωQNM,n ϕQNM,n (4.8)

with ωQNM,n the n-th quasinormal mode of the system, and ϕQNM,n its wavefunction. Note
that here we used “right eigenvector” since K̃ is non-Hermitian, the right and left eigenvectors
are typically different. Another remark is that the modified boost evolution operator K̃,
defined through the complex metric, allows us to in principle define quasinormal modes
beyond the free field approximation. K̃ is an operator defined in the second quantized
theory and one could in principle include interactions. We can view the fields defined on
this geometry as the ordinary Hilbert space of the two sided black hole, but undergoing
evolution with a modified operator denoted by K̃.

This means that the contribution from the fields propagating on the background takes
the form

Zone−loop(T ) = Tr[e−iK̃T ] =
∏

ωQNM

1 + e−iωf T

1− e−iωbT
(4.9)

where ωf and ωb are the quasinormal mode frequencies of the fermions and the bosons. Here
the trace is just over the matter fields, the contribution from the unexcited wormhole states
was taken into account in (3.10).

10This special case arises for a massless field in AdS2 as discussed in [1], as we review in section 4.2.2.
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If all quasinormal modes have finite negative imaginary part, then (4.9) goes to one as
T → ∞. However, some quasinormal modes might be fairly long lived, such as high angular
momentum particles for black holes in AdSd, for d ≥ 4, [16] or hydrodynamic modes, see
section 4.1, so we need to wait until a later time for them to be suppressed. One can also
wonder how the backreaction from the one-loop determinant (4.9) modifies the double cone
geometry. In section 6, we provide a study of the backreacted geometry in AdS2.

In particular, note that we can define the Thouless time as the time where the random
matrix behavior takes over, see [17, 18]. This happens at a time T , defined to be the Thouless
time, when (4.9) becomes of order 1. In addition, we need that the disk contribution is
subleading, for the exponential window function (3.5) this requires ∆ET ≳

√
S(Ē).

When we think about quasinormal modes for black holes in AdS, it is useful to think about
the large mass limit [19, 20]. In that case, one can use a semiclassical geodesic approximation
to describe the quasinormal mode. The lowest quasinormal mode corresponds to a particle
wordline extended along the t direction and sitting a value of ρ = ρ∗ that extremizes its action

iI = −im
∫
dt
√
f(ρ∗) , f ′(ρ∗) = 0 (4.10)

In general the value of ρ∗ is complex and we should choose it appropriately as the one that
leads to the lowest imaginary part of the right sign in

√
f(ρ∗) [20]. This shows that the

lowest quasinormal mode frequency is ω = m
√
f(ρ∗) and that we could think of

ℓ =
√
f(ρ∗)T , (4.11)

or its imaginary part, as the effective size of the throat of the wormhole.
This discussion presents the quasinormal modes as solutions of an eigenvalue problem for

the non-hermitian operator K̃, the modified boost. In principle, this is an operator defined
in the second quantized theory and we can also consider interactions.

As a side comment, it was shown in [21] that the one-loop determinant, for a Euclidean
black hole (instead of the double cone) also admits a representation in terms of the quasinormal
modes. In [22] a trace interpretation for this formula was proposed. It would be interesting
to understand its relation to our discussion.

4.1 Contributions from diffusive and hydrodynamic modes to the one loop
determinant

In this section, we discuss the contribution from the low frequency quasinormal modes
associated to hydrodynamics, see [23] for a review. The contribution from each mode can be
very easily read off from (1.1), and one can compute the resulting hydrodynamic corrections
to the ramp.

As a simple example, consider a black brane and focus on the contribution from a
diffusive mode with dispersion relation

ω = −iDq2 (4.12)

where q (or really q⃗) is its spatial momentum. This can arise from a gauge field in the bulk and
it represents the diffusion of charge in the boundary [24]. It can also arise from the shear mode
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fluctuations of the metric [25], which are in the vector representation of the rotation group
that preserves q⃗. When we take the trace, each diffusive mode gives a contribution of the form

Tr [e−iK̃T ] =
∏
q⃗

1
1− e−Dq2T

(4.13)

where each term in the product comes from the multiparticle contribution from each mode.11

The one loop contribution is then

logTr [e−iK̃T ] = −V
∫

ddq

(2π)d
log
(
1− e−Dq2T

)
= V

(4πDT )
d
2
ζ

(
1 + d

2

)
(4.14)

where d is the number of spatial dimensions of the boundary theory. This matches precisely
the effective hydrodynamic description of the spectral form factor discussed in [18]. As
explained in [18], this factor can be viewed as the number of modes that has not decayed
up to time T , so these are conserved quantities. Here we see how this expected contribution
arises very simply from the bulk theory. Of course, this is not surprising once we know the
general connection between gravity and hydrodynamics [23], and the connection between
hydrodynamics and the spectral form factor [18].

With this method we can also naturally include contributions from other hydrodynamic
modes. In fact, the most relevant one at low energies is generally the sound mode, with
dispersion relation

ω = ±cs|q| − iDq2 (4.15)

with cs the speed of sound and D the mode decay rate. The contribution is different depending
on whether or not the number of dimensions d is even or odd. For d even we get

logTr [e−iK̃T ] = V

∫
ddq

(2π)d

∑
η=±

∞∑
n=1

e−iηncs|q|T−nDq2T

n
= V

4(−1)
d
2 Γ(d)

(4πc2
sT

2)
d
2 Γ
(

d
2
)ζ(1 + d) (4.16)

where the η sum stands for the two modes in (4.15), and we used the large time limit in the
second equality. The result is remarkably independent of D in this limit, and decays as a
power law similarly to the diffusive one. For d odd one finds instead

logTr [e−iK̃T ] = V
2(−1)

d−1
2 Γ(d+1

2 )cd
s

(4πD2)
d
2 Γ(d)

√
D

c2
sT
e−

c2
sT

4D (4.17)

which, unlike the result for even dimensions, is exponentially decaying and therefore much less
relevant at large timescales. These two results agrees with the hydrodynamic computation
in [27], which is again to be expected from holography.

11Here we focus on the contribution from non-zero modes. This corresponds to the answer where the two
sides are in the same representation R and have the same eigenvalues of the Cartan generators. The zero
mode needs to be treated separately following the disccusion below (2.3), which leads to an extra dim(R)2

prefactor [26]. We thank Douglas Stanford for asking this.
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4.2 The modified boost for the AdS2 case

In this subsection we consider a black hole with an AdS2 near horizon geometry. This case was
already discussed in [1]. Here we will review that discussion while emphasizing a few features.

AdS2 has an SL(2) isometry group generated by K, H and P satisfying the commutation
relations

[K,H] = iP, [K,P ] = iH , [H,P ] = iK . (4.18)

4.2.1 The modified boost obtained by conjugation

In this case, one can define a modified boost generator as [1]

K̃ ∝ K − iϵH (4.19)

where we used ∝ because the modified boost can be better defined as K conjugated by
an imaginary amount of P evolution

K̃ = eαPKe−αP = cosαK − i sinαH (4.20)

which for small α reduces to (4.19). This definition is more useful because for α > 0 it makes
clear that the eigenvalues of K̃ are independent of α. Also, close to the horizon P acts as a
translation operator, so conjugating by e−αP is the same as translating ρ by −iα close to the
horizon, which is the iϵ prescription proposed in [1], which we reviewed in section 2.

The original Rindler patch of AdS2 is parameterized by a radial coordinate ρ and a
boost time parameter t, so it has line element

ds2 = − sinh2 ρ dt2 + dρ2 (4.21)

with ρ going from −∞ to ∞. For α ≪ 1, the effect of conjugating K by e−αP reproduces
the general discussion that we reviewed in section 2, where the metric of the deformed
spacetime can be written as

ds2 = − sinh2(ρ̃− iα)dt2 + dρ̃2 (4.22)

where ρ̃ takes real value. The modified boost K̃ is the time evolution operator in this
complex metric.

One special aspect of AdS2 is that we can go beyond small values of α in (4.22). In
particular, there is a special value, α = π/2 (see the blue dashed line in figure 3), where
the metric becomes

ds2 = cosh2 ρ̃ dt2 + dρ̃2 , for α = π

2 (4.23)

This is the metric of Euclidean AdS2 and t becomes the Euclidean time, the modified boost
operator becomes −i times the global AdS2 Hamiltonian H, K̃ = −iH. The Euclidean
evolution gives an intuitive explanation in this case why the matter contribution goes to
one at late time in this case.
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Figure 3. By changing K into K̃, we are deforming the contour away from the real ρ axis C, into a
contour C̃ with constant and negative imaginary part. Furthermore, when the imaginary part becomes
−iπ/2, the metric on the contour becomes that of Euclidean global AdS2.

4.2.2 The quasinormal modes by explicit computation

We now turn to a discussion of the quasinormal modes. For that it is convenient to define
a new variable r via

sinh(ρ̃− iα) = 2r
1− r2 , or r = tanh

(
ρ̃− iα

2

)
(4.24)

so that the metric becomes

ds2 = 4
(1− r2)2 (−r

2dt2 + dr2) (4.25)

with the boundaries at r = ±1. It is particularly easy to solve the wave equation for a massless
scalar field with Dirichlet boundary conditions. Since the metric is conformally flat we just have
to solve the equation of motion in flat space. The eigenstates of K̃ have form ϕ = e−iωtϕω(r),
with ϕω = aωr

−iω + bωr
iω. Imposing the boundary conditions as well as continuity from ρ̃

positive to negative, which implies analyticity in r in the Im(r) < 0 region (4.24), we find
ωn = −in with n an integer different from zero. The associated solutions are

ϕn ∼ (r−n − rn). (4.26)

4.2.3 The quasinormal modes from a more elegant computation

There is another more elegant and direct way to get the quasinormal modes for any field based
on the following observation. As we observed in (4.23), for α = π/2 we have K̃ = −iH (4.20).
H is the generator of global time translations in AdS2 and the eigenvalues of H are given
by ∆ + n, where ∆ is the usual dimension of the field and n ≥ 0. The case of the scalar
field discussed above is ∆ = 1. We can leverage this observation to find the eigenvalues and
eigenvectors for all other values of α by noticing that

K̃ = eαPKe−αP = −ie−( π
2 −α)PHe( π

2 −α)P (4.27)

The fact that we get K̃ by conjugation from −iH (4.27) explains why the eigenvalues
of K̃ are independent of α. In fact, the eigenstates of K̃ can also be simply obtained from
those of H. A non-Hermitian operator has different right and left eigenstates, with the
same eigenvalue. Here they are given by

|{ñr}⟩ = e−( π
2 −α)P |{n}⟩ , ⟨{ñl}| = ⟨{n}| e( π

2 −α)P , (4.28)
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where {n} = {n1, n2, . . .} standing for an occupation number list of the various one-particle
states, and |{n}⟩ denoting the eigenstates of H. In particular, empty AdS2 is annihilated by
K̃ since it is invariant under SL(2) transformations, e−( π

2 −α)P |0H⟩ = |0H⟩, and it is the usual
AdS2 vacuum state. The left and right eigenvectors are not orthogonal within each group.
However, the left/right eigenvectors are orthogonal to the corresponding right/left eigenvectors〈

{ñ′l}
∣∣{ñr}

〉
= δ{n′},{n}. (4.29)

Furthermore, these eigenvectors obey a kind of completeness relation that follows by con-
jugation from that of the eigenvectors of H∑

{n}
|{ñr}⟩ ⟨{ñl}| = e−( π

2 −α)P ∑
n

|{n}⟩ ⟨{n}| e( π
2 −α)P = e−( π

2 −α)P I e( π
2 −α)P = I (4.30)

In conclusion, this method makes it clear that the eigenvalues of K̃ are purely negative
imaginary, independent of α, and given by the eigenvalues of −iH. In addition, we can also
get the explicit form of the eigenvectors, or quasinormal modes.

Note that K and K̃ in (4.27) would be unitarily equivalent if α were purely imaginary.
On the other hand, when α is real, the relation between the two is more subtle since P is
an unbounded operator so that eαP |ψ⟩ might not be in the Hilbert space even though |ψ⟩ is
in it. We will discuss this in more detail in a toy model in section 7.

We expect that quasinormal modes are useful for describing the late time behavior
of field configurations. However, they cannot be used to describe some early time cases,
see appendix B.

4.3 Effect of different couplings in the spectral form factor

In this subsection, we discuss an application of the modified boost operator K̃ for a problem
that is a small modification of the double cone which was originally discussed in [6]. They
considered the analogue of the spectral form factor computed for hamiltonians with slightly
different couplings, HL = H + gO, HR = H − gO, where one expects [28, 29]

Trbdy[eiT HL ]Trbdy[e−iT HR ] ∝ T

2πe
−Cg2T (4.31)

where C is some constant related to the two point functions of the operator O.
It turns out that the coefficient in the exponent is related to the value of K̃ in the

bulk field configuration that results on the complexified geometry after turning on the
boundary values of the fields associated to the coupling g. In the rest of the section we
discuss this more explicitly.

While the result is general, let us give as an explicit example the case of a massless field
in AdS2. We choose the metric as written in (4.25)

ds2 = 4
(1− r2)2 (−r

2dt2 + dr2) . (4.32)

The right and left boundaries are located at r = ±1 respectively, and r goes over a curve in
the lower half plane connecting these two points. The precise shape of this complex curve
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is not important. Since the metric is conformally flat, the general solution for a massless
field that is time independent is

χ(r) = a+ b log r. (4.33)

Imposing that χ(±1) = ±g and that the field is continuous along the complex curve in
the lower r plane we get

χ = g

(
1− 2i

π
log r

)
. (4.34)

Using this configuration we can compute the value of K̃ as

K̃ = 1
2

∫
rdr(∂rχ)2 = −2g2

π2

∫ 1

−1

dr

r
= −i2g

2

π
(4.35)

where we used a contour in the lower half plane to do the integral. This means that in the
bulk there is a “vacuum energy” contribution

Tr[e−iK̃T ] = e−
2
π

g2T (4.36)

which is of the form (4.31) with C = 2/π. Of course, this also agrees with the expression
discussed in [6] with

C = −1
2Grr(ω = 0) (4.37)

were Grr is the symmetrized two point function in the boundary defined by Grr(t) =
−1

2
〈
{O(t) ,O(0)}

〉
. Note that in this calculation we have taken the inverse temperature

of the black hole to be 2π.

5 Connection to the large N limit and von Neumann algebras

We discussed the idea of thinking about the double cone as a trace over the bulk Hilbert
space. In this section, we make this more precise and discuss differences from other possible
traces one can define in the bulk, using the language of von Neumann algebras. As we will
see in section 5.2, this perspective also provides us with a more general definition of the
modified boost operator using the large N algebra.

5.1 The standard wormhole Hilbert space and its trace

In this subsection, we would like to discuss the connection between the trace we have for the
double cone in (3.10) and the more standard trace we would define for the standard wormhole.
Here by standard wormhole we simply mean the spatial wormhole in the Lorentzian two
sided black hole geometry. In short, the difference is that in the first we compactify the
Trel coordinate and we do not in the second.

Let us first consider the usual wormhole, with no identifications.
The Hilbert space for this wormhole is generated by all the quantum fields in the bulk

as well as the M and Trel variables discussed around (2.2). More precisely, it is more
convenient to introduce the variable m = M −M0 where M0 is some large classical mass
of the background and m is some deviation from it which is of order one in the GN → 0
expansion. This is a type I∞ algebra.12 The full Hilbert space is HQFT × L2(R), where the
last factor includes m and Trel as conjugate variables.

12See [30] for a review of various types of von Neumann algebras.
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With these definitions, we can view this algebra as the same algebra that arises when
we take the microcanonical thermofield double discussed in [3] and consider the algebra of
large N operators acting on both sides. In that description the m and Trel variables arise
by multiplying the microcanonical thermofield double state by functions of m and evolving
the right side relative to the left side.

As a side remark, we can think of Trel as arising from the fact that the thermofield
double is breaking the time translation symmetry (though it preserves the time translation
generated by HR−HL). This breaking is very sharp in the large N limit and for the canonical
thermofield double state. For this reason we can call Trel a “time superfluid mode”, since it is
arising from the breaking of a time translation symmetry, in the same way that an ordinary
superfluid mode arises from the breaking of a U(1) symmetry.

In [2, 3] it was argued that this algebra can be factorized into two type II∞ factors. It
was shown that one can define finite operators

hR = HR −M0 = m+K/2 , hL = HL −M0 = m−K/2 , K = hR − hL. (5.1)

Note K is a well defined operator in HQF T .
The spectral form factor in the boundary theory can be viewed as the trace

|Zf (iT )|2 = Trbdy
[
f(HR,b −M0)e−iT HR,bf(HL,b −M0)eiT HL,b

]
(5.2)

where f is the window function introduced in (3.1). For the discussion in this section, we
choose it to have a width that is order one. This involves the product to two operators,
one acting on each copy. In addition, the trace itself can be written as a product of two
traces over each of the copies.

One is therefore tempted to think that (5.2) might have some connection with

Zwh ≡ Trtype I[f(hR)e−ihRT f(hL)eihLT ] (5.3)

where this trace is taken over the standard wormhole Hilbert space. This looks particularly
nice because we have two factorized operators. However, this expression is divergent as
we explain below.

After choosing the gaussian function f(h) = 1√
2π∆E

e−h2/(2∆2
E) we find that the trace

in the right hand side of (5.3) can be written as

Zwh = 1
2π∆2

E

Trtype I

[
e
− m2

∆2
E e−iKT e

− K2
4∆2

E

]
= 1

2π∆2
E

TrL2(R)

[
e
− m2

∆2
E

]
TrHQFT

[
e−iKT e

− K2
4∆2

E

]
(5.4)

where we factorized the trace into the two Hilbert space factors discussed above. Now, each
term has an infinity. The first term is infinite because of the infinite volume of the Trel
coordinate. The second term is infinite due to the continuous spectrum of the operator K.
One would naively say that both infinities are of order eS(M0). These infinities are physical.
They are related to the fact that in (5.2) there is a disconnected contribution that is formally
very large, of the order of e2S(M0).13 We can think of the divergence we encountered here
as a contribution to the disconnected contribution.

13By disconnected contribution, we mean the contribution to (5.2) coming from two disconnected geometries
where the radial and time dimensions are disks, topologically. Note that we are considering T of order one, so
the disconnected disk topology still gives an exponentially large answer.
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As a related point, one might also be tempted to say that (5.3) is the product of two
traces in the type II algebras discussed in [2, 3]. However, this is not the case. In fact

Zwh ̸= Trtype II
[
f(hR)e−ihRT

]
Trtype II

[
f(hL)eihLT

]
. (5.5)

First note that for a gaussian f , each of the type II traces is well defined. We do not expect
to be able to set the proportionality constant due to the ambiguity in defining the trace, and
that proportionality constant is of order e2S(M0). On the other hand, Zwh is infinite, as we
discussed previously, so that this formula does not make sense. However, the right hand side
of (5.5) is indeed proportional (up to a e2S(M0) factor) to an expected contribution to (5.2)
which consists of two separate disks, the disconnected contribution.

Returning to the expression in (5.4), let us discuss first the second factor in (5.4), which
can be regulated by introducing the modified boost operator K̃. We will discuss a general
algebraic construction of K̃ in section 5.2, but for now, let us assume such an operator exists, or
we simply adopt the geometric definition discussed in section 2. One simple way of regulating
the calculation will be to replace all the K’s in (5.4) by K̃. However, since K̃ has complex
eigenvalues, we can run into trouble from a K̃2 term in (5.4). We can imagine restricting the
sum over quasinormal modes so that the K̃2 term does not become large. We can write

Tr[e−iKT e
− K2

4∆2
E ] ∝

∫
dσe−∆2

Eσ2Tr[e−i(T +σ)K ] (5.6)

So we see that the trace of the last expression is basically what we had considered in previous
sections, and we can regularize it by taking K → K̃. This means that this trace can be
viewed as putting the bulk quantum fields on the modified double cone. We will discuss
the gravitational degrees of freedom below.

Another way of regulating the trace in (5.4) would be to only modify the boost operator
in the evolution e−iKT to K̃. In other words, we are keeping the energy window function
f(h) fixed, but only deform the evolution operator. This means that we need to compute

Tr[e−iK̃T e
− K2

4∆2
E ] and this is well defined.14

Of course, the trace Tr[e−iK̃T ] is computed by the path integral of the bulk quantum
fields in the modified wormhole. This already looks a bit like the double cone. However,
there is another issue that we will turn to.

Let us now concentrate on the first factor in (5.4). This trace has the form

1
2π∆2

E

TrL2(R)

[
e
− m2

∆2
E

]
= 1

2π

∫ ∞

−∞
dTrel

∫
dmf(m)2 (5.7)

where we used a gaussian form for f . The first integral is infinite due to the volume of Trel.
In our discussion of the double cone we have compactified Trel ∼ Trel + T . So we see that

the trace we defined in the double cone is actually not the same as the naive trace we would
define in the wormhole Hilbert space. In other words, the double cone Zdc is not equal to
Zwh. As we said, Zwh is infinite due to the Trel integral while the double cone is finite.

14We can evaluate it in the basis of eigenstates of the ordinary boost, so that we
get

∫∞
−∞ dωµ(ω) ⟨ω| e−iK̃T |ω⟩ e−ω2/(4∆2

E). We expect this integral to be well defined since∫∞
−∞ dωµ(ω) ⟨ω| e−iK̃T |ω⟩ is finite.
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In this discussion we are emphasizing the fact that even though we motivated our
discussion of the measure factor from the Hilbert space of the wormhole, the compactification
of Trel is part of the definition of the Hilbert space of the double cone. We are saying that,
by definition, it has Trel compact with period T . In other words, the compactification of
the Schwarschild time t ∼ t+ T comes automatically because we consider Tr[e−iK̃T ]. But
the compactification of Trel needs to be put in “by hand”, as part of the definition of the
double cone geometry.

In order to further understand the relation between the double cone and the ordinary
wormhole, let us change the operator we consider in such a way that we get a finite trace
even for the standard wormhole. Instead of (5.4) we consider the operator

Ẑwh = TrL2(R)
[
f(m)2g(Trel)

]
TrHQFT

[
e−iK̃T e

−K2

4∆2
E

]
(5.8)

where g is a function that decreases sufficiently fast to have a finite integral. Now the
first factor leads to

1
2π

∫
dmf(m)2

∫ ∞

−∞
dTrel g(Trel) (5.9)

and this last integral is finite. It can be rewritten as

∫ ∞

−∞
dTrel g(Trel) =

∫ T

0
dTrel gp(Trel), gp(T ′) =

∞∑
n=−∞

g(T ′ + nT ) (5.10)

where we defined a new periodic function gp from the first function g. This second function
is one we could consider in the double cone Hilbert space.

So we see that inserting g in the original wormhole trace is the same as inserting gp in
the double cone problem. Then we conclude that

Ẑwh = TrL2(R)
[
f(m)2g(Trel)

]
TrHQFT

[
e−iK̃T e

−K2

4∆2
E

]
= Ẑdc,

Ẑdc = TrL2(S1)
[
f(m)2gp(Trel)

]
TrHQFT

[
e−iK̃T e

−K2

4∆2
E

]
(5.11)

where L2(S1) is indicating that we compactified Trel.
So we conclude that after inserting a suitable operator g, the ordinary trace in the

wormhole Hilbert space is the same as the trace in the double cone Hilbert space of a different
operator gp, a periodic version of g. We could choose any function g as long as its integral is
finite. One example would be to take the minimal length geodesic between the left boundary
at Schwarzschild time zero and right boundary at some time t. Let us call its length ℓ(t) and
define g(t) = e−κℓ(t). Then we see that gp looks a bit like a sum over geodesics that wind
around the double cone, see the discussion in appendix A.2 of [14].

The conclusion of this discussion is that the double cone Hilbert space is different than
the usual wormhole Hilbert space. The difference is the compactification of the time Trel.
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Figure 4. Definition of the subregions R, R+, R−.

5.2 Algebraic construction of the modified boost

Here we give an alternative definition of the operator K̃ for general black holes that highlights
some its features.

As discussed in [1], and reviewed in 4.2, for the AdS2 case we can view the operator K̃
as related by conjugation to K by a complex “translation”

K̃ = eϵPKe−ϵP . (5.12)

Near the horizon P acts as a spatial translation.
For a general black hole, we had defined K̃ as the operator generating time translations

using a complexified metric following (2.1) and (2.4). This complexification of the metric
is really important only near the horizon. But near the horizon we can view the metric
as the metric of flat space. In that flat space approximation, besides K, we also have the
space and time translation generators P and H. And the complexification of the metric
can indeed be viewed as a conjugation

K̃ = eϵPKe−ϵP . (5.13)

This can be understood more explicitly by looking at the shift of ρ in the near horizon
region given by (2.5). If we define the flat space coordinates X± = ±ρe±t, then we see that
X1 = 1

2(X
+ −X−) = ρ cosh t. This implies that a shift of ρ downwards in the complex plane

is essentially a translation in the X1 direction by an imaginary amount, leading to (5.13).
Now, in a general black hole, P andH are not exact symmetries, they are only approximate

symmetries in the near horizon region. However, using features of the bulk von Neumann
algebras one can define operators we will call P̂ and Ĥ. They can be defined as follows
in the bulk, in the quantum field theory approximation. We consider the right wedge R
and two subwedges R+ and R− as in figure 4. We then consider the modular Hamiltonians
associated to these subregions. KR is what we have been calling K so far. We also have
KR± . We then define

P̂− = KR −KR+ , P̂+ = KR −KR− . (5.14)

Using results from [31–34] one can see that the operators P̂± are positive definite and
annihilate the vacuum. In general they do not act in a geometrically simple way, see [10] for
some explicit formulas for free bulk fields. However, near the horizon they act as ordinary
null translations. In addition, they can be shown to obey [31–34]

[K, P̂±] = ±iP̂±. (5.15)
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Note that we are not making any statements about [P̂+, P̂−], so that we should not confuse
P̂± with ordinary translations (or SL(2) generators). They only look like translations in
the near the horizon region.15

We then define

P̂ = P̂+ − P̂−, Ĥ = P̂+ + P̂− (5.16)

where we have not been carefull about the overall normalization since it depends on the
definition of the regions. Since P̂± annihilate the empty wormhole state, P̂ and Ĥ also
annihilate it. In addition, since P̂± are non negative so is Ĥ.

This means that we can define the operator

K̃ = eϵP̂Ke−ϵP̂ . (5.17)

This formulation has some advantages which are the following. First we see that since
P̂ annihilates the thermofield double, then so does the operator K̃. This means that the
thermofield double is a state left invariant by both K and K̃. Second, the right eigenvalues of
K̃ are expected to be independent of ϵ. Given the right eigenstates of K̃ϵ we can find the ones
for K̃ϵ′ by acting with e(ϵ′−ϵ)P̂ on the eigenstates of K̃ϵ and they will have the same eigenvalue.

Finally, expanding K̃ to first order in ϵ we find

K̃ = K + ϵ[P̂+ − P̂−,K] +O(ϵ2) = K − iϵĤ +O(ϵ2) (5.18)

where we used (5.15). Given that K is hermitian and Ĥ is semipositive definite one can show
that the eigenvalues of K̃ have nonpositive imaginary part. This is proved as follows. Take,
|λ⟩ a right eigenvector of K̃, then λ = ⟨λ|K̃|λ⟩ = ⟨λ|K|λ⟩ − iϵ⟨λ|Ĥ|λ⟩. Since K is hermitian,
the first term is real and since Ĥ ≥ 0, we find that Im(λ) ≤ 0.

Note that the deformation we propose in (5.17) is slightly different than the iϵ prescription
in [1], which is based on considering the complexified geometry. In particular, the operator
in (5.17) is not expected to act geometrically, even after we complexify the geometry. However,
near the horizon we expect that the two deformations act in the same way.

In this construction, we have ignored the time shift zero mode and we have used the bulk
field theory. In particular, we have used the type III1 structure of bulk quantum field theory.

5.3 Implications for the interpretation of the double cone

Everything discussed in the last subsection involves just the bulk theory. However, the main
point of [10] was to offer a boundary interpretation of these operators as arising from the
large N limit. That implied, in particular, that their boundary versions P̂±

b and also Ĥb

and P̂b are two sided operators. Therefore, K̃b defined as K̃b = eϵP̂bKbe
−ϵP̂b , is a two sided

operator, which is not just the difference of two one sided operators such as Kb ≡ HR −HL.
Therefore, if we think of the iϵ prescription of Saad, Shenker and Stanford [1], not as a

mathematical trick, but as a change in the problem, as in (5.17), then we understand why
evolution by K̃ involves a coupling between the two sides.

15For the special case of JT gravity one can write a more explicit form for these generators [35], where they
actually act geometrically. See also a chaos based discussion of similar generators in [36], as well as [37] for
relation to the interior.
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In other words, we can interpret the double cone wormhole, with the iϵ prescription,
in the boundary theory as

Tr[f(hL)e−iK̃T f(hR)] = Trbdy
[
f(hL)e−iK̃bT f(hR)

]
N=∞

(5.19)

where the first trace involve bulk quantities while the second is a trace in the large N von
Neumann algebras of the boundary theory. Of course K̃b is related by conjugation by P̂b

to Kb. Notice that this trace in the large N algebra does not factorize.
Note that when we talked about P̂b and Ĥb above we discussed their construction in

terms of a particular large N limit, as in [10]. We have not demonstrated that they can be
defined at finite N . To understand the finite N construction, we need a better understanding
of what type of physical operation in the boundary theory would generate K̃ in the bulk. In
systems where a boundary theory is available, such as the SYK model, we can then have
a finite N definition of operators which act as the SL(2) generators on the Hilbert space
of the wormhole [35], see also [38].

This discussion suggests that the definition of K̃ involves a coupling between the two
sides. Though this seems to be true in this way of introducing the deformation, there is one
other way to introduce a deformation which does not involve a coupling between the two
sides. This involves imaginary couplings and we will discuss it in section 6.3.

As a side comment, a similar iϵ prescription arises when we discuss hydrodynamics of
thermalization [39–41]. It can probably be discussed in a similar way.

6 Analyzing the backreaction of the matter fields in the case of JT
gravity plus matter

So far, we have studied the matter fields on the double cone solution without taking into
account their backreaction on the gravity solution. It is natural to ask how the backreaction
would modify the double cone solution, and, in particular, what it implies for the modified
boost evolution. We will study this problem in JT gravity plus matter consisting of a
conformal field theory in the bulk with a large central charge c. This assumption is made
so that we can treat the problem using classical saddle points. We will find the correction
to the solution from two different perspectives in section 6.1 and 6.2. It will turn out that
the solution has a puzzling feature on which we comment in section 6.4.

6.1 Finding the backreacted solution using the Schwarzian description

6.1.1 Review of the case with no matter

To be concrete, we consider the spectral form factor defined in (3.1), with specific window
function

f(E′) = e
− (E′−E)2

2∆2
E . (6.1)

The spectral form factor |Zf (T )|2 can then be computed as

|Zf (T )|2 = ∆2
E

(
√
2πi)2

∫
dβL dβR e

(βL+βR)E+ 1
2 (β2

L+β2
R)∆2

EZ(βL − iT )Z(βR + iT ), (6.2)

where we integrate βL, βR along the imaginary direction.
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We consider the bulk metric ds2 = −dt2 sinh ρ2 + dρ2 and write the Schwarzian variable
in terms of tL(uL) and tR(uR). We consider a solution with

t ∼ t+ b , tL = b uL

βL − iT
, tR = b uR

βR + iT
(6.3)

where uL,R are Euclidean boundary times. Here b is a parameter to be integrated over. In the
classical limit, we can put (6.3) into the Schwarzian action, and find that we need to extremize

(βL + βR)E + 1
2(β

2
L + β2

R)∆2
E − ϕrb

2

2

( 1
βR + iT

+ 1
βL − iT

)
(6.4)

with respect to b, βL and βR. This gives

b∗ =
√

2E
ϕr
T, βL = βR = 0, (6.5)

which implies that we have the pure lorentzian double cone geometry.

6.1.2 Adding the matter

When we add matter fields, we will be deforming the geometry to ρ = ρ̃ − iϵ

ds2 = − sinh2 ρdt2 + dρ2 = − sinh2(ρ̃− iϵ) dt2 + dρ̃2, t ∼ t+ b (6.6)

so that the matter partition function is well defined and makes an extra contribution logZm(b)
to the effective action (6.4). Of course, as was discussed in [1] and reviewed in section 4.2,
in AdS2, we can rewrite it as

Zm = Tr
[
e−bH

]
(6.7)

where H is the global AdS2 Hamiltonian. After extremization we get

βR : E + βR∆2
E + ϕrb

2

2(βR + iT )2 = 0

βL : E + βL∆2
E + ϕrb

2

2(βL − iT )2 = 0

b : ϕrb

( 1
βL − iT

+ 1
βR + iT

)
+ E(b) = 0,

(6.8)

where we have defined

E(b) ≡ −∂b logTr
[
e−bH

]
(6.9)

which is a positive quantity for b > 0. From this, we can immediately see from the third
equation in (6.8) that, at least perturbatively, we will have a saddle point value of βL+βR < 0.
More explicitly, we can solve (6.8) perturbatively to the linear order in the backreaction,
and find the saddle point:

βL+βR ≈ −E(b∗)T√
2ϕrE

, βR−βL ≈ −i
√

2E
ϕr

E(b∗)
∆2

E

, b = b∗−E(b∗)
4E2 +∆2

ET
2

4ϕrE∆2
E

, (6.10)
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where b∗ was defined in (6.5). Notice that since βR − βL is purely imaginary, we can define

T ′ ≡ T − i
1
2(βR − βL) , β ≡ 1

2(βR + βL) (6.11)

so that, at the saddle point, we can think of the period identifications in the gravitational
path integral as β ± iT ′. Since we no longer have a purely Lorentzian evolution on the
boundaries, it suggests that the two physical boundaries are in fact located in the upper
half plane of ρ coordinate in (6.6).

In particular this suggests that the saddle point geometry has the form

ds2 = − sinh2(ρ̃− iα)dt2 + dρ̃2 , tanα = β

T ′ or α ≈ β

T
(6.12)

Since β < 0, (6.10), we have a deformation with the “wrong” sign. The negative saddle
point value for β is reminiscent of the discussion in [6], where a negative saddle point was
also found when the couplings on the two sides of the wormhole are slightly different. In
fact, though the physical setup is different, the mathematical reason is essentially the same.
The different couplings imply that on the Im(ρ) = −π/2 section we have a scalar field with
a nontrivial profile that produces a positive energy E . Once we know this, the rest of the
argument is the same, including equation (6.10). Even though our discussion has been for
JT gravity, we expect a similar looking deformation for more general black holes in other
dimensions. The reason for this expectation is that the sign of the deformation parametrized
by β is set by a general property such as positive energy in the bulk.

6.2 Finding the backreacted solution using a local bulk perspective

The negative saddle point value of β in (6.10) can also be derived from a more local bulk
perspective, by finding the form of the bulk dilaton. We can use the fact that in JT gravity
the AdS2 metric is rigid and stick to a fixed metric

ds2 = − sinh2 ρdt2 + dρ2, t ∼ t+ b, (6.13)

and determine where the asymptotic boundaries are located in this coordinate system. This
location is set by the physical requirement that the dilaton ϕ goes to positive infinity there.
Without backreaction, the boundaries are simply at ρ = ±∞ as usual, but as we will explain,
this changes when we take backreaction into account.

With no backreaction taken into account, the dilaton profile on (6.13) is given by

ϕ = ϕh cosh ρ, (6.14)

where ϕh is the value of dilaton at ρ = 0, and in our conventions, it is related to ϕr, E by
ϕh =

√
2ϕrE. Now, the nonzero stress tensor coming from the matter fields generates a new

piece for the dilaton, which we find as follows. The SSS prescription for (6.13) is that we
should deform the contour for ρ into the lower half plane. In particular, we can deform it
to ρ = −iπ/2 + ρ′, where in terms of ρ′ the metric looks like

ds2 = cosh2 ρ′dt2 + dρ′2, t ∼ t+ b. (6.15)
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On the slice parametrized by real ρ′, the metric (6.15) is Euclidean global AdS2. Since the
time direction is compactified with period b, the matter fields are in a thermal state, therefore
having a nonzero stress tensor. For simplicity we assume that the matter fields are described
by a conformal field theory.16 For convenience, we do a further coordinate transformation

1
sin σ′ = cosh ρ′, 0 < σ′ < π, (6.16)

such that the metric becomes

ds2 = dt2 + dσ′2

sin2 σ′
, 0 < σ′ < π. (6.17)

Since we have a conformal field theory, the stress tensor is the same as the one on a
(compactified) flat strip

Ttt = −Tσ′σ′ = −E
π
, (6.18)

where E is the total energy on the strip, which is equivalent to what we defined in (6.9). The
dilaton profile that sourced by (6.18) can be found in appendix C of [42], which gives17

δϕ = −E
π

(
π
2 − σ′

tan σ′ + 1
)

= −E
π

[
sinh ρ′

(
2 arctan eρ′ − π

2

)
+ 1

]
. (6.19)

So in terms of the original coordinate ρ, the total dilaton is given by

ϕ = ϕh cosh ρ− 2iE
π

[
cosh ρ arctan

(
tanh

iπ
2 + ρ

2

)
− i

2

]
. (6.20)

With the expression for the dilaton, we can now look at when it approaches +∞, which
determines where the physical boundaries are located in coordinate ρ. For the right boundary,
we have ρb = ρc + iδρ, with real ρc ≫ 1, and

ϕb = ϕ(ρc + iδρ) ≈ eρc

2

(
ϕh + iϕhδρ− i

E
2

)
, (6.21)

where we only kept the expansion to linear order of δρ ∼ E . Note that ϕh is real to leading
order. Then, demanding (6.21) to be real we get

δρ = E
2ϕh

= E
2
√
2ϕrE

. (6.22)

In principle, ϕh could get an imaginary part at linear order in E . However, by demanding
that the boundary condition is also satisfied on the left, i.e. ρ = −ρc + iδρ, with the same δρ
determined by (6.22), ϕh is constrained to remain real at linear order.

We can now compare the result (6.22) with what we had gotten in 6.1. There we
found that the physical boundaries, relative to the slice where the metric takes the form

16The vacuum contribution to the stress tensor cancels out the contribution from the conformal anomaly.
17In [42], the energy was negative due to coupling the two sides. Here instead we have positive energy so

there is a sign difference.
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Figure 5. When we take into account the backreaction of the matter field, the physical boundaries
of the spacetime are no longer on the real axis of ρ, but instead become in the upper half plane, at
the two ends of the red line. The generalized SSS prescription would be to take a contour (shown in
green) that takes a detour below ρ = 0. Another possibility is to take a contour that is parametrized
by real parameter ρ̃ (shown in blue).

of (6.13), has a positive displacement −α in the imaginary direction (see figure 5), determined
by (6.12) and (6.10)

−α = − arctan β

T ′ =
E

2
√
2ϕrE

+O(E2). (6.23)

We see that it matches precisely with (6.22) at leading order in E . It would be interesting to
also understand how to compute the other quantities in (6.10) from this local perspective.
Note that it would involve taking into account the energy width ∆E properly, which we
have not done in this calculation.

It is interesting to note that the backreacted dilaton is singular at the bifurcating
point ρ = 0

ϕ ∼ −E
π
log ρ, ρ→ 0. (6.24)

The singular behavior comes from the singular behavior of the stress tensor for the matter
field near ρ = 0. To see this more explicitly, we can use (6.18) and work out the stress tensor
in terms of the original coordinates ρ, t. One finds

Ttt = −E
π
, Tρρ = − 1

sinh2 ρ

E
π
, (6.25)

from which we see that Tρρ is singular at ρ = 0. The singularity becomes more intuitive if
we go to the light cone coordinates X± = ± tanh ρ

2e
±t. We have

T++ = − E
2π

1
(X+)2 , T−− = − E

2π
1

(X−)2 . (6.26)

In other words, we find that the stress tensor is singular both at the past and future horizon.
Of course, both horizons are not in the double cone geometry due to the quotient in time
as well as the complex deformation. Here we are analytically continuing the stress tensor
to the horizons.
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6.3 A double cone wormhole-like solution with the right sign of displacement

In this section, we consider a modified problem which results in a deformation of the geometry
which does indeed have the “right sign”. This involves adding an imaginary coupling in such
a way that the microscopic computation is

Trbdy
[
eiT (HL,b−igOL,b)

]
Trbdy

[
e−iT (HR,b+igOR,b)

]
(6.27)

Notice that the total evolution operator is non-hermitian and the left side operator is the
hermitian conjugate of the right side one (we are assuming that O is hermitian and g is real).
We can consider the simplest case where O is dual to a bulk massless scalar field χ. We are
then putting boundary values at the left and right boundary of the form χR = ig, χL = −ig.
This problem was considered in [15, 43]. The result of putting two different boundary values
is that the scalar field will have a gradient across the bulk and it leads to a negative energy.
The same problem but with two different real values of the scalar was studied in [6] and
discussed in section 4.3, where it lead to positive energy. The sign changes due to the extra i.

If we imagine a large number of such fields, then we can use the classical backreacion anal-
ysis of section 6.1, and formula (6.10) where now E < 0 and then β > 0 which through (6.12)
leads to a deformation with the “right” sign.

Notice, that this would additionally lead to an extra contribution proportional to e−b∗E(b∗)

which grows exponentially with T , after using (6.5) and that E < 0. We could subtract
this by modifying the boundary Hamiltonian by the addition of an imaginary ground state
energy. This ground state energy would be state dependent, in the sense that it would
depend on the value of E, the energy of the background solution for the double cone (or
mass of the black hole).

A natural question is the following. Since the interpretation of the double cone suggests
some average over couplings in the microscopic boundary theory, one could wonder what
happens if we average over some couplings that are directly visible in the bulk theory. For
example, we can consider a bulk scalar field and we could average over possible boundary
conditions. One might have expected that this would induce a deformation of the geometry
with the right sign of β. In appendix C, we analyzed this problem and we found that this is
not the case, at least for small conformal dimensions where the computation is best defined
and to the level of approximation that we analyzed there.

This case with imaginary couplings can be realized in a case where the microscopic theory
looks unique, by using the duality between AdS5 × S5 and N = 4 super Yang Mills. We
can embed a nearly AdS2 spacetime by considering the BPS black hole discussed in [44]
whose near horizon description can be done using JT gravity [45]. In such a solution, the
dilaton field is a constant. We can then change the boundary value of the dilaton by giving
a small imaginary part to the coupling constant.

6.4 Comments on the physical interpretation of the negative value of β

We have concluded that the inclusion of backreaction implies a complexification of the
geometry with the wrong sign, see figure 5. This looks like a contradiction. Namely, in order
to evaluate the matter partition function we assumed a complex deformation with the right
sign, however, the final geometry, after taking into account the matter backreaction, gives

– 26 –



J
H
E
P
0
4
(
2
0
2
4
)
1
2
4

a complex deformation with the opposite sign, meaning that the original computation of
the matter partition function was incorrect.

We could address this problem in two ways.
First, one could view the choice of contour that defines the geometry as a mathematical

choice and shift it to the green line in figure 5, which would give the answer we want. This
is still problematic because the contour continues to violate the Kontsevich-Segal-Witten
criterion [46, 47]. More explicitly, we imagine performing the full path integral in the following
order.18 We leave the integration over β and b as the last integrals in the functional integral.
First we set Re(β) > 0 and we do the path integral over all the matter fields on a double
cone wormhole with the right sign deformation, and a fixed b. This integral is well defined
and gives a certain function of β and b. Let us call this result Zm(b, β). In principle, we are
supposed to do the integral over β along a contour along the imaginary direction along a
line with Re(β) > 0. All along this integration contour the matter partition function is well
defined, for positive b. We now imagine evaluating that integral by a saddle point evaluation.
For that purpose we analytically continue Zm(b, β) and find the saddle point. We happen
to find the saddle point at β < 0. But by using the above logic it looks like we can trust it.
Furthermore, the results we get using this saddle point look physically reasonable. We get a
correction that will become small when T becomes large (keeping E fixed). It becomes small
because b∗ will become large so that E(b∗) → 0, and β → 0, see (6.5) and (6.10).

Second, we can modify the computation that we are doing in such a way that it results
in a shift of contour in the imaginary direction so that the final contour is on the “right” side,
as in the blue contour in figure 5. One possible way to generate this deformation is to add
imaginary couplings, as discussed in section 6.3. We could then imagine the original double
cone as a limit where we remove the coupling. However, in the case with matter backreaction
we would still need some small but finite value of the coupling in order to have β > 0. This
sounds unreasonable since the spectral form factor is expected, under general reasons, to give
the answer of the form that we are obtaining from the original solution with β < 0.

It is worth noting the following. It is useful to discuss the physical SL(2) generators
introduced in [35], see also [38]. The idea is that the quotient that leads to the identification
t→ t+ b is generated by a linear combination of such generators. Clearly, this quotient is
modifying the physics, therefore it should correspond to one of these physical generators.
We can compute these generators by considering the positions of the boundary as discussed
in appendix E. In the geometry that we get after including the backreaction, the generator
that corresponds to the identification, or to K̃, is given by

K̃ = GK − iαGH , α ∼ β

T
, (6.28)

where GK and GH are the K and H physical SL(2) generators that act on the wormhole
Hilbert space. We see that the sign of α is correlated to the sign of β. It is negative, or the
wrong sign, for the solution with matter backreaction (6.10). It is positive, or the right sign,
for the problem with imaginary couplings of section 6.3.

In the case with imaginary couplings, the discussion in section 6.3 suggests that

K̃ ∼ (HR,b + igOR,b)− (HL,b − igOL,b) (6.29)
18We thank Zhenbin Yang for suggesting this argument.
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with K̃ as in (6.28). In other words, in this case we claim that the operator that has a
factorized form in the microscopic theory is K̃ rather than K.

Therefore, once backreaction is taken into account, if we want to find a classical saddle
such that the one loop partition function is well defined around that saddle, then we should
introduce the imaginary couplings. Otherwise, we should imagine that we first consider
an off-shell geometry such that we can evaluate the matter partition function, and then,
after getting the answer for the matter path integral, we analytically continue the answer
to the negative value of β.

It should be noted that such negative values of β have also appeared previously in [8],
where they also lead to physically reasonable answers.

7 A harmonic oscillator toy model

One surprising feature of the operators K and K̃ is that they have radically different spectra. It
seems surprising that a “small” deformation can radically change the spectrum. In this section,
in order to understand better these issues, we study a toy model which contains operators
analogous to K and K̃. Using this toy model we will explore various issues such as the
connection between the eigenvalues and eigenvectors of both operators, the behavior of matrix
elements as we take ϵ→ 0, the connection between the traces involving both operators, etc.

The toy model is based on the Hilbert space of L2 normalizable function on a line.
Using the usual a and a† creation and annihilation operators of a harmonic oscillators we
define the operators

K = i

4
(
a†

2 − a2
)
, P = −1

4
(
a2 + a†

2)
, H = 1

2

(
a†a+ 1

2

)
(7.1)

which obey the SL(2) commutations relations (4.18). We define

K̃α = eαPKe−αP = cosαK − i sinαH = e−(π/2−α)P (−iH)e(π/2−α)P . (7.2)

For α = 0 we have the original K. For α = π/2 we have −iH , similar to the AdS2 case due to
the same algebra. We call operators with 0 < α ≤ π/2 “modified boost”, and we sometimes
drop the index α in K̃α (7.2). The idea is that for small α ∼ ϵ we have a deformation of
a unitary operator K by adding something with a negative imaginary part, namely −iϵH.
We will be particularly interested in the α → 0 limit.

7.1 Properties of the original boost K

One can rewrite K in terms of position and momentum operators

K = 1
4(xp+ px) = 1

2xp−
i

4 = − i

2

[
x∂x + 1

2

]
. (7.3)

This operator has real eigenvalues labelled by ω, and its eigenfunctions which are delta
function normalizable are

⟨x|ω⟩+ = 1√
π
x2iω− 1

2 θ(x) , ⟨x|ω⟩− = 1√
π
(−x)2iω− 1

2 θ(−x), (7.4)
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Figure 6. We can map the real axis of x into two real lines parameterized by ϕ, in which K acts
simply as translation.

where θ(x) is the Heaviside function. Under the evolution by K, a wavefunction ψ(x)
transforms in a simple way

⟨x|e−iKt|ψ⟩ = e−t/4ψ(e−t/2x). (7.5)

If the wavefunction is analytic at the origin, this implies that it will decay exponentially
in time with powers as e−t( 1

4 + n
2 ).

It is convenient to define a new variable ϕ via |x| = e−ϕ/2 and new wavefunctions
via ψ̃±(ϕ) = e−ϕ/4ψ(±e−ϕ/2). We can now think of the Hilbert space as being given by
normalizable functions describing particles living on two separate real lines. The statement is
precise since the inner product of two wavefunctions can be expressed as

⟨χ|ψ⟩ =
∫ ∞

−∞
dxχ∗(x)ψ(x) =

∫ ∞

−∞
dϕ χ̃∗

+(ϕ)ψ̃+(ϕ) +
∫ ∞

−∞
dϕ χ̃∗

−(ϕ)ψ̃−(ϕ) (7.6)

so that we have the usual norm in terms of the ψ̃±(ϕ) functions. Now K becomes just
translations on these two lines, K = i∂ϕ and the eigenvectors are just plane waves. We also
that ⟨ϕ|e−itK |ψ̃±⟩ = ψ̃±(t + ϕ). See figure 6 for an illustration.

Another noteworthy property of K is that the eigenvalue equation KΨ = ωΨ has formal
solutions of the form x2iω− 1

2 for general complex ω. If ω is not real, they are not normalizable.
Among these complex solutions, the following ones will play a role

ωn = − i

2

(
n+ 1

2

)
, Ψn = xn . (7.7)

They will appear as limits of the normalizable eigenvectors of K̃α as α → 0.

7.2 Properties of the modified boost operator K̃

We now explore the eigenvalues and eigenvectors of K̃. The eigenvalues and eigenstates can be
constructed most directly by starting with the case α = π/2 where we get K̃π/2 = −iH , in the
same fashion as in section 4.2.3. This is just the usual Harmonic oscillator problem and we have
the usual eigenvalues and eigenfunctions. This translates into the following eigenvalues of K̃

ωn = − i

2

(
n+ 1

2

)
. (7.8)

The problem with general values of α can be obtained by conjugation as in the last formula
in (7.2). This means that the eigenvalues (7.8) are the same for all α. The eigenvectors
can also be obtained simply by

|nr⟩ = e−( π
2 −α)P |n⟩ , ⟨nl| = ⟨n|e( π

2 −α)P (7.9)
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Since the operator K̃ is not hermitian, we have different left and right eigenvectors. Note
that (7.9) implies that left and right eigenstates have unit overlap.

In order to write more explicit formulas it is convenient to define the operators

ar = e−(
π
2 −α)Pae(

π
2 −α)P = cos

(
π

4 − α

2

)
a− sin

(
π

4 − α

2

)
a† ,

a†l = e−(
π
2 −α)Pa†e(

π
2 −α)P = cos

(
π

4 − α

2

)
a† + sin

(
π

4 − α

2

)
a , (7.10)

which obey the commutations relations [ar, a
†
l ] = [al, a

†
r] = 1 and [ar, al] = [a†l , a†r] = cosα.

Note that these are not standard creation and annihilation operators. In terms of these
operators the modified boost has the simple expression

K̃ = − i

2

(
a†l ar +

1
2

)
. (7.11)

Then, for example, the state |0r⟩ is given by ar|0r⟩ = 0. Note that the analogy with (4.2) is
not exact since, unlike the ground state in (4.28), |0r⟩ is not annihilated by all the generators.
In fact, no state in this Hilbert space can be annihilated by H, since it is bounded below
by 1

4 .19 Expressing a and a† in (7.10) in terms of x and p, this becomes a first order differential
equation that can be easily solved. In fact, this is a complexified “squeezed” state, similar to
the ones that appear when we do Bogoliubov transformations.20 In this way, we find

ψ0,r(x) =
( 1
2π cos2 α

2

) 1
4
e−

1
2 tan

(
α
2

)
x2
, ψ0,l(x) =

( 1
2π sin2 α

2

) 1
4
e−

1
2 cot

(
α
2

)
x2
. (7.12)

We see that they are normalizable for all 0 < α ≤ π/2. They become equal when α = π/2,
as expected. As α→ 0, they become non-normalizable. We can still formally take the limit
α→ 0. For ψ0,r one gets a constant wavefunction, which is the n = 0 case of (7.7). On the
other hand, ψ0,l becomes proportional to a delta function, which is also not normalizable.
In appendix F, we give the explicit form for the eigenfunctions for n > 0, and we also show
that the right eigenfunctions become simple powers as in (7.7) as α → 0.

We therefore see that the spectrum of K and K̃ are different because the α → 0 limit
takes the eigenstates of K̃ we described outside of the Hilbert space. This is reminiscent
of the discussion in [49], where it discussed the stability of the spectrum of non-hermitian
operators in the context of quasinormal modes. This sensitivity for a given eigenvalue λn

is characterized by

κn =
√
⟨nr|nr⟩ ⟨nl|nl⟩
| ⟨nl |nr⟩|

(7.13)

with |nr⟩ and |nl⟩ the right and left eigenstates of the operator. The idea is that a perturbation
of strength ϵ would change the eigenvalue by an amount of order |δλ| < κnϵ [49]. One can

19One might wonder whether this construction is related to the single particle Hilbert spaces in AdS2. It
is not exactly the same since here L− ∝ (a†)2 shifts the value of L0 ∝ H by two instead of one in AdS2.
However, one can use similar constructions with harmonic oscillators to construct the correct representations
corresponding to single particles in AdS2, see for example [48].

20The difference is that here we are conjugating by a non-unitary operator.
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study the spectrum stability of K̃ near α ∼ 0 by computing these numbers. For example,

κ0 = 1√
sinα

∼ 1√
α
, for α ∼ 0 (7.14)

which we see becomes infinitely large as α→ 0, and explains why a small ϵH deformation
is enough to completely change the spectrum from K̃ to K.

Another important comment is that the left and right eigenvectors obey the following
completeness relation

I =
∞∑

n=0
|nr⟩ ⟨nl| = e−( π

2 −α)P
( ∞∑

n=0
|n⟩ ⟨n|

)
e( π

2 −α)P (7.15)

which follows from conjugation from the usual completeness relation for the eigenfunctions
|n⟩ of H. In appendix F we prove this identity more explicitly, see (F.3).

7.3 Matrix elements of the evolution operators

Given that the eigenstates and eigenvalues of K and K̃ look rather different, one might
wonder whether simple matrix elements evolved with e−iK̃t agree with those of e−iKt in the
α→ 0 limit. As a simple example, we can consider the matrix element of the evolution in
the ground state |0⟩ of H. We can use the right eigenstates of K̃ to compute the evolution
by inserting the identity (7.15)

e−iK̃t |0⟩ =
∑

n

e−t/4e−nt/2 ⟨nl|0⟩ |nr⟩ (7.16)

After computing the overlap of the hamiltonian ground state with |nl⟩ and |nr⟩ one can
evaluate the overlap of the state above with |0⟩ to find, see appendix F,

⟨0| e−iK̃t |0⟩ =
√

1
cosh t

2 + sinα sinh t
2
. (7.17)

In this form, we clearly see the effect of quasinormal mode decays with frequencies (7.8).
In particular, we can show that this agrees with the same evolution induced by the

regular boost as α → 0. Indeed, one can explicitly compute, see appendix F.1,

⟨0| e−iKt |0⟩ =
∑
±

∫
dω e−iωt|⟨ω±|0⟩|2 =

∫ ∞

−∞

dω

π
√
2π

Γ
(
iω + 1

4

)
Γ
(
− iω + 1

4

)
e−iωt (7.18)

For t > 0 we can close the contour in the lower half plane and evaluate the integral as
a sum over poles to obtain

⟨0| e−iKt |0⟩ = e−t/4

√
2

1 + e−t
(7.19)

which is the same as the α→ 0 limit of (7.17), so that we get a smooth limit. We expect similar
agreement for other matrix elements involving excited states of the original harmonic oscillator.
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7.4 Trace of the evolution operator

A quantity where the limit α→ 0 is more subtle is the trace of e−iKT . Since K is a Hermitian
operator, this will be a sum over phases that does not obviously converge. However, replacing
K → K̃, one obtains an obviously convergent sum. In fact, we can write the trace of any
operator in terms of a sum over the left and right eigenstates of K̃.

TrA =
∑

b

⟨b|A |b⟩ =
∑

b,n,m

⟨b|nr⟩ ⟨nl|A |mr⟩ ⟨ml|b⟩ =
∑

n

⟨nl|A |nr⟩ (7.20)

where |b⟩ is any complete orthonormal basis in the Hilbert space. Here we used (7.15) twice,
as well as

∑
b |b⟩ ⟨b| = I and that ⟨ml|nr⟩ = δn,m. This means that

Tr e−iK̃t =
∞∑

n=0
e−(n+1/2)t/2 = e−t/4

1− e−t/2 . (7.21)

As expected from (7.2) and the cyclicity property of the trace this is independent of α.
However, we need a non-zero α to have a well defined computation. In fact, if we set α = 0
from the beginning and we compute the trace using the eigenstates (7.4) we get

Tr e−iKt =
∫
dω

(
⟨ω+| e−iKt |ω+⟩+ ⟨ω−| e−iKt |ω−⟩

)
= 4πδ(0)δ(t) (7.22)

where we used that
〈
ω′
±
∣∣ω±

〉
= δ(ω′ − ω) and integrated over ω to obtain the delta function

in time. This divergent result is due to the continuous spectrum of K. In fact, it is easier to
understand in the ϕ coordinates discussed around (7.6). In those coordinates the eigenvectors
are plane waves and the trace can be defined by putting a large volume cutoff Vϕ in the ϕ
coordinates. Then δ(0) factor in (7.22) would be interpreted as Vϕ/(2π) and

Tr e−iKt = 2Vϕδ(t). (7.23)

However, we can get other answers for Tr e−iKt if we choose a different basis for the trace.
For example, let us consider the overcomplete basis involving coherent states

|λ⟩ = e−|λ|2/2eλa† |0⟩ , with I = 1
π

∫
d2λ |λ⟩ ⟨λ| . (7.24)

The matrix elements are, see (F.16) in appendix F.2,

⟨λ| e−iKt |λ⟩ = 1√
cosh t/2

e
(λe−t/4+λ̄et/4)2

2 cosh t/2 − 1
2 (λ+λ̄)2

, (7.25)

and we find

Tr e−iKt = 1
π

∫
d2λ ⟨λ| e−iKt |λ⟩ = e−t/4

1− e−t/2 (7.26)

where we did the gaussian integral of λ, which is well defined for all t > 0. This agrees
with (7.21). However, doing the integral that led to this in different orders would give different
answers. For example, in obtaining (7.26) we first did an intermediate x integral (F.15)
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to compute the overlap. If one instead did the λ integral from the trace first, one would
obtain a term in the x integral proportional to

δ

(
x sinh t4

)
= 1

|x|
δ(t) + 1

| sinh t
4 |
δ(x) (7.27)

and each of these terms would turn out to give one of the different answers we obtained.
To be precise, the first one would give rise to (7.22), and the second one would give a rise
to (7.26), leading to a total answer that is the sum of them.

The conclusion from this is that Tr[e−iKt] is ill defined and its answer depends on the
regularization method that is used to define it. Only in some of them we reproduce (7.21).

Similar traces and their regularization have also been studied in [50, 51] in a different
context.

7.5 Exposing the non-unitarity of the K̃ evolution

Since K is a Hermitian operator, the evolution operator e−iKt is unitary and preserves the
norm. However, since K̃ is non-Hermitian one expects e−iK̃t to decrease the norm since
all its eigenvalues have negative imaginary part. As all the eigenvalues of K̃ are non-zero,
one might naively expect that the norm decreases relatively fast. However, we will see that
the situation is more subtle.

We can calculate the norm by expanding a general quantum state |ψ⟩ in terms of right
eigenstates ∣∣∣e−iK̃t |ψ⟩

∣∣∣2 =
∑
n,m

c∗mcn ⟨mr|nr⟩ × e−(n+m+1)t/2. (7.28)

From this expression, one might incorrectly conclude that the norm should decrease faster than
e−t/2. This conclusion would be correct if the right eigenstates were all orthogonal and each
term in (7.28) comes with positive coefficient. However, they are not, so this is a sum of terms
with complex coefficients with different phases, and therefore this sum does not necessarily
decrease.21 Another reason for this to fail is that the sum might not be convergent for small t.

As an explicit example, let us compute (see (F.26) in appendix F.2)∣∣∣e−iK̃t |0⟩
∣∣∣2 = 1√

1 + sinh t sinα+ (cosh t− 1) sin2 α
(7.29)

For small α, this norm remains one up to a time of order t ∼ log 1
α , where it starts decreasing.

In fact, for small α we can approximate (7.29) as∣∣∣e−iK̃t |0⟩
∣∣∣2 ≈ e−t/2 1√

α
2 + e−t

=
√

2
α
e−t/2

√
1

1 + 2
αe

−t
(7.30)

which implies that the expansion in terms of K̃ eigenstates only converges when 2
αe

−t < 1.
This is an analogue of the general feature of black holes that the quasinormal mode

expansions only converge for sufficiently large times [52, 53], see appendix B for another
example.

21A simple toy example is the fuction 2/(1 + e−t) which can be expanded in powers of e−t, but is not a
decreasing function.
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8 Conclusions

In this paper, we have mainly focused on understanding aspects of the double cone wormhole
geometry introduced in [1]. We have presented the full computation as a trace over the bulk
Hilbert space of the double cone. This has the advantage of giving the precise normalization.
For this purpose it is actually necessary to make an identification on one of the phase space
variables that describes the empty wormhole, namely Trel ∼ Trel + T . So in this respect,
it is not the same as the bulk hilbert space of the decompactified and familiar Lorentzian
wormhole, where Trel displays no identification.

For the matter fields we discussed the iϵ prescription introduced in [1]. The wormhole
has a boost symmetry generated by K. The iϵ prescription defines a new “modified boost
operator” K̃, which generates a complexified geometry through its evolution. We explored a
few properties of this modified boost. First, we recalled that the eigenvalues of the modified
boost operator are the quasinormal mode frequencies [8]. This is valid for general black
holes in general dimensions. We discussed some applications of the modified boost. One
was the hydrodynamic contribution to the spectral form factor, reproducing [18, 27]. The
other was the exponential suppression to the spectral form factor when we slightly change
the couplings, reproducing the discussion in [6].

We recalled that in AdS2 we can view the modified boost as resulting from a conjugation
by one of the generators, the generator P that acts like spatial translations in the near
horizon region. Inspired by that discussion, we proposed an algebraic construction for the
general black hole in general dimensions which also involves a conjugation by an operator
that acts likes translations in the near horizon region. In addition, we can continue to view
K̃ = K − iϵĤ , with Ĥ a positive operator that acts like time translations in the near horizon
region. Using the proposed boundary construction in [10] for the operators P̂ and Ĥ we
conclude that they should be viewed as two sided operators, defined in the large N limit.
This definition suggests that K̃ is a two sided operator coupling both sides.

However, it is also possible to view the iϵ prescription as resulting from a deformation
that does not couple the two sides. In particular, adding fixed imaginary couplings we found
in section 6.3 that backreaction leads to a deformed geometry with the right sign of the ϵ
deformation. In fact, this deformation connects the double cone wormhole with the usual
Euclidean wormholes, such as [54] which involve imaginary fields.22

Notice that the Saad-Shenker-Stanford iϵ prescription can be defined in any situation
with a horizon, including the static patches of de-Sitter space. In that case, it leads to
the de-Sitter quasinormal modes. In particular, this prescription tells us how to view the
quasinormal modes as the eigenvalues of a non-hermitian second quantized operator. The
operator K̃ that corresponds to time evolution in the complexified geometry.

For the special case of JT gravity plus matter we have considered the effects of backreaction
due to matter fields. This is an effect that becomes very small for large times T ≫ β(E).
Nevertheless, we have found that the matter deforms the geometry in a complex direction
which is the opposite from the one produced by the iϵ regularization needed to make the

22We are grateful to Douglas Stanford for valuable comments on these points.
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matter action well defined. A similar feature was observed in [6] in the case of the ramp
with different couplings on the two sides.

We have also discussed a toy model for K and K̃ that is even simpler than what happens
in AdS2 and is helpful for understanding how the “small” iϵ modification of K can lead to
dramatic changes in the eigenvalues, but small changes in the matrix elements of simple states.
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A The Kontsevich-Segal criterion and the decay of correlators

The connection between the decay of correlators and the complexified metrics can be made
more precise by using the Kontsevich-Segal criterion [46, 47]. This criterion states that the
complexified metric should be such that

Re[√ggi1j1 . . . gipjpFi1i2...ipFj1j2...jp ] > 0 (A.1)

where F is any p form. This implies that we get a convergent path integral similar to the ones
we get in Euclidean space. Therefore, in a spacetime with a time translation symmetry, one
would expect it to lead to decay of correlators at long times. The complexified metric (2.1)
or (2.5) does indeed obey this criterion [47]. Let us first review this argument.

We define a complexified Lorentzian solution to be forward moving in time if
√
g = i

√
−g (A.2)

with the motivation that this property would take one from the Euclidean path integral
to the usual Lorentzian path integral with positive time evolution.23 This implies the KS
criteria (A.1) for forward moving backgrounds can also be stated as

Im[
√
−ggi1j1 . . . gipjpFi1i2...ipFj1j2...jp ] < 0 (A.3)

Then (A.3) implies

Im[
√
−g] = Im[sinh(ρ̃− iϵ)] = − cosh ρ̃ sin ϵ < 0 , or ϵ > 0 (A.4)

We want to show that time evolution in backgrounds respecting (A.3) is decaying, e.g,
the eigenvalues of its time evolution generator have negative imaginary part. To see this
explicitly, let us study a generic generator of time translations K̃ for scalar field in this
background, with Lorentzian action

S =
∫
dDx

√
−g

(
−1
2g

µν∂µϕ∂νϕ− V (ϕ)
)

(A.5)

23Solutions with √
g = −i

√
−g would be analogously backwards moving and have similar properties with

appropriate minus signs.
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In terms of the momentum defined as

π =
√
−g(−gtt∂tϕ) (A.6)

we can write the generator of t translations as:

K̃ =
∫
dD−1x(π∂tϕ−

√
−gL) = 1

2

∫
dD−1x

(
π2(−

√
−ggtt)−1 +

√
−ggij∂iϕ∂jϕ+

√
−gV (ϕ)

)
(A.7)

From here, proving the imaginary part of K̃ is negative is straightforward. Namely,
the Konsevich-Segal condition implies that both

√
−ggtt, and

√
−ggij∂iϕ∂jϕ have negative

imaginary part , so if V (ϕ) > 0, Im K̃ < 0 holds as an operator statement as long as ϕ
and π are hermitian operators.24

B Incompleteness of quasinormal modes

One could wonder based on results such as (4.30) and (7.15) if we can decompose an arbitrary
solution in terms of quasinormal modes. The answer is that it is not always possible, but
it is possible at late times. To give an example, we can go back to the massless scalar field
in AdS2 and consider the following correlator

⟨ϕ(r2, t)∂tϕ(r1, 0)⟩ ∝
(

r1r2
et − r1r2

− r1r2
e−t − r1r2

+ r1
r1 − etr2

− r1
r1 − e−tr2

)
(B.1)

where we are using the coordinate system in section 4.2.2. We can expand this in powers
of e−t only when

et|r1r2| > 1 , et |r2|
|r1|

> 1 , et |r1|
|r2|

> 1 (B.2)

This happens when the point (r2, t) is to the future of the light rays that come from r1,
both directly and reflecting from the boundary, see figure 7. This means that this correlator
can be expanded in quasinormal modes only for times t which are sufficiently large. This
should be contrasted with the eigenbasis of H, where we would be able to expand a similar
correlator for any positive time.

If one wants the correlator above to make sense for any point in the slice, the condition
|r|2mine

t > 1 is sufficient since |r| < 1 for any point not on the boundary. rmin is the smallest
distance of points in the slice to r = 0, which is of order α for small α, so the correlator can
be expanded in quasinormal modes in the entire slice for t > 2

α lnα−1.

C Explicit average over couplings in JT gravity plus matter

In this appendix we consider JT gravity plus matter. We want to introduce an explicit
average over couplings by averaging over the boundary conditions of the matter fields. In
other words, we average over explicit couplings that we have in the gravity description. Our

24One might worry about negative potentials. We will give a better argument for the positivity of K̃ in
section 5.
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Figure 7. We see that the QNM expansion is only valid at suitably late times, times in the red
region.

goal is to see whether such an average leads to a correction for the gravitational saddle point
for a wormhole that would be equivalent to the −iϵ prescription of [1]. We also assume that
we have a large number of matter fields to make a controlled computation. Each matter
field has its own independent boundary condition that we average over. We will suppress the
index on the matter fields, they are assumed throughout the discussion below.

C.1 Average over physical couplings

We consider a field propagating in AdS2 and we consider the effects of averaging over its
boundary conditions. This is equivalent to inserting operators at the boundary. In other
words, by averaging the coupling g with a gaussian measure, we have the following correction
to the wormhole∫

dge−
1
2

g2

σ2

〈
exp

(
ig

∫
duLOL(uL)− ig

∫
duROR(uR)

)〉
= (C.1)

=
〈
exp

(
−1
2σ

2
[∫

duLOL(uL)−
∫
duROR(uR)

]2
)〉

≈ exp
(
−1
2σ

2
[∫

duLdu
′
L⟨T̄OLOL⟩+

∫
duRdu

′
R⟨TOROR⟩ − 2

∫
duLdu

′
R⟨OLOR⟩

])
(C.2)

where T is time ordering and T̄ is anti-time ordering. We have also assumed that the O
are dual to generalized free fields. We can use

⟨TOR(u)OR(u′)⟩ ∝
1[

βi sinh
(

π|u12|−iϵ
β

)]2∆ , ⟨OL(u)OR(u′)⟩ ∝
1[

β cosh
(

πu12
β

)]2∆ (C.3)

It turns out that this then leads to a cancellation between all the terms in (C.2). The
cancellation can be seen by combining the RR and LL contributions into a single integral
over the argument of the sinh in (C.3) and by a contour deformation argument we can
relate this integral to one from the RL and LR contributions. So that this average over
couplings does not lead to any effect.

We can reach the same conclusion more quickly in some special cases. For example,
consider a bulk massless bosonic field with Dirichlet boundary conditions. In this case the
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change in boundary conditions only affects the constant value of the field in the bulk, which
does not lead to any further effect.

In fact, the average over couplings treated in this approximation is the same as adding
fixed couplings since if we had fixed couplings we would add〈

exp
(
−iĝ

∫
duLOL(uL) + iĝ

∫
duROR(uR)

)〉
= exp

(
−1
2 ĝ

2
[∫

duLdu
′
L⟨T̄OLOL⟩+

∫
duRdu

′
R⟨TOROR⟩ − 2

∫
duLdu

′
R⟨OLOR⟩

])
(C.4)

which has the same form as (C.2). This explains partly why by averaging over coupling
we are not getting any effect.

C.2 Average over couplings including backreaction

In the above discussion we have neglected the possible backreaction of the matter fields on
the geometry. Taking backreaction into account, we actually find a non-vanishing effect,
but it deforms the geometry in the opposite direction, i.e. the direction that is oppsite to
the desirable direction for modified boost.

We use the following ansatz for the Schwarzian variables describing tR(u) and tL(u) with

tR(u) = b
u

T − iβ
, u ∼ u+ T − iβ

tL(u) = b
u

T + iβ
, u ∼ u+ T + iβ (C.5)

where t ∼ t+ b. Here t can be viewed as the bulk time in the standard coordinates (4.21).
The correlators can be computed from

⟨O(u)O(u′)⟩ =
(

t′(u)t′(u′)
[i sinh t(u)−t(u′)

2 ]2

)∆

, (C.6)

which give

⟨TOR(u)OR(u′)⟩ = b2∆ 1
(T − iβ)2∆

1
[i sinh τ

2 ]2∆ , τ = b|u− u′|
T − iβ

,

⟨T̄OL(u)OL(u′)⟩ = b2∆ 1
(T + iβ)2∆

1
[(−i) sinh τ

2 ]2∆ , τ = b|u− u′|
T + iβ

,

⟨T̄OL(u)OR(u′)⟩ = b2∆ 1
(T 2 + β2)∆

1
[cosh τ

2 ]2∆ , τ = b

(
u

T − iβ
− u′

T + iβ

)
. (C.7)

We now use

IRR = 2
∫ ∞

0

1
[i sinh

(
|t|
2 − iϵ

)
]2∆

= 2e−iπ∆

cosπ∆
Γ(∆)

√
π

Γ
(

1
2 +∆

) ,
ILL = 2

∫ ∞

0

1
[(−i) sinh

(
|t|
2 + iϵ

)
]2∆

= 2eiπ∆

cosπ∆
Γ(∆)

√
π

Γ
(

1
2 +∆

) ,
2ILR = 2

∫ ∞

−∞

dt

[cosh t
2 ]2∆ = 4

√
πΓ(∆)

Γ
(

1
2 +∆

) , (C.8)
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where we assumed that 0 < ∆ < 1
2 so that we do not have to worry about what happens

near t ∼ 0.
Now the contribution to the partition function from the average over couplings takes

the form, from (C.2),

logZave = −Nfσ
2b2∆−1 Γ(∆)

√
π

Γ
(1

2 +∆
)

×
[
(T − iβ)−2∆+2e−iπ∆ + (T + iβ)−2∆+2eiπ∆

cosπ∆ − 2(T 2 + β2)−∆+1
]

(C.9)

where Nf is the number of matter fields in the bulk. Notice that one of the u integrals gives
us a factor of T ± iβ. The second is converted to an integral over t at the expense of a factor
of (T±iβ)

b . This is the origin of the factors in the above equation.
We can expand the above expression to first order in β to obtain

logZave ∼ Nfσ
2b2∆−1T 2−2∆ β

T

Γ(∆)
√
π

Γ
(1

2 +∆
)(1−∆) sin π∆cosπ∆ (C.10)

To this, we should add some terms that come from the Schwarzian and from the original
matter partition function. These are

logZrest = −ϕrb
2β

T 2 + logZm(b) (C.11)

Extremizing this with respect to b gives

0 = ∂b[logZrest + logZave] = −2ϕrbβ

T 2 − E(b)− Cb2∆−2T 2−2∆ β

T
(C.12)

where
C = 2σ2

(1
2 −∆

)
(1−∆) sin π∆cosπ∆

Γ(∆)
√
π

Γ
(1

2 +∆
) (C.13)

we see that for 0 < ∆ < 1
2 , C > 0, so that the solution has β < 0 as it was in (6.8), when

C = 0. this pushes β in the wrong direction. In the range 0 < ∆ < 3/2 this correction is
more important, for large T than the Schwarzian term (the first in (C.12)).

C.3 Complex couplings

We get a different result if we allow the couplings to be complex and we take the coupling on
the left side to be the complex conjugate of the one on the right. Then, instead of (C.1), we get∫

d2g e−
gḡ

σ2

〈
exp

(
ig

∫
duLOL(uL)− iḡ

∫
duROR(uR)

)〉
(C.14)

= exp
(
σ2
∫
duLdu

′
R⟨OLOR⟩

)
(C.15)

We see that the same side cases drop out. This leads to an “attractive” force between the
two sides of the wormhole. The simplest way to see it is to note that the real part of the
couplings is the same as in section C.1. The imaginary parts are opposite on the two sides and
imaginary. Then we get an effect similar to the one discussed in [6], but with the opposite sign.
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In [6], as in our discussion in section 6.1 the wormhole is shifted by iϵ in the “wrong” sign.
With the averages over complex couplings we are discussing here it is shifted in the “right”
direction. In fact, (C.15) produces a negative contribution to the energy E of section 6.1. If
we average over enough couplings so that the total sign of the bulk energy E gets flipped,
then we will have a well defined wormhole following the discussion of sections 6.1, 6.2 since
now E < 0 and then β will be positive in equation (6.8).

We can also consider fixed complex couplings. A computation similar to (C.4) tells
that we need to consider

exp
(1
2h

2
[∫

duLdu
′
L⟨T̄OLOL⟩+

∫
duRdu

′
R⟨TOROR⟩+ 2

∫
duLdu

′
R⟨OLOR⟩

])
(C.16)

where the coupling is ĝ = ih with real h. Using (C.8) we get

logZcouplings ∼ Nfh
2b2∆−1T 2−2∆ Γ(∆)

√
π

Γ(1
2 +∆)

(C.17)

For 0 < ∆ < 1
2 this does not help with the sign of the iϵ deformation. But for ∆ > 1

2 ,
the derivative with respect to ∆ changes sign and it can help in producing the desired sign of
the iϵ deformation. In fact, for ∆ = 1 we could get a purely Euclidean wormhole just from
this term and the JT gravity contribution [43]. It is curious that there is a different behavior
depending on the value of ∆. Notice that ∆ < 1/2 is the range where the perturbation is
such that there is no UV divergence when we consider the integral of the two point function
of the operator as in (C.16).

D Analogue of the modified boost operator for open systems

The quasinormal mode decay is a generic feature of the dissipative dynamics in open quantum
systems. In our case, the quantum system can be viewed as the quantum fields outside
the black hole, outside a small distance from the horizon, ρ ≥ ϵ. It interacts with the
quantum fields very close to the horizon, |ρ| < ϵ. So we can view this as a special case of a
dissipative open quantum system. In gravity, the modified boost operator can be viewed as
describing the effective dynamics of this system and it involves the second copy, the other
side of the black hole. When we consider the modified boost we avoid the |ρ| < ϵ direction
by introducing a complex path between the left side and the right side. We can view this
as a complex coupling between two copies of the quantum system describing the fields for
|ρ| > ϵ. One can wonder whether a similar construction of the “modified boost operator”
exists for general open quantum systems.25

In fact something somewhat similar arises for general systems as follows. We can
reinterpret the two sides of a Schwinger Keldysh contour for a density matrix as two quantum
systems, and we would generate couplings between them when we trace out the environment.
More explicitly, this can be seen as follows (see for example [55, 56]). The dynamics of an
open quantum system can be modeled by the Lindblad equation

dρ

dt
= −i[H, ρ] +

∑
i

γi

(
2LiρL

†
i − {L†

iLi, ρ}
)
, (D.1)

25We thank Leonard Susskind for discussion on this point.
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where Li are the Lindblad jump operators and γi denote the dissipation strength. We can
map the density matrix (and also other operators) to a state in a two sided Hilbert space via
the Choi-Jamiołkowski isomorphism, i.e. ρ(t) → |ψ(t)⟩ =

∑
ij ρij(t) |j⟩L |i⟩R, where {|i⟩} is an

orthonormal basis of states. The Lindblad equation (D.1) is then equivalent to a Schrodinger
evolution in the two sided Hilbert space with a Hamiltonian

HLindblad = HR −HT
L − i

∑
i

γi

[
−2L∗

i,LLi,R + L†
i,RLi,R + (L†

i,LLi,L)∗
]
. (D.2)

The Hamiltonian HLindblad is non-Hermitian and couples the two sides. Note that this
discussion is similar to the black hole case but not exactly the same, since here the density
matrix ρ(t) is not given by the reduced density matrix of |ψ(t)⟩ by tracing out one side.

E Gauge invariant generators

In this appendix we review the formalism of gauge invariant operators for JT gravity introduced
in [35]. The idea is that by dressing the matter SL(2) generators Qa

m appropriately

GA = eA
a Q

a
m (E.1)

with eA
a = eA

a (Xr, Xl) functions of the boundary coordinates, the resulting generator will
not change under a simultaneous gauge transformation of both matter and boundaries
degrees of freedom, which is a gauge redundancy. A particular set of such eA

a can be found
explicitly to be given by

e0
a = ϵabcX

b
l X

c
r

Xl ·Xr
, e−1

a = − Xra +Xla√
−2Xl ·Xr

, e1
a = Xra −Xla√

−2Xl ·Xr
(E.2)

To understand how the generator of time translations ∂t is expressed in terms of (E.1)
is convenient to work in embedding coordinates, where positions in the modified AdS2
spacetime are given by

Y = (Y −1, Y 0, Y 1) = (cosh ρ, sinh ρ sinh t, sinh ρ cosh t) (E.3)

with ρ = ρ̃ − iα, and ρ̃ and α are real. One defines Xr,l by re-scaling the above by eρ̃c/2,
where ρ̃c is a big positive real number standing for real part of the cutoff radius of the right
boundary. In terms of that ρr = ρ̃c − iα and ρl = −ρ̃c − iα with the coordinate format
the same as in (E.3), leading to

Xa
r = e−iα(1, sinh t, cosh t)

Xa
l = eiα(1,− sinh t,− cosh t)

(E.4)

and putting this all together one can find the eA
a in this background to be

e0
a = (0, cosh t,− sinh t), e−1

a = (cosα,−i sinα sinh t, i sinα cosh t)
e1

a = (i sinα,− cosα sinh t, cosα cosh t)
(E.5)
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Setting t = 0, in the spirit of taking tl = tr = 0 as in [35], one would obtain

G−1 = cosαQ−1
m + i sinαQ1

m

G1 = cosαQ1
m + i sinαQ−1

m , G0 = Q0
m

(E.6)

The crucial step here is to recognize that Q−1
m is the generator of time translations in this

background, which is K̃. Therefore, one can rewrite K̃ in terms of gauge-invariant operators

K̃ = Q−1
m = cosαG−1 − i sinαG1 = cosαK − i sinαH (E.7)

where in the last line we wrote G−1 = K and G1 = H since they are the gauge invariant
generalization of these generators (we denoted them by GK , GH in (6.28)).

F Some details on the toy model

The explicit forms of the left and right eigenstates are

ψn,r(x) =
e

1
2 cot α x2

(2 cos2 α
2 )

1
4

(
tan α2

)n
2
ψn

(
x√
sinα

)
, ψn,l(x) =

e−
1
2 cot α x2

(2 sin2 α
2 )

1
4

(
cot α2

)n
2
ψn

(
x√
sinα

)
(F.1)

with ψn the wavefunction of the usual harmonic oscillator, that is

ψn(x) =
√

1
2nn!

√
π
e−

x2
2 Hn(x) (F.2)

where Hn(x) is the nth Hermite polynomial. The completeness relation therefore follows
immediately since

∑
n

ψn,r(x)ψn,l(x′) =
∑

n

e
1
2 cot α(x2−x′2)
√
sinα

ψn

(
x√
sinα

)
ψn

(
x′√
sinα

)
= δ(x− x′) (F.3)

We can compute the overlap ⟨nr|0⟩ as:

⟨nl|0⟩ =
∫

dx√
2nn!π(sinα)1/4

(
cot α2

)n
2 + 1

4
e−

1
2 x2− 1

2 cot
(

α
2

)
x2
Hn

(
x√
sinα

)

= (sinα)1/4
√
2nn!π

(
cot α2

)n
2 + 1

4
∫
dxe−

(1+cos α+sin α)
2 x2

Hn
(
x
) (F.4)

and one can use the identity:∫
dxe−γx2

H2m(x) = (2m)!
m!

(1
γ
− 1

)m√π

γ
(F.5)

to obtain the answer, for n even:

⟨2ml|0⟩ =
(−1)m(sinα)1/4√2(2m)!
2mm!

√
1 + sinα+ cosα

(cosα+ sinα− 1
cosα+ sinα+ 1

)m(
cot α2

)m+ 1
4

(F.6)
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once one obtains this, it’s straightforward to evaluate the overlap of the evolved state with
the original one, to then obtain the return probability, that is:

⟨0| e−iK̃t |0⟩ =
∑
m

⟨0|2mr⟩ ⟨2ml|0⟩ e−t/4e−mt (F.7)

and one can proceed quickly by noticing the left overlap is just the right overlap with
α → π − α, leading to:

⟨0| e−iK̃t |0⟩ =
∑
m

√
2

22m
√
1 + sinα

(
2m
m

)
(−1)m

(1− sinα
1 + sinα

)m

e−t/4e−mt

= e−t/4
√

2
1 + sinα+ e−t(1− sinα) =

√
1

cosh t/2 + sinα sinh t/2

(F.8)

F.1 Matrix elements of the ordinary boost operator

Here we compute

⟨0| e−iKt |0⟩ =
∑
±

∫
dωe−iωt| ⟨ω±|0⟩ |2 (F.9)

and we can evaluate the wavefunction overlaps in position space as

⟨0|ω±⟩ =
√
2
∫ ∞

0

dx√
ππ1/4x

− 1
2 +i2ωe−x2/2 = 2iω

21/4π3/4Γ
(
iω + 1

4

)
(F.10)

Inserting in (F.9) leads to (7.18).

F.2 Computations using coherent states

The wavefunction of |λ⟩ can be computed by writing a† in terms of p and x

eλa† = eλx/
√

2e−iλp/
√

2e−λ2/4 (F.11)

leading to

⟨x|λ⟩ = ⟨x| eλx/
√

2e−iλp/
√

2 |0⟩ e−λ2/4e−|λ|2/2 = 1
π1/4 e

−|λ|2/2e−λ2/2e−
1
2 (x2−2

√
2λx) (F.12)

Using that

e−iKtf(x) = e−t/4f(xe−t/2) (F.13)

we get

⟨x| e−iKt |λ⟩ = e−t/4

π1/4 e
−|λ|2/2e−λ2/2e−

1
2 (x2e−t−2

√
2λxe−t/2) (F.14)

We now compute

⟨λ| e−iKt |λ⟩ =
∫
dx ⟨λ|x⟩ ⟨x| e−iKt |λ⟩ =

∫
dx
e−t/4
√
π
e−

1
2 (λ+λ̄)2

e−
1
2 [x2(1+e−t)−2

√
2(λe−t/2+λ̄)x]

(F.15)

– 43 –



J
H
E
P
0
4
(
2
0
2
4
)
1
2
4

one can then redefine x = et/4y and integrate out y to obtain

⟨λ| e−iKt |λ⟩ = 1√
cosh t

e
(λe−t/4+λ̄et/4)2

2 cosh t/2 − 1
2 (λ+λ̄)2

(F.16)

We now turn to computations for the modified boost. We first note that

aα = eαPae−αP = cos α2 a+ sin α2 a
†, eαPa†e−αP = cos α2 a

† − sin α2 a (F.17)

We first compute many useful matrix elements. Consider the wavefunction ⟨x| e−αP |λ⟩. We
observe that a−αe

−αP |λ⟩ = λ |λ⟩. Using (F.17) this is a differential equation that implies

⟨x| e−αP |λ⟩ = Nλ,αe
− 1

2 x
[x(cos α

2 −sin α
2 )−2

√
2λ]

(cos α
2 +sin α

2 ) (F.18)

We will also call N0,α = Nα. We can solve for Nλ,α in terms of Nα by computing the
following integral in two different ways

⟨0| e−αP |λ⟩ =
∫
dx ⟨x| e−αP |λ⟩ ⟨0|x⟩ =

∫
dx ⟨0| e−αP |x⟩ ⟨x|λ⟩ (F.19)

which can be seen to imply

Nλ,α = Nαe
−|λ|2/2e−

λ2
2

(
1−sin α

cos α

)
(F.20)

We can fix Na by noting two things. First, we note that the quantity below is even in α

⟨0| e−αP |0⟩ = π−1/4Nα

∫
dxe

−
cos α

2 x2

cos α
2 +sin α

2 = π1/4
√
1 + tan α2Nα = f(α2) (F.21)

It is even in α because the odd terms in α in the left hand side either increase or decrease
the oscillator level, having then zero overlap. The second thing to note is that

1 = ⟨0| e−αP eαP |0⟩ = NαN−α

∫
dxe−

x2
cos α =

√
π cosαNαN−α (F.22)

which, using (F.21) we get

Nα = π−1/4√
cos α

2 + sin α
2

(F.23)

This allows us to compute the matrix element that will be used in the norm calculation
which is

⟨0| eαP e−iKte−αP |λ⟩ =

=
∫

dx√
π cosαe

−λ2
2

1−sin α
cos α e

−x2et/2
2

( cos α
2 +sin α

2
cos α

2 −sin α
2

)
e
−xe−t/4

2

[
xe−t/4(cos α

2 −sin α
2 )−2

√
2λ

]
cos α

2 +sin α
2

(F.24)

which one can simplify to

⟨0| eαP e−iKte−αP |λ⟩ = 1√
cosh t/2 + sinα sinh t/2

e−
1
2 |λ|

2
e
− sinh t/2 cos α

cosh t/2+sin α sinh t/2
λ2
2 (F.25)

so we can compute the norm by integrating the absolute value squared of the quantity
above to find

|e−iK̃t |0⟩ |2 = 1
π(cosh t/2 + sinα sinh t/2)

∫
d2λe−|λ2|e

− sinh t/2 cos α
cosh t/2+sin α sinh t/2

(λ2+λ̄2)
2

= 1√
1 + sinh t sinα+ (cosh t− 1) sin2 α

(F.26)
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