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Abstract In atmospheric models, stochastic generation of subgrid‐scale profiles or “subcolumns” has
been used for a variety of purposes. Such subcolumns can be generated from subgrid probability density
functions (PDFs) at different vertical levels, when such PDFs are available. To do so, the generator needs to
decide how strongly points should be correlated in the vertical, that is, how much the values should be
overlapped. This is sometimes called “PDF overlap.” To assess vertical correlation in a simplified,
observable setting, here the vertical correlation of vertical velocity in subcloud layers is examined. Doppler
lidar is used to evaluate the vertical profiles of vertical velocity produced by a large‐eddy simulation (LES)
model and the Subgrid Importance Latin Hypercube Sampler (SILHS) subcolumn generator. In order to
diagnose unrealistic features in subcolumn profiles, various statistical diagnostics are examined here,
including the bivariate PDF of vertical velocity at two separated points (i.e., altitudes), the two‐point velocity
correlation, the integral correlation length, the PDF of two‐point velocity differences, and the skewness and
kurtosis of two‐point velocity differences. The profiles produced by LES match lidar well, except that they
are too smooth at small scales. The profiles produced by SILHS exhibit sharp jumps from updraft to
downdraft that are not observed in the lidar data. To reduce the generation of these unrealistically sharp
jumps, the SILHS sampling method is revised. The diagnostics confirm that the revised sampling method
reduces the overprediction of sharp jumps.

Plain Language Summary In numerical models of the atmosphere, it proves useful for a variety of
applications to model the vertical coherence of various fields. It is difficult, however, to characterize and
quantify the degree of vertical coherence in a simple and general way. Several statistical methods to characterize
vertical coherence are assessed here for their ability to capture visual impressions of selected vertical profiles.
These statistical methods are used to evaluate and revise a model of vertical coherence.

1. Introduction
Subcolumn generators are algorithms that are used in atmospheric models in order to generate vertical profiles of
fields such as liquid water content or vertical velocity (e.g., Räisänen et al., 2004). The profiles represent vari-
ability on spatial scales smaller than a grid column. The profiles are generated stochastically, that is, with the aid
of random numbers.

Sometimes the generation of subcolumns is desired in a numerical model that predicts the probability density
function (PDF) of subgrid variability at each vertical grid level (e.g., Thayer‐Calder et al., 2015). In such a model,
samples may be drawn from the PDF at each level, and the sampling method may be designed so as to ensure the
desired degree of vertical overlap of atmospheric properties such as liquid water content. That is, large values of
liquid water content at different altitudes may be chosen to reside above one another (greater vertical overlap or
coherence) or may instead be displaced horizontally from each other (lesser vertical overlap). This type of overlap
is sometimes called “PDF overlap” (Ovchinnikov et al., 2016; Pincus et al., 2005; Räisänen et al., 2004). Vertical
PDF overlap can be used to represent, for example, the overlap of within‐cloud variability, which in turn in-
fluences cloud albedo (e.g., H. W. Barker et al., 2002; Cahalan et al., 1994; Morcrette & Fouquart, 1986; Pincus
et al., 2003). PDF overlap is a distinct concept from cloud‐occurrence overlap, which measures only the overlap of
cloud, regardless of the internal variability of liquid water content within cloud (e.g., Geleyn & Hollings-
worth, 1979; Hogan & Illingworth, 2000).
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Subcolumn generators contain many assumptions. Hence the subcolumn profiles and their degree of vertical
overlap need to be evaluated against data (e.g., Di Michele et al., 2012; Hillman et al., 2018; Lamer, 2019; Zhang
et al., 2018). When evaluating subcolumns against data, we must choose

1. A set of evaluation diagnostics (i.e., metrics); and
2. A source of evaluation data.

First, diagnostics for evaluation must be chosen. Of course, individual profiles of subcolumns can and should be
inspected visually, but only a tiny percentage of the immense number of subcolumns generated in a global
simulation can be inspected manually. Therefore, in addition, we need to construct and make use of statistical
diagnostics that can be averaged and thereby used to summarize the character of the subcolumns over large
regions of the globe. Ideally, such summary diagnostics should detect the errors that we see by manual inspection.

We mention two diagnostic strategies that have been applied in the past to the evaluation of subcolumns. In one
strategy, a bulk quantity of practical interest, for example, cloud albedo, is simulated with the aid of a subcolumn
generator, and the generator is evaluated based on agreement of the resulting cloud albedo with observations (e.g.,
H. Barker, 2008; Ovchinnikov et al., 2019; Pincus et al., 2005; Räisänen & Barker, 2004). This strategy is
important because, ultimately, bulk metrics are what end users care about most. However, different users may
care about different bulk metrics, and the degree of agreement to observations may depend on the metric chosen.
More importantly, if bulk metrics do disagree with observations, the nature of that disagreement provides little
guidance about how to troubleshoot and improve the sampling algorithm. To provide more guidance on sampling
errors, a second diagnostic strategy may be used: the subcolumns themselves may be evaluated, rather than results
of their distribution on the atmosphere. For instance, the two‐point correlation of an atmospheric variable at two
different altitudes may be evaluated (Pincus et al., 2005). This paper assesses the usefulness of various diagnostics
of the latter sort. These include PDFs (i.e., scatterplots) of information about vertical velocity at two separated
points (i.e., altitudes). The diagnostics also include statistics, for example, correlations, of the velocities at two
altitudes. We assess several diagnostics, some of which have been used in the past to evaluate generated sub-
columns from the atmosphere, and some of which, based on kurtosis and skewness, have not. We find that the
diagnostics do indeed capture the errors we see visually when inspecting subcolumn profiles.

Second, a data source must be chosen. One popular data source for evaluation of generated subcolumns is large‐
eddy simulation (LES) output (Ovchinnikov et al., 2016; Pincus et al., 2005; Räisänen et al., 2004). LESs are
attractive because they offer convenient, three‐dimensional, gridded output. However, the accuracy of small‐scale
features in LES output is limited by the LES’ resolution. Hence the LES output itself ought to be evaluated against
observed data. Another source of evaluation data is remote sensing instruments. Unfortunately, radar has diffi-
culty seeing small clouds and the cloud‐water signal is prone to contamination by precipitation (Lamer & Kol-
lias, 2015; Pincus et al., 2005). Furthermore, lidar cannot penetrate above the cloud base of cumulus clouds
(Grund et al., 2001; Lamer &Kollias, 2015). Therefore, in this initial effort, we restrict ourselves to using upward‐
staring Doppler lidar to measure vertical velocity, w, below cloud base. Although w is not directly related to the
cloud quantities that have drawn most attention in the past, sub‐cloud w is easier to observe, and it does help us
assess the vertical correlation of turbulent eddies themselves.

We will use Doppler lidar data to evaluate profiles of w from both LES and a subcolumn generator, the Subgrid
Importance Latin Hypercube Sampler (SILHS, Larson & Schanen, 2013). SILHS draws samples from the subgrid
PDFs produced by the Cloud Layers Unified By Binormals (CLUBB) cloud and turbulence model (Lar-
son, 2017). The data come from eight cases of shallow‐cumulus clouds that appeared at the Southern Great Plains
(SGP) site central (C1) facility operated by Atmospheric Radiation Measurement (ARM).

We find that, as compared to lidar, the LES profiles are too smooth, and the SILHS profiles contain too many
sharp jumps. Hence the two generators of profiles, LES and SILHS, provide a useful contrast in errors on which to
test our evaluation diagnostics. In order to reduce the number of sharp jumps in the SILHS profiles, we revise the
method by which SILHS generates subcolumn profiles. Namely, the revised sampling method involves calcu-
lating the inverse cumulative distribution function (CDF) of the PDF at each vertical grid level. The revised
sampling method reduces the number of sharp jumps, although the profiles are still too noisy over small vertical
scales.

In Section 2, we describe the lidar observations, LES model, and subcolumn generator (SILHS) that we use. In
Section 3, we inspect examples of profiles of w produced by lidar, LES, and SILHS. In Section 4, we assess the
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ability of various statistical diagnostics to detect these errors. In Section 5, we introduce and evaluate a revised
sampling method, namely, the inverse CDF method. We conclude in Section 6. A supplementary document
surveys the eight shallow‐cumulus layers that we study, by means of time‐averaged plots of clouds and turbu-
lence, to provide additional context for the interested reader.

2. Description of Observations and Models
2.1. Doppler Lidar

The Doppler lidar observational data used in this paper were obtained from the ARM data archive. Here, we make
use of 1‐s data from fixed, upward‐staring lidar measurements. These data have a frequency of about 1.5 s, but we
have sub‐sampled the data so that the frequency is roughly every 60 s, so as to match the frequency of model
output described below. These data have also been filtered to eliminate datapoints with a signal‐to‐noise value
less than 0.008. The datapoints that remain after filtering have a vertical velocity uncertainty of ±1 m s− 1 or less
(see Figure 21 in Newsom and Krishnamurthy (2022)). These 1‐s lidar data have a vertical gate size of 30 m,
which, for the ARM lidar, corresponds to an effective resolution of 40 m (Newsom et al., 2017). We refer to this
data simply as “lidar.”

2.2. LES

By combining LES modeling with ARM observations, the LES ARM Symbiotic Simulation and Observation
(LASSO) project (Gustafson, Vogelmann, Cheng, et al., 2020; Gustafson, Vogelmann, Li, et al., 2020) makes it
possible to compare both observations and high‐resolution model output with output from a subcolumn generator
like SILHS. The LASSO simulations used for this paper were run with the Weather Research and Forecasting
(WRF) model (Gustafson, Vogelmann, Cheng, et al., 2020). They each have a horizontal grid spacing of 100 m
and a domain size of 25 km × 25 km. In the lowest 5 km of the domain, the vertical grid spacing is 30 m. The
timestep is 0.5s. The LASSO project experimented with different microphysics schemes; these simulations use
the Thompson microphysics scheme (Thompson et al., 2004, 2008).

In this paper, we make use of reproductions of the original LASSO experiments, which we refer to in figures as
“LES‐UWM” (for University of Wisconsin—Milwaukee) for clarity. These reproductions were carried out in
order to record instantaneous snapshots of a selection of variables at 60‐s intervals, including the full three‐
dimensional vertical velocity field. The original LASSO experiments output statistics every 10 min, many of
which are averages of 10 snapshots over a 10‐min sampling period rather than being a single snapshot (Gustafson,
Vogelmann, Li, et al., 2020).

We select cases of daytime, non‐precipitating, shallow cumulus convection over land. The cloud fields developed
over the ARM SGP site in Oklahoma. Eight dates from the LASSO archive on which shallow cumulus appeared
were selected for this analysis. The dates in chronological order (and simulation numbers) are as follows: 2017‐
06‐27 (2), 2017‐07‐17 (7), 2017‐07‐28 (8), 2017‐09‐23 (2), 2018‐09‐11 (8), 2018‐09‐17 (8), 2018‐09‐18 (8),
2018‐10‐02 (8). The simulation number identifies the particular LASSO experiment used in this paper for each
date; for each date, a number of simulations were run with varying forcing data sets, model type, domain size, etc.
These dates and simulation numbers were selected on the basis of high skill scores in predicting cloud fraction and
on the availability of quality Doppler lidar data for the relevant dates and times. The time window selected for
analysis is from 1700 to 2200 Coordinated Universal Time (UTC), or 12:00 p.m. to 5:00 p.m. local time at the
SGP central site. These cases have cloud fractions between 1 and 8% (see the Supporting Information S1 for
additional details about the time‐averaged behavior of these eight shallow cumulus cases.)

2.3. SILHS

In addition to Doppler lidar and LES‐UWM, we also analyze horizontally coarse‐grainedWRF simulations where
clouds and turbulence are modeled using CLUBB‐SILHS. These simulations are so coarse‐grained that they
effectively behave as single‐column model experiments. The WRF model is used for convenience, since apart
from the use of CLUBB‐SILHS, the coarser resolution (including a larger timestep of 10s), and snapshot output
every 60 s, the setup is identical to the original LASSO experiments. Hence we use the label “SILHS,” omitting
reference to WRF, to denote output from SILHS running within these coarse‐grained WRF simulations. To be
clear, CLUBB‐SILHS is not used in the LES‐UWM experiments described in Section 2.2. In these CLUBB‐
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SILHS experiments, the horizontal resolution is coarsened to 6,275 m on a 4× 4 grid. Hence, the total domain size
is the same, but the grid columns are large enough that each is essentially a single‐column model. That is, there is
essentially no contribution from resolved motions. The vertical resolution remains 30 m below a height of 1,000 m
but is reduced by roughly half above 1,000 m.

CLUBB is a higher‐order closure model of clouds and turbulence (Golaz et al., 2002) that contains prognostic
equations for w′2, w′3, and several other variances and fluxes. A number of terms in these equations are closed by
integrating over a subgrid probability density function (PDF) of vertical velocity w, liquid water potential tem-
perature θl, and total water mixing ratio (vapor plus liquid) rt, whose shape is assumed to be a multivariate double
Gaussian (Larson & Golaz, 2005; Larson et al., 2002). The PDF shape used here is the ADG1 shape of Larson
et al. (2002), which does not revert to a single Gaussian when skewness is zero, but instead retains some
bimodality in vertical velocity. A complete description of CLUBB is presented in Larson (2017); the particular
version of WRF‐CLUBB‐SILHS used here is included in the Zenodo data set for this paper (Stephens &
Larson, 2024).

While CLUBB and SILHS are both always active in the coarse‐grained WRF experiments, SILHS is supple-
mental to CLUBB: CLUBB calculates the subgrid PDF at each vertical grid level, and SILHS samples from those
PDFs in order to generate subcolumns. Here we focus on SILHS subcolumn profiles of vertical velocity, but
SILHS can also produce profiles of mixing ratios and number concentrations of microphysical variables. SILHS
may be run “interactively” or “non‐interactively” with CLUBB, meaning it may or may not feed back onto
CLUBB and affect the outcomes of CLUBB calculations. In this work, we run SILHS non‐interactively, so that
SILHS does not feed back onto CLUBB and only yields additional diagnostics.

CLUBB assumes that the PDF of w, P(w), is distributed according to a normal mixture probability density
function (PDF), that is, the sum of two normal distributions, P1(w) and P2(w):

P(w) = ξP1(w) + (1 − ξ)P2(w). (1)

Here 0≤ ξ≤ 1 is the mixture fraction. In CLUBB, P1 has a positive mean (i.e., it is an updraft), and P2 has a
negative mean (i.e., it is a downdraft).

At a given grid level, SILHS generates a sample point of vertical velocity according to the following simple and
popular recipe (Johnson, 1987, p. 56):

1. Draw a sample point U from a uniform distribution between (0, 1).
2. If U ≤ ξ, then draw a sample of w from P1.
3. Otherwise, if U > ξ, then draw a sample of w from P2.

Once SILHS has chosen a uniformly distributed sample value at grid level k, uk, then SILHS will choose the value
at an adjacent grid level k + 1, uk+1. SILHS assumes that the two adjacent sample values are correlated with each
other. Namely, SILHS defines a provisional value of uk, u′k, by

u′k = uk+1 + U∗(1 − VC) (2)

Here, U∗ is a uniformly distributed random number between (0, 1), and VC is a dimensionless Vertical Corre-
lation. If u′k lies outside the range (0, 1), then it is “folded back” within the range (0, 1) in order to yield uk,
according to a formula listed in Larson and Schanen (2013). Otherwise, if 0< u′k < 1, then uk = u′k.

Within the subcolumns, the correlation VC between vertical levels falls off at an exponential rate,

VC = exp(− VDC
z
L
), (3)

where VDC is the dimensionless vertical decorrelation coefficient, and z and L are the vertical coordinate and
CLUBB's turbulent length scale respectively, both with units of length. VDC is an adjustable tuning parameter.
This paper includes SILHS experiments with VDC = 10 and VDC = 30.
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3. Inspection and Analysis of Profiles of Vertical Velocity
To give a visual sense of the data, we plot examples of instantaneous profiles of w from Doppler lidar, the central
grid column of LES‐UWM, and a set of SILHS subcolumns (Figure 1). Because the lidar data are unreliable above
cloud base, and because the surface layer is not isotropic (see Supporting Information S1), we select for analysis a
range of heights in the subcloud layer between approximately 200 and 900 m. The SILHS subcolumns presented
are simply the first four subcolumns (i.e. indices 1 through 4) from each ensemble, which are not special in any
way. We immediately notice that the LES‐UWM profiles resemble the lidar profiles, except that they are too
smooth. We also notice that the SILHS profiles contain sharp jumps from updrafts to downdrafts, jumps that are
not seen in lidar data. Hence the LES and SILHS profiles exhibit contrasting errors that can be analyzed with the
diagnostics we introduce below.

The LES profiles in Figure 1 are smoother than lidar, despite the fact that all profiles are instantaneous snapshots.
It is beyond the scope of this manuscript to investigate why the LES output is smoother than lidar, but we offer
some speculations here. First, the LES is run at LASSO's operational resolution, and hence it has somewhat coarse
vertical grid spacing (30 m) in the sub‐cloud layer (200–900 m). As with all numerical models, the LES has
numerical diffusion, which reduces the effective resolution by 6–8 times. This smooths the small‐scale noise in
the vertical. Another potential source of smoothing is that the grid columns are not infinitesimal in the horizontal,
but instead effectively average over the horizontal extent of the grid column (100 m × 100 m).

Why does SILHS exhibit jumps from updrafts to downdrafts? As one moves upward through a jump in a sub-
column profile, the velocity jumps from an updraft to a downdraft (Figure 1). That is, w jumps suddenly to a
smaller value as z increases. These “cliffs” in the SILHS subcolumn profiles are not observed in lidar observa-
tions, but are rather an artifact of both CLUBB's subgrid PDF and SILHS’ sampling procedure. The first problem
is that CLUBB's marginal PDF of w is a double Gaussian that is too bimodal (Figure 2, see also Fitch, 2019). The
updraft is far separated from the downdraft. That is, the PDF is too much like an updraft‐downdraft plume‐model
PDF, and not Gaussian enough. The second problem is that SILHS’ sampling procedure switches abruptly from

Figure 1. Instantaneous vertical velocity w for Doppler lidar (black), a single LES‐UWM column (red), and a selection of Subgrid Importance Latin Hypercube Sampler
(SILHS) subcolumns (blue) for eight dates in 2017 and 2018. (In this paper, w> 0 corresponds to an updraft and w< 0 corresponds to a downdraft.). In this case,
VDC = 30. For each data set, the profiles are taken from the first minute of the fifth hour (1700 UTC, 12:00 p.m. local time). For each date, the SILHS subcolumns are all
from the same experiment. The single LES‐UWM column (red) is a column near the center of the domain. The single, central LES‐UWM column is noticeably smoother
than the lidar, whereas some SILHS subcolumns of w exhibit unrealistic sharp jumps or “cliffs.”
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one Gaussian to the other. The first part of SILHS’ sampling procedure is to select one of the two Gaussian
components at random. The probability of drawing from the first (updraft) component is given by CLUBB's
mixture fraction. Since CLUBB's subgrid PDF is a weighted sum of two double‐Gaussian components, the
mixture fraction is the proportion of each component in the PDF. Once the component is selected, then a sample
point is drawn from the selected component. Occasionally, SILHS switches from one component to the other as
the grid level goes from k to k + 1. When SILHS does so, the sample value of w jumps too.

Evidence in favor of this explanation for the jumps is provided by the counterexample of CLUBB's extended
liquid‐water variable, χ (For more information about χ, see Griffin & Larson, 2016). Subcolumns of χ do not
exhibit cliffs because the PDF of χ is not bimodal (see left and center panels of Figure 3). Similar jumps would be
expected to be produced by the sampling method of Räisänen et al. (2004) if it were used in conjunction with a
bimodal PDF. Given a sample point at grid level k, this method generates a sample point at the next level higher,
k + 1, that is either maximally overlapped or randomly overlapped with the value at k. The type of overlap is
chosen probabilistically based on the necessity to match the desired rank correlation. When random overlap is
chosen, then a sharp jump in the profile may be produced.

The problem of these “cliffs” could be mitigated by reducing the bimodality in w of CLUBB's PDF, but it is
beyond the scope of this manuscript to attempt such a revision to CLUBB here. Rather, in Section 5, we will revise
the SILHS sampling method and explore how that improves the subcolumn profiles.

Why does the jump in SILHS go from updraft to downdraft with increasing altitude, rather than the other way
around? The fundamental reason is that CLUBB's mixture fraction decreases with increasing altitude (right panel
of Figure 3). The mixture fraction is the fraction of CLUBB's PDF mass that is in the first Gaussian mixture
component (i.e., updrafts). Near the ground, the mixture fraction is relatively large (∼0.45), and so approximately
45% of the samples are drawn from the updraft component. However, the mixture fraction decreases mono-
tonically with increasing altitude for these cases. That is simply a reflection of the fact that the skewness of w
increases with increasing altitude. At higher altitudes, the probability of choosing a point from the downdraft
component increases. Hence the jumps tend to go from updrafts to downdrafts, and not downdrafts to updrafts.

Figure 2. Histograms of Subgrid Importance Latin Hypercube Sampler (SILHS) vertical velocity w—drawn from CLUBB's PDF by the SILHS algorithm—at
approximately 400 m (blue) and 650 m (red) above the surface from the 300 time steps from 1700 to 2200 UTC (12:00 p.m.–5:00 p.m. local time). The bimodality ofw is
clear in all cases.
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4. Statistical Diagnostics for the Evaluation of Vertical Correlation
Inspecting individual profiles is a qualitative analysis method. Doing so is invaluable for gaining insight.
However, it is also necessary to develop quantitative statistical diagnostics that average over a large number of
subcolumns, such as might be produced by a global model. We wish to use such diagnostics not merely to
ascertain, yes or no, whether the subcolumn profiles resemble observed profiles — we also wish to diagnose the
detailed nature of the errors in the subcolumn sampling algorithm and the PDF from which it samples so that we
may improve them. For instance, we want the diagnostics to shed light on questions like: Do the generated profiles
drift too much or too little with height (i.e., does the value at the top of the profile differ too much or too little from
the value at the surface)? What is the size of the structures in the generated profiles? Do the generated profiles
contain too many large, sharp jumps? Are the jumps of the right sign?

4.1. Two‐Point PDF

A fundamental quantity describing vertical overlap is the joint two‐point PDF of w(z) and w(z + Δz), namely
P(w(z),w(z + Δz)). It can be visualized by a scatterplot (Ovchinnikov et al., 2016) in which each scatterpoint is a
sample from the joint two‐point PDF. For lidar, the shape of the joint PDF of w looks quasi‐normal, with little
evident skewness or bimodality (Figure 4).

For SILHS, P(w(z),w(z + Δz)) looks quite different. It exhibits a clump of points in the fourth (lower‐right)
quadrant of its scatterplot, as shown in Figure 4 (compare with, e.g., Figure 6 from Ovchinnikov et al. (2016),
which shows no such clump). This clump consists of those points that jump from updraft to downdraft as the
altitude goes from 400 to 650 m above the surface.

4.2. Two‐Point Correlation

Although the bimodal scatterplots inform us about details of the vertical structure, they do not provide a summary
overview because the PDF P(w(z),w(z + Δz)) is an entire function of w(z) and w(z + Δz), rather than a single
number. A consequence is that each scatterplot displays only a single selected PDF of two specific altitudes. In
other words, a scatterplot provides only anecdotal evidence. But sometimes we wish to obtain a broader overview
by plotting a diagnostic that can be averaged.

One diagnostic that has been used for evaluation in the literature is the two‐point correlation (Pincus et al., 2005).
It measures the correlation among the scatter points. It thereby reduces the information contained in the scatter of

Figure 3. Left panel: Instantaneous extended cloud liquid water χ for a selection of Subgrid Importance Latin Hypercube
Sampler (SILHS) subcolumns for 2017‐06‐27 (other dates are comparable). (Extended cloud liquid water is equal to cloud
water rc for χ > 0 but is negative in subsaturated air, as is the case for this below‐cloud layer.) The profiles are taken from the
first minute of the fifth hour (1700 UTC, 12:00 p.m. local time). The sharp jumps or “cliffs” shown in w profiles are not present
in χ, because the marginal PDF of χ is not as bimodal as that of w. Center panel: Histograms of SILHS extended cloud liquid
water χ at approximately 400 m (blue) and 650 m (red) above the surface from the 300 time steps from 1700 to 2200 UTC (12:00
p.m.–5:00 p.m. local time). The χ variable is less bimodal than the vertical velocity shown in Figure 2. We note that χ peaks at
the low end. Right panel: Vertical profiles of CLUBB's mixture fraction for eight dates in 2017 and 2018. The profiles are
averaged over 1700–2200 UTC (12:00–5:00 p.m. local time). Because mixture fraction decreases with increasing altitude, the
likelihood of a cliff from a positive to a negative value in the SILHS vertical velocity w is larger than from negative to positive
(see Figure 1). (Mixture fraction is a property of the PDF and is the same for χ and w.) This helps to explain why there are more
outlying points below the slope‐1 line than above it in Figure 4.
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points down to a single scalar, namely, a correlation coefficient. (The two‐point correlation is likely to differ, of
course, between different species, such as total water mixing ratio, rain water, etc. We do not expect to find a
universal correlation structure among different cloud and precipitation properties.)

In this manuscript, we define the vertical two‐point correlation of w, R(Δz), as (Tennekes & Lumley, 1972)

R(Δz) ≡
w(z)′w(z + Δz)′
̅̅̅̅̅̅̅̅̅̅̅̅

w(z)′2
√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

w(z + Δz)′2
√ . (4)

Here an overbar () denotes an ensemble average over subcolumns, and a prime ()′ denotes the deviation from the
ensemble average. We define Δz to be positive semi‐definite. For simplicity, we write R = R(Δz), even though in
inhomogeneous flows, R depends on height above the ground: R = R(z, Δz). The correlation R is a single number
that summarizes an aspect of information about the function P(w(z),w(z + Δz)). It is positive for an ensemble of
vertically coherent profiles and negative for an ensemble of profiles that switch sign or “trade places” with height.
A set of straight vertical profiles, with each profile being constant with height, would have a two‐point correlation
of 1 for all Δz. A set of piecewise constant profiles, with half the profiles having a positive jump and half with an
equal but negative jump between z and z + Δz, would have a two‐point correlation of − 1.

Equation 4 is an example of the so‐called “Pearson” or linear correlation (Stull, 1988). A slightly different metric
is the two‐point rank correlation (Ovchinnikov et al., 2019; Pincus et al., 2005), which measures the correlation
between the percentiles of the distributions at two altitudes, rather than between the values (Press et al., 2007).
Because subcolumn schemes often start by drawing random numbers from a uniform distribution, it is often easier
to specify their rank correlation than their Pearson correlation. Because of this calculational convenience, this
paper will work with rank correlation. However, as we shall see below (Figure 5), the rank correlation has only
modestly smaller values than the Pearson correlation in our cloud cases.

Figure 4. Doppler lidar vertical velocity w at 650 m versus Doppler lidar vertical velocity at 400 m (black) and Subgrid Importance Latin Hypercube Sampler (SILHS)
vertical velocity w (with VDC = 30) at 650 m versus SILHS vertical velocity at 400 m (blue) for 300 time steps from 1700 to 2200 UTC (12:00 p.m.–5:00 p.m. local
time) for the eight dates in 2017 and 2018. Heights are above the surface. For the lidar (black), these points are obtained from the lidar data, filtered so that there is only one
data point near the start of every minute. The SILHS values (blue) are output every minute by the model setup. The outlying points in the SILHS data are due to occasional
cliffs in the SILHS vertical velocity profiles (see Figure 1). The black dashed line represents a slope of 1.
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The two‐point correlation can tell us if an overlap assumption works well at all separation distances Δz. This is
useful for determining why an overlap assumption performs poorly, if indeed it does so. The insight so acquired
can help, for example, guide the formulation of a new overlap assumption.

Figure 5 compares two‐point correlations (Equation 4) between w(z) and w(z + Δz) as a function of Δz between
Doppler lidar, LES‐UWM, and SILHS subcolumns for our eight cloud cases. The initial height z = 550 m, with
the exact values of Δz depending on the data set but increasing in increments of approximately 30 m which is the
vertical resolution of our models and observations in the region of interest. Figure 5 tells us, for instance, that the
LES overestimates the lidar's R(Δz) at small Δz. This is a manifestation of the excessive smoothness of the LES
profiles, which is evident in Figure 1. The two‐point correlation also indicates that SILHS subcolumns are
excessively correlated at large Δz. The overestimate of correlation may be surprising, given the presence of cliffs
in the SILHS subcolumns, but inspection of the SILHS subcolumns in Figure 1 indeed suggests that, at least in
these examples, SILHS subcolumns often have similar values at 200 and 900 m. That is, the SILHS subcolumns
do not “drift” with height as much as the lidar profiles do. This is confirmed by inspection of the two‐point
scatterplot (Figure 4).

4.3. Vertical Decorrelation Length

An even more compact diagnostic is the vertical decorrelation length. To calculate a correlation length, one can
integrate over the two‐point correlation (Tennekes & Lumley, 1972):

Ldecorr =∫

Δz=∞

Δz=0
R(Δz) d(Δz), (5)

where R(Δz) is defined by Equation 4. The decorrelation length Ldecorr is more compact than R(Δz) because Ldecorr
integrates out the dependence on Δz. (However, an implicit dependence on z remains.) The decorrelation length,

Figure 5. The Pearson (P) and rank (R) two‐point correlations of w(z) and w(z + Δz), R(Δz), defined in Equation 4. R(Δz) is plotted as a function of Δz for Doppler lidar
(black), a single LES‐UWM column (red), and Subgrid Importance Latin Hypercube Sampler (SILHS) subcolumn data (blue) with VDC = 10 or 30 for eight dates in
2017 and 2018. The time period used for finding the rank correlation is from 1700 to 2200 UTC (12:00–5:00 p.m. local time) in each case. For each date, the SILHS
subcolumn correlations are calculated by first concatenating the relevant time period from 100 subcolumns from the same experiment, and then taking the correlations
over the concatenated data. In other words, for the SILHS data, we effectively take the statistics over 100 5‐hr samples rather than one 5‐hr sample. The single LES‐
UWM column (red) is a column near the center of the domain. Despite the cliffs in the SILHS profiles, they are too strongly correlated at long distances.
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and the related auto‐correlation time scale, have a long history within turbulence research (e.g., Kaimal, 1973). In
typical cases, the vertical decorrelation length is positive, and then it gives an overall estimate of the distance over
which a field is coherent. It is useful for comparing the vertical coherence in different flows.

An alternative way to estimate vertical decorrelation length from a data set is to assume that the vertical corre-
lation decays exponentially with increasing distance between layers (Hogan & Illingworth, 2000; Ovchinnikov
et al., 2016, 2019; Pincus et al., 2005):

R(Δz) = exp(− Δz/Lefold). (6)

Then the best‐fit e‐folding length, Lefold, is fitted to the observational data by, for instance, least squares fitting
(Pincus et al., 2005).

This is a practical and effective means to evaluate overlap assumptions. However, there is no guarantee that
nature's true overlap function is always positive or that it decays exponentially. One sign of non‐exponential
decay is that the optimal value of Lefold sometimes varies with the value of Δz (Ovchinnikov et al., 2019; Pin-
cus et al., 2005). Indeed, Neggers et al. (2011) suggest that vertical correlation falls off not as an exponential but
rather as an inverse linear function of Δz.

Estimating the e‐folding length for a particular separation length Δz can lead to unrealistic overestimates of the
size of structures (Ovchinnikov et al., 2019; Pincus et al., 2005). Such an overestimate can occur if a field is
unusually well correlated over a small separation distance, Δz, but is poorly correlated for longer Δz. The degree
of overestimation is, in principle, unbounded.

Unlike the e‐folding length, Ldecorr is non‐parametric. Calculating it does not require an assumption that the
correlation falls off exponentially, or any other assumption about the functional dependence of vertical corre-
lation. In addition, Ldecorr is the integral (5) over multiple separation distances, Δz, and hence measures the overall
correlation, rather than the correlation for any particular Δz.

By construction, Ldecorr is guaranteed to be less than or equal to the greatest point separation distance, Δz,
examined. (It is equal to the greatest Δz if and only if the correlation is one for all values of Δz.). Therefore,
although Ldecorr may underestimate the correlation length, it also avoids gross overestimates. Consider, for
instance, the idealized example of perfectly correlated plumes that span the depth of the boundary layer, zi, and
terminate at the top of the boundary layer. In this example, Ldecorr = zi, which is a good estimate of coherent‐
structure size, but Lefold = ∞. (However, Ldecorr’s underestimate may be severe in the case that the upper limit
value of Δz in integral (5) is much less that the distance over which correlation exists. In that case, the upper limit
of the integral (5) ought to be extended to a greater value of Δz.)

Figure 6 shows that SILHS overestimates Ldecorr as compared to the lidar estimate. This is because SILHS exhibits
excessive correlation at longer values of Δz (Figure 5). The integral scale Ldecorr may prove to be useful in
estimating the size of eddies in layers of different depths or static stability. It could be calculated in each grid
column of a global model and used to create a planform map of coherence length.

4.4. PDF of the Jumps, Δw

Section 4.2 notes that the (“two‐point”) correlation of the 2D PDF, P(w(z),w(z + Δz)), is a popular and useful
statistic. However, we desire additional information in order to characterize the tails of the 2D PDF. Unfortu-
nately, higher moments of the 2D PDF are cumbersome and unilluminating. Therefore, we simplify this 2D PDF
to a 1D PDF, P(Δw), that focuses on the jumps, Δw ≡ [w(z) − w(z + Δz)]/

̅̅̅
2

√
(Ovchinnikov et al., 2016). (Here

Δw is a function of z and z + Δz, that is, Δw = Δw(z,z + Δz)). Moving from a 2D PDF to a 1D PDF offers
another useful compression of information. For instance, it facilitates overplotting of different P(Δw) from
different Δz (Figure 7 of Ovchinnikov et al., 2016). But, more importantly, it serves as the foundation of new
metrics. Below we will explore new metrics based on skewness and kurtosis of Δw.

The difference Δw is the distance from a scatterpoint on the bivariate scatterplot of w(z) and w(z + Δz) to the
nearest point on the one‐one line. (The one‐one line is the line along whichw(z) = w(z + Δz)). We can see this by
inspecting Figure 7. Because the one‐one line has slope one, the vertical and horizontal distances to that line from
any scatterpoint are equal, hence we can form an isosceles right triangle from any given scatterpoint and the one‐
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one line. Each leg of this right triangle has a length of
̅̅̅
2

√
Δw = |w(z) − w(z + Δz)|. Taking half the hypotenuse of

that right triangle, we can form a smaller right triangle, one of whose legs is the normal from the one‐one line to
the scatterpoint. We see that this normal has length Δw.

We see that P(Δw) discards information about the distribution along the one‐one line (e.g., whether each of the
velocities in a highly correlated velocity pair tend to be updrafts or downdrafts). Instead, it focuses on information
about the distribution perpendicular to the one‐one line (e.g., whether or not the velocities in a velocity pair tend to

have similar values). Large‐magnitude values of Δw indicate large jumps in w
from z to z + Δz, that is, “cliffs”. For instance, the SILHS simulation exhibits
a mode of large, positive values of Δw (Figure 8). This mode corresponds to
sharp jumps in velocity from updraft to downdraft.

One may interpret P(Δw) as the marginal PDF of a coordinated‐transformed
version of P(w(z),w(z + Δz)). Namely, if we change coordinates as follows:

Δw ≡
1
̅̅̅
2

√ (w(z) − w(z + Δz))

w̃ ≡
1
̅̅̅
2

√ (w(z) + w(z + Δz)),
(7)

then P(w(z), w(z + Δz)) is transformed to P(Δw, w̃) . Then, integrating over
all w̃ yields the marginal P(Δw).

4.5. Kurtosis and Skewness of Δw

Once we have reduced the 2D PDF P(w(z),w(z + Δz)) to a 1D PDF P(Δw)
that focuses on the quantity of greatest interest to us, Δw, the door is opened to
the development of novel diagnostics that characterize the profiles in greater
detail.

Figure 6. Values of the integral over the rank correlation Ldecorr = ∫R d(Δz), in meters, for lidar (black), LES‐UWM (red),
and Subgrid Importance Latin Hypercube Sampler (blue). The larger Cloud Layers Unified By Binormals values reflect its
larger rank correlations at greater Δz, as compared to LES‐UWM and lidar, as shown in Figure 5.

Figure 7. Illustration of the derivation of Δw. If the solid, bold line has slope
one, any given point will have a normal from the slope‐one line of
length Δw.
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The PDF P(Δw) can be characterized by normalized moments, namely kurtosis and skewness. Doing so offers a
further useful compression of information. It replaces a function, P(Δw), with a single number (either kurtosis or
skewness). We can calculate the kurtosis and skewness using the usual formulations. Let (Δw)′ ≡ Δw − Δw,
where an overline denotes a time average. Then the kurtosis is

Kurt(Δz) =
(Δw)′4

((Δw)′2)
2 . (8)

The kurtosis has values of 1 or greater. Large values indicate, equivalently, a spiky profile, many outliers in the
scatterplot, or long tails on the PDF. Values greater than three indicate a PDF that is more sharply peaked at the
center and has longer tails than a normal distribution. Kurt has a dependence on Δz and z because Δw does so. We
can integrate over the dependence on Δz in order to estimate kurtosis in a grid column:

IKurt =∫

Δz=∞

Δz=0
Kurt(Δz) d(Δz). (9)

The integral IKurt could, in principle, be calculated in a global simulation and used to make a planform map.

The skewness of Δw is

Sk(Δz) =
(Δw)′3

((Δw)′2)
3/2 . (10)

Positive skewness indicates that the PDF has a long tail on the right, which corresponds to more jumps from large
w(z) to smallerw(z + Δz) than jumps from smallw(z) to largerw(z + Δz). We can also integrate over skewness to
estimate an overall grid‐column value:

Figure 8. Histograms of Δw from the Subgrid Importance Latin Hypercube Sampler (SILHS) runs with VDC = 10 for the eight dates from 2017 to 2018. An outlying
mode of large, positive values of Δw shows up clearly in the distributions. This mode corresponds to sharp jumps from positive to negative velocities. The PDF helps to
understand the kurtosis and skewness of Δw for the SILHS experiments (Figures 9 and 10).
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ISk =∫
Δz=∞

Δz=0
Sk(Δz) d(Δz). (11)

In summary, kurtosis indicates the presence of a small number of large jumps in the profile, whereas skewness tell
us about the direction to the left or right of those jumps. For example, consider the following two simple dis-
tributions. If there is perfect correlation in the vertical, then P(Δw) is a Dirac delta function, and (Δw)′2 = 0. That
is a singular case in which Sk = 0/0 and Kurt = 0/0. As a second simple example, if the underlying bivariate
distribution, P(w(z),w(z + Δz)), is a bivariate standard normal distribution with zero correlation between w(z)
and w(z + Δz), then P(Δw) is a univariate standard normal distribution. Hence, the moments of the difference
PDF, P(Δw), are Sk = 0 and Kurt = 3.

Although skewness and kurtosis are widely used statistics, what is new and useful here is the application of these
statistics to a PDF that has undergone the coordinate transformation (7). This transformation yields a 1D PDF of
the quantity that is of most interest to us, Δw. In contrast, the skewness and kurtosis of simple marginals of
P(w(z),w(z + Δz)) would not yield interesting results.

The kurtosis and skewness are useful summary statistics that are able to detect flaws in the SILHS profiles that we
know are present from visual inspection of those profiles. For shorter values of Δz, SILHS’ kurtosis is larger than
the lidar's kurtosis (Figure 9), which indicates that SILHS profiles contain larger jumps than the lidar, as is
apparent in our example subcolumn profiles (Figure 1). Figure 9 shows that SILHS’ kurtosis is larger for small Δz
(<200m) than for large Δz. For small Δz,w(z) andw(z + Δz) usually have similar values, but occasionally exhibit
a large jump in value. For large Δz, there is a higher likelihood of a jump between z and Δz, and because jumps are
less rare, the kurtosis is smaller. Figure 9 shows that a vertical integral of kurtosis, IKurt (9), would easily
distinguish SILHS from the lidar or LES. Furthermore, this integral could be shown conveniently on a map of
global‐model output. (However, we have not plotted the vertical integral in this paper).

Figure 9. The kurtosis of Δw (8) over a range of Δz for lidar (black), LES‐UWM (red), and 100 concatenated Subgrid Importance Latin Hypercube Sampler (SILHS)
subcolumns using VDC = 10 (solid blue with dark blue shading) and VDC = 30 (dashed blue with light blue shading) for each of the eight dates. The SILHS
subcolumns are concatenated only over the selected five‐hour window from 1700 to 2200 UTC (12:00 p.m.–5:00 p.m. local time). The shaded regions give the 95%
confidence intervals based on bootstrap statistical analysis. The smaller skewness of the VDC = 30 experiments reflects the generally greater scatter of the vertical velocity
data points for those experiments (see Figure 4). The vertical axes are cut off at a value of 45 so that the smaller bands are more visible and for easier comparison between
plots.
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SILHS’ skewness is positive (Figure 10), indicating that the jumps in Δw tend to be positive (i.e., from a higher
value atw(z) to a lower value atw(z + Δz)) rather than negative (Figure 1). This is also apparent in the subcolumn
profiles. While not plotted in this paper, the integral ISk (11) would easily distinguish SILHS from lidar and LES,
since it would just give the area under the respective curves in Figure 10.

4.6. Hypothesis Testing With Bootstrap Statistical Methods

We now use a standard statistical procedure in order to determine whether a sample of subcolumns is acceptably
close to the lidar observations. Specifically, we ask how likely it is that an observed value of skewness of Δw
could have been generated by the SILHS model. Our (two‐sided) null hypothesis H0 is that the skewness of the
observation (lidar) equals the skewness of the model (SILHS). To avoid the inconvenience and cost of directly
generating large numbers of SILHS profiles, we use a bootstrap resampling method (Efron & Tibshirani, 1994).
We inquire about a significance level of 0.1 (values that lie between 0.05 and 0.95). We proceed as follows for
each cloud case, time period, and Δz:

1. Use SILHS to generate a set of subcolumns for a given cloud case and time period.
2. For each subcolumn and value of Δz, we calculate the value of Δw, the velocity jump. Then we use all
subcolumns in the generated set in order to give us a single modeled distribution of Δw, P(Δw), for a particular
cloud case, time period, and Δz.

3. Create 1,000 new distributions of Δw by resampling the modeled distribution from step 2. To do so, we select
randomly from the modeled distribution 1,000 times, with replacement.

4. Calculate the skewness of each of the 1,000 resampled distributions of Δw.
5. Order these 1,000 skewness values from low to high.
6. Find the first entry that matches the observed (lidar) skewness for that Δz. For example, if the entry that
matches the observed skewness is the 35th entry, then since 35/1,000 is outside the threshold values of 0.05
and 0.95, the null hypothesis is rejected (i.e., we conclude that the model is unlikely to have generated the

Figure 10. The skewness of Δw (10) over a range of Δz for lidar (black), LES‐UWM (red), and 100 concatenated Subgrid Importance Latin Hypercube Sampler (SILHS)
subcolumns using VDC = 10 (solid blue with dark blue shading) and VDC = 30 (dashed blue with light blue shading) for each of the eight dates. The SILHS
subcolumns are concatenated only over the selected five‐hour window from 1700 to 2200 UTC (12:00 p.m.–5:00 p.m. local time). The shaded regions give the 95%
confidence intervals based on bootstrap statistical analysis. We believe the somewhat sudden appearance of smaller values of skewness in SILHS at small Δz values reflects
the greater variability of SILHS at small distances (which sometimes include jumps). The smaller skewness of the VDC = 30 experiments reflects the generally greater
scatter of the vertical velocity data points for those experiments (i.e., compared to the SILHS data points in Figure 4).
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observations). In this example, our p‐value is taken as p = 2 × 35/1000 = 0.07. If instead, the 965th entry
matches the observed skewness, then once again, we have p = 0.07. If no entry matches the observed
skewness, then p< 0.001. On the contrary, if the entry that matches the observed skewness is the 186th entry,
then because 186/1,000 lies between the threshold values, the null hypothesis cannot be rejected (i.e., the
model could have generated the observations).

Table 1 gives p‐values for all eight LASSO dates and for all Δz values. For default SILHS, in most cases the p‐
values are below the threshold value of 0.05, meaning that the observed profiles are unlikely to have been drawn
from a realization of the model. Exceptions tend to be for smaller values of Δzwhere there is usually wider spread
in the skewness values (compare Figure 10). The table also contains p‐values for SILHS‐CDF (see next section),
which are typically greater than 0.1, which is consistent with the null hypothesis that the observed profiles could
have been drawn from the model.

Table 1
A Selection of p‐Values for Default Subgrid Importance Latin Hypercube Sampler and SILHS‐CDF, for Lidar Versus Model
Skewness and Lidar Versus Model Kurtosis, Calculated From the Data for Figures 9 and 10 and the Corresponding Data for
SILHS‐CDF (See Figure 12)

Date Approx. Δz (m)

p‐values

Skewness Kurtosis

SILHS SILHS‐CDF SILHS SILHS‐CDF

2017‐06‐27 60 0.062 0.166 0.032 0.734

120 0.004 0.782 0.002 0.906

180 <0.001 0.478 <0.001 0.394

250 <0.001 0.698 <0.001 0.804

310 <0.001 0.456 0.014 0.294

370 <0.001 0.164 0.13 0.182

430 <0.001 0.126 0.344 0.026

490 <0.001 0.8 0.914 0.01

550 <0.001 0.214 0.578 0.008

610 <0.001 0.236 0.34 0.02

670 <0.001 0.304 0.048 0.002

730 <0.001 0.568 0.002 0.002

2018‐09‐11 60 <0.001 0.13 <0.001 0.144

120 <0.001 0.402 <0.001 0.064

180 <0.001 0.114 0.012 0.054

250 <0.001 0.058 0.2 0.01

310 <0.001 0.318 0.908 0.01

370 <0.001 0.256 0.944 0.046

430 <0.001 0.014 0.84 0.178

490 0.012 0.004 0.63 0.124

550 0.042 0.006 0.152 0.002

610 0.006 0.358 0.002 0.002

670 <0.001 0.234 0.002 0.002

730 <0.001 0.292 0.002 0.002

Note. Here we show the same dates as Figure 12; the remaining dates show similar patterns. For default SILHS, the null
hypothesis can be rejected (i.e., p< 0.005) for most dates and Δz on the basis of skewness, that is, the model could not have
produced the observed skewness. The model does fare better with kurtosis as is clear from Figure 9. For SILHS‐CDF, on the
other hand, the null hypothesis cannot be rejected in most cases, that is, p> 0.005 and the model could have produced the
observations.
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5. A Revised Sampling Method That Reduces the Number of Sharp Jumps in
Subcolumns
In the default SILHS method, the jumps in the subcolumn profiles between adjacent grid levels occur when the
value of U and the value of the mixture fraction, ξ, cross each other (see discussion following Equation 1). Then
the sample point switches discontinuously from one PDF component to the other. In our case, it jumps from
updraft to downdraft. Then even a small change in U or ξ may lead to a large change in sample‐point value.

To avoid these discontinuous jumps, we now use the inverse cumulative distribution function (CDF) method
(Johnson, 1987, p. 19). In this method, a uniformly distributed sample value U is transformed to a value
distributed according to a normal mixture, W, by inverting the normal‐mixture CDF, F1+2:

W = F− 11+2(U). (12)

With the inverse CDF method, if two uniformly distributed sample points U lie close to each other, then the
profile pointsW will also lie close to each other. This is because a normal mixture with non‐zero variances in each
normal component leads to a continuous F1+2.

5.1. Problem Definition

The inverse CDF method transforms a uniformly distributed sampleU to a sampleW that is distributed according
to a user‐chosen CDF. In our case, this CDF is a CDF of a normal mixture of vertical velocity, W:

F1+2(W) ≡ ξF1(W) + (1 − ξ)F2(W). (13)

Here, the parameter ξ is the mixture fraction, with 0< ξ< 1; F1 is defined to be the CDF of the normal component
with the larger value of w at percentile u; F2 is defined to be the CDF of the normal component with the smaller
value of w at u; and F1+2 is the CDF of the normal mixture (see Figure 11 for a schematic illustration). We assume
that F1+2, F1, and F2 increase strictly monotonically and continuously with w. For example, we assume that neither
of the normal components is a Dirac delta function.

Figure 11. A visual representation of the inverse cumulative distribution function (CDF) method. CLUBB's double Gaussian
PDF (blue) with mixture fraction ξ = 0.4 has a corresponding CDF given by the red line. CDFs for the individual Gaussian
components are given by ξF1 (orange) and (1 − ξ)F2 (green). The black arrows demonstrate how, by sampling a uniformly
distributed random value, u, between zero and one (i.e., taking a value from the vertical axis), we can map back to a vertical
velocity value, w (on the horizontal axis), via the CDF. In this case, a sampled value of u ∼ 0.9 would map to a vertical velocity
of w ≈ +2.25 m/s.
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The inverse CDF method starts by drawing a randomly generated sample point, U, from a uniform distribution
between (0,1). The value u represents the normalized percentile of the sample point within the distribution. We
want to transform u to our normal‐mixture CDF. That is, we want to find a value of W, w, such that

u = F1+2(w). (14)

In principle, w could be found by a direct numerical inversion of the function F1+2,

w = F− 11+2(u). (15)

One possible inversion method is a direct inversion by a series expansion. However, although relatively fast series
expansions exist in order to calculate the inverse CDF of a single normal distribution, we are not aware of the
existence of an available library for a normal mixture. Although developing such an expansion might be the best
approach for production code, this paper merely aims to illustrate the point that better sampling can avoid artificial
jumps in vertical profiles, and hence we content ourselves with an expedient approximate method based on simple
bounds. Namely, our procedure involves calculating lower and upper bounds for w and then linearly interpolating
between those bounds to approximate w. Because these bounds may prove to be useful in other tasks, we
document them here.

5.2. Lower and Upper Bounds Based on F1 and F2 Directly

Now let us introduce general, direct bounds on w. We define a special value of W, wmin2, such that

u ≡ F2 (wmin2). (16)

Here wmin2 is the value of w at which the “leftward” (smaller) CDF, F2, equals u. The subscript includes “min”
because wmin2 turns out to be a lower bound on w. The “2” in the subscript refers to the second component, F2.
Next we define a different value of w, wmax1, such that

u ≡ F1 (wmax1). (17)

Herewmax1 is the value ofw at which the “rightward” CDF, F1, equals u.wmax1 turns out to be an upper bound onw.
With these two definitions, we can define which mixture component is shifted to larger values of W, namely F1,
more precisely. We define

wmax1 >wmin2, (18)

which, upon consulting 16 and 17, determines which mixture component is F1 and which is F2.

Now, let us show that wmin2 is a lower bound on w. We substitute w = wmin2 into the definition of F1+2 (13), and
then use the definition of wmin2 (16). We find, with simple algebraic rearrangement, that

F1+2 (wmin2) = ξF1 (wmin2) + (1 − ξ)u

= u − ξ(u − F1 (wmin2))

<u.

(19)

The inequality follows from the fact that F1 (wmin2)< u, which in turn follows from 17, 18, and the fact that F1
increases monotonically. Since F1+2 (wmin2)< u, and F1+2 is assumed to increase monotonically, we conclude that
wmin2 <w. This is our first lower bound.

An upper bound is found by substitutingw = wmax1 into the definition of F1+2 (13), and then using the definition of
wmax1 (17). We find
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F1+2 (wmax1) = ξu + (1 − ξ)F2 (wmax1)

= ξu + (1 − ξ)u + (1 − ξ)(F2 (wmax1) − u)

= u + (1 − ξ)(F2 (wmax1) − u)

>u.

(20)

The inequality follows from the fact that F2 (wmax1)> u, which in turn follows from 16, 18, and the monotonicity of
F2. Because F1+2 (wmax1)> u, and F1+2 is assumed to increase monotonically, we have wmax1 >w.

5.3. A Second Upper Bound, Useful When u ≪ (1 − ξ)

Following the general approach outlined above, we can find other bounds. For instance, in the special case that
u< (1 − ξ), then we can define another value of w, wmax2, by the expression

u ≡ (1 − ξ)F2 (wmax2). (21)

To obtain this expression, we have taken our expression for u (14), substituted in the definition of F1+2 (13), and
effectively replaced F1(w) with a lower bound of 0. Replacing F1(w) with 0 is accurate when u≪ 1 − ξ and F2 is
shifted far to the left of F1. In this case, F1(w) does not contribute much to F1+2(w), compared to F2(w), and hence a
lower bound of zero for F1(w) is tight. Substituting w = wmax2 into (13) and using (21), we find

F1+2 (wmax2) = ξF1 (wmax2) + u

>u.
(22)

Hence wmax2 is another upper bound on w: wmax2 >w.

Which upper bound is tighter, wmax1 or wmax2? Comparing 20 and 22, we see that wmax2 is a tighter bound (i.e.,
wmax2 <wmax1) if ξF1 (wmax2)< (1 − ξ)(F2 (wmax1) − u) . Substituting in the definition u = F1 (wmax1) (17), we find

ξ
(1 − ξ)

F1 (wmax2)< (F2 (wmax1) − F1 (wmax1)). (23)

Otherwise, if (23) does not hold, then wmax1 is a tighter bound. Inspecting (23), we see that wmax2 tends to be a
tighter bound if (a) ξ≪ (1 + ξ), so that the left‐hand side of (23) is small, (b) u≪ (1 − ξ) so that F2 (wmax2)≪ 1 by
(21), and (c) F1 is shifted far to the right of F2, so that F1 (wmax1)≪F2 (wmax1) and the right‐hand side of (23) is
large.

5.4. A Second Lower Bound That Is Useful if u ≫ (1 − ξ)

If u> (1 − ξ), then we may define another lower bound by

u ≡ (1 − ξ) + ξF1 (wmin1). (24)

This is obtained by combining 13 and 14, substituting in w = wmin1, and then replacing F2 (wmin1) with its upper
bound, 1. The approximation F2 (wmin1) ≈ 1 is accurate if u≫ (1 − ξ), and F2 is far to the left of F1, so that
F2 (wmin1) is near its maximum.

To show that wmin1 is a lower bound on w, we evaluate F1+2 (13) at wmin1, and then substitute in the definition of
wmin1 (24):

F1+2 (wmin1) = u − (1 − ξ) + (1 − ξ)F2 (wmin1)

= u − (1 − ξ)(1 − F2 (wmin1))

<u.

(25)

By monotonicity of F1+2, wmin1 <w.
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From (25) and (19), we see that wmin1 is a tighter bound than wmin2 (i.e., wmin1 >wmin2) if
(1 − ξ)(1 − F2 (wmin1))< ξ(u − F1 (wmin2)) . Substituting in (16) for u, we find

(1 − ξ)
ξ

(1 − F2 (wmin1))< (F2 (wmin2) − F1 (wmin2)). (26)

This inequality indicates that wmin1 is a tighter bound (i.e., larger thanwmin2) if (a) (1 − ξ)≪ ξ, so that the left‐hand
side of (26) is small, (b) (1 − u)≪ ξ so that (1 − F1 (wmin1))≪ 1 by (24), and (c) F1 is shifted far to the right of F2,
so that the right‐hand side of (26) is large.

5.5. Estimating w by Linear Interpolation

Suppose we have found an upper bound,wmax = min(wmax1,wmax2) , and a lower bound,wmin = max(wmin1,wmin2) ,
and we wish to use these to estimate the solution, w, where u = F1+2(w). An expedient way is to do so is linear
interpolation. That is, we assume that

u − F1+2 (wmin)

w − wmin
=

F1+2 (wmax) − F1+2 (wmin)

wmax − wmin
(27)

Solving for the unknown, w, we find

w = wmin +
u − F1+2 (wmin)

F1+2 (wmax) − F1+2 (wmin)
(wmax − wmin) (28)

If higher accuracy is desired, one may iterate. That is, one may treat the value of w obtained as a trial solution,
w ≡ wtrial. One may use wtrial to replace wmin if u>F1+2 (wtrial) or wmax if u<F1+2 (wtrial) . Then a refined value of
w may be obtained by another linear interpolation using (28).

5.6. Revised Sampling Procedure

In practice, we implement a pragmatic, approximate, and somewhat empirical procedure:

1. Compute the direct mininum wmin2 (16) and direct maximum wmax1 (17).
2. If u> (1 − 0.9ξ) and ξ> 0.2, then replace wmin2 with wmin1 (24).
3. If u< 0.9(1 − ξ) and ξ< 0.8, then replace wmax1 with wmax2 (21).
4. Find wtrial by linear interpolation (28).
5. Iterate twice in order to find a final approximation of w.

The number of calculations of special functions in this procedure may be reckoned as follows. Computing the
direct minimum and maximum requires two inversions of a single‐normal CDF. If the extrema are replaced,
another two single‐normal CDF inversions are required. Linear interpolating requires the forward calculation of
F1+2 (wmin) and F1+2 (wmax) , each of which, for a normal PDF mixture, involves calculating two error functions.
Each iteration requires the calculation of two forward CDFs, but no inversions.

To check the accuracy of the obtained estimate of w, west, we may check whether u ≈ F1+2 (west) .

5.7. Profiles Produced by the Inverse CDF Method

We have implemented the inverse CDF method in SILHS and have found that it improves the realism of the
profiles, according to our metrics. The improvement can be seen if one compares earlier figures, which use the
default SILHS sampling, with Figure 12, which uses inverse CDF sampling. The cliffs in profiles that were
prominent earlier (Figure 1) have been mitigated. Consequently, the earlier excessive kurtosis (Figure 9) and
skewness (Figure 10) of the jumps at small Δz has been improved. The earlier lack of drift, which manifests itself
as excessively strong correlations over large vertical distances (Figure 5), is reduced. We conjecture that the latter
improvement arises because the sample points in a profile are now less likely to get trapped in a single mixture
component. Finally, Table 1 indicates that the skewnesses of Δw are more consistent with the observations.
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The inverse CDF method avoids excessive spurious jumps in the profiles, but we note the caveat that the inverse
CDF method is also more complicated and computationally expensive than the default SILHS method.

5.8. Future Work on Inverse CDF Sampling

It would be useful to extend SILHS’ inverse CDF code to work on multivariate distributions. For this, one could
use, for instance, the conditional distributional approach that is described in Johnson (1987, p. 43).

6. Conclusions
We have used upward‐staring Doppler lidar to evaluate profiles of vertical velocity w(z) generated by the SILHS
subcolumn generator and modeled by a single grid column selected from a LES. The lidar profiles are observed
during selected episodes of shallow cumulus convection over the ARM site in Oklahoma.

Qualitative inspection of sample profiles and scatterplots reveals differences in the shape of the w profiles
generated by in the LES, and SILHS profiles when compared to the lidar. The operational LES produces realistic
profiles of w(z) that are similar in shape to the lidar, but nonetheless, the profiles are smoother at small scales
(Figure 1). Presumably this is partly because the vertical grid spacing of the LES is coarse (30 m) due to the
computational constraints of running operationally. In contrast, SILHS profiles exhibit spurious sharp jumps from
updrafts and downdrafts that are seen neither in the LES nor in the lidar observations (Figure 1).

Although these errors are easy to see in example profiles and the corresponding scatterplots, it is of practical use to
be able to detect such errors in averaged statistical diagnostics. We have experimented with several such di-
agnostics, and now we summarize the benefits of some of them.

We have explored two widely used diagnostics that are based on the joint PDF of w(z) and w(z + Δz):

1. The two‐point correlation, R(Δz) (Equation 4), is useful for assessing whether an ensemble of profiles has a
realistic degree of vertical correlation. The two‐point correlation, R(Δz), can be calculated for both small and

Figure 12. For each of the four columns in this figure, (a) represents the 2017‐06‐27 case and (b) the 2018‐09‐11 case. Panels 1a, 1b: Instantaneous profiles of vertical
velocity w for a selection of Subgrid Importance Latin Hypercube Sampler (SILHS) subcolumns from the SILHS‐CDF code (green), along with the Doppler lidar
(black) and LES‐UWM (red). For all panels in (a) and (b), VDC = 30. The SILHS profiles are taken from the first minute of the fifth hour (1700 UTC, 12:00 p.m. local
time). The w profiles generated by the inverse cumulative distribution function (CDF) sampling method no longer exhibit the unrealistic discontinuities or “cliffs.” Panels
(2a, 2b): Two‐point correlation, R(Δz), as in Figure 5, but with the CDF sampling method (green) included and VDC = 10 lines excluded. The inverse CDF sampling
method yields two‐point correlations that are much closer to the lidar's correlation than are the default‐sampling correlations. Panels (3a, 3b): Skewness of Δw (10), as in
Figure 10, but with the inverse CDF sampling method (green) replacing the default sampling method. Panels (4a, 4b): The kurtosis of Δw (8), as in Figure 9, but with the
inverse CDF sampling method (green) replacing the default sampling method. Both the skewness and kurtosis of Δw are better modeled by the inverse CDF method than
the default random‐component sampler.
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large separation distance, Δz. For our cumulus‐topped boundary layers, this diagnostic is able to detect the
excessive smoothness of LES at small scales (<200 m) and also the unrealistic lack of drift in SILHS profiles
that do not contain a jump (Figure 5).

2. The integral decorrelation length (Ldecorr, Equation 5) is an overall measure of the size of a correlated entity. It
is calculated by integrating the two‐point correlation over all relevant values of Δz. It is highly averaged, and
hence it does not isolate subtle features of the profiles. However, it is useful for comparing the size of features
from different cases, and it does pick up on the unrealistic lack of drift in SILHS’ profiles (Figure 6).

We have also explored two new metrics that are made possible by constructing the PDF, P(Δw), of velocity
differences, Δw ≡ [w(z) − w(z + Δz)]/

̅̅̅
2

√
:

1. The kurtosis of Δw (Kurt, Equation 8) is a normalized fourth‐order moment. As such, it is highly sensitive to
outliers, for example, jumps of either sign. It easily detects the occasional sharp jumps (“cliffs”) in SILHS
(Figure 9).

2. The skewness of Δw (Sk, Equation 10) is signed, and it reveals that the jumps in SILHS are jumps from
updrafts to downdrafts, and not the other way around (Figure 10).

Both the kurtosis and skewness are high‐order moments, and hence they require averaging over a large ensemble
of profiles in order to average out noise.

The aforementioned diagnostics are based on moments, which provide a fundamental overview. As such, we
believe that these diagnostics will have broad applicability, including to subcolumns with different error char-
acteristics than those of SILHS.

For those interested in evaluating generated subcolumns, we recommend calculating all the aforementioned
statistical diagnostics. The diagnostics are easy to calculate, and each provides a different perspective. Namely,
the two‐point correlation (R(Δz)) provides a lower‐order measure of vertical correlation, whereas Kurt and Sk
provide higher‐order information about the presence of occasional, large jumps. The vertical integrals of these
diagnostics, Ldecorr (Equation 5), IKurt (Equation 9), and ISk (Equation 11), could, in principle, be calculated in a
global model and used to create planform maps (not shown).

Using these diagnostics, we find that the spurious cliffs in the SILHS profiles occur when the mixture component
from which samples are drawn abruptly switches from one mixture component to the other. This leads to a
discontinuous change in generated w with height. The abrupt switching can be mitigated by use of the inverse
CDF sampling method (see Section 5 and Figure 12). With the inverse CDF method, w varies continuously with
sample value rather than undergoing discontinuous jumps.

In future work, it would be of interest to test the sensitivity to these diagnostics to (a) other subcolumn generators
that have other behaviors; (b) fields other than w; and (c) boundary layers other than those topped by shallow
cumulus. Testing the diagnostics on global simulation output would be interesting as well, but comparison with
observations would of course be difficult in that case, considering that ground‐based lidar are only available in a
few locations across the globe. Perhaps global simulations could make use of regional refinement and/or be
carefully targeted to specific regions for which relevant observations are available.
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