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ABSTRACT
Differential scanning calorimetry data for samples of a 52 year old plutonium alloy with 3.3 at. % Ga that were heated beyond the melting
point is analyzed using transition state theory to find activation energies for the δ to ε and ε to liquid phase transitions. A Bayesian statistical
method involving a Gaussian process model is used to find mean values and confidence intervals for the activation energies. The activation
energy for the δ to ε phase transition increases by 3.3 ± 3.8% per decade, relative to the case when all age related plutonium lattice point defects
have been removed through annealing. The corresponding increase in activation energy for the ε to liquid transition is shown to be 7.1 ± 1.8%
per decade. It is postulated that the change in activation energy with age for both phase transitions is caused, in part, by the accumulation of
the same type of lattice point defects associated with the observed increase in elastic bulk modulus over time.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0234018

I. INTRODUCTION

As plutonium ages, several physical changes occur, including
a reduction in density, changes in isotopic composition, nucleation
and growth of helium bubbles, accumulation of deformation energy
due to lattice defects and Frenkel pairs, an increase in yield stress,
and a stiffening of the bulk modulus. These mechanisms have been
the subject of much research during the past 20 years.

Due to self-irradiation in Pu by the alpha decay process, He
atoms accumulate on the lattice and coalesce into He-vacancy clus-
ters and bubbles over time.1 This process has been explored exten-
sively using molecular dynamics simulations. Valone et al.2 used the
Modified Embedded Atom Method (MEAM) to create a suitable
atomic potential for molecular dynamics simulations of He bubbles
in δ-phase, Pu–Ga alloy. Their simulations indicate that a 1.25 nm
bubble with a He-to-vacancy ratio of 2:1 is very stable up to about
1000 K in an alloy with 5 at. % Ga. Ao et al.3,4 developed an alterna-
tive MEAM potential to study He-vacancy clusters in pure Pu. They
calculated the binding energy for He-vacancy clusters, considering
clusters of up to 14 vacancies together with different numbers of
He atoms in a cluster. Results from a subsequent study by Robin-
son et al.5 suggest that He atoms favor substitutional sites over
interstitial sites on the Pu lattice and that He migration is unlikely

unless assisted by vacancies. Using the MEAM potential from Val-
one et al.,2 Robinson et al.5 calculated the energy barriers for vacancy
assisted He migration in a Pu alloy with 5 at. % Ga. They report an
energy barrier of 0.9 ± 0.3 eV for a He atom to move from a substitu-
tional site to the first nearest neighbor vacancy, an energy barrier of
2.9 ± 0.3 eV to move to the second nearest neighbor vacancy, and an
energy barrier of 3.5 ± 0.5 eV to move to the third nearest neighbor
vacancy.

In addition to exploring He-vacancy clusters and bubbles with
molecular dynamics simulations, experimental data have been col-
lected to characterize the changes in density and yield stress in Pu
over long time scales. These experimental investigations are enabled
by accelerated aged Pu alloys in which a certain amount of Pu-239
isotope in the alloy is replaced by Pu-238. Although the specific
activity of Pu-238 is 270 times higher than that of Pu-239, the ener-
getics of the decay process are very similar, with the Pu-238 decay
releasing about 7% more energy into the lattice than the Pu-239
decay.6 One can compensate for the higher dose rate in an acceler-
ated aged sample by maintaining the sample at a higher temperature.
Dremov et al. developed a model describing how the population
of vacancies within the plutonium lattice evolves over time, and
this model indicates that the population of vacancies in acceler-
ated aged material can be made the same as naturally aged material
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if the accelerated aged material is maintained at a temperature
of 322 K.7

Density changes have been observed in plutonium over time.
Dilatometry and density immersion measurements of accelerated
aged Pu–Ga alloys have been collected out to an equivalent age of
nearly 200 years.8 These data indicate that during the first 50 years
a steady-state condition develops whereby the density decreases by
0.02% per decade. The model developed by Dremov et al. describing
how point defects evolve over time also helps explain the observed
density changes with age.7 Dremov’s model compares favorably with
dilatometry measurements of the density of accelerated aged plu-
tonium alloy. The sharp drop in density during the first 3–4 years
observed in experiments is due to the buildup of vacancies, which is
captured by the model. According to the Dremov model, the popula-
tion of both vacancies and self-interstitials saturates after 3–4 years.
The experimental measurements indicate that the density contin-
ues to decrease at a rate of 0.02% per decade after the population
of vacancies saturates, and this is due to the accumulation of helium
bubbles within the lattice, which is not included in the model.

In addition to density changes, the yield stress of plutonium
also changes with age. Chung et al.8 measured the yield stress at 20%
strain for various samples of both naturally aged and accelerated
aged plutonium alloy, with 2 at. % Ga, out to an equivalent age of
140 years. A linear function with a value of 68 MPa at year zero and a
rate of increase of 7.4 MPa per decade is a good fit for their data. This
rate of increase corresponds to an 11% per decade increase in yield
stress. Karavaev et al.9 performed molecular dynamics simulations
of aged plutonium containing millions of atoms and their simula-
tions suggest that the increase in yield stress over time observed
by Chung et al.8 is due to the interaction of helium bubbles with
dislocations.

In a journal article from 2018, Ennaceur and Migliori present
measurements of energy released by aged Pu using differential scan-
ning calorimetry (DSC) involving temperatures up to 720 K and
propose a Pu aging model with two distinct aging mechanisms: (1)
stored energy from certain point defects, measured by DSC, which
saturates after about 5 months; and (2) stiffening of the Pu elas-
tic bulk modulus due to lattice interaction with decay products
(U and He), measured by Resonant Ultrasound Spectroscopy
(RUS).10 Ennaceur and Migliori determined that the amount of
stored energy that accumulates on the lattice is about 2 J/g, and
the stored energy saturates after 5 months and is then unchanged
after 30 years. This accumulated energy storage on the lattice is
a separate mechanism from the stiffening of the Pu elastic bulk
modulus.

Maiorov et al. presented compelling evidence from RUS mea-
surements that the elastic bulk modulus of an 8 year old δ phase Pu
sample is increasing at a rate of 2% per decade,11 with this sample
being much older than the 5 month saturation time scale observed
with the DSC measurements of the stored energy. They also report
that the shear modulus increases at a rate of 6.5% per decade.
Maiorov’s subsequent measurements on a twin sample that was two
years older used a refined technique that reduced the experimen-
tal error and indicated a 1.7% per decade increase in bulk modulus
and a 7.8% per decade increase in shear modulus at 10 years.12 The
observed percentage rate of increase in the shear modulus in these
two RUS measurements has the same sign but is smaller in magni-
tude than the percentage rate of increase in yield stress observed by

Chung et al.,8 11% per decade. One might expect that any change
in shear modulus over time would also contribute to a change in
yield stress based on theoretical grounds. Consider an isotropic solid
undergoing plastic deformation where the stress is determined by
the interaction of dislocations. For such a solid, the energy per unit
length of a dislocation and the force between two dislocations are
both directly proportional to the shear modulus.13

Maiorov et al. proposed a candidate defect mechanism to
account for bulk modulus changes in plutonium with age.11 They
identified a complex point defect structure consisting of an octa-
hedral plutonium interstitial atom, together with a uranium substi-
tutional atom, as a likely mechanism for the stiffening of the bulk
modulus over time. Density functional theory (DFT) simulations14

indicate that the energy of formation of this complex point defect
is 0.3 eV, which is consistent with the measured activation energy
for the defects associated with the bulk modulus stiffening in the
RUS experiments, about 0.33 eV. This fact, by itself, does not prove
that this complex point defect is the mechanism associated with
bulk modulus stiffening in RUS experiments it only suggests that
other defects besides those associated with helium buildup may be
responsible for bulk modulus stiffening. Additional DFT simula-
tions are needed in order to quantify how the complex point defect
proposed by Maiorov et al. impacts bulk modulus. Maiorov et al.11

reported that the defects causing the bulk modulus stiffening are par-
tially annealed at temperatures above 420 K, whereas shear modulus
stiffening continues at these elevated temperatures, suggesting that
shear modulus stiffening is caused by a different mechanism, such
as the interaction of helium bubbles with dislocations proposed by
Karavaev et al.9

Maiorov and co-workers observed point defects that cause bulk
modulus changes in δ phase Pu, and it is possible that these defects
persist after phase transition from the δ phase into the other Pu
phases. In 2020 Wayne made DSC measurements of stored energy
in 52-year old, naturally aged samples consisting of Pu alloy with
3.3 at. % Ga, at atmospheric pressure, and at temperatures up to
1200 K.15 Although Wayne reports the age of the samples as being
∼40 years, a subsequent review of the history of the samples deter-
mined that the age is actually 52 years.16 Wayne observed between
9.2 and 16.8 J/g of stored energy due to defects at the ε to liquid phase
transition. This stored energy is distinct from the 2 J/g of stored
energy reported by Ennaceur and Migliori at lower temperatures.
For Wayne’s DSC measurements, plutonium begins in the δ phase,
transitions into the ε phase, and then melts when the temperature
exceeds ∼930 K. The type of defect associated with this measured
stored energy has not been identified. Wayne postulated that the
measured stored energy at the onset of melt is due to the collapse
and annealing of He-filled bubbles and the subsequent outgassing of
helium from the metal. The present work revisits Wayne’s DSC data,
but rather than studying the stored energy, instead infers the activa-
tion energies of the δ to ε and ε to liquid phase transitions and how
these activation energies increase as the samples age and accumulate
lattice point defects.

This article is organized as follows: In Sec. II, the DSC data are
analyzed using transition state theory to find the changes in activa-
tion energy with age for each of the two phase transitions. A Bayesian
statistical method is then applied in Sec. III to find the mean change
in activation energy and the corresponding confidence intervals.
Finally, a summary and conclusions are given.
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II. ANALYSIS OF DSC MEASUREMENTS
DSC measurements have been instrumental in studying spe-

cific heat capacity, enthalpy change of phase transitions, and reaction
rate kinetics for a wide variety of materials and different types of
chemical reactions. In particular, DSC measurements have provided
valuable data for onset temperatures and enthalpies of transforma-
tion for phase transitions in Pu and Pu alloys.17–21 The reaction rate
kinetics and associated activation energies for the δ to ε and ε to
liquid phase transitions are the focus of the present study. The fun-
damentals of DSC are discussed first, followed by an analysis of the
DSC data to find changes in activation energy between aged and
annealed samples.

A. Experimental setup
A Netzsch STA409-PC simultaneous thermal analysis (STA)

system was used to collect the data analyzed in this study; the STA
system and the data were described previously.15,16 The STA was
connected to a Pfeiffer quadrupole mass spectrometer, and both
instruments were housed in a dry air glovebox.16 The STA fur-
nace was flushed with ultra-high purity argon prior to and following
the loading of a sample. Thermocouple and enthalpy calibrations
were performed with the STA by measuring the melting points and
phase transformations of eight well-characterized reference stan-
dards provided in Table III of Chap. 44.6 of the Plutonium Hand-
book, which outlines the operational procedures for using the STA.22

These calibrations were performed using high purity non-metallic
materials. Wayne indicates that the STA system is calibrated sepa-
rately for each different temperature profile prior to making DSC
measurements.22 The amount of He, H2, H2O, and CO2 released
from the sample during the DSC measurements was measured with
the quadrupole mass spectrometer.15,16

From 52-year-old source material, two δ-Pu (3.3 at. % Ga)
metal coupons were obtained for study with the STA, weighing ∼435
mg each. These are referred to as AWA185-DIL2 and AWA185-
DIL3 by Wayne.15 Each of these 435 mg coupons was cut, ground,
and polished using 600 μm silicon carbide paper, cleaned ultra-
sonically, rinsed in ethanol, and stored under vacuum prior to
sectioning. For the DSC experiments, the two coupons were each
sectioned into six smaller samples, weighing ∼47–90 mg, resulting
in a total of 12 samples. Each of these samples is a thin square,
∼2 × 2 mm2 in length,16 with a thickness ranging from roughly
70–140 μm. DSC data for both first melt and subsequent annealing
were obtained for 4 of these 12 samples, and these data are analyzed
in the present study. The Pu isotopic composition of these four sam-
ples was not characterized prior to the DSC experiments. The origin
and fabrication processes for the 52-year-old Pu alloy were discussed
previously.23 Table I lists the four samples analyzed in this study,
indicating the mass of each sample as well as the exothermic energy
release during the ε to liquid phase transition in the first melt DSC
experiments, as calculated by Wayne.15 In addition, for each sample,
the temperature peaks for the He release as recorded by the mass
spectrometer during the first melt experiments are also provided.15

B. Peak transition temperatures from DSC data
There are two predominant DSC techniques: power compensa-

tion DSC and heat flux DSC. The data studied here were collected

TABLE I. Properties of the Pu samples as reported by Wayne.15

Mass
(mg)

Energy
released (J/g)

He peak
temperatures

(celsius)

AWA185-DIL2A 62.17 10.0 661,675
AWA185-DIL3D 79.29 12.7 664,677
AWA185-DIL3 50C A 90.30 9.2 673
AWA185-DIL3 50C B 46.99 16.8 668

using power compensation DSC. In this technique, the temperature
of both the sample and reference increases linearly, while different
amounts of power are applied to the sample and the reference using
two independent heating units in order to keep their respective tem-
peratures equal during this process. The power difference between
the sample and reference needed to maintain the temperature equi-
librium is measured in the form of a difference in current between
the two heating units. The heating units are embedded in a large
oven or heat reservoir.

For Wayne’s DSC measurements,15 the reference material was
a platinum–rhodium alloy pan. In addition, the plutonium sample
was placed on top of a layer of PuO2 in order to protect the STA
instrument. During the course of the DSC experiments on the plu-
tonium samples, the temperature was increased at a fixed linear rate
from room temperature to 1073 K. The mass of the sample was
recorded during this process in order to monitor the potential oxida-
tion of the plutonium sample. The initial mass of the samples prior
to the DSC measurements varied between 47 and 90 mg, as provided
in Table I. Wayne reported that for one sample the mass increase
during the course of the DSC measurements was about 4%, whereas
for the other samples the mass increase was less than 1%.15

Four different sets of DSC data were collected and discussed
previously by Wayne.15 These data are revisited here, and peak tem-
peratures are identified for each of the two phase transitions expe-
rienced as the temperature is increased to 1073 K. Wayne collected
DSC data for two samples, AWA185-DIL2A and AWA185-DIL3D,
where the rate of temperature increase was 10 K per minute, and
two other samples, AWA185-DIL3 50C A and AWA185-DIL3 50C
B, where the rate of temperature increase was 50 K per minute. Hav-
ing data for at least two distinct rates of temperature increase are
essential when applying transition state theory to find the activa-
tion energy of a phase transition. For each of Wayne’s four samples,
data are presented for the first melt of the sample in Fig. 1. Separate,
subsequent DSC data were also collected by Wayne for each of the
samples after the sample was annealed so that all age related lattice
point defects were removed. These results are presented in Fig. 2.
The data in Figs. 1 and 2 are presented in units of degrees Celsius to
be consistent with how these data were reported by Wayne.

The onset temperature for both phase transitions was deter-
mined by Wayne,15 and the end point temperature was calculated
here for each phase transition, by finding the intersection of two
tangent lines from the DSC signal, the baseline slope after the phase
transition and the slope associated with the peak of the phase transi-
tion, as illustrated in Fig. 3. The two dashed red lines in Figs. 1 and 2
each represent a particular phase transition and were constructed by
connecting the onset and end temperatures for that phase transition.
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FIG. 1. Data for four plutonium samples during the first melt DSC experiment:15 (a) AWA185-DIL2A, (b) AWA185-DIL3D, (c) AWA185-DIL3 50C A, and (d) AWA185-DIL3
50C B. The solid blue lines indicate the data, while the tangent lines representing the peaks for the δ to ε and the ε to liquid phase transitions are shown as dashed blue
lines. The dashed red lines connect the onset and end temperatures for each phase transition, and the dashed green lines indicate the other tangent lines used to find the
end temperatures for both phase transitions.

FIG. 2. Data for four plutonium samples during the subsequent DSC experiment after annealing of the sample:15 (a) AWA185-DIL2A, (b) AWA185-DIL3D, (c) AWA185-DIL3
50C A, and (d) AWA185-DIL3 50C B. The solid blue lines indicate the data, while the tangent lines representing the peaks for the δ to ε and the ε to liquid phase transitions
are shown as dashed blue lines. The dashed red lines connect the onset and end temperatures for each phase transition, and the dashed green lines indicate the other
tangent lines used to find the end temperatures for both phase transitions.
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FIG. 3. Illustration of how the end point temperature for each phase transition
is determined from two tangent lines in the DSC signal. The DSC data shown
correspond to the AWA185-DIL3D first melt experiment.

The δ to ε transition is characterized by a dip in the DSC power. This
is true for both the first melt experiments, Fig. 1, and the subsequent
experiments after annealing, Fig. 2. The onset and end temperatures
for the δ to ε transition are presented in Table II. When consider-
ing the first melt experiments in Fig. 1, unlike the δ to ε transition,
the ε to liquid transition shows a spike in DSC power rather than a
dip in power. This is due to the release of stored energy from lattice
point defects associated with aging, as reported by Wayne.15 This
stored energy is liberated during melt, and the observed values of
stored energy for each sample are presented in Table I. The onset
and end temperatures for the ε to liquid transition are presented
in Table III.

In order to validate the present procedure for finding the end
temperature of the phase transitions, this same approach was applied
to find the onset temperature for the ε to liquid transition, making
use of the tangent lines that were determined as part of finding the
end temperatures for the δ to ε transition. These tangent lines are
shown as green dashed lines in Figs. 1 and 2. Table IV compares the
onset temperatures calculated here with the values determined by
Wayne.15 For 5 of the 8 cases, the present onset temperature is the
same as the value reported by Wayne. For the other 3 cases, the onset
temperature here is within 2○ of Wayne’s value.

During the δ to ε phase transition, the Pu alloy progresses from
a state of pure δ phase below the onset temperature to a mixed state
containing both δ and ε phases between the onset and end tempera-
tures, and then to a state of pure ε phase above the end temperature.
Similarly, for the ε to liquid phase transition, the Pu alloy progresses
from a state of pure ε phase below the onset temperature to a mixed
state containing both ε and liquid phases between the onset and end

TABLE II. Onset and end temperatures in degrees Celsius associated with the δ to ε
transition in the first melt and subsequent annealed DSC experiments.

First melt
onset

First melt
end

Annealed
onset

Annealed
end

AWA185-DIL2A 527 604 516 592
AWA185-DIL3D 541 604 510 604
AWA185-DIL3 50C A 552 634 541 627
AWA185-DIL3 50C B 550 632 539 627

TABLE III. Onset and end temperatures in degrees Celsius associated with the ε to
liquid transition in the first melt and subsequent annealed DSC experiments.

First melt
onset

First melt
end

Annealed
onset

Annealed
end

AWA185-DIL2A 661 684 655 682
AWA185-DIL3D 663 684 666 687
AWA185-DIL3 50C A 671 712 675 717
AWA185-DIL3 50C B 671 701 676 714

TABLE IV. Comparison of Wayne’s onset temperatures for the ε to liquid transition
with those determined in this study.

Wayne value
(Celsius)

Value from this
study (Celsius)

AWA185-DIL2A (first melt) 661 662
AWA185-DIL3D (first melt) 663 663
AWA185-DIL3 50C A (first melt) 671 671
AWA185-DIL3 50C B (first melt) 671 671
AWA185-DIL2A (anneal) 655 653
AWA185-DIL3D (anneal) 666 665
AWA185-DIL3 50C A (anneal) 675 675
AWA185-DIL3 50C B (anneal) 676 676

temperatures, and then to a pure liquid state above the end tem-
perature. These processes are described by the Pu–Ga equilibrium
phase diagram. Two versions of the equilibrium phase diagram for
Pu–Ga alloys were presented previously, as shown in Fig. 7.29 of
the comprehensive reference book on the physical properties of sev-
eral actinide elements, including plutonium.24 The first version of
the phase diagram by Hecker shows an onset temperature of 527 ○C
and an end temperature of 572 ○C for the δ to ε phase transition
for an alloy with 3.3 at. % Ga. The second version of the phase dia-
gram by Timofeeva indicates a higher onset temperature of 539 ○C
but gives the same end temperature as Hecker for this alloy. The
onset values presented in Table II for the two experiments with a
heating rate of 10 K per minute compare well with these published
values during the first melt; the value from the AWA185-DIL2A
experiment is identical to the Hecker value, while the value from the
AWA185-DIL3D experiment is similar to the Timofeeva value. For
both of these experiments, the end temperature is significantly larger
than the value reported by both Hecker and Timofeeva, 572 ○C.
After annealing, the onset temperatures become 516 and 510 ○C for
AWA185-DIL2A and AWA185-DIL3D, respectively. These values
are lower than the onset temperature reported by either Hecker or
Timofeeva. Wayne reports 10 separate measurements of onset tem-
perature ranging between 501 and 521 ○C for a number of other
plutonium samples,15 so these lower values of onset temperature are
not anomalous. Of these ten separate measurements of onset tem-
perature between 501 and 521 ○C, 7 involved samples originating
from the 52-year-old source material. The three other measurements
involved samples originating from a distinct source material that was
6.5 years old.
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Given their small thickness, the present Pu samples are suscep-
tible to Ga migration due to physical stresses and thermal gradients
encountered during sample preparation and during the DSC exper-
iments. In fact, for the 12 DSC samples of the 52-year-old material,
Wayne observed a phase transition from α to β phase Pu in 7 of
these samples.15 One of the 7 samples for which the α to β transition
was observed, AWA185-DIL-3D, is considered in this study. The
α to β transition occurs in pure plutonium rather than Pu–Ga alloy,
and this fact strongly suggests that Ga migration occurred within
AWA185-DIL-3D, creating spatial regions within the sample where
the Ga concentration was smaller than the nominal value of 3.3 at. %.
For the AWA185-DIL-3D sample, a large difference in the onset
temperature for the δ to ε transition of 31 ○C was observed between
the first melt and annealed experiments. Ga migration during the
DSC measurements very likely contributed to this difference. For
instance, if one reduces the Ga concentration from 3.3 to 2.4 at. %,
then the Hecker phase diagram gives an onset temperature of 510 ○C,
which was observed in the annealed AWA185-DIL3D experiment.

With regard to the ε to liquid transition, Hecker gives an onset
temperature of 661 ○C and an end temperature of 676 ○C, while
Timofeeva has a lower onset temperature of 655 ○C but a similar end
temperature of 672 ○C. On the first melt, the onset temperatures of
AWA185-DIL2A and AWA185-DIL3D, as shown in Table III, are
both consistent with the Hecker value. After annealing, AWA185-
DIL2A has an onset temperature that is identical to the Timofeeva
value, while the value from AWA185-DIL3D is consistent with the
Hecker value. As was the case for the δ to ε, the end temperature
of the ε to liquid transition for both the AWA185-DIL2A and
AWA185-DIL3D experiments is higher than the value reported
by either Hecker or Timofeeva. Migration of Ga, leading to
portions of the sample with a higher Ga concentration, may explain
why the observed end temperature in the AWA185-DIL2A and
AWA185-DIL3D experiments is higher. This is true because, for
both versions of the phase diagram, the end temperature steadily
increases as the Ga concentration is increased above 3.3 at. %. This
hypothesis also applies to the observed end temperatures for the
δ to ε phase transition in the AWA185-DIL2A and AWA185-DIL3D
experiments.

AWA185-DIL2A and AWA185-DIL3D, the samples experi-
encing a 10 K per minute rate of temperature increase, have observed
onset temperatures that are more consistent with the empirical phase
boundaries reported by Hecker and Timofeeva. The two samples
with a 50 K per minute rate of increase, AWA185-DIL3 50C A and
AWA185-DIL3 50C B, have an onset temperature for the δ to ε tran-
sition that is larger than either the Hecker or Timofeeva value but is
consistent with the equilibrium phase boundary reported by Perron
et al. for the Pu–Ga binary system.25 Figure 8 of Perron et al. shows
the phase diagram for the Pu–Ga binary system and indicates an
onset temperature for the δ to ε transition of 549 ○C for an alloy with
3.3 at. % Ga. The onset temperatures of 552 and 550 ○C observed for
the first melt of AWA185-DIL3 50C A and AWA185-DIL3 50C B,
respectively, are similar to Perron’s value. For the ε to liquid transi-
tion, Perron’s value of onset temperature is 685 ○C. The observed
onset temperature on the first melt for both AWA185-DIL3 50C
A and AWA185-DIL3 50C B is 671 ○C, which is 10○ larger than
Hecker’s value but 14○ smaller than Perron’s value. After anneal-
ing, these samples have a slightly larger onset temperature of about
675 ○C, which is 10○ smaller than Perron’s value.

The peak temperature, Tp, for each of the two phase transi-
tions can be determined by averaging the associated onset and end
temperatures for that particular transition. The peak temperature so
defined corresponds to the point of 50% phase transformation and
can be used to derive an activation energy. The theoretical model
below relates the activation energy, Ea, to Tp in K and the linear rate
of temperature increase in the DSC experiment, q, in units of K/s,

q = CT2
p exp

−Ea

RTp
, (1)

where C is a constant having units of K−1 s−1. This equation is based
on a model developed by Kissinger to describe chemical reactions
involving a transitional state, an intermediate between the reactant
state and the product state in the chemical reaction.26 The activa-
tion energy is the threshold energy required to transform from the
reactant state to the transitional state. Although transition state the-
ory has been extensively applied to chemical reactions, it has also
been applied to study phase transitions.27 One example is a prior
study where DSC data were used to determine the activation energy
of a crystalline phase transition in K2SeO4.28 Transition state theory
has also been applied to Pu phase transitions. Ennaceur fit Eq. (1) to
DSC data involving pure Pu and determined the activation energy
as a function of the amount of phase transformation for the β to γ
phase transition29 and the γ to δ phase transition.30

Equation (1) can be rewritten in a form that is more useful for
analyzing DSC data,

ln
q

T2
p
= ln C − Ta

Tp
,

Ta =
Ea

R
.

(2)

By fitting a linear function to ln q/T2
p vs 1/Tp data, Ta can be deter-

mined, and with it the corresponding Ea. Figure 4 shows the results
of this process for both the δ to ε and the ε to liquid phase tran-
sitions in the 52 year old plutonium samples. For the ε to liquid
transition, Ta is roughly 85 800 K for the first melt DSC experi-
ments in Fig. 4(a) and about 58 300 K for the subsequent annealed
DSC experiments in Fig. 4(b), with corresponding values for Ea of
713 and 484 kJ/mol, respectively. With regard to the δ to ε tran-
sition, Ta is roughly 46 700 K for the first melt DSC experiments
in Fig. 4(e) and about 38 800 K for the subsequent annealed DSC
experiments in Fig. 4(f), with corresponding values for Ea of 388 and
323 kJ/mol, respectively. For both phase transitions, Ea is larger
during the first melt DSC experiments relative to the subsequent
annealed DSC experiments, where age related lattice point defects
have been removed. During the course of 52 years, Ea for the ε to
liquid transition increases by about 229 kJ/mol, which corresponds
to a rate of increase, ΔEa/Δt, of 9.1% per decade. For the δ to ε tran-
sition, the corresponding increase is about 65 kJ/mol, which equates
to 3.9% per decade.

An alternative method for finding Tp is now considered and
compared with the baseline method, where Tp is simply the aver-
age of the onset and end temperatures. In this alternative approach,
each phase transition within the samples is represented as a trian-
gle, using the lines shown in Figs. 1 and 2. The triangle is comprised
of the red dashed line connecting the onset and end temperatures
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FIG. 4. Plots of ln q/T2
p vs 1/Tp for the ε to liquid phase transition on the first melt (a) and after annealing (b), using the baseline method where Tp is the average of the onset

and end temperatures. Corresponding results using the alternative method for Tp are shown in (c) and (d). A similar set of Kissinger plots for the δ to ε transition is given in
(e) and (f), using the baseline method, while results with the alternative method are given in (g) and (h).

of the transition and the two tangent lines representing the transi-
tion peak, which are shown as blue dashed lines. The temperature of
the 50% phase transformation fraction, Tp, is the temperature cor-
responding to half of the area of this triangle. Results of a Kissinger
analysis using the alternative method are shown in Figs. 4(c) and
4(d) for the ε to liquid transition and Figs. 4(g) and 4(h) for the δ to
ε transition. The Kissinger analysis with the alternative method uses
the onset temperatures from Wayne15 for the δ to ε transition, such
as the baseline method, but when considering the ε to liquid transi-
tion, the onset temperatures determined in this study, as presented

in Table IV and illustrated in Figs. 1 and 2, are used instead. All other
onset and end temperatures are the same between the baseline and
alternative methods. For the δ to ε transition, the alternative method
gives activation energies for the first melt and annealed experiments
that are about 20% larger than the corresponding activation ener-
gies determined using the baseline method shown in Figs. 4(e) and
4(f). For the ε to liquid transition, the activation energies using the
alternative method are within about 3% of those found with the
baseline method shown in Figs. 4(a) and 4(b). Furthermore, for
the ε to liquid transition, the difference between the alternative and
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FIG. 5. Calculated values vs phase transformation fraction for the ε to liquid transition: (a) Ea and (b) rate of change of Ea. Solid lines indicate a non-isothermal model, Eq. (1),
and dashed lines indicate an isothermal model, Eq. (3).

baseline method is within the corresponding uncertainty for the acti-
vation energy, as obtained from the Bayesian analysis presented in
Sec. III.

For the γ to δ phase transition in pure plutonium Ennaceur
showed that Ea decreases as a function of the amount of phase
transformation and that after annealing, Ea at any given transfor-
mation amount is larger than the corresponding value on the first
melt.30 The results shown in Fig. 4 are for 50% phase transformation.
Figures 5(a) and 6(a) present corresponding results for Ea as a func-
tion of transformation fraction for the ε to liquid and δ to ε phase
transitions, respectively. For each phase transition, it is assumed that
the transformation fraction varies linearly from the onset tempera-
ture to the end temperature. In Figs. 5 and 6, the solid lines indicate
a fit using the model from Eq. (1). At the onset of the ε to liquid tran-
sition, Ea is about 1270 kJ/mol for the first melt and 600 kJ/mol after
subsequent annealing. As the phase transformation progresses, the
difference in Ea between the first melt and subsequent annealing is
reduced significantly, such that at an 80% transformation fraction,
Ea is about 560 kJ/mol for the first melt and 420 kJ/mol after subse-
quent annealing; this represents a rate of increase of about 6.2% per
decade, as indicated in Fig. 5(b). For both the first melt and annealed
samples, Ea is larger at the onset of the phase transformation and
steadily becomes smaller as the transformation progresses. This is

especially true of the first melt samples, where Ea is more than a
factor of two larger at the onset of the phase transformation rela-
tive to the corresponding value at the 80% transformation fraction.
This suggests that the ε to liquid transition is a multi-step process
rather than a single-step process. For the δ to ε transition, the value
of Ea at the onset of the phase transition is more comparable between
first melt and annealing: at 80% transformation fraction, Ea equals
370 kJ/mol for the first melt and 320 kJ/mol after annealing. In this
case, the value of Ea for the first melt is only about 50 kJ/mol larger
than after annealing, corresponding to a rate of increase of 2.7% per
decade, as shown in Fig. 6(b).

Equation (1) represents a non-isothermal process, and Mitte-
meijer argues that this is more appropriate in situations where the
rate of temperature increase is fixed, such as the present DSC experi-
ments.27 Equation (3), shown below, is consistent with an isothermal
process and is based on the reaction rate model derived by Eyring.31

An alternative analysis to find Ea was performed by fitting Eq. (3)
to the temperature for a given transformation fraction, based on the
onset and end temperatures presented in Tables II and III,

q = CTp exp
−Ea

RTp
. (3)

FIG. 6. Calculated values vs phase transformation fraction for the δ to ε transition: (a) Ea and (b) rate of change of Ea. Solid lines indicate a non-isothermal model, Eq. (1),
and dashed lines an isothermal model, Eq. (3).
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The results of this isothermal analysis are indicated as the dashed
lines in Figs. 5 and 6. For the ε to liquid transition, there is very
little difference between the values of Ea determined using Eqs. (1)
and (3). However, for the δ to ε transition, the isothermal value of
Ea is consistently larger than the corresponding non-isothermal
value across the full range of the phase transformation fraction, by
about 2%.

The results in Fig. 5(a) suggest that the ε to liquid transition
is a multi-step process rather than a single-step process. Such a
multi-step process is described by the well-known nucleation and
growth model of Turnbull and Fisher.32 Vyazovkin and Sbirraz-
zuoli33 describe the theoretical elements of this type of nucleation
and growth model, where the activation energy is a function of
temperature, T, as given as follows:

Ea = ED +
Ω

(Tm − T)2 . (4)

In this equation, Tm represents the melt temperature, and there
are two parameters, ED and Ω, which are determined by fitting the
non-isothermal data presented in Fig. 5(a). In physical terms, Ω is
proportional to σ3, where σ is the surface tension associated with
droplet formation during the ε to liquid transition. When fitting
Eq. (4), the value of T corresponding to a particular phase transfor-
mation fraction is determined by averaging the Tp value from each
of the four DSC samples associated with that value of phase frac-
tion. Figure 7 presents the non-isothermal Ea data from Fig. 5(a)
plotted as a function of 1/(Tm − T)2, where Tm was set to 640 ○C,
a value roughly equivalent to the melt temperature of pure plu-
tonium. Equation (4) represents both the first melt and annealed
experiments fairly well, with Ω equal to 729 MJ K2/mol for the first
melt experiments and 230 MJ K2/mol for the annealed experiments.
The difference in Ω between the first melt and annealed experiments
corresponds to a 47% increase in surface tension over the course of
52 years, equating to a rate of increase of 9.0% per decade. This
rate of increase is similar to the value of ΔEa/Δt for the ε to liquid
transition at 50% phase transformation fraction, 9.1% per decade,
presented earlier.

The precise mechanism causing the difference in activation
energy, ΔEa, between the first melt experiments and the annealed
experiments is not known. Several mechanisms are plausible, includ-
ing the migration of He atoms through the Pu lattice as well as
changes in Pu elastic properties over time, such as stiffening of
the bulk modulus. Robinson et al.5 calculated the energy barriers
for vacancy assisted He migration in a Pu alloy with 5 at. % Ga,
finding values of 0.9 ± 0.3, 2.9 ± 0.3, and 3.5 ± 0.5 eV, which are
associated with migration to the first nearest neighbor vacancy, the
second nearest neighbor vacancy, and the third nearest neighbor
vacancy on the Pu lattice, respectively. The present study indicates
that ΔEa for the δ to ε transition at 50% phase transformation is
65.4 kJ/mol, which equates to 0.68 eV. This value is within the
required energy range for He to migrate to the first nearest neigh-
bor vacancy, 0.9 ± 0.3 eV, as reported by Robinson et al.5 Therefore,
it is possible that He migration during the δ to ε transition may con-
tribute to the observed ΔEa. However, for the ε to liquid transition,
the value of ΔEa from the present analysis is 228.7 kJ/mol, or 2.37 eV,
which falls entirely outside of the energy range associated with any of

FIG. 7. Non-isothermal Ea data from Fig. 5(a) plotted as a function of 1/(Tm − T)
2

for the first melt experiments (red) and the annealed experiments (blue). The thin
black lines indicate linear fits to the data.

the vacancy assisted He migration pathways calculated by Robinson
et al.5

As an alternative hypothesis to He migration, the observed
ΔEa for both δ to ε and ε to liquid transitions may be caused, at least
in part, by changes in the elastic bulk modulus of the transitional
state due to the accumulation of lattice defects of the type observed
by Maiorov et al.11,12 The accumulation of lattice point defects over
time leads to a stiffening of the bulk modulus and an associated
increase in the lattice energy. This increase in lattice energy raises
the activation energy or energy barrier associated with the phase
transformations in the first melt experiments. A percentage change
in elastic bulk modulus over time, due to the accumulation of lattice
defects, should translate directly into the same percentage change in
the elastic energy of the lattice, which in the present case one could
equate with the observed activation energy of the transitional state
in the DSC experiments. Changes in the elastic energy of the lattice
over time should also impact the surface tension associated with the
ε to liquid transition.

III. BAYESIAN ANALYSIS
There are significant uncertainties in the values of the model

parameters derived in Fig. 4 when fitting a Kissinger model, Eq. (2),
to the peak temperature values inferred from the DSC experiments
due to the sparsity of the data, with only two different heating rates.
For this reason, a Bayesian statistical analysis was completed to
quantify the parametric uncertainties in the model and how these
uncertainties impact the inferred activation energies.

For each of the two phase transitions, there are eight values of
ln q/T2

p from the DSC experiments; four of these values are associ-
ated with the first melt DSC experiments and the other four with
the subsequent annealed DSC experiments. For this analysis, Tp was
calculated at the 50% transformation fraction, consistent with the
values used to generate Fig. 4. The first melt data and the subse-
quent annealed data are each represented by the linear expression
from Eq. (2) with two parameters, Ta and ln C, resulting in four total
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parameters to consider for statistical modeling. A mean value and
corresponding uncertainty for each of these four parameters were
determined using a Bayesian statistical method.34,35 As part of this
Bayesian analysis, a large set of simulated ln q/T2

p data was generated
for each phase transition by evaluating Eq. (2) at different points in
the parameter space and considering both first melt and annealed
conditions.

The Bayesian method used for this analysis is now described in
general terms. The Bayesian approach assumes that the experimental
data can be described by a suitable computational model, F, written
in the following form:

[y1 ⋅ ⋅ ⋅ yn] = F(z1 ⋅ ⋅ ⋅ zp), (5)

where F depends on a set of p input parameters, z1⋅ ⋅ ⋅zp, that are not
observed directly in the experiments, and y1⋅ ⋅ ⋅yn is the set of n sim-
ulated values produced by the computational model, corresponding
to the distinct quantities observed in the experiments. Latin hyper-
cube sampling is used to determine a suitable design, Z, spanning
the parametric space of the model, consisting of m samples of the
p input parameters,

Z =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

z1
1 ⋅ ⋅ ⋅ zm

1

⋮
z1

p ⋅ ⋅ ⋅ zm
p

⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (6)

The simulated data from the computational model, evaluated at Z,
are denoted as Y . Y is an n by m matrix. A singular value decomposi-
tion is performed on Y in order to find its rank, l, and the associated
l principal component basis vectors of Y , which are denoted as
W1⋅ ⋅ ⋅W l. In order to construct the statistical model, Y is represented
in the following form:

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Y1
1 ⋅ ⋅ ⋅Ym

1

⋮
Y1

n ⋅ ⋅ ⋅Ym
n

⎤⎥⎥⎥⎥⎥⎥⎥⎦

= Ksim

⎡⎢⎢⎢⎢⎢⎢⎢⎣

W1
1 ⋅ ⋅ ⋅Wm

1

⋮
W1

l ⋅ ⋅ ⋅Wm
l

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (7)

where Ksim is an n by l matrix determined from the singular value
decomposition of Y .

Both the experimental data and the set of m samples from the
computational model Y are modeled statistically as a Gaussian pro-
cess with parameters λw and ρk. There is one ρk parameter associated
with each of the p input parameters to the computational model. The
Gaussian process assumption is written as

R(Zi, Zj) = 1
λw

p

∏
k=1

ρ
4(zi

k−z j
k )2

k , (8)

where R[Zi, Z j] is the covariance matrix among the m samples of the
p input parameters, and it is an m by m matrix.

The Bayesian statistical model is constructed from 10 000 sam-
ples of the Gaussian process parameters λw and ρk. In addition to
the Gaussian process parameters, samples of the p input parameters,
denoted as θ1⋅ ⋅ ⋅θp, are also taken simultaneously. As part of this pro-
cess, a likelihood, L, is determined from the principal component
basis vectors, W1⋅ ⋅ ⋅W l, and the upper triangular matrix from the

Cholesky factorization of R[Zi, Z j], denoted as U, according to the
following prescription:

UT ⋅Hi =WT
i ,

Li = −∑
k

ln{Ukk} −
1
2

HT
i ⋅Hi,

L =
l

∑
i=1

Li.

(9)

Equation (9) is the largest contribution to the likelihood. Smaller
contributions due to the cross-covariance between the simulated
data and the observed data are also considered in calculating L,
but discussion of these cross-covariance terms is omitted here for
brievity.

Samples of (λw, ρk, θ) are taken using Markov Chain Monte
Carlo (MCMC) from the posterior distribution,

π(θ, λw, ρk∣Y)∝ exp{−L}π(θ)π(λw)π(ρ). (10)

The prior distribution for θ, π(θ), is a uniform distribution over
some specified range. The following prior distributions are used for
the Gaussian process parameters:

π(λw) = λ4
w exp{−5λw}, (11)

π(ρ) =
p

∏
k=1
(1 − ρk)−0.9. (12)

Returning to the specific problem of fitting Eq. (2) to the
observed ln q/T2

p data, there are four model parameters, p = 4, and
a Latin hypercube design with 1000 samples of these parameters
was used for generating simulated data from the model, resulting
in m = 1000. For each sample, there are eight values of ln q/T2

p
produced from the computational model, leading to n = 8. Thus,
Y is an 8 by 1000 matrix with a rank of four, such that l = 4. The
simulated data are represented by four principal component basis
vectors, W1⋅ ⋅ ⋅W4. The Latin hypercube design, which covered the
parametric space Z, was created using an iterative algorithm within
commercial Matlab software that minimizes correlations among the
parameters in the design. The lower limit over which a parameter
was sampled in this design space is equal to a factor of 0.75 times
the mean value of the parameter from the linear fit using the base-
line method shown in Fig. 4, whereas the upper limit is equal to a
factor of 1.25 times the mean value from the linear fit using the base-
line method in Fig. 4. 10 000 samples of the four parameters, θ1⋅ ⋅ ⋅θ4,
were obtained through MCMC sampling of Eq. (10). The MCMC
sampling was performed using the Gaussian Process Model for Sim-
ulation Analysis (GPM/SA) code, a Matlab based Bayesian analysis
tool developed at Los Alamos National Laboratory (LANL).36,37

The 10 000 samples generated by the MCMC sampling of
Eq. (10) were then analyzed to find the activation energies for the
first melt DSC experiments and the subsequent annealed DSC exper-
iments, as well as the rate of change of activation energy with age.
For the δ to ε transition, the first melt experiments have an activa-
tion energy of 377.8 ± 26.7 kJ/mol, and the annealed DSC experi-
ments have an activation energy of 324.5 ± 37.0 kJ/mol, according
to the present Bayesian analysis. The uncertainties reported here are
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FIG. 8. Probability density function for Ea inferred from a Bayesian statistical anal-
ysis of the DSC experiments. The red curves correspond to the ε to liquid transition
and the black curves to the δ to ε transition. In both cases, results for the first melt
experiments are shown as solid lines, while the annealed experiments are shown
as dashed lines.

2σ values. The rate of change of Ea with age was found to be
3.3 ± 3.8% per decade. Similarly, for the ε to liquid transition,
the first melt experiments have an activation energy of 696.2
± 27.7 kJ/mol, and the annealed DSC experiments have an activation
energy of 509.7 ± 29.8 kJ/mol. The corresponding rate of change of
Ea with age is 7.1 ± 1.8% per decade.

A probability density function (PDF) for the activation energy
was generated from the 10 000 MCMC samples of the posterior dis-
tribution. The PDF was normalized so that the area under the curve
is equal to unity. Figure 8 shows the PDF of Ea for the δ to ε phase
transition in black, with the corresponding results for the ε to liquid
phase transition in red. The PDF for the rate of change of activation
energy, ΔEa/Δt, is shown in Fig. 9. The PDF for ΔEa/Δt, associated
with each phase transition, is not a simple Gaussian function but
rather has two or more peaks in probability density. When consid-
ering the δ to ε phase transition, there are three peaks in probability
density for ΔEa/Δt. Of these three peaks, the one with the largest
probability density occurs at a value of ΔEa/Δt equal to 1.7% per
decade, which is remarkably similar to the bulk modulus stiffening

FIG. 9. Probability density function for the rate of change of activation energy,
ΔEa/Δt inferred from a Bayesian statistical analysis of the DSC experiments. The
red curve corresponds to the ε to liquid transition, while the black curve refers to
the δ to ε transition.

rate measured by Maiorov et al.12 The fact that the peak probabil-
ity density for ΔEa/Δt is so similar to the observed stiffening rate in
the RUS measurements hints that the same mechanism causing bulk
modulus stiffening with age may also contribute to the increase in
Ea with age.

While a single-step process with a single value of Ea is adequate
to represent the δ to ε transition according to the results presented in
Fig. 6(a), the ε to liquid transition is a multi-step process that is more
accurately described by Eq. (4). The Bayesian analysis presented
above was extended for this case. Instead of a single value of phase
transformation fraction, a range of 51 values uniformly spaced from
0 to 1 was considered when applying the present Bayesian method
to Eq. (4). For each phase fraction, there are eight values of ln q/T2

p
from the DSC experiments; four of these values are associated with
the first melt DSC experiments and another four with the subsequent
annealed DSC experiments. Consequently, there are now 408 val-
ues of ln q/T2

p produced from the computational model, leading to
n = 408. As before, the first melt data and the subsequent annealed
data are each represented by the linear expression from Eq. (2) with
two parameters, Ea and ln C. In the prior Bayesian analysis, the
Ea and ln C parameters associated with the first melt and annealed
experiments were taken as constants; however, now each of these
parameters is assumed to be a linear function of 1/(Tm − T)2, result-
ing in a total of eight parameters, p = 8. A Latin hypercube design
with 1000 samples of these parameters was used for generating sim-
ulated data from the model, resulting in m = 1000. In this case, four
principal components, l = 4, were used for the singular value decom-
position of Y to find Ksim. With these extensions, the other steps in
constructing the Gaussian process model were the same, and 10 000
samples of the eight parameters were obtained through MCMC sam-
pling of Eq. (10). A mean value and corresponding uncertainty for
each of the eight parameters were determined. From this analysis,
Ω was found to be 760 ± 44 MJ K2/mol for the first melt experiments
and 228 ± 18 MJ K2/mol for the annealed experiments. The resulting
rate of change of the surface tension associated with the ε to liquid
transition was then determined to be 9.5 ± 0.5% per decade. This rate
of increase is larger than the value of ΔEa/Δt at 50% phase trans-
formation fraction, 7.1 ± 1.8% per decade, from the prior Bayesian
analysis assuming a single-step kinetic process.

IV. CONCLUSIONS
Differential scanning calorimetry data for samples of a 52 year

old plutonium alloy with 3.3 at. % Ga that were heated beyond the
melting point was analyzed using transition state theory to find
activation energies for the δ to ε and ε to liquid phase transitions.
A Bayesian statistical analysis reveals that for both phase transi-
tions, Ea for the aged sample is larger than Ea for the same sample
after annealing to remove age related lattice point defects. The rate
of change of Ea with age is 3.3 ± 3.8% per decade for the δ to ε
phase transition and 7.1 ± 1.8% per decade for the ε to liquid phase
transition.

The present study suggests that the phase transformation kinet-
ics of Pu–Ga alloys change with age. There are large uncertainties
for the rate of change of Ea determined through the Bayesian analy-
sis. However, given these uncertainties, the potential exists for rather
large changes in Ea with age. It is postulated that the change in acti-
vation energy with age for both phase transitions is caused, in part,
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by the accumulation of the same type of lattice point defects asso-
ciated with the observed increase in elastic bulk modulus over time.
Future work should focus on expanding the available DSC data for
aged plutonium alloys, with an emphasis on having many differ-
ent values for the linear temperature increase, q. This would help
to reduce parametric uncertainties when fitting Eq. (2) and reduce
the final uncertainties from the Bayesian analysis. Furthermore,
DSC measurements on aged plutonium alloys with different Ga con-
centrations could help determine whether the change in activation
energy is influenced by Ga concentration.
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