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Abstract

Light passing near a black hole can follow multiple paths from an emission source to an observer due to strong
gravitational lensing. Photons following different paths take different amounts of time to reach the observer, which
produces an echo signature in the image. The characteristic echo delay is determined primarily by the mass of the
black hole, but it is also influenced by the black hole spin and inclination to the observer. In the Kerr geometry,
echo images are demagnified, rotated, and sheared copies of the direct image and lie within a restricted region of
the image. Echo images have exponentially suppressed flux, and temporal correlations within the flow make it
challenging to directly detect light echoes from the total light curve. In this Letter, we propose a novel method to
search for light echoes by correlating the total light curve with the interferometric signal at high spatial frequencies,
which is a proxy for indirect emission. We explore the viability of our method using numerical general relativistic
magnetohydrodynamic simulations of a near-face-on accretion system scaled to M87-like parameters. We
demonstrate that our method can be used to directly infer the echo delay period in simulated data. An echo
detection would be clear evidence that we have captured photons that have circled the black hole, and a high-
fidelity echo measurement would provide an independent measure of fundamental black hole parameters. Our
results suggest that detecting echoes may be achievable through interferometric observations with a modest space-

based very long baseline interferometry mission.

Unified Astronomy Thesaurus concepts: Black hole physics (159); Photon sphere (1236); Very long baseline
interferometry (1769); Accretion (14); Radiative transfer (1335)

1. Introduction

Recent very long baseline interferometry (VLBI) observa-
tions by the Event Horizon Telescope (EHT) collaboration
have revealed that the supermassive black holes in the centers
of our galaxy, Sagittarius A* (Sgr A*), and the nearby elliptical
galaxy M87 produce bright rings of emission at 230 GHz. EHT
analyses have informed constraints on the black holes’ masses
and angular momenta, properties of the surrounding accretion
flows like magnetic field structure and accretion rate, and
deviations from the Kerr metric (Event Horizon Telescope
Collaboration et al. 2019a, 2019b, 2019c¢, 2019d, 2021a,
2021b, 2022a, 2022b, 2022c, 2022d, 2023, 2024a, 2024b). The
EHT’s demonstrated technological capability to recover
resolved polarimetric images of black holes at event horizon
scales has spurred efforts to increase the size of the telescope
array and develop simultaneous multifrequency receivers.
These advances promise improved image fidelity and science
from multiwavelength data. There has also been growing
interest in designing new space-based interferometers, which
would enable probes of the complicated emission ring
substructure and improve prospects for black hole spin
measurements and further tests of general relativity
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(L. I. Gurvits et al. 2021; V. Kudriashov et al. 2021; P. Kurc-
zynski et al. 2022; M. D. Johnson et al. 2024).

The structure of the observed emission ring is influenced by
both the complex astrophysics of the accretion flow and the
geometry of the black hole spacetime. Many of the con-
temporary analysis methods used on EHT data rely on image
reconstruction, fitting geometric models to the interferometric
products, and comparing simulations to the data (Event
Horizon Telescope Collaboration et al. 2019b, 2019¢, 2019d,
2021b, 2022b, 2022c, 2022d, 2023, 2024b). However, there is
also significant interest in finding probes of the spacetime
geometry that are less influenced by astrophysical uncertainties.
Strong gravitational lensing near the event horizon allows
photons to travel around the black hole multiple times. On the
image plane, the boundary of the black hole shadow (or critical
curve) is defined by the critical impact parameter separating
photons on geodesics that come from infinity from those on
geodesics that pass through the event horizon. The size and
shape of the black hole shadow are independent of the
astrophysical emission model and therefore act as a direct
probe of the spacetime geometry.

Although the shadow boundary cannot be observed directly,
it is often traced by a bright ring of emission; the relationship
between the sizes of the observed ring and the black hole
shadow has been calibrated with semianalytic models and
simulations (Event Horizon Telescope Collaboration et al.
2022d). There is significant interest in using the size and shape
of the ring to infer bounds on spin, and some proposals to test
the Kerr hypothesis also rely on looking for deviations in the
ring shape (H. Falcke et al. 2000; R. Takahashi 2004; C. Bambi
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& K. Freese 2009; K. Hioki & K.-I. Maeda 2009; L. Amarilla
et al. 2010; L. Amarilla & E. F. Eiroa 2013; N. Tsukamoto
et al. 2014; Z. Younsi et al. 2016; Y. Mizuno et al. 2018;
M. D. Johnson et al. 2020; L. Medeiros et al. 2020; H. Olivares
et al. 2020; D. Psaltis et al. 2020; M. Wielgus et al. 2020;
P. Kocherlakota et al. 2021; Event Horizon Telescope
Collaboration et al. 2022d; S. Staelens et al. 2023; A. Carden-
as-Avendafio & A. Held 2024; A. Lupsasca et al. 2024).

The above methods focus primarily on image features, but
the spacetime geometry also produces signatures in the time
domain. Since an emission source can radiate in multiple
directions simultaneously, different photons emitted by the
same source but in different directions can orbit the black hole
different numbers of times before reaching an observer. This
sequence of time-delayed photons produces a characteristic
light echo whose delay period is determined primarily by the
black hole mass: the difference in arrival times between direct
(n =0) and singly lensed indirect (n = 1) emission is of order
the time it takes for light to travel around the far side of the
black hole.

Since the image contains contributions from direct and all
orders of indirect photons, searching for echo features in the
(auto)correlation function of the light curve or resolved movies
could in principle be used to constrain the properties of the
spacetime (e.g., A. E. Broderick & A. Loeb 2005; K. Fukumura
& D. Kazanas 2008; K. Moriyama & S. Mineshige 2015;
K. Moriyama et al. 2019; V. Cardoso et al. 2021; S. Hadar et al.
2021, 2023; G. N. Wong 2021; A. Andrianov et al. 2022).
However, A. Cardenas-Avendafio et al. (2024) showed that
direct detection of the echo signature from the total image light
curve is challenging, since the flux in the n=1 image is
exponentially suppressed relative to the flux in the n = 0 image,
and correlations within the underlying accretion flow can make
it difficult to disentangle the echo signature.

A more productive detection strategy might try to isolate the
n=0 and n =1 light curves. In this Letter, we propose to use
interferometric time series data at short and long baselines to
obtain proxies for the n =0 and n=1 light curves indepen-
dently. Since the n = 1 image is characteristically thinner than
the n=0 image and dominates the signal at high spatial
frequencies, variations in the visibility amplitudes at long
baselines can be used to infer information about variations in
the indirect light curve.

We test the viability of the proposed echo detection method
using numerical general relativistic magnetohydrodynamics
(GRMHD) simulations of accretion flows. We specialize our
study to the M87 black hole, where the orientation of a large-
scale radio jet has been used to infer that the central black hole
spins with an inclination of 17° away from the observer’s line
of sight (R. C. Walker et al. 2018; Event Horizon Telescope
Collaboration et al. 2019c). Our focus on a nearly face-on
observer allows us to restrict our attention to the simplest case
(we explore the echo signature at higher inclinations in
Appendix A). By computing the correlation function between
the total light curve and time series visibility amplitudes at
longer baselines, we find an echo signature that is consistent
with the time delay predicted by general relativity.

The remainder of this Letter is organized as follows. In
Section 2, we describe the theory of black hole light echoes. In
Section 3, we use a simulated black hole movie to demonstrate
the viability of performing an interferometric echo measure-
ment and discuss several observational considerations. We
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conclude with a brief discussion and summary in Section 4. We
discuss technical definitions and implementation details in the
Appendices.

2. Black Hole Light Echoes

In this section, we explore the theory of black hole light
echoes. We begin with a review of the Kerr spacetime
including its null geodesics and the n-ring subimage decom-
position. We continue with a study of echoes in a numerical
simulation and describe a simple semianalytic echo model. We
use the semianalytic model to show how different astrophysical
fluid prescriptions lead to the presence (or absence) of echoes
that can be detected directly from the light curve.

2.1. The Kerr Geometry

Isolated black holes in general relativity are described by the
Kerr metric, which depends only on mass and angular
momentum.’ In what follows, we overview the Kerr geometry
and the equations that govern the null geodesic trajectories. We
then list several quantities associated with null geodesics that
are useful in describing the echo signature.

In this section, we use geometrized units with G = ¢ =1 and
describe the black hole angular momentum J in terms of the
dimensionless spin parameter a, =J /Mz, where M is the mass
of the black hole. We also set M =1 for clarity, although we
restore constants and the mass dependence in the rest of the
Letter. In Boyer-Lindquist coordinates, x* = (¢, r, 6, ¢), the
Kerr line element is (J. M. Bardeen et al. 1972)

)
ds? = —(1 - ﬂ)dﬂ _ darsinil g ge 4 S
> 2 A

(r2 + a})? — Aa?lsinf
%

+ 3do?* + sin?@ d¢?, (1)

with
Y(r) = r? + af cos? 0, ()
A(r, 0) = r2 = 2r + al. 3)

The trajectory of a particle with four-momentum p* is given by
the solution to the geodesic equations

&, 4

s P )

1 )

dp — _F/luﬂpnpﬁ, (5)
ds

where I'*,3 is a Christoffel symbol and s is an affine parameter.
Photons follow null geodesics through spacetime, and the
photon four-momentum is often written as the null four-
wavevector k"',

The Kerr spacetime admits four conserved quantities: an
invariant mass p, energy at infinity £ = —p,, azimuthal angular
momentum L, = p,, and the Carter constant (a generalized total
angular momentum), defined by

Q =p; + cos?O(ai (1> — p) + pgf/sin2 0). (6)

Null geodesics have p=0. They are also independent of the
magnitude of E and can therefore be fully characterized by their

7 Black holes may also be charged, but it is unlikely that astrophysically

relevant objects have dynamically important charge.
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energy-rescaled angular momentum ® = L_/E and normalized
Carter constant Q = Q/E?. The geodesic equations admit
closed-form explicit solutions in terms of integrals of motion as
well as explicit parameterized trajectories (e.g., L. Li et al.
2005; J. Dexter & E. Agol 2009; S. E. Gralla & A. Lupsa-
sca 2020), but they are often solved numerically (R. Gold et al.
2020; B. S. Prather et al. 2023).

Solving for null geodesics exposes the existence of spherical
(constant r) bound orbits close to the black hole. The set of
spherical orbits comprises the photon shell. For a particular
black hole spin, the spherical photon orbits can be uniquely
parameterized by their radii, which lie continuously in the
range r_ < r < ry, with

Toh,+ = 2(1 + cos (%arccos(ia*))). @)

The extremal orbits at r_ (prograde) and r, (retrograde) lie in
the midplane at § = /2, but others oscillate between different
latitudes. The constants of motion for the spherical orbits can
be expressed in terms of r as

3 —3rt +air+ a

d=—
ax(r — 1) ’ ®
@3 — 6r 4+ 9r — 4af)
= — . 9
0 220 17 )]

Between r_ and r,_ lies the polar orbit,

_ / 1, 1 1 —a}
Toolar = 1 + 2,1 — Ea* cos garccosm >

30k
(10)

which has ®=0. A detailed discussion of photon orbit
oscillations and their image-domain observational conse-
quences is provided in G. N. Wong (2021).

Spherical photon orbits are unstable in Kerr, and photons
following geodesics whose paths are slightly misaligned will
either fall through the event horizon or escape to infinity. This
exponential instability is described by a Lyapunov exponent -,
which quantifies how the deviation ér between a geodesic’s
radial position and the position of the true spherical orbit grows
(or decreases) after n latitudinal half-cycles (see, e.g., H. Yang
et al. 2012; M. D. Johnson et al. 2020):

b1, = e 6ry. (1D

Here we take a latitudinal half-cycle to be the segment of
motion from 6 =m/2 to the extremum in 6 back to 6 =m/2.
The Lyapunov exponent is

4 5 rA Mf
= - — 12
¥ e St K(Mz], 12)

where K is the complete elliptic integral of the first kind® and
where the roots of the latitudinal potential are

al —Q — B + J(Q + ¥ — al) + 4alQ

2
2ay

13)

ul

8 We use the square of the elliptic modulus as the parameter for the elliptic
integral.
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The time delay associated with one latitudinal half-cycle can
also be expressed in terms of elliptic integrals,

(r2 + a2)? — 2a3dr — aﬁAK(M_f]

a*A\/ —ME M_2
2 2
— 2ag—ulu? [K(”—;) _ E(”—;)] (14)
u u

Ar=2

where E is the complete elliptic integral of the second kind.

2.2. Subrings and the Geometry of Echoes

The photons that reach an observer arrive at the image plane
with a set of screen coordinate impact parameters (o, [).
Following J. M. Bardeen (1973), we align the oo =0 axis with
the projection of the black hole spin axis. In this Letter, we use
dimensionless polar image coordinates,

p=+a? + 32, (15)

tanp = ﬁ, (16)

«
rather than the Cartesian coordinates of Bardeen. For a distant
observer at radius r,,, and inclination i, the conserved

quantities of a photon are related to the impact parameters as

1
p= \/aﬁ(coszi —ulu?) + N, (17)
Tobs
cos p = 7# (18)
Tobs 0 Sini

As stated above, photons emitted at a single spacetime event
x" near a black hole may take multiple paths to an observer.
Distinct geodesics have different conserved quantities and will
in general arrive at different locations on the observer’s screen
with different time delays (as illustrated in Figure 1). The
multiple paths give rise to an infinite sequence of lensed
subimages of the Universe (M. D. Johnson et al. 2020).
Because the conditions for a geodesic to wrap »n times around
the black hole become increasingly restrictive with increased #,
each higher-order subimage lies within an increasingly thinner
region on the observer’s plane (the nth lensing band,
S. E. Gralla & A. Lupsasca 2020; right panel of Figure 1). In
the limit of n — oo, the sequence of subimages converges to
the critical curve, i.e., the geometric boundary of the black hole
shadow.

The geodesic segments connecting a source location to an
observer can be ordered according to the time it would take for
a photon to travel along them.” This labeling yields the time-
ordering definition for subimages that we use in this Letter:
photons that follow the shortest path to the observer belong to
the n =0 subimage, photons that follow the second-shortest
path belong to the n =1 subimage, and so on. This definition
has several appealing properties, including that each emission
source appears once per subimage and a given point in space x'
and subring index n uniquely identifies a geodesic connecting

° Sources that lie within the caustic surface for some observer will have
multiple geodesics with the same travel time delay to the observer (see
K. P. Rauch & R. D. Blandford 1994 and V. Bozza 2008 for discussions of
caustics in Kerr). We neglect the presence of caustics in this schematic
description of echoes; however, we self-consistently account for their presence
in all calculations that appear in this Letter.
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full image

Figure 1. (Left) Schematic illustration of a black hole accretion disk illustrating how photons can follow different paths between a single point in the flow and the
observer. The colored disk shows emission on an equatorial slice in a snapshot from a GRMHD simulation, with a linear color map showing the number of photons
that were produced from that part of the midplane and then captured by the observer. The black hole has a, = 0.9375 with the spin axis pointing up, and its event
horizon is depicted as a filled black sphere. The observer is located at an inclination of i = 17° to the right of the spin axis. We highlight a single emission point left of
the black hole with a red circle. The path followed by the direct emission (n = 0) is shown in blue, that by the first-order indirect emission (n = 1) is shown in red, and
that by the second-order emission (n = 2) is shown in green. Emission originating from any point in the solid colored geodesic path would appear in the corresponding
subimage (i.e., emission along the solid red segment would also appear in the n = 1 subimage). (Right) Ray-traced image of the GRMHD snapshot on the left; the total
observed flux (top) can be decomposed into the n = 0, 1, 2, ... subimages (bottom). The n = 0 subimage does not contain the sharp bright ring feature seen in the total
image, while the higher-order subimages are dominated by that feature, which becomes thinner and sharper as n increases.

the point and the observer (again neglecting the influence of
caustics). See Appendix B for a discussion of how this time-
ordering definition of subimages differs in detail compared to
the turning-point or midplane-crossing ones often used in other
work (e.g., M. D. Johnson et al. 2020; see also L. Zhou et al.
2024 for some nuances associated with image degeneracy in
turning-point definitions).

The nth subimage of a source is typically demagnified,
delayed, and rotated with respect to the (n — 1)th subimage,
although the details are less clean for small » and for sources
off the midplane. In this Letter, we are most interested in the
time delay between subsequent subimages, which results in the
light echo. For a face-on observer, the characteristic echo delay
is well approximated by the time it takes for light to complete
one half-orbit around the black hole within the photon shell.
The precise analytic form of this time delay as a function of
spin comes from Equation (14) and typically takes on values
around ~16 GM/c®. As we will see in the following section,
the observed echo delay(s) depend on the emission source and
can be more complicated for observers at higher inclinations;
however, the average light travel time is still well described by
this approximation.

2.3. Echoes in a Numerical Accretion Flow Simulation

To test whether the echo signature produced from a turbulent
accretion flow might be detectable, we generate high-cadence,
high-resolution black hole movies by ray tracing GRMHD
simulations. We specialize our analysis to the M87 black hole,
which is one of the primary EHT sources. M87 is a particularly
appealing target because it is large on the sky, varies on days-
long timescales, and is inferred to be viewed nearly face-on
(Event Horizon Telescope Collaboration et al. 2019¢, 2021b).
In Sections 2 and 3, we focus on one fluid simulation produced
with the athenak code (J. Stone et al. 2024, in preparation),
but we investigate the robustness of our results in Section 4

with separate simulations produced with the alternative
GRMHD code KHARMA (B. Prather et al. 2021).

The EHT analyses infer that the M87 accretion system is in
the magnetically arrested disk (MAD; G. S. Bisnovatyi-Kogan &
A. A. Ruzmaikin 1974; 1. V. Igumenshchev et al. 2003;
R. Narayan et al. 2003) state and contains a spinning black hole
(Event Horizon Telescope Collaboration et al. 2019¢, 2021b,
2023). We target our GRMHD simulations to such a MAD
system and set the spin of the central black hole to a, =
0.9375. We initialize from the equilibrium torus solution of
VL. G. Fishbone & V. Moncrief (1976) with an inner disk
radius of ry, =20 GM /c2 and a radius of pressure maximum
Fmax = 41 GM/c*. We set the fluid adiabatic index to
4 = 13/9. These values are consistent with the EHT analysis
(Event Horizon Telescope Collaboration et al. 2019c,
2021b, 2023).

Our simulation is performed on a Cartesian mesh extending
to +1024 GM/ ¢ with eight levels of mesh refinement, where
the highest resolution has 16 grid cells per GM/ ¢* and extends
to +8 GM/ ¢? in each of the three directions. We evolve the
flow for a total duration of 20,000 GM/ c3, although we discard
the initial 10,000 GM/c> of evolution to avoid the influence of
the transient from the initial condition. We save the full fluid
state every Atr=0.5GM/c’. A brief discussion of choices
about the simulation temporal cadence is presented in
Appendix C.

We postprocess our fluid simulations using the “slow-light”
mode of the ipole code (M. Moscibrodzka &
C. F. Gammie 2018; G. N. Wong et al. 2022), which accounts
for the finite speed of light by linearly interpolating between
fluid snapshot files as photons travel through the computational
domain. The electron temperature is determined from the fluid
snapshots by the model described in M. Moscibrodzka et al.
(2016) with rio, =1 and ryjgn =40. The emission and
absorption coefficients are computed following the prescription
in P. K. Leung et al. (2011). We set the observer inclination to
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Figure 2. (Left) Light curves from the same a, = 0.9375 MAD GRMHD simulation shown in Figure 1. The total light curve (black) has been decomposed into light
curves for the n = 0 direct emission (blue), n = 1 indirect emission (red), and n = 2 doubly indirect (green) subimages. The flux decreases by about an order of
magnitude between different values of n. The three light curves are similar, but they are offset by about 16 GM/ ¢, which is the approximate amount of time it takes
for light emitted near the black hole to travel around its far side. As an example, the peak in the direct emission at the vertical black dashed line is delayed in the first-
order indirect emission (n = 1; the dark gray shaded region denotes a delay of 16 GM/ ¢*) and further delayed in the second-order light curve (n = 2; the light gray
shaded region denotes a delay of 32 GM/ ). (Right) Correlations between different light curves as a function of time delay. The dashed black curve shows the
autocorrelation of the total light curve, and the colored curves correspond to the correlation between the n =0 and n = 1 emission (magenta), n =1 and n =2
(yellow), and n =0 and n =2 (cyan). Although the autocorrelation of the total light curve does not show an echo peak, echo peaks can be clearly seen in the
correlations between the subimage light curves. The peak time delay between emission separated by one order is between 15 and 20 GM/c> (the dark gray shaded
interval), while the peak time delay between the n =0 and n = 2 light curves is about twice as long, as expected.

17° off the black hole spin axis and rotate the position angle of
the image to reproduce the observed brightness asymmetry
orientation and be consistent with observations of the large-
scale radio jet (R. C. Walker et al. 2018). We use a black hole
mass of My, =6.5 x 10° M., and set the distance between the
black hole and observer to d.= 16.8 Mpc (Event Horizon
Telescope Collaboration et al. 2019¢, 2021b, 2023). The mass
accretion rate was chosen for each simulation to reproduce the
observed target 230 GHz flux density of ~0.65Jy (Event
Horizon Telescope Collaboration et al. 2019b). More details
about the simulation pipeline can be found in G. N. Wong et al.
(2022).

By only allowing emission along certain geodesic segments,
it is possible to use ipole to directly simulate the appearance
of different subimages. Figure 2 shows the results of
performing such a subimage decomposition on the light curve
from the athenak simulation shown in Figure 1. The left
panel of Figure 2 shows light curves for all photons as well as
for the n =0, 1, 2 emission, which each contain exponentially
less flux. Notice that the higher-order light curves are delayed
relative to each other by ~16 GM/ ¢, as illustrated by the gray
bands with the same width. The different-order light curves are
also not identical: Doppler effects, optical depth, and the
differences in the magnetic pitch angle between different
subimage orders all lead to differences in the light curves. The
right panel of the figure shows the correlation functions
between different pairs of light curves. We use the (Pearson)
correlation coefficient for this computation,

2 —0Q =)

— : (19)
IS — 20 — 7)?

rxy

where X = {x;} and Y= {y;} are the different light-curve time
series with averages X and y, respectively.

The right panel of Figure 2 shows four correlations,
including the total light curve with itself (i.e., the autocorrela-
tion) as well as each of the pairs of subimage components.

Evidently, the echo signature is complicated. Its width and
location are determined by several factors, including

1. astrophysical correlations in the direct n =0 emission
arising from the plasma physics and fluid dynamics;

2. the spatial distribution of emissivity, which may differ for
different subimages due to the varying angles between
the photon wavevector and the fluid velocity and
magnetic field;

3. the position-dependent time delay between the arrivals of
different subimage-order photons at the observer; and

4. the Jacobian demagnification factor between the source
and the image plane, which differs for different subimage
orders.

Figure 3 shows the spatial distribution of emission seen by
the observer in Figures 1and 2. Overplotted are the
isodeltachrones for n=0— 1 evaluated in the y=0 plane.
The isodeltachrones denote the surfaces along which the time
delay between the n =0 and n=1 images of a source are
constant; i.e., if emission were confined to a single isodelta-
chrone, there would be a single, sharp echo at that time delay.
Although the emission peaks near the Ar=14-16 GM/ e
isodeltachrones, there is still nontrivial emission over a wide
range of time delays. The spin dependence of isodeltachrones is
discussed in Section 4. Appendix A shows several examples of
isodeltachrones and emission maps for different inclinations
and subimage orders.

2.4. A Simple Echo Model

Figure 2 demonstrates that the autocorrelation of the total
light curve does not present an obvious echo peak near the
expected time delay even though analyzing the subimage
components independently shows clear evidence of correla-
tions. The absence of an echo peak in the autocorrelation can
be understood via a simple model like the one introduced in
A. Cardenas-Avendaiio et al. (2024).
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Figure 3. Location of observed emission relative to the time delay between
n =0 and n = 1 geodesics connecting that location to the observer. The data
used for this figure come from the same a, = 0.9375 simulation used in
Figures 1 and 2, which observe the accretion flow at an inclination of i = 17°
(indicated by the white arrow). The color map corresponds to the azimuthally
averaged emissivity plotted in the y = O plane and is shown in a linear scale.
The contours depict isodeltachrones, surfaces where the n = 1 emission would
arrive at the observer with a fixed time delay relative to the n = 0 emission.
Most emission comes from regions where the time delay is in the range
10-20 GM/c>.
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Suppose that the n =1 emission is an exact, delayed, and
demagnified copy of the direct n =0 emission and that we can
neglect emission from n > 1. If the direct emission light curve
is given by Ly(#), then the total light curve will be

Lioi(1) = Lo(r) + Li()+--, (20)

where the light curve due to n =1 emission is
Lo = [ ar' p(r') Lot = ), @
0

and where p(7’) is a demagnification factor. If we further
assume that the n =1 emission is delayed exactly by a time 7
(i.e., that all emission lies along the 7 isodeltachrone), then

Li(t) = fooo dr' e 6(t" — 1) Lot — 7)) (22)

=e Lot — 7), (23)

where ~ is a characteristic Lyapunov exponent for the
spacetime along the At = 7 isodeltachrone.

In order to study the effect of the astrophysical correlations,
it is useful to define the autocorrelation of the direct light curve
with itself,

Co(At) = <L()(t)L()(t + At)>, (24)

which is devoid of general relativistic effects. The autocorrela-
tion Co(A7) is an even function, and its timescale is typically
determined by how long it takes for fluid features to change
appreciably.

Wong et al.

Given Cy(Ar), it is possible to calculate the autocorrelation
of the total light curve,

A(AL) = (Lot (1) Lo (t + Ab))
= Co(An( + e )
—+ 677[C()(Al‘ -+ T) + C()(At - T)], (25)

where the first term gauges the contribution of astrophysical
correlations to the autocorrelation and the second term
quantifies the general relativistic contribution (A. Cardenas-A-
vendafio et al. 2024). The Lyapunov exponent for polar orbits
ranges between approximately 2.4 and 7 resulting in
demagnification factors of ~10-25 for extremal (a, =1) to
nonspinning black holes. By using Equation (25) and
considering different forms of Cy(A¥), it is possible to explore
when astrophysical autocorrelations can overwhelm the general
relativistic echoes (as was the case for the autocorrelation in the
right panel of Figure 2).

Figure 4 shows how three different hypothetical models for
the astrophysical correlation Cy(Af) could influence the
detectability of the echo signature. The top panel of that figure
shows three different models for Cy(Af) with increasingly
smooth falloff behaviors. Model A has Cy(At) = e~ 111727,
model B has Cy(Ar) =1 — |t|/27, and model C has
Co(Ar) = e /47, The second panel shows the autocorrelation
one would measure from Equation (25). A prominent peak
appears in A(Atr) when Cy(Af) falls off quickly. But if Co(Af)
is smooth and decays more slowly, the echo signature can be
very hard to identify in the autocorrelation alone. The last panel
of the figure shows the correlation one could measure given
direct access to the n =0 and n =1 light curves:

I(At) = (Lo(t)Li(t + Ar)) (26)

= e 1Cy(A — 7). 27)

Evidently, this correlation is just a time-translated copy of
Co(Ad).

For comparison, we also include an estimate of Cy(Af)
measured from the direct n =0 light curve of the athenak
simulation, which is even less promising than the pessimistic
model B. Astrophysical events like flares may lead to transient
temporal behavior that is more amenable to measuring echoes
directly in the autocorrelation function (G. N. Wong 2021), but
the base variability present in our GRMHD simulations seems
unlikely to yield clearly observable echoes.

3. Measuring Light Echoes

While it may be challenging to detect light echoes directly in
the autocorrelation function of the light curve, the bottom panel
of Figure 4 shows that the echo signature should still be present
if it is possible to independently recover the n=0 and n =1
light curves. In this section, we show how interferometric data
can be used to construct a proxy for the n =1 light curve and
argue that the correlation of the total light curve with the proxy
n =1 light curve should present a clear echo signature. After
describing the theoretical preliminaries, we show the result of
performing such a correlation on data from our GRMHD
simulation.
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Figure 4. Comparison of echo detectability for three different models of the
astrophysical correlations in the direct image. We adopt the echo model of
Section 2.4 and take the time delay between the n = 0 and n = 1 emission to be
At =7 and the Lyapunov exponent to be y=m. (Top) Definition of the
(hypothetical) direct emission astrophysical autocorrelation Cy(Ar). For
comparison, we also show the same quantity for a GRMHD simulation as a
dashed black curve. (Center) The autocorrelation of the total light curves for
each of the models. When the astrophysical autocorrelation falls off more
slowly, the echo signature is suppressed. (Bottom) The correlation we would
measure if we could directly access the Ly and L; light curves, which is a
translated copy of the astrophysical correlation. For all three models, a clear
echo peak is present when we correlate Ly and L;.

3.1. Interferometric Signatures

Interferometers measure complex visibilities along baselines
between pairs of receivers. Given a baseline u, which is a
dimensionless vector (measured in units of the observation
wavelength) projected orthogonal to the line of sight, an
interferometer will measure the complex visibility

V) = f T(e)e=2mnx gy, (28)

where 7 (x) is the image of the source on the sky and x is the
corresponding dimensionless image coordinate (measured in
radians).

The primary issue with detecting the echoes identified in
Sections 2.2 and 2.4 is that the n=0 and n =1 signals mix
together in the total image. However, under astrophysically
reasonable conditions, interferometry provides a way to obtain
a proxy for the n =1 light curve. Figure 5 shows the visibility
amplitudes |V (u)!| in the # = (u, v) plane that an interferometer
would measure for the black hole image in the right panel of
Figure 1. The figure also shows the (normalized) visibility
amplitudes for the n =0, 1, 2 subimages. Since each higher-

Wong et al.

order subimage must be entirely contained within an increas-
ingly narrow lensing band, the visibility amplitudes of the
higher-order subimages display increasingly regular behavior
(M. D. Johnson et al. 2020).

The solid lines in the left panel of Figure 6 show the
visibility amplitudes for the full image and subimages
evaluated along the vertical (u =0, positive v) and horizontal
(v=0, positive u) slices of Figure 5. The direct emission
dominates the power at short baselines; however, since the
n=1 image is thinner than the direct one, the n=1 signal
drops off more slowly with increasing baseline compared to the
n=0 signal. Since the contribution of the higher-order
subimages to the total signal increases with increasing baseline,
long baseline interferometric measurements can act as a probe
of the n =1 signal. The difference in behaviors between the
vertical and horizontal slices is due to the orientation of the
underlying image—the brightness asymmetry across the
photon ring differs as a function of position angle in the image
(see Figure 1).

Although the signal at longer baselines probes the higher-
order subimages, the temporal variability in that signal need not
be strongly related to the zero-baseline behavior, and it may
seem that there are few a priori reasons for the two time series
to be related. What, then, controls the variability at longer
baselines? First, note that the normalization of the visibility
amplitude signal is driven by the zero-baseline amplitude.
Beyond the normalization, some contribution to the temporal
variability will come from changes in the spatial distribution of
emission across the images. However, since the higher-order
images are confined to lie within their corresponding lensing
bands, the magnitude of their structural variation is limited.
Among the most important contributing factors to the
variability are the diameter and width of the ring, which
change the location of the nulls and the rate at which the signal
falls off, respectively. Since the radial structure in the
emissivity distribution is exponentially demagnified with each
subring order, however, variations in both the ring diameter
and ring width are limited.

The colored shaded regions in the left panel of Figure 6 show
the envelope of variations in the visibility amplitudes over
time. The envelopes for the higher-order subimages show a
clearer ringing structure, which is consistent with the geometric
limits imposed by the lensing band. The right panel of Figure 6
shows the correlation coefficient computed between the
visibility amplitude time series at each baseline length and
the zero-baseline (i.e., total flux) light curve for each
independent subimage. While the correlation for the direct
n =0 image falls off quickly, the higher-order n =1 and n =2
images are more strongly correlated at longer baselines, in
agreement with the expectation given above motivated by
geometric arguments. The correlation decreases near nulls in
the underlying visibility amplitude since small variations in the
ring geometry lead to large variations in the visibility
amplitudes there (L. Medeiros et al. 2018).

The left panel of Figure 7 shows the temporal correlation as
a function of baseline position for the data used in the previous
figures. The colors in the panel show the correlation coefficient
evaluated between the visibility amplitude time series from a
given point u (along the v =0 axis) with the time series light
curve of the total signal as a function of time delay lag
(horizontal axis). In this format, echoes should appear as
secondary bumps in the correlation at nonzero time delay.
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Figure 5. The amplitude of the Fourier transform (visibility amplitude) of the simulated image shown in Figure 1 for the total image and its subimage decomposition.
The ringing features become more prominent for higher-order subimages, reflecting the increasingly sharp and regular ring structure seen in the images.
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Figure 6. (Left) Vertical (top) and horizontal (bottom) cross sections of the amplitude of the Fourier transform (visibility amplitude) shown in Figure 5 for the total
image (dashed black curve), the direct subimage (n = 0; blue), as well as the n = 1 (red) and n = 2 (green) subimages. The curves show the incoherent average (i.e.,
the average of the visibility amplitude rather than the complex visibility) over about 20,000 snapshots spanning about 10,000 GM/ ¢*. The shaded bands show the +2¢
deviation across the time series. The variability in the n = 0 subimage is high, which washes out the ringing structure as the locations of the nulls change over time
(see, e.g., L. Medeiros et al. 2018). (Right) Vertical and horizontal cross sections of the (self-)correlations (correlation between the flux at zero baseline and the flux at
longer baselines with zero time delay) for the same simulation as the left panel. The higher-order subimages show considerably higher (self-)correlation than the direct

image.

Several echoes are visible in this panel at Az~ 14-16 GM/c*
starting at baseline lengths of ~40 GA.

The right panel of Figure 7 shows the same (normalized)
correlations as a function of time delay evaluated at different
baseline locations. We have selected baselines that show how
detecting the echo signature may require targeted observations,
since short baselines and baselines that fall within a null will
not necessarily show strong evidence of the light echo peak
(e.g., there is a significant difference between the signals at
|u| = 50 GA\ and 58 G)). For baselines that do exhibit the
echo, there is evidence of a peak near the expected delay period
of ~16 GM/ ¢®, although its center delay time and width
change for different measurement choices. The amplitude of
the correlation at the echo time delay is not always significantly
larger than the signal at zero time delay; thus, the difference in

the signals measured along similar baselines may build
confidence in an echo detection. The details of an observing
strategy depend on the technical characteristics of the
instrument and are beyond the scope of this Letter.

3.2. Observational Considerations

Our analysis has focused on system parameters consistent
with those inferred for the black hole at the center of the M87
galaxy. The M87 accretion system is an appealing target for an
echo search because it is large on the sky and varies slowly
enough to enable resolved time series VLBI data, and its
presumed inclination likely softens the confounding effects of
nonaxisymmetry and inclination on the temporal delay
structure (see Appendix A).
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Figure 7. Demonstration of echo detection using the correlation method described in this Letter applied along the v = 0 axis of the data seen in previous figures. (Left)
The color map shows the correlation between the zero-baseline time series and the time series at a longer baseline (y-axis) as a function of time delay offset between
the two time series (r-axis). As baseline length is increased beyond about 40 G, a second peak in the correlation signal appears near At =10-20 GM/ ¢*. (Right) We
highlight several horizontal cross sections from the left panel (with matching line styles). The echo peak at 10-20 GM/c” is visible starting around ~40 G for this
particular model (see the dark gray shaded region). The correlations shown in this figure were performed over time series of total length 2000 GM/ .

The method we describe requires interferometric detections
along a single baseline, which is significantly easier than full
imaging. It also has several other significant advantages.

1. Since we use time series data, there is no need to record
absolute phase information (as might be required when
averaging to enable shadow shape measurements from
the ringing behavior in the higher-order subimages).

2. The required observation cadence is not particularly
restrictive: the characteristic timescale for MS87 is
GM /c3 ~89hr (M=6.5 x 10° M), and the characteristic
timescale for SgrA*is GM/c®~20s (M=4.14 x
10° M..)). The EHT has already demonstrated the technical
capability to perform daily snapshot imaging on M87, and
we require only an interferometric detection.

3. The total duration of the observations is reasonable: the
analysis in Section 3.1 was performed over 2000 GM/c”,
which is 2 yr for M87 or 11hr for Sgr A*. Additional
complications arise due to SgrA™s short dynamical
timescale, which is significantly shorter than either the
Earth’s rotational period or the orbital period of a putative
satellite. The approach we describe requires that approxi-
mately the same uv point be sampled consistently over
hundreds of dynamical times, which can be challenging
for Sgr A* as the Earth rotates. This lies in contrast to the
case for M87, for which the timescale over which the
baselines change is shorter than both the sampling
timescale and the total observation duration.

Nevertheless, making an interferometric detection of echoes
will require observing along longer baselines than are currently
available to the EHT. The exact baselines required likely vary
from model to model, and a full parameter survey to estimate
likely detection rates is beyond the scope of this Letter.
However, based on our analysis, we infer that measurements at

240 GA would be required for an echo detection. Longer
baseline measurements can be achieved through a combination
of observing at higher frequencies and longer physical
baselines, e.g., via space VLBI. The EHT has already
developed and begun installing multiband receivers that enable
345 GHz observations, providing a 1.5 times increase in
accessible baselines (M. D. Johnson et al. 2023; A. W. Raym-
ond et al. 2024). Efforts to expand the EHT array into space are
also well underway, with various mission concepts and pilot
hardware studies being the focus of concerted scientific
development (L. I. Gurvits et al. 2021; V. Kudriashov et al.
2021; P. Kurczynski et al. 2022; M. D. Johnson et al. 2024).
Obtaining a clean measurement from visibility amplitudes at
long baselines due to lensed emission requires more than just
access to the appropriate baseline length. For example, observa-
tions of the galactic center at long baseline are subject to
diffractive scattering and refractive noise that blur and add noise
to the signal, respectively. Furthermore, the effects of scattering
are anisotropic with significantly greater impact on long east—
west baselines compared to the north—south direction (B. J. Rick-
ett 1990; R. Narayan 1992; M. D. Johnson 2016; M. D. Johnson
& R. Narayan 2016). Since the strength of the echo signature
varies over position angle in uv space (see Figure 6), detecting
echoes from Sgr A* may depend on the position angle of the
projected black hole spin axis on the sky and the relative
orientation of the matter producing the observed emission.
Figure 6 suggests that an echo detection might require
sensitivity on the order of 1-10 mJy, which is likely feasible
given the thermal noise expected for a modest baseline from the
Atacama Large Millimeter/submillimeter Array to a 4 m orbiter
with 32 GHz of averaged bandwidth and a 10 minute coherent
integration (see, e.g., Appendix C of M. D. Johnson et al. 2020).
Multifrequency observations may provide additional information
about the echo signature, since the echoes are an achromatic
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Figure 8. Echo delay seen by a face-on observer as a function of black hole
spin and midplane emission location. The gray hatched region covers the radii
interior to the event horizon. The color map shows the n =0 — n =1 echo
delay for the emitted material as a function of black hole spin a, and radial
position within the midplane r. Blue and red lines show the locations of the
innermost stable circular orbit (ISCO) for prograde and retrograde massive
particles, respectively. The black shaded region denotes the photon shell,
extending from the prograde photon orbit (smaller radius) to the retrograde one
(larger radius). The polar photon orbit, i.e., the one visible to a face-on
observer, is denoted with a dashed black line. The echo delay period is more
sensitive to the emission location than the spin.

prediction of general relativity. Simultaneous lower-frequency
observations may also enable significantly longer integration
times at higher frequencies (and thus improve the noise and
sensitivity limits) via frequency phase transfer methods
(M. J. Rioja et al. 2015; S. Issaoun et al. 2023).

4. Discussion

Black hole light echoes are produced when photons emitted
from the same source in different directions follow different
paths to an observer. We have proposed a method to detect black
hole light echoes using sparse very long baseline interferometric
observations. We have used simulated data to demonstrate the
viability of our method and shown that the echo signature is
detectable even when the emission is produced from a mildly
stochastic MAD flow. If more impulsive emission were
produced, e.g., due to flaring behavior, the echo signature could
be even easier to detect. For the model of M87 that we have
considered, recovering the interferometric echo would require a
detection on the order of a few to tens of mJy on a baseline of
240 GA. Such a measurement should be possible with a modest
space-based interferometer.

The echo time delay is roughly determined by how long it
takes for light emitted near the black hole to travel around its
far side, which in turn depends on the black hole mass and
angular momentum as well as the inclination angle of the
observer. Figure 8 shows the characteristic echo delay
produced by emission at different radii in the midplane as a
function of black hole spin, assuming a face-on observer. As
can be seen in that figure, the echo delay period is not
particularly sensitive to spin directly, although the spin may
influence the location of emission. In accretion models
consistent with EHT data, the majority of emission typically

10

Wong et al.

comes from ~3 GM/ ¢*, suggesting that the characteristic echo
delay period should be ~16 GM/c’.

For an inclined observer, emission from different parts of the
accretion flow will lead to different echo delays; i.e., different
isodeltachrones will be sampled by the emission, exciting an
analog of black hole glimmer (see G. N. Wong 2021 for more
details). In principle, a clear, statistically rigorous detection of
multiple echo periods could be used to constrain black hole
mass, spin, and inclination as well as the statistical properties of
the accretion. It could also be used to test the Kerr hypothesis,
since deviations from Kerr change the expected echo signature.
A full analysis of how the echo signature changes in non-Kerr
metrics is beyond the scope of this Letter.

The analysis presented in this Letter was performed at the
original 230 GHz operational frequency of the EHT; however,
technological advances and upgrades to the array have enabled
simultaneous measurements at 345 GHz. Since echoes are an
achromatic prediction of general relativity, the echo signature
should be observable at any frequency, and a multifrequency
analysis could be used to build confidence in the robustness of a
detection. Unfortunately, there is no direct relationship between
the strength of the echo signature and observing frequency. In the
left panel of Figure 9, we show the echo signature computed for
the fiducial simulation for two different baseline lengths and at
both 230 and 345 GHz. For this choice of model parameters, the
correlation echo is weaker at 345 GHz, even though the higher-
frequency images have decreased optical depth and the relative
strength of the n =1 signal over n =0 is larger at long baselines.
In this case, the echo signature is weaker due to the inherently
lower correlation between the n=1 signals at zero and long
baselines, which is because of the structure of the emission region.

While the main text focused on a single simulation, we test the
robustness of our procedure by analyzing two more high-
cadence black hole accretion simulations. These two simulations
were run with a different GRMHD code, KHARMA (B. Prather
et al. 2021), for black holes with spins a, =0.9375 and
ay, =0.85. Like the fiducial simulation, the KHARMA simula-
tions were initialized for the MAD state and with a Fishbone—
Moncrief torus with ry, =20 GM/c?, Fpa = 41 GM /2, and
4 = 13/9. The simulations were run in a domain extending to
r=1000 GM/c* on logarithmic spherical grids with resolutions
of 384 x 192 x 192 and 448 x 224 x 224 in the radial, eleva-
tional, and azimuthal directions.

As with the fiducial athenak simulation, the ray tracing
was performed using the slow-light version of ipole at an
inclination of 17° and rotated to align the projected axis of the
jet with large-scale observations. The a, =0.937 simulation
used the same electron temperature parameters (7, = 1 and
Tnigh = 40), while the a, = 0.85 simulation used rio,, = 10 and
Thigh = 40. The results of performing the correlation analysis on
the different simulations are shown in the center panel of
Figure 9. Each of the correlation functions shows a clear echo
signature at around 15-20 GM/c>.

The correlation peaks seen for the KHARMA simulations
appear smoother and broader than the one for the athenak
simulation. This difference is driven primarily by the choice of
measurement window rather than by structural differences in
the underlying flows or their autocorrelation functions. The
KHARMA simulations were run for a shorter time than the
athenak simulation. To provide a more direct comparison,
we limit our analysis to observing windows with a duration of
1000 GM /c3 for each simulation. Although it is possible to
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Figure 9. Similar to the right panel of Figure 7 but exploring different model parameters. (Left) The normalized correlation between the total light curve and the visibility
amplitude time series at different baseline lengths (red and blue) for observational frequency 230 GHz (solid curves) and 345 GHz (dashed curves). The echo signature is
mildly suppressed in the 345 GHz observations because the long baseline signal is less correlated with the zero-baseline time series (see text for more details). (Center)
Similar to the left panel but for different GRMHD simulations and radiative transfer parameters over the same 1000 GM/ ¢* time window. The KHARMASS5 simulation

has ay = 0.85 and 1oy

10 (the remaining parameters match the other simulations). An echo signature is detectable in each simulation. (Right) Similar to the other

panels, but here we explore whether the echo signal can be detected in different windows of the full simulation. We consider nonoverlapping windows with different
durations (color) from the full time series. Although the echo signature differs across the windows, it is present in each of the correlation functions.

select a window from the athenak simulation that better
matches the broad peaks seen in the KHARMA simulations,
we show a randomly selected window to provide a sense of the
theoretical uncertainty in the structure of the correlation
function.

The right panel of Figure 9 shows the result of searching for
echoes in the fiducial athenak simulation in various
subwindows of the full simulated data. The subwindows were
chosen to cover different, nonoverlapping observing periods
and spanned 1000, 2000, and 4000 GM/c3. For each of the
time windows we have selected, the correlation functions show
clear evidence of an echo peaking between 15 and 20 GM/ P
along a baseline between 40 and 60 G\. We caution, however,
that we have not exhaustively searched all possible subsets of
the data, and there may be some subwindows in which an echo
cannot be easily detected.

Our analysis is subject to several limitations, including that
we have assumed a nearly face-on inclination for the black
hole, which limits the echo delays that can be observed. We
have also only considered MAD accretion with choices for the
electron thermodynamics that tend to produce emission closer
to the midplane of the spacetime (see, e.g., Figure 3). With a
different accretion flow, different plasma parameters, or a
different viewing inclination, the echoes might be significantly
harder to detect since the emission could be spread over a larger
set of delays. Furthermore, if the plasma is optically thick, then
the n>1 higher-order images could be more suppressed,
making an echo detection more challenging.

One interesting possible extension to the work presented in
this Letter would be to search for the echo signature in data
from shorter baselines like those accessible to Earth-based
observatories. We considered the visibility amplitude time
series on longer baselines as a proxy for the n=1 signal.
However, it may be possible to “subtract off” the n=0
variability from the intermediate Earth baselines using
information from the total light curve. One could then search
for an echo signature by correlating the residual at the
intermediate baselines and the total light curve.

In this Letter, we have only considered signals in total
intensity, but echoes should also be present in polarimetric
data. D. C. M. Palumbo et al. (2023) showed that the
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polarimetric phase should undergo a characteristic shift on
long baselines; such a shift would provide compelling evidence
for the presence of strongly lensed emission. It may be possible
to leverage information about the polarimetric phase alongside
polarimetric temporal correlations to strengthen confidence in
an echo detection. Such an analysis would require a more
robust understanding of Faraday effects.

Finally, we note that we have only considered correlations
between the total light curve and a single, fixed point in the uv
plane. There are, however, informative temporal (and spectral)
correlations across the entire image plane (S. Hadar et al.
2021, 2023; G. N. Wong 2021). The spatial-temporal
correlation structure of this black hole glimmer can be used
to constrain system parameters, and it is likely that the
interferometric analog of glimmer produces informative
correlations between different points in uv space. An analysis
of visibility amplitude time series across different points in the
uv plane (as may be accessible to a multispacecraft inter-
ferometer) may thus provide significant constraining power.
We defer such a study to future work.
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Appendix A
Inclination and the Asymptotic » Limit

In the main text, we focused on a fiducial model with the
inclination inferred for the M87 black hole (i = 17° away from
the observer’s line of sight; R. C. Walker et al. 2018). In
Figure 10, we show how Figure 3 would change for different
inclinations. The directly face-on model (i = 0°) is quite similar
to the i = 17° model; i.e., the emission peaks in regions where
the time delay is between 10 GM/c> and 20 GM/c’. However,
for a higher-inclination model (i=60°), we see significant
differences: the emission peak on the far side of the black hole
is brighter than the peak at the near side due to Doppler
boosting. The stronger emission on the far side of the black
hole peaks in a region where the time delay is between ~4 and
10 GM/c*. The lesser peak on the near side is in a region with a

~2030
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time delay of between 10 and 20 GM/c’. This difference in
time delays is reasonable, since the portion of the lowest-order
caustic surface (which has zero time delay) passing through the
emission region is mostly located behind the black hole from
the observer’s point of view.'” In general, different parts of the
echo delay spectrum may be excited by different emission
distributions, providing a probe of black hole mass, spin, and
viewing inclination (G. N. Wong 2021). Although echoes are
excited for any observer inclination, the echoes’ interferometric
correlation signature is less pronounced when the disk is
viewed edge-on, since emission coming from different azimuth
angles around the disk will produce a continuum of time delays
and smear the overall echo signature. We defer a detailed study
of the effects of inclination to future work.

In Figure 11, we show the isodeltachrone maps for higher-
order subimages for a Schwarzschild black hole (a, =0), i.e.,

10 20

z (GM/?)

Figure 10. Isodeltachrones and spatial distribution of observed emission similar to Figure 3 but for different observer inclination angles i = 0°, 17°, and 60°. The
emissivity typically peaks in regions where the time delay is between 10 and 20 GM /c3 ; however, for the higher-inclination i = 60° simulation, the emission also
peaks in a region with a time delay of ~5-10 GM/ ¢*. Unlike in Figure 3, we do not azimuthally average the emission maps so that the left—right asymmetry due to

Doppler boosting is visible.

20

10

2 (GM/)

.
S
time delay (GM/c?)

- 30
~10 - 20
10
7200 10 20 0 10 20 0 10 20 0 10 20 0
x (GM/c?)

Figure 11. Isodeltachrones for a Schwarzschild black hole. Both the contours and the color map show the time delay between the direct and first-order indirect
emission (left), between the first- and second-order indirect emission (second), and so on. The observer is located directly above the black hole at infinity. The zero-
time-delay isodeltachrones coincide with the caustics along the z-axis. The isodeltachrone structure quickly converges to a universal pattern that alternatively mirrors

across the x-axis for each higher-order pair of subimages.
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10 The general structure of caustics in the Kerr spacetime is complicated.
Caustic surfaces for observers at nonzero inclinations typically take the form of
a four-cusped astroid and wind around the black hole (K. P. Rauch &
R. D. Blandford 1994; V. Bozza 2008).
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the surfaces where the n, =k emission would arrive at the
observer with a fixed time delay relative to the n,=k— 1
emission. The n =0 — n = 1 isodeltachrones are quite different
compared to those of higher order. Each consecutive order also
exhibits a mirroring across the x-axis (e.g., inn=1—-n=2,
the region with the lowest time delay is on the near side of the
black hole). The isodeltachrone maps converge quickly to a
universal pattern, since the photon paths must all increase by
half an orbit for each subsequent order. Based on the regions of
highest emissivity seen in the left panel of Figure 10, the peak
time delay for the higher-order subimages should be broadly
comparable to the time delay between the direct and indirect
images (approximately between 10 GM/c® and 20 GM/c?).

Appendix B
Subimage Definitions

Strong gravitational lensing near a black hole enables light to
circle around the event horizon, which allows multiple
geodesics to connect every point in spacetime to an observer
at a fixed position. Each geodesic can carry photons from an
emission source to the observer, so a single point of emission
may appear multiple times on the observer’s screen. This
multiple-imaging behavior suggests a conceptual decomposi-
tion of black hole images into a sequence of subimages, each
comprising only photons that arrived on particular geodesics.
In this appendix, we define and contrast different definitions for
black hole subimages.

Unlike the time-ordering subimage definition described in
Section 2.2, other subimage definitions in the literature
associate photons with a particular subimage order by counting
the number of df/ds (ng) or dz/ds (n;) sign flips between the
point of emission and the observer. When the n, definition is
used, the z-axis is typically aligned with the black hole spin
axis or, for Schwarzschild, the axis perpendicular to the
accretion disk. The n, definition has the nice property that a
geodesic that passes through the midplane n times will
encounter n — 1 turning points in dz/ds.

Turning-point definitions are “local” to each geodesic in the
sense that the subimage order for a photon emitted along a
geodesic can be computed directly from that single geodesic
trajectory. In contrast, the method for assigning photons to
subimages described in Section 2.2 is nonlocal, since it requires
finding all geodesics that pass between the emission point and
the observer. The time-ordered geodesic definition has the
desirable property that, for a given subimage n, it introduces a
unique mapping between each point around the black hole and
the geodesics that connect that point to the observer.'' This
definition is particularly conducive to an echo analysis, because
it means that any source of emission can be seen at most once

1 By definition, this property cannot hold along caustic surfaces.
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per subimage. This unique-mapping property is not shared by
the turning-point definitions (see, e.g., L. Zhou et al. 2024 for a
related discussion of geodesic labeling and multiple images).

The relative smoothness of the Kerr spacetime means that
subimages are restricted to lie completely within geometric
regions on the image plane, called lensing bands. Given an
observer position and set of black hole parameters, exactly one
lensing band exists per subimage order. Lensing bands may
overlap because subimages are defined by a set of photons
rather than their geodesic trajectories. Figure 12 shows how
photons emitted at different points along the same geodesic
may contribute to different-order subimages, depending on the
selected subimage-order definition. In each panel, photons
emitted within the blue region would appear in the n =20
subimage, and photons emitted in the red region would appear
in the n=1 subimage (see, e.g., A. Cardenas-Avendafio &
A. Held 2024). In both panels, photons emitted along the
geodesics within the shaded gray n,=0 region would
contribute to the time-ordered n =0 subimage.

Figure 13 shows the mapping between points on the y =0
plane and the subimage they contribute to for a black hole with
spin a, = 0.9375. The different rows show how the mapping
changes with definition, and the different pairs of columns
show different viewing inclinations. The procedure for coloring
each panel is as follows.

1. For each point in the plane, find all geodesics connecting
that point to the observer.

2. Identify which geodesic corresponds to n, =0 (left) or
n, =1 (right) in the time-ordering definition.

3. Identify which subimage a photon emitted along that
geodesic would appear in according to the dz/ds (top) or
df/ds (bottom) turning-point definition.

Hatched regions indicate where the time-ordered and
turning-point definitions would differ. In each pair of
neighboring panels (i.e., for a particular inclination and
subimage definition), points that lie in regions that are the
same color in both panels do not have a unique mapping
between subimage order and geodesic. For example, photons
emitted from (x, z) = (8, —8) would appear in two places in the
n, =0 subimage at i =17° (top left pair). Similarly, photons
emitted at (x, z) = (3, 0) would appear in two locations in the
ny = 0 subimage for the observer at inclination i = 60° (bottom
right pair). Thus, when using the turning-point (or midplane-
crossing) definitions, one should be aware of the fact that a
single source may appear in multiple locations within a single
subimage (see L. Zhou et al. 2024 for more discussion of image
level degeneracy).
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Figure 12. Comparison between different subimage definitions for a nonrotating black hole. The observer is positioned at i = 17° away from the normal to the
midplane, which is shown as a black dashed line. The colored lines represent the o = 0, 3 < 0 geodesics that reach the observer (see Section 2.2 for more detail).
Photons emitted at different points along the same geodesic can contribute to different subimages. We color each point along the geodesics according to whether a
photon emitted at that point will contribute to the direct (n = 0; blue) or indirect (n = 1; red) subimage. The colors in the left and right panels are evaluated according
to the df/ds and dz/ds turning-point definitions, respectively. In both panels, photons emitted along the geodesics in the underlying gray shaded region would be
considered direct emission (1, = 0) under the time-ordering subimage definition.
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Figure 13. Comparison between subimage definitions for a black hole with spin a, = 0.9375. Each panel considers the set of n, = 0 or n, = 1 geodesics and colors the
y = 0 plane according to their n, (top) or ny (bottom) classification. (Top left) At each point, we select the shortest geodesic connecting that point and an observer at
inclination i = 17°. The selected geodesics at each point thus correspond to the n, = 0 definition. Regions where the same geodesics would be labeled n, = 0 are
colored blue. Regions where the geodesics would be considered n, = 1 are red. In all panels, hashing indicates that the n, classification disagrees with the n_ or ny
classification. (Top second) Similar to the top left panel, but here we select the second-shortest geodesics, i.e., the ones corresponding to the n, = 1 definition. Regions
where the same geodesics would be considered n, = 0, 1, 2 are shown in blue, red, and green, respectively. Points in regions that are the same color in the n, = 0 and
n, =1 panels have multiple geodesics with the same 7, classification that connect them to the observer. Emission produced in these regions therefore results in
multiple features within the same n, subimage. (Bottom left, bottom second) Same as the two top left panels but for the ny definition. (Four right panels) Same as the
four left panels but for inclination i = 60°.
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Appendix C
Effects of GRMHD Snapshot Cadence

When computing images from GRMHD data, we use a
“slow-light” method, which accounts for the finite speed of
light and allows the fluid to evolve as photons propagate
through the simulation domain. We perform the radiative
transfer calculations after running the fluid simulation in a
postprocessing step. We use a discrete time series of GRMHD
snapshots and interpolate to recover the fluid state for times
between the snapshots. There is freedom in how to perform the
interpolation—for example, one could envisage using the
instantaneous fluid velocity to reconstruct the fluid state by
propagating fluid elements throughout the domain—but a
simpler implementation is to linearly interpolate in the three
spatial dimensions and time independently.

Unfortunately, since the radiative transfer coefficients are
nonlinear in the fluid variables, linear interpolation in time
introduces bumpy artifacts in the light curve as ‘“emission
volumes” jump between locations. This effect can be seen with
a simple model: consider an optically thin, uniform ball of
plasma with unit radius moving through the domain at constant
velocity. The correct light curve from such an emission source
should be constant in time. However, if the time series is
sparsely sampled, then linearly interpolating the fluid state
between snapshots A and B will lead to the slow “fade out” of
the plasma ball in position A and the slow “fade in” of the ball
at position B. Figure 14 shows a schematic of the model
geometry (top panel) and the calculated light curves (bottom
panel) for different velocities for the plasma ball. The error in
the light curve grows as the velocity of the sphere increases.

Figure 15 shows light curves computed using ipole in
slow-light mode for different GRMHD snapshot cadences,
Ar=0.1, 0.2, 0.5, 1, 2, 5, and 10 GM/c3. The fluid data are
from the same a, =0.85 KHARMA simulation described in
Section 4. The left panel shows the light curves, which have
been computed at data points every 0.5 GM/C3. Here, the
unconverged light curves exhibit bumps (rather than dips as in
Figure 14) due to optical depth effects. Since absorptivity
decreases nonlinearly in a manner similar to emissivity, the
relative importance of absorption versus emission is model-
dependent.

The right panel of Figure 15 shows the (smoothed) power
spectral density (PSD) for each of the light curves in the left
panel. Evidently, the light curves produced from GRMHD
snapshots with longer cadence show clear artifacts at timescales
commensurate with the GRMHD sampling cadence. When
looking for echoes, it is particularly important that interpolation
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Figure 14. Model of interpolation artifacts due to temporal sampling cadence.
(Top) Diagram showing location of emitting sphere in snapshots A and B; the
diagram shows the fluid state reconstructed by linear interpolation at r = 0.7.
The distance between points A and B scales with the velocity of the sphere.
(Bottom) Demonstration of how the light curve changes with the sphere
velocity. The dip in the scaled flux density becomes more pronounced with
increased sphere velocity, resulting in larger errors. The remaining parameters
for this sphere model are observing frequency v = 230 GHz, magnetic field
strength B = 10 G, dimensionless electron temperature ©, = 10, and pitch
angle between the magnetic field and photon wavevector § = 7/3. We assume
the plasma density is low enough that the sphere is optically thin.

artifacts not introduce spurious features on the echo timescale.
For this model, the PSD seems to converge at a sampling
cadence of 1GM/c3;however, this timescale may not be
representative of other models, since it depends on the structure
and velocity of the emitting material. The GRMHD simulations
used in this Letter have snapshot cadences of Ar=0.1 or
0.5GM/c.
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Figure 15. (Left) Light curves computed for the same a, = 0.85 GRMHD simulation but sampled with different temporal resolutions (colors). At low temporal
resolutions, linear interpolation artifacts due to nonlinearities in the absorption coefficients generate spurious variability and ringing features. At temporal resolutions
S1GM/ 3, the effect of the artifacts is subdominant, and the light curve converges. (Right) The PSD of the light curves is on the left. As expected, the low-resolution
light curves see considerable excess power (i.e., excess variability) due to the interpolation artifacts and converge at temporal resolutions <1 GM/ e,
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