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Abstract

The validity of the gamma distribution in describing the neutron number probability distribution function for
both isolated and coupled multiplying assemblies when constrained to reproduce the true mean and variance
is investigated in lumped geometry by numerical comparison with kinetic Monte Carlo simulations. The
mean and variance are obtained from numerical solution of moment equations constructed from the relevant
forward Master equation with assembly coupling coefficients obtained from a view factor method. Numerical
results for a two-group, two coupled assemblies model, with static and dynamic reactivity insertion, show that
that except for subcritical assemblies, the gamma distribution well-approximates the number distribution.
Differences in the fast and thermal neutron population shapes are explained in terms of effective source
strengths due to downscatter and coupling.
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1. Introduction

Large and persistent random fluctuations in the neutron number is a characteristic feature of neutron
populations in fissile assemblies containing weak intrinsic random sources such as spontaneous fission. The
emergence of deterministic behavior is prevented by the weak overlap of neutron chains spawned by the
internal sources. In general, low order statistical moments like the mean and variance of the neutron
density, when considered in isolation, cannot adequately describe the instantaneous state of the neutron
population. Probabilistic quantities such as the chain survival and divergence probabilities and in par-
ticular the probability distribution function (pdf) of the number of neutrons are more relevant measures
of strongly stochastic neutron populations, all of which can in principle be obtained from appropriately
formulated forward or backward Master equations [1, 2, 3]. Although these formulations yield explicit,
closed equations for the survival and divergence probabilities, which have been solved numerically under
quite general conditions [4, 5, 6], it is not practical to solve the Master equations directly for the neutron
number pdf. Monte Carlo simulation has thus far been the only practical, if laborious, computational
approach to obtaining neutron distributions. However, insightful analytical solutions have been obtained in
lumped (point kinetic) geometry by introducing physically reasonable approximations. For instance, Bell [1]
obtained closed form solutions to the forward Master equation (FME) for the time dependent neutron pdf
in supercritical assemblies, showing that in the absence of delayed neutrons and at late times, the neutron
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pdf is well-approximated by the gamma distribution. In particular, the distribution highlights the transi-
tion of the neutron population from a stochastic to a deterministic regime with increasing source strength [7, 8].

Although Bell derived the gamma distribution by solving the FME, in the process delineating the strict
conditions for its validity, this distribution had earlier been heuristically posited as the simplest two-parameter
continuous pdf with semi-infinite support (i.e., non-Gaussian) to describe stochastic neutron populations.
The parameters were uniquely determined by relating them to quantities that could be independently and
accurately determined. Harris [9] showed that fixing the parameters so that the distribution reproduced
the correct mean and variance of the neutron number, which were assumed to be independently and ex-
actly obtained from the mathematically simpler moment equations, the gamma distribution was in fact
more broadly applicable in describing stochastic neutron phenomena than the strict conditions of Bell’s
derivation would lead one to expect. For instance, when time dependent (linear-ramp) reactivity excursions
and delayed neutrons are incorporated, the gamma distribution quantitatively predicts the preinitiation
probability of fast burst reactors as well as the time to transition to a deterministic phase in these sys-
tems [9, 10, 11]. More interestingly, when compared against benchmark Monte Carlo simulations in a
preliminary study [12], the gamma distribution with exact mean and variance has been shown to approximate
the distribution of the total number of neutrons in a finite assembly surprisingly well even when the neutron
phase space dependence is retained. One is led to speculate that the gamma distribution is a universally
valid, although inexact, pdf for the total neutron number in an increasing population, i.e., in regimes where
population extinction is improbable, when second-order statistics dominate the stochasticity of the population.

The objective of the present work is to (i) assess the validity of the Harris ansatz under varying neutron
multiplication conditions in lumped geometry, by comparing the distribution to simulation results obtained
using Gillespie’s [13] kinetic Monte Carlo method, and (ii) investigate the applicability of the Harris ansatz to
coupled lumped fissile assemblies in one and two neutron energy groups. A forward Master equation for the
single-time joint distribution of neutron number in each assembly, accounting for transfer of neutrons from
one assembly to another via leakage, is introduced from which equations for low-order statistical moments are
developed. Besides the mean and variance, it is necessary to additionally compute the correlation function
between the assemblies because of the neutronic coupling. Both static and dynamic reactivity conditions
are considered, although a formal mechanism that is responsible for reactivity coupling between assemblies
is not considered or proposed. Following Harris, it is then hypothesized that the number distribution in
each assembly is a gamma distribution, with assembly-specific means and variances obtained by numerically
solving the coupled moment equations. The gamma distribution for each assembly is then compared against
distributions obtained by Monte Carlo simulation. The assembly coupling probabilities are computed using a
previously developed view factor method [14].

The forward Master equation and its moment equations are presented in Sec. 2, along with a discussion
of the Harris ansatz. We then describe the Stochastic Simulation Algorithm (SSA), a state-space kinetic
Monte Carlo method, in Sec. 3. A discussion of the calculation of the point kinetics parameters that provide
data for the SSA and moments computation is presented in Section 4 followed by a brief discussion on the
numerical solution of the moment equations in Section 5. Extensive numerical results are then presented
in Section 6 covering the following configurations: subcritical and supercritical assemblies, one-group fast
neutrons and two-group fast and thermal neutrons, as well as static and dynamic reactivity. We close with
some concluding remarks in Sec. 7.

2. Forward Master Equation and Moment Equations

We consider a system of J coupled multiplying assemblies and express the stochastic state of the system
by n = {ng,j , j = 1, 2, . . . J, g = 1, 2}, the components of which represent the fast (g = 1) and thermal (g = 2)
neutron numbers in the individual assemblies. We are interested in Pn(t), the joint probability that at time t
there exist n1,1 fast neutrons and n2,1 thermal neutrons in assembly-1, and so on for assemblies 2, 3, . . . , J .
The state of the system, and hence the probability of finding the system in a particular state, changes with
time as a result of mutually exclusive events or collisions with known transition probabilities. Let λjc,g dt,

λjf,g dt, λjℓ,g dt, and λjs,g→g′ dt be the single neutron transition probabilities for capture, fission, leakage, and
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scattering or group transfer, in incremental time dt in assembly-j and energy group-g. The probability per
unit time for any collision event to occur is then

λjt,g = λjf,g + λjc,g + λjℓ,g +
∑

g′ ̸=g

λjs,g→g′ , (1)

where within group scattering (λjs,g→g) is excluded as it does not alter the system state. The prompt fission

neutron multiplicity distribution is given by qf,jν,g , ν = 1, 2, . . . , νf,jm,g, which is the probability that ν neutrons

are emitted in a fission event in assembly-j and νf,jm,g is the maximum possible number of neutrons that
may be emitted in a fission event that is induced by a neutron in energy group g. Delayed neutrons are
neglected in this investigation but can be readily incorporated by expanding the state space to accommodate
an arbitrary number of precursor nuclei. Sj

g(t) dt is the probability of a source event in a short time interval dt

in assembly-j producing neutrons in group g, with associated multiplicity distribution qS,jν,g , ν = 1, 2, . . . , νS,jm,g.
Finally, upon leaking from assembly j, the probability of a neutron then streaming and entering assembly k
is defined as pj→k, j ≠ k = 1, 2, . . . , J and the probability that a leaked neutron does not intercept another

assembly is given by pj→∞, with the normalization
∑J

k ̸=j pj→k + pj→∞ = 1.
Further assuming that only thermal neutrons induce fission, only fast neutrons are born in both induced

fission and spontaneous fission events, and there is no upscatter from the thermal to the fast group, the
standard last-step probability balance arguments applied to all mutually exclusive and independent events
yields the forward Master equation[1, 3] :

dPn(t)

dt
+

J∑

j=1

{
Sj
1 +

2∑

g=1

ng,jλ
j
t,g

}
Pn(t) =

J∑

j=1

{
(n1,j + 1)λjs,1→2

Pn+δ1,j−δ2,j
(t) (2)

+ Sj
1

νS,j
m,1∑

ν=0

qS,jν,1Pn−νδ1,j (t) + (n2,j + 1)λjf,2

νf,j
m,2∑

ν=0

qf,jν,2Pn+δ2,j−νδ1,j (t) (3)

+
2∑

g=1

(ng,j + 1)

[
λjc,gPn+δg,j

(t) + λjℓ,g

(
pj→∞Pn+δg,j

(t) +
J∑

k=1
k ̸=j

pj→kPn+δg,j−δg,k
(t)

)]}
(4)

with the initial condition

Pn(t = 0) =
J∏

j=1

2∏

g=1

δng,j ,Ng,j
, (5)

where δi,j is the Kronecker delta function and Ng,j is the initial population of neutrons in energy group g
and assembly j. We have defined δg,j as a unit vector with (g, j) the only nonzero element.

Equations for the moments of this joint distribution are more conveniently constructed by first expressing
the forward Master equation in terms of the probability generating function (PGF), which is defined as:

G(x, t) =
J∑

j=1

2∑

g=1

∞∑

ng,j=0

J∏

j′=1

2∏

g′=1

x
ng′,j′
g′,j′ Pn(t), (6)

where xg,j ∈ [0, 1], is the transform variable for the neutron number in group g and assembly-j and we define

x = {xg,j , j = 1, 2, . . . , J, g = 1, 2}. Multiplying Eq. 2 by the product of x
ng′,j′
g′,j′ for all g′, j′ and summing over

all g, j, and corresponding ng,j , we obtain after some algebraic manipulation the following partial differential
equation for the PGF:

∂G(x, t)

∂t
=

J∑

j=1

[
Sj
1

[
hjS,1(x1,j)− 1

]
G(x, t) + λjs,1→2

x2,j
∂G

∂x1,j
+ λjf,2h

j
f,2(x1,j)

∂G

∂x2,j
(7)

+

2∑

g=1

(
− λjt,gxg,j + λjc,g + λjℓ,g

{
pj→∞ +

∑

k=1
k ̸=j

pj→kxg,k

})
∂G

∂xg,j

]
(8)

3



100

105

110

115
with the initial condition

G(x, 0) =
J∏

j=1

2∏

g=1

x
Ng,j

g,j . (9)

Here, the generating function for the multiplicity distribution for fission process ζ, induced or spontaneous, is
defined as:

hjζ,g(xi,k) =

νζ,j
m∑

ν=0

qζ,jν,g · xνi,k, (10)

with the normalization hjζ,g(xi,k = 1) = 1.

2.1. Moment Equations for Two Coupled Assemblies

We now derive equations for the moments of the neutron number pdf for the mean, variance, and
correlations strictly for a system composed of two coupled assemblies, thus we restrict J = 2. Equations for
the moments may be obtained by taking successive derivatives of G with respect to components of x and
evaluating at x = 1. The first few moments that are pertinent to the ensuing study are:

ng,j(t) =
∂G(x, t)

∂xg,j

∣∣∣∣∣
x=1

(11a)

ng,j(ng,j − 1)(t) = n2g,j − ng,j(t) =
∂2G(x, t)

∂x2g,j

∣∣∣∣∣
x=1

(11b)

n1,jn2,j(t) =
∂2G(x, t)

∂x1,j ∂x2,j

∣∣∣∣∣
x=1

, (11c)

where Eq. 11a defines the average of the neutron population in energy group g and assembly-j, Eq. 11b
defines the average of the second factorial moment of the population of energy group g and assembly-j,
and Eq. 11c defines the correlation between the fast and thermal population in assembly-j. Using similar
identities, other moments may be obtained by mixing the necessary derivatives. By applying the identity
given by Eq. 11a to the PGF PDE, Eq. 7, we obtain a system of coupled linear ODEs for the fast and
thermal moments in assembly-j:

dn1,j(t)

dt
=− λjt,1n1,j(t) + ν j

f,2λ
j
f,2n2,j(t) + ν j

S,1S
j
1 +

J∑

k=1
k ̸=j

λkℓ,1pk→jn1,k(t) (12a)

dn2,j(t)

dt
=− λjt,2n2,j(t) + λjs,1→2

n1,j(t) +

J∑

k=1
k ̸=j

λkℓ,2pk→jn2,k(t), (12b)

with the initial conditions given by ng,j(0) = Ng,j . We have also defined the average number of neutrons
emitted in the fission process ζ to be

νjζ,g =
dhjζ,g(xi,k)

dx
i,k

∣∣∣∣∣
xi,k=1

(13)

where νjf,2 in this model is explicitly the average number of fast neutrons emitted due to a thermal neutron

induced fission and νjS,1 is the average number of fast neutrons emitted in a source decay event.

Using the Pochhammer shorthand notation for the falling factorial,

(ν)k = ν(ν − 1)(ν − 2) · · · (ν − k + 1) =

k−1∏

i=0

(ν − i), k = 1, 2, . . . , (14)
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equations for the second moments of the fast and thermal population in assembly-j are:

dn21,j(t)

dt
+ 2λjt,1n

2
1,j(t) =

dn1,j
dt

+ 2
(
λjt,1 + νjS,1S

j
1

)
n1,j(t) + 2ν j

f,2λ
j
f,2n1,jn2,j(t) (15a)

+ (νjf,2)2λ
j
f,2n2,j(t) + (νjS,1)2S

j
1 + 2

J∑

k=1
k ̸=j

λkℓ,1pk→jn1,jn1,k(t)

dn22,j(t)

dt
+ 2λjt,2n

2
2,j(t) =

dn2,j
dt

+ 2λjt,2n2,j(t) + 2λjs,1→2
n1,jn2,j(t) (15b)

+ 2
J∑

k=1
k ̸=j

λkℓ,2pk→jn2,jn2,k(t)

for which the initial conditions are n2g,j(0) = N2
g,j . We also require equations for the correlated moments,

which may be similarly obtained as:

dn1,jn2,j
dt

+ (λjt,1 + λjt,2)n1,jn2,j = λjs,1→2

(
n21,j − n1,j

)
+ νλjf,2

(
n22,j − n2,j

)
+ νSj

1n2,j (16a)

+
2∑

k=1
k ̸=j

pk→j

(
λkℓ,1n1,kn2,j + λkℓ,2n1,jn2,k

)

dn1,1n1,2
dt

+ (λ1t,1 + λ2t,1)n1,1n1,2 = νλ1f,2n1,2n2,1 + νλ2f,2n1,1n2,2 + νS1
1n1,2 + νS2

1n1,1 (16b)

+ λ1ℓ,1p1→2

(
n21,1 − n1,1

)
+ λ2ℓ,1p2→1

(
n21,2 − n1,2

)

dn2,1n2,2
dt

+ (λ1t,2+λ
2
t,2)n2,1n2,2 = λ1s,1→2

n1,1n2,2 + λ2s,1→2
n1,2n2,1 (16c)

+ λ1ℓ,2p1→2

(
n22,1 − n2,1

)
+ λ2ℓ,2p2→1

(
n22,2 − n2,2

)

dng,1nh,2
dt

+ (λ1t,g + λ2t,h)ng,1nh,2 = νλgf,2n2,1n2,2 + νSg
1n2,h + λhs,1→2

n1,1n1,2 (16d)

+ λ1ℓ,hp1→2n1,1n2,1 + λ2ℓ,gp2→1n1,2n2,2

where it is understood that νSj
g = νjS,gS

j
g , and νλ

j
f,g = νjf,gλ

j
f,g and the initial conditions are simply the

products of the respective initial populations of the solutions (e.g., ng,jng′,j′(0) = Ng,jNg′,j′). For the case
of 2 coupled assemblies, we will need to solve a system of 14 ODEs in order to determine the means and
variances of the 4 respective neutron number pdfs. First, however, we provide some background discussion in
the next section on the role of the gamma distribution in characterizing the stochastic development of the
neutron population.

2.2. The Gamma Distribution

As discussed earlier, the objective of this article is to assess the validity of heuristically characterizing
the stochastic neutron population in coupled assemblies with a gamma distribution. However, it should
be remarked that the choice of the gamma distribution for this purpose is neither arbitrary nor fortuitous
but in fact has a rigorous foundation. As first demonstrated by Bell [1], the gamma distribution is the
time-asymptotic solution of the single assembly, one-group FME in a supercritical assembly when the mean
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neutron population is sufficiently large. It is instructive to briefly review Bell’s solution here to provide
perspective and motivate the ensuing work.

Specializing to a single assembly and single energy neutrons and defining the associated generating function
as G(x, t) =

∑∞
n=0 x

n Pn(t), Eq. 7 reduces to

∂G(x, t)

∂t
=S(x− 1)G(x, t) +

[
λfhf (x)− λtx+ λc

]
∂G(x, t)

∂x
, (17)

with
G(x, 0) = 1, (18)

corresponding to no neutrons present in the system prior to the initial time. Equation 17, in which leakage has
been subsumed into capture and a singlet emitting source is assumed, is identical to the generating function
equation considered by Bell [1]. This equation can be formally solved by the method of characteristics but
does not yield a closed form solution for a general fission multiplicity generating function hf (x). However, an
approximate closed-form solution for G(x, t) valid for x ∼ 1 can be developed by expanding hf (x) in powers
of 1− x≪ 1, and neglecting third and higher order terms [1]. When inverted, this solution gives the large
n approximation to Pn(t). In this so-called quadratic approximation, the generating function equation is
readily solved assuming a constant source strength to give the solution [1, 8]

G(x, t) =

[
1− n(t)

η
(x− 1)

]−η

, (19)

where n(t) is the mean neutron number, which is exact in this approximation and arises in explicit form in
the solution but, relevant to this work, can also be obtained from the first moment equation. The parameter
η is related to the source strength through

η =
2S

λf ν(ν − 1)
, (20)

where ν(ν − 1) is the second factorial moment of the fission neutron multiplicity distribution. We emphasize
that the assembly has been assumed to be supercritical with the condition n(t) ≫ 1. The generating function
in Eq. 19 can be readily inverted to yield for the neutron number distribution [1, 8]

P (n, t) =

(
η

n(t)

)η
nη−1

Γ(η)
exp

(
− nη

n(t)

)
, 0 < n <∞, (21)

where n is now a continuous variable. Equation 21 is a gamma distribution Γ(n|η, η/n(t)) with shape
parameter η and inverse scale parameter η/n(t), normalized to unity over (0, ∞). The gamma distribution in
Eq. 21 may be expressed in self-similar form by setting y = n/n(t) to get

P (y, t) = ηη
yη−1

Γ(η)
exp (−yη) , 0 < y <∞. (22)

The parameter η plays a unique role in characterizing the stochastic state of the neutron population at any
given time, with the distribution qualitatively changing shape at η = 1 [8, 15]. The gamma distribution in
Eq. 22 is monotonic for η < 1, giving a higher probability of finding neutron numbers less than the mean but
with a tail that indicates neutron numbers much larger than the mean can exist. The range η < 1 therefore
corresponds to one of stochastic volatility in the neutron population. In contrast, the distribution is unimodal
for η > 1 and becomes increasingly peaked and centered around the mean neutron number n(t) as η increases
beyond unity. The distribution was previously [8] shown to asymptotically approach a Gaussian and collapse
to a delta function at the mean as η → ∞. Thus η = 1 is a critical point that distinguishes a domain of strong
stochasticity (η < 1) from one where the fluctuations diminish in strength (η > 1) and deterministic behavior
begins to emerges. It can further be shown that to a good approximation η ≈ S τ where τ = 1/λt is the
neutron lifetime [8]. It follows that η is a measure of the number of source neutrons injected in one neutron
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lifetime, immediately linking the stochastic state of the neutron population to the source strength. The above
interpretation of the role of η will be helpful in understanding the numerical results of this investigation.

It is evident that the gamma distribution arises naturally in the characterization of neutron fluctuations
in multiplying media with random intrinsic sources. Although explicitly derived for a particular set of approx-
imations (growing mean neutron population, static conditions) it can be argued that the gamma distribution
is not uniquely restricted by these approximations. That is, one can speculate that the distribution would be
representative of the neutron population under more general conditions if the shape parameter η is taken to
be dynamic and independently assigned. Indeed this has been demonstrated to be the case. Specifically, by
selecting η such that the distribution also reproduces the exact variance of the neutron population under
general conditions (dynamic reactivity, arbitrary source distribution) the transition of neutron population
from a stochastic to deterministic state observed in fast burst reactors can be successfully described [9, 10, 11].
Moreover, there is some evidence that this ansatz, originally due to Harris [9], holds even when the neutron
phase dependence (position, energy, direction) is retained [12]. In this case, the moment equations are the
well known adjoint neutron transport equations [16]. Thus, as the mean and variance can be obtained from
the mathematically much simpler, exact and numerically easily solved moment equations, it would appear
that the highly complex problem of determining the probability distribution of the number of neutrons in a
supercritical multiplying assembly as a function of time is reduced to the significantly simpler deterministic
problem of solving a coupled set of linear moment equations.

The validity of the Harris ansatz is assessed in this work by comparing the gamma distribution against
the true distribution obtained by Monte Carlo simulation. We further hypothesize and similarly verify that
the gamma distribution remains valid for coupled assemblies where, in addition to preserving the consistent
mean and variance of the true joint distribution, assembly coupling to a higher order is accounted for by also
correctly preserving the first order correlation function. Proceeding by defining Eq. 21 for each assembly and
obtaining the self-consistent η by equating the second moment of the gamma distribution to that given by
the solution to the moment equations, we can write:

P (j)(n, t) =

(
ηj(t)

nj(t)

)ηj(t) nηj(t)−1

Γ(ηj(t))
exp

(
−nηj(t)
nj(t)

)
, j = 1, 2, . . . , J, (23)

where ηm(t) is defined by equating the variance obtained from Eq. 23 to the true variance obtained by solving
the moment equations, giving

ηj(t) =
n2j (t)

n2j (t)− n2j (t)
=
n2j (t)

Vj(t)
. (24)

To emphasize, this representation of the gamma distributions allows general induced and source fission
multiplicity distributions and time varying assembly properties as well as a multigroup neutron energy
structure to be incorporated with consistent second order statistics. We note that from the definition in Eq.
24, ηj is related to the relative standard deviation as

√
Vj(t)

nj(t)
=

1√
ηj(t)

, (25)

which shows that the gamma distribution dynamically describes the variation from strongly stochastic to
strongly deterministic through just the relative standard deviation of the population.

3. The Stochastic Simulation Algorithm

The Stochastic Simulation Algorithm (SSA) is a time dependent or kinetic Monte Carlo method developed
by Gillespie for the study of the dynamics of chemical reactions [13], although the fundamentals had been
known since the 1940s and 1950s with work done by Bartlett [17]. Applied to neutron populations, the SSA
method samples time intervals between neutron collisions and the population state is updated based on
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Table 1: Effects and associated probabilities for events considered.

Effect
Event, ei,g,j Prob(ei,g,j), [s

−1] ng,j ng,k ng′,j

Source Emission Sj
gq

Sj
ν,g +ν

Scatter ng,jλ
j
s,g→g′ -1 +1

Capture ng,jλ
j
c,g -1

Induced Fission ng,jλ
j
f,gq

f,j
ν,g +(ν-1)

Leakage & no Transfer ng,jλ
j
ℓ,gpj→∞ -1

Leakage & Transfer from j → k ng,jλ
j
ℓ,gpj→k -1 +1

the different neutron reaction rates. The sum of the reaction rates is the state transition rate cumulative
distribution function (CDF), which is simply obtained from the coefficients of the forward Master equation.
In that sense, the SSA is effectively a direct simulation of the forward Master equation [18]. In general,
one can solve the forward Master equation for arbitrary numbers of cells and energy groups [19, 20, 21, 22].
Additionally, previous work applied a version of SSA (referred to as the “discrete events dynamic system”
simulation) to simulate the burst wait time pdf of several reactors [23].

In traditional event-based MC simulations, one simulates a single particle and samples distance and time
intervals dependent on the cross-sections of the system the neutron is traversing. In the event of secondary
particle production, one must save location and time of birth, and simulate those particles as well. In the
SSA approach, we instead propagate the population state of the system and sample time intervals between
events that transition the system to a new population state. The appeal of the SSA is that we do not need to
allocate computer memory for all secondary particles and the associated phase-space coordinates but, rather,
simply update the state of the system based off of those particles produced. In this section, we describe the
implementation of the SSA algorithm to calculate the neutron number pdf in coupled assemblies.

Again, we consider J coupled assemblies with fast (g = 1) and thermal (g = 2) neutron populations
ng,j and simulate the evolution of the neutron number in each assembly from initial time t = 0 to a final
time tf . Consistent with the arguments leading to the forward Master equation described in Sec. 2, we

assume: an exclusively fast neutron source Sj
1 in any assembly; fast neutron down-scatter to the thermal

energy group with no up-scatter of thermal neutrons to the fast energy group; only thermal neutron induced
fission which produces only fast neutrons; capture; leakage, and, upon leaking, potentially transferring to
another assembly. Each of these events will alter the neutron population of the system with some asso-
ciated probability and a particular following effect. We define the probability per unit time for the ith

event that fundamentally alters the population of neutrons in group g and assembly-j as ei,g,j . Table 1
gives the different events with their associated probabilities and the resultant change in the neutron population.

We now discuss the SSA from a general point of view, and then reduce the scope to the algorithm we
used for the results presented later. We define the state transition probability, µ(n, t), as the probability
per unit time that some event will occur at time t that will cause a departure from state n, where n =
{ng,j , j = 1, 2, . . . J, g = 1, 2} is the stochastic state of the system. The transition probability is simply the
sum of the individual event probability rates:

µ(n, t) =
J∑

j=1

2∑

g=1

∑

i

Prob(ei,g,j),

which from Table 1 can be expressed explicitly as

µ(n, t) =
J∑

j=1

{
Sj
1 +

2∑

g=1

ng,jλ
j
t,g

}
, (26)

where the total state transfer rate for energy group g and assembly j is defined by Eq. 1. The rates are
initially taken to be time independent, for purposes of demonstrating implementation of the algorithm in
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static assemblies, but generalization to time dependent rates will be considered in Sec. 6.4. We emphasize
that the rates are an input into the SSA and therefore assumed known. The algorithm then proceeds as
follows:

1. Form a list of all rates in the system, i.e., calculate λjζ,g and Sj
g , where ζ = {s, c, f, ℓ}.

2. Initialize the system at time t = 0 with a predetermined initial neutron population state, (n, 0).

3. Calculate the cumulative function, µ(n, t).

4. Obtain a uniform random number ξ ∈ [0, 1].

5. Determine the event to carry out, i, in assembly j and energy group g by finding the indicies {i, g, j}
for which

i−1,g,j∑

i′,g′,j′

Prob(ei′,g′,j′) ≤ ξµ <

i,g,j∑

i′,g′,j′

Prob(ei′,g′,j′)

Carry out event i and determine new population state, n′.
6. Obtain another uniform random number ξ ∈ [0, 1]

7. Update the time with
t′ = t + ∆t

where ∆t = − 1
µ ln(ξ)

8. Update new state: (n, t) → (n′, t′)
9. Either go to step 3 if t′ < tf or terminate the simulation if t′ ≥ tf .

Note that as the population and/or source strength increases, so does µ, causing the time intervals between
events to decrease. If the population becomes too large, the sampled ∆t may become unmanageably small
and a lower bound on the time step must be imposed to keep the computation going.

In the code-implementation of the SSA, we apply a nested approach to avoid calculating all of the
individual probabilities associated with the events in Table 1 unless deemed necessary [24]. As an example,
consider two assemblies with fast neutron sources S1

1 and S2
1 and total transition rates for group g: λ1t,g and

λ2t,g. We call the probability per unit time that a source event occurred PS = S1
1 +S2

1 and the probability per

unit time that a neutron interaction occurred PN =
∑

j

∑
g ng,jλ

j
t,g, then µ = PS + PN . We then compare a

random number ξ to determine which of two criteria is satisfied: if ξ ∈ [0, PS/µ], then a source event occurs
otherwise a neutron interaction occurs. The assembly in which the event occurs is then obtained as follows.
If a source event occurs in assembly 1, the criteria (with a different ξ) ξ ∈ [0, S1

1/PS ] is satisfied, otherwise
ξ ∈ (S1

1/PS , 1] is true and the source event occurs in assembly 2. Once the assembly is known, we then
sample the number of fast neutrons emitted in the event using the appropriate CDF of the source multiplicity
distribution and update n1,j → n1,j + ν.

If a neutron induced event occurs, we first decide in which assembly the event occurred by checking
which criteria is satisfied by a new random number: ξ ∈ [0, (

∑
g ng,1λ

1
t,g)/PN ] for assembly 1 otherwise

ξ ∈ ((
∑

g ng,2λ
2
t,g)/PN , 1] and the event occurs in assembly 2. For the known assembly, say assembly j′,

we define PN,j′ =
∑

g ng,j′λ
j′

t,g, then the energy group the neutron causing the event is determined by

comparing ξ ∈ [0, n1,j′λ
j′

t,1/PN,j′ ] for group 1 or ξ ∈ (n1,j′λ
j′

t,1/PN,j′ , 1] for group 2. From there, the event

that occurs is determined by sampling another ξ for the known energy group g′: ξ ∈ [0, λj
′

c,g′/λ
j′

t,g′ ] for capture;

ξ ∈ (λj
′

c,g′/λ
j′

t,g′ , (λ
j′

c,g′ + λj
′

f,g′)/λ
j′

t,g′ ] for an induced fission; or ξ ∈ ((λj
′

c,g′ + λj
′

f,g′)/λ
j′

t,g′ , 1] for a leakage event.
For a capture event, simply update the population as ng′,j′ → ng′,j′ − 1; for an induced fission, assuming

that only thermal neutrons induce fission, we sample from qf,j
′

ν,2 to find ν fast neutrons emitted, and update
the population as n1,j′ → n1,j′ + ν and n2,j′ → n2,j′ − 1; and for leakage, we say ng′,j′ → ng′,j′ − 1, and if
there is a successful transfer to assembly k, we update ng′,k → ng′,k + 1. Our system is now in state n′, and
we then sample the time interval to the next event and update µ(n′, t′) using the updated populations to
once again repeat the process until a stopping criteria is satisfied.

The neutron number pdf, which is the quantity of interest, is computed by averaging over histories. For a
given history, or simulation, there will be a single outcome, or state, that the system occupies. The final
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state of history h will have a corresponding neutron population, nh, at the final time of observation, tf ; this
state is defined as (nh, tf ) with unit magnitude: |(nh, tf )|. The probability of there being n neutrons at the
final time, then, is simply the total number of instances that state occurs divided by the total number of
histories simulated, H, given by

Pn(tf ) =
1

H

∑

h|nh=n

|(nh, tf )| , (27)

where the above is read as the sum over h conditioned on nh = n. In practice, the summation of Eq. 27 is
accomplished by populating a histogram for every outcome on-the-fly, preventing the need to store every
outcome as an individual value in a computer.

As the FME (or the generating function equation) is intractable to exact solution except under highly
simplified conditions, it is not feasible to benchmark or verify the neutron number distribution obtained
from the SSA algorithm in this strict sense, although SSA and single event Monte Carlo yield identical
solutions, within statistics. However, by comparing the SSA mean and variance against those obtained from
numerical solution of the moment equations, a limited benchmark can be achieved, which at least ensures
consistency of these parameters between the gamma distribution and the SSA number distribution. The
moment comparisons are shown below, but first we describe how the point kinetic parameters were obtained.

4. Point Kinetics Parameters and Nuclear Data

In this section, we describe the calculation of the assembly parameters used in the SSA simulation and the
deterministic moment calculations. We also present problem specifications and nuclear data for the ensuing
computational scenarios.

4.1. Point Kinetics Parameters

The point kinetics parameters - reaction rates and neutron lifetime - are calculated for an isolated 1D
spherically symmetric assembly using the standard adjoint-weighted methodology [26]. We have neglected
neutron exchange between assemblies in the calculation of point kinetic parameters, which is clearly an
approximation and one that can presumably be relaxed by generalizing the standard adjoint projection
approach (this topic appears to not have received much attention in the literature). This limitation does not,
however, restrict the validity of the present investigation as the same parameters will be used in both the
SSA and moment calculations. That is, differences between the two approaches cannot be attributed to the
use of approximate transition probabilities.

Forward and adjoint k-eigenvalue calculations were performed by solving the two-group, spherically
symmetric isotropic scattering transport equation with vacuum boundary conditions, using discrete ordinates
in angle, diamond difference discretization in space, and source- and power-iteration [25] to obtain the

k-eigenvalues and the fundamental modes ψg,j(r, µ) and ψ†
g,j(r, µ). The adjoint-weighted total neutron

population in group g and assembly-j is then obtained from [26]

N j
g =

ˆ Rj

0

dr r2
ˆ 1

−1

dµ

2
ψ†
g,j(r, µ)

1

vg
ψg,j(r, µ) (28)

where Rj is the radius of assembly-j, and the capture/fission and leakage rates by

Rj
ζ,g =

ˆ Rj

0

dr r2
ˆ 1

−1

dµ

2
ψ†
g,j(r, µ)Σ

j
ζ,gψg,j(r, µ) (29a)

Rj
ℓ,g =4πR2

j

ˆ 1

0

dµψ†
g,j(Rj , µ)µψg,j(Rj , µ), (29b)

where ζ = {c, f} for fission or capture and the sum of these rates is denoted by Rj
t,g. The mean time between

reactions of type y for neutrons of energy group g in assembly-j, τ jy,g, is defined as

τ jy,g =
N j

g

Rj
y,g

, (30)
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Table 2: Data used for the two sphere system.

(a)

Energy [eV ] σf [b] σc [b] σs [b] v
[
cm
s

]

14 · 106 2.053 889.7 · 10−6 2.839 5.175 · 109
0.0253 585.1 98.71 15.12 2.200 · 105

(b) σs,g→g′ , [b].

g
g′

1 2

1 1.5376 1.3014
2 0.0 15.12

Table 3: Multiplicity distributions.

ν ν2 qν
0 1 2 3 4 5 6 7

g = 1, IF 4.458 21.29 0.0 0.009 0.022 0.179 0.310 0.310 0.112 0.058
g = 2, IF 2.476 7.382 0.022 0.200 0.306 0.307 0.136 0.035 0.004 0.0

SF 2.154 5.945 0.0638 0.2316 0.3325 0.2533 0.0987 0.0181 0.0020 0.0

with
1

τ jg
=
∑

y

1

τ jy,g
, (31)

while the reciprocal gives the transition probability (per unit time) of neutron in group g and assembly-j
undergoing a collision of type-y:

λjy,g =
1

τ jy,g
. (32)

4.2. Problem Specification and Data

For numerical implementation, we consider two spherical assemblies composed of pure 235U metal with
radii R1 and R2 and a number density of N = 5.0884 · 10−2 (b · cm)−1. Table 2 displays the two-group
microscopic cross section data at 300 K for both assemblies obtained from the JENDL-4.0 library. These
cross sections will be used unless otherwise specified for the few instances where we need to ignore certain
interactions for benchmarking purposes or for developing our understanding of the systems. Data for the
neutron multiplicity distribution for induced fission (IF) and spontaneous fission (SF) is displayed in Table
3, where g refers to the particle emission distribution due to a neutron of energy group g inducing said
fission. We note that the IF distributions are not normalized, but initial tests showed that the neutron
number distributions are not noticeably different due to this issue. When calculating the moments of the

number distribution, we use the first two factorial moments, ν and ν(ν − 1), and we use the actual emission
probabilities when randomly sampling fission event outcomes in the SSA code.

For specificity, the center of assembly-1 is located at the origin such that C⃗1 = ⟨0, 0, 0⟩, while assembly-2
has a center located a distance L = R1 + S +R2 along the y-axis (S is the shortest distance between the two

surfaces), giving C⃗2 = ⟨0, L, 0⟩. The distance between the sphere surfaces is set to S = 5.0 cm and the view
factor method [14] is used to compute the transfer probabilities according to

pj→k =

(Q
R

)2

1−

√
1−

(R
Q

)2



1−

√
1−

(
1

Q

)2

 , (33)
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Table 4: Transfer probabilities.

Configuration p1→2 p1→∞ p2→1 p2→∞

1 1.2376 · 10−2 0.98762 8.8879 · 10−3 0.99111
2 7.7398 · 10−3 0.99226 5.6483 · 10−3 0.99435

Table 5: Parameters for Configuration 1. Reaction rates have units of s−1.

Assembly Rj [cm] keff,j τj λf,j λc,j λℓ,j

1 5.9 1.0035 0.7741 ns 5.406 · 108 2.343 · 105 7.509 · 108
2 5.0 0.8788 0.6584 ns 5.406 · 108 2.343 · 105 9.779 · 108

where Q = R+ S + 1, R = Rj/Rk, and S = S/Rk. Additional transfer probabilities are given by:

pk→j =R2pj→k (34a)

pj→∞ =1− pj→k (34b)

pk→∞ =1−R2pj→k. (34c)

Numerical values are given in Table 4 for the two configurations to be investigated, as detailed below. Note
that the selection of S = 5.0 cm was deliberate as it is the closest point these two spheres may be for which
the view factor will still be relatively accurate [14].

For single-chain simulations, we assume that the initiating neutron appears in assembly-1 at t = 0. For
problems with sources, we need not differentiate systems based on initial neutron population as the initial
condition is nonunique: Pn(0) = δn1,0δn2,0. Also, we assume that the reaction rates are time-independent
except in Sec. 6.4, where we simulate a dynamic reactivity scenario.

4.2.1. Configuration 1: Two Assemblies with Monoenergetic Fast Neutrons

In this configuration, only monoenergetic fast neutrons are considered in both assemblies with the fast
group data given in Table 2a. The assemblies are identical in composition but have different radii, R1 = 5.9
cm and R2 = 5.0 cm, such that taken in isolation assembly 1 is slightly supercritical with keff = 1.0035 and
assembly 2 subcritical with keff = 0.8788. The neutron lifetime and the reaction rates appropriate for single
energy neutrons are summarized in Table 5 while Table 6 gives the relevant internal source data.

4.2.2. Configuration 2: Two Assemblies with Fast and Thermal Neutrons

In this configuration, both fast and thermal neutron populations are considered, with assembly parameters
given in Table 7 based on two group data from Table 2 that includes group transfer due to scattering. In
order to maintain the same keff values at the 5 cm separation distance, the sphere radii were altered to
R1 = 2.484 cm and R2 = 2.122 cm. Changing the sizes only causes meaningful change between the (fast)
leakage rate and lifetime, where we see that the leakage rate increases while the lifetime decreases when the
assembly is reduced in size. Source neutrons are assumed to be emitted in the fast group only, with strengths
shown in Table 6.

5. Moment Benchmarking

As the moments of the distributions uniquely determine the gamma distribution for the neutron number
pdfs, we briefly discuss the numerical solution of the moments for Configuration 1 described in Sec. 4.2.

Table 6: Neutron source data for Configuration 1.

Assembly Volume [cm3] Sj [1/s] Sj/Vj [1/(cm3 · s)]
1 860.3 106 1, 162.4
2 523.6 106 1, 909.6
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Table 7: Parameters for Configuration 2. Reaction rates have units of s−1.

(a)

Assembly Rj [cm] keff,j Group τ jg λjf,g λjc,g λjℓ,g

1 2.484 1.0035 1 0.1753 ns 5.406 · 108 2.343 · 105 4.820 · 109
− - - 2 3.982 ms 214.4 36.16 0.5889
2 2.122 0.8788 1 0.1445 ns 5.406 · 108 2.343 · 105 6.039 · 109
− - - 2 3.980 ms 214.4 36.16 0.7268

(b) Scattering reaction rates

λ1s,g→g′ λ2s,g→g′

g
g′

1 2
g

g′
1 2

1 4.049 · 108 3.427 · 108 1 4.049 · 108 3.427 · 108
2 0.0 5.5395 2 0.0 5.5395

Although the SSA method was previously benchmarked against analytical solutions obtained under simplified
assumptions, the comparison of the SSA moments against the deterministically computed moments provides
a partial benchmarking of the SSA algorithm under the more general conditions of this investigation. The
system of moment ODEs are solved by a modified divided difference form of the Adams PECE formulae and
local extrapolation, adjusting the order and step size to control the local error per unit step [27]. (Numerical
details along with more extensive benchmarking can be found in [28])

For Configuration 1, only the fast group components of the moment equations given in Sec. 2.1. are
solved. The SSA results were obtained by setting the final time to some scaled value of the neutron lifetime
in assembly 1 and running 103 batches each with 105 histories, amounting to 108 total simulations per
reported final time, resulting in highly converged confidence intervals. The deterministically computed mean
and standard deviation of the neutron number are compared against corresponding SSA results in Fig. 1
for (a) a single neutron chain with the initial populations being N1 = 1 and N2 = 0, and (b) for the case
where both assemblies have sources of S = 106 1/s and the initial condition being N1 = N2 = 0. Note that,
although S = 106 1/s seems like a strong source, the intrinsic η (i.e., non-fitted η given by Eq. 20, rather
than Eq. 24) is η = 9.7 · 10−4, meaning these assemblies are classified as having a weak source and the
neutron population is strongly stochastic. Recall from Table 7a that assembly 1 is slightly supercritical with
keff = 1.0035 while assembly 2 is subcritical with keff = 0.8788, so that in isolation the mean neutron number
in assembly 1 will eventually diverge while that in an isolated assembly 2 will vanish. In addition to showing
the excellent agreement between the SSA and deterministically computed moments, the figure demonstrates
the effectiveness of coupling, even with less than 1% transfer probability between the assemblies. The time
variation of the moments of the subcritical assembly follow the trend of the moments of the supercritical
assembly within 20 lifetimes, showing that the supercritical system dominates the behavior of the assemblage.

6. Numerical Results for Number Distributions

We now compare neutron number pdfs computed from the gamma distribution and SSA simulations
under different conditions.

6.1. Configuration 1: Isolated Assembly

We first consider an isolated assembly and establish the accuracy of the gamma distribution in describ-
ing the stochastic state under sub- and supercritical conditions. All of the SSA results were obtained by
simulating 5, 000 batches with 107 histories per batch. The ηj parameter of the gamma distribution was
obtained by numerically solving the deterministic moment equations and using Eq. 24. Converging the
stochastic simulation to within a prescribed small standard deviation was not practical for computing the
neutron number probability distributions, especially for large neutron numbers that are associated with
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(a) (b)

Figure 1: Comparison of the SSA (x) moments with the numerical solution (-) of the moment ODEs for (a) the single chain and
(b) with a source.

(a) (b)

Figure 2: (a) Fast neutron number distributions in a subcritical assembly of varying criticality as calculated by SSA (x) and the
gamma distribution fit (solid lines) and (b) the relative error between the two distributions.

low probabilities. However, conclusive comparisons for the bulk of the distribution can be made within the
achieved accuracy.

Figure 2a shows the steady state SSA and gamma number distributions in a subcritical assembly with k
in the range (0.3, 0.9) and an intrinsic source strength S = 106 1/s, while Figure 2b shows the corresponding
relative error. The gamma distribution becomes increasingly representative of the neutron distribution with
increasing multiplication, except for neutron numbers of O(1), where the distribution is invalid. Although the
deviation appears to increase markedly at higher neutron numbers, the absolute value of the probabilities is
small and the associated statistical noise significant. The corresponding results for a supercritical system with
k = 1.0035 are displayed in Fig. 3a for varying times (scaled by the fast neutron lifetime). The distribution
rapidly approaches the gamma distribution (within 10 lifetimes) with the relative accuracy increasing as the
population size grows, in accordance with the asymptotic criteria that the mean has grown sufficiently large
and t≫ τ , the neutron lifetime.

At a glance, the supercritical system agrees with a gamma distribution within 10 lifetimes while the
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Figure 3: (a) Neutron number distribution at varying times in supercritical assembly with k = 1.0035. (b) relative error between
the SSA pdf and the gamma fit

distribution of the subcritical assembly reaches steady-state within 50 lifetimes. Figures 2b and 3b display
the respective relative error counterparts to the distributions of Figs. 2a and 3a. For the subcritical cases,
we see the bulk of the relative error decreases for increasing k. For the k = 0.90 case, the relative error is
between 1% and 10% for the entire distribution (note the error begins increasing at the tail due to poor
statistical resolution). For the supercritical case, we see the error decreases as time progresses and the mean
of the population increases. Within 10 lifetimes, the MC and fitted distributions agree within 10% and by 50
lifetimes, the distributions agree within 0.1% - 1%.

6.2. Configuration 1: Two Coupled Assemblies

We now consider the population behavior when the two assemblies are brought within 5.0 cm of each
other. Figure 4 shows the comparison between the neutron number pdf as calculated by SSA as well as the
fitted gamma distribution.

We see that the supercritical assembly 1 in Fig. 4a visually appears indistinguishable from the distributions
of Fig. 3a. It would appear that the introduction of the additional fuel from assembly 2 has little effect on
the dynamic behavior of assembly 1. On the other hand, the subcritical assembly 2 shows a drastic difference
in behavior, when comparing Fig. 2a with Fig. 4b; that is to say that the distribution in the subcritical
system no longer reaches a steady-state, but instead behaves dynamically with an increasing mean. For a
more rigorous comparison, Figs. 5a and 5b show that the relative error between the SSA and fitted gamma
distributions. Mirroring the above observation of assembly 1, the error profiles over time appear practically
identical as those in Fig. 3b. We see in Fig. 5 that the subcritical error falls to 10−2 at n = 100 around 100
lifetimes. From this, it is clear that the addition of the other assembly is equivalent to adding multiplying
mass or a source to a single system and will drive the other assembly to achieve a gamma distribution.
Although assembly 2 itself remains subcritical, the transfer of the leaked particles from assembly 1 is enough
to force the population to continually increase. This driving of the collective system population is expected
to increase indefinitely as long as assembly 1 remains supercritical. Finally, we note that the inherent Monte
Carlo statistical noise is inevitably observed in the error plots for increasing n and, once it begins to dominate,
the decreasing trend in the error profile is reversed.

6.3. Configuration 2: Two Coupled Assemblies with Fast and Thermal Neutrons

We allow for fast and thermal induced fission using the cross section data of Table 2. Group-dependent
reaction rates are displayed in Table 7, where we altered the system sizes to radii of R1 = 2.484 cm and
R2 = 2.122 cm such that the effective multiplication factors are the same as before; as expected, the critical
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(a)

(b)

Figure 4: Comparison of the neutron number pdfs as calculated by SSA (x) and the gamma distribution fit (-) for (a) assembly
1, (b) assembly 2.

mass substantially decreases when induced fission from fast and thermal neutrons is accounted for (compared
to the R1 = 5.9 cm from before). By spatially coupling the two assemblies and separating them by 5.0 cm,
we demonstrate the convergence of the energy-dependent neutron number pdfs for fast neutron source-driven
systems. The timescales worth considering are on the order of the thermal neutron lifetime (for which we
choose assembly 1 with τ12 = 3.982 ms).
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(b)

Figure 5: Per Fig. 4, but for the relative error between the SSA and gamma fit for (a) assembly 1 and (b) assembly 2.

Figure 6 depicts the neutron number pdfs in the two-assembly setup at different times for fast neutrons in
6a and thermal neutrons in 6b; also included are the fitted gamma distributions (dotted lines) and, for the
thermal neutron pdfs, additional fitted Gaussian distributions (solid lines). All distributions have the same
mean and variance per the methods outlined in Sec. 2.2. From Fig. 6, we see that the stochastic (weak)
fast neutron sources give rise to unimodal thermal neutron distributions, which behave like strong stochastic
sources with a shape parameter greater than one, within 5 thermal neutron lifetimes.
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(b)

Figure 6: Neutron number pdfs in a two-assembly assembly at different times for (a) fast neutrons and (b) thermal neutrons.
The xs are SSA results, solid lines are Gaussian fits, and dotted lines are Gamma fits.

The fast neutron pdfs of Fig. 6a remain stochastic in nature- that is to say, the distributions are monoton-
ically decreasing. Although fast neutrons originate from fast fission, thermal fission, and source events, the
persistence of stochastic behavior of the fast neutron population is due to the abrupt disappearance of these
neutrons either by reacting with the medium or leakage. Strong down-scattering to the thermal regime causes
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an accumulation in the thermal neutron population because the thermal neutrons are much slower-moving,
consistent with the fast and thermal reaction rate values in Table 7.

We also observe the thermal neutron pdfs in Fig. 6b are not quite in agreement with a gamma distribution
fit (dotted lines) at an early time of tf = 0.5τ12 , but are indeed bounded between a gamma fit and a Gaussian
fit (solid lines). At a later time of tf = 5τ12 , the true thermal pdf is in agreement with a fitted Gaussian
distribution and the gamma has converged onto this distribution as well. This is the expected asymptotic
behavior of the gamma distribution, in general, in accordance with the Central Limit Theorem [29]. The
shape parameter in this case is η, given by Eq. 24, which states that as the variance decreases, η increases,
which causes the observed convergence. From a physical standpoint, the early-time difference from the gamma
fit is most likely due, in part, to the fast fission events causing large bursts of fast neutrons (compare the
fast and thermal multiplicity distributions in Table 3) which quickly down-scatter; this will cause the true
pdf to have different higher order moments (e.g., skewness and kurtosis) than the fitted gamma, causing the
departure from the fitted gamma to the fitted Gaussian.

6.4. Time-Dependent Reactivity

In this section, we consider the effect of coupling when the reactivity in assembly 1 is allowed to vary with
time, to simulate, for instance, a burst reactor in the vicinity of a subcritical assembly. The SSA simulation
and moment calculations are adapted for a specified time varying reactivity in assembly 1 while assembly 2 is
held in a static subcritical state.

We assume a polynomial in time reactivity variation for assembly 1 of the form:

ρ1(t) = ρ1(0) +
M∑

m=1

a1,mt
m, (35)

where ρ1(0) is the initial value of the reactivity in assembly 1 and a1,m are known coefficients. Note the
reactivity equation for assembly 2 is simply ρ2(t) = ρ2(0); thus, a2,m ≡ 0. The mean generation time for
neutrons in (g, 1) is Λ1

g = τ1g /k1 and we note λ1t,g = 1/τ1g and k1 = 1/(1− ρ1). From this, we may rewrite µ
of Eq. 26 in terms of the time-dependent assembly-collective reactivity:

µ(X, t) =
J=2∑

j=1

G=2∑

g=1

{
Sj
g +

[
1− ρj(t)

Λj
g

]
ng,j

}
. (36)

The cumulative distribution function for the time to next event is given by

F (t) =

ˆ t

0

dt′µ(X, t′) exp

{
−
ˆ t′

0

dt′′µ(X, t′′)

}

=1− exp

{
−
ˆ t

0

dt′µ(X, t′)

}
, (37)

which, upon inserting Eqs.(35) and (36), gives:

ˆ t

0

dt′µ(X, t′) =
2∑

j=1

2∑

g=1

[
Sj
g +

(
1− ρj(0)

Λj
g

)
ng,j

]
t−

2∑

g=1

ng,1
Λ1
g

M∑

m=1

a1,m
m+ 1

tm+1, (38)

where we used a2,m ≡ 0. Finally, setting F (t) = ξ where ξ ∼ U(0, 1) yields, from Eq. 37, the following
polynomial for the time to the next event:

M∑

m=1

Amt
m+1 +Bt+ C = 0, (39)

19



500

505

510

515

520

525

530
with the coefficients defined as

Am =
a1,m
m+ 1

G∑

g=1

ng,1
Λ1
g

B = −
G∑

g=1

J∑

j=1

[
Sj
g +

(
1− ρj(0)

Λj
g

)
ng,j

]

C = = − ln(1− ξ) = − ln ξ.

The time of the next event, t, is determined by finding the principle root of Eq. 39 for a sampled ξ. For
numerical illustration we consider a linear ramp reactivity variation in assembly 1, which follows upon setting
M = 1:

ρ1(t) =

{
ρ1(0) + ∆ρ1

t
tin
, t ≤ tin

ρ1,max, t ≥ tin
(40)

where tin is the time of maximum reactivity insertion, ρ1(tin) = ρ1,max, ∆ρ1 = ρ1,max − ρ1(0) and a1,1 =
∆ρ1/tin. From this, Eq. 39 reduces to a quadratic polynomial with the roots

t = − B

2A1
± 1

2A1

√
B2 − 4A1C, (41)

where A1 is given by:

A1 =
∆ρ1
2tin

∑

g

ng,1
Λ1
g

=
1

2tin

∑

g

(
λ1t,g(0)− λ1t,g(tin)

)
ng,1. (42)

The linear reactivity variation is modeled by allowing the material density of assembly 1 to have an
appropriate time dependence while keeping the radius and cross-sections constant and all properties of
assembly 2 constant. We set the initial reactivity to ρ1(0) = ρo,1 = −1.0, and the final reactivity at tin to
ρ1(tin) = ρ1,max = 0.0909, giving keff,1(0) = 0.50 to keff,1(tin) = 1.10. The constant criticality of assembly 2
is keff,2 = 0.8788 which corresponds to a reactivity of ρ2 = −0.1379.

For the previously used microscopic cross-sections, the initial density must be ϱ(0) = 9.02221825 g/cm3

and the final density must be ϱ(tin) = 22.21289 g/cm3. Solving the k-eigenvalue neutron transport equation
for every integer value of density between these two values gives an array of 15 keff,1 values. For a given
keff,1, we calculate the reactivity with ρ1(keff,1) = 1− 1/keff,1, and we then determine the corresponding time
using t = tin[ρ1(keff,1) − ρ1(t = 0)]/∆ρ. From this, we then perform a least-squares fit to the data points
using MATLAB’s polyfit function. Figure 7 shows the data values (◦ and x markations) and the fourth-order
polynomial fit lines for keff and ϱ out to a tin = 0.5τ12 (0). Table 8 presents the coefficients for the polynomial
fits of the functional form:

f(t) = c4t
4 + c3t

3 + c2t
2 + c1t+ c0, (43)

that we will then use to update our reaction rates and other values in the SSA code for time interval sampling.
Note that, if tin is altered for a given ∆ρ, one must refit the polynomials. The coefficient tables are given in
Table 8 for two other tin values.

The severity of the reactivity insertion in assembly 1 can be controlled by varying the final time of the
reactivity insertion, tin. Figure 8 shows the reactivity profile corresponding to the density profile in Fig. 7
along with two additional, more severe, profiles that we will investigate.

Figure 9a shows the fast neutron population pdfs at the end of the respective insertions, depicted in Fig. 8,
for assembly 1; we do not show the fast pdfs for assembly 2 as the means are so low and seem to be constant
values of n1,2(0.01τ

1
2 (0)) ≈ 1.87 ·10−4, n1,2(0.1τ

1
2 (0)) ≈ 1.30 ·10−4, and n1,2(0.5τ

1
2 (0)) ≈ 1.50 ·10−4. Figure 9b

shows the thermal neutron number pdfs for both assemblies at the end of the respective reactivity insertions.
As was shown before, we compare the SSA (true) results with a gamma distribution and Gaussian distribution
by matching the moments, where it is clear that the SSA result is always bounded by the fitted distributions.
Interestingly, the assembly 1 fast neutron pdfs agree perfectly with the fitted gamma distribution (the x’s
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Figure 7: Time dependent assembly 1 density, multiplication factor, and reactivity data (◦ and x points) compared with
polynomial fits (dashed lines) used in SSA code.

Figure 8: Reactivity insertion profiles of differing severity.

lie atop the dotted gamma fit line), while the thermal neutron pdfs converge to the Gaussian fitted line
(for which the gamma has converged to as well due to smaller variances), even though the populations are
smaller than their fast counterparts. We note that at the earlier time of tin = 0.01τ12 (0), although assembly
1 is the assembly experiencing the reactivity insertion, it is assembly 2 that has a larger thermal neutron
population average. This is most likely due to the increase in the neutrons leaking, specifically fast neutrons,
from assembly 1 which then transfer to the other assembly.
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(a)

(b)

Figure 9: Neutron population pdfs at the end of several reactivity insertions (i.e. t = tin) in assembly 1 for (a) fast neutrons and
(b) thermal neutrons. xs are SSA results, solid lines are Gaussian fits, and dotted lines are Gamma fits.

We now complete the simulations by running past the insertion times to a common final time of
tf = 0.5τ12 (0), in reference to the assembly 1 reactivity profiles of Fig. 8. In the SSA code, once the system
time surpasses the prescribed tin, the reaction rates are held constant at their max values occurring at the end
of the insertion. Illustrated in Fig. 10 are the corresponding energy-dependent neutron number distributions
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(a)

(b)

Figure 10: Per Fig. 9, to later times. xs are SSA results, solid lines are Gaussian fits, and dotted lines are Gamma fits.

for fast neutrons in Fig. 10a and thermal neutrons in Fig. 10b. Again, we do not display the fast pdfs of
assembly 2 as the average number of particles is so low due to either down-scatter to the thermal range or
leakage from the system and the relative standard deviation is much larger than the average. As expected,
the pdfs of the more severe reactivity insertions have much larger population averages. This can be explained
by considering the extreme case of tin = 0.01τ12 (0) (the blue and red lines), where the system is only briefly
subcritical and is highly supercritical for ∼ 99% of the simulation- it is also for this reason that the statistics
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are not as well converged as the other distributions because of the larger number of divergent chains (which
corresponds to sampled ∆t→ 0). We are able to discern that the fast distributions are still atop the gamma
fit (more so than on the Gaussian) while the thermal distributions for the longer times appear to agree with
the gamma fits as well. This suggests that once a distribution’s standard deviation relative to the mean
has decreased enough, it will agree more closely with a gamma distribution, even when the fitted gamma
distribution has not converged to its asymptotic Gaussian shape.

7. Conclusions

The central goal of this investigation was to establish the validity of the two-parameter gamma distribu-
tion in describing the neutron number pdf for both isolated and coupled multiplying assemblies containing
spontaneous fission sources. Following a conjecture due to Harris, the two parameters were fixed by enforcing
preservation of the first and second moments (the mean and the variance) of the true distribution. The exact
fast and thermal energy group moment equations, obtained from a forward Master equation formulation,
were numerically solved for two assemblies with both static and dynamic reactivity insertion. Assembly
coupling coefficients were obtained from a previously published view factor method. In each case, the gamma
distribution for the individual assemblies was compared with simulation results from a special purpose kinetic
Monte Carlo code based on Gillespie’s Stochastic Simulation Algorithm (SSA).

In the case of isolated one-group supercritical assemblies, the gamma distribution becomes an excellent
approximation at t > 20τ and n > 10, for which the relative error is on the order of 1% within statistical noise
for the tail of the distribution. On the other hand, isolated subcritical systems never approach a gamma-like
distribution, with the relative error well-above 10% for the entire number distribution. For a supercritical
assembly interacting with a subcritical assembly, even with relatively weak coupling the neutron number
in the latter assembly rapidly becomes tied to that in the former assembly and the gamma distribution
again becomes an accurate approximation in less than 100 lifetimes. Similar rapid relaxation to a gamma
distribution was observed for two energy groups in the coupled case (within 5 thermal neutron lifetimes), with
the primary difference that the fast neutron distribution shape is monotonically decreasing while the thermal
neutron distribution evolves into a unimodal distribution. This behavior is consistent with the magnitude
of the shape parameter η in the gamma distribution, i.e., η < 1 in the fast group, corresponding to a weak
neutron source due to spontaneous fission and fast neutron leakage from the second assembly, and η > 1
in the thermal group, corresponding to a strong neutron source due to downscatter and both thermal and
fast neutron leakage from the second assembly. Finally, for several time-dependent reactivity insertions of
differing severity, the same behavior was observed for the number distributions.

Although computational demands of the Monte Carlo simulation made it difficult to carry out detailed
quantitative error comparison across the entire distribution, our results do lend credibility to Harris’ ansatz
in that the gamma distribution normalized to the true mean and variance accurately reproduces the neutron
number distribution, certainly over the bulk of the distribution and when population extinction is an
extremely unlikely occurrence. It would be interesting and obviously very useful to carry out a similarly
detailed comparative exercise for unlumped geometries, to see if finite size, neutron phase space dependence,
and heterogeneities in the medium properties weaken the Harris ansatz. The moment equations, being
linear adjoint transport equations, can be readily solved numerically to completely characterize the gamma
distribution in this case. However obtaining accurate benchmark quality Monte Carlo results for the number
distribution to assess the accuracy of the gamma distribution will be a challenge.
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Table 8: Coefficients of polynomial fits (see Eq. 43)

(a) For tin = 0.01τ1
2 (0)

c4 c3 c2 c1 c0

keff,1 0 5.60968 · 1011 −1.34235 · 107 3, 836.37 0.498436

ϱ 1.73644 · 1017 −1.47160 · 1013 1.10706 · 109 5.27407 · 104 9.02805

λ1f,1 4.14887 · 1019 −4.04047 · 1015 2.24620 · 1011 2.65780 · 106 374.621

λ1f,2 2.24811 · 1019 −2.18978 · 1015 1.21667 · 1011 1.42945 · 106 200.835

λ1c,1 1.79797 · 1016 −1.75100 · 1012 9.73429 · 107 1, 151.80 0.162347

λ1c,2 3.79270 · 1018 −3.69430 · 1014 2.05260 · 1010 2.41157 · 105 33.8821

λ1ℓ,1 1.54619 · 1019 −4.52878 · 1014 1.63787 · 1011 2.09524 · 107 3, 717.77

λ1ℓ,2 1.23407 · 1016 −4.65227 · 1011 1.46661 · 104 1.22141 · 108 2.73307

λ1s,1→2 2.62997 · 1019 −2.56126 · 1015 1.42387 · 1011 1.68478 · 106 237.472

(b) For tin = 0.1τ1
2 (0)

c4 c3 c2 c1 c0

keff,1 0 5.60968 · 108 −1.34235 · 105 383.637 0.498436

ϱ 1.736444 · 1013 −1.47160 · 1010 1.10706 · 107 5, 274.07 9.02805

λ1f,1 4.14887 · 1015 −4.04047 · 1012 2.24620 · 109 2.65780 · 105 374.6218

λ1f,2 2.24811 · 1015 −2.18978 · 1012 1.21667 · 109 1.42945 · 105 200.835

λ1c,1 1.79797 · 1012 −1.75100 · 109 9.73429 · 105 115.180 0.162347

λ1c,2 3.7927 · 1014 −3.69430 · 1011 2.05260 · 108 2.41157 · 104 33.8821

λ1ℓ,1 1.54619 · 1015 −4.52878 · 1011 1.63787 · 109 2.09524 · 106 3, 717.77

λ1ℓ,2 1.23407 · 1012 −4.65227 · 108 1.22141 · 106 1, 466.61 2.73307

λ1s,1→2 2.62997 · 1015 −2.56126 · 1012 1.42387 · 109 1.68478 · 105 237.472

(c) For tin = 0.5τ1
2 (0)

c4 c3 c2 c1 c0

keff,1 0 4.48774 · 106 −5, 369.43 76.7274 0.498436

ϱ 2.77831 · 1010 −1.17728 · 108 4.42826 · 105 1, 054.81 9.02805

λ1f,1 6.63819 · 1012 −3.23238 · 1010 8.98483 · 107 53156.0 374.621

λ1f,2 3.59697 · 1012 −1.75182 · 1010 4.86670 · 107 28, 589.0 200.835

λ1c,1 2.87676 · 109 −1.40080 · 107 38, 937.2 23.0360 0.162348

λ1c,2 6.06832 · 1011 −2.95544 · 109 8.21042 · 106 4, 823.15 33.8821

λ1ℓ,1 2.47391 · 1012 −3.62303 · 109 6.55149 · 107 4.19049 · 105 3, 717.77

λ1ℓ,2 1.97452 · 109 −3.72182 · 106 48, 856.6 293.322 2.73307

λ1s,1→2 4.20796 · 1012 −2.04901 · 1010 5.69550 · 107 33, 695.7 237.472
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Highlights:
 Derive forward master equatoo aod momeot equatoos for two coupled reactors with

fast aod thermal oeutroos.
 Apply the stochastc simulatoo algorithm to solve the forward master equatoo via

Moote Carlo sampliog
 Test the validity of the Harris aosatz for two coupled reactors with fast aod thermal

oeutroos with tme-depeodeot reactvity iosertoo.
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