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We show that the reflection interference fringe (RIF) is formed on a screen far away from the microdroplets placed 

on a prism-based substrate, which have low contact angles and thin droplet heights, caused by the dual convex-

concave profile of the droplet, not a pure convex profile. The geometric formulation shows that the interference 

fringes are caused by the optical path difference when the reflected rays from the upper convex profile at the 

droplet-air interface interfere with reflection from the lower concave profile at oblique angles lower than the 

critical angle. Analytic solutions are obtained for the droplet height and the contact angle out of the fringe number 

and the fringe radius in RIF from the geometric formulation. Furthermore, the ray tracing simulation is conducted 

using the custom-designed code. The geometric formulation and the ray tracing simulation show excellent 

agreement with the experimental observation in the relation between the droplet height and the fringe number and 

the relation between the contact angle and the fringe radius. This study is remarkable as the droplet’s dual profile 

cannot be easily observed with the existing techniques. However, the RIF technique can effectively verify the 

existence of a dual profile of the microdroplets in a simple setup. In this work, the RIF technique is successfully 

developed as a new optical diagnostic technique to determine the microdroplet features, such as the dual profile, 

the height, the contact angle, the inflection point, and the precursor film thickness, by simply measuring the RIF 

patterns on the far-field screen. 

 

I. INTRODUCTION 

Wetting is ubiquitous in nature and technology. When a drop of liquid is in contact with a substrate, the drop 

spreads and is affected by the hydrodynamic bending1,2 to form the outer region for the macroscopic flow, the 

intermediate region bridging the outer and the inner regions, and the inner region. The outer region follows the 

spherical (convex) profile for a small Capillary number.3  The immediate region is where the profile turns from convex 

to concave including the inflection point, and the inner region has tens of nanometer thickness, such as precursor film, 

around the contact line.4–8 The geometrical profile of individual droplet is primarily influenced by the surface energy 

difference between liquid and substrate.  

Microcontact printing (µCP) causes the liquid drop wetting and dewetting.9,10 During dewetting, the contact line 

recedes, and recently, it has been experimentally reported that the droplet makes convex-concave profile.2 The 

resultant droplet tends to form a dual-profile (convex-concave) with an inflection point that partitions a droplet surface 

geometrically and contact line, including precursor film.4–7 The upper part of the droplet surface covered from its apex 

to the inflection line takes a nearly spherical cap shape like a convex lens. From the droplet’s edge to the intermediate 

region or inflection point, conversely, the droplet profile is concave upward, which is formed with a foot region and 

a precursor film. 

Identifying the droplet profile is of key importance in understanding the underlying mechanism of van der Waals, 

electrostatic, and hydrodynamics forces in wetting and spreading.4,5,11 Furthermore, the measurement of the geometric 

shape of droplets is substantial in applications, such as the spreading of droplets,4,5 the evaporation /condensation of 

sessile droplets,12–14 microfluidics,15 inkjet printing,10 and microlens array.16 

There have been various methods for droplet profile measurement, such as the droplet height or thickness, and 

the contact angle, based on goniometry,17 interferometry,6,8,18–24 total internal reflection microscopy (TIR),25,26 atomic 

force microscopy (AFM),27–29 ellipsometry,30 and optical microscopy.31,32 The interferometry, AFM, and ellipsometry 

can measure the droplet profile on a nanometer to sub-micron scale, enabling the profile determination in the 

intermediate region of the droplet. However, these techniques are sophisticated ones that require complicated setups 

and time-consuming measurements. The goniometry, TIR, and optical techniques are lack of the resolution. The 

existing techniques of reflection and transmission interference20,33–35 are for thick droplets and high contact angles, 

thus not being able to characterize microdroplet features such as the convex-concave profile, low contact angle, and 

thin height.  

In this study, we introduce a simple optical method to determine the droplet features, such as convex-concave 

profile, thin height, low contact angle, and inflection point, of microdroplets using the far-field reflection interference 

fringe (RIF) configuration without complicated microscopy, producing interference fringes depending on the droplet 

profiles. The laser light is illuminated on the droplet on the prism from the bottom and reflected to the screen. The 
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interference fringes are generated because of the convex-concave profile of the droplet. If the droplet profile is purely 

convex, the reflected laser diverges without any interference fringes, meaning that the formed microdroplets have 

convex-concave profiles, which is a remarkable finding as convex-concave profile and sub-micron scale inflection 

point can be easily observed in real-time by simple configuration, not requiring a sophisticated one. Furthermore, we 

show RIF technique can determine the microdroplet features, such as the droplet thin height (thickness), the low 

contact angle, the inflection point, and the precursor film thickness. 

To understand the generated interference fringe patterns on the far-field screen, the geometric formulation was 

conducted to show that the fringe is caused by the interferences from the convex at the center and the concave profiles 

at the contact line in the droplet. The relation between the droplet height or thickness (h) and the optical path difference 

(OPD) was obtained from the geometric formulation, which shows a similar form to Fizeau interferometry’s relation.36 

The droplet height is determined by counting the fringe numbers in the OPD relation, showing a linear dependency 

on the fringe numbers and an excellent agreement with the experimental measurements and the ray tracing simulation. 

Furthermore, a raytracing simulation was performed based on the custom-designed MATLAB program25,37 to provide 

details of the droplet profiles. The interfering rays reflected near the inflection point in the intermediate region produce 

the outermost fringe of the concentric interference pattern on the screen, away from the sample droplet. The reflecting 

rays from the convex and the concave profiles of the droplet are projected on the far-field screen to form interference 

fringe patterns. The reflected rays are diverged at a larger area because of the droplet lens effect,25,37 to facilitate 

counting the fringe number and radius. 

A variety of droplets are prepared using PDMS stamp printing method37 and a syringe on different substrates with 

different oleophobicities and varying incident angles to show a good agreement between the experiments, the 

geometric formulation, and the ray tracing simulation in the interference fringe features, such as fringe number (FN), 

the fringe radius (FR), and the fringe location, to determine the droplet convex-concave profile, the droplet height, the 

contact angle, the inflection point, and the precursor film thickness. The employed tens of droplets have a droplet 

radius of less than 200 microns. Most droplets show the formation of interference fringes on the screen. The ray tracing 

simulation shows that most droplets have inflection points close to the edge within 5 % droplet radius from the edge 

and 10 % droplet height from the substrate. The precursor film thickness is estimated to be distributed from 2 to ~100 

nm. The RIF technique effectively measures the droplet height from 1.7 to 15 microns with a contact angle from 1.16 

to 14.8 degrees. The outcome of this research shows that it can effectively detect the thin height of microdroplets as 

tiny as ~ 1 micron and the contact angle as low as ~1 degree.  

Additionally, an analytic expression is obtained between the droplet’s apparent contact angle, which is determined 

at the inflection point, and the interference fringe radius from the geometric formulation to show a good agreement 

with the experiments and the ray tracing simulation. The outermost rays determine the fringe radius by the apparent 

contact angle from the reflection at the inflection point region.  

II. INTERFERENCE FRINGE FORMATION IN INTERNAL REFLECTION 

The microdroplets are prepared by microcontact printing (µCP) and syringe methods on the representative 

oleophilic, plain, and oleophobic coated SF 10 glasses (substrates), which are provided by CEKO, Co. Ltd.25,37 The 

interference fringe is formed in internal reflection configuration with an equilateral triangle prism (SF10, np = 1.732 

at 633 nm; Esco Optics) below the critical angle.25,37 The index-matching liquid (Cargille Labs.) is put between the 

glass substrate and the prism.36,37 The study shows that the substrate material and the shape wouldn’t affect the 

interference fringe formation. The liquid of triolein oil (refractive index, nd  of  1.477 at 633 nm; viscosity of 38.2 cSt) 

is used. A droplet is placed on the upper side of the substrate. A He-Ne laser ( = 633 nm; Newport) is used as a light 

source to produce the interferometric fringes of light on a screen away from the droplet. The screen is located away 

from the droplet by a working distance (WD) of around 200~300 mm. A coherent, parallel beam (d = 0.8 mm) of a 

laser is incident on the left side of the prism and reflects on the droplet-air interface. Internal reflection associated with 

a liquid droplet involves the optical aberration of the reflection beam due to the curved profile of the droplet surface 

at the droplet-air interface. The screen is mounted at a right angle against the reflected laser’s propagation axis. 

In internal reflection configuration, an unexpected fringe pattern is observed as in Fig. 1-A and B. Fig. 1 shows 

the representative reflection interference fringe formation depending on the surface oleophobicities, the droplet height, 

and the apparent contact angle at the incidence angle (inc) of 43.2°. The top row is the side view images, and the 

bottom is the recorded RIF images. The side view images show increasing contact angles with oleophobicities. The 

contact angle and the thickness measured by the side view imaging are inserted in the images. FN and FR in the figure 

are the number of fringes and the fringe radius, respectively. The fringe radius  is measured from the fringe center to 

the right outer edge of the fringe. We confirmed that the right-hand side of the fringe is caused by the left edge of the 

droplet from the geometry (Fig. 1). The observed interference images show the relation between the fringe number 

and the droplet thickness (h). The number of fringes increases as the droplet thickness thickens. With smaller droplet 
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thickness, the number of fringes gets smaller. Also, the fringe radius gets larger with increasing contact angle. The 

reason for the interference fringes (Fig. 1-A and B) on the far-field screen in internal reflection configuration is 

conjected to be due to the existence of the dual convex-concave profile of the microdroplets, which will be explained 

by the geometric formulation (Section III) and the ray tracing (Section IV). 

The oleophobic coating surface doesn’t show the interference fringe (Fig. 1-C), as it is estimated that the droplets 

on the oleophobic surface tend to form a pure convex profile because of the high contact angle and thick droplet 

height. Some droplets prepared by the syringe method don’t show interference formation even on the non-coating 

surface with a low contact angle (~ 10 degrees), similar to Fig. 1-B, which is attributed to the fact that the droplet 

profile is pure convex, not dual convex-concave.  

 
FIG. 1 The droplets on various oleophobicities and the internal reflection interference fringes.  

Reproduced with permission from Kim et al., in Thermal and Fluids Engineering Conference (TFEC), New Orleans, LA 

(ASTFE, 2020), pp. 109–113. Copyright 2020, American Society of Thermal and Fluids Engineers.38 

III. GEOMETRIC FORMULATION FOR REFLECTION INTERFERENCE FRINGE (RIF) 

To explain the fringe formation in the internal reflection in Fig. 1-A and B, the dual convex-concave profile is 

introduced in Fig. 2-A, which shows the schematic of the far-field reflectance interference fringe (RIF) technique. The 

droplet in Fig. 2-A has the dual convex-concave profile to form interference fringe on the screen away from the droplet 

as in Fig. 1-A and B, while Fig. 2-B is the droplet with only a convex profile to generate an expanded and aberrated 

beam profile without interference fringe as in the authors’ recent study25 and Fig. 1-C. The laser is illuminated to cover 

the whole droplet as the projected laser size on the horizontal substrate is 2~3 mm, depending on the incident angles, 

while the diameter of most droplets is below 500 microns. In Fig. 2-A, the reflected light from the substrate-droplet 

interface is projected on the screen with the original size of 0.8 mm, much smaller than the fringe radius, which is 

determined by the contact angle at the inflection point. Hence, the generated interference fringe, much larger than the 

center laser spot size, with a fringe radius of more than 35 mm as in Fig. 1-A and B, is not affected by reflection from 

the substrate-droplet interface. Fig. 2-B shows that the convex or spherical profile of the droplet produces the expanded 

and aberrated beam as in Fig. 1-C, which cannot form the interference fringes on the far-field screen away from the 

droplet-air interface by 200~300 mm. The interference can be formed on the substrate-droplet interface between the 

incoming light and the refracted light from the reflection at the droplet-air interface, but this interference can be 

observed only using a microscope or magnifier, which the observation plane can be located at the substrate-droplet 

interface. Thus, the interferences occurring on the far-field screen, as in Fig. 1-A and B, are not caused by the pure 

convex profile of the droplet at the droplet-air interface, and it is reasonably conjectured that the droplet profiles would 

be dual convex-concave as in Fig. 2-A.  
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FIG. 2 The schematic of reflectance interference fringe (RIF) technique. A) The convex-concave droplet profile to form 

interference fringe. B) The purely convex droplet profile to form the expanded beam profiles without interference fringe. 

The physical origin of the far-field interference fringe in this internal reflection is different from the existing fringes 

observed in microscope configuration as it is formed far away from the sample caused by the interference between 

the reflected rays from the spherical and concave profiles at the liquid droplet-air interface, as in the inset figure in 

Fig. 2-A. The general microscope setup observes the interference fringe mostly on the substrate-droplet interface,6,23 

as in the inset figure in Fig. 2-B. This finding suggests that the far-field reflection interference fringe (RIF) in this 

study can be applied to determining the droplet’s complex features, such as the dual convex-concave profile, the thin 

droplet height, the small contact angle, the inflection point, and the precursor film thickness, in a simple configuration. 

The detailed geometrical formulation is conducted to analytically explore how the dual convex-concave profile 

works for the interference fringe formation, as in Fig. 3. The laser beam reflected on the droplet surface is no longer 

parallel while it passes out through the right side of the prism. Eventually, due to the convex-concave profile of the 

droplet surface, the laser beam arrives at different coordinates on a screen far away from the droplet according to the 

position of the droplet surface on which it reflects. The light reflected on the apex of the droplet on the upper convex 

profile (point C) and the horizon (or the precursor film) of the lower concave profile (point H) are targeted at the 

screen center like the light reflected on the substrate-droplet surface (Ray1 and Ray1’ of Fig. 3). On the other hand, the 

lights reflected apart from apex and precursor film (points Q and T) are directed to the surrounding area of the screen 

center (Ray2 and Ray2’) to form an interference at location U. The off-focused illumination becomes severe as the 

reflection position is further away from the apex and precursor film of the droplet surface. The lights reflected close 

to the inflection point of the dual convex-concave profile (points R and S) are most widely diverged and 

 
FIG. 3 The illustration of internal reflection interference fringe (RIF) formation for droplet and the optical path difference (OPD). 

a is the droplet radius. b is the thickness for the inflection point in the convex-concave profile. t is the precursor film in the lower 

concave profile. rail is the angle of the laser against the horizontal plane. The number of , , and  are for the interfaces of 

substrate (glass)-droplet (liquid), droplet-air, and droplet-substrate, respectively. The A through K are the coordinates that the rays 

pass through. na, nd , and ns are the refractive index of air (na=1), droplet liquid (na=1.477),  and substrate (ns=1.732). The subscript 

of u and l in the coordinates mean the droplet's upper and lower profiles, respectively. The subscripts of Inc and Trn are the 

incidence and the transmission with respect to the interfacial plane, respectively. 𝜃𝑡𝑟𝑛,𝑠𝑑 = 𝑠𝑖𝑛−1(𝑛𝑠/𝑛𝑑  𝑠𝑖𝑛 𝜃𝑖𝑛𝑐,𝑠𝑑) and inc,sd is 

the incident angle from the substrate to the droplet liquid. WD is the working distance from the droplet to the screen with 200~300 

mm in experiment. inc,sd=inc=43.2°, trn = sin-1(1.732/1.1477 sin 43.2° )=54.4°. 
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illuminated at the outermost location of the diffraction pattern at location V (Ray3 and Ray3’), which will be discussed 

in detail later in this section. The exact inflection point is M (Fig. 5). The points R and S are slightly off the exact 

inflection point (M) to show the interference. The interference occurs when two optical rays reflected on the upper 

convex and the lower concave profiles meet at the far-field screen, far away from the droplet (WD: 200~ 300 mm), as 

also illustrated in Fig. 2-A. The intensity of interfered light depends on the phase difference between both rays, which 

changes periodically from the center to the outermost of light illumination. The consequential interfered light appears 

as the concentric fringe pattern in Fig. 1-A and B. In the figure, the left side of the droplet corresponds to the upper 

fringes, and the right side corresponds to the lower fringes against the center spot in the interference fringes formed 

on the screen. The lights reflected at the substrate-droplet interface are targeted around the screen center (point F) 

with the brightest intensity (1st reflection inside the glass substrate) with the original laser spot diameter ( ~ 0.8 mm) 

size as the screen is mounted at a right angle against the laser propagation. Also, please note that the interference 

occurs on the substrate-droplet interface, as shown in Fig. 2-B, but the observation plane must be located on the 

substrate-droplet interface. The current observation plane is situated far from the droplet by a working distance (200~ 

300 mm). The experimentally observed interference fringes on this screen, as in Fig. 1A and B, have to be non-convex 

profiles at the droplet-air interface. Hence, the dual convex-concave profile is introduced as in Fig. 2-A and Fig. 3 in 

this study. 

In Fig. 3, the geometric optical relation was investigated to discover the relation between the droplet profile and 

the interference fringe formation. The coordinates, A through K, were identified along the optical path for the rays 

hitting the upper convex profile and the lower concave profile. The optical path difference (OPD) between the center 

ray on the apex of the upper convex profile (point C) and the lowest point of the lower concave profile (point H) is 

obtained by the geometric formulation using the identified geometric coordinates in Fig. 3. The point H is considered 

as almost flat and to have the precursor film thickness, t. 
 

𝑂𝑃𝐷 = 𝑛𝑠𝐴𝐵̅̅ ̅̅ + 𝑛𝑑(𝐵𝐶̅̅ ̅̅ + 𝐶𝐷̅̅ ̅̅ ) − [𝑛𝑑(𝐺𝐻̅̅ ̅̅ + 𝐻𝐼̅̅̅̅ ) + 𝑛𝑠𝐼𝐽̅] 
          =  𝑛𝑠 𝑠𝑖𝑛 𝜃𝑖𝑛𝑐 𝐵𝐺̅̅ ̅̅ + 2𝑛𝑑(𝐵𝐶̅̅ ̅̅ ) − 𝑛𝑠 𝑠𝑖𝑛 𝜃𝑖𝑛𝑐 𝐷𝐼̅̅ ̅ − 2𝑛𝑑(𝐺𝐻̅̅ ̅̅ ) 

           = − 𝑛𝑠 𝑠𝑖𝑛 𝜃𝑖𝑛𝑐  𝑡𝑎𝑛 𝜃𝑡𝑟𝑛  (ℎ − 𝑡) + 2𝑛𝑑
ℎ

cos 𝜃𝑡𝑟𝑛
− 𝑛𝑠 𝑠𝑖𝑛 𝜃𝑖𝑛𝑐  𝑡𝑎𝑛 𝜃𝑡𝑟𝑛 (ℎ − 𝑡) − 2𝑛𝑑

𝑡

cos 𝜃𝑡𝑟𝑛 
 

           =  2(ℎ − 𝑡) ( −𝑛𝑠 𝑠𝑖𝑛 𝜃𝑖𝑛𝑐  𝑡𝑎𝑛 𝜃𝑡𝑟𝑛 + 𝑛𝑑
1

cos 𝜃𝑡𝑟𝑛
) =  2(ℎ − 𝑡) (𝑛𝑑

1

cos 𝜃𝑡𝑟𝑛 
−  𝑛𝑑 𝑠𝑖𝑛 𝜃𝑡𝑟𝑛 𝑡𝑎𝑛 𝜃𝑡𝑟𝑛 )    

                  =  2(ℎ − 𝑡)𝑛𝑑 𝑐𝑜𝑠(𝜃𝑡𝑟𝑛,𝑠𝑑)                                                                         (1) 

 

where  𝐵𝐺̅̅ ̅̅ =  − 𝑡𝑎𝑛 𝜃𝑡𝑟𝑛 (ℎ − 𝑡), 𝐵𝐶̅̅ ̅̅ = 𝐶𝐷̅̅ ̅̅ = ℎ/ cos 𝜃𝑡𝑟𝑛 ,   𝐷𝐼̅̅ ̅ =  𝑡𝑎𝑛 𝜃𝑡𝑟𝑛 (ℎ − 𝑡),     𝐺𝐻̅̅ ̅̅ = 𝐻𝐼̅̅̅̅ = 𝑡/ cos 𝜃𝑡𝑟𝑛 , 
Snell’s law 𝑛𝑠 𝑠𝑖𝑛 𝜃𝑖𝑛𝑐 =  𝑛𝑑 𝑠𝑖𝑛 𝜃𝑡𝑟𝑛, h is the droplet thickness, t is the precursor film thickness, nd is the refractive 

index of the droplet liquid (nd=1.477), and trn,sd is the refraction angle of the ray between the substrate and the droplet, 

𝜃𝑡𝑟𝑛,𝑠𝑑 = 𝑠𝑖𝑛−1(
𝑛𝑠

𝑛𝑑
sin(𝜃𝑖𝑛𝑐,𝑠𝑑)).  ns is the refractive index of the substrate and inc,sd is the incident angle between the 

substrate and the droplet. In the main body of this article, the incidence angle is denoted by inc. 

The derived OPD, Eq. (1) has a similar form to the Fizeau interferometry’s relation.36 In addition, the OPD, 

including the prism geometry, is analytically obtained, not shown here, to have the same form as Eq. (1). The 

interference fringes appearing on the screen are related to the OPD. As the OPD is an integral multiple of the 

wavelength of the laser beam used, constructive interference occurs to create a bright pattern. A dark area between 

the two bright patterns occurs when the OPD is an integer multiple of the wavelength and there is an additional ½ 

degree difference. The interference fringe numbers (FN) can be directly determined as  

                                  FN=OPD/λ-0.5                          (2) 

Out of Eqs. (1) and (2), the relation between the fringe number and the droplet height (h) is obtained as follows. 

𝐹𝑁 = 2(ℎ − 𝑡)𝑛𝑑 𝑐𝑜𝑠
(𝜃𝑡𝑟𝑛,𝑠𝑑)


− 0.5      (3) 

The geometric formulation analytically shows that the OPD and the fringe number directly determines the droplet 

height and the precursor film thickness. Hence, it is shown that the dual convex-concave profile contributes to the 

formation of interference fringes on the far-field screen away from the droplet. 

Figure 4 shows the relationship (Eq. (3)) between the droplet height and the interference fringe number by 

comparing the experimental observation, the geometric formulation, and the ray tracing results, which show an 

excellent agreement with each other out of tens of droplets. For calculation, the precursor film thickness, t is assumed 

as 100 nm.6,7 Later in this study (Fig. 10-A), the measured fringe radius and droplet height will be used to determine 

the precursor film thickness, t. The symbols are the black solid circle for the experiment, the green hollow square for 

the geometric formulation, and the red hollow triangle for the ray tracing results. The droplet height (h) is measured 

by Fizeau interferometry and side-view imaging depending on the droplet height magnitude; Fizeau interferometry is 
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preferred for thin height for less than ~5 microns, and the side-view imaging is used above ~5 microns.25,36 The 

experiment uses the measured fringe numbers in internal reflection configuration, the geometric formulation uses Eq. 

(3) for the fringe number calculation, and the ray tracing uses the simulated result. The ray tracing simulation will be 

discussed in the following Section IV. The tested droplets’ heights (h) are 1.7~15 microns, and the fringe numbers  

are 4.5~43. The incident angle (𝜃𝑖𝑛𝑐) is 43.2°, and the working distance (WD) is 300 mm from the sample to the far-

field screen. The linear fitted line based on the experiment is shown in the blue dotted with the slop of 2.795, which 

is very close to the theoretical value of 2.783 in Eq. (3) with only 0.4 % deviation, showing an excellent agreement 

between the experiment and the theory of the geometric formulation. Fig. 4 indicates that the droplet height (h) can 

be exactly determined by counting the fringe number in a simple internal reflection configuration. This finding is 

remarkable as the contact angle of the thin-height droplet with around 1 micron can be determined without difficulty, 

while the existing techniques require a sophisticated equipment, such as a microscope, to characterize the thin-height. 

Furthermore, it suggests that submicron droplet height can be measured in this RIF configuration. 

 
FIG. 4 The relation (Eq. (3)) between the droplet height and the interference fringe number (FN). Some data are reproduced with permission 

from Kim et al., “Determining micro droplet profiles using internal reflection interference fringe (RIF) technique,” in Frontiers in Optics + Laser 

Science 2023 (FiO, LS) (Optica Publishing Group, 2023), p. JTu7A.2. Copyright 2023, Optica.39 

The geometric formulation also shows that the outermost interference fringe is determined by the reflecting ray 

from the inflection point (the coordinate M in Fig. 5), where the contact angle (c) is determined, which is a connection 

point between the upper convex and the lower concave profiles. Thus, the droplet contact angle can be determined 

analytically by simply measuring the fringe radius. The fringe radius, measured upward from the center of the 

interference fringe corresponding to the left-hand side of the droplet in the direction of light propagation, is directly 

determined by the contact angle. The steeper the slope at the inflection point, the larger the contact angle. From the 

geometric optical formulation in Fig. 5, the coordinate, P (𝑥7𝐼𝑃 , 𝑦7𝐼𝑃) is where the outermost fringe will be formed 

from the reflection at the inflection point, M. The working distance, WD, is assumed to be a straight line from the 

bottom center of the droplet as the prism length (25 mm) is much smaller than the WD (200 ~ 300 mm). The coordinate 

for the outermost fringe location, P (𝑥7𝐼𝑃 , 𝑦7𝐼𝑃) can be obtained using the screen center, F (𝑥7, 𝑦7) as follows. 

    𝑦7,𝐼𝑃 = 𝑦7 + 𝐹𝑅 sin(90° − 𝜃𝑠𝑐𝑟𝑒𝑒𝑛) , 𝑥7,𝐼𝑃 = 𝑥7 + 𝐹𝑅 cos(90° − 𝜃𝑠𝑐𝑟𝑒𝑒𝑛)     (4) 

In addition, P (𝑥7𝐼𝑃, 𝑦7𝐼𝑃) can be obtained using the neighboring coordinate O (𝑥6𝐼𝑃 , 𝑦6𝐼𝑃) on the prism surface. 

   𝑦7,𝐼𝑃 = 𝑥7,𝐼𝑃 tan(150 − 𝜃𝑇𝑟𝑛21
′ ) + 𝑦6,𝐼𝑃 − 𝑥6,𝐼𝑃 tan(150 − 𝜃𝑇𝑟𝑛21

′ )      (5) 

Thus, by equalizing Eqs. (4) and (5), the fringe radius can be determined as the following analytical form. 

𝐹𝑅 =
𝑥7 𝑡𝑎𝑛(150 − 𝜃𝑇𝑟𝑛,𝑠𝑎

′ ) − 𝑦7 + 𝑦6𝐼𝑃 − 𝑥6𝐼𝑃 𝑡𝑎𝑛(150 − 𝜃𝑇𝑟𝑛,𝑠𝑎
′ )

𝑠𝑖𝑛(90° − 𝜃𝑠𝑐𝑟) − 𝑐𝑜𝑠(90° − 𝜃𝑠𝑐𝑟) 𝑡𝑎𝑛(150 − 𝜃𝑇𝑟𝑛,𝑠𝑎
′ )

 

= function of contact angle (c)                                                       (6) 

where 𝑥7 and 𝑦7 are the coordinates of the screen center, scr is the screen angle as same as the rail angle rail, and 

’trn,sa is the transmission angle of light from substrate (prism) to air and a function of the contact angle (c). The 

coordinate O (𝑥6𝐼𝑃 , 𝑦6𝐼𝑃) can obtained from the geometric equations in Fig. 5. 

In Eq. (6), once the fringe radius is measured with the known droplet thickness (h) and radius (a), the contact angle 

(c) can be determined. For a droplet with a thin thickness of less than 5 microns, the droplet thickness (h) can be 

determined from Eq. (3) by counting the fringe number on the screen. For a droplet with a thick thickness, the side-

view imaging can be used to determine the droplet thickness. 
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FIG. 5 The optical formulation of the contact angle (c) and the fringe radius. R (=(𝑎2 + ℎ2)/2ℎ) is the radius of the curvature for 

the upper spherical profile with the droplet radius (a) and the height (h). The subscript of u and IP are for the upper profile and the 

inflection point, M. The screen angle, scr is same as the rail angle, rail by trigonometry. 

Figure 6 shows the relationship (Eq. (6)) between the droplet contact angle and the fringe radius. The figure shows 

the increasing contact angle with the fringe radius at the incident angle of 43.2°. The contact angles are measured from 

the microscope’s side-view imaging or Fizeau interferometry.25,36 The experiment is shown in the black solid circle 

symbol with the measured fringe radius from the internal reflection configuration. The geometric formulation is shown 

in the green hollow square symbol using Eq. (6) and the geometric equations in Fig. 5. With the measured contact 

angle, the fringe radius is determined using Eq. (6). On the other hand, Eq. (6) can be used to determine the contact 

angle from the measured fringe radius by trial and error method. The ray tracing is shown in the red hollow triangle 

symbol. In ray tracing, the contact angle is given from the experiment, and the calculated fringe radius is compared 

with the experiment. If there is a deviation, then the contact angle is adjusted a bit until the fringe radii from the ray 

tracing and the experiment are matched within 95 % confidence. The contact angle in the ray tracing is from the 

measurement. In low contact angles less than 3 degrees, an analytical relation at the inflection point (c=tan-1(2ah/(a2-

h2)), based on RIF (Eq. (3)) in this study or Fizeau interferometry, can be used in comparison with the side-view 

measurement. The contact angle varies from 1.16° to 14.8°, while the fringe radius varies from 17.2 mm to 140 mm. 

Comparison between the experiment, the geometric formulation, and the ray tracing shows a good match. The fitted 

line is shown as an exponential function in the blue dotted line. Fig. 6 indicates that with the measured fringe radius, 

the contact angle of the droplet can be determined. Specifically, it would be of great help for ultra-small contact angles 

of less than 3 degrees, which are challenging in side-view imaging or goniometer and require sophisticated 

measurement tools such as a microscope which observation plane is located on the substrate-droplet interface.  

The geometric formulation is conducted to show that interference fringe formation away from the droplet is caused 

by the droplet’s non-convex profile, and a dual convex-concave profile is introduced. With the convex-concave 

profile, the experiment, the geometric formulation, and the ray tracing show that the interference fringe number and 

radius are directly related to the droplet height (thickness) and the contact angle. 
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FIG. 6 The relation (Eq. (4)) between the contact angle and the fringe radius. The 5% vertical and horizontal error bar is shown for the 

experiment. 

IV. RAY TRACING SIMULATION 

Ray tracing was conducted to try to simulate the experimentally recorded interference fringe patterns in parallel 

with the geometric formulation, especially to verify the assumed dual convex-concave profiles. The calculation 

algorithm is shown in Fig. 7. The custom-designed MATLAB code (R2019b) is developed with the modified Fresnel 

equation.25,36,37,39 For simplicity, a dual spherical-hyperbola profile is proposed for the droplet, as in Section III. 

 

 
FIG. 7 Flow chart of the ray tracing simulation. 

 

The fringe patterns, such as the fringe number, the fringe radius, and the fringe locations, are simulated by the ray 

tracing and compared with the experiment and the geometric formulation, as in Fig. 3 and 5, to show a good agreement. 
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In the simulation, the features of the droplet and the interference fringe are from the measurement: the top imaging 

for the droplet radius (a), the side-view imaging for the droplet height (h) and the contact angle (c), and the far-field 

RIF in internal reflection for the fringe number, the fringe radius, and the fringe locations. The refractive indexes of 

the substrate and the droplet (ns and nd) are from the known values in the literature.40,41 In the case of a thin height of 

less than 5 microns, Fizeau interferometry is used to determine its height in brightfield mode in an upright microscope 

(Olympus GX 51),36 which is also checked by counting the fringe numbers in RIF (Eq. (3)) as in Fig. 4. For small 

contact angles less than 5 degrees, Fizeau interferometry is used using the analytic relation of the contact angle (2tan-

1(h/a)) by assuming the upper profile of microdroplets is spherical (capillary number, Ca is below 2).3 Also, the fringe 

radius relation with the contact angle (Eq. (6)) is used as in Fig. 5. 
The spherical and hyperbola equations employed in the ray tracing are as follows. 

𝑆𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙: 𝑥2 + (𝑦 + 𝑅 − ℎ)2 = 𝑅2      (7) 

                𝐻𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎: 𝑦2/𝑡2 − 𝑥2/𝑣𝑒𝑟_𝑎2 = 1     (8) 

where t is the vertex point in y-direction corresponding to the precursor film thickness in the lower concave profile 

(Fig. 3), and ver_a is the vertex point of the hyperbola profile in x-direction. 

The inflection point, M (𝒙𝟕𝑰𝑷, 𝒚𝟕𝑰𝑷) is determined using the measured fringe radius, the contact angle, the relation 

between the FR and the contact angle, and the spherical profile equation, Eq. (7). For the droplet with the contact 

angle of less than 5 degrees or the height of less than 5 microns, the side-view measurement is very challenging; thus 

RIF measurement is of great help. Based on this inflection point, the two unknown variables of the precursor film 

thickness (t) and the vertex point in the x-direction (ver_a) are determined analytically by equalizing the coordinates 

and the slopes of the spherical and the hyperbola profiles at the inflection point, respectively, as follows. 

𝑣𝑒𝑟_𝑎 = √[𝑦𝐼𝑃(𝑥𝐼𝑃 + 𝑎) − 𝑘(𝑥𝐼𝑃 + 𝑎)2]/𝑘 

𝑡 = √𝑦𝐼𝑃
2 − 𝑦𝐼𝑃𝑘(𝑥𝐼𝑃+𝑎)                           (9) 

where k is the slope at the inflection point (𝒌 = −𝒙𝑰𝑷/(𝒚𝑰𝑷 + 𝑹 − 𝒉). 

Once the profiles are determined, the ray tracing is simulated by following the flow chart in Fig 7. Hundreds of 

rays are drawn firstly on the upper spherical profile from the apex to the inflection point with equal intervals. Next the 

same number of rays are drawn from the apex to the inflection point on the lower concave hyperbola profile by 

adjusting its interval to create the interference on the screen (Fig. 3). The criterion for interference formation between 

the two rays is set as the distance between them being less than ~1 nm. Then, the optical path difference (OPD) 

between the upper profile and the lower profile in each ray is calculated, and the number of fringes is calculated using 

Eq. (3). The fringe radius  is also calculated with the fringe location as in Fig. 8 and 9. Thus, the simulated fringe 

features, such as the fringe number, the fringe radius, and the fringe locations, are compared with the experiment. If 

there is a difference between the ray tracing and the experiment, the parameters of the droplet height and the contact 

angle are adjusted to reduce the difference. For example, if the simulated fringe number is larger than the measured 

fringe number in RIF, the droplet height is slightly reduced by considering the measurement error as the height is 

directly proportional to the fringe number as in Eq. (3). If the simulated fringe radius is larger than the measured fringe 

radius in RIF, then the contact angle is somewhat reduced. 

Figure 8 shows the interference fringe formation from the ray tracing and its comparison with the experiment to 

show a good agreement, indicating the assumed dual spherical-hyperbola profile is reasonable. The droplet is on the 

oleophilic coating, as in Fig. 1-A. The upper inlet figure is the sketch of the ray tracing with the pink rays for the 

spherical profile and the blue rays for the hyperbola profile. The red ray passes through the droplet-substrate interface. 

The lower inlet figure is a centerline intensity along the blue arrow in the central figure with the green curve from the 

ray tracing simulation and the white dot line from the experiment by reading the image intensity along the centerline, 

which shows a reasonable agreement with each other. 

 

 
FIG. 8 The interference fringe profile comparison between the ray tracing and the experiment (a) and the ray tracing schematic (b). 
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       Furthermore, the interference fringes are explored by varying the incidence angles for the droplets of Fig. 1, as in 

Fig. 9. In the case of an incidence angle of 60°, no interference fringe is formed as it is above the critical angle of 

58.5°.25 The interference fringes are formed below the critical angle. In Fig. 9, the three left columns are the experiment 

for the oleophilic, non-coating (plain glass), and oleophobic coating surfaces (Fig. 9-A), and the two right columns 

(Fig. 9-B) are the ray tracing simulation results for the oleophilic and the non-coating surfaces. The droplets on the 

oleophobic coating don’t form any reflection interference fringe as it is estimated to have a pure convex profile with 

its high contact angle and thick height, not a dual convex-concave profile. Thus, the ray tracing was not conducted for 

the oleophobic coating case. In the current prism-based reflection configuration, the interference fringe radius 

increases with decreasing incident angles, which is also verified from Eq. (6). The experiment and the ray tracing 

show a good agreement with each other in terms of the fringe number, the fringe radius, and the fringe location. Tens 

of droplets were simulated using the ray tracing to show a good agreement between the ray tracing simulation and the 

experiments in the fringe number, the fringe radius, and the fringe location with the given contact angle and the droplet 

height (h), which is not shown here.  

The ray tracing simulation can be applied more effectively in the droplet spreading and wetting with the convex-

concave profile together with near-field detection technique of surface plasmon resonance (SPR) imaging.36 More 

detailed ray tracing simulation will be reported separately. 

                  A.Experiment (Reflection Interference Fringes)                        B. Ray tracing simulation 

 
FIG. 9 The interference fringe formation with varying the incident angles. A) Experiment and B) Ray tracing simulation. inc is equal toinc,sd  in Fig. 

3. The ray tracing simulation is not conducted for the oleophobic coating as the interference fringe is not formed because of much weak signal of 

fringe or the non-convex-concave profile of the droplet. 

Figure 10-A presents the estimated precursor film thickness (t) from the geometric formulation and the ray tracing 

simulation. The precursor film thickness, t, in the lower droplet profile (Fig. 3) is determined from the geometric 

formulation (Eq. (3)) with the linearly fitted equation in Fig. 4, shown in the green solid circle symbol in Fig. 10-A. 

It uses the measured fringe number in internal reflection configuration and the droplet height (h) in Fizeau 

interferometry with an upright microscopy or side-view imaging. It shows the precursor film thickness distribution of 

70 ~150 nm for the microdroplets with a thickness of 1.8~15.8 µm, which agrees with the generally accepted value 
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for the precursor film thickness ~ 100 nm in the contact line of the droplet.6,7 The precursor film thickness distribution 

from the ray tracing simulation is shown in the red hollow square symbol . The simulation was conducted with the 

measured fringe number, fringe radius, contact angle, droplet radius, and droplet height to show that most droplets 

have a precursor film thickness of less than 100 nm. The ray tracing simulation also shows that the inflection point, 

M in Fig. 5, is located within the 5 % droplet radius from the edge and 10 % droplet height from the substrate, 

respectively, in most droplets, as in Fig. 10-B. 

 
FIG. 10 The precursor film thickness estimation from the geometric formulation (Eq. 3) and the ray tracing simulation (A) and the inflection point 
location (B). 

VI. Summary 
by the geometric formulation and the ray tracing, this research clearly shows that the experimentally observed 

reflection interference fringe (RIF) on a far-field screen is caused by the droplet’s non-convex or dual convex-concave 

profile. With the dual convex-concave profile of the droplet, the droplet features, such as the droplet height and the 

contact angle, are compared and verified with good agreement through the experiment, the geometric formulation, 

and the ray tracing. The geometric formulation shows that the droplet height, the contact angle, and the precursor film 

thickness can be analytically determined by the measured fringe number and the fringe radius, respectively. The 

inflection point and the precursor film thickness are also determined by ray tracing. The developed RIF technique 

provides a new optical diagnostic tool to determine the microdroplet features, such as the dual profile, the droplet 

thickness, the contact angle, the inflection point, and the precursor film thickness, which is expected to give a new 

insight to understand the liquid thin film dynamics, such as microdroplet evaporation, microlayer in boiling, 

condensation, and lubrication. 
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