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ABSTRACT 
Understanding and accurately characterizing energy dissipation mechanisms in civil structures during earthquakes is an important 
element of seismic assessment and design. The most commonly used model is attributed to Rayleigh. This paper proposes a 
systematic approach to quantify the uncertainty associated with Rayleigh’s damping model. Bayesian calibration with embedded 
model error is employed to treat the coefficients of the Rayleigh model as random variables using modal damping ratios. Through 
a numerical example, we illustrate how this approach works and how the calibrated model can address modeling uncertainty 
associated with the Rayleigh damping model. 

INTRODUCTION 
Energy dissipation mechanisms in civil structures during an earthquake generally reduce the load demands on structural 
components. These mechanisms are typically classified into three types: structural inelasticity, energy radiation resulting 
from the interaction of the structure with the surrounding medium (e.g., soil), and inherent damping. While the first two 
sources of damping are well-studied and can be modeled with relatively good accuracy, inherent damping cannot be derived  
from first principles and fundamental structural/material properties [1]. Instead, phenomenological approaches are adopted 
(e.g., Rayleigh damping) to model this diffuse, and often elusive, type of damping. Although the importance of inherent 
damping is only marginal during strong events due to the larger contribution of inelastic behavior of structural components 
(materials) [2], it plays a crucial role in the performance of structures under operational conditions and/or frequent weak or 
moderate wind/earthquake events, especially in tall buildings [3]. 

Modal damping ratios identified from real-life data collected through field experiments [4] or weak seismic events [5–7] 
provide the most reliable approach for modeling inherent damping. However, the direct application of modal damping is 
generally limited to linear analyses and cannot be employed for conducting nonlinear time-history analysis. To that end, an 
equivalent damping matrix representing the inherent damping must be calculated using the identified modal damping ratios. 
One approach is to superpose modal damping matrices using normal mode shapes [8] as follows 

𝐂 = (𝚽!)"#𝐂&	𝚽"#, (1) 

where 𝐂 and 𝚽 are 𝑛 × 𝑛 damping and normal mode shape matrices, respectively, and matrix 𝐂& is defined as 

𝐂& = *
2𝜉#𝑚#𝜔# 𝟎

⋱
𝟎 2𝜉$𝑚$𝜔$

1, (2) 

with modal mass, damping ratio, and undamped natural frequency denoted, respectively, as 𝑚%, 𝜉%, and 𝜔%, and 𝑛 is the total 
Degrees-Of-Freedoms (DOFs) of the structure. However, there are two main problems with this approach. First, the matrix 
would not be band-limited like the mass and stiffness matrices, significantly increasing the computational burden. Second, 
modal damping ratios of all modes are needed; otherwise, it could lead to numerical instabilities when conditionally stable 
numerical integration schemes are used if zero values are assigned to the damping associated with the higher modes.  

Due to the aforementioned issues, the most common damping model used for dynamic analysis is a viscous model originally 
proposed by Rayleigh (1898). This so-called Rayleigh damping assumes that the total inherent damping is a combination of 
the kinetic and potential energies, allowing the damping matrix to be represented as 
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𝐂 = 𝑎&𝐌+ 𝑎#𝐊, (3) 

where 𝐌 and 𝐊 are mass and stiffness matrices, respectively. The coefficients 𝑎& and 𝑎# are referred to as mass- and stiffness-
proportional coefficients, respectively. Although numerous studies have been conducted to justify or evaluate this model [10–
13], the main reason behind its popularity is its favorable mathematical features. First, it is determined by only two 
coefficients, so modal damping ratios at only two modes (𝑖 and 𝑗) are needed, as shown in Eq. (4). 

9
𝑎&
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>.	 (4) 

Second, the damping matrix is band-limited, which avoids an increase in computational costs. Third, mode shapes are 
orthogonal with respect to this damping matrix, still allowing the use of modal analysis of linear systems. Utilizing this model, 
modal damping ratios of other modes can be easily calculated as 

 𝜉( =
)!
*+"

+ )#
*
𝜔(							for	𝑘 = 1…𝑛. (5) 

Although a few numerical issues have been reported regarding the implementation of this damping model [14–17], it remains 
the primary model implemented in most analysis software [18,19]. Consequently, numerous studies have been devoted to 
determining which modes should be used for calculating the coefficients 𝑎& and 𝑎# [16]. 

As discussed above, the Rayleigh damping model is essentially a simplified model aimed at facilitating the dynamic analysis 
of structures without a first-principle basis. Consequently, modal damping ratios calculated using Eq. (5) could significantly 
differ from true values. For example, several studies suggest that a mass-proportional component does not make physical 
sense, and damping ratios inferred from instrumented buildings follow a stiffness-proportional pattern more accurately 
[3,11,20]. While such discrepancies are generally accepted within the research and engineering community, this modeling 
uncertainty has rarely been quantified. This study proposes a systematic approach to quantify the uncertainty associated with 
the Rayleigh damping model by embedding the existing error between the Rayleigh model and true modal damping ratios 
into the coefficients 𝑎& and 𝑎#. In the present study, we consider these two parameters as random variables, enabling us to 
incorporate into response analyses both the estimation and modeling uncertainties corresponding, respectively, to the error in 
the identified modal damping ratios and the discrepancy between these values and the Rayleigh model. 

RAYLEIGH MODEL CALIBRATION 
In this study, we employ the Bayesian calibration technique [21] to estimate the parameters of the Rayleigh model, denoted 
as 𝜽 = [𝑎&		𝑎#]!, using a set of identified modal damping ratios, 𝝃I(𝝎) = [𝜉K# ⋯ 𝜉K$]!, at 𝑛 arbitrary natural frequencies, 
𝝎 = [𝜔M# ⋯ 𝜔M$]!. According to the Bayes theorem, the posterior Probability Density Function (PDF) of 𝜽 given the 
measured data can be expressed as 

𝑝O𝜽P𝝃IQ ∝ 𝑝O𝝃IP𝜽Q𝑝(𝜽) (6) 

where 𝑝(𝜽) is the prior PDF of the parameters, and 𝑝O𝝃IP𝜽Q is the likelihood of the Rayleigh model's ability to explain 
measured data. Assuming the Rayleigh model is a perfect model, the identified and predicted damping ratios are related as 

𝝃I(𝝎) = 𝝃(𝝎; 𝜽) + 𝝐, (7) 

in which 𝝃(𝝎; 𝜽) is the vector of modal damping ratios predicted using Eq. (5), and 𝝐 is the modal damping ratio identification 
error, which can be assumed to be a random process with a Gaussian distribution having zero mean and a covariance matrix 
of 𝜎&*𝐈$×$. Hence, we have 𝑝O𝝃IP𝜽Q~𝑁(𝝃(𝝎; 𝜽), 𝜎&*𝐈$×$), and the posterior PDF, 𝑝O𝜽P𝝃IQ, could be analytically calculated for 
a large class of conjugate prior PDFs because modal damping ratios are linear functions of the calibration parameters 𝜽. 

The classical Bayesian calibration approach, briefly described above, underestimates the prediction uncertainty because the 
posterior PDF represents only the estimation uncertainty, which could theoretically reduce to zero in the presence of a large 
number of data points. To address this issue, similar to our recent study [22], we employ the Embedded Model Error (EME) 
approach [23] and embed statistical correction into the parameters of the Rayleigh model in order to represent the existing 
modeling error. Assuming a Gaussian embedding model, we can redefine Rayleigh’s coefficients as a Multivariate Normal 
random variable (MVN), and write 

𝜽 = 	𝝁 + 𝐋𝜻, (8) 

where 𝝁 = [𝜇&, 𝜇#]! is the mean, 𝜻 = [𝜁#, 𝜁*]! is an independently and identically distributed random vector with a standard 
normal distribution, and the matrix 𝐋 is a lower-diagonal matrix defined as 
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𝐋 = ;𝜗#& 0
𝜗## 𝜗*#

>. (9) 

Using this embedded model, 𝝑a = [𝜇&, 𝜇#, 𝜗#&, 𝜗##, 𝜗*#]! is the new parameter vector that must now be estimated. Through 
this parameter redefinition, the uncertainty in mean would represent the estimation uncertainty caused by identification error 
and/or lack of data, while the modeling error reserved through the randomness part represented by 𝐋𝜻 term. 

Based on this redefinition of Rayleigh’s coefficients, the data model presented in Eq. (7) can be rewritten as 

𝝃I = 𝐀𝝁 + 𝐀𝐋𝜻 + 𝝐, (10) 

where 

𝐀 =

⎣
⎢
⎢
⎢
⎡
1
2𝜔#

𝜔#
2

⋮ ⋮
1
2𝜔$

𝜔$
2 ⎦
⎥
⎥
⎥
⎤

. (11) 

Assuming a uniform but bounded prior distribution for unknown parameters to ensure damping ratios are positive, the 
posterior PDF of the parameters would be proportional to the likelihood function (see Eq. (6)), and can be written using the 
new data model as: 

𝑝O𝝑aP𝝃IQ ∝
1

(2𝜋)
$
*k|𝚺𝐋 + 𝜎&*𝐈$×$|

exp q−
1
2 O𝝃
I − 𝐀𝝁Q!(𝚺𝐋 + 𝜎&*𝐈$×$)"#O𝝃I − 𝐀𝝁Qs, (12) 

where 𝚺𝐋 = (𝐀𝐋)(𝐀𝐋)!. Then, Markov Chain Monte Carlo (MCMC) sampling can be used to propagate this posterior PDF 
through any predictive model (e.g., a Finite Element model for conducting nonlinear time history analysis) to obtain the mean 
and variance of the prediction. Modal damping ratios are linearly depedent on Rayleigh coefficients (Eq. (5)), so their mean 
and variance can be calculated directly as 

𝝃t =
1
𝑁u𝐀𝝁%

.

%/#

, (13) 

𝝈0* =
1
𝑁u

(𝐀𝐋%)(𝐀𝐋%)!
.

%/#

+
1

𝑁 − 1uO𝐀𝝁% − 𝝃tQ
*

.

%/#

, 
(14) 

where 𝝁% and 𝐋% are constructed using MCMC samples of 𝝑a. The first term in Eq. (14) represents the contribution of the 
modeling error to the prediction uncertainty, while the second term is the posterior uncertainty, which is caused by a lack of 
data.  

NUMERICAL EXAMPLE 
To illustrate the calibration process and uncertainty propagation, we utilize a simulated example. Consider a 7-DOF shear 
building model with a uniform mass of 𝑚 = 3 × 101 and a bottom-to-top decreasing inter-story stiffness 𝑘 =
5 × 102[18,14,10,6,4,2,1]. The natural frequencies of this model are reported in Table 1. Two damping scenarios are 
considered here. In the first scenario, a Rayleigh damping model with 𝑎& = 0.5 and 𝑎# = 0.005 is used to generate modal 
damping ratios, meaning there is no modeling error. In the second scenario, some arbitrary modal damping ratios are 
considered, which do not follow any Rayleigh model§. These two sets of damping ratios are shown in Table 1 as well. Figure 
1 displays the damping values of these two models along with 200 Rayleigh model samples constructed by randomly selecting 
𝑎& and 𝑎# from uniform distributions bounded in [0.01, 1] and [0.0001, 0.01], respectively. In Figure 1a, it is possible to find 
a Rayleigh model sample perfectly representing the data points, while there is no perfect model in Figure 1b. We conducted 
Bayesian calibration with embedded model error for both cases and predicted Rayleigh damping models along with their 
uncertainties presented in Figure 2. In this figure, the mean prediction, 𝝃t(𝝎), is shown in red, and the dark blue area 
represents one standard deviation, 𝝈0(𝝎), around the mean prediction. The posterior uncertainty coming only from the 

 
§ To have similar plots in Rayleigh and non-Rayleigh cases, 𝑎! and 𝑎" in the Rayleigh model are set such that they create a damping model 
very close to the mean prediction in the non-Rayleigh case. 
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estimation error (the square root of the second term in Eq. (14)) is shown in light blue. As seen in Figure 2a, the prediction 
is nearly perfect with almost zero uncertainty because the model is accurate and the data is noise-free. However, when the 
model is not a correct representation of the data (Figure 2b), a large model error is estimated and the posterior uncertainty 
(light blue area) represents a small part of it. 

Table 1. Natural frequencies and modal damping ratios of the cases used in this study. 

Mode 𝑓𝒏 =
𝜔𝒏
𝟐𝝅 (𝑯𝒛) Rayleigh model 𝜉(%) Non-Rayleigh model 𝜉(%) 

1 0.79 6.21 4.00 
2 1.71 5.08 7.00 
3 2.67 5.65 8.00 
4 3.76 7.03 5.00 
5 5.21 9.06 6.00 
6 7.03 11.61 5.00 
7 9.64 15.55 20.00 

 
Figure 1. Random samples of the Rayleigh model and modal damping data points for (a) Rayleigh and (b) non-

Rayleigh damping data sets.  

 
Figure 2. Mean and uncertainty of the damping prediction using (a) Rayleigh and (b) non-Rayleigh damping data.  

The marginal and joint PDFs of the estimated Rayleigh coefficients are shown in Figure 3. Figure 3a shows that when there 
are no modeling and measurement errors, 𝑎& and 𝑎# are estimated very accurately with very small uncertainties (narrow 
PDFs), while PDFs of the parameters in the second case are wide due to the embedded modeling error (Figure 3b). 

To demonstrate the effects of damping modeling errors on the dynamic response of the building model, we analyze it under 
an earthquake ground motion recorded during the 1971 San Fernando earthquake at a free-field station close to the Los 
Angeles Hollywood Storage building. Figure 4 shows absolute acceleration of the roof using each of the random Rayleigh 
coefficients in red. The deterministic responses obtained using exact modal damping ratios are shown in black. As expected, 
when the correct damping model (Figure 4a) is used, the mean and true responses are very close, and the estimated 
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uncertainty is negligible. However, as shown in Figure 4b, the mean response differs from the true response when an 
inaccurate damping model is used. Nonetheless, thanks to the proposed embedded model, the predicted uncertainty is able to 
capture the true response adequately. 

 
Figure 3. Marginal and joint PDFs of Rayleigh damping coefficients for calibration using (a) Rayleigh and (b) non-

Rayleigh damping data. 

 
Figure 4. Absolute acceleration time history of the roof calculated using damping models calibrated by (a) Rayleigh 

and (b) non-Rayleigh damping data. 

CONCLUSIONS 
This paper introduces a systematic approach to address the uncertainty inherent in the Rayleigh damping model, 

commonly utilized in structural analyses. By employing a Bayesian calibration with an embedded modeling error, we treat 
the coefficients of the Rayleigh model as random variables, incorporating modal damping ratios as calibration data. Through 
a numerical example, we demonstrate the effectiveness of this approach in quantifying and addressing modeling uncertainty 
associated with the Rayleigh damping model. With this approach, the uncertainty stemming from inaccuracies in the Rayleigh 
damping model can be quantified for any forward prediction. Naturally, the level of such uncertainty in the predictions would 



 6 

vary depending on the proximity of the modal damping ratios to a Rayleigh model, the type of structural system, the frequency 
content of the excitation, and the type of demand parameter of interest. 
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