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Abstract

The present work describes a new approach to evaluation and root finding for the kinetic dispersion
relation of Langmuir waves, which is central to the analytical understanding of collisionless damping
in plasmas. The plasma dispersion function is solved to machine precision using direct integration
in the complex plane in combination with an analytic evaluation of the residue to account for the
deformation along the Landau contour. To efficiently attain machine precision, the contour is dis-
placed in the complex plane prior to integration, and numerical subtleties related to the placement
of the contour are discussed. The approach is generic in that it applies to arbitrary distribution
functions, with the present manuscript focused on relativistic cases. Detailed verification of results
via direct kinetic simulation in a variety of configuration space dimensions is also presented. Finally,
the technique is applied to the challenging case of highly relativistic (i.e. extremely hot) plasmas.
Here we show both qualitative agreement with prior work, as well as the disappearance of the the
Landau root which would have significant implication for real-life observation or experiment.

Keywords: Landau damping, kinetic dispersion relation, relativity, kinetic simulation

1. Introduction

Kinetic effects are important in a wide variety of physics application including inertial con-
finement devices [1, 2], magnetic confinement devices [3, 4], space plasmas [5, 6], laser wakefield
acceleration [7, 8], and even galactic dynamics [9] to name a few. In the present work, “kinetic” indi-
cates a process whose dynamics are described with independent variables of space and momentum,
as opposed to so-called fluid models with just spatial independent variables, e.g. moment-reduced
fluid equations. Kinetic equations arise because for a classical N-particle system where quantum
effects are negligible, the precise motion of all N particles and any associated electromagnetic
fields constitutes a complete description of the system. However, the majority of applications con-
tain such a large number of particles that they cannot be practically tracked (i.e. available and
foreseeable computing resources are simply insufficient). From a simulation point of view, one
is therefore constrained to either consider an approximation using a smaller number of particles
(sometimes thought of as macro-particles), or to consider the number of particles to be so large that
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the limit N — o0 is a sensible approximation. The former leads to the well-known particle-in-cell
description [10], and the later to a continuum kinetic descriptions such as the Vlasov or Boltzmann
equations.

The focus of the present work is the Vlasov equation, which is a continuum kinetic description
of collisionless plasmas. An important phenomenon in kinetic physics is the presence of Landau
(collisionless) damping, whereby the fluctuating electric field in a collisionless plasma exhibits
exponential damping in time. This despite the fact that the governing equations are strictly time-
reversible, which would indicate that solutions to the system would be purely undamped. A key
breakthrough in the theory was originally discussed in [11], and subsequently by a many authors
including vanKampen [12], and Cédric Villani who was awarded the Fields Medal partly for “his
proofs of nonlinear Landau damping” [13].

Landau damping of electrostatic waves was investigated experimentally in [14], and has been
subsequently probed in numerous experiments, e.g. [15-17]. The existence of Landau damping
is now assumed, and is used for example in the theory of wave heating and current drive of
Tokamaks[18-23]. Similarly for prediction of parametric instability in inertial fusion hohlraums,
growth thresholds are determined using a combination of plasma inhomogeneities and wave both
collisional and Landau damping [24-27]. Application of this work to specific experiments on large
scale facilities enabled detailed analysis of results and, subsequently, to the development of numeri-
cal codes that are routinely used to design experiments for current drive [28] and for ICF that avoid
instability by maximizing Landau damping [29-34]. These works all assumed the plasma was hot
(2-5 keV) but below the range where the wave interacted with relativistic electrons. Recent exper-
iments, however, have created plasmas with electron temperatures reaching up to 10 keV [35, 36]
where non-relativistic theory would predict stronger Landau damping than the correct relativistic
theory for high phase velocity electron plasma waves, e.g. those excited by Stimulated Raman
Scattering [37].

Recently, Bers [38] and others [39-41] have investigated corrected relativistic theories that reduce
the damping rate as observed in experiment. However, numerical evaluation and subsequent root
finding for such complicated dispersion relations can be challenging. Nevertheless there has been
excellent work to address various aspects of the problem. For example in [42], the authors approx-
imate the distribution using a set of analytic basis functions combined with closed-form evaluation
of the relevant integrals. In Matsuda and Smith [43], the dispersion relation for cyclotron-maser
and whistler-wave instabilities is evaluated by performing a variety of manipulations to yield a
smooth integration kernel but at the expense of introducing slowly decaying tails. This integrand
is then treated using Gauss quadrature. In [44] the authors suggest that standard quadratures
applied directly to a grid evaluated integrand could yield inaccuracies due to highly oscillatory
kernels, and to avoid the problem they propose polynomial interpolation followed by analytic eval-
uation of the interpolant. Verscharen et. al. [45] adopt classical numerical methods, e.g. piecewise
linear differencing and integration, which yields reasonable accuracy (~ 107°) for their problems.
Perhaps most closely related to the present work Hellinger and Travni¢ek observe that for weakly
damped modes direct integration along the real line could be problematic. As a remedy they sug-
gest that the contour could in principle be displaced, but they do not pursue it perhaps because
for their application sufficient accuracy is obtained without it. Nevertheless, there remains open
questions along the path of evaluating or solving the relevant dispersion relation over a wide range
of parameters.

Simultaneously, simulation of solutions to Vlasov equations has become an important and timely
topic in computational science and engineering with significant research efforts on a wide variety
of techniques including semi-Lagrangian [46—49], pseudo-spectral [50-52], finite element [53, 54],
finite volume [55-58], and finite difference [59-62] methods. One significant challenge in kinetic



simulation is the cost of discretization in a six dimensional phase space. As a result, many authors
consider dimensionally reduced equations e.g. 2D-2P [51, 52, 63, 64], and/or high-order accurate
discretizations e.g. [54, 58, 62]. Verification and benchmarking of such codes is extremely important,
and while manufactured solutions can be used, the construction of exact solutions is one important
aspect the present work. There exists a relatively complete analytic theory for non-relativistic Lan-
dau damping with Maxwellian equilibria which has been widely and effectively used in verification
work [57, 62, 65—69]. Extension to relativistic cases appear somewhat less studied, despite the
interest in relativistic kinetic simulation tools, both PIC and continuum type, e.g. [70-73]. This
work seeks to close that gap.

The present manuscript explores Landau damping in the context of computational physics.
First we describe a set of new mathematical techniques and computational tools that enable the
evaluation and subsequent determination of roots to the kinetic dispersion relation for general
equilibrium distribution functions, including for the relativistic equations. This technique enables
a precise understanding of the behavior of plane wave solutions, and can therefore be considered a
key part of determining exact plane-wave solutions to the linearized Vlasov-Poisson system. These
tools are capable of double precision accuracy, even in very challenging regimes with very hot
plasmas and relativistically correct Jiittner equilibria. The validity of these tools is then illustrated
by comparison to direct continuum simulation of the Vlasov equation using the LOKI code [57, 62].
In so doing, we provide a useful benchmark for other other continuum codes by effectively providing
an exact solution to the governing equations where none was previously known. Finally the tools
are used to investigate highly relativistic plasmas where we show that under certain conditions the
Landau root can cease to exist. Furthermore, we reveal that for certain equilibria, e.g. the Jiittner,
there apparently exists superluminal modes whose phase and group velocities exceeds the speed of
light. Similar results were observed in [40]. The existence of such modes may indicate that the
Vlasov-Poisson system is not the physically correct model in the highly relativistic limit since it
is not Lorentz invariant (for related discussion see [74]). Further study of this phenomenon, e.g.
direct Vlasov simulation of driven waves and investigation of the Lorentz invariant Vlasov-Maxwell
system, is outside the scope of the present work and will be taken up in follow-on investigations.

The remainder of this manuscript is organized as follows. Section 2 discusses the governing
equations, and Section 3 discusses the plasma dispersion relation in a general setting. Landau
damping in cold plasmas (i.e. not relativistic) is discussed in Section 4, beginning with the classical
solution via special functions in Section 4.1 and then moving to our new more general approach
in Section 4.2. The techniques are then extended to relativistically hot plasmas in Section 5.
Verification with respect to direct kinetic simulation in a variety of dimensions and for both hot
and cold plasmas is discussed in Section 6. The techniques are then applied to highly relativistic
cases in Section 7, and concluding remarks given in 8. Section Appendix A discusses details about
the order of integration in the new approach, and finally Appendix B discusses normalization of
the Jittner in reduced dimension settings.

2. Governing Equations

For the present study, it is sufficient to consider a kinetic description of an electron plasma with
assumed immobile neutralizing ions, and self-consistent electrostatic fields. Using a continuum
description with appropriate non-dimensionaliaztion, the single-species Vlasov-Poisson system in 3
space dimensions x = [z,y, z]7, 3 momentum dimensions p = [pz, py, p-]*, and time ¢ is expressed



Of +v-Vxf—E-Vpf =0, (1a)
E = —Vo, (1b)

a6 =1 [ tap, (1)
P

where the integral is understood in the usual way as the definite integral over the (infinite) momen-
tum space. In (1) ¢; indicates the partial time derivative, Vx is the vector of partial derivatives in
space, Vp is the vector of partial derivatives in momentum, f(x,p,t) is the distribution function,

E(x,t) the electric field, and the relativistic velocity v(p) = v~ !p is given using the Lorentz factor
~ defined by

2
p
N
c
where | - || denotes the 2-norm and c the speed of light (units to be discussed). Note that one can
also express v in terms of v as
1
Y= 5"
1— HZ2”

Note that Equation 1 is presented in dimensionless form, which has the important implication that
¢ in Equation 1, and throughout the manuscript, is a normalized light speed. Therefore, c € (1, 0)
will be used as a parameter to alter the magnitude of relativistic effects with ¢ — oo indicating a
cold non-relativistic plasma?.

Assume that in physical space we seek planar waves propagating in the z-direction, with no
corresponding variation in the other physical space coordinates. In this case the governing system

(1) reduces
atf+vxaxf+ax¢apzf =0, (2&)
R2p=—1+ dp, 2b
¢ /pf P (2b)

which is the classical 1D Vlasov-Poisson system for fully relativistic formulation with ¢ an electric
potential. Henceforth we will adopt notation indicating variation only in 1 space dimension, e.g.
f(x,p,t) will become f(z,p,t).

3. Developing the Plasma Dispersion Relation

To understand the nature of solutions to (2), it is useful to express the distribution as the
summation of an equilibrium fg(p), and a perturbation §f(z,p), where fr(p) is a momentum
dependent steady state of the system with the restriction that fp fEdp = 1. In defining fg it is
often sensible to consider the vanishing collisionality limit, and so fr would take the form of a
Maxwellian in the non-relativistic case, and a Maxwell-Jiittner in the relativistic case. However

2 Although (1) is dimensionless, common physical scalings would take units of length to be the Debye length, time
to be the inverse plasma frequency, and velocity to be the thermal velocity of the unperturbed distribution (i.e. the
square root of the second moment of f



the present analysis makes no such assumptions, and any time-independent distribution function
would suffice. For example, one could consider plasmas which are relativistically hot in one dimen-
sion but cold in the others (essentially Maxwell-Jiittner in a single dimension and Maxwellian in
others), or even distributions which are not the limit of any weakly collisional process (e.g. from
experimental observation). A linearized analysis corresponds to further restricting consideration
to small perturbations with |0f| « 1 and neglecting quadratic terms in §f to yield the linearized
Vlasov-Poisson system

at(sf + 'Uxaxéf + ax¢ apsz = 07 (33‘)
2p = [ &f dp. 3b
/p p (3b)

It is useful to recall the analysis in the landmark paper [11], which considers a particular z-mode
characterized by wave number k (i.e. take §f = 0f ¢?** and ¢ = ¢ ), from whence

0,6 f + ikvgd f + ik 0y, fio = 0, (4a)
— K26 = / 5f dp. (4b)
P
Applying a Laplace transform with & f = I 5festdt, and ¢ = IS dest dt gives
357 + il{:vxs\f +ikd Op. fE = 57”0, (5a)
125~ [ dp, (5b)
r

where 37‘0 is the initial condition, and [ indicates the integral over the so-called Landau Contour, for
r
example as depicted in Figure 1. Integration along the Landau Contour corresponds to performing

the integral over real-valued p, as well as including any residue contributions from the pole located
at the point v, = is/k when R(s) <= 0. This description is at the core of our new approach
to evaluation of the dispersion relation in general cases. The necessity of the Landau Contour
in Equation (5b) is the core of the disagreement between Vlasov and Landau, and is described
in detail in [11]. In short, the Landau Contour is required to ensure that poles in the complex
s plane correctly indicate the long-time behavior upon performing the inverse Laplace transform
using appropriate Bromwich contour.
Solving Equation (5a) for d f, and substituting into Equation (5b) leads to

f /o
s-‘rzkvx

Op fE
- Zkf s+§kv

RS
||

(6)

Poles in the Laplace transformed 5 will indicate the long-time behavior of the electric potential,
and the location of such poles is indicated by a vanishing denominator. Furthermore, to aid
physical interpretation in the remainder of the manuscript, we make the choice to describe the
time-behavior using temporal frequency rather than the dual Laplace transform variable s, and so
make the substitution s = —iw to give

DEH—/W@:O. (7)

(% A



D is the so-called plasma dispersion relation whose roots indicate the long-time behavior of the
electric potential ¢.

4. Landau Damping in Cold Plasmas

Evaluation of the plasma dispersion function D, and subsequent identification of roots, can be
performed in closed form only in certain limited cases, e.g. a cold plasma corresponding to the
weakly relativistic limit with Maxwellian equilibrium. However, for many cases of practical interest,
closed-form solutions are not known, e.g. when relativistic effects become important. Nevertheless,
it is useful to reiterate the known solution, and subsequently to use the cold-plasma case as a simple
baseline for comparison of our new approach to evaluating D.

In the weakly relativistic limit v — 1, and therefore p — v. As a result, the integrals and
derivatives defining the dispersion relation can be expressed in terms of v as

Do = k% — / a”wf]‘j dv, (8)
Uw—z

where the notation Dy is used to indicate the non-relativistic dispersion relation. In Equation (8),
the Maxwellian equilibrium f3;, which is the equilibrium distribution in the presence of particle
collisions, is explicitly indicated®. In dimensionless form this equilibrium is expressed

fu(v) = (2m)"2e7 2V,

and so 0y, far = —vgfar. Substituting into (8), and explicitly indicating each of the integrals leads

to
w oo
Do(w,k)=k2—// / Lﬁjdvzduydvx,
2 —0J—w Vz — F

k
1 2
1 —wvge 2% ©oroq 1o 2, 2
=k2—/ Z / / — 72700 oy duy, duy,
V2T v — oo J—op 27 A
T

1,012

|

—VUg€

:k2—/ L
I‘V27T 'Ua:_%

dvg, 9)

which is in agreement with [11].

4.1. The classical approach
As discussed in [75], the dispersion relation Dy in (9) can be evaluated in closed form as

Do(w, k) = K2+ W (%) : (10a)

where

W(Z)=1+ i\/zZ erfex (\2) . erfex(2) = e 7 erfe(—iZ). (10Db)

3Electron scattering from ions involves very little energy loss but isotropizes the electron distribution on the fastest
time scale. On a longer time scale electron-electron scattering leads to an isotropic Maxwell-Boltzmann distribution.
Ton-ion collisions generally occur on a longer time scale and lead to an isotropic Maxwell-Boltzmann ion distribution.
On yet a longer time scale, collisions lead to a equilibration of the electron and ion temperatures.



Note that Z is used throughout to denote a dummy complex variable. While useful, even these
expressions present certain practical difficulties in terms of numerical evaluation. For instance,
many standard math libraries do not implement error functions of complex arguments (e.g. Mat-
lab, C/C++). Furthermore, it would be preferable to have a direct implementation of erfcx for
complex type in order to avoid over- and under-flow issues related to the e=Z* term. For this, one
can download or implement their own version, for example based on the algorithm described by
Gautschi [76].

4.2. A “numerical” approach

Whatever method one uses to evaluate Dy, the guiding principle should be that one obtains
roughly machine precision in a relative sense, e.g. 16-digit accuracy for double precision. There
are of course many ways to accomplish this, and here we pursue a particular approach with nat-
ural generalization to more complex cases, such as relativistically hot plasmas or non-Maxwellian
equilibria.

To describe the methodology, the present discussion focuses on the evaluation of the integral
term in (9), which in (10a) is identified as the W-function

W(z) = - [gwié 2) e (11a)
r
1 56_%3
Ver €27
Note that W(Z) is closely related to the Faddeeva (previously known as the Kramp function) Voigt,
and Dawson functions for which there are well known numerical implementations [76-79].

In describing a generic and extensible approach however, it is useful to consider the Landau
Contour used in evaluating (11a) in more detail. For example, Figure 1 shows the Landau Contour
associated with evaluating W (Z) for Z = 1 — %i on the left in red, and Z = 1 + 3 on the right in
green. The figure shows that the Landau contour lies along the real axis, but is deformed to pass

gw (& 2) = (11b)

S(€) S(€)
[Location of Pole]

|

1 E R(E) 7 R(¢)

2 1 [Lan(lml Contour |
[Location of Pole]

|

[Landau Contour]

l

N[OV

Figure 1: Representative Landau Contours for poles located below the imaginary axis (left) and above the imaginary
axis (right).

below the pole whenever $(Z) < 0. The approach advocated here will rely on numerical quadrature
to evaluate integrals to machine precision, with explicit inclusion of residues when appropriate. As
such, it is useful to express the W-function as

W (Z) = Wi(Z) + 20iWg(Z), (12a)



where

Wi(2) =~ [ gwiez)ds (12b)
(2m)"2Ze7 3% 3(Z) <0

Wr(Z) =4 3@r)22¢727" 3(2) =0 (12¢)
0 else.

Here W; indicates the integral portion of W, while Wg indicates any residue contributions from
poles when ¥(Z) < 0. Note that the difference between the cases with (Z) < 0 and I(Z) =0 is
due to the contour being circular for the former but semi-circular in the latter case.

4.2.1. Quadrature evaluation of Wi

To evaluate Wi (Z) for (Z) # 0 in the form suggested by Equation (12), numerical quadrature
can be employed*. Importantly if $(Z) # 0, the integrand gy is a C* function with exponen-
tially decaying tails for ®(§) — +oo. Therefore, as discussed in [80], trapezoidal quadrature is
exponentially convergent in the sense that it converges faster than O (ﬁ) for any finite p with NV
the number of quadrature points. Note that if the integrand is not continuous or lacks sufficient
smoothness, the present approach is not applicable and would need to be extended, e.g. by using
difference approximation of the derivative or perhaps by combination with ideas from [42, 43, 81]
for example. Even in the case where the integrand is smooth, some care must be taken in using
trapezoidal quadrature, e.g. the integration bounds must be taken sufficiently large that further
expanding them does not change the computed integral approximation in the given computer num-
ber system, see [80]. Therefore, it is useful to precisely define the approximation and introduce
notation. Consider the function h(x), the trapezoidal approximation to the integral is defined

B
ST (h(9)) ~ . h(€) de, (13a)
where
N_l . .
N (130)
=

with & = a + 2525

4.2.2. Displacing the integration contour

On some level the fact that trapezoidal quadrature is exponentially convergent means it is an
excellent choice that will yield accurate results using “reasonable” numbers of quadrature points
N (note that the term “accurate” will be used throughout this manuscript to indicate machine
precision). However, practical cases of interest often include ¥(Z) ~ 0, in which case the behavior
of gy can include both coarse and fine scale features due to the close proximity of the pole to
the integration contour. This scenario can lead to large and expensive quadratures for accurate
integration. Fortunately however, the contour can be moved or deformed, essentially at will, in

“The case of I(Z) = 0 would need special treatment, but the subsequent discussion in the manuscript covers this
too.
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Figure 2: At left is min(|gw (§; Zo)|,3) for Z = Zp = % — ﬁi and complex £. Here the cap of 3 ensures that variation

away from the pole, whose location is clearly seen, can still be observed. At right are the real and imaginary parts of
the integrand gw (€, Zo), i.e. for I(&) = 0.

the complex plane as long as the deforming contour does not cross any poles or branch cuts of the
integrand. For example for (Z) < 0 and any n > 0, W} can be expressed

wiz) - - | " ow (& Zon) de (14a)

where

1 — ) —%—iin—ké
gw (& Z,m) = (2m)72 (€ ZZZ); — : (14b)

In fact, as will be used later in this document, the contour can be moved across poles as well,
provided the residue of the pole is appropriately accounted for. Furthermore, although not pursued
here, more complicated deformations could be considered.

As an example, consider Zy = % — 1—(1)0z'. The left panel of Figure 2 shows the modulus of the
integrand as a function of complex £ and a cap of 3 so that the behavior of the pole doesn’t swamp
all other features, i.e. min(|gw (&; Zo)|,3). The location of the pole is clear, and its proximity to
the integration contour with &(£) = 0 will clearly have significant effect on the behavior of the
integrand. To more clearly understand this effect, the right panel of Figure 2 shows the real and
imaginary parts of the integrand gy (&, Zp) for () = 0. Even though these curves are in fact
smooth, i.e. C®, accurate quadrature for this function would require exceedingly large numbers of
quadrature points due to combination of slowly varying large scale oscillations and rapid variation
near £ = % Quantitative estimates of this cost is presented in Figure 4.

On the other hand, displacing the line of integration away from the pole may change the
nature of the integrand and ultimately the nature of the quadrature required for machine precision.
Appealing to Equation (14b), which describes the integrand as a function of vertical displacement
7, one can observe that displacement away from the pole will tend to mollify its influence, and
thereby enable accurate integration with smaller quadratures. To illustrate this effect, Figure 3
shows the real and imaginary parts of gw(&; Zo,1) and gw(§; Zo,5), i.e. the line of integration
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Figure 3: Real and imaginary parts of gw (&; Zo, 1) (left) and gw (&; Zo,5) (right). These are line of integration shifted
vertically by 1 or 5 respectively.

vertically shifted by 1 or 5 respectively. These plots reveal two primary features: Firstly, as the
line of integration is moved away from the pole and into the upper half plane, the magnitude of
the smallest scales tend to decrease, which would imply that accurate quadratures require fewer
points. Secondly, the magnitude of the real and imaginary parts of the integrand tends to grow
exponentially as (&) — o0, which tends to make the condition of the problem progressively worse.

From the perspective of numerical quadrature, the fact that small-scale features tend to decay
as 7 — £ leads one to desire large 7. On the other hand, because integrand becomes large
in magnitude as 7 — o0, the condition of the definite integral also increases, which leads one to
desire small 1. To probe the interplay of these two competing demands in the context of the
present example with Z = Z, the left panel of Figure 4 shows the error in 1%, Tn(—gw (& Zo, 7))
for various values of 7, which are approximations to Wj(Zp) as defined in Equation (14a). For
reference, Wi(Zy) ~ —0.76159 + 0.54465:. In the figure one observes exponential convergence of
the quadrature approximation since the errors in log-log scaling are concave downward prior to
numerical saturation (here in double precision). Also, in accordance with expectation, one observes
that the number of points required for error saturation appears to be decreasing as 7 increases.
The appearance of results for n = 4/In(27) may seem a mystery, but will be discussed momentarily.
Finally, the magnitude of the error at numerical saturation is generally increasing with 7 for large 7,
but for small 7 the picture is potentially nuanced (particularly for cases where the pole is exceedingly
close to the contour and so the quadrature will necessarily include large and small values). These
observations about error saturation are summarized in the table on the right of Figure 4 which
shows the number of quadrature points required for error saturation in double precision, N, and
the approximate error at saturation, Fe, as functions of the offset 7.

The question of how to pick 7 centers on minimizing, or at least reducing, the number of
quadrature points, while avoiding ill-conditioning in the integral formulation. Although it is not a
focus of the present manuscript, keeping the number of quadrature points low can be important in
order to keep the computational cost in check. For example in [82, 83], fluid modeling of stimulated
scattering uses a large number of dispersion relation calculations, and so overly costly calls could

10
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* n=+/In(27)
FR Quad points and error at saturation
n | Ne (approx) | E. (approx)
S 140 0 ~ 10,000 | 2.5 x 1071
ool 1 110 2.0 x 10717
oo N | A/In(2m) 80 1.5 x 1071
o < 5 45 2 x 1071
10-20 1 ‘2 ‘3 ‘4
10 10 10 10

Figure 4: At left are the errors in the N-point trapezoidal quadrature approximation to W;(Zy) =~
10 oTn(—Gw (&; Zo,n)). Here the vertical offset is given by n (see the figure legend). At right is the number of
quadrature points required for error saturation in double precision, N., and the approximate error at saturation, F.
for the various 7.

add up. A brief discussion of cost with respect to Gautschi’s algorithm is given in Section 4.3.
As seen in Figure 4, the minimum number required to attain saturation depends on the proximity
of the contour to the pole, but taking marginally too many quadrature points is not generally
detrimental to the result (although at extra unnecessary cost). On the other hand, taking too
large an offset will yield unacceptable loss in accuracy due to ill-conditioning. Therefore our choice
will be based on using a reasonably small fixed number of quadrature points (e.g. 200 for double
precision), and determining 7 based on arguments about conditioning. Using a fixed number of
quadrature points implies that the contour should be displaced at least some distance from the pole
for accurate integration, call that distance d. Because we wish to limit the growth of the condition
number, the direction of displacement should be dictated by (Z), i.e. if the pole is above or below
the imaginary axis. Specifically, I(Z) < 0 implies n = 0, while (Z) > 0 implies n < 0. In either
case, the relative growth in the magnitude of the integrand (14b) can be bounded by the case n = 0,
where limiting the exponentially growing factor in Equation (14b) to be less than unity yields the

threshold value § = 4/In(27).

4.2.8. BEvaluation the W-function
With the basic concepts in place, the complete approach to evaluation of W (z) is now given by

ST (—gw (& Z,ny)) + 2miWR(Z) $(Z) <0

W(Z) ~ 15a
) &I (—gw(& Z,n-)) clse, o)
where,
N+ = max(3(Z) +9),0) (15b)
n— = min(3(Z) —9,0). (15¢)

One interesting aspect of the present formulation is that, by construction, the line integral is chosen
to avoid any poles. As a result, deviations around poles for the Landau contour are all circular,
and there are not separate cases for (Z) < 0 and 3(Z) = 0, as was the case in (12) where the
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pole was on the line integral when (Z) = 0. For double precision accuracy it is sufficient to take
& = —10, &4 = 10, and N = 200. To understand the formulation in Equation (15) in terms of
the implied integration contours, it will suffice to describe the case I(Z) < 0 since the case with
(Z) > 0 follows similarly. Therefore, Figure 5 presents the implied contours for evaluating W (Z2)
for Z =1-— %z and Z =1 — %z as formulated in Equation (15). For the case with Z = 1 — 34,
the pole is sufficiently close to the axis so that ensuring the integration contour is no closer than
d to the pole places the line of integration in the upper half plane. Therefore the offset value is
n = S$(Z) + 6. On the other hand for the case Z = 1 — 34, the pole is well below the axis and
integration with n = 0 is sufficient to separate.

3(¢)
[77 = 4/In(27) — %J

Figure 5: Integration contour for a pole below the real axis, the left being close to the axis and the right being
sufficiently far from the real axis that the Landau Contour is used.

4.8. Comparison to Gautschi’s algorithm

Having described a new approach to evaluate the W-function, we return to the full plasma
dispersion function for the cold plasma case, Dy as given in Equation (8), and provide a comparison
to the exact result to full numerical precision, as well as an existing algorithms which is typical
of those employed in practice. To obtain a full double precision result, Dg is evaluated as in
Equation (10a) in Maple using 50 digit arithmetic, and the result is then truncated to 16 digits. As
an example of existing functionality, Gautschi’s algorithm is used to evaluate erfcx with parameters
selected for double precision [76] (i.e. in the notation used by Gautschi in [76] zo = 8.72, yo = 10.06
ho =2, ng =6, np =40, vp =9, and v; = 39). On the other hand, the new quadrature approach
with displaced contour uses £_ = —10, £, = 10, and N = 200. Figure 6 shows results for k& = %
with R(w) € [0,2] and (w) € [-2,1]. In all cases the plots use 400 uniformly distributed points in
the real axis, and 402 uniformly distributed points in the imaginary axis. At the top of the figure
are visualizations of the dispersion function itself with the left showing the zero contours of the real
and imaginary parts, while the complex argument is shown at right. The bottom portion of the
figure shows the relative error in the evaluations with respect to the exact solution to full double
precision accuracy. The plots are expressed in terms of the number of correct significant figures

calculated as ~
. | Do(w) — Do(w)|
Digits(w) = —max | lo ,—17 1],
g ( ) ( g10 ( |D0(w)|

where Dy(w) indicates the exact result, and Do(w) indicates the computed result with either the
Gautschi algorithm or numerical quadrature. The cap of 17 digits is simple due to the fact that
in some cases the computed result is exact to all represented digits, a situation which would lead
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to plotting irregularities. The plots make clear that the Gautschi-based algorithm is comparable
to the quadrature-based algorithm with both yielding 13-17 digits of accuracy for all cases. In
fact the quadrature-based algorithm is slightly more reliable in producing full double precision
accuracy with 16-17 digits. In addition, it is be useful to report the relative cost of evaluation
of the dispersion relation as used to produce the plots in Figure 6. Both the Gautschi algorithm
and the new quadrature approach are implemented here in MATLAB and not highly optimized,
and so caution in interpreting performance numbers is warranted. In both cases there is no use of
vectorization and so timings essentially represent the cost to make 160, 800 calls to the respective
dispersion relation function. A representative run on a MacBook Pro laptop with Apple M2 Max
processor has the Gautschi algorithm requiring 1.15 seconds, the quadrature approach requiring
1.12 seconds, and so the quadrature algorithm is roughly 3% more efficient than the Gautschi-based
one.

A further check of the accuracy in the various implementations is the evaluation of the Landau
root. Recall that the Landau root, wy, corresponds to the the least damped mode in the system,
and so for sufficiently long times will indicate the observed linear frequency and decay rate for
a freely propagating plane Langmuir wave. Therefore, the Landau root is an important quantity
with physical significance. For reference, the root is computed in Maple using Newton’s method
with 50 digit arithmetic and a very small tolerance. The result is then rounded to 16 digits and
therefore represents the exact Landau root to 16 digits. Similar computations are carried out using
the quadrature and Gautschi implementations®. Results for these three methods are

Wi exact =1.200108902115360 — 0.025873679887016i (16a)
Wi Gautschi =1-200108902115361 — 0.025873679887016i (16Db)

Wy quadrature =1-200108902115360 — 0.025873679887016i, (16c)

which shows that the new quadrature-based algorithm gives the exact result to 16 digits, while the
Gautschi-based algorithm differs only in the 16th digit.

5. Landau damping in relativistically hot plasmas

Unfortunately there is no known closed-form evaluation of the plasma dispersion function in
Equation (7) for hot plasmas where relativistic effects are important. However, the quadrature-
based approach outlined in Section 4 is naturally extensible to this regime and represents a viable
path to evaluating the dispersion relation and ultimately determining roots of the same. To describe
this extension, Section 5.1 begins in the relativistic limit but with a Maxwellian equilibria in
momentum space. This case contains all the essential features of the more physically relevant
Maxwell-Jiittner equilibria, but is somewhat simpler to describe. Then in Section 5.2 the algorithm
is discussed in the context of the Maxwell-Jiittner equilibria.

5.1. Mazwellian equilibria function in a hot plasma

As a simple starting point to describe quadrature-based evaluation of the dispersion relation in
a relativistically hot plasma, consider the Maxwellian equilibrium distribution in momentum space

fur(p) = (2m)2e3lP, (17)

5Note that implementation of Newton’s method of course requires %, which is straightforward.
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Figure 6: At the top are visualizations of the dispersion function Dg(w) with the left showing the zero contours of the
real and imaginary parts, while the complex argument is shown at right. At bottom are plots showing the number
of correct significant figures in the results as computed by the quadrature approach at left, and Gautschi’s algorithm
at right.
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Substituting Equation (17) into (7) and expanding the integrals gives
DM (w, k) = k? — / / / p"”fM dpxdpydpz, (18a)

where c¢ is the normalized velocity of light and M indicates a Maxwellian equilibria and

Pz

v(p) = —
1 4 e

Note that throughout this work, the definition of the square root is the usual one where the branch

(18b)

cut lies along the negative real axis, i.e. for Z = re? where r = 0 and § € [—7, 7], then v/ Z = \/?eig
with /1 being the principle root.

5.1.1. Quadrature Evaluation for Mazwellian

Perhaps the most significant practical difference from the cold (non-relativistic) case is the fact
that, due to the functional form of the dependence of v, on p in (18b), the integrand no longer has
a tensor product structure. As a result, the multi-dimensional integral cannot be factored into the
products of single dimensional integrals, and must therefore be performed using multidimensional
quadrature. Furthermore, the integrand now has both a pole, and branch points with corresponding
branch cuts. To describe the quadrature-based approach to evaluating the dispersion function,
Equation (18a) is expressed as

(e8] o]
w
DM (w, k) :k2—/ / wM (E,m) dp., (192)
—0o0 J —00

where p| = [py,pz]T e N2 so that py2 +p.2 = |pL|]?* and

Z pJ_ :/ fa:,Z pJ_ dé-aia (19b)
r

_ ¢ o2& +pLlP)
_3 € 2
02 (6 Z,pu) — (2m)F 202 . (19¢)

2 +& 2+ pL?

The notation, WM , adopted in Equation (19) is chosen to illustrate a correspondence to the W-
function in (10b), but here with ¢ being the normalized velocity of light and M indicating a
Maxwellian equilibria. Similar notation is used to define the integrand g}, where, in addition, the
dependence on p; is made explicit, and the dummy variable £, is used as a way to indicate that
the present integral originates from p, integration. Because it will be useful in the discussion to
follow, the location of the pole in g will be indicated as &, where

— \/Z? @+ [p.]?)

g:l? C2 _ Z2 9

(20)

and we again recall that the square root is the usual one with branch cut along the negative real axis.
Furthermore, in the complex &, plane, gM has branch points at &, = +iy/c2 + |[pL |2, with branch
cuts extending outward along the imaginary axis extending to +¢00 respectively. Importantly, this
implies that there are no branch cuts in the region where |3(§;)| < ¢ for any p; .

15



Similar to the cold plasma case, W can be represented in terms of its integral and residue
portions as

Wé]w(ZapL) = (WCJW)I(Z?pL)+27W(W(:]M)R(Z7pl_)’ (213‘)
with
[0 0]
W), (Zps) = [ gl (e Zp) d (21)
—
3G A& D
( M) (Qﬂ—) 2 Ql(lg;%L) , \y(gil?) <O
WM) (Z,D1) = 4 1oy G HE TR (21¢)
R 2(27T) 2 Q/(g;pl) J(&Ji) O
0 else.

Here, ' is the &-derivative of the denominator of the integrand, i.e.

QEip) = ——2 g (220)
Ve + &2+ IpuJ?
Q'(&pL) =c <+l (22b)

—2 3
(@ +&" + [pu[?)?
While the residue portion of W in (21c) can be easily evaluated in closed form, the integral
portion in (21b) cannot. However, straightforward extension of the basic quadrature approach used
to evaluate the W-function, as described in Section 4.2.3, gives a practical way to obtain machine
precision. For example for $(¢;) < 0 and any 7 € [0,¢), (W) ; can be expressed

o0]

(Wcjw)[(zapl) :/ @(&;Z,pim)dgx (23&)

—00
where

— (&g + in)e 2 (E+im* +pL]?)

C(gz +1477)
Ve +(E+in)2+[pL?

Y _3
géw(giﬁ,zvplan) = (27T) 2

(23b)

This represents a simple vertical shift of the line of integration away from the real axis in order to
facilitate a machine precision accurate quadrature using a reasonable number of quadrature points,
as previously discussed. Note however, that the restriction n € [0,c), which is a simple way to
avoid displacing the contour past branch points for all p;, puts certain limitations on how hot (i.e.
how relativistic) the plasma can become and still employ this simple shift. Using the suggestion
outlined in this manuscript, the limiting value is given by ¢ ~ 4/In(27) ~ 1.36. Note however that
we experience no difficulties even as far as ¢ = 1.5 which are the hottest plasmas considered in
the present work. A similar shift of the line of integration downward is pursued when 3(&;) > 0.
Using these shifted contours, along with the exponentially accurate trapezoidal quadrature with NV
points, the evaluation of WM becomes

& T, (g (6 2.p 1 my)) + 2w (W) (Zp1) S(2) <0

LLC (Z pj_) % ~
9 éz Y3
glth‘L( 9e (£$727pJ_777—>) else’

(24a)
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where,

N+ = max(3(Z) +9),0) (24b)
n— = min(3(Z) — 9,0). (24c)

As before, in this formulation there are not separate cases for F(Z) < 0 and I(Z) = 0 because the
line of integration is specifically chosen to avoid poles. Also as before, 6 = 4/In(27). For double
precision accuracy it is sufficient to take £, = +10, and the number of quadrature points to be
N, = 200.

Finally, to evaluate the full dispersion function in (19), the exponentially accurate trapezoidal
quadrature is also employed in the p; directions to give

DM, k) ~ B — T, [, (W2 (2,16,.6)) ] (25)

where WM is given by (24) and the quadratures are understood to take place over & and &
respectively. For double precision accuracy it is again sufficient to take §, = £, = +10, and
Ny = N, = 200. Finally, note that numerical integration must be taken over the Landau contour in
the p,-space first to account for any contribution from the pole at &,. The order of the remaining
quadratures is irrelevant. Further discussion on this matter is relegated to Appendix A.

5.1.2. Sample Results for Maxwellian Equilibrium

Application of the the formulation in (25) is used to evaluate the dispersion function for plasmas
with varying degrees of relativistic effects. For example, Figure 7 shows the real and imaginary
zero contours for k = 1/3 with ¢ = 8 (strongly relativistic) and ¢ = 20 (weakly relativistic). For
comparison, zero contours for the nonrelativistic case are presented in Figure 6. As has been
observed elsewhere in the literature [40], the spectrum of roots is seen to form a “hook” which
terminates on the real axis at w = ck. Thus there formally exists roots of the dispersion relation
with arbitrarily small damping, but with phase velocity approaching the speed of light.

More relevant to physical systems would be roots with smaller |w|, the smallest of which is
identified here as the “Landau root”®. As before, Newton’s method can be employed to compute
this root, which is listed in Table 1. Also in Table 1 are computed Landau roots for dimensionally
reduced Vlasov systems, i.e. Landau roots for 1-, 2-, and 3-momentum dimension (1P, 2P, and 3P
respectively) Vlasov systems. This is important because, due to the high cost of kinetic simulation,
many practitioners have 1P and 2P codes, and providing these additional benchmarks gives a useful
metric by which to measure code performance. Extension of the methodology to compute these
roots is straightforward, and involves posing the problem in the reduced dimensionality momentum
space with appropriate normalization of the Maxwellian as fu; (¥ (p) = (QW)_ge_%”pHQ where d
indicates the dimensionality. Integrals are then simply taken in the existent dimensionality. Note
that in the nonrelativistic case, dimensional reduction does not alter the result. Also note that
another way to interpret reduced dimensionality systems is to consider the 3P equations but for a
distribution that is anisotropically hot in only 1 or 2 directions.

5.2. Mazwell-Jittner equilibria function in a hot plasma

Often when one is interested in relativistically hot plasmas, the relevant equilibrium distribution
is the relativistic Maxwell-Jiittner, since it is the steady distribution for collisional plasmas in this

SNote that generally the Landau root is identified as the root with smallest damping, but in the relativistic case
this distinction becomes tricky due to the presence of weakly damped roots near w = ck.
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Figure 7: Zero contours of the real and imaginary parts of the relativistic dispersion relation with Maxwellian
equilibrium for ¢ = 20 (left) and ¢ = 8 (right). Recall that for the scaling employed here ¢ = 8 is more relativistic
(i.e. hotter) than ¢ = 20. The spectrum of roots is seen to form a hook which terminates on the real axis at w = ck.
The location of the Landau root is also indicated, with the exact values listed in Table 1.

Maxwellian

|| c=20

c=38

1.1955073 — 20.02307958

1.1712408 — 70.01133209

1.1945206 — 70.02298272

1.1657767 — 10.01113948

W DN —

[SHRSHESY

1.1935373 — 70.02288638

1.1604138 — 40.01094865

Table 1: Table of Landau roots for Maxwellian equilibrium in various momentum-space dimensions given by d with

¢ = 20 (weakly relativistic) and ¢ = 8 (strongly relativistic).
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regime. In the present work the Jiittner is expressed
f1(p) = Ayec 077, (26a)

where Aj is the normalizing constant to assure the equilibrium satisfies the restriction fp fedp = 1.
Following the discussion in [84, 85], Ay is

1

Ar= ——r,
/ 4rrce® Ko(c?)

(26Db)
where K, is the modified Bessel function of the second kind of order v. Note that in (26) there
appears to be an unnecessary repetition of a factor of ¢ in the denominator of A 7 and then
as a multiplier in the exponential. This seemingly strange formulation is numerically important
because it ensures that A; = O(1) and ¢?(1 —v) = O(—%) as ¢ — o0, which avoids potentially
problematic over or underflows for even moderately large c. However the explicit inclusion of e
into A introduces its own source of numerical overflow for ¢ g 25. This difficulty is easily avoided
by introducing a series expansion for Ay about ¢ = oo for sufficiently large c¢. In this work, full
double precision accuracy is obtained with A represented as

——— if e[ <10
Ay = { Amee Ka(e?) i (27a)
(2m) 2 E  else

15 345 3285 95355 232065 19559475

T 82 T 1984 T 10246 T 327688 26214410 4194304012
602889075 110788764525 2598854647275

_ —20
33554432017 2147483648¢ | 171798601840 T O (¢ )

(27b)

Note that for dimensionally reduced equations (e.g. the Jiittner in 1D or 2D), normalization is
discussed in Appendix B.

5.2.1. Quadrature Evaluation for Mazwell-Jittner Equilibrium
As before, the relativistic dispersion function will be evaluated to machine precision using
quadrature. Therefore, the dispersion function is represented as

o o w
D‘CJ(W, ]{7) = k‘2 — / / WCJ (*,pL> dpl, (28a)
—od—» k
Wl (Z,p1) = /ge](ﬁm; Z,p1)dés (28b)
r
_¢ et (1-7)
Ji¢ . _ §z€
gc (ng Z7 pJ_) AJ 593 —_ Z’? (28C)
- _ &+ |pa?
V= \/1 + 2 (28d)
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Much of the remaining formulation follows similar lines as for the Maxwellian case. Specifically,
the integrand can be expressed as its integral and residue portions

WcJ(Z7 pL) = (Wé])[(Zv pl) + 21 (WCJ)R(Zv pl) (293)
o0
W)(2p) = [ al(6iZopu)dea, (20b)
—00
— 2 .
Epec (1=7) o~
; 50 Ew) S(&) <0
Wc (Z7 pL) = QM (€ = (29C)
(We)n P50y S =0
0 else

where &, and Q' are as before. For the integral portion, the contour is again offset, and quadrature
applied to obtain

&z ~ .
& TN, (=9 (a3 Z,p1 1)) + 2 (W) (Z,p1)  S(2) <0

J ~
Wc (Za pl) ~ §T+T _f\j g |
¢ IN,(=92(& Z,p1,n-)) else.

(30)

Again, in this formulation there are not separate cases for $(Z) < 0 and I(Z) = 0 because the line
of integration avoids poles. Finally, the full dispersion function is evaluated as

DY (k) ~ K = T [T, (W2 (2 1606)) |- (31)

For double precision accuracy it is again sufficient to take §; = &, = &4 = 10, and N = N, =
N, = 200.

5.2.2. Sample Results for Maxwel-Jittner Equilibrium

Similar to previous, application of the the formulation in (31) is used to evaluate the dispersion
function with varying degrees of relativistic effects. Figure 8 presents the zero contours of the real
and imaginary parts for k = 1/3 with ¢ = 8 (strongly relativistic) and ¢ = 20 (weakly relativistic)
and should be compared against the Maxwellian equilibrium results in Figure 7. The spectrum
of roots is again seen to form a hook terminating on the real axis at w = ck, but interestingly
here there are apparently roots with R(w) > ck. This is a tantalizing observation is investigated
in more depth in Section 7. Also as before, Newton’s method is employed to compute the Landau
roots, in the 3P case presented in Figure 8, as well as the 1P and 2P cases, with results presented
in Table 2. Here the formulation of the reduced dimensionality Jiittner, and in particular its
normalization, is slightly more involved than in the case of the Maxwellian, and the details are
discussed in Appendix B. An interesting observation with respect to the results in Table 2 is that,
unlike the case of a Maxwellian equilibrium, the dimensionality apparently effects primarily the
frequency of the Landau root, with the effect on the damping rate rather minimal with no change
in the first 5 significant figures.

6. Verification of Landau roots using kinetic simulation

The proposed methodology for evaluating the dispersion relation, and ultimately solving for
the Landau roots, can be checked with respect to observed damping rates from kinetic simulation
of the Vlasov-Poisson system. Similar checks have been used previously for code verification of
kinetic simulation tools, e.g. [57, 62], a process which is essentially flipped here. Here, kinetic
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Figure 8: Zero contours of the real and imaginary parts of the relativistic dispersion relation with Maxwell-Jiittner
equilibrium for ¢ = 20 (left) and ¢ = 8 (right). The spectrum of roots is again seen to form a hook which terminates
on the real axis at w = ck. However, unlike the cases presented in Figure 7, the spectrum of roots is here seen to have
elements with ®(w) > ck. The location of the Landau root is also indicated, with the exact values listed in Table 2.

Jiuttner

H c=20

c=38

1.1962903 — 20.02381513

1.1760563 — 40.01443987

1.1955483 — 70.02380358

1.1716859 — 10.01448172

Q| X

W —

1.1948068 — 70.02379203

1.1673307 — 40.01452247

Table 2: Table of Landau roots for Jiittner equilibrium in various momentum-space dimensions given by d with ¢ = 20

(weakly relativistic) and ¢ = 8 (strongly relativistic).
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c=20
H Maxwellian Jiittner
d=1| 1.1955072723 — 10.02307959656 | 1.1962902892 — 70.02381515141
d=2 | 1.1945205692 — 10.02298274026 | 1.1955482825 — i0.02380359924
d=3 | 1.1935372407 — 10.02288640317 | 1.1948067328 — 10.02379204774
c=38
H Maxwellian Jittner
d=11 1.1712410154 — 0.01133234640 | 1.1760563485 — 70.01444002108
d=2| 11657769434 — i0.01113971856 | 1.1716859793 — 70.01448186854
d=3| 1.1604140933 — i0.01094886050 | 1.1673306995 — 70.01452260369

Table 3: Tables extracted roots from kinetic simulation.

simulation results for Landau damping are obtained using a dimensionally generalized version of
the LOKI code [62] which uses 6th-order accurate conservative finite differences with 6th-order
accurate Runge-Kutta time stepping. These results are processed to extract both a frequency and
damping rate, which are then compared to the theoretical results in Tables 1 and 2.

The computational setup, adapted from [62], uses an initial value problem in a single space

dimension z € [~7, 7], and d momentum dimensions p € [-10, 10]¢, with initial conditions

f(z,p,t =0) = fe(p)(1 + acos(kx)), (32)

and N, = N, = 80 being the number of grid points in all dimensions. The wave number is taken to
be k = %, and the magnitude of the initial perturbation is taken as a = 1076 so that the dynamics
are essentially linear. The simulation results are diagnosed in the traditional way by extracting
a time trace of the standing wave electric field at a point. Due to linearity, the location of the
extraction is immaterial (provided the location is not a zero of the standing wave). The damping
rate is extracted by identifying local maxima of the time trace and then using a least squares fit in
the log space to estimate the decay rate. The oscillation frequency is similarly determined, using
the maxima of the time trace to obtain the oscillation frequency. For more details of the specifics
of the data extraction used here see [62]. One challenge in this approach is isolating the behavior of
the Landau root from other modes in the spectrum. As is typical, the approach used here simply
waits sufficiently long so that the simulation contains essentially just the mode corresponding to the
Landau root before beginning the data analysis. This is done by ignoring some of the first peaks
in the data processing. However, one cannot wait arbitrarily long since the kinetic simulation
will suffer from recurrence. Therefore, as discussed in [62], the precise selection of which peaks to
consider is potentially delicate. In this work we choose to consider the 6th through 16th peaks,
which appears to be sufficient for the present purposes. Results for this process applied to ¢ = 20
and ¢ = 8 for the Maxwellian and Jiittner in d = 1,2,3 appear in Table 3. Where these values
differ from the corresponding theoretical values in Tables 1 and 2, the digits are colored red. The
results indicate excellent agreement with roughly 5-8 digits of accuracy across all cases, which
is in agreement with the limits of simulation diagnostics as discussed in [62]. Furthermore, the
individual components of damping rate and frequency are independently in excellent agreement
with their corresponding theoretical value.
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Figure 9: Zeros of the relativistic dispersion relation for the Jittner equilibria with ¢ = 4 (left), ¢ = 3.3 (center),
and ¢ = 3.05 (right). Note that the plot limits change from left to right in an effort to keep the spectrum of roots
within the field of view. From left to right one can observe the topology of the zero contours changing, specifically
the zero real contour associated with the Landau root. Furthermore, moving from left to right the Landau root is
approaching the terminus of the spectrum of roots at w = ck, and upon passing through it the Landau roots ceases
to exist.

7. Landau damping in highly relativistic plasmas

The results in Sections 5.1.2 and 5.2.2 shows the dispersion relation contains roots that form a
familiar “hook” terminating on the real axis at w = ck. However, the root identified as the Landau
root does not appear to have a frequency that is overly sensitive to changing ¢ (see Tables 1 and 2).
These two observations naturally lead to the question of what happens as ¢ — 1, e.g. as the thermal
velocity of a plasma approaches the speed of light. At the same time, Section 5.2.2 showed the
existence of roots with R(w) > ck for the case of the Jiittner equilibrium, adding additional intrigue
to the question of what happens as ¢ — 1. As an illustration of the utility of the newly developed
relativistic dispersion evaluator, this limit is now briefly investigated.

To begin addressing these questions, Figure 9 shows the zero contours of the real and imaginary
parts of the dispersion relation with Jiittner equilibrium in the full 3-dimensional momentum space
(d =3) for ¢ = 4, ¢ = 3.3, and ¢ = 3.05. Note that the qualitative picture is similar for reduced
dimensionality, and even for Maxwellian equilibrium, although there are of course quantitative
differences. The specific values for ¢ are selected to highlight the changes in the spectrum of roots
as ¢ decreases and relativistic effects increase. Specifically, from ¢ = 4 to ¢ = 3.3, one can see
that the root identified as the Landau root transitions from being the most slowly oscillating root,
to the second-most slowly oscillating root. Furthermore, the topology of the real zero contour
with respect to other contours changes as it moves left-to-right with increasingly strong relativistic
effects. Subsequently in moving from ¢ = 3.3 to ¢ = 3.05, the the Landau root is effectively
coincident with the terminus of the spectrum of roots at w = ck, and further increase in relativistic
effects will result in the disappearance of the Landau root altogether. This last phenomenon will
be investigated in more depth next.

To delve further into the behavior of the roots as relativistic effects become increasingly im-
portant, a simple continuation approach is used to trace various roots as functions of ¢. The
continuation starts from ¢ = 20 and the first 5 roots in the spectrum with respect to |w| are tracked
through to ¢ = 1.5. This process is illustrated in the left panel of Figure 10 where the trajectories
of the first 5 roots are shown on top of a dimmed version of the real and imaginary contours of
the dispersion function for ¢ = 20 (indicating the start of the continuation). The right two panels
then show the real and imaginary parts of the traced roots as functions of ¢. The plot of the real
part versus c also includes the reference line ck, indicating waves with a phase velocity equalling
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Figure 10: At right are trajectories of the first 5 roots starting at ¢ = 20 and ending at ¢ = 1.5. The real and
imaginary zero contours of the dispersion function for ¢ = 20 are shown dimly behind. At center is the real part of
the first 5 roots as functions of ¢, and at right are the imaginary parts as functions of c.
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Figure 11: Real and imaginary parts of the phase velocity of the first 5 roots of the relativistic dispersion relation.

the speed of light. A keen observer may see that some of the roots exceed this phase velocity for
¢ < 4 (see Figure 12 for more detail). Furthermore, the track of the imaginary roots vs ¢ reveals
that the Landau root (in blue) disappears for ¢ ~ 3.1. This has significant practical implications
since the remaining roots would then be significantly more strongly damped (albeit in an absolute
sense the damping has already become quite small).

Continuing the investigation one step further, the phase velocity of the roots dw/dk is computed
along the trajectory from ¢ = 20 to ¢ = 1.5 using finite differences. Figure 11 shows both the real
and imaginary parts of these computed phase velocities, with a phase speed equalling the speed of
light also indicated in the plot of the real part. In agreement with [40], one can observe that there
appear to be modes whose group velocity exceeds the speed of light. To be clear of this observation,
Figure 12 shows the real parts of both w—ck and dw/dk — ¢ so that positive numbers would indicate
phase or group velocities exceeding the speed of light. Clearly both phase and group velocities do
in fact exceed the speed of light. One interesting note is that for the Maxwellian equilibrium this
observation is not true and neither the phase or group velocities exceed the speed of light.
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Figure 12: Real parts of dw/dk — ¢ and w — ck for the first 5 roots of the relativistic dispersion relation.

8. Conclusions

In this manuscript we have developed a new approach to the evaluation of the relativistic
dispersion relation for Langmuir waves. The basic idea is based on direct evaluation of the line
integral after displacement in the complex plane so that numerical quadrature is more efficient.
Simultaneously, the contribution from the pole associated with the deviation in the Landau contour
is added analytically. The resulting method is shown to be accurate to machine precision for the
non-relativistic case. Moving to the case of relativity, the computed roots of the dispersion relation
are shown to be in excellent agreement with roots extracted from direct kinetic simulation. Finally,
a showcase of the capability is provided by investigating the nature of the roots to the relativistic
kinetic dispersion relation in the highly relativistic limit, and somewhat surprisingly there are
apparently modes whose phase and group velocities exceed the speed of light.

Moving forward there are many interesting directions for follow on research. From the per-
spective of the physics, probing the existence of superluminal and/or undamped modes for the
Vlasov-Poisson system is clearly very interesting. However, such investigation may be somewhat
delicate since those modes with fastest group velocity are also the most highly damped. It may
be possible to use external sources produced, for example, with beat waves to drive such waves.
Further exploration of connections to solutions of the Lorentz invariant Vlasov-Maxwell system,
as well as analysis of the Vlasov-Maxwell dispersion relation are also very promising routes that
will be pursued in follow on work. From a computational perspective there are clear extensions
to the capability, such as the use of other equilibrium distributions, e.g. those from experimental
observation, or possessing flattened trapped particle regions. For example the distributions ob-
served in experiments may appear Maxwell-Boltzman at low velocity and power law or exponential
at a higher temperature, or perhaps even double humped. Investigating such distributions may
yield insights about the effects of damping in real-world experiments. To move to more exotic
distributions, e.g. those with Heaviside step functions such as the incomplete Maxwellian, it may
be fruitful to combine ideas presented in the present work with those of e.g. [42, 43, 81].
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Appendix A. Order of integration in the multi-dimensional dispersion function

When solving the integral in the relativistic dispersion relation for dimensions higher than one,
it is important to note here that the appearance of the residue, e.g. in Equation (24), leading to
the implementable explicit formulation, e.g. in Equation (21c) is only possible if one integrates over
py first. If one instead integrates over other momenta dimensions first, the numerical quadrature
leaves the form of the resulting residue unclear.

For example, supposing one wishes to integrate the function g(z,y), which contains a singularity
treated with the Landau contour in the x-dimension. Now assuming one chooses to integrate over

y first, the integral would be [ féj” g(x,y)dydz. Using the trapezoidal approximation methods

outlined in Equation (13b), the integrand would become [}, [EZtTNU (g(x,y))] dz. Unfortunately
now the integrand for the Landau contour is a discrete function sampled on a grid. As a result it is

unclear how to identify the form of the pole and subsequently incorporate it into the formulation.
On the contrary, if integrating over z first, the formulation becomes as discussed and incorporation
of the effect of the pole is straight forward.

Appendix B. General form of the Jiittner normalization factor

A general form for the normalization of a Jittner equilibrium function is outlined in detail
in [41] and [84]. The general d-dimensional anisotropic Jiittner is expressed as

d
157 () = (H %’) Aet ), (B.1a)
j=1
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with multidimensional, anisotropic Lorentz factor

Py (pj%')z'

. (B.1b)

Ya=A\/1+
C

Recall that Section 5 discusses the appearance of the “extra” factor of ¢ to avoid numerical
.. d .
overflow. The normalization factor must then be computed to ensure ffooo f§ )(p) dp = 1, which
implies
d) 1—d 1 1

A( =2r) 2 —s—— B.2
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where K, (+) is the modified Bessel function of the second kind of order v. To avoid numerical issues
associated with evaluating 602, care must be exercised when evaluating Agd) for large c¢. However,
note that for even dimension the entirety of the expression B.2 simplifies drastically and the issue
is avoided.

For completeness, for d = 1,

1 .
— if < 10
AP = {2 i (B.3)
(2m) 2 By else
where
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For d = 2, there is no need to perform an asymptotic expansion due to the nice representation of
the half-integer Bessel functions and one obtains

(B.5)

The case of d = 3 is treated in the Section 5.2.
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