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Abstract

Mathematical relations prescribing unidirectional forward and reverse rates originally
derived based on single-path reaction sequences do not apply to interconnected reaction networks.
The presence of branches in reaction networks leading to alternative stable products decreases
unidirectional rates in reference to those calculated by single-path functional forms as shown by
simulated isotopic exchange rates, but impacts the unidirectional forward and reverse rates equally
such that the functional form of effective reversibility remains unchanged. Regardless of
stoichiometric numbers and network connectivity, application of the pseudo-steady-state
hypothesis on reactive intermediates in conjunction with consideration of unidirectional rates
toward the product of interest and all alternative stable products results in mathematical
expressions that accurately reflect simulated isotopic exchange rates. Further analyses based on
kinetic resistance, a property akin to electrical resistance, illustrate distinct contributions from
elementary steps and nodal species to the unidirectional rates and kinetic resistances. The
generalized formalism for assessing rates and reversibilities in interconnected networks derived
herein enables us to demonstrate that unidirectional rates cannot be assessed solely from effective
reversibilities and net rates of generation of stable species in such networks. However, isotopic
exchange rates, under the condition that each elementary step in the overall reaction sequence
forms a unique reactive intermediate that is consumed solely by the subsequent step, can be utilized
to determine unidirectional rates and can serve to validate postulated reaction pathways in highly

interconnected reaction networks (e.g., COx hydrogenation).



1 Introduction

1.1  Background

Kinetic descriptions of rates in reaction networks have emerged from a framework that
considered single-path reaction sequences for simplicity of analysis[1—4]. This approach has
served to establish base cases to consider for both research and pedagogical purposes. However,
reaction networks with multiple end products, e.g., CO> hydrogenation to methanol occurring
along with the reverse water-gas shift (RWGS) reaction[5—7] and formic acid decomposition
following both a dehydrogenation and a dehydration pathway[8,9], are the norm. Reactor designs
that employ polyfunctional formulations and other methods to couple reactions[10—13] further
diverge from single-path systems and engender reaction networks with complex connectivity. This
work thus aims to address the applicability of mathematical formalisms of rates and reversibility
developed based on single-path reactions to interconnected reaction networks. We show here that
the existence of branching pathways in reaction networks necessarily alters the functional forms
of unidirectional rates while leaving the functional form of reversibility, along with any relations
that stem from it, unchanged.

Rates and reversibility are two quantities ubiquitously used in the study of reaction kinetics,
with the former further categorized into net rate and unidirectional rates. Net rate, defined as the
difference between the unidirectional forward and reverse rates, and equal to the overall rate of
change of species concentrations within a reactor, is more commonly reported. Unidirectional
forward and reverse rates refer instead to the instantaneous rate of generation of products that
corresponds to an equal consumption of reactants, and vice versa. An alternative interpretation of
the unidirectional forward rate would be the fofal (as opposed to net) number of reactant molecules

(ANyeactant) that are transformed into a specific product species over a differential clock time (At)



or contact time (At) interval. The requirement to track the sources and sinks of molecules for
directly measuring unidirectional rates necessitates the use of labeled species; this is accomplished
experimentally with isotopically-labeled reactants and products under differential or near
equilibrium reaction conditions and equating isotopic exchange rates with unidirectional
rates[1,14,15]. The ratio of the unidirectional reverse rate to the unidirectional forward rate is then
defined as the reversibility of the reaction such that reversibility adopts the value of unity when
the unidirectional reverse and forward rates are equal (reaction is at equilibrium) and the value of
zero when the unidirectional reverse rate is zero (reaction is unidirectionally forward). These
descriptions of rates are defined for both an elementary step and an overall reaction consisting of
multiple elementary steps. Throughout this work, we will notate the i elementary step net rate,

unidirectional forward and reverse rates, and reversibility as r;, 7;, 7;, and z;. An overall reaction
from species I to species J then can be prescribed effective rates and reversibility (R, ﬁ, 7> (ﬁ, 7>

and Z.g ;) that are analogous to a single-step event.
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Scheme 1. Model single-path reaction system for the formation of species D from A with two
reactive intermediates, species B and C, that abide by the pseudo-steady-state assumption.

Functional forms of unidirectional forward and reverse rates of a single-path reaction (e.g.,
Egs. 1 & 2 for the system in Scheme 1) have been established by both Horiuti[ 1] and Temkin[16—
18]. Here, the unidirectional forward rate is the rate at which the consumption of A leads to the
formation of D while the unidirectional reverse rate is the rate at which the consumption of D leads
to the formation of A.
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Division of the unidirectional reverse rate by the unidirectional forward rate then yields the
canonical functional form of the effective reversibility of the overall reaction (Eq. 3). This result,

when combined with the De Donder relation (Eq. 4), further forms the basis for the generalized

De Donder relation (Eq. 5), where 4; is the chemical affinity of the i elementary step[17,19].
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Application of Equations 1 to 3 on an interconnected reaction network with an additional branch
(Scheme 2), however, demonstrates the inability for single-path unidirectional rate expressions to
capture simulated isotopic exchange rates within an idealized plug-flow reactor (PFR) while the
canonical expression of effective reversibility remains valid (Figs. 1 & 2). These behaviors of rates
and reversibility reflect the dichotomous nature of kinetic and thermodynamic properties.

We provide, in this work, two generalized methods to obtain functional forms of
unidirectional forward and reverse rates for any reaction network. The first relies on the concept
of pseudo-steady-state hypothesis (PSSH) and mirrors the approach established by Horiuti[1]
while the latter draws analogy with electrical circuits through the concept of kinetic resistance[20].
Regardless of the methodology, the result is consistent with the dependence of unidirectional rate
expressions and the independence of the effective reversibility expression on network connectivity.

In the following sections, we provide additional background on the principle of Horiuti’s



derivation of unidirectional rates[1] and detail the isotopic exchange rate simulation we adopt to

verify our derivations.
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Scheme 2. Model system (left) for an interconnected network with stable species A, D, and E
sharing a common reactive intermediate, species C. This system is analogous to COx
hydrogenation where CO,, CO, and CH3OH are interconnected (right; shown without

stoichiometric amounts of H> and H>O for simplicity).
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Figure 1. Unidirectional (a) forward and (b) reverse rates from species A to D as a function of
contact time within an idealized PFR where the reaction network shown in Scheme 2 is occurring
with the rate constants listed in Table 1. The black lines indicate simulated true values and the
blue-dotted lines indicate values calculated based on Equations 1 and 2 (single-path system).
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Figure 2. Effective reversibility of the reaction between species A to D as a function of contact
time within an idealized PFR where the reaction network shown in Scheme 2 is occurring with the
rate constants listed in Table 1. The black line indicates simulated true values and the blue-dotted
line indicates values calculated based on Equation 3.
1.2 Horiuti’s derivation of unidirectional rates for a single-path reaction

We consider here the model system shown in Scheme 1, wherein species A forms D
following a single-path reaction mechanism with species B and C as the reactive intermediates.
Here, the overall unidirectional forward rate may equivalently be defined as the rate of a cascade
of events: 1) A converts to B, ii) B converts to C, and 1ii) C converts to D. The unidirectional
forward rate of the first event is simply #;. To account for possible destinations of species B, we
rely on the validity of PSSH on species B and C and note that the generated B from the first step
must either reform reactant A or continue down the pathway to generate species D. This enables

us to express the unidirectional forward rate from A to D as the product between the first

elementary step and a probability factor that captures the fraction of B that will lead to species D

(Eq. 6)[1].
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This procedure reduces the system to the reaction from B to D, for which we can construct
Equation 7 following the same argument.
}_?)BD =T, (}Li) (7)
T, + Rcp
The system 1is then reduced to a single elementary step, enabling a simple substitution using
Equation 8.
R)CD =7y €C))
Algebraic manipulations along with a completely analogous consideration of §AD =R pa Tesult in
Equations 1 and 2 for the single-path unidirectional forward and reverse rates from A to D, which
are the same expressions as those derived using Temkin’s product rule[ 16—18] (Derivation in Sec.
S1 & S2; Supporting Information (SI)). Note that while we have summarized the derivation here
for a single-path reaction with only three elementary steps, the method holds for single-path
reactions of arbitrary length. In this work, we will expand upon Horiuti’s methodology as it is
readily generalizable to interconnected reaction systems.
1.3 Model system to consider and simulation methodology
We illustrate the behaviors of unidirectional rates and effectivity reversibility in
interconnected reaction networks by simulating the system shown in Scheme 2 with the rate
constants listed in Table 1 and the initial conditions of C4 o = 100 a.u. and Cp o = Cg o =2 a.u. This
reaction system reflects a simplified network where three stable species (A, D, and E) may each
react to yield another stable species through a common reactive intermediate; such a reaction
network is analogous to processes such as methanol synthesis from syngas mixtures, where both

CO2 and/or CO may hydrogenate to form methanol with CO; and CO further related via the RWGS
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reaction[5—7]. We will focus primarily on the unidirectional forward and reverse rates and the
effective reversibility between species A and D, which, for the CO,/CO/CH30H system, would by
analogy inform us on the unidirectional forward and reverse rates and the effective reversibility of
the CO> hydrogenation to methanol pathway, free of convolution from CO hydrogenation and
RWGS pathways. Other relationships may be derived following the same approach with the
unidirectional forward and reverse rates and the effective reversibility between species A and E
provided in Section S3 (SI).

Table 1. Rate constants used to simulate the concentration profiles, unidirectional rates, and

effective reversibility within an idealized PFR where the interconnected reaction network shown
in Scheme 2 is occurring.

Elementary step 1 2 3 4 5
k;/au. 3 0.2 20 10 1
k_;/au. 30 0.5 2 50 5

The validity of mathematically-derived functional forms of unidirectional rates will be
established based on comparisons of calculated unidirectional rates with simulated isotopic
exchange rates within an idealized PFR where PSSH is strictly adhered to by all reactive
intermediates (species B, C, and F in Scheme 2). MATLAB computational code for the simulation
is provided in Section S4 (SI) and verified with single-path formalisms (Egs. 1 & 2) (Sec. S5; Fig.
S3; SI), but the procedure is illustrated in Figure 3 and summarized as:

(1) simulate concentration profiles for all species over contact time in an idealized PFR,

(i1) at each contact time, convert the reactant of interest into its isotopically-labeled form

denoted with a prime (e.g., for the unidirectional forward rate of A to D, all A will be

converted to A’ at each instance in contact time), and



(i11)) re-simulate the instantaneous rate of generation of isotopically-labeled product with
the concentrations and isotopic fractions of reactive intermediates governed by PSSH.
This simulated rate is equivalent to the isotopic exchange rate and the unidirectional
rate (e.g., the rate of generation of D’ is the isotopic exchange rate and the

unidirectional forward rate from A to D).

Unidirectional rate calculation:
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Figure 3. A schematic illustration for the calculation of simulated unidirectional rates based on
the isotopic exchange rate at every instance in 7 along an idealized PFR.
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2 Results and Discussion
2.1 PSSH viewpoint for the derivation of unidirectional rates
2.1.1 Unidirectional forward rate from A to D

We are here interested in determining the functional form of the unidirectional forward rate

from species A to D (ﬁAD) shown in Scheme 2 in terms of the unidirectional rates of elementary
steps (7 and 7, for k € [1, 5]). The underlying principle outlined by Horiuti is correct, but
generalization of the derivation to an interconnected reaction network necessitates accounting of
alternative pathways within the probability factor, which can be visualized and made apparent by
reorganizing the reaction network shown in Scheme 2 to one that explicitly portrays the
unidirectional conversion of species A to all other stable species going from left to right (Fig. 4).

Note that the directions of elementary steps 4 and 5 in Figure 4 are reversed relative to Scheme 2

9



due to the rearrangement of species. We adopt the “land post” symbol in Horiuti’s work[1], where
each vertical post indicates an intermediate state that every A molecule must pass through prior to
reaching the final product state. The red-dashed land post signifies the presence of a nodal species

where the reaction path branches.
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Unidirectional conversion of A
Figure 4. Rearrangement and land post assignment of the interconnected system shown in Scheme

2 for the unidirectional conversion of species A to species D and E. The red-dashed land post
signifies the nodal species after which the reaction network branches.

Under the validity of PSSH for B, the unidirectional forward rate from A to D remains
unchanged as the product between the unidirectional forward rate of the first elementary step
(generation of B) and the probability that species B cascades to generate species D (consumption
of B to form exclusively D) (Eq. 9).

=4 - R)BD
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It then becomes apparent that the unidirectional forward rate of an interconnected reaction system
inherently differs from that of a single-path reaction system and the former inevitably depends on
rates of the additional branch (elementary steps 4 and 5 in this case), which is accounted for by the
extra term in the denominator (}_?) g 1n this case). The existence of the alternative stable product, E,

also impacts the unidirectional forward rate from B to D and from B to E,
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and only ceases to be sensed by the system after the nodal species (species C; red-dashed land post;
Fig. 4). All steps after the nodal species and nodal land post are not impacted by alternative
branches as those pathways are no longer viable end points after we have crossed the nodal land

post. Thus, Equations 12-14 outline the remaining required unidirectional forward rate expressions.

Rep = 7_')3 (12)
= < R)FE
Rep =15 <%——>> (13)
s + RFE
R)FE = 7(;4_ (14)

Algebraic manipulations of Equations 9 to 14 (detailed in Sec. S6; SI) yield the functional
form of the unidirectional forward rate from A to D in terms of only the elementary step
unidirectional rates within the reaction network (Eq. 15).

rrrs
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Equation 15 now explicitly shows that R 4p 18 indeed dependent on the rates of elementary steps 4
and 5, an expected result affirming that the presence of alternative pathways impacts the rates of
reaction. Calculated values of unidirectional forward rate based on Equation 15 is also in full
accord with the simulated isotopic exchange rates at all contact times within an idealized PFR (Fig.
5). We next investigate the impact of elementary steps 4 and 5 on the unidirectional reverse rate
from species A to D and reserve the physical interpretation of the functional forms of unidirectional

rates for Section 2.2.

11



2.0

—— Sim. true val.

— = |ntercon.
Single-path
T

0.0

" |
0 50 100 150 200
T/ a.u.

Figure 5. Unidirectional forward rate from species A to D as a function of contact time within an
idealized PFR where the reaction network shown in Scheme 2 is occurring with the rate constants
listed in Table 1. The black line indicates simulated true values, the red-dashed line indicates
values calculated based on Equation 15 (single-node system), and the blue-dotted line indicates
values calculated based on Equation 1 (single-path system).

2.1.2 Unidirectional reverse rate from A to D

We now derive the functional form of the unidirectional reverse rate from species A to D
(§ ,.p) shown in Scheme 2 in terms of the unidirectional rates of elementary steps (7}, and 73, for

k €1, 5]) by instead considering the unidirectional forward rate from species D to A (}_?)D 4); the
two quantities are equivalent and doing so allows us to adopt the exact same methodology as that
applied for the unidirectional forward rate from A to D. Again, the reaction network shown in
Scheme 2 can be first rearranged into one that reflects the unidirectional conversion of species D
to all other stable species from left to right to facilitate visualization of the appropriate probability

factors (Fig. 6).
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Unidirectional conversion of D
Figure 6. Rearrangement and land post assignment of the interconnected system shown in Scheme
2 for the unidirectional conversion of species D to species A and E. The red-dashed land post
signifies the nodal species after which the reaction network branches.

The unidirectional rate expressions necessary for the derivation of Rp, are outlined in

Equations 16 to 20. In contrast with the analysis for ﬁAD, the nodal land post, illustrated by the
red-dashed land post, is now the second step as opposed to the third step (Fig. 6). This property
indicates that the effect of having a branch in reaction pathway will only impact the first probability
factor (Eq. 16) while all later steps remain unaffected (Eqgs. 17-20) in reference to the rates of a

single-path reaction sequence.
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With algebraic manipulations of Equations 16 to 20 (detailed in Sec. S7; SI), EAD may be
expressed strictly in terms of the elementary step unidirectional rates within the reaction network
(Eq. 21). The result again explicitly shows the involvement of unidirectional rates of elementary
steps 4 and 5 in the expression for the unidirectional reverse rate from A to D and reflect the
simulated isotopic exchange rates (Fig. 7).
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Figure 7. Unidirectional reverse rate from species A to D as a function of contact time within an
idealized PFR where the reaction network shown in Scheme 2 is occurring with the rate constants
listed in Table 1. The black line indicates simulated true values, the red-dashed line indicates
values calculated based on Equation 21 (single-node system), and the blue-dotted line indicates
values calculated based on Equation 2 (single-path system).

2.1.3 Effective reversibility from A to D

The resulting expressions of ﬁAD and EAD outlined in Sections 2.1.1 and 2.1.2 are

specifically for the system depicted in Scheme 2. Despite of the connectivity-dependent nature of
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unidirectional rates, division of §AD by ﬁA p again yields the canonical functional form of effective

reversibility (Eq. 22).

3
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This is consistent with the observation illustrated in Figure 2 and demonstrates the connectivity-
independent nature of effective reversibility as the functional form of effective reversibility is
unchanged between a single-path system (Scheme 1) and a single-node system (Scheme 2). In
other words, the effective reversibility between stable species within any interconnected reaction
network is equal to the product of the reversibilities of the elementary steps that connect them.
Any alternative pathways (steps 4 and 5 in this case) do not appear in the functional form of the
effective reversibility. Next, we provide an alternative interpretation of Equations 15 and 21 that
facilitates formulation of unidirectional rates of higher order reaction networks with multiple nodal
species.
2.2 Physical interpretation with the kinetic resistance viewpoint

The derivation thus far represents a PSSH viewpoint, with Equations 15 and 21 largely
justified by algebra alone. To understand the resulting expressions, we adopt a kinetic resistance
viewpoint by drawing analogy between the inverse of unidirectional rate and resistance in
electrical circuits. Such an analogy has been previously adopted in the study of reaction route
graphs[20]. Here, we will focus on investigating the forward kinetic resistance, defined as the
kinetic resistance associated with the unidirectional forward rate, and note that the reverse kinetic
resistance behaves analogously (Sec. S8; SI). The inverse of the unidirectional forward rate from
A to D for the single-path reaction system in Scheme 1 and Table 2 (Eq. 1) is the weighted sum of

the inverse of unidirectional forward rates of the elementary steps involved (Eq. 23).
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This expression is equivalent to a series of resistors having an overall resistance that is the sum of
their individual resistances (Table 2; row 1); 1 /ﬁAD,Single_path is the forward kinetic resistance
from A to D and ( 3-;%, Z]-) /7;, where z, = 1, is the forward kinetic resistance of the i elementary
step. As we progress down the reaction pathway, the influence of each elementary step is weighted
by the reversibility of the previous steps, a consequence of the decrease in driving force
experienced by the i step due to all preceding steps. A fully reversible (z; = 1) elementary step
therefore does not reduce the driving force experienced by the later steps. This behavior is
congruent with the fact that if all elementary steps have the same reversibility, the later steps will
necessarily be less rate controlling than the first elementary step[2,21]. Thus, the general form of
the forward kinetic resistance for a single-path reaction from species A to P over N steps is given

by Equation 24, which is also manifested in Horiuti’s derivation[ 1] but was not interpreted.

1 N it
_ J=07J —
= = - where z, =1 (24)
RAP,single—path i=1 Ti

The unidirectional rates and kinetic resistances in an interconnected system may be
analyzed in the same manner. Inverting the unidirectional forward rate from A to D in our model
single-node system (Eq. 15; Scheme 2) demonstrates that the forward kinetic resistance from A to
D is the sum of the forward kinetic resistance of the single-path reaction from A to D and a nodal
resistance term associated with the nodal species, C, consisting of the forward kinetic resistance
from species A up to the species C and the inverse of the branching ratio of species C leading to

species D over species E (Eq. 25).
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The resistor diagram is similar to that for a single-path system except the nodal species is replaced
by a nodal resistor (Table 2; row 2). Manifestation of nodal resistances in branching electrical

circuits can also be shown (Sec. S9; SI). The analogous reverse kinetic resistance from A to D

reveals that ﬁCE is unchanged while all other terms will change direction and be associated with

the unidirectional reverse rates (Eq. 26).
-1

1 1 , ! <RCD> 26

— — — -
RAD RAD,single—path RAC RCE

Since ﬁAD,Single_path, EAC, and §CD are each single-path unidirectional reverse rates, the direction
may be reversed using the canonical definition of effective reversibility (Eq. 3).

- -1
1 1 1 Z3R
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Dividing the forward kinetic resistance from A to D (Eq. 25) by the reverse kinetic resistance from

A to D (Eq. 27) then consistently proves that the effect of the alternative pathway (}_?)CE) cancels
out for the effective reversibility but not for unidirectional rates and kinetic resistances.
Derivations of unidirectional rates for the two-node systems shown in Table 2 illustrate
that nodal resistances written in the same form as those in Equations 25 and 26 fully account for
branching in the reaction network such that the branching ratios consist of single-path
unidirectional rates toward the product of interest regardless of the number of nodal species (Table
2; derivations in Sec. S10 & S11; SI). Specifically, when evaluating the forward kinetic resistance

from A to E for the two-node system shown in Table 2, the branching ratio in the nodal resistance

17



contributed by species C is just the ratio of the single-path unidirectional forward rate from C to E
over the unidirectional forward rate from C to H (innately single-path). The existence of the
alternative stable product F is captured by the second nodal resistance contributed by species D.
In the case where the nodal species leads to more than one alternative products (e.g., species C in
the evaluation of forward kinetic resistance from A to H in the two-node system in Table 2), the
branching ratio will be the single-path unidirectional forward rate to the product of interest (H in
this case) over the sum of unidirectional forward rates to all alternative products (E and F in this
case) (Sec. S12; SI). Hence, the general form of the nodal resistance contributed by nodal species
I for the forward kinetic resistance from species A to P with M alternative products (Par,)

branching from [ may be defined as

N -1
1 [Ripg _
forward nodal resistance of [ = — (W) (28)
RAI Zj:l RIPa]t’j

The kinetic resistance viewpoint therefore not only offers physical interpretation for the functional
forms of unidirectional rates but also presents a direct method for the derivation of unidirectional
rates in interconnected reaction networks:

(1)  write out the single-path kinetic resistance of the pathway of interest (Eq. 24),

(1i1)) convert all nodal species to nodal resistances (Eq. 28), and

(i11) 1invert the overall kinetic resistance (sum of (i) and (i1)).
In the following section, we further generalize the formalism outlined thus far and consider

reaction systems where the stoichiometric numbers of elementary steps are not unity.
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Table 2. Resistor diagrams, forward kinetic resistances, and forward rates for single-path, single-node, and two-node systems.

Reaction mechanism

Resistor diagram, forward kinetic resistance, and forward rate

1 Zq Z1Z;

A B . ¢ s p
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2.3 Non-unity stoichiometric numbers

The presence of non-unity stoichiometric numbers (g;) in a single-path system has already
been reconciled by Horiuti’s formalism[1]. For the system shown in Scheme 3, where two
elementary steps can occur with the first step having the stoichiometric number of two and the
second step having unity stoichiometric number to yield the overall reaction 24 2 C, we can
construct the land post diagram but note that the apparent unidirectional rates of the first step (7],
7, 2A 2 2B) must be the unidirectional rates of the first elementary step divided by a factor of
two (i.e., 7{ = 7, /2 and #{ = 7,/2) to account for the non-unity stoichiometric number (Fig. 8). It
then becomes evident that the procedure outlined in Section 1.2 remains valid as long as the

apparent elementary step unidirectional rates for the first step are used instead.

A_2B o,=2

2B 2> C g,=1

2A 2 C
Scheme 3. Example single-path reaction system for the formation of species C from 2A with one
reactive intermediate, species B, that abide by the pseudo-steady-state assumption.

-7 —
rq ra
2A |l =2 | 2Bl 2| C
—7 —
ry ra

SN

Unidirectional conversion of 2A
Figure 8. Land post assignment for the single-path system shown in Scheme 3 for the
unidirectional conversion of 2A to C.
Non-unity stoichiometric numbers within an interconnected network can be taken into

account similarly; however, it is the assignment of stoichiometric numbers that is less

straightforward. We now consider a system with four unique elementary steps where two possible

20



overall reactions with three elementary steps may occur (Scheme 4a). While the two overall
reactions are distinct, the second and third elementary steps for each reaction are shared but have
different stoichiometric numbers. The system as a whole constitutes an interconnected reaction
network but the reaction network and land post diagram cannot be constructed yet due to the
unequal stoichiometric numbers. In this scenario, we scale the overall reaction E 2 D (right side
of Scheme 4a) by a factor of two such that all stoichiometric numbers are consistent globally
(Scheme 4b). By mass and atom balances, it is disallowed for the ratio between the stoichiometric
numbers of shared elementary steps within one overall reaction to be different from that of another
overall reaction; in other words, the scaling of overall reactions should always be able to resolve
the unequal stoichiometric numbers. This then enables the combination of the two overall reactions
into one interconnected reaction network and, consequently, the assignment of appropriate land
posts (Fig. 9). The result again demonstrates the applicability of the formalisms outlined in the

previous sections as long as the apparent elementary step unidirectional rates (7 & Fj') are used

for any elementary step with non-unity stoichiometric number (Eq. 29).

2 T 29
=g (292)
</ Fl

The need to adjust both the forward and reverse unidirectional rates for elementary steps with non-
unity stoichiometric numbers is congruent with the connectivity-independent nature of effective
reversibility. Non-unity stoichiometric numbers will always cancel out when taking the ratio of
apparent elementary step unidirectional rates such that the effective reversibility is independent of
stoichiometric numbers and remains the product of the reversibilities of the elementary steps

involved. Calculated unidirectional rates and effective reversibility for the reaction from A to 2D
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in the system outlined in Scheme 4b reflect those obtained from simulation (Sec. S13; Fig. S10;
SI). We next detail the requirements for rigorous isotopic tracing by considering systems with

elementary steps involving multiple reactants and/or products.

a) k, k,

A2=22B o/P=1 | EZ2B ofP=1
k4 i k.4
k, i k,

BZ>C of®P=2 | B=C ofD=1
k., ; k.,
ks i ks

c=2D oA?M=2 | c=0D oED=1
ks i ks

A 2D EZD

b) k, ky

A=>22B o,=1 | E =B o,=2
k.4 i k.4
k, | k,

B2=>C 0,=2 B=>C 0,=2
k., ; k.,
ks ks

c=20D 0;=2 i c=2D 0;=2
ks i ks

A 2D . 222D

Scheme 4. Example system with four unique elementary steps that constitute two overall reactions,
each having three elementary steps, two of which are shared. (a) Conventional assignment of
stoichiometric numbers for each reaction would lead to steps 2 and 3 having inconsistent
stoichiometric numbers between the two reaction sequences. (b) Scaling of the overall reaction
E 2 D by two enables assignment of stoichiometric numbers that are consistent globally.
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Unidirectional conversion of A
Figure 9. Rearrangement and land post assignment of the interconnected system shown in Scheme
4 for the unidirectional conversion of species A to 2D and 2E. The red-dashed land post signifies
the nodal species after which the reaction network branches.
2.4 Limitations and requirements for rigorous isotopic tracing

While we have focused on cases with one reactant and product associated with each
elementary step, rigorous isotopic tracing in systems with elementary steps involving multiple
reactants and/or products requires each land post to contain a unique species. We first consider the
system shown in Scheme 5 with the initial conditions of C4 o = 100 a.u. and Cg o = 2 a.u and the
rate constants listed in Table S1. The associated land post diagram for the conversion of A to E
(Fig. 10) is the same as that for the single-path system shown in Scheme 1. As the derivations
detailed thus far have not specified the exact functional forms of the elementary step rates, the
resulting expressions for unidirectional rates should remain valid. We hence rely again on
simulated isotopic exchange rates to verify the validity of Equations 1 and 2; however, we here
impose that isotopically-labeled A (A’) only yield isotopically-labeled B (B*) and does not yield
isotopically-labeled C. Similarly, isotopically-labeled E (E’) may only decompose to isotopically-
labeled D (D’) and unlabeled C. These constraints ensure no labeled C exists within the system,

define rigorously what A’ and E’ are, and avoid the complexity where B’+C, B+C’, and B’+C’

each may form some kind of labeled A (and similarly for E with C+D). Indeed, Figure S11 (Sec.
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S14; SI) demonstrates that the simulated isotopic exchange rates and effective reversibility reflect

those calculated from Equations 1-3.

C+D 2 E

AZE

Scheme 5. Example reaction sequence with elementary steps involving multiple reactants and/or
products for the formation of E from A with three reactive intermediates, species B, C, and D, that
abide by the pseudo-steady-state assumption.

ki
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k4

O+l
O+ 0

7 ks
< < | E

rd

Unidirectional conversion of A

Figure 10. Land post assignment of the system shown in Scheme 5 for the unidirectional
conversion of A to E. The second step is explicitly labeled with 7, and 7, as species C is not
involved in the second elementary step.

We now consider another system shown in Scheme 6 that is similar to Scheme 5 except
the first elementary step yields two B molecules. The key characteristic of this system is that there
exists a land post (second one in this case) that lacks a unique species as species B, the sole reactant
of the second elementary step, is also a reactant of the third elementary step (Fig. 11). This feature
necessitates the definition of fully-labeled, partially-labeled, and unlabeled A and D as A can be
formed from B+B, B’+B, B+B’, or B’+B’ while D can be formed from B+C, B’+C, B+C’, or

B’+C’. Despite the isotopic distribution of A and D following some fixed statistical distribution,

the isotopic exchange rates will not be indicative of unidirectional rates as B exists in both the
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second and third land posts. It is unclear exactly how the formation of partially-labeled D from
B’+C or B+C’ relates to the consumption of fully-labeled A. This complexity that arises for
systems with land posts without unique species precludes a strict definition of isotopic exchange
rates and, consequently, limits the use of isotopic exchange rates as tools to probe unidirectional

rates.

B+C =D

AZ=2D
Scheme 6. Example reaction sequence with elementary steps involving multiple reactants and/or

products for the formation of D from A with two reactive intermediates, species B and C, that
abide by the pseudo-steady-state assumption.

k1
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O+l
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O

T,
<
ra

N
7

Unidirectional conversion of A
Figure 11. Land post assignment of the system shown in Scheme 6 for the unidirectional

conversion of species A to species D. The second step is explicitly labeled with 7, and 7, as only
one B is involved in the second elementary step.

In Scheme 4, the elementary step A 2 2B is also present but all land posts contain a unique
species for the unidirectional forward and reverse rates from A to 2D (Fig. 9). When fully-labeled
A and unlabeled D are fed, the formation of 2D’ (from 2C’) must correspond to the consumption

of fully-labeled A. When unlabeled A and labeled D (D’) are fed, we can form fully-labeled A

(from B’+B’) that corresponds to the consumption of 2D’, partially-labeled A (from B+B’ or B’+B)
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that corresponds to the consumption of D’, and unlabeled A (from B+B) that does not correspond
to the consumption of D’. The fact that each land post retains a unique species still enables rigorous
tracing of isotopes. The procedure for isotopic labeling of species in Scheme 5 also leveraged this
characteristic to unambiguously define isotopic exchange rates. The utility of isotopic tracing is
thus limited by the connectivity of the network rather than characteristics of individual elementary
steps. Next, we expound further on the utility of effective reversibility for an interconnected
reaction network from an experimental standpoint.
2.5 Utility of reversibility in interconnected reaction networks

The adherence of effective reversibility in an interconnected reaction network to the
canonical definition of effective reversibility implies that all analyses based on reversibility, such
as the De Donder relation and, more relevantly, the generalized de Donder relation, remain valid
[2—4,12]. The subtlety for interconnected system arises when one attempts to extract information
regarding the unidirectional rates based on net rates and effective reversibility. Given the net rate

and the effective reversibility, the forward and reverse unidirectional rates can be calculated as

> 1

For(— ) 0
1—Zegs (302)

. Zest

B on(r) o
1—Zegr (30b)

where R = R — R. While the net rate for a single-path system is equal to the net rate of generation
of reactants and products after accounting for any stoichiometric coefficients, the same cannot be
applied to an interconnected reaction network. Suppose we are to study the unidirectional rates
within the reaction system shown in Scheme 2 without any knowledge of the connectivity between
the stable species, the only quantities we can experimentally measure are the net rates of generation

of the stable species (74, 1p, and 1g) along with the effective reversibilities between them (Zegf 4p,
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Zett ag> and Zogs pp ), provided the stoichiometric numbers of all elementary steps are unity (Scheme
7). This is again analogous to the study of COx hydrogenation, where one can measure the net rates
of generation of CO,, CH3OH, and CO along with the effective reversibilities of CO»
hydrogenation, RWGS, and CO hydrogenation. Any attempt to calculate the net rate of reaction
between just two of the three stable species in order to invoke Equation 30 will be hindered by the

fact that the system is underspecified (Eq. 31).

—Rup —Rug =14 -1 -1 Rap
RAD + RED = TD = 1 0 RAE - TD (31)
R g —Rgp =1g 0 1 Rgp

Thus, despite the path independence of effective reversibility, analyses of unidirectional
rates for interconnected reaction networks pose innate difficulties that are not present in those for
single-path reaction sequences. Conclusions regarding unidirectional rates, and even net rates
between two stable species, must come from experiments such as isotopic tracing and exchange
that provide additional information distinguishing rates of interconnected pathways.
Unidirectional rates carry information regarding network connectivity and, as such, rigorous
measurements and analyses of unidirectional forward and reverse rates may serve as evidence
favoring or disproving certain proposed reaction mechanisms in addition to deconvoluting rates of
co-occurring reaction pathways within an interconnected reaction network, each not conveyed by

the effective reversibility alone.
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RAD Rrwes Rco, hya.
eff AE eff,AD ﬁ eff RWGS eff,COz hyd.
E—— D CO —> CH;0H

ED R¢o hya.
ZettED Z e£,c0 hyd.

Scheme 7. Generalized schematics of the reaction network in Scheme 2 as visualized without any
information on the connectivity between stable species. Arrows indicate the presumed directions
of reactions for which the net rates are defined to be positive. The analogous COyx hydrogenation
system is shown on the right with stoichiometric amounts of H, and H>O neglected for simplicity.

3 Conclusion

Adopting the fundamental principle in the approach first set forth by Horiuti[ 1] to analyze
unidirectional rates within single-path reaction networks, we show that the derivation can be
generalized for complex interconnected reaction networks by accounting for branches in reaction
pathways as alternative stable endpoints. Any addition and activation of elementary steps to
alternative products impacts the functional forms of both the forward and reverse unidirectional
rates with the inclusion of terms directly associated with the rates of the added steps but does so
without changing the functional form of the effective reversibility. Expressions of unidirectional
rates may be rationalized by noting that the kinetic resistance (inverse of unidirectional rate) is the
sum of the single-path kinetic resistance of the elementary steps involved and the kinetic
resistances contributed by the nodal species. The formalism presented in this work further applies
to cases with non-unity stoichiometric numbers through the use of apparent elementary step
unidirectional rates. We show that the calculated values of the unidirectional forward rate,
unidirectional reverse rate, and, consequently, effective reversibility based on the derived
functional forms agree with simulated isotopic exchange rates within an idealized PFR with

enforced PSSH on reactive intermediates. The results outline the dichotomy between kinetic
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properties such as reaction rates and thermodynamic quantities such as reversibility, where rates
are connectivity-dependent while reversibility is not. As such, the canonical definition of effective
reversibility (Eq. 3) applies to all reaction networks whereas the functional forms of the single-
path unidirectional forward and reverse rates shown by Horiuti[1] and Temkin[16—18] should
strictly be used for single-path reaction systems. The presence of nodes in a reaction network
prevents the calculation of unidirectional rates based on the net rates of generation of stable species
and the effective reversibility alone; however, unidirectional rates, as measured with isotopic
tracers given that each elementary step of the overall reaction and each land post involves a unique
species, can be used to validate proposed reaction network connectivity for such systems. As the
catalysis and reaction kinetics community continues to investigate and explicate rates and
mechanisms of increasingly complex systems, this study aims to provide the mathematical basis
for the formulation of rates and reversibility beyond the base case of single-path reaction networks.
4 Supporting Information

Derivation of single-path unidirectional rates following Horiuti’s formalism and Temkin’s
product rule, computational code for the simulation of isotopic exchange rates, simulated isotopic
exchange rates for model interconnected networks, derivations of unidirectional rates, effective
reversibilities, and kinetic resistances for model interconnected networks, analogy of nodal

resistances in electrical circuits
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