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ABSTRACT

We present a simple implicit solution for the time-dependent trajectory of a thin Asay foil ejecta diagnostic for the general case where the
impinging ejecta cloud is generated by a source function characterized by an arbitrary (sustained) time dependence and a time-independent
(stationary) particle velocity distribution. In the limit that the source function time dependence becomes a delta function, this solution—
which is amenable to rapid numerical calculations of arbitrary accuracy—exactly recovers a previously published solution for the special
case of instantaneous ejecta production. We also derive simple expressions for the free-surface arrival (catch-up) time as well as the true
ejecta areal mass accumulation on the accelerating foil and place bounds on the level of error incurred when applying instant-production
mass solutions to a sustained-production trajectory. We demonstrate these solutions with example calculations for hypothetical source func-
tions spanning a wide range of ejecta production durations, velocity distributions, and temporal behaviors. These calculations demonstrate
how the foil trajectory is often insensitive to the temporal dependence of the source function, instead being dominated by the velocity
distribution. We quantify this insensitivity using a“compatibility score” metric. Under certain conditions, one may capitalize upon this
insensitivity to obtain a good approximation of the second integral of the velocity distribution from the observed foil trajectory.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0228457

I. INTRODUCTION

The transit and release of a strong shock through a free metal
surface tends to generate a high-velocity spray of fine particulate
material known as ejecta. This ubiquitous phenomenon, first iden-
tified at least 70 years ago,1 is known, or hypothesized, to have a
deleterious effect on a wide variety of physical problems spanning
both pure research and technological applications. For example, a
thick ejecta cloud may interfere with radiographic lines of sight in
material studies by increasing the absorption or scattering opacity.
Metallic ejecta can also create undesirable conduction paths that
frustrate electrical diagnostics.2 Ejecta have also been considered as
a possible contributor to performance degradation in inertial
confinement fusion capsules.3 These considerations motivate a
desire to develop quantitatively predictive source models for ejecta
formation.

A variety of models have been proposed. These include empir-
ical or phenomenological descriptions parameterized by the geom-
etry of surface defects thought to seed the phenomenon;4,5 models
based on the nonlinear growth and breakup of fluid instabilities
likewise seeded by surface perturbations;2,6,7 and models centered
on the collapse of subsurface damage or cavitation features in the
shocked material.8 While different descriptions might be applicable
in different regimes, or at different times, all models benefit from a
wealth of experiments published in the literature;8–19 the first-
principles models also incorporate both theoretical20–22 and
numerical studies.2,23–26

Myriad diagnostic techniques have been applied to, or
developed for, ejecta studies. These include optical, x-ray,
and proton radiography;12,13,16,19,27–30 holography;31,32 multicolor
Mie-scattering;33,34 and momentum diagnostics, such as
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piezoelectric sensors12,35–37 (hereafter“piezopins” or “pins”), Asay
foils9,38 (hereafter“foils”), and Asay windows.10,16,39–41 This work
concerns the foil method. In that approach, a minute barrier situ-
ated in the path of an ejecta cloud undergoes acceleration as it
accretes mass and gains momentum; under certain conditions, the
time-dependent foil velocity is simply related to the accumulated
ejecta mass.8–10,38,42–44

In order for an ejecta source model to be predictive, it must
accurately describe the dynamical evolution of the ejecta cloud,
including the time-dependent mass and momentum deposition on
a downstream sensor. Asay foil trajectory measurements, therefore,
provide a crucial touchstone for source model development. A
simple general solution for the foil trajectory arising from a given
source model would fill a valuable niche in ejecta studies, as this
would enable quantitative predictions directly comparable to veloc-
imetry data. In the companion case of pin measurements, an analo-
gous closed-form solution (there, for the sensor voltage)45 and the
resulting theory/data comparisons have proven to be powerful tools
for code verification and physics model validation studies.46

Stationary pins present a more straightforward and tractable
problem than accelerating foils.

Here, we build upon our previously published formalism for
ejecta cloud dynamics, originally derived for pins,45 and which we
subsequently extended to foils44 in the special limiting case of
instantaneous ejecta production. In particular, the present work
extends that foil study by providing a simple, easily calculable
expression for the foil trajectory in cases of sustained ejecta produc-
tion. We consider both the forward problem (calculating the foil
trajectory and time-dependent mass accretion, given a known
source function and experimental configuration) and the inverse
problem (inferring mass accretion, and potentially, information
about the source function, from an experimentally observed foil
trajectory).

The rest of this paper is organized as follows:

• SectionII summarizes the physical scenario investigated here
and presents the previously derived44 integrodifferential equation
of motion for the foil.

• SectionIII defines the class of ejecta source models under con-
sideration, namely, those exhibiting sustained production with
separable time and velocity dependences. The general properties
of such models are derived there, as well as some key mathemati-
cal properties of the velocity distribution.

• SectionIV introduces a special source function: the Dirac comb,
comprising a finite train of discrete delta functions.

• In Sec.V, we calculate the continuous limit of the Dirac comb,
and its associated trajectory expression, as the temporal spacing
between delta functions goes to zero. The result is a greatly sim-
plified equation of motion featuring only a single integration
with fixed limits of integration, in contrast to the two double
integrations with variable limits that appear in the original equa-
tion of motion.44 This implicit expression for the foil trajectory
pertains to any ejecta source model of the form described in
Sec.III . We also derive a simple expression for the time of free-
surface arrival at the accelerated foil.

• We use a similar approach in Sec.VI to derive a solution for the
true time-dependent ejecta areal mass accumulation on the

accelerated foil, given a known source function (i.e., the forward
problem). We also derive expressions for the error in the total
ejecta mass inferred from a measured foil trajectory (i.e., the
reverse problem).

• Example foil trajectories and their associated dynamic mass
accumulations are examined in Sec.VII . There, we also consider
the conditions under which the foil velocity curves may, or may
not be, considered self-similar.

• In Sec.VIII , we utilize a simple metric known as the“compatibil-
ity score”46 to quantify the degree to which a forward-calculated
trajectory is or is not sensitive to details of the source function’s
time dependence (as opposed to the particle velocity
distribution).

• In such cases where the temporal behavior of the source function
leaves a weak imprint on the trajectory, it is occasionally possible
to retrieve an approximate functional form for the second inte-
gral of the unknown particle velocity distribution from an experi-
mentally observed trajectory. This procedure is demonstrated in
Sec.IX.

• We summarize this work, including our conclusions and
thoughts on possible future efforts, in Sec.X.

• Severalappendixesexplore additional mathematical details of the
trajectory solution and feature a gallery of demonstrative trajec-
tory calculations representing a wide variety of ejecta source
functions.

II. PROBLEM OF INTEREST

Our goal is to derive a simple expression for the time-
dependent trajectory of a thin Asay foil, in vacuum, when exposed
to an ejecta cloud generated by a singly shocked planar metal
coupon. (Here“thin” indicates thick-plate effects, such as time lags
between ejecta impact and velocity changes on the rear side of the
foil,10 are negligible.) The ejecting target might be driven by high-
explosive (HE) detonation,12–14,19,28 flyer plate impact,8,11,47,48 or
laser illumination.49,50 We further stipulate that the ejecting target
is liquefied with no residual strength, resulting in a constant post-
shock free-surface velocity such as has been observed in HE-driven
tin coupons.19

We define the problem of interest as in the preceding
papers,44,45 briefly summarized here and depicted inFig. 1. As
always, our guiding philosophy is to examine a theoretical system
that describes, as closely as possible, the physical conditions under-
lying a standard momentum diagnostic analysis. That is to say, the
following scenario has not been simplified for the sake of tractabil-
ity; rather, this analysis works from the assumptions typically
embedded, explicitly and implicitly, into methods for extracting
cumulative ejecta areal masses from piezoelectric sensors12,18 and
thin Asay foils.9 In this paper, we relax the common and useful
assumption of instantaneous ejecta production; our previously pub-
lished foil trajectory solution for that scenario44 will be recovered
as a special case of the more general expression presented here.
This scenario conjures a uniform one-dimensional ejecta cloud,
although we acknowledge that real ejecta clouds may exhibit more
complex structures leading to non-ideal effects such as foil
“flutter.”
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All kinematic quantities are non-negative. The target surface is
initially at rest atz ¼ 0. At the shock breakout timet0 (which we
set to zero with no loss of generality), two things happen: the lique-
fied free surface is instantaneously accelerated to free-surface veloc-
ity ufs, and this accelerated surface begins to create ejecta. Ejecta
production will persist until a final creation time,tcf � t0, at which
time production ceases (here, equality denotes the special case of
instantaneous production, analyzed in a previous paper44).

The temporal evolution of the free-surface velocity is irrele-
vant when ejecta production is instantaneous, but sustained-
production scenarios require a prescription forufs(t). Here, as in
the preceding work,44,45 we stipulate_ufs ¼ 0, which is consistent
with the published velocimetry from certain experiments featuring
high-explosive driven tin.19 Furthermore, if the timescale forufs

evolution is long compared to the (unknown, but generally believed
to be short) timescale for ejecta production, then_ufs � 0 during
the relevant period. More generally, the mathematical framework
underpinning this and the preceding work is based on a simple
algebraic mass-conservation relationship linking the source- and
lab-frame ejecta areal mass functions.45 That simple relationship is
no longer valid when_ufs = 0, and indeed, useful closed-form solu-
tions may no longer exist even for a motionless pin.45

Ejecta particles have speedw relative to the free surface and
lab-frame speedu ¼ w þ ufs. Hatted quantities denote the
maximum velocities, so the (static) relative velocity distribution
spans 0� w � ŵ (were_ufs = 0, the lab-frame velocity distribution
would not, in general, be static).

All particles travel through a perfect vacuum in thez-direction
without interacting, meaning the particle momenta and the longi-
tudinally integrated ejecta cloud mass per unit area do not change
during transit to the sensor.

The sensor is a thin Asay foil with clean areal mass� f , initially
located atz ¼ zf 0. Ejecta particles collide perfectly inelastically
with the foil starting at the first arrival time,ta0 ¼ zf 0=û. As with
the previously published derivations,44,45 we restrict our attention
to the problem regimetcf , ta0. For many experimental configura-
tions in the literature,12,19,38 this translates into a very loose con-
straint on tcf. In essence, a system contradicting this condition
would stand in tension with the conventional wisdom for“rapid”
ejecta production.

Momentum transfer causes the foil to accelerate, exhibiting a
measurable trajectoryzf (t) or foil velocity,vf (t) ¼ _zf (t). The mea-
surement ends when the free surface overtakes and possibly
destroys the foil att ¼ t fs. In contrast to pin measurements where
t fs is known a priori from basic kinematics, deriving the time of
free-surface arrival at the accelerating foil requires first solving the
trajectory (see Sec.V A).

We disregard the effect of foil support onzf . An extensive
study38 has demonstrated that well-constructed foils subjected to
high-velocity ejecta behave as essentially“free-floating” objects.

Ejecta production at the free surface is defined by a source
areal mass function (AMF),45 mc w, tcð Þ. The AMF, which carries
units of mass per unit volume, represents the time- and velocity-
dependent distribution function for ejecta mass produced per unit
area of the free surface, equivalent to the ejecta areal mass gener-
ated at creation timetc in particles of relative velocityw. More for-
mally, the source AMF is derived from the first mass moment of
the source-frame particle distribution function,45 meaning it con-
tains no information about the particle size distribution.

As published previously,44 momentum conservation in this
system leads to an integrodifferential equation of motion for the
foil trajectory,

� f u fs þ _� t þ �
� �

� f þ
ðŵ

0

ð w� �ð Þt
w

0
mc w, tcð Þdtc dw

" #

¼
ðŵ

0

ð w� �ð Þt
w

0
w mc w, tcð Þdtc dw, (1)

where� (t) represents the generalized relative ejecta velocity,

� (t) ;
zf (t)
t � t0

� u fs ¼
zf (t)

t
� u fs, (2)

a convenient and natural variable for this problem. This definition
leads directly to the boundary conditions� ta0ð Þ ¼̂w and
� t fs
� �

¼ 0. (The second boundary condition applies strictly to sce-
narios in which the full ejecta cloud accretes on the foil, i.e., when
the foil does not outrun the free surface:vf (t) , ufs for all t. We
restrict our attention to such scenarios here.) For future reference,

FIG. 1.A free surface situated on a vacuum boundary atz ¼ 0 is initially at
rest in the lab frame (dashed black line). Att0 ¼ 0, that surface is shocked and
instantaneously uniformly accelerated to constant lab-frame velocityufs (blue
line). At creation timetc � t0, an ejecta particle is launched from the free
surface with relative velocityw and lab-frame velocityu ¼ w þ ufs. The
maximum relative particle velocity isŵ. The ejecta fly ballistically toward an ini-
tially motionless Asay foil (red) situated at distancezf0; the foil has clean areal
mass� f . Momentum transfer causes the foil to accelerate along a trajectory
zf (t). Reproduced with permission from Tregilliset al., J. Appl. Phys.130,
124504 (2021). Copyright 2021 AIP Publishing LLC.
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we also note the relationships,

vf (t) ¼ _zf (t) ¼
d
dt

� tð Þ þufs, (3)

af (t) ¼ €zf (t) ¼
d2

dt2 � tð Þ: (4)

Note � (t) , 0 would imply zf (t) , ufst, meaning the free
surface has passed the foil, yet by definition, this is disallowed for
t , t fs. Thus,� (t) � 0 for all t [ ta0, t fs

� �
. The full-collection con-

dition vf , ufs requires _� t , � � , meaning a necessary (but not
sufficient) condition for full collection is _� (t) , 0 for all
t [ ta0, t fs

� �
. It immediately follows that the obvious physical

requirement af ; €� t þ 2_� � 0 implies €� (t) . 0 for all
t [ ta0, t fs

� �
. Thus, � (t) can have no inflection points when the

entire cloud is collected.
Ideally, we would like to solve Eq.(1) for � (t), and hence

zf (t), given a general form ofmc. Such a solution would be a valu-
able tool for validation studies of ejecta source models, as this
would enable trajectory predictions directly comparable to experi-
mental results. If a closed-form solution does not exist or proves
elusive, then we seek to reduce Eq.(1) to a more tractable form
amenable to rapid numerical calculations.

III. SEPARABLE SUSTAINED-PRODUCTION SOURCE
MODELS

Consider the class of sustained-production ejecta source
models with stationary velocity distributions. When the ejecta par-
ticle velocity distributionf (w) is independent oftc, the source AMF
may be written as

mc w, tcð Þ ¼m0 f (w) g tcð Þ, (5)

where the normalization constantm0 carries units of mass per unit
area; the velocity distributionf (w) carries units of inverse velocity;
and time dependenceg tcð Þcarries units of inverse time. It is conve-
nient to normalize the functionsf andg such that

ðŵ

0
f (w) dw ¼ 1

ðtcf

0
g tcð Þdtc ¼ 1, (6)

and m0 represents the total sourced ejecta areal mass. In this case,
the cumulative ejecta areal mass sourced up to creation time
tc � tcf, denotedm without a subscript, is

m(tc) ¼
ðŵ

0

ðtc

0
mc w, t0

c

� �
dwdt0

c ¼ m0

ðtc

0
g t0c
� �

dt0
c, (7)

and, thus,

g tcð Þ ¼
1

m0

d
dtc

m tcð Þ: (8)

As established previously,44 the double integral on the left side
of Eq. (1) represents the time-dependent ejecta areal mass

accumulated on the foil, which must equalm0 whent ¼ t fs. Thus,
by inspection, we find

� f u fs þ _� t fs
� �

t fs þ � t fs
� �� �

� f þ m0

h i
¼ m0

ðŵ

0
w f(w) dw

¼ m0hwi , (9)

wherehwi represents the mean particle velocity in the distribution.
The following results, which take advantage of constants derived in
Secs.IV andV (see below), follow directly:

vf t fs
� �

¼
m0

� f þ m0
(hwi þ ufs) ¼

hui
�

, (10)

_� t fs
� �

t fs ¼
m0 hwi � � f ufs

� f þ m0
¼ �

�
�

¼
hui
�

� u fs: (11)

The final foil velocity just prior to collision with the free surface,
vf t fs

� �
, is determined solely by the total momentum content of the

ejecta cloud and the mass of the initially motionless foil. These
expressions appear to imply that the foil will outrun the free
surface, meaningvf t fs

� �
� u fs, when � f =m0

� �
ufs � h wi (equiva-

lently, � � 0; see Sec.V). However, if the foil did outrun the free
surface, this would violate the previously stated boundary condition
� t fs
� �

¼ 0, rendering Eqs.(10) and(11) invalid.
In an experiment wherevf and ufs are measured and� f

known, Eqs.(10) and (11) constrain the relationship betweenm0

and hwi . Given a total mass extracted from analysis of the trajec-
tory, the mean of the particle velocity distribution is known.

The total momentum content of the ejecta cloud will be iden-
tical for instant- and sustained-production source functions sharing
a velocity distribution,f (w),

ðŵ

0

ð1

� 1
w m0 f (w) g tcð Þdtc dw ¼

ðŵ

0
w m0 f (w) dw ¼ m0hwi

¼
ðŵ

0

ð1

� 1
w m0 f (w) � tcð Þdtc dw:

(12)

A. Integrals of the velocity distribution

As in our earlier work on this problem,44 we assume that the
ejecta particle velocity distribution is twice-integrable. This substan-
tially simplifies the following derivations and is justified on the
grounds that the physical scenario considered here is unlikely to
generate a mathematically pathological distribution (but this is not
ruled out, however).

The physics of the problem demands the particle velocity dis-
tribution f (w) be non-negative on 0,̂w½ �and strictly zero outside
that domain. Let us define

F1(w) ;
ðw

� 1
f (w0) dw0 (13)
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so thatF1(w) ¼ 0 8 w � 0 and the normalization condition means

F1 ŵð Þ� F1 0ð Þ¼ F1 ŵð Þ¼ 1: (14)

In this picture,F1 �wð Þfor �w . 0 has a clear physical interpretation:
the fraction of the ejecta withw [ 0, �w½ �.

A similar definition ofF2

F2(w) ;
ðw

� 1
F1(w0) dw0 (15)

means, as withF1, thatF2(w) ¼ 0 8 w � 0.
From these definitions, it followsF1 �wð Þ ¼1 and F2(�w)

¼ F2 ŵð Þ þ �w � ŵð Þfor all �w � ŵ. Finally, and for future reference,
the mean velocity in the distribution can be written as

hwi ;

Ð̂w
0 w f(w) dw
Ð̂w
0 f (w) dw

¼
ðŵ

0
w f(w) dw ¼ [w F1(w) � F2(w)]

�
�ŵ
0

¼ ŵ � F2 ŵð Þ, (16)

and the associated mean lab-frame velocity ishui ¼ hwi þ ufs.
As shown below, the implicit solution for the foil trajectory

involves an integration overF2, while the exact solution for ejecta
mass accumulation on the accelerated foil,� e(t), involves an inte-
gration overF1.

IV. DIRAC COMB

Consider a separable source function characterized by a dis-
crete train ofN þ 1 evenly spaced delta functions,

mDC
c w, tcð Þ ¼

XN

n¼0

~mn f (w) � tc � tnð Þ

¼ m0 f (w)
XN

n¼0

~mn

m0
� tc � tnð Þ, (17)

whereN . 0 and tn ; n � tc for some fixed spacing� tc . 0. The
Dirac comb is a mathematical tool; we emphasize this remains a
single-shock problem. The normalization conditions requireP

~mn ¼ m0. Ejecta production terminates at timetcf ¼ N� tc,
meaning� tc ; tcf

N .
When applied to this source function, the equation of motion

[Eq. (1)] for measurement timest � ta0 . tcf becomes

� f ufs þ _� t þ �
� �

[� f þ m0

XN

n¼0

~mn

m0

ðŵ

� t
t� tn

f (w) dw]

¼ m0

XN

n¼0

~mn

m0

ðŵ

� t
t� tn

w f(w) dw, (18)

where the lower limit on the integration comes from the condition

(w� � ) t
w . tn. Note

� t
t � tn

¼
zf � ufs t

t � tn
¼

zf � ufstn
t � tn

� ufs ¼ w tn, t; zf
� �

, (19)

where the previously defined45 function w tn, t; zð Þrepresents the
relative velocity of a particle created at timetn which reaches sensor
locationzf (t) at measurement timet.

If the particle velocity distribution is twice-integrable, we may
defineF1 and F2 as in Sec.III A , in which case Eq.(18) can be
expressed as

� f ufsþ � f
d
dt

� tð Þþm0
d
dt

� tð Þ
XN

n¼0

~mn

m0
F1 ŵð Þ � F1

� t
t � tn

	 
� �

¼m0

XN

n¼0

~mn

m0
ŵF1 ŵð Þ � F2 ŵð Þ �

� t
t � tn

F1
� t

t � tn

	 

þ F2

� t
t � tn

	 
� �

(20)

or

� f

m0

	 

ufs þ F2 ŵð Þ � ŵ F1 ŵð Þ

� �
þ

� f

m0

	 

þ F1 ŵð Þ

� �
d
dt

� tð Þ (21)

¼
XN

n¼0

~mn

m0

	 
 "

F2
� t

t � tn

	 

þ

d
dt

� tð ÞF1
� t

t � tn

	 


�
� t

t � tn
F1

� t
t � tn

	 
 #

: (22)

Introducing the constants� and � simplifies this equation of
motion,

� þ �
d
dt

� tð Þ ¼
XN

n¼0

~mn

m0

	 

d
dt

t � tnð ÞF2
� t

t � tn

	 
� �
(23)

or by using the fact thatt . ta0 . t0 ¼ 0,

� þ � � �
XN

n¼0

~mn

m0

	 

1 �

tn
t

� �
F2

� t
t � tn

	 

¼

�
t

, (24)

where � is an integration constant determined by the previously
stated condition� ta0ð Þ ¼̂w,

� ¼ ta0 � þ ŵ �ð Þ �
XN

n¼0

~mn

m0

	 

ta0 � tnð ÞF2

ŵ ta0

ta0 � tn

	 


¼
� f

m0

	 

zf 0 þ ta0 F2 ŵð Þ �

XN

n¼0

~mn

m0

	 

ta0 � tnð ÞF2

ŵ ta0

ta0 � tn

	 

:

(25)

As required for the integration constant,� is independent oft.
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V. CONTINUOUS LIMIT OF THE DIRAC COMB ( � t c � 0+)

Let �m(tc) be a continuous real analytic function that passes
through the summation points such that

�m k� tcð Þ¼
Xk

n¼0

~mn 8 k [ 0, . . . , N½ �: (26)

Expanding the convergent Taylor series for�m around the point
tc ¼ n� tc yields

~mn ¼ �m n� tcð Þ� �m n � 1ð Þ� tc½ � ¼
X1

j¼1

dj

dtj
c

�m n� tcð Þ� tj
c

¼ � tc
d

dtc
�m n� tcð Þ þO � t2

c

� �
, (27)

and so to leading order

~mn

m0
¼

� tc
m0

d
dtc

�m n� tcð Þ; � tc �g n� tcð Þ: (28)

Because�m is a continuous real analytic function,�g is as well.
In the limit that the comb spacing goes to zero, and given a

finite tcf,

lim
� tc! 0þ

mDC
c w, tcð Þ ¼m0 f (w) lim

� tc! 0þ

Xint
tcf
� tc

n¼0

�g n� tcð Þ� tc � n� tcð Þ� tc

2

6
4

3

7
5

¼ m0 f (w) lim
� tc! 0þ

Xint
tcf
� tc

n¼0

�g tcð Þ� tc � n� tcð Þ� tc

2

6
4

3

7
5

¼ m0 f (w) �g tcð Þ lim
� tc! 0þ

Xint
tcf
� tc

n¼0

� tc � n� tcð Þ� tc

2

6
4

3

7
5:

(29)

When the upper summation limit is taken to infinity, the expres-
sion in square brackets has a simple evaluation, as shown by
Rendónet al.,51

lim
� tc! 0þ

mDC
c w, tcð Þ ¼m0 f (w) �g tcð Þ

� lim
� tc! 0þ

� tcð Þ
2

� tc þ
H tcð Þ
� tc

� tc

� �
(30)

¼ m0 f (w) �g tcð ÞH tcð Þ; m0 f (w) g tcð Þ, (31)

whereH denotes the Heaviside step function and the final equality
follows from Eq.(7).

Applying the same limit to the summation term in the trajec-
tory expression for the Dirac comb [Eq.(24)] yields

lim
� tc! 0þ

Xint
tcf
� tc

n¼0

~mn

m0

	 

1 �

tn
t

� �
F2

� t
t � tn

	 


¼ lim
� tc! 0þ

Xint
tcf
� tc

n¼0

g n� tcð Þ 1 �
n� tc

t

	 

F2

� t
t � n� tc

	 

� tc

¼
ðtcf

0
1 �

tc
t

� �
g tcð ÞF2

� t
t � tc

	 

dtc, (32)

where the final equality is the definition of a Riemann integral,
when the limit converges. Acknowledging this assumption, we
simply note that a pathologically divergent trajectory would violate
conservation laws.

The corresponding continuous limit of� [Eq. (25)] follows
similarly:

lim
� tc! 0þ

� ¼
� f

m0

	 

zf 0 þ ta0 F2 ŵð Þ

�
ðtcf

0
ta0 � tcð Þg tcð ÞF2

ŵ ta0

ta0 � tc

	 

dtc: (33)

From Sec.III A , we have

F2
ŵ ta0

ta0 � tc

	 

¼ F2 ŵð Þ þ

ŵ ta0

ta0 � tc
� ŵ

� �
¼ F2 ŵð Þ þ

ŵ tc
ta0 � tc

, (34)

meaning the integral term is simply

ta0 F2 ŵð Þ
ðtcf

0
g tcð Þdtc þ [ŵ � F2 ŵð Þ]

ðtcf

0
tc g tcð Þdtc

¼ ta0 F2 ŵð Þ þ hwihtci , (35)

where we have applied the normalization condition ong tcð Þ,
usedhtci to denote the mean value oftc during the production
interval, and used the definition of the mean particle velocity from
Sec.III A . Thus,

lim
� tc! 0þ

� ¼
� f

m0

	 

zf 0 � h wihtci : (36)

Combining these results obtained from computing the contin-
uous limit of the Dirac comb suggests separable sustained-
production ejecta source functions of the form

mc w, tcð Þ ¼m0 f (w) g tcð Þ (37)

yield foil trajectories� tð Þdefined by

� þ � � �
ðtcf

0
1 �

tc
t

� �
g tcð ÞF2

� t
t � tc

	 

dtc ¼

� f

m0

	 

zf 0

t
�

hwihtci
t

(38)
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or

� t þ � � t �
ðtcf

0
t � tcð Þg tcð ÞF2

� t
t � tc

	 

dtc ¼ � � h wihtci , (39)

where the constants

� ;
� f

m0

	 

ufs þ F2 ŵð Þ � ŵ F1 ŵð Þ ¼

� f

m0

	 

ufs � h wi

¼ � ufs � h ui , (40)

� ;
� f

m0

	 

þ F1 ŵð Þ¼

� f

m0

	 

þ 1, (41)

� ;
� f

m0

	 

zf 0 ¼ � � 1ð Þzf 0 (42)

are definedexactly as in the previously published solution for
instant-production source functions.44 [Per Eq. (10), � is directly
proportional to the final foil velocity relative to the free surface.
In a single-particle system,� is the ratio of initial particle and
final foil velocities.] Indeed, wheng tcð Þ ¼� tcð Þ, we recover that
solution,

� t þ � � t � F2 �ð Þt ¼ � ) t ¼
�

� þ � � � F2 �ð Þ
: (43)

It is straightforward to show that Eq.(39) is identically true
whent ¼ ta0.

Another useful test is to computet fs
_� t fs
� �

from Eq.(39). The
total time derivative of Eq.(39) is

� þ �
d
dt

� t �
ðtcf

0
g tcð Þ

d
dt

t � tcð ÞF2
� t

t � tc

	 
� �
dtc ¼ 0 (44)

or

� þ �
d
dt

� t �
ðtcf

0
g tcð Þ

� F2
� t

t � tc

	 

þ

d
dt

� tð ÞF1
� t

t � tc

	 

�

� t
t � tc

F1
� t

t � tc

	 
� �
dtc ¼ 0:

(45)

The boundary condition� t fs
� �

¼ 0, combined with the previously
established valuesF1(0) ¼ F2(0) ¼ 0 from Sec.III A , drives the
integral term to zero whent ¼ t fs, leading to

� þ � t fs
_� t fs
� �

¼ 0 (46)

or

t fs
_� t fs
� �

¼ �
�
�

¼
hwi �

� f

m0

� �
u fs

� f

m0

� �
þ 1

, (47)

thereby recovering Eq.(11), as required.
Equation(39) provides an implicit expression for the foil tra-

jectory � (t), and, thus, the measurable quantitieszf (t) or vf (t),
given a known source functionmc w, tcð Þof the class considered
here. The shut-off time,tcf, is part of that known source function.
While not a closed-form solution for� (t) or t(� ) as in the special
case of instant production, it does enable rapid calculation of
t, � (t)½ �pairs on the trajectory with arbitrary accuracy. Calculations
using Eq.(39) involve a single integral with known fixed limits of
integration. Compare that to the original general form of the inte-
grodifferential equation of motion [Eq.(1)] with two double inte-
grals, each of which contains the unknown time-dependent
trajectory� (t) embedded in the limits of integration.

Appendixes Aand B examine various properties of the foil
acceleration,af (t), arising from this trajectory solution.

A. Free-surface arrival time, t fs

Recall from Sec.III A that F2(0) ¼ 0. Thus, whent ¼ t fs and
� ¼ 0, Eq.(39) becomes simply

� t fs ¼ � � h wihtci , (48)

so

t fs ¼ t(� )
fs �

hwihtci
�

, (49)

where

t(� )
fs ;

�
�

(50)

is the free-surface arrival time in the previously published trajectory
solution for instant-production source functions.44 As noted in
Sec.III , the derivations presented here become invalid when� � 0.

When� . 0 andg tcð Þ ¼� tcð Þ,

t fs ¼ t(� )
fs (51)

as required. Furthermore, because both the mean particle velocity
and the mean production time must be positive definite in
sustained-production scenarios,t fs , t(� )

fs . This is consistent with
physical intuition. Consider a pair of instant- and sustained-
production source models characterized by the same velocity distri-
bution f (w) and the same total sourced ejecta areal mass,m0.
Because the total momentum content of the ejecta cloud is the
same in both cases, the final foil velocities will also be the same.
However, we expect the ejecta cloud in the sustained-production
case will be more distended than in the instant-production case,
meaning the mean instantaneous momentum transfer to the foil
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during the collection interval will be lower in the sustained-
production scenario. It follows that the mean instantaneous foil
acceleration will be lower in the sustained-production case. Thus,
when all other things are equal, we expect the free surface to catch
the foil earlier in the sustained-production case than in the instan-
taneous production case.

VI. MASS ACCUMULATION ON THE ACCELERATED FOIL

It is worthwhile to consider the cumulative ejecta mass col-
lected by the foil in both the forward and inverse problems. The
former refers to calculating an analytic model prediction from a
known source function; the latter refers to inferring the mass from
an empirically observed foil trajectory resulting from an unknown
source function.

A. True mass

Intuitively, we expect the forward calculation to yield the dif-
ference between the total ejecta mass in the problem,m0, and the
material not yet accreted on the sensor. Given a known source
function, the most general form for the forward-calculated cumula-
tive ejecta areal mass accreted on the accelerated foil is44

� e(t) ¼
ðŵ

0

ð w� �ð Þt
w

0
mc w, tcð Þdtc dw (52)

(see Sec.III ). Applying the Dirac comb source function of Sec.IV
to this expression yields

� DC
e (t) ¼ m0

XN

n¼0

~mn

m0

	 
 ðŵ

� t
t� tn

f (w) dw (53)

¼ m0

XN

n¼0

~mn

m0

	 

1 � F1

� t
t � tn

	 
� �
(54)

¼ m0 � m0

XN

n¼0

~mn

m0

	 

F1

� t
t � tn

	 

: (55)

Taking the continuous limit, as in Sec.V, we obtain

� true
e (t) ¼ lim

� tc! 0þ
� DC

e (t) ¼m0 � m0 lim
� tc! 0þ

X
tcf
� tc

n¼0

~mn

m0

	 

F1

� t
t � n� tc

	 


¼m0 � m0 lim
� tc! 0þ

X
tcf
� tc

n¼0

�g n� tcð ÞF1
� t

t � n� tc

	 

� tc

¼m0 1�
ðtcf

0
g tcð ÞF1

� t
t � tc

	 

dtc

� �
,

(56)

where, again, the final expression assumes convergence of the
Riemann sum.

When t ¼ ta0 and � ¼ ŵ, F1 in the integrand is unity, and the
normalization condition ong tcð Þyields � e ta0ð Þ¼ 0, as required.
When t ¼ t fs and � ¼ 0, thenF1 in the integrand is zero, leading
to � e t fs

� �
¼ m0, again as required.

Equation(56) might be derived from first principles, accord-
ing to the following reasoning. Because, as shown in Sec.IV,

� t
t � tc

¼ w tc, t; zf
� �

, (57)

F1
� t

t� tc

� �
must represent the fraction of the velocity distribution

containing particles too slow to arrive at the foil by measurement
time t if born at creation timetc. The integrand of Eq.(56), there-
fore, represents the fraction of ejecta mass generated at timetc that
has not reached the foil by measurement timet, and the integral is
simply the fraction of the entire ejecta cloud that has not arrived by
time t.

Note that in the limit of instantaneous production,
g tcð Þ ! � tcð Þ, Eq.(56) becomes

� true
e (t) ¼ m0 1 � F1 �ð Þ½ � ¼m0

ðŵ

�
f (w) dw, (58)

thereby recovering the previously published expression for true
mass accumulation on the foil in that case.44

B. Error in total inferred mass

It is also possible to derive expressions for the error in the
ejecta mass inferred via the reverse problem. Previously,44 we
derived two mass solutions for the special case of truly instanta-
neous production. The exact solution is

� (� ),exact
e (t) ¼ � � f 1 þ

zf 0

_� (t) t2

� �
(59)

[Eq. (47) of Ref. 44]. In the limits of low ejecta mass
(� e � m0 � � f ) and low foil velocity (vf � v ; zf =t), a useful
approximate solution is

� (� ),approx
e (t) ¼ � f 1 �

zf (t) � vf (t) t
zf 0

� �
(60)

[Eq. (54) of Ref.44]. This approximated solution is equivalent to
that given in the original paper introducing Asay’s foil technique;9

the experiment considered there resides solidly within the above
limits.

When applied to a sustained-production trajectory, these solu-
tions yield total (final) masses,

� (� ),exact
e t fs

� �
¼ � � f 1 þ

zf 0

_� t fs
� �

t fs
� �

t fs

( )

¼ � f
� zf 0

� t fs
� 1

� �

¼ m0
�

� t fs
� � � � 1ð Þ

� �
¼ m0 1 þ

�
�

hwihtci
t fs

� �
(61)
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and

� (� ),approx
e t fs

� �
¼ � f 1 �

ufs � vf t fs
� �� �

t fs

zf 0


 �

¼ m0 � � 1ð Þ
zf 0 � �

� t fs

zf 0

� �

¼ m0
� � 1

�

	 

1 þ

hwihtci
zf 0

	 
� �
, (62)

where the factors in square brackets represent the error incurred by
applying instantaneous production solutions to a sustained-
production trajectory. Note that in the limit of instant production,
this factor goes to unity in the first case, as required, but not in the
approximated case. The associated upper and lower error bounds
follow directly:

� (� ),exact
e t fs

� �

m0
� 1 þ

�
�

ŵtcf

t fs
, 1 þ

�
�

ŵ, (63)

� (� ),approx
e t fs

� �

m0
�

� � 1
�

¼
� f

m0 þ � f
: (64)

VII. EXAMPLE TRAJECTORIES AND MASS
EXTRACTIONS

We have calculated examples pertaining to a variety of velocity
distributions [f (w)], temporal variations [g(tc)], and production inter-
vals (tcf). The trajectories were obtained from the implicit solution
[Eq. (39)] using a simple root-finding approach. Given a measurement
time t [ ta0, t fs

� �
[whereta0 is known from the problem specification

and t fs is known from Eq.(49)] the only unknown quantity is� (t).
Given a sufficiently finetc mesh for the integration term (which
required some attention when using a Richtmyer–Meshkov instability
(RMI) temporal dependence, owing to the intrinsic timescale; see
Table II), we ran an iterative search for� until the residual in
Eq. (39) fell below the desired threshold. In practice, we found this
threshold had to be sufficiently strict that numerical noise in the
derived� (t), and, hence,zf (t), did not overwhelm thevf predictions.

These examples considered titanium foils (Ti90V6Al4) initially
situatedzf 0 ¼ 30 mm from the free surface, subjected to a total
sourced ejecta areal massm0 ¼ 25 mg/cm2. The free-surface veloc-
ity ufs was set to 1.91 mm/� s, and the peak relative ejecta velocity
was ŵ ¼ 0:6 mm/� s. These numbers, which match those used in
our previous work on this problem,44 were chosen for general con-
sistency with previously published experiments.12 For this study,
we consider the appropriately normalized functional forms forf (w)
listed in Table Icombined with the appropriately normalizedg(tc)
functions listed inTable II.

For each sustained-production scenario, we consider produc-
tion shut-off timestcf ¼ 1, 5, and 10� s. The first arrival time in
these example calculations ista0 ¼ zf 0=û � 12� s, meaning the
tcf ¼ 10� s case approaches the limittcf ! ta0. (We reiterate that
the derivations given in Refs.44 and 45, and, thus, here, assume
strict tcf , ta0.)

First, we restrict our attention to 100� m foils (� f � 45 mg/
cm2). For each combination off , g, and tcf, we calculate the foil
velocity (vf ) via Eq.(39); the true (forward-calculated) areal mass
accumulation (� true

e ) via Eq. (56); and the inferred cumulative
masses [� (� )exact

e , � (� )approx
e ] via Eqs.(59) and (60). We also calculate

the appropriate instant-production solutions for comparison. We
contrast the two most distinct cases here; results for the remaining
g, f combinations (Figs. 11–17) are plotted inAppendix C.

Figure 2 shows vf (t) predictions, and the associated� e(t)
extractions, pertaining to a simplistic source function comprising
boxcar g(tc) and f (w) functions. Figure 3 shows the analogous
results for a more physically motivated source function comprising
an RMI2,6,15,24 g(tc) with 	
 ¼ 100 ns and a modified self-similar
velocity distribution30,45 (mSSVD)f (w) with � ¼ 7:2. In the former
case, the predicted foil trajectories change markedly as the produc-
tion interval increases: differenttcf values yield distinct trajectories.
In contrast, trajectory predictions for the latter case cluster so
tightly that the production interval leaves virtually no imprint.
Note also the markedly different model forms in these cases, with
the former case yielding convexvf (t) curves with inflection points,
while the latter yields concave, exponential-like curves.

In every case (Figs. 2and 3 and Appendix C), the sustained-
production trajectories feature lowert fs values than in the instant-
production case while still reaching the same predicted final foil
velocity, vf t fs

� �
. Furthermore, and as predicted inAppendix B,

every sustained-production trajectory exhibits the smooth-start
condition _vf ta0ð Þ ¼0.

As expected from our previous analysis,44 the approximate
mass solution [Eq.(60)] incurs significant error in these scenarios,
where deliberately focusing on 100� m foils ensuredm0 6� � f . The

TABLE I.Normalized velocity distributions,f(w).

Name
Functional

form
Normalization

constants
Free

parameters

Boxcar � ŵ� 1 � = 1 n/a
Exponential � e� 
 w

ŵ � ¼ 

ŵ 1� e� 
ð Þ 
 = {1.0, 7.2}

Power-law � 1 þ w
ŵ

� � � 
 � ¼ 1� 

ŵ 2 1� 
ð Þ� 1½ � 
 = {0.25, 0.75}

Original SSVD30,45 � 1 e� � w
ŵ þ � 2 � 1 ¼ �

ŵ 2� e� �ð Þ,
� 2 ¼ � 1

�

� = 7.2

Modified SSVD30,45 � 1 e� � w
ŵ þ � 2 � 1 ¼

�
ŵ 1� e� � � � e� �ð Þ,
� 2 = � � 1e

� �

� = 7.2

TABLE II.Normalized temporal variations,g(tc).

Name
Functional

form
Normalization

constants
Free

parameters

Instantaneous � � (tc) � = 1 n/a
Boxcar � t� 1

cf � = 1 n/a
RMI2,6,15,24 �

tcþ 	
 � ¼ ln 1 þ tcf

	


� �h i � 1 	
 = 100 ns
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FIG. 2.Predicted foil velocities [vf (t),
top] and cumulative ejecta areal
masses [� e(t), bottom] associated with
those velocities for a source function
consisting of boxcarg tcð Þ � boxcar
f(w). See text for the physical parame-
ters. The colors represent instant pro-
duction (black),tcf ¼ 1� s (blue),
tcf ¼ 5� s (orange), andtcf ¼ 10� s
(green). On the lower plot, circles
denote the true mass accumulation on
the foil,� true

e [Eq. (56)]; solid lines
denote mass inferred via� (� ),exact

e [Eq.
(59)]; and the dashed lines denote
mass inferred via� (� ),approx

e [Eq.(60)].
CompareFig. 3.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys.136,114502 (2024); doi: 10.1063/5.0228457 136,114502-10

© Author(s) 2024

 21 N
ovem

ber 2024 18:44:42

https://pubs.aip.org/aip/jap


FIG. 3.AsFig. 2, for an RMIg(tc) with
	
 ¼ 100 ns and modified SSVDf(w)
with� ¼ 7:2. Note the very tight clus-
tering of velocity predictions and mass
extractions, despite the wide range of
production intervals: the interval leaves
virtually no imprint on the foil trajectory.
Contrast these predictions with those of
Fig. 2, where the functional forms (1)
are convex rather than concave and (2)
exhibit a strong dependence on the
production interval.
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FIG. 4.Trajectories for 50, 100, 150,
200, and 250� m foils (� f � 23, 45,
68, 90, and 113 mg/cm2) computed for
instantaneous production and a boxcar
f(w). Foil velocities are plotted in both
natural (top) and dimensionless
(bottom) forms. The latter shows that
all trajectories are not universally self-
similar, although they may be approxi-
mated as such with sufficiently thick
foils.
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FIG. 5.AsFig. 4, fortcf ¼ 10� s. The
failure of self-similarity across the col-
lection is not notably worse than in the
instant-production case.
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errors incurred by using the so-called“exact” solution [Eq.(59)]
are generally small but grow withtcf. In the most extreme cases,
where tcf ¼ 10� s, the final extracted mass overshoots the true
value,m0, by approximately& 10%.

Inspection of Eq.(39) suggests that there exists no universal
dimensionless rescaling that will render the implicit solution scale-
free, meaning the trajectories will not, in general, be self-similar.
We can test this conclusion by computing foil trajectories for a

FIG. 6.Trajectories for 50, 100, 150,
200, and 250� m foils (� f � 23, 45,
68, 90, and 113 mg/cm2) computed for
instantaneous production and the
mSSVDf(w) with� ¼ 7:2. Foil veloci-
ties are plotted in both natural (top)
and dimensionless (bottom) forms.
Once again, the trajectories are not
self-similar, even for instant production,
although they may be approximated as
such for sufficiently thick foils.
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range of foil thicknesses, and then, observing how tightly the col-
lection collapses when non-dimensionalized in the obvious way:
vf ! vf =vf t fs

� �
, t ! t � ta0ð Þ= t fs � ta0

� �
. Naively, we might

predict that this procedure will be most successful for instantaneous

production, which inherently removes one timescale from the
problem, and least successful for long production intervals.

Figures 4–7 test these expectations for the two source function
scenarios examined above, namely, the combined boxcarg and f

FIG. 7.As Fig. 6, for tcf ¼ 10� s.
Again, the failure of self-similarity is
comparable to that in the instant-
production case.
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functions as well as the RMIg combined with the mSSVDf , for
50, 100, 150, 200, and 250� m foils. Although these source func-
tions make distinct trajectory predictions, they give very similar
results regarding self-similarity. The collection of trajectories does
not collapse to a single scale-free form even when production is
instantaneous, although the forms do become approximately scale-
free with thicker foils (with the caveat that the trajectory solution
was derived for appropriately thin foils). This is to be expected
from the inspection of Eq.(43), which becomes trivially scale-free
in the limit m0=uf � 1, i.e., when the foil motion is negligible.
While certainly not better, the deviation from self-similarity is also
not notably worse when the production interval is extremely long.
Again, this is unsurprising, because Eq.(39)becomes trivially scale-
free in the same limit of a sufficiently thick foil.

VIII. IMPRINT OF TIME DEPENDENCE [ g(t c)] ON THE
TRAJECTORY

The particle velocity distribution acts continuously to shape
the transiting ejecta cloud—stratifying it—from the time the parti-
cles are created at the free surface to the time they are collected at
the sensor. The cloud evolves throughout the transit time, and in
the case of a separable source function, this evolution is controlled
solely by the velocity distribution. Alternatively, the time depen-
dence of the ejecta source function,g(tc), is relevant only during
the period of production. This scaling argument implies that if
the production interval is sufficiently shorter than the characteris-
tic transit time to the sensor, the dynamic mass accretion at the
foil should be dominated byf (w) and largely insensitive tog(tc).

To test this assertion, we compute a metric to quantify the
level of agreement between trajectories arising from boxcar and
RMI forms forg(tc), for a given velocity distribution. We use a heu-
ristically simple metric known as the compatibility score.46

This metric represents a quantitative answer to the question,
“Over what percentage of the physics domain and/or range of inter-
est are two curves mutually compatible?” For example, the curves
may represent an experimental measurement and the associated pre-
diction from a physics model; in that case, the compatibility score

quantifies agreement between the prediction and the data. Naturally,
the score calculation will hinge upon the criteria used to define
“compatibility.” For the purpose of the current discussion, we deem
two curves compatible anywhere their associated uncertainty enve-
lopes overlap. Of course, it is possible for two curves to be“compati-
ble” at, say, the 2� level even though their 1� error bars do not
overlap. Furthermore, and in general, the appropriate uncertainty
level for a given assessment could depend on numerous criteria such
as model use tolerances or even stakeholder requirements.52

In some physics applications, the score is most usefully expressed
in terms of the curves’ domain; for instance, this might represent the
fraction of the experiment duration over which a measurement and a
model prediction are compatible. In other situations, the score is most
meaningful when expressed as a fraction of the range: for instance, the
fraction of dynamically accumulated mass on a piezoelectric sensor.46

Because the Asay foil technique fundamentally generates a
velocimetry measurement, we use forward-calculatedvf tð Þcurves
for score calculation. Source AMFs with the same velocity distribu-
tion and production interval but different time dependences will
exhibit different free-surface arrival times [owing to the presence of
htci in Eq. (49)], meaning the associated trajectories will cover
slightly different time domains. On the other hand, and as dis-
cussed in Sec.III , they will share the same final foil velocity and,
thus, have identical ranges:vf ta0ð Þ ¼0, vf t fs

� �� �
. This makes the

foil velocity range the better and more intuitive choice for such an
assessment; the metrics computed here represent percentages of
this mutual foil velocity range.

For the purpose of score calculation, we defined uncertainty
bands on the forward-calculated velocities representing 2� vf , where
� vf ¼ 1% is taken to be a plausible velocity measurement uncertainty.

With these choices established, the score calculation is straight-
forward. Given a pair of time-dependent foil velocities forward-
calculated via Eq.(39), we construct a function that is unity anywhere

FIG. 8.Flow chart for inferring relevant physical quantities.

TABLE III.Compatibility scores comparing the agreement between 100� m foil tra-
jectories computed with boxcar and RMIg(tc) functions, for a variety of velocity dis-
tributions,f(w). (See text for a full explanation of the compatibility score metric and
its application to this problem.) Here, the RMI form ofg(tc) was computed using a
characteristic timescale	
 = 100 ns. The dynamical scenario is the same as that
depicted in the plots of Sec.VII, meaningta0= 11.95� s. The estimated uncertainty
on the tabulated scores is ±5 (i.e.,+ 5% of the foil velocity range [0,vf(tfs)]).

Production interval (� s) (tcf/ta0)

1.0 2.0 3.0 4.0 5.0 10.0
f form (0.08) (0.17) (0.25) (0.33) (0.42) (0.83)

Boxcar 90 63 52 45 40 25
Power-law
(
 = 0.75) 92 70 55 50 43 24
mSSVD (� = 3.0) 100 95 72 60 50 28
mSSVD (� = 7.2) 100 99 85 75 63 32
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their uncertainty envelopes overlap and zero elsewhere. The integral
of this function, computed over the range normalized such that
0, vf t fs

� �� �
! [0, 1], is the compatibility score; we multiply by 100

to translate this dimensionless number into a straight percentage. A

convenient feature of this definition is that such a score will always
land in the range 0, 100½ �, with the minimum and maximum values
indicating perfect disagreement (incompatibility) and perfect agree-
ment between the trajectories.

FIG. 9.True and approximatedF2
functions. The colors represent
tcf ¼ 1� s (blue),tcf ¼ 5 � s (orange),
tcf ¼ 10� s (green). The trueF2(w)
function is plotted in black. The circles
denote the approximation points
[Eqs. (69) and (73)], while the thin
lines show the associated cubic spline
interpolations computed with boundary
conditions ~F

00
2(w) ¼ ~f(w) ¼ 0 at

w ¼ 0 andw ¼ ŵ. Top: Boxcarg(tc)
and boxcarf(w). Bottom: RMIg(tc)
with	
 ¼ 100 ns and boxcarf(w).
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Table III contains the scores computed in this fashion,
comparing trajectories associated with source functions that
differ only in the functional form of time dependence (specifi-
cally, a boxcar or RMIg tcð Þ, with the latter computed using

	
 ¼ 100 ns). These example calculations demonstrate that
depending on the specifics of velocity distribution, a trajectory
computed from a simple boxcarg(tc) can closely approximate that
arising from a more complex source time dependence, even when

FIG. 10.AsFig. 9, for the case of an
exponential velocity distribution with

 ¼ 7:2. Top: Boxcarg(tc) and expo-
nentialf(w). Bottom: RMIg(tc) with
	
 ¼ 100 ns and exponentialf(w).
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the production interval approaches a substantial fraction of the
transit time.

IX. APPROXIMATING THE PARTICLE VELOCITY
DISTRIBUTION

In a typical experiment, the quantities� f and zf 0 are known
ab initio, while vf (t), ta0, ufs, and t fs are measured (perhaps via a
pair of velocimetry probes, one fixed on the foil and the other on
the coupon surface). This information enables the calculation of
zf (t), � (t), andŵ directly from their definitions.

The total sourced ejecta areal mass,m0, is not measured
directly but can be estimated via Eq.(61). For clarity, we denote
this quantity ~m0, using a tilde to denote quantities inferred from
the experiment but not measured directly. The inferred constants~�
and ~� follow directly, by replacingm0 with ~m0 in Eqs. (41) and
(42). The inferred constant~� may then be obtained from Eqs.(10)
and (11), after which the inferred mean relative particle velocity,

~hwi , follows from Eq.(40). Alternatively, one may reverse the order
of inferences, obtaining first the mean velocity via Eq.(10), then
using Eq.(40) to infer ~� . At this point, the inferred mean produc-
tion time, ~htci follows via Eq.(49). Figure 8distills this sequence of
calculations and inferences into a flow chart.

At this point, the integrals in Eqs.(39)and(56) define empiri-
cally known (inferred) functions of time. The remaining unknowns
are the production interval,tcf, and the functional forms ofg tcð Þ
and f (w) (or equivalentlyF1,2). However, as demonstrated by the
compatibility score metrics tabulated in Sec.VIII , the functional
form of g tcð Þcan leave a negligible imprint on the foil trajectory,
even for relatively long production intervals. To the extent that
holds, both integrals may be simplified by approximatingg with a
properly normalized boxcar for constant production:g tcð Þ ¼1=tcf.

The value of this procedure is that it ostensibly allows Eqs.(39)
and(56) to act as integral constraints on the functional forms ofF1,2

and therefore, on the velocity distribution,f (w), given a production
intervaltcf,

1
tcf

ðtcf

0
F1

� t
t � tc

	 

dtc � 1 �

� true
e (t)
~m0

; J1(t), (65)

1
tcf

ðtcf

0
t � tcð ÞF2

� t
t � tc

	 

dtc � ~� t þ ~�� t � ~� þ ~hwi ~htci

; J2(t): (66)

The relationship

d
dtc

t � tcð Þ2F2
� t

t � tc

	 
� �
¼ � 2 t � tcð ÞF2

� t
t � tc

	 

þ � t F1

� t
t � tc

	 


(67)

allows Eqs.(65) and(66) to be combined to yield

1
tcf

ðtcf

0

d
dtc

t � tcð Þ2F2
� t

t � tc

	 
� �
dtc � � t J1(t) � 2J2(t) (68)

or

t � tcf
� � 2 F2

� t
t � tcf

	 

� t2 F2 �ð Þ � tcf � t J1(t) � 2J2(t)½ �; J(t): (69)

Given an approximate production interval,~tcf � 2h~tci ,
Eq. (69) provides a method for deducing an approximate~F2 and,
therefore, an inferred velocity distribution,~f . Equation (69) is
always exact (albeit trivially so) whent ¼ t fs, i.e.,� ¼ 0. By con-
struction, we knowF2(0) ¼ 0, and therefore set~F2(0) ¼ 0 as well.

Whent ¼ ta0, Eq.(69) reduces to

~F2 ŵð Þ ¼̂w �
2htci
tcf

hwi : (70)

This is exact under constant production, for whichhtci ; tcf=2.
The better the approximationhtci � tcf=2, the more accurate the
inferred value of~F2 ŵð Þ.

When � t
t� tcf

� ŵ, Eq.(69) reduces to

~F2 �ð Þ ¼
t � tcf

t

	 
 2 � t
t � tcf

�
2htci
tcf

hwi
� �

�
J(t)
t2 : (71)

The above expression yields~F2 over a portion of the domain
ta0 � t � t1, where� t1ð Þt1

t1� tcf
; � 1t1

t1� tcf
¼ ŵ.

If we identify a timet2 such that� t2ð Þt2
t2� tcf

; � 2t2
t2� tcf

¼ � 1, then from
Eq.(69), we have

~F2 � 2ð Þ ¼
t2 � tcf

t2

	 
 2
~F2 � 1ð Þ �

J t2ð Þ
t2
2

: (72)

More generally, giventn such that� tnð Þtn
tn� tcf

; � ntn
tn� tcf

¼ � (n� 1), Eq. (69)

yields

~F2 tnð Þ ¼ 1 �
tcf

tn

	 
 2
~F2 � (n� 1)

� �
�

J tnð Þ
t2
n

: (73)

In this way, we can acquire additional approximation points for~F2.
Further iteration might bring the inferred distribution in line with
additional constraints imposed by~hwi andŵ.

Given the collection of approximation points [including the
end point ~F2(0) ¼ 0], a simple approximation for~F2 over the full
domain can be obtained using any number of interpolation or fitting
methods; here, strictly for illustrative purposes, we use cubic splines.

Figure 9compares the true and approximatedF2 functions for
the case of a boxcar velocity distribution coupled to either a boxcar
temporal dependence (for which the above simplifying approxima-
tions are exact) or an RMI temporal dependence with	
 ¼ 100 ns
(for which the above simplifying approximations are inexact). Note
the excellent agreement betweenF2 and ~F2 when the production
interval is 1� s. Deviations between true and approximated func-
tions grow with the production interval.

Figure 10 provides an analogous comparison, where the
boxcar velocity distribution has been replaced with an exponential
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velocity distribution with
 ¼ 7:2. Here, we find an excellent agree-
ment between true and approximated functions for production
intervals as long as 5 and 10� s.

While this procedure demonstrably yields a good approxima-
tion to the trueF2(w) function under certain conditions, the func-
tions ~F1(w) and ~f (w) (especially the latter) remain sensitive to
small features in~F2 and may be difficult to extract reliably.

X. SUMMARY AND FUTURE EFFORTS

Working from a first-principles physics analysis of a thin Asay
foil subjected to the exact conditions typically assumed in ejecta
momentum diagnostic analyses, we have derived an implicit solution
for the foil trajectory under the general class of source models com-
prising sustained production of a stationary velocity distribution.
This implicit solution, which is amenable to rapid numerical calcula-
tions of arbitrary order, significantly simplifies the dynamical
problem, effectively reducing the general integrodifferential equation
of motion from an expression containing two double integrals fea-
turing the unknown quantity (the trajectory) in the limits of integra-
tion [Eq. (1)] to an expression containing a single integration with
simple, fixed limits of integration [Eq.(39)]. As required, this result
also reduces to our previously published trajectory solution for the
special case of instantaneous production.44 We have confirmed that
the implicit solution exhibits all required and expected behaviors. It
furthermore yields several valuable ancillary results, including a
simple expression for the free-surface arrival (catch-up) time at the
accelerated foil [Eq.(49)].

We have applied this solution to a variety of source models,
including multiple temporal dependences, production durations,
and velocity distributions. Further theoretical analysis finds that the
acceleration of such foils under these conditions is expected to be
smooth, with a vanishing initial acceleration [Eq.(B3)]. This is
borne out by the trajectory calculations. We have identified a
regime where thin-foil trajectories may be considered approxi-
mately self-similar and confirmed this with calculations pertaining
to a wide range of foil thicknesses.

By applying the theoretical approach used to obtain the
implicit trajectory solution to the ejecta accumulation on the foil,
we have also derived an exact analytic forward calculation for the
time-dependent ejecta areal mass accumulation on the accelerated
foil [Eq. (56)]. Using the analytic solution for the free-surface
arrival time, we furthermore evaluated the level of error imposed
on the mass extraction by applying previously derived44 exact and
approximated solutions for the mass accumulation in the special
case of instantaneous production and provided simple upper and
lower bounds for these cases, respectively [Eqs.(63) and(64)].

As might be expected based on simple physical scaling argu-
ments, the numerically calculated trajectory solutions are largely
insensitive to the temporal dependence of the source function.
Depending on the details of the source, this insensitivity can
persist even when the ejecta production interval persists for
several microseconds. By applying a compatibility score metric to
comparisons between different trajectory solutions, we have quan-
tified this effect for several of the scenarios considered here
(Table III).

Finally, we have taken advantage of this trajectory insensitivity
(when it applies) to outline a method whereby, in theory, a good
approximation of the second integral of the source function veloc-
ity distribution (F2) might be obtained directly from the measured
foil trajectory. In this way, direct insights about the detailed nature
of the ejecta physicsat the sourcemay be sifted from time-
dependent measurementson a downstream sensor, long after the
source physics have stopped dominating the dynamical evolution
of the ejecta cloud.

It is our hope that when combined with other recent works in
this area,8,38,44,45 these results may provide a useful and powerful
tool for ejecta investigations. In particular, the existence of a simple
general solution for the foil trajectory arising from a given source
model fills a valuable niche in ejecta studies, enabling quantitative
predictions directly comparable to velocimetry data. Just such a
theory/data link is crucial for both model validation and mathe-
matical verification studies.46

The current study pertains only to thin foils. It is our
further hope that this work will stimulate efforts to apply the the-
oretical techniques demonstrated here to similar but more com-
plicated sensors, such as thick Asay foils and Asay windows.
Particularly valuable future efforts might also extend these
studies beyond a one-dimensional ejecta cloud or allow for a
time-dependent lab-frame velocity distribution (equivalently, a
constant relative velocity distribution coupled with a non-
constant free-surface velocity).
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APPENDIX A: NON-NEGATIVE FOIL ACCELERATIONS,
af (t ) � 0

The trajectory solution disallows unphysical negative accelera-
tions. To prove this, we begin with the second derivative of
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Eq.(39),

�
d2

dt2 � tð Þ �
ðtcf

0
g tcð Þ

d2

dt2 t � tcð ÞF2
� t

t � tc

	 
� �
dtc ¼ 0: (A1)

After simplification, the second derivative within the integrand
may be written as

d2

dt2 t � tcð ÞF2
� t

t � tc

	 
� �
¼

d2

dt2 � tð ÞF1
� t

t � tc

	 


þ
d
dt

� t
t � tc

	 

f

� t
t � tc

	 


�
d
dt

� tð Þ �
� t

t � tc

� �
, (A2)

meaning the second derivative of the trajectory solution is

� af �
ðtcf

0
g tcð Þ

(

af F1
� t

t � tc

	 

þ

d
dt

� t
t � tc

	 

f

� t
t � tc

	 


� vf � u fs
� �

�
� t

t � tc

� � )

dtc ¼ 0: (A3)

When cast in terms of the previously defined functionw tc, t; zf
� �

[Eq. (19)], this becomes

af
� f

m0
þ 1 �

ðtcf

0
g tcð ÞF1

� t
t � tc

	 

dtc

� �
(A4)

¼
ðtcf

0
g tcð Þ f

� t
t � tc

	 

d
dt

h
w tc,t;zf

� �ih
vf � ufs� w tc,t;zf

� �i
 �
dtc: (A5)

From Sec.VI A, the term on the left hand side can be expressed in
terms of the true time-dependent areal mass accumulation on the
foil, yielding

af
� f þ � true

e (t)

m0

� �
¼

ðtcf

0
g tcð Þ

� f
� t

t � tc

	 

d
dt

h
w tc,t;zf

� � ih
vf � u tc,t;zf

� � i
 �
dtc,

(A6)

whereu tc, t; zf
� �

; w tc, t; zf
� �

þ ufs. The factor in square brackets
on the left side is positive definite, and by definitiong tcð Þ � 0.
Thus, in order for the foil accelerationaf to become negative at
some timet [ ta0, t fs

� �
, the term in braces must be negative for

some portion of the domain. Also, by definition, the velocity distri-
bution f is non-negative. Thus,

af (t) , 0)
d
dt

h
w tc, t; zf

� � ih
vf (t) � u tc, t; zf

� � i
, 0 (A7)

for some portion of the domaintc [ 0, tcf
� �

. Using Eq.(19), this

condition becomes

vf ðtÞ � u tc; t; zf
� �� � 2

t � tc
, 0; (A8)

which is impossible because, by definition of the problem,
t � ta0 . tcf � tc, meaningt � tc is positive definite. The scenario
considered here, in which the accelerated foil collects the entire
ejecta cloud, demandsvf (t) � u tc, t; zf

� �
, 0 as otherwise there

would be particles that do not reach the foil.
Thus, the implicit trajectory solution given by Eq.(39) is guar-

anteed to generate non-negative foil accelerations.

APPENDIX B: INITIAL FOIL ACCELERATION, af (t a0)

It is interesting to compute the initial foil acceleration for this
general case of separable sustained production and compare that
result to the analogous finding for instantaneous production.

Because� true
e ta0ð Þ¼ 0 (see Sec.VI A), vf ta0ð Þ¼ 0, and

zf ta0ð Þ ¼zf 0, setting t ¼ ta0 in the preceding calculation ofaf (t)
yields

af ta0ð Þ ¼
m0

� f

ðtcf

0
g tcð Þf

ŵta0

ta0 � tc

	 

u tc; ta0; zf 0
� �� � 2

ta0 � tc
dtc (B1)

¼
m0

� f

ðtcf

0
g tcð Þ

zf 0 � ufstc
� � 2

ta0 � tcð Þ3
f

ŵta0

ta0 � tc

	 

dtc: (B2)

Note that wheng tcð Þ ! � tcð Þ, we recover the previously published44

conditionaf ta0ð Þ ¼0) f ŵð Þ ¼0. By the definition off , the integrand
is nonzero only whentc ¼ 0,

af ta0ð Þ ¼
m0

� f

ðtcf

0
I tcð Þdtc, (B3)

where

I tcð Þ ¼
û2

ta0
gð0Þf ŵð Þ; tc ¼ 0;

0; tc . 0;

8
<

:
(B4)

meaning the initial foil acceleration isalwayssmooth, withaf ta0ð Þ ¼0
wheneverg(0)f ŵð Þis finite. Compare this to the previously derived44

result for instant production,

_vf ta0ð Þ ¼
m0

� f

û2

ta0
f ŵð Þ, (B5)

which, therefore, requiresf ŵð Þ ¼0 for a smooth initial foil
acceleration.

This smooth initial acceleration regardless ofg and f is visible
in the plots of Sec.VII andAppendix C.

APPENDIX C: GALLERY OF vf & � e PREDICTIONS
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FIG. 11.AsFig. 2, for a boxcarg and
exponentialf with
 ¼ 1:0.
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FIG. 12.AsFig. 2, for a boxcarg and
exponentialf with
 ¼ 7:2.
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FIG. 13.AsFig. 2, for a boxcarg and
power-lawf with
 ¼ 0:25.
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FIG. 14.AsFig. 2, for a boxcarg and
power-lawf with
 ¼ 0:75.
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FIG. 15.AsFig. 2, for a boxcarg and
the original SSVD (oSSVD)f with �
¼ 7.2.
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FIG. 16.AsFig. 2, for a boxcarg and
the modified SSVD (mSSVD)f with
� ¼ 7:2.
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FIG. 17.As Fig. 2, for an RMIg with
	
 ¼ 100 ns and original SSVD
(oSSVD)f with� ¼ 7:2.
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