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Superluminal matter waves
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The Dirac equation has resided among the greatest successes of modern physics since its emergence as
the first quantum mechanical theory fully compatible with special relativity. This compatibility ensures that
the expectation value of the velocity is less than the vacuum speed of light. Here, we show that the Dirac
equation admits free-particle solutions where the peak amplitude of the wave function can travel at any velocity,
including those exceeding the vacuum speed of light, despite having a subluminal velocity expectation value. The
solutions are constructed by superposing basis functions with correlations in momentum space. These arbitrary
velocity wave functions feature a near-constant profile and may impact quantum mechanical processes that are
sensitive to the local value of the probability density as opposed to expectation values.
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I. INTRODUCTION

The discovery of the Dirac equation stands as a foun-
dational achievement of modern physics [1]. As the first
quantum mechanical theory fully compatible with special rel-
ativity, the Dirac equation resolved several inconsistencies
that beset the, otherwise widely successful, Schrédinger equa-
tion [2]. The equation and its solutions preserve many of the
quantum mechanical concepts developed within the context of
the Schrodinger equation, such as probability currents, expec-
tation values, and operators. Unlike the Schrodinger equation,
however, the Dirac equation was formulated from the out-
set to exhibit a Lorentz-covariant and Hamiltonian structure
consistent with special relativity. In doing so, the Dirac equa-
tion precluded unphysical phenomena fully allowed by the
Schrodinger equation, namely, expectation values for velocity
that exceed the vacuum speed of light.

At a fundamental level, the Dirac equation is a wave equa-
tion. Within first quantization, the solutions, or wave functions
Y, describe the quantum mechanical state of a charged lep-
ton, while their adjoint product v/ " provides the probability
density of finding the lepton within a particular region of
space-time or momentum-energy. In the absence of fields (and
vacuum nonlinearities), the simplest solution is a plane wave
modulating a constant spinor [3]. Physically occurring, local-
ized wave functions are typically formed by superposing these
solutions with amplitudes and phases that are uncorrelated
in space-time or momentum-energy. Superpositions featuring
correlations in space-time or momentum-energy allow for
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wave functions with more complex and potentially advanta-
geous structures.

Insight into the fundamental properties of matter and light
and the potential for applications has driven a growing interest
in structured solutions for quantum mechanical and electro-
magnetic waves, with ideas from one often being adapted
to the other [4-17]. One of the most iconic examples is the
concept of orbital angular momentum from quantum mechan-
ics being adapted to electromagnetism [5,6]. Within quantum
mechanics, this “wave-function engineering” has been applied
to the formation of self-accelerating solutions, which appear
to move under the influence of a potential in the absence of
any potential [12,15]; transverse shaping of electron wave
functions for added flexibility in scanning electron micro-
scopes [16]; and the formation of free-electron crystals for
enhancing x-ray radiation [17]. In each of these, the physical
processes of interest are sensitive to the local properties of the
wave function as opposed to expectation values.

Here, we introduce a structured free-particle solution to
the Dirac equation where the peak amplitude of the wave
function can travel at any velocity, including those exceeding
the vacuum speed of light, despite having a subluminal veloc-
ity expectation value (Fig. 1). Motivated by similar solutions
found in electromagnetism (e.g., space-time wave pack-
ets [18-20] and flying focus pulses [21-27]), the solutions
feature a near-constant profile and are constructed by super-
posing basis functions with correlations in momentum-energy.
The solutions can be generated using the Kapitza-Dirac effect
to apply a time-dependent focusing phase to an initial wave
function [11,28-36]. While previous studies have described
superluminal solutions to the Dirac equation in the context
of tunneling and wave-packet spreading [37-43], the solu-
tions introduced here do not require a potential or external
fields and have a well-defined, controllable velocity. Further-
more, the formalism presented here can be used to construct
solutions with more exotic properties, such as a modified
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FIG. 1. Evolution of the probability density v for a lepton
with a velocity expectation value (v3) = 0.9 and a group velocity
v, = 2: (a) snapshots of the spatial profile at x, =0 and (b) the
on-axis profile (i.e., at x; = x, = 0). The peak of the probability
density travels superluminally while maintaining a near-constant pro-
file. The yellow (circle, dotted), blue (diamond, dashed), and white
(square, solid) lines indicate signals traveling at the specified group
velocity v, = 2, the velocity expectation value (v3) = 0.9, and the
vacuum speed of light v = 1, respectively. In this example, P = 2m,
w = 0.1m, & = 250m~", and ¢, = 1400m~" [see Egs. (23)—(25)].

effective mass in the absence of fields. These arbitrary velocity
solutions may impact quantum mechanical phenomena that
are sensitive to the local properties of the probability density
as opposed to expectation values [44].

II. ARBITRARY VELOCITY WAVEFUNCTIONS

The wave function of a spin one-half charged particle
evolves according to the Dirac equation. In natural units
(h = ¢ = 1), the Schrodinger form of the Dirac equation is
given by

iy =Hy, ey

where H = —ia - V + fm is the Hamiltonian,

0 o 1 0
w=(0 F) #=(c %)

the o; with j = 1,2, 3 are the Pauli matrices, / is the identity
matrix, and m is the mass of the particle. Here and through-
out, bold font denotes three-vectors, a> = a - a, the shorthand
notations p = p* and x = x** are used for the momentum and
position four-vectors, a - b = a*b,, = apbp — a - b, and rela-
tivistic notation for subscripts and superscripts is not used.
The Dirac equation admits four plane-wave solutions, cor-
responding to positive and negative energy and spin states.
A general wave function can be expressed as a superposition
of these solutions. For simplicity and definiteness, a superpo-
sition of solutions with positive energy and spin in the rest

frame will be considered, such that

1 1 —ip-x
00 = s [ DI~ B
@

where

u(p) = VE, + m< o5 ) 3)

Ep+m X+

is the bispinor normalized so that u*ﬂu = 2m, T indicates a
Hermitian conjugate, x, = ((1)), E, = (m*> + p*)'/? > 0, and
the Dirac delta function § ensures the “on-shell” condition.
The complex scalar function f(p) determines the relative
phase and amplitude of each plane wave that composes the
wave function. Here, f(p) is expressed as an integral over an
auxiliary parameter g:

fp) = /N(p, q)dq. 4

The utility of this parameter will become clear below. The
functions f(p) and N(p, q) are constrained by the normaliza-
tion condition f vivdix = f If(p)|>d3p = 1, where ¢ is
the probability density and, for the remainder, po = E, is
implied. Note that the wave functions described here only
require positive-energy states, which is crucial to avoid pair
production and stay within a single-particle framework.

The evolution of the wave function can be characterized
by three velocities: the phase velocities of the plane-wave
solutions, the eigenvalues (or expectation values) of the
velocity operator, and the group velocity. The phase velocities,
v, = Epp/pz, are always superluminal (Jv,| > 1). The
velocity operator v is found by evaluating the commutator of
the Hamiltonian and position vector: v = i[H, x] = «. Using
Eq. (2), one finds (v) = [ ¥ vydx = [(p/Ep\f (p)Pd’p =
(p/Ep), which, as expected, is always subluminal
(Ip/Epl < D).

The group velocity v, can take any value in any direction.
For a typical wave function, the components of the four mo-
menta must satisfy the on-shell condition but are otherwise
independent. As aresult, dp;/dpy = §x and

" _p

) (5)
op; Ep

Vej =
which is consistent with the eigenvalues of the velocity op-
erator (v) = (p/E,). However, if the momenta have some
correlation, i.e., they are interdependent, then dp;/dpx #
djx and

IE A
S Q4 . 2 —p).

Vo j = 6
" dp;  E, 2E,dp; ©

In this case, the correlated momenta introduce an additional
contribution (the second term on the right-hand side) that
decouples the group velocity from p/E,.

As an example, consider the case of an arbitrary, constant
group velocity v,. Direct integration of 0E,/dp; yields

Epzva'p+K7 (7)

where « is a constant. Setting (m?>+pH)'? =v,-p+«
ensures that the on-shell condition is satisfied and determines

043075-2



SUPERLUMINAL MATTER WAVES

PHYSICAL REVIEW RESEARCH 6, 043075 (2024)

@) (b)

§_0—73-0- -
<

|
)

T

1

pl/m | [

p3lm
: p3lm

FIG. 2. (a) Satisfying the on-shell condition for an arbitrary
group velocity v, is equivalent to finding the intersection between
a four-dimensional hyperboloid, m? = Elf — p?, and the hyperplane
E, =v,-p+ k. Here, the dimensionality has been reduced for
visualization purposes by setting p, = 0. (b) Projections of the in-
tersection in the ps-p; plane for different values of PP. The values of
‘P define the vertices of the projection, i.e., the values of p; where
p1 = p2 = 0 [Eq. (16)]. The parameters are the same as in Fig. 1.

the interdependence of the momenta (Fig. 2). Specifically,
P — (- pP? =2, -p)+m* —i2=0. (8

Without loss of generality, the specified group velocity v,
will be aligned along the j = 3 axis, i.e., v, = v,e3, where
e; denotes a unit vector. Substitution of Egs. (7) and (8) into
Eq. (6) verifies that indeed vg3 = v,. The condition on the
momenta [Eq. (8)] is a quadratic equation whose solution
provides p3 in terms of p, = pje; + pae,. Upon solving this
equation, one finds

p3 = pe = y2va £ [(k72)’ = V2> + )] ©)

where y, = 1/,/1 — v2. Note that y, only appears in even
powers. Thus, a superluminal group velocity (Jv,| > 1) does
not produce a complex valued p.. In the special case v, = —1,
one solution diverges and is discarded, while the second,
physical solution is given by p, = (k* — m* — p?)/2«.

The interdependence of the momenta, as described by
Eq. (9), can be built into the wave function by making use
of the auxiliary parameter g. Expressing ¢ = g(«) as a func-
tion of k (to be determined below) and setting N(p, q) =

N(p, 9)8(p3 — p¢) yields

ﬂm=/N@ﬂWm—mw% (10)

where the dependence of p. and g on « is understood. To-
gether, Eqs. (2) and (10) describe a superposition of solutions
with correlated momenta parametrized by «. Each solution
has the same arbitrary group velocity vy 3 = v,.

To elucidate the physical meaning of « and facilitate fur-
ther calculation, it is helpful to substitute Eq. (10) into Eq. (2)
and define the function

1 .
P(x,q) = fﬁu(p)/\/(p, q)e "7 8(ps — p)d’p,
P

(11
such that ¥ (x) = (2)~%? [ ®(x, ¢)dq. Several properties of
the arbitrary group velocity solutions can be analyzed by con-
sidering the phase in Eq. (11): p-x = poxo — p3x3 —p, -X..

Making use of the delta function, the phase contribution ¢ =
PoXo — p3x3 becomes

¢ = (p3vg + K)xo — pax3 = kxo + p3(Vaxo — x3).  (12)

The first term is proportional to « but does not depend on p.
As aresult, the factor e~** can be extracted from the integral.
This factor shows that k¥ quantifies the temporal phase advance
of the wave function. The second term in Eq. (12) reveals
that the integrand depends on xy and x3 only in the com-
bination v,x9 — x3. Thus, the integrand advects at the group
velocity v,.

An intuitive, and often helpful, picture of a wave function
is that of an “envelope” modulated by a “carrier” wave. The
envelope describes the bulk motion of the probability den-
sity and propagates at the group velocity, while the carrier
describes the motion of the phase fronts, which propagate at
the phase velocity. The function ®(x, g) can be expressed in
this same framework. Adding and subtracting a longitudinal
(along x3) momentum offset P to Eq. (12) provides

K

& =P[(va+ 5 )50 —x] + (3 = PYvuro — ). (13)

With this offset, the first and second terms in ¢ describe
the phase of the carrier wave, which can be extracted
from the integral as before, and the advection of the integral
(i.e., the envelope) at the group velocity. Choosing

k=& —v,P, (14)
where £ = (m? + P?)!/2, yields
¢ = P(Bpxo — x3) + (p3 — P)(vaxo — x3) (15)

and ensures that the phase fronts travel at the velocity 8, =
E/P. Note that this is equivalent to enveloping the wave
function about the longitudinal momentum P and energy £.

With « = & — v, P, the condition on the interdependence
of the momenta [Eq. (9)] simplifies to

pe =P =120 — P) — o[yt — PP - y2p2]"
(16)
where the choice of sign w = sgn[yuz(vué’ — P)] ensures that
the envelope varies slowly compared to the phase fronts.
Equation (16) demonstrates two important points: first, that
‘P corresponds to the value of p3 when p, =0, and second
that arbitrary group velocity solutions are precluded in one
dimension. In one dimension, the wave function is composed
solely of plane waves with p, =0, such that p. is always
equal to P. This eliminates the second term in Eq. (15),
which is responsible for the movement of the envelope at
v,. Figure 2(b) displays a family of longitudinal momenta p;
[Eq. (16)] parametrized by P as a function of perpendicular
momentum |p | for a superluminal group velocity v, = 2.
Lorentz transformations of the arbitrary group velocity
solutions [Egs. (11) and (16)] provide additional insight into
their interpretation. Upon performing a longitudinal Lorentz
transformation to a frame moving at a velocity v, with respect
to the nominal frame, Eq. (15) becomes

P [
" g P

+ ve(ps — P)l(va — vp)xg — (1 = vvp)xsl, (A7)

¢
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where the prime ' denotes quantities in the moving frame and
,8,’, = (B, —vr)/(1 — Byvr). One may expect that vy = v,
would be a natural choice for the frame velocity. However,
care must be taken to ensure that the phase velocity is super-
luminal (i.e., the on-shell condition is satisfied). For |v,| < 1,
one can indeed set v; = v, to find

P —P
By —xy— PP )

<= T Ao Va

but for |v,| > 1 the on-shell condition requires v, = va_l,

which yields

(173 - P) /
— X,

a’P ! ! 7
(B —xh) — L 9)

Ya(Vg + ,31/,) VaVa
Recall that the second terms in Egs. (18) and (19) de-
termine the space-time dependence of the envelope. Thus,
the subluminal and superluminal solutions represent Lorentz
transformations of solutions with time-independent and
longitudinal-coordinate-independent envelopes, respectively.

The phase [Eq. (15)] and momentum condition [Eq. (16)]
appearing in Eq. (11) depend directly on P. Thus, a conve-
nient choice for the auxiliary parameter is g(k) = P(k) =
Y2vakc £ (v2e? — y2m?)V/? [see Eq. (14)]. Using this choice
and applying the delta functions in Eq. (11) provides

¢~

d(x, P) =e " / dp, N(p,,P)

X+
X o3pc+01-py

e*[(p,.fp)é+ipL'xL
X+ ’
va(pe —P)+E+m

(20)

where n = B,x0 — x3, § = vx0 — x3,

N, P)= W%/N(p, P)8(ps — pe)dps,
and the P dependence of B,, £, and p. is understood. As
before, the integral (envelope) depends solely on xy and x3
in the combination § = v,xy — x3 and advects at v,.

Approximate analytical solutions for ®(x, P) and i (x)
can be found for a particle moving predominantly in the e
direction when |v,8, — 1/P? > w?, where w is the transverse
momentum spread. This condition describes a “paraxial” limit
in which Eq. (16) simplifies to

P

AP — L
e P by — 1)

2D
In the special case v, = —1, Eq. (21) is an exact equality. With
the quadratic dependence of p. on p , , a natural choice of basis
functions for N'(p  , P) are Laguerre-Gaussian modes,

N Py=)  AuP)p"ILY (p*) exp (—50%)e*, (22)

nt

where p = w™! (pzl)l/ 2, L)Y is a generalized Laguerre polyno-
mial, and 8, = atan(p,/p;) is the momentum-space azimuth.
Upon substituting Egs. (21) and (22) into Eq. (20), dropping
terms higher order than pi in the spinor, and integrating,

one finds
Ui (x)
A P Dnte 0
D(x, P) & 2we 1Y i AL (P) Us0) (23)
nt
Ui(x)

Each component of the spinor can be expressed in terms of U
as follows:

w /e r? EN\ 2
U] (x) =E<1_Q> Lllel <ﬁ> exXp [—(1 - lg)ﬁ—f—l[\(x)],

P (E—vP+m)_,
U = 1— Vi |U ,
3(x) E4+m |: 2we(E +m)P + 1)
I .
Us(x) = — o m)r‘f'e"’ 3, r 11U, (), (24)
where r= @) 0 = atan(xp/x;) is the

configuration-space  azimuth, R = w™![1 4 (£/&)*]'/?,
Ax) =400 — 2n+ || + l)atan(g—o), and & = P.p, —
w~2. Equations (23) and (24) show that the envelope
advects at the group velocity v, while maintaining a constant
profile characterized by the duration &/ v,,.

The A,;(P) quantify the distribution of P values for every
n and ¢ mode that compose the wave function. Said differ-
ently, the wave function comprises solutions that fall along a
curve defined by Eq. (21) and parametrized by P [Fig. 2(b)]:
Y(x) = 2n)73/? [ d(x, P)dP. If the A, (P) are narrowly
peaked about some P = P, an approximate expression for
the wave function can be obtained. Expressing ®(x, P) =
> ne Pue(x, P) yields

~ anZ(xv 75)
e Zg Au(P)

AP+ D)e™'™dA,  (25)
where A=P —P, ¢ =uvx—x3, and v, =P/(m>+
P?)!/2, Figure 1 illustrates the evolution of the probability
density for a superluminal velocity v, =2, n =£ =0, and
[ Ago(P + A)e ™ d A o exp[—(£/¢)*]. The overall pro-
file is causal and travels at the velocity (v3) ~ v, = 0.9,
while the peak amplitude travels at v, = 2. The superluminal
peak maintains a near-constant profile over a distance L =

280/ |va — {(3)l.

III. DISCUSSION AND CONCLUSION

To generate these solutions using the Kapitza-Dirac ef-
fect, one can draw an analogy with equivalent solutions for
electromagnetic waves. As shown in Ref. [26], the equiva-
lent electromagnetic solutions can be realized by applying a
time-dependent focusing phase. Thus, the motion of the peak
probability density at v, can be understood as a moving or
“flying” focus. When a charged lepton passes through the
standing wave of counterpropagating light waves, it acquires
a phase ¢, = —A(¢)sin’(kx;), where A(¢) depends on the
ponderomotive potential experienced by each time slice of
the wave function ¢ as it passes through the standing wave
and k is the wavenumber of the light waves [32]. Locally,
this phase appears parabolic ¢, ~ —A(¢ )kzx% and acts as a

043075-4



SUPERLUMINAL MATTER WAVES

PHYSICAL REVIEW RESEARCH 6, 043075 (2024)

lens with a time-dependent focal length f = po/2k*A(¢). If
the lepton passes through an additional, orthogonal standing
wave, the phase can be made cylindrically symmetric ¢ ~
—A(0)k? (x% + x%). For a velocity v,, the time dependence of
the ponderomotive potential should be set so that d f/dxy =
[Va/(va = (v3))] [26].

Solutions to the Dirac equation can feature a peak prob-
ability density that moves at any velocity, including those
exceeding the speed of light, while maintaining a near-
constant profile. This motion is independent of the velocity
expectation value. The solutions are on shell and are con-
structed by superposing basis functions with correlations
in the longitudinal and transverse momenta. Future work
will investigate the formation of these solutions using the
Kapitza-Dirac effect by applying analytical and numerical
methods [36,45-47]; pursue additional structures by replacing
Eq. (7) with other dependencies such as E, = p3/M +«,
which exhibits nonrelativistic dispersion with an effective
mass M in vacuum; and explore the benefit of these wave
functions in Cherenkov radiation and nonlinear Compton scat-
tering [48]. As an example, in the head-on collision of a
high-energy electron traveling in the positive x3 direction with
an ultrashort laser pulse, a v, = —1 would allow the peak
probability amplitude to cotravel with the peak intensity of
the pulse over an extended distance.
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