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the strong coupling constant and x the Bjorken x variable) and the large-N, limit, with N,
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asymptotics of the OAM distributions to be
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with the intercept ay, the same as obtained in the small-z helicity evolution [3], which can
be approximated as ajp = 3.66074\/6“3—7]:&. This result is in complete agreement with [4].
Additionally, we calculate the ratio of the quark and gluon OAM distributions to the flavor-
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1 Introduction

One of the most important open questions in hadronic physics is the proton spin puzzle [5-13].
The proton spin puzzle is best described by spin sum rules, due to Ji [14] and Jaffe and
Manohar [15]. The latter reads

1
Se+g + Lgrqg +S¢ + La = 5 (1.1)

%
where S;17 (Sg) is the quark (gluon) helicity contribution to the proton spin, and Lg44 (L)
is the quark (gluon) contribution to the proton spin from the orbital angular momentum
(OAM). The reader may find reviews of the proton spin puzzle in [6-9, 11, 12].

The helicity contributions can be expressed as integrals over the longitudinal momentum
fraction x

1 1
Spal@) =5 [ArAS@.@)),  Se(@) = [ drac(z @), (1:2)
0 0

where (? is the renormalization scale and the flavor-singlet quark helicity parton distribution
function (hPDF) is

AS@, @) = Y [Aqp(e, @)+ Ag(x, Q7). (1.3)

f=u,d,s,...

Agy(x, Q%) and Agy(z,Q?) are respectively the quark and anti-quark hPDFs of a given flavor
f. AG(z,Q?) is the gluon hPDF. The current values of the spin carried by the quarks
and gluons as extracted from experimental data are S;44(Q% = 10 GeV?) = 0.15 + 0.20 for



x € [0.001,1] and Sg(Q? = 10 GeV?) = 0.13 = 0.26 for x € [0.05,1] [6-9, 11, 12]. The fact
that these two numbers sum to less than 1/2 is the proton spin puzzle. The remaining spin
could reside at lower values of x and/or the OAM contributions.

The OAM contributions can also be written as integrals over the longitudinal momentum
fraction x [16-20],

1 1
Loa(Q®) = / de Lysq(z,Q2), La(Q?) = / dx Lo (2, Q). (1.4)
0 0

Both the helicity PDFs and OAM distributions receive contributions from the small x
region. This region is important to study because of the limited amount of data as well as
the finite acceptance in x in any given experiment. Since x scales with the inverse of the
center-of-mass energy squared, any experiment, even future experiments at the Electron-Ion
Collider [6, 10, 11, 13], can only probe down to some Zi, > 0. Therefore, theoretical input
is needed to constrain the net amount of spin for values of Bjorken x < .

The helicity PDFs, AX (2, Q%) and AG(x,Q?), have been well studied in recent years;
they have been experimentally extracted in the accessible region of 2 and Q? [22-36]. The
OAM contributions have been studied much less. Even though their evolution in Q2 is
known [17, 37], and there have been some proposals on how to access these distributions
experimentally [38, 39], there is currently no experimental extraction of Lgig(x, Q?) and
Lg(z,Q?%). In order to fully understand the proton spin puzzle, more work is needed to
understand the OAM distributions. As mentioned above, the small x region is particularly
important for study.

In the helicity sector, a pioneering work by Bartels, Ermolaev, and Ryskin (BER) [40, 41]
employed the infrared evolution equations (IREE) formalism [42-47] to study the hPDFs at
small-x. These evolution equations were derived in the double-logarithmic approximation
(DLA), which resums powers of aIn?(1/z), with ay the strong coupling constant. The BER
version of the IREE formalism was extended in [4] to study the OAM distributions at small-x.

Over the past decade, a new approach to helicity-dependent small-z evolution has been
developed in [48-60]. This new approach is based on the s-channel/shock wave formalism
previously developed for unpolarized scattering [61-73]. In unpolarized scattering, which
dominates at high energies, the evolution in [61-73] is expressed in terms of infinite Wilson
lines along the light-cone. This regime is known as the eikonal approximation. Helicity-
dependent scattering is suppressed by one power of center-of-mass energy, and is known as
the sub-eikonal approximation. This new approach, called the light-cone operator treatment
(LCOT) in [60], utilizes sub-eikonal operators inserted between semi-infinite and finite light-
cone Wilson lines.

Using the LCOT formalism, small x evolution equations were derived for the polarized
dipole amplitudes, which are related to the hPDFs, in [48, 50, 53, 54] (KPS). The KPS
equations were derived in the DLA. Recently, these equations received important corrections.
It was discovered that additional sub-eikonal operators mix with the ones studied in the
original KPS papers under evolution, and thus resulted in revised evolution equations [60]

! Although we work with the canonical OAM distributions here, see [21] for translating between the Ji and
Jaffe-Manohar definitions specifically at small z.



(KPS-CTT) (see [49] also). These revised evolution equations for the polarized dipole
amplitudes were solved numerically in the large-N, [60], and large-N.& N [74] limits (where
Ny is the number of quark flavors) as well as analytically in the large- N, limit [3]. Additionally,
the large- N.& N solution has been used for a successful analysis of the polarized deep inelastic
scattering (DIS) and semi-inclusive DIS (SIDIS) small-z data [75].

The small-z asymptotics of the hPDFs have been calculated by BER [41], and by solving
the KPS-CTT equations [3, 60, 74]. It was shown that there is less than a 1% difference
between the results for the intercept (power of z) in the large-N, limit and less than a
3% difference between the results in the large-N.& Ny limit. The origin of the discrepancy
is speculated on in the appendix of [3] (see also [50]). (Additionally, see [76-78] for a
discrepancy due to scheme dependence between the IREE and the small-z limit of the exact
3-loop calculations of spin-dependent DGLAP anomalous dimensions.)

The OAM distributions have also been studied in the LCOT framework. An analysis
based on the KPS equations was done in [2], but did not include the corrections found in [60].
In [1], these corrections were accounted for and the OAM distributions were expressed in
terms of the polarized dipole amplitudes and their first impact-parameter moments. These
impact-parameter moments were dubbed the “moment amplitudes” in [1]. Novel evolution
equations for the moment amplitudes based on the KPS-CTT equations were constructed
and solved numerically in [1]. In the previous study based on the KPS equations, the small-x
asymptotics of the OAM distributions were significantly different from each other. In the
large- N, limit, more than a 50% difference was found between the intercepts for the quark
and gluon OAM distributions [2]. This result was consistent with the discrepancies between
the helicity small x asymptotics obtained via the KPS equations and those obtained by BER.
After including the corrections which resulted in the KPS-CTT evolution, it was found that
the small z asymptotics of the OAM distributions agree with the result from [4], at least
within the precision of the numerical solution in [1]. Furthermore, the ratios of the OAM
distributions to the hPDFs were studied in [1] and compared to the results in [4]. Although
the ratios in the gluon sector seemed consistent, a nearly 50% difference was found in the
quark sector.

In this paper, we seek to elucidate the numerical findings of [1] by solving the large- N,
evolution equations for the moment amplitudes, eq. (2.4) below, analytically. In section 2,
we recall these evolution equations and the relations between the OAM distributions and
the polarized dipole amplitudes and their first impact-parameter moments. We present the
solution of the moment amplitude evolution equations in section 3, which is based on the
double Laplace transform method of [3]. A summary of our solution and the resulting small-z
asymptotics of the quark and gluon OAM distributons is presented in section 4. Importantly,
we find the OAM distributions have the same asymptotics as the hPDFs and the g1 structure
function, given in eq. (4.7) as well as in the Abstract above. We trace the origin of this
homogeneity to the mixing of the polarized dipole amplitudes with the moment amplitudes
in the moment evolution equations.

In section 5, we use the solution of the moment amplitudes and the KPS-CTT equations
to calculate the ratios of the OAM distributions to the hPDFs in the quark and gluon sectors
analytically. We confirm and speculate on the discrepancy between the numerical result
of [1] and the results in [4]. We conclude in section 6.



2 Evolution equations for the moment amplitudes in the large- N, limit

The large-N. DLA OAM evolution equations, as derived in [1], evolve the first impact-
parameter moments of the polarized dipole amplitudes G1o(zs) and G%,(zs). The operator
definitions of the polarized dipole amplitudes, given in [60], are in terms of infinite light-cone
Wilson lines and polarized light-cone Wilson lines. The latter are expressed as sub-eikonal
operators inserted between semi-infinite light-cone Wilson lines. The large- N, DLA helicity
evolution equations involve the impact-parameter integrated polarized dipole amplitudes,
G(z3y, zs) and Ga(z3y, zs) defined by

/dleGlo(zs) = G(z2y, 25), (2.1a)
/delGZiO(zs) = 28 Gy (23, 25) + eij:EJiOGg(x%O, 28). (2.1b)

As we will see below, G (2%, zs) does not contribute to the helicity PDFs or the evolution of
G (23, zs) and Ga(x3, 25). We use z = (21, 2?) to denote two-dimensional transverse vectors,
and z;; = x; —x; for i,j = 0,1,2,... labeling the partons. The amplitudes above depend on
23y = |z10/?, the transverse size squared of the dipole. Additionally, the amplitudes depend
on the center of mass energy between the original projectile and the target, s, multiplied
by the smallest momentum fraction of the two partons making up the dipole, 2.2 The
OAM distributions depend not only on G(x%,2s) and Ga(x%), zs), but also on the first
impact-parameter moments of Gio(zs) and GY,(zs) defined as

/d2x1 21Go(zs) = xigI3(23g, 28) + - - -, (2.2a)

/del xiG{O(ZS) = exiyIy(x]y, 28) + EikCUIfOJC{oIS(»’U%m zs) + ¥ afoaloIg(aty, 28) + -
(2.2b)

where the ellipses denote additional tensor structures that do not contribute to the OAM
distributions. The amplitudes I3, Iy, I5 and I were dubbed the “moment” amplitudes in [1].
The evolution of the moment amplitudes mixes them with G(z%, zs) and Ga(2%,, 2s) and
was derived in [1].

In addition to the amplitudes in eqs. (2.1) and (2.2), the evolution for the moment
amplitudes (as well the helicity evolution) depends on the so-called neighbor dipole amplitudes,
denoted by I'ip21(zs) and Filo,m(zs), which are auxiliary amplitudes necessary to enforce
lifetime ordering in the evolution [48]. Their operator definitions are the same as those for
G1o(zs) and G%(zs), except for a difference in the light-cone lifetime cutoff, which depends
on the adjacent dipole size [54, 55, 60]. One can write decompositions analogous to eqs. (2.1)
and (2.2) for the neighbor amplitudes,

/dQ»’Ul Tio.1(28) = T(afy, 23, 28), (2.3a)
/d2x1 Fiw,zl(zs) = Eijxi'oFQ(ﬁ%o?xgp zs) 4, (2.3b)
/dQ.CEl 21 T10.21(28) = 24 T3(x3g, ¥31, 28) + -+, (2.3c)

22 is more aptly thought of as the parameter controlling the evolution of zs [48, 54, 59]. For instance,
after a step of evolution involving a virtual correction, z could be smaller than either of the two longitudinal
momentum fractions of the partons making up the dipole.



2 iJ o ij2 2 2 ik, k J 2 .2
/d L1 m1F10,21(275) = e xigla(270, 251, 28) + € aiz1o s (270, 251, 28) (2.3d)
ik ki 2 2
+ "z ole(210, ¥31, 28) + -+,

where again the ellipses denote additional tensor structures that do not contribute to the
helicity PDFs, OAM distributions or the evolution of the dipole and moment amplitudes.
Neither the helicity PDFs nor the OAM distributions depend on the neighbor amplitudes
directly. The neighbor amplitudes only contribute to the evolution of the dipole and moment
amplitudes. As we will see below, the helicity PDFs and OAM distributions depend only
on the polarized dipole and moment amplitudes.

The DLA evolution equations for the moment amplitudes in the large- N, limit are [1]

I3 I?EO)
Iy | o |,
Tig,2S) = 1y, 28 2.4
| @ = | | o= (2.4)
0
Ig b
213 —4T4 4+ 215+ 61 — 219
aN. [ dz vy 0
¢ ol 721 2 2
+ z/ % 0 (270, ¥21,2'8)
s 0
I3
d min[ix%O’ﬁ]d ) 4 —4 2 6 —4 —6 I4
* 47r e / 2 |—22 —1-3 2 3 || 5|07
A maxlefe ] 00002 4)|G
Go

where the inhomogeneous terms are the initial conditions of the evolution. The DLA evolution
equations for the neighbor moment amplitudes are [1]

s 1
I, I(O)
(230,751, 2"s) = | {0y | (#70,2') (2.5)
Ts 1t
Ts 1
, min[l’%o xélz*///] 2F3_4F4+2F5+6F6_2F2
asNe [ d2” T da, 0 s o
+ A 1/ 2! 1/ $§2 0 ($107$3272 5)
sm%o zs O
I3
o S 4 —42 6 —4-6\| L
1 2! TA
o N, dz" dz? 0 4 2 -20 1 1,
" / Fz / 232 ’ ({E§2,z//5)7
) 2, |2 2 -1-3 2 3 Is
A max[z2,, ——
v s 00002 4/)]|c
Go

where Fp(:cfo,scgl,z’s) for p = 2,3,4,5,6 are only defined for z19 > 91, and 1/A is an
infrared (IR) cutoff for all dipole sizes.



The dipole amplitudes G and G», in addition to the neighbor amplitude I's, appear
explicitly in egs. (2.4) and (2.5). Therefore, to solve egs. (2.4) and (2.5), one needs to first solve
the large- N, helicity evolution equations, egs. (133) of [60], to obtain G, G2, and I's. This has
been done in [3]. We will use their solution for G, G2,T's below to solve egs. (2.4) and (2.5).

For brevity, we will use the following linear combination of amplitudes

I3(23, zs) = Is(x3, zs8) + 2 Is (23, 25), (2.6a)

f3($%07 .73%1, Z/S) = F3(x%07 x%h 2/8) +2 F5($%0, x%la Z/S), (26b)

in place of I3(x3, zs) and T'3(z3), 3, 2's) in egs. (2.4) and (2.5). Additionally, to simplify the

algebra and notation, we introduce vectorial notation for the moment amplitudes appearing
in egs. (2.2b) and (2.3d)

f(x%o,zs) = (14(35%0,,25), I5(x3y, zs), Iﬁ(xfo,zs)) (2.7a)

—

F(x%m w%l? Z,S)a = (F4(1‘%07 x%lv 2/3)7 F5(x%07 .1‘%1, ZlS)a Fﬁ(w%Oa w%l: z/3)>' (2-7b)

We may also express the initial conditions for the amplitudes in eq. (2.7a) in a similar
vector notation

1O}y, zs) = (117 (2%, 25), I (@0, 29), I (2%, 25)). (28)

Finally, it is more useful to work in terms of the rescaled variables [51, 56, 60]

asN,  zs , asN, 2's ) asN,  2"s
= In — = — = —_— 2.
K o A2 K o7 TAZ K o7 AT (2.92)
ach 1 Oéch 1 OZSNC 1
= 1 = 1 =4/ —1 . 2.9b
10 or 23 A2 23 A2’ o2 or a2 A2 73, A2’ %82 or 13,2 (2.9b)

Utilizing egs. (2.6)-(2.9) in egs. (2.4) and (2.5), we may write the moment amplitude
and neighbor evolution equations as

n n
f3(510777):f:§0)(510777)+/dn'/dsm{f3(5107821777/)—13(810,521, )+VUV (810,521,77)],

S0 s10
(2.10a)

nN—s10+s21
f(slo,n):f( )(s10,1 /d521 / dn |:f3(521,77/)‘7f3+G(821,7]l)‘7g (2.10b)

+G2(s21,7) Ve, +MIRf(521777/)} ;
n’ n”
f3(5107821,77/)21:3(,0)(510777/)+/d77” / ds3z [f3(8107532777")—F2(510,832777”) (2.10c)
S0 max(siosatn’—n]
+VUV'F(810,532,7IH)}’

n'—s21+532

['(s10,821,1) =1 (510, /d532 / dn” |:j3(832,77//)‘7f3+G(832,77//)‘7G (2.10d)

+Ga(530,1" Ve, +MIRI_'(532777N)} )



where 0 < s19 < s91 < 77/, and we have changed the order of integration in the third lines
of egs. (2.4) and (2.5). Additionally, we have defined

Vov = (—2,-1,3), (2.11a)
V7, = (0,-2,0), (2.11b)
Vo = (0,2,2), (2.11c)
Vg, = (1,3,4), (2.11d)

42 -2
Mpr=|2-1-3]. (2.11e)
00 0

The task is now to solve eqs. (2.10). Furthermore, since the moment equations do not close
on their own as mentioned above, we will need the solution for G, Gg and I's from [3]. This
solution is expressed in double Laplace transforms, and reads (see egs. (53) and (54) of [3])

w(n—s10)+7vs10 2.12
2(510,7m /277@/2m Gauwry, ( a)
d7 (n—s10)+7s10
wAn=s F0G Ly 2.12b
Gls10,1 /277@/27rz ( )
I'>(s10,821,7 /27”/27m w(n’_sm)-i-'ySm (G Ggo.))’y) (77/_810)+7510G(2?37}7 (2.12¢)

where the double Laplace images are

20v-65) (G +2Gy) ) —200¢ —a8) (G2, +2G) 1 )+80; (G5, ~GY) )

2wy

Gy =G

)

(2.13a)

s w(y—75)(v—d)

1
Gy = 5w7(Cur — GY) ) —2Gon. (2.13D)

Here, the initial conditions of the helicity evolution have also been expressed in terms of
double Laplace transforms

GO (s10,7) /27” Qd; wln=s10)+7510 GO (2.14a)
G (s10,m / o 261; wi=sio}+vs10 Gl | (2.14b)
and, following [3], we have also defined
5E = % l1 /11— 42] : (2.15)
%Eg 1i\/1—,/1— ‘ (2.15b)




As usual, the contours in egs. (2.12) and (2.14) run parallel to the imaginary axis to the right
of all the singularities of the integrands. Note, for the contours in egs. (2.12) and (2.14),
Rew > Rex [3].

The solution of egs. (2.10), along with egs. (2.12), will give us both the canonical OAM
distributions and helicity PDFs at small-x and large-N,, by employing the following relations
derived in [1, 2, 60]

\/@lnf "
2 Ny
+q(z,Q7%) = ) / dn / ds1o {G(310777>_3G2(310777) (2.16a)
max[n—@ln%,O] _
—Is(s10,m)+(Vov—2V,) I (s10,m )},
2 2NC — — = —
La(z,Q%) = T (2 Va+Vy, —VUV) I s10=vasl Ny ,77 Vo ln , (2.16b)
N \/o_TslngcQTé n
%(z,Q%) = —T;Q / dn / dsio [G($10,H)+2G2(810,77)}, (2.16¢)
° max[n—@ln%,O]
N —
AG(z,Q%) = s10 =+ asln 2,17 \/aslnm , (2.16d)
S
where we have defined a; = O‘;—fc Here we have assumed all flavors contribute equally

so that summing over flavors results in a factor of Ny in egs. (2.16a) and (2.16¢). This
assumption will need to be revised for phenomenology, where G and I3 would depend on
flavor (see [75] for example). Note we have neglected the derivatives from eq. (36) of [1],
and eq. (42) of [60]. Such derivatives remove one logarithm of energy and are therefore
outside of our DLA approximation.

3 Solution of the moment amplitude evolution equations

Inspired by the success of the double Laplace transform method used to solve the helicity
evolution equations [3] (see also [52]), we also use double inverse Laplace representations
here to solve egs. (2.10). To start, let us write the moment amplitudes, I3(s10,7), f(slo, n),
and their inhomogeneous terms, féo)(slo, ), 19 (s19,7), as

3(510,7 /2m./2m e +7810[3 (3.12)
s10, /27” 2m wn= 510)ﬂsmf() (3.1b)
810’ /27rz 2m < 510)+781OI (3.1c)
M o) = [ 22 [ 8 tr-nipirnag 310)

As mentioned above, we take the contours to the right of all the singularities of the integrands
in egs. (3.1). Using egs. (3.1), we will solve egs. (2.10b) and (2.10d) first. To start, we



can relate the different double Laplace images in egs. (3.1) by using them in eq. (2.10Db).
Doing the s9; and 7 integrals, we get

(n—s10 -MSmI 3.2
/2m/2m ( )

/ dliew(nfsm)Jr’YSlof(O)
2mi ) 2mi wy wr

d’}/ 1 w(n—s s s w(n—s T Ve Vs Vs T
/27”, meify(e (n—s10)+vy 10 _ V810 _p (n 10)+1) (I3w'yvf3+Gw'yVG+GQw'yVG2+MIRIw'y)~

Treating n — s19 and s1g as separate variables, we can perform the forward Laplace transforms

in eq. (3.2) to see

Lpy=19+ T (T3 Vi, + GV + G Vi, + Min Ly, ), (3.3)

or, solving for I:W,
I:J’Y = (2(,0’}/ — MIR)_l <2wfy fb(ﬂ/) + GquG + GQw'y‘?GQ + ‘_/}31_3“)7). (3.4)
Next, we observe the following scaling relation from egs. (2.10b) and (2.10d),

f(810, so1,) — I (s10,7) = f(810777 =n'+ s10 — s21) — 1O (s10,m =1 + s10 — s21), (3.5)

which, after using egs. (3.1), gives

T(s10, 821,71 /2m / 27rz e (' —s21)+7510 (fw'y - ﬂ%) + ew("/_slo)ﬂsmffuoy)] . (3.6)

Egs. (2.10b) and (2.10d) have several boundary conditions that need to be satisfied. We
explicitly check that our solution satisfies these boundary conditions in appendix A. Therefore,
we conclude egs. (2.10b) and (2.10d) are completely solved.

Let us now solve egs. (2.10a) and (2.10c). One can show, after differentiating eq. (2.10c),
that T's obeys the following second-order partial differential equation

0? ok

S
0s3, * 052101/ -

1:3(5107 521, 77/) = _vUV : 1:(510, 521, 77/) + F2(810, 521, 77,)- (3~7)

This differential equation has a homogeneous and a particular solution, which we label

f‘éh) and f‘gp ) respectively. The general solution of eq. (3.7) would then be a sum of f‘gh)

and fgp ), Searching for a homogeneous solution of the form

= dw I_g 501
th)(5107521,77’) — /Tm v (' —s21)+y 21T, (s10) (3.8)
yields the condition
7 —wy+1=0. (3.9)



The two solutions to eq. (3.9) are v = and v = ¢, as defined above in eq. (2.15a). The
complete homogeneous solution to eq. (3.7) is then

= d , _ _
F:(ah)(Sloa s91,1) = / 27: e (' =s21) [66:821F§rw(810) + e 521F§w(810)], (3.10)

where fgiw(slg) are arbitrary functions of sig that can be constrained by boundary conditions.
We explicitly determine these functions in appendix B; they are listed in eq. (B.6) and
below in eq. (3.13a).

Using eqgs. (2.12¢) and (3.6) in the right hand side of eq. (3.7), one can easily show
the particular solution is

fgp)(slo’ 91,1 / o / o {ew(n’—310)+’7510 [Ggi))'y _ VUV . fg’)y)} (3.11)

wy wy

+ e (' =s21)+7510 {GQw'y _ Ggo) _ vUV . (I_;W _ I_'(O))] }

Via egs. (3.10) and (3.11), the general solution to eq. (3.7) is

d / — _ -
Tw'ewm o) [T (s10) €52 + g, (s10) €2 | (3.12)
™

n'—s10)+7s 0) _ v+ 70
/271—2/27”{ 10 10 [GQw'y VUV Iw'Y}

+ e )0 [Gmw - ngj)'y — Vv - (I_c:w - I_;(u(')y))} }

1;3(810, 521, 77/) =

To ensure consistency with the solution in eq. (2.12), we also choose Rew > Re~ here.
As mentioned above, the functions f‘gtw(slo) and the image fgw can be constrained via
boundary conditions from egs. (2.10a) and (2.10c). This is done in appendix B, and we
simply quote the results here

_ + L.
TE (s10) 267(53:81067“’/ dy 67310{(0055—1) [G2wy—Gg2,y—VUV' ([W_z(f}y))} (3.13a)

oF _sF 21
~ G + Vv f(o)+]3w7}

> 70) _ 7(0) (0) (0) 7(0)
VUV‘(I“”*_I(sUt) G2WW+G25+ 135357

I3y = (3.13b)

(wé;—l)VUV~(2w'y—MIR) V‘3—1
(wés —1) {Ggw GO

2wy

+Vov I_(qu) —Vuv- (QW’Y_MIR)_l(Qw'YI_qu) +Gw7‘7G+G2w'y‘7G2):|
+ .

(w(s;*1)‘7Uv-(2w77M1R)_1‘7f3 —1
We have now completely solved eqs. (2.10). That is, given the initial conditions to the

evolution, féo)(slo,n), f(o)(slo,n) as well as G%(s19,7) and Gg))(slo,n), we solve egs. (2.10)
via egs. (3.1), (3.6), (3.3), (3.12), and (3.13).
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4 Summary of our solution and the small-x asymptotics

4.1 Summary of our solution

In the previous section, we constructed an exact solution to egs. (2.10). We reiterate the
solution here for convenience

(n—slo)+’yslof 4.1
8107 /27T’L/27TZ 3wy ( a‘)
8107 /27_”/27” w(n=s10 +7510(2W’7 MIR) (2w7j51(2+Gw7‘7G+G2w7‘7G2+‘7f3[_3w’y>a
(4.1b)
_ dw _
F3(810,821,77/) :/% w(n' —s21) [F+ (510)6 ‘”521+F (510)65“’ 521] (4-1(3)

w(n’'—s10)+7s10 [_ 7. 7(0) (0) }
/2772 / 2mi {e Vov Loy +Gauy

+ew(n —s21) 47510 |:G2w”/ _Ggi)v +‘7UV fgz)

Vo (= Min) 2919 + Gy Ve + G, Vi, )| }

F (510,521,7 /27rz / 2mi {ew(n/sw)JﬂSlOﬂﬁY) (4.1d)

e‘*’( n'=s21)+7s10 {(2W’Y*MIR)71 (QW’YI_‘:(}»)Y)+‘7Gwa+‘7G2G2ww+‘7}3j3wy) 7I_L(JQY):| },

where
Y _w(n—s10)+7vs10 £(0)
510’ /27r2/2m fW’Y’ (4'23')
- 0 0 0 0 =0
_ Vuv- (I—:(«w) —[_23) ) Ggw)v G;5)+ I;(SL)JM
Ty = (4.2D)

(w(i;*l)vUv-(Qw’YfM[R) Vf371
(wés —1) [Gm o

2wy

+Vov I_E;Oy) —Vuv- (QWV_MIR)71(2W7ﬂ0 +Gw~,VG+G2w7VG2 )}
+

9

(wé; _1)‘7UV'(2W'Y_MIR)71‘7[_3 —1

_sten O dy ~ -
Fé,tw(slo)=€ 0% 10@/27167 10{(0053}:—1) [GQUJ’Y_Ggw)'y VUV ( I:E?)] (420)

Gy, +Vov- 1) +I3w7}

-0 ot a0, ) a0 (0, i, o (02,0 )

G =Gy + 2l
2oy = S w(r=15) (=)
(4.2d)
1 (0)
Gw’y = EWV(GQWW_GQW’}/) _2G2w7, (426)
for f € {G, Gg,fg,f}, and, as defined above, we have
L w 4
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w 16 4 »

73555 1i\/1—wz,/1—w2‘, (4.3b)
Vov = (=2, —1,3), (4.3¢)
‘71_3 = <O7 _27 0)7 <43d>
Vo = (0,2,2), (4.3¢)
Ve, = (1,3,4), (4.3f)

4 2 -2
Mgr=|2-1-3]. (4.32)

00 0

With the exact expressions for the polarized dipole and moment amplitudes in hand, we
can now write down the helicity PDFs and OAM distributions. Plugging eqs. (4.1) with
eq. (4.2) into egs. (2.16) gives

dy eVaswin(1/2)+v/asvIn(Q*/A%) B
T aem? / omi [Gw7_3G2w—I3W, (4.4a)

2ri Y(w—7)
+ (Vv —2V,)-(2wy— Mig) ™" (2wy 1O 4G Vi + G Vi + Vi, I’M)] ,

ON, _ _
Lo(2,Q%) = — dw [ Y aom(1/e) +yEy (@ /A%) (4.4D)

a2 ) 2w ) 2mi

X (2 ‘7@ — VUV""_/}S) . (QWV—MIR)_I (2&)’}/ I_quy) +Gw'y‘7G +G2W7VG2 +‘7f3f3w7) ,

dy VT E G »
- wyt2G2uy |, :
AX(z,Q%) ozs7r2/2m/2m' y(w—2) [ v TG 7} (4.4c)
dv = = 2 /22
2 Vaswin(l/z)+v/asyIn(Q*/A%)
G(,Q%) as7r2 / 2mi / i Gy (4.4d)
where, as above in eqs. (2.16), we have defined a; = QS—WNC In arriving at egs. (4.4a) and (4.4c),

we have done the s19 and 7 integrals in eqgs. (2.16a) and (2.16¢). We emphasize here that,
while egs. (4.4a) and (4.4b) were derived in [1], here we have explicitly found the double
Laplace images. As mentioned above, eqgs. (4.4c) and (4.4d) were derived in [60] and the
double Laplace images were found in [3].

All together, egs. (4.4) give the exact small-z, large-N. DLA expressions for the quark
and gluon OAM distributions and the quark and gluon helicity PDFs.

4.2 Small-z asymptotics of the OAM distributions

From egs. (4.4a) and (4.4b), we can see that the small-z asymptotics of the OAM distributions
are governed by the rightmost singularity in the w-plane. One can show this singularity is

given by setting the large square root in 7, to 0 [3], which gives

1— —4/1——= =0. (4.5)
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The solution to eq. (4.5) with the largest real part is [3]

W

4 \/Re {( 9+ z\/ﬁ)m} ~ 3.66074. (4.6)

bfﬁ

Via egs. (4.4a) and (4.4b), the small-z asymptotics of the quark and gluon OAM distributions
are then

(4.7)

wp asNe
Lt @)~ Lot @ ~ (1)
Eq. (4.7), along with the solution of the small-x, large- N, evolution equations for the moment
amplitudes, egs. (4.1), represent the main result of this work.

Importantly, the OAM distributions have the same intercept o = wy\/a as the helicity
PDFs. In fact, one can explicitly remove (by hand) the mixing with G, G2, and T's and solve
egs. (2.10). The resulting solution has small-z asymptotics that are also governed by the
rightmost singularity in the w-plane. In this case however, one finds the rightmost singularity
to be w; = 2 < wp. This is similar to the study of the OAM distributions based on the
KPS equations in [2]. There, the “moment amplitudes” were sub-leading at small-z and
did not mix with G, G2, or I'ys under evolution.

Therefore, one can trace the leading small-z, large- N, asymptotic behavior of the OAM
distributions to the mixing of the moment amplitudes with the helicity amplitudes G, G2, and
'y under evolution.? This situation is similar to the polarized DGLAP evolution equations
for the OAM distributions in the Wandzura-Wilczek approximation [17, 37]. There, the
(twist-2 part of the) OAM distributions mix with the helicity PDFs. The leading asymptotic
behavior of the (twist-2 part of the) OAM distributions is given by the anomalous dimensions
of the helicity PDFs. As we do not employ the Wandzura-Wilczek approximation in this
work, it appears the inclusion of genuine twist-3 terms, at least in the case of the small-x
evolution presented here, does not affect this conclusion.

We should compare the result in eq. (4.7) to the one obtained in [4]. In [4], the BER
IREE formalism was extended to the OAM distributions. The resulting OAM distributions
were found to obey the same small-x asymptotics as the helicity PDFs. Namely, they found
(see eq. (7) of [4])

1 aEER
Lytq(z,Q%) ~ La(x,Q%) ~ (m> , (4.8)
where aEER is the intercept of both the quark and gluon helicity PDFs. The analytic

expression for aEER in the large- N, limit, given in [50] and for which the detailed solution

is given in [3], is

oBER — 17 +2” L T
T m

(4.9)

3Note that G(s10,7) and Gz2(s10,7) also explicitly appear in the expression for the quark OAM distribution,
eq. (2.16a).
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Comparing egs. (4.7) and (4.8), we see a slight difference between the intercepts of the
OAM distributions found above in the LCOT formalism and found in [4] using the BER IREE
formalism. This small discrepancy is the same as the one between the helicity PDF intercepts
obtained in the LCOT formalism [3, 60] and the intercepts obtained by BER [40, 41]. See
the appendix of [3] for an explanation of the potential origin of this discrepancy.

5 OAM to helicity PDF ratios

Now that we have the analytic expressions for the quark and gluon OAM distributions at
small-z and large-N,, we can explicitly calculate the ratio of the OAM distributions to the
helicity PDFs. These ratios have previously been studied in [1, 2, 4, 49, 79, 80], with a
discrepancy in the quark ratio between [4] and the numerical solution of [1]. We seek here to
investigate this claim and reveal any insight that can be obtained from the exact solution
of the moment amplitude evolution.

To start, we evaluate eqs. (4.4) for specific initial conditions. Then we take the ratio
of eq. (4.4a) to eq. (4.4c) and eq. (4.4b) to eq. (4.4d) to obtain the quark and gluon ratios
respectively. In [1], it was found the asymptotic (z — 0) behavior of these ratios is independent
of the initial conditions of both the helicity and moment evolution. Therefore, without loss
of generality, we choose the following initial conditions

GO (s10,7m) = 1, (5.1a)
I (s10,m) = 1 (s10,m) = G (s10,7m) = 0. (5.1b)
Using egs. (5.1) in egs. (4.2) gives
1
0) _
Gfu«% = (5.2a)
i) =1 =G =o, (5.2b)
Yo (wy —4)
Gy = — , (5.2¢)
T dy(y = 0) (208 —w)
-
Gowy = T , (5.2d)
T 29(v —10)(265 — w)
. Yo (2 —w) (6w — 1)
Igw = — — — s (526)
T AP (v =) (268 —w) (v —30) (v — )
where we have defined
2')/2w2—’yw(5+25;w)—|—452w2(’y—’_y$)(’y—’_y;). (5.3)

Now, using egs. (5.2) in egs. (4.4) gives

Ny dw [ dy mﬁﬁ*y;w[273’@02—72w(13—|—25;w)—|—27(6—i—55;w)—|—125;}
— —e

L 7(y7t): a_ - . — — —_ )
e asn? ) 2mi ) 2mi 2 (=15 ) (Y —w) (w—265) (v =) (v— 75 )
(5.4a)
— 2,2 — —
’ ast? ) 2mi ) 2mi 2v(y—75) (2685 —w) (=35 (v=75) '
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dry Yo, W
AY / / “’yﬂt @ , 5.4
(v, a2 ) 2mi omi 4y(y =5 ) (7 —w) (w—28F) (5:4c)

d'Y oWyt Vw
2m o’ ! 2v(y =5 ) (265 —w)’ (5-4d)
where we have expressed both the OAM distributions and hPDFs with the arguments
y = vasinl/z and t = /asInQ?/A%. We will use these arguments for the rest of this
section, since such variables appear more natural in our expressions as can be seen from
egs. (4.4). Now we close the y-contours in egs. (5.4) to the left. (Note that Rew > Re~
along the integration contours.) The result is

AG

Loa(yt) = 1 / dw e 107, % e 0 w? (5.5)
TS 02 ) 2mi 8ypwd(w—200) | (9w )2(35 )2 '
N 129, 3y 00, H 120, 8 vG + 12035 v 0, + 12wy 0, (VE -+, +1357,)
(322 (3 )?

Lot (0w )P (128, 125, +w3, [106, — 135, +29, (0 —4,)))
(32)? (e =) (B =) (o —w)
L ot )W (128, +1255 +w3 (106, — 1350 + 27w (3 —0,)))
()2 (38 =) (3 =) (7 —w)
Lo 1w (126 +127 wy [105, 137;-}—27;@0(7;—5;)])}
(v =) (v =7 (70 —w) ’

_l’_

2N, dw €Yy — 405 ) 2w =S w(11+40, w) +40, w+8
La(y,t)=———3 %2(25{’ >[W _— _(“___+ L (5.5b)
s " Yo (Vo =3 ) (Vo =)
40 w8 em4(@3)%2_ﬁjw(11+45;w)+45;w+8
200 7 2% (e = ) (% =)
et A0 )’ =g w1l Ao w) +40 w8
2% (Vo = ) (Yo —75)
Nf dw  e“Yw 1 gt
AX(y,t) = — , 5.5
(1) asm? J 2mi 4(w—267) lw Voo — W ] (5:5¢)
2N, dw  e*Y -
AG(y,t)=—5 | —————|e™—1]. 5.5d
(vt) asm? ) 2mi 2(08 —w) le ] ( )

Due to the complex branch structure of the integrands in eqs. (5.5), we approximate the
w-integrals. Since we would like to determine the OAM to hPDF ratios in the asymptotic
limit, where there is little to no dependence on the initial conditions, it suffices to evaluate
the integrals in egs. (5.5) to leading order in y only. The leading order behavior is given by
the rightmost singularity in the w-plane, as mentioned above. Some of the branch structure
beyond this rightmost singularity is shown in figure 6 of [1]. There is a branch cut along the
real axis from wj, to some w; where wy < wp,. Therefore, to evaluate any one of the integrals in
egs. (5.5), one can wrap the contour across this branch cut and approximate the integrals as

,15,



¢ Ry (2) By (1) Rg (1) Bg (1)
0.1 | —0.668 0.296 ~1.994 0.002
0.5 | —0.616 0.358 ~1.975 0.013
1.0 | —0.549 0.491 ~1.962 0.024
15 | —0.498 0.649 —1.956 0.034

Table 1. Specific values of the coefficients R,(t), B4(t), Ra(t), Ba(t) in eqgs. (5.7) for various values
of t = \/asInQ?/A2. Here N, = 3 and a, = 0.25.

the integrals of the discontinuity across the branch cut. If we label the integrands (including
pre-factors) of egs. (5.5) via Lg1gw, LGw, A¥w, and AG.,,, we may write this approximation as

T de
L‘H“i(y’ t) ~ Eg%i / % (Lquq_,wb*@rie - LquCY,wb*ﬁ*iE) ) (5'63')
0
L t)~ li i d L ; L ; 5.6b
G(ya )Ne_l)l(l)l+/%( G wp—E&+ie — G,wb—ﬁ—ze)a ( . )
0
AX(y,t) =~ 1i i d€ AY ; AY ; 5.6
(y, ) ~ E_I)I(l;l+/%( wp—E&+ie wb—ﬁ—ze)u ( . C)
0
T de
AG(y,t) = lim [ — (AGu,—¢tic — AGuw,—¢—ic) 5 (5.6d)

e—0t 2T
0

where, due to the y-dependent exponentials in egs. (5.5), we have extended the {-integration
to infinity, and discarded the rest of the contribution from closing the contour as subleading.
One can also think of this as sending wj — —oco. Now it is a simple matter to plug egs. (5.5)
into egs. (5.6) and compute the integrals. However, since we are only interested in the leading
order (in y) result, one can expand the integrands (excluding the large exponentials e~Y)
around & = 0, and keep only the leading terms. The resulting integral is then a power series
in 1/y multiplied by the leading exponential. For example, this series is explicitly constructed
for egs. (5.6¢) and (5.6d) in the appendix of [1]. When one takes the ratio of eq. (5.6a) to
eq. (5.6¢) or eq. (5.6b) to eq. (5.6d), the result is again a series in 1/y. We can then write
the ratios of eq. (5.6a) to eq. (5.6¢) and eq. (5.6b) to eq. (5.6b) as

Lg+q(y,t) _ By(t) i a
As(yn e+ =m0 () (o7

The explicit expressions for the asymptotic ratios, R,(t) and Rg(t), are given in appendix C.
In figure 1, we show R,(t), By(t), Rg(t), and Bg(t) for the branch cut discontinuity ap-
proximation in egs. (5.6) as a function of ¢. In figure 1, we plot R4(t), B4(t), Rc(t), Ba(t)
in panels (a), (b), (c), and (d) respectively. Additionally, we give the explicit values of
Ry(t), Bq(t), Ra(t), and Bg(t) for some values of ¢ in table 1.

We should compare the results in figure 1 and table 1 to the predictions from [4]. From
egs. (6) and (7) in [4], after using the fact that the parameter o ~ /o is perturbatively
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By (t)

R, (1)
. 0.65.
-0.50 0.60
0.55
-0.55 0.50.
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~0.60 040!
035
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t
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(a) (b)
Bg (t)
Re (¢ ¢
a (t) 0.035
t
0.030
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0.025
-1.97 0.020
0.015
-1.98
0.010
-1.99 0.005
t
-2.00 02 04 06 08 10 12 14

(c) (d)

Figure 1. Plots of the coefficients R,(t), By(t), Ra(t), Ba(t) from egs. (5.7) as a function of ¢ resulting
from the branch cut discontinuity approximation in egs. (5.6). Here N. = 3 and a, = 0.25.

small, we see, in the DLA, [4] predicts

1(y,1)

Lq+q(y’ t) 1, (5.8a)
G(yat)

L L= (5.8b)

Comparing these results to figure 1 and table 1, we see that we predict nearly the same value
for the asymptotic gluon ratio, Rg(t). In the quark sector, our Ry(t) is nearly half that of [4].
In both the quark and gluon sectors, we note from figure 1, our results are dependent on
t = VasInQ?/A?, and as t increases, the asymptotic ratios, R,(t) and Rg(t), get further
away from the results of [4] (this is true even for asymptotically large ¢, see appendix C).
Therefore, we conclude that both the quark and gluon ratios determined here disagree with
the results of [4]. This is contrast to [1], where the numerically small difference in the gluon
sector could have been attributed to underestimation of the numerical error.

The ratios in figure 1 are consistent with the numerical findings of [1]. Among the
potential sources of the discrepancy between the quark ratio of [4] and ours in figure 1 and
table 1 is the implementation of the large- N, limit. See the discussion below eq. (71b) of [1]
for details. As mentioned there, one could hope that taking the large-N.& Ny limit, as done
in [60], might account for the discrepancy. However, as mentioned in [1], a preliminary
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numerical solution of the large-N.& Ny moment amplitude evolution equations for Nt/N., — 0
has been constructed and has not been able to account for the discrepancy in the quark
ratio. A full analysis of the large-N.&N; limit is left for future work. Additionally, the
Wandzura-Wilczek approximation [81], which neglects the genuine twist-3 contributions to
the OAM distributions, is employed in [4]. Although the twist-3 contributions, particularly
their evolution in 2, have been studied in [82], a dedicated small-z study has not yet been
performed. So far in this work, we have not identified the twist-3 contribution to the OAM
distributions explicitly. To examine their effect on the OAM to hPDF ratios, let us attempt
to isolate the twist-3 contributions explicitly.
We start with the following relations derived in [19],
1

dx’  da!
Lysale. @) =a [ S0 [H@, Q)+ E,(a' QD) —o [ SHASE.Q)+ L (@03, (5:9)
1 1
2 da’ 12 12 da’ 12 3 2
LG(va ):x/?[Hg(x,Q )+Eg(va )}72$ ) G(I’,Q )+LG($7Q )7 (59b)
where H, g (z,Q%), Ey(y)(z, Q%) are the standard unpolarized quark (gluon) twist-2 generalized

parton dlstrlbutlons (GPDS) at zero skewness and in the limit of zero momentum transfer.
Lg +q(;v,Q2) and L3 (z,Q?) are the twist-3 contributions to the quark and gluon OAM
distributions respectively. They can be expressed using twist-3 GPDs [19], and they are the
neglected contributions in the Wandzura-Wilczek approximation. Since we are working in the
DLA, we can neglect the unpolarized twist-2 GPDs, as their evolution is single-logarithmic.

Then, via egs. (5.9), we can write the DLA expressions for the twist-3 contributions
to the quark and gluon OAM distributions as

1

d /

L 40, Q%) = Lysa(w, Q%) o [ SEAS@,Q2), (5.10)
ﬁd,

L@@ = Lo, Q) + 20 [ SLAG(, Q1. (5.10b)

x
Similarly, we write the DLA twist-2, Wandzura-Wilczek (WW) contribution to the OAM
distributions as [4, 19]

L;T;V(x,QQ) = —iL‘/ ZIS;/AE(:U’,QQ), (5.11a)
WW /(. 2 [ do!
LW (@.Q?) = 20 [ T AG. QY. (5.11)

xT
Then, using egs. (5.10) and (5.11), we may write the asymptotic limit of egs. (5.7) as
oo Lavatw,t) _ o Lovg Wt) o Loy t) _ pww

y=oo AX(y,t) v AX(y,t)  y—e AXN(y,t)

DY L)
y—=oo AG(y,t) y—oo AG(y,t)  v—oo AG(y,t)

(t) + R3(t), (5.12a)

= RYW(t) + RL(b), (5.12b)
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where we have again used the more convenient variables y = v/as In(1/x), t = /&, In(Q?/A?)
in the arguments of the OAM distributions and the hPDFs.

As first observed in [4], using the asymptotic form for helicity PDFs and the OAM
distributions in egs. (5.11) gives

1
Ww _
Ry V() = Trar (5.13a)
2
RYW (1) = — 5.13b
a (1) o ( )

where aj, = wpy/as for wy given above in eq. (4.6). To compute the twist-3 part of the
ratios in egs. (5.12), we substitute the exact expressions for the OAM distributions and the
helicity PDFs from egs. (4.4) into eqgs. (5.10). We then perform the procedure described
above to extract the OAM to hPDF ratios separately for the twist-2 (WW) and twist-3 OAM
contributions. The results for the asymptotic ratios for the quark and gluon sector are shown
in figure 2. As expected, the twist-2 contributions are exactly the values given in egs. (5.13).*
We see from figure 2 that the twist-3 contributions vary with ¢ and are similar in magnitude
to the twist-2 contributions. Therefore, according to the indirect analysis performed here,
it seems as though the twist-3 contributions may be the source of the discrepancy between
the OAM to hPDF ratios computed here and those computed in [4].

6 Conclusions and outlook

Let us summarize what we have accomplished here. We have found an exact solution of
the large-N. equations for the small-z moment amplitude evolution derived in [1], given
in egs. (2.4) and (2.5). This solution is given in egs. (4.1) and (4.2). With our solution,
we have written down expressions for the quark and gluon OAM distributions at large- N,
and small-z, given in eqgs. (4.4a) and (4.4b) respectively. We have determined the small-x
asymptotics of the quark and gluon OAM distributions in eq. (4.7). Notably, we find the
small-z behavior is largely driven by the mixing of the moment amplitudes I3, I4, I5, Ig with
the dipole amplitudes G, G2, and neighbor amplitude I'y. Therefore, we find the discrepancy
for the intercepts of the OAM distributions obtained here and the intercept obtained in [4] to
be the same as the discrepancy between the helicity PDF intercepts obtained in the LCOT
formalism [3] and the BER formalism [40, 41].

We have also studied the ratios of the quark and gluon OAM distributions to their
helicity PDF counterparts in the small-x region. In [1], the quark and gluon ratios in the WW
approximation from egs. (5.13) were approximated by R};VW ~ —1 and RYW ~ —2, with the
numerical results of [1] indicating a disagreement of the net quark ratio R, = R};VW + Rg’
and R}I/VW as well as an agreement between the net ratio gluon ratio Rg = Rg/W + R%
and RIéVW within the accuracy of the numerical approximation. We have confirmed these
results in addition to finding a small but non-zero disagreement between R and RI(’;VW ~ —2.
Furthermore, we have found a disagreement between R, and the full RgVW given in egs. (5.13),
as well as a more significant disagreement between R and the full RgVW. We have tentatively
traced these discrepancies to the twist-3 contributions to the OAM distributions. However,

a more complete study is warranted to verify this conclusion.

4Note that we compute R:‘;g by substituting the full DLA expressions for the helicity PDFs into egs. (5.11),
not only the asymptotic forms.
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— R"W(t) + R3(1)
(a)
: -t
1 2 3 4 5
-0.5
___________________________________________________________________________________ RIYW(t)
RS S R PP R(t)
I RV[ W (1‘) + R.‘S (f)
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Figure 2. Plots of the asymptotic (z — 0) OAM to hPDF ratios for the twist-2 (R""W (¢)), twist-3
(R3(t)) and full (R"W (¢) + R3(t)) OAM distribution contributions in the (a) quark and (b) gluon
sector as a function of t = /&, In(Q?/A?). Here N, = 3 and a5 = 0.25.
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A Boundary conditions

From egs. (2.10) we see there are several boundary conditions that need to be satisfied. From
egs. (2.10b) and (2.10d), we need

I(s10 =0,n) = I (s19 = 0, ), (A.la)
I(s10,n = s10) = 1" (s10,n = s10), (A.1Db)
T(s10 = 0,521,7) = 1" (s10 = 0,7), (A.lc)
L(s10, 521,10 = s21) = IV (810,77 = 21). (A.1d)
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Plugging in eqs. (3.1), we get

Y dy
eI, = e~ 110) A2
/27rz omiC v /2m o Ly (A-22)
/ [ B sof, / /52 D 10 10, (A.2D)
21 2772 2wy ) 2me

Note egs. (A.1c) and (A.1d) are equivalent to eqs. (A.2). Using the fact that I3, fww Gy, Gowy —
0 as w — oo or 7 — oo in order for the double Laplace transforms to exist, we see that

dw 1
27 wy
d’y 1

= | mior — B Vi, + GV + G Vs, + Min Ly |

[fngl + GwA/VG + GQ(,WVG'2 + MIRIw'y} (A3a)

—

=0,

since we may we close either the w- or the y-contour to the right. Therefore, we see egs. (A.1)
are satisfied by use of eq. (3.3) and egs. (A.3).

B Constraining a double Laplace image and the homogeneous neighbor
functions

Although we have solved the partial differential equation for fg(slo, s91,m'), eq. (3.7), we
need to make sure that any constraints from the integral equation eq. (2.10c) are satisfied.
To that end, we plug egs. (3.12), (2.12¢) and (3.6) into eq. (2.10c). Doing the s32 and 7"
integrals, we arrive at the following constraint

0= / 211 271'@ e o (jéO) GgU)J)V + VUV ' I_;(JOV)) (B'l)

_ / dw dieW(n’—Sm)-wsw le“” _ Ggiz)'y — Vv - (]_:m _ j;(g))]

2me ) 2m

51000

e ey ew(ﬁ’7821)+5$810
+ / FSW - e w N ——
0 510 w(n'—s21)+s1000
—_ e — e
+ F3w(810) — — 66“77 — ,

where we have made use of the following identities: 670 = 1,67+, = w, (65)2—wdéT+1 = 0.
Now we do the forward Laplace transform over 7’ to see

Ay wsiotysio (70) (0) 0
0= [ Lot (12, = G, + Vv - 1) (B.2)
d,y —wso1+7s (0) ¥ T 0
_ %6 2147510 [szw _ GQWY —Vuv - (Ibw — I:(_,,y))
L 67w321+6$sw _ e—ws21+0, 510
- F3w(310)T —I'5,,(s10) win

+ 67, s
dw’ (810) F3w (810) / dw’ ot eéw’slo - e%w! 10
| — 4TI, — .
+/2m ( - - 5 - + = [ 5 | Taw(s10) i + Tau(510) 5=

w

— 21 —



The second and third lines of eq. (B.2) are dependent on s9;, while the first and fourth lines
are independent of sg;. Since eq. (B.2) is valid for s9; > 0, we conclude the second and third
lines as well as the first and fourth lines must sum to zero separately. Therefore, we have

d,y o 5:510 _ edus10
/27”6'y ’ lG 2wy GZwW_VUV ( _ILE)O)) +F3w(510) UJ(SI +F3w(810> wo, =0, (B3a)
dfy —ws10+vs10 [ 7(0) (0) 7(0) /dw/ f‘?J,r /(810) 1—‘3 (810)
ws s T o w w’ .
/ i (B -G8 Vv 19) + [ 5 5w o (B.30)

53,810 _ 66;,510
— | — | =0.
/2m 810) w87, a0 (s10) W',

To further constrain the functions f‘i(slo) and the double Laplace image I_gw,y, we note from
eq. (2.10c) we need to satisfy the following boundary condition

['s(s10, 521 = s10,7") = I3(s10, 7). (B.4)

Substituting egs. (3.1) and (3.12) into eq. (B.4), and doing the forward Laplace transform
over 711 — S1p, we get

_ N _ _ d L _
F;w(810> % 510 + F3w(810) % 10 + / 277;1,67510 (GQW/Y — Vv - Iwy - I3w7) = 0. (B.5>

With egs. (B.5) and (B.3a), we can solve for I's (s19). We find

= Cste. O dy .. . .
o) = ¢ oz [ oLl @5 = bfGan - 62, ~ o (R, - 1)
- Gg(c)u)'y + VUV f(()) + I3w’y} (BG)

which is exactly eq. (3.13a) in the main text.
70 40 f(O)
3

Now we only have to satisfy eq. (B.3b). Using the fact that Gy, I_gm, I wrs G2y

w7y
0 as w — oo, we conclude that T's,(s10) €510 —5 () when w — co. This fact allows us to close
the contour to the right in the last term of eq. (B.3b). We are left with

AV (—w)sio (70) 0 |, 0
%eﬁ Js10 (I3M,Y—G2m+VUV-IZ(”)) (B.7)

_ . (510) n 5, (s10)
27m w—41 w—10,

__/dw w =0y T3, (s10) +w—6+ fwmo)
= 27i w w/_<w+%> ( )

Now we close the contour to the right, picking up the pole at w + % We are left with

Y s (70) 0 |, o 0 L\ =4 ws
s (1) — G2, + Vov - 1)) = <1 _ w2) BfLpa e (B)
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Using 5;:; = w, we can rewrite eq. (B.8) as

dy 7(0) (0) 5 H0) 1 . 5t L s10
—e0 (] -G +Vyv - I =|1-— |7 vty
o ( MR T UE TRt {611}2 31 (510)€
il
(B.9)
and, upon replacing w + % — w, we have
dy =(0) © . 710 I )= +
YT s . . _ o + 0 s
e (0, = O 4 Vo ) = |1 [ Fistometion, w0
w

Employing eq. (B.6), and doing the forward Laplace transform over sqg, we find

7(0 0 ¥ 0 0 ¥4 7 0 ¥ T
L9 =GO Vv I = (0T =1)[Gauy = G, = Vorv- (T = 119) | = GE 4+ Vi - 10 + Fr.

(B.11)
Via egs. (3.3), we can solve for fgw explicitly. We get
- Vov- I_SIY)—I_(R) —Ggl) +GO, 1),
ISwfy — ( 0 'Y) v 285y 385 (B12)

(wéj — 1)‘7[}\/ . (2&)’}/— MIR)_I‘;}?’ —1
(wdy —1) [va ~GS) A Vv IS — Vv - (2wy—Mir) ™ 2wy +GvaG+G2w‘7c;2)}
(w&; — 1)‘7UV . (QUJ’y—MIR)flv}g —1

+

which is exactly eq. (3.13b) in the main text.

C Exact expressions for the asymptotic OAM to helicity PDF ratios

Here we give the exact expressions for the asymptotic ratios, Ry(t), Rg(t), in eqgs. (5.7) using
the branch cut discontinuity approximation outlined in the main text. Let us start with
the quark OAM to quark hPDF ratio. Using the procedure to obtain R,(t) outlined in
the main text, we find

Cy

Rg(t) - 24+ twp

{pl(wb) +tpaws) + e ps(wp) (C.1)

L (wd 2_ Q Q
+e 64wbt(wb+16wb 80) |:p4((db) cosh (16&_}bt> — p5((db) sinh (16wbt):| },

where we have used wj as defined in eq. (4.6), and defined

512
Cy=— :
! ng[ﬁzl + w? (w2 —4) (w2 + 20) } (3wf — 24w + 200 wf — 640w?2 + 512)° (w2 + 8)

(C.2a)
Q= /220 —20f + 9607 — 112, (C.2b)
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and also the following polynomials
p1(wp) = Quw? (3w§2 —46w7° —304 WS +12868w}® —144863w}* +966094w,? —4346544wi°  (C.3a)

+13014880ws —25170432w;p +31930368 wy — 23986176 w? +7340032) ,

pa(wy) = Quy (3w§4 —T0wi? —56wi +17470w;® — 237027 wii® +1529280w;* —5621512w;>  (C.3Db)

+12796640w " — 18433280 w +11679744wf +8732672w; — 17039360 w; +6291456> ,

p3(wy) =39 (3w§2 —56w70 —462wi54-24188w}® —258557 wit +1268852w;? (C.3c)

—3472064w;° +6549504 w§ — 10309632 wE +12206080w; — 8126464 wy +2097152) ,

pa(wp) =Quwy (—31w§6+360w§4+6222w§2— 158056 w0 +1218337 w§ — 4202368 w (C.3d)

+6958784w; —6464512w? +3235840) ,

ps(wp) = 4w} (14w,18 —227 w0 — 652w +32358 wi2 —539122w; 0 +4410845wp — 15468224 w)  (C.3e)
420292544 wj — 7209984 wi + 188416) .

Similar to the quark case above, following the procedure from the main text, one obtains
the asymptotic gluon OAM to gluon hPDF ratio as

_ Cg — gt (Wi +16w7 —80) . Q N Q2
Rg(t)= ; {ql (wp)+tga(wp)+e q3(wp) sinh 716wbt q1(wp) cosh 16wbt ,
(C4)
where we have defined
32
e — (€5)
Q(Bws — 24w 4+ 200wy — 640w + 512)° (wi + 8)

and also the following polynomials

q1(wp) =4Quwy (wg4—7w§2—251w,}0 (C.6a)
+3178w§—16264w2+53184w;}—10803w§+77824),

g2(wp) = (4w}~ 45 w}® — 59400} +12633 ) (C.6b)

—95238 w0+ 414240 w§ — 1114880 wf +1740800 wj — 1368064w§+393216),

q3(wp) = 8wy (7wg6—56w;4—731wg2 (C.6¢)
+ 774w 454940 wh — 224848 wP 4208768 wif — 121856 wE + 188416) .

For large t, one can show the quark and gluon ratios are constants, given by

R,(t) = %pg(wb) ~ —0.283, (C.7a)
b
RG'(t) ~ CG QQ(wb) ~ —1.949. (C?b)
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