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Abstract

A high-order discontinuous Galerkin (DG) method is presented for nonequi-

librium multi-material ( m � 2) flow with sharp interfaces. Material interfaces

are reconstructed using the algebraic THINC approach, resulting in a sharp

interface resolution. The system assumes stiff velocity relaxation and pressure

nonequilibrium. The presented DG method uses Dubiner•s orthogonal basis

functions on tetrahedral elements. This results in a unique combination of

sharp multimaterial interfaces and high-order accurate solutions in smooth

single-material regions. A novel shock indicator based on the interface con-

servation condition is introduced to mark regions with discontinuities. Slope

limiting techniques are applied only in these regions so that nonphysical oscilla-

tions are eliminated while maintaining high-order accuracy in smooth regions.

A local projection is applied on the limited solution to ensure discrete closure law

preservation. The effectiveness of this novel limiting strategy is demonstrated

for complex three-dimensional multi-material problems, where robustness of

the method is critical. The presented numerical problems demonstrate that

more accurate and efficient multi-material solutions can be obtained by the DG

method, as compared to second-order finite volume methods.

K E Y W O R D S

algebraic interface reconstruction, discontinuous Galerkin, nonequilibrium multimaterial

1 INTRODUCTION

The numerical simulation of the multimaterial flow is a popular topic, with applications ranging from inertial con-
finement fusion and underwater explosions to shock bubble interactions. Development of numerically accurate and
computationally efficient algorithms for multimaterial flow simulations is one of the biggest challenges in computational
fluid dynamics simulations of such physical phenomena. One of the important considerations for multimaterial com-
putations is the choice of the numerical treatment used for material interfaces. The diffused interface method (DIM)1…5

has gained significant popularity in the multiphase community due to its ability to naturally handle interface creation
and destruction. For a more comprehensive review of these methods, see Reference6. In the DIM, the fraction of each
material in the computation cell is represented by volume fractions. Consequently, single material regions are described
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using near-unit volume fraction of that material, and very small volume fractions (� (10Š8) or lesser) of other materi-
als. In this way, the DIM naturally facilitates the dynamic coupling between the single material regions and material
interfaces. Therefore, can handle interface topology changes automatically. However, the obvious disadvantage of DIM
is the interface smearing due to numerical dissipation, which catastrophically diffuses interfaces, especially for compu-
tations over large physical times. The interface smearing significantly impedes the accuracy of the numerical solution for
multimaterial flows. One of the strategies to tackle this problem is the algebraic interface reconstruction method. These
methods reconstruct the material volume fractions using algebraic functions, resulting in remarkably sharp interfaces.
The tangent of hyperbola for interface capturing (THINC) scheme7 is one such algebraic reconstruction that has been
successfully used with DIMs.8 The THINC reconstruction can obtain interfaces that are 3…4 cells wide.9 It is efficient
and robust for three-dimensional multimaterial flows, since it does not require expensive geometric operations or iter-
ative procedures. The THINC method has also been extended to interfaces between more than two materials,10 and to
arbitrarily shaped elements.11,12In the present work, THINC is applied to the DIM for sharp resolution of multimaterial
interfaces.

The discontinuous Galerkin method for compressible single-material flow has been well developed in the past few
decades. Similar to continuous finite element methods, the accuracy of the DG method is obtained by high-order polyno-
mial approximations within an element rather than extending the computation stencil, as required for the finite volume
(FV) method. This requires more unknowns to be solved per element to obtain the high-order polynomial. However,
the resulting increase in computational costs can be offset by lower absolute errors obtained by DG compared with the
FV method. By assuming discontinuous approximate solutions, DG methods combine the advantageous features of the
finite element and finite volume methods. As a consequence, DG methods naturally incorporate ideas of the numerical
fluxes and limiters from FV methods and are a suitable choice for solving flow problems with interface discontinu-
ities. De Frahan et al.13 presented a DG method for the varying-gamma two-phase system. However, extension of their
method to pressure nonequilibrium multimaterial flows is nontrivial. Cheng et al.14,15have developed a DG method for
Allaire•s five-equation model.16 Their method is provably positive and bound-preserving. However, pressure nonequilib-
rium extensions are not explored. Pressure nonequilibirum is especially important in situations where materials with
extremely different properties (such as solids and gases) interact under shocked conditions.

The current work is a continuation of the one-dimensional method proposed by Pandare et al.17 and the
three-dimensional sharp-interface FV method.10 The objective of the present paper is to develop a robust and accurate
discontinuous Galerkin method for the nonequilibrium multimaterial system on tetrahedral meshes. In this multima-
terial system, the velocity is stiffly relaxed, whereas each material has different pressure and temperature states. A
bulk-modulus-dependent finite-rate pressure relaxation is used to relax material pressure to an equilibrium pressure. The
algebraic THINC reconstruction is applied to material volume fractions to maintain interface sharpness, while the DG
method is used to obtain high order accurate solutions in single-material regions. One of the critical details for applying
high-order DG to the multimaterial flow equations is the discretization of nonconservative terms. A detailed discussion of
the DG formulation for the nonconservative terms system will be presented. A third order TVD Runge…Kutta method18 is
used for time integration. A limiting strategy is developed to minimize nonphysical oscillations near discontinuities. The
consistency reinstating projection from Pandare et al.19 and a novel shock detector underpin this limiting strategy. These
ingredients are crucial for robust calculations of complex multimaterial interactions. The numerical results compared
with FV demonstrate the performance of the presented DG method. The method is developed in Quinoa1, an open-source
3D-unstructured distributed memory hydrodynamics solver.20

The outline of this paper is as follows. The governing equations and closure laws for nonequilibrium multimaterial
hydrodynamics are introduced in Section2. The detailed discontinuous Galerkin discretization is derived in Section3.
The limiting strategy for multimaterial equations is presented in Section4. Numerical results from a variety of benchmark
tests are presented in Section5. Finally, the work is summarized in Section6.

2 THE MULTI-MATERIAL FLOW MODEL

2.1 Governing equations

The multimaterial system with velocity nonequilibrium2,5 is used in the current work. The system assumes that all the
materials share the same velocity. But each material has different pressure and temperature. The governing equations for
this system is:
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where the conservative variable vectorU, the flux vector Fj , the nonconservative term vectorD and the relaxation term
vectorSare defined as,
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�
�
�
�
�
�
�

� k

�� k

� ui

�� Ek

�
�
�
�
�
�
�

, Fj =
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, (2)

wherek = 1,2,3, ƒ ,m andm is the total number of materials. Here� k, �� k, � pk, Yk and�� Ek denote the volume fraction,
partial density, partial pressure, mass fraction and specific total energy of the materialk respectively.uj is the velocity in
the coordinate directionxj. Bulk properties are defined as,

� =
�

k

� k� k, (3)

where � k can be replaced by material-specific properties such as� k, pk or � Ek. S�, k is the pressure relaxation term that
will be described in Section2.2.

According to Equation (1), there will be 3m + 3 equations in total for the multimaterial system. The equations for the
material density and bulk momentum are written in a conservative form. It can be easily shown that the summation of
nonconservative terms for the equations of material total energy is zero, which implies the conservation of energy for
the multimaterial system. Furthermore, the compressible Euler equations can be obtained by assumingm = 1. In order
to close the system, the stiffened-gas equation of state (SG-EoS) is adopted. Thus, the internal energy, temperature and
speed of sound for the materialk are given as,

� ek =
pk + Pck

� k Š 1
+ Pck

, (4)

Tk =
	

� k

� k Š 1



pk + Pck

� kCpk

, (5)

ak =

�

� k
pk + Pck

� k
, (6)

where� k, Pck
, Cp, Tk, andak are the heat capacity ratio, stiffness parameter, specific heat at constant pressure, temperature

and speed of sound for material-k respectively.
It should be noted that the numerical method developed in the paper is independent of the choice of the equation of

state and will be extended to different equation of states with constant specific heat in future work.

2.2 Finite pressure relaxation

The multimaterial system Equation (1) allows different pressures and temperatures for each material in the mixed cells.
Therefore, a mixed cell pressure relaxation mechanism is needed to account for differential compaction of materials in
mixed cells. Setting the pressure relaxationS�, k to zero (no relaxation) would physically mean that changes in volume
caused by a certain pressure change will be identical for all the materials. However, volume changes can be significantly
different based on the compressibility of each material, thereby establishing the pressure-response of each material. The
pressure relaxation mechanism is therefore crucial. In the present work, a finite pressure relaxation proposed by Dobrev21

is used. The volume change redistribution is defined as,

S�, k =
1
�

(pk Š p� )
� k

Kk
, (7)
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where p� is the pressure that the multimaterial cell is expected to reach at sufficient time and is given as,

p� =

�
k



p �

K

�

k
�

k



�
K

�

k

, (8)

where Kk = � ka2
k

is the material•s bulk modulus and� is the pressure-equilibration time scale,

� = c� max
k

	
h
ak



, (9)

whereh is the minimum edge-length of the tetrahedral cell and the constantc� is the pressure relaxation time-scale. Set-
ting c� to be infinity leads to no pressure relaxation. Here,c� is set to be 0.25. The effect of this parameter is explored by Pan-
dare et al.17 For a more detailed description of the choice for the time-scale parameter, readers are referred to Reference10.

3 THE NUMERICAL METHOD

3.1 The discontinuous Galerkin method

In this section, the multimaterial system in Equation (1) is discretized. Equation (1) can be divided into two categories:
fully conservative equations, and equations with nonconservative terms. Specific treatments for discretizing the noncon-
servative terms will be introduced to ensure the order of accuracy as well as the robustness of the overall method. The
Riemann solver and temporal integration will also be discussed in this section.

3.1.1 Discretization of conservative equations

The continuity and bulk momentum equations are written in the conservative form. Similar to the discretization proce-
dure for hyperbolic conservation laws, the weak formulations of these equations is obtained by multiplying the equations
by a test functionW, integrating over the domain� , and performing integration by parts:

� �

� U
� t

Wd� +
� �

Fj(U)njWd� Š
� �

Fj(U)
� W
� xj

d� = 0. (10)

where � denotes the boundary of� , nj is the unit outward vector to the boundary� , the conservative variable vectorU
and the flux vectorFj are given as,

U =

�
�� k

� ui

�

, Fj =

�
�� kuj

� uiuj + p� ij

�

. (11)

By subdividing the domain� into a collection of nonoverlapping elements� e and considering functionsUh and Wh

defined within each element, the following semi-discrete form can be obtained by applying the Equation (10) on each
element� e:

d
dt � � e

UhWhd� +
� � e

Fj(Uh)njWhd� Š
� � e

Fj(Uh)
� Wh

� xj
d� = 0, (12)

where � e denotes the boundary of� e, Uh and Wh represent the piecewise polynomial approximations to the analytical
solution and test function. Let•s assumeB	 is the basis of polynomial function of degreep. The Galerkin method assumes
the test function to be equal to the basis function. Then Equation (12) becomes the following system:

d
dt � � e

UhB	 d� +
� � e

Fj(Uh)njB	 d� Š
� � e

Fj(Uh)
� B	

� xj
d� = 0, 0 < 	 � n, (13)
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where n is the number of degrees of freedom.
The numerical solution Uh is approximated using a piecewise polynomial within each element and is discontinuous

across the element boundaries. It can be expressed as,

Uh(x, t) =
n�


 =1

u
 (t)B
 (x). (14)

Greek alphabet are used as modal indices only, i.e. for solution coefficients and basis functions. This helps discern direc-
tional indices (i, j) from modal ones (	, 
 ). Dubiner•s functions designed for the tetrahedral element22 are used in this
work. Applying the expression of the numerical solutions to Equation (13) yields the final weak formulation as,

	

� � e

B	 B
 d� e



dU


dt
+

� � e

Fj(Uh)njB	 d� Š
� � e

Fj(Uh)
� B	

� xj
d� = 0, 0 < 	 � n. (15)

3.1.2 Discretization of volume fraction equations

The volume fraction evolution equation is nonconservative. However, the final weak formulation can still be derived with
a procedure similar to the conservative equations. The first step is to re-write the equation similar to the conservative
equations as,

�� k

� t
+

� (� kuj)

� xj
Š � k

� uj

� xj
= S�, k. (16)

Therefore, the weak formulation of Equation (16) can be obtained by multiplying the equation by test functionW,
integrating over the domain� , and performing an integration by parts,

� �

�� k

� t
Wd� +

� �
� kujnjWd� Š

� �
� k

� (ujW)

� xj
d� =

� �
S�, kWd� . (17)

Following a similar procedure as Section3.1.1, the weak form can be written as,
	

� � e

B	 B
 d� e



d(� k)


dt
+

� � e

� kujnjB	 d� Š
� � e

� k
� (ujB	 )

� xj
d� =

� �
S�, kB	 d� , 0 < 	 � n. (18)

In reality, for sharp interface problems, the volume fraction solution will manifest in one of two ways: the discontin-
uous jump in material interface regions, and constant values in single material regions. It is well known that high order
methods are unable to gain benefits in regions of material interfaces. This is the primary reason to use the THINC recon-
struction. Therefore, it is sufficient to use a second order FV method for the volume fraction equations, in combination
with the THINC reconstruction. Therefore, Equation (18) can be written as

� e
d� k

dt
+

� � e

� kujnjd� Š
� � e

� k
� uj

� xj
d� =

� �
S�, kd� . (19)

3.1.3 Energy equations

The weak form for the energy equations can be similarly derived as,

	

� � e

B	 B
 d� e



d(�� Ek)


dt
+

� � e

�� HkujnjB	 d� Š
� � e

�� Hkuj
� B	

� xj
d�Š

� � e

uj
� (� pk)

� xj
B	 d� +

� � e

Ykuj
� p
� xj

B	 d� = Š
� �

pujS�, kB	 d� , 0 < 	 � n,
(20)
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where Hk is the enthalpy of material k,

Hk = Ek +
pk

� k
. (21)

The proper evaluation of the pressure derivatives in the nonconservative domain integrals is extremely important.3,23

The pressure should be compatible with the Riemann solver to maintain the material interface in constant pressure
regions. However, there is no unique definition of this •interface pressureŽ inside the element. In the current work, we
assume the derivative of the material pressure is a constant and can be obtained by the Green-Gauss theorem,

� (� pk)
� xj

�
1
� � �

(� pk)� nd� , (22)

� p
� xj

=
�

k

� (� pk)
� xj

, (23)

where � p�
k

is the interface pressure used in Riemann solver. The convergence study in Section5.1shows that an expected
order of accuracy can be achieved with the assumptions in Equation (23) and (22).

To summarize, the final weak formulation of the multimaterial system is given as,

� e
d� k

dt
+

� � e

� kujnjd� Š
� � e

� k
� uj

� xj
d� =

� �
S�, kd� , (24)

m	

dU


dt
+

� � e

Fj(Uh)njB	 d� Š
� � e

Fj(Uh)
� B	

� xj
d� = 0, (25)

m	

d(�� Ek)


dt
+

� � e

�� HkujnjB	 d� Š
� � e

�� Hkuj
� B	

� xj
d�

Š
� � e

uj
� (� pk)

� xj
B	 d� +

� � e

Ykuj
� p
� xj

B	 d� = Š
� � e

pS�, kB	 d� , 0 < 	 � n,
(26)

where,

U =

�
�� k

� ui

�

, Fj =

�
�� kuj

� uiuj + p� ij

�

, (27)

and m	
 =



� � e
B	 B
 d�

�
, is the mass matrix of element� e.

3.2 Interface treatment

Although high-order polynomials are evolved for conserved quantities like�� k, � uj , and �� Ek, these quantities are mod-
ified at interfaces to ensure consistency with volume fractions. This is crucial to maintain robustness of the method for
shock-interface interactions. The interface treatment by Shyue and Xiao8 is used for this purpose. The procedure assumes
that high-order moments of partial densities� k, energiesEk and bulk velocity uj are zero in material-interface cells.
Material-interface cells are identified using,

� < �� k < 1 Š �, (28)

where�� represents the cell-average value, and� is set to a small number like 10Š8. In these cells, high-order moments
of the aforementioned material properties are neglected. This avoids limiter interactions as shown by Shyue and Xiao.8

Consequently, the quantity�� Ek at quadrature pointxi is defined as,

�� Ek(xi) = � k(xi) � 
� Ek. (29)
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where � k(xi) is the volume fraction atxi obtained using the THINC reconstruction. Similar relations can be derived for
material densities�� k and bulk momentum � uj. In interface cells, these modified states replace the high-order states
used at quadrature points for numerical integration. Note that in single-material cells, the high-order moments are not
neglected, thereby maintaining high-order accuracy in the rest of the domain.

3.3 Riemann solver

Due to the discontinuous approximation, the flux terms in the DG method are not uniquely defined along the ele-
ment boundaries, resulting in a Riemann problem. In the current work, the Advection Upstream Splitting Method
(AUSM+ -up)24 is used to solve the Riemann problem numerically. See Pandare et al.10 for a detailed description of the
AUSM+ -up multimaterial flux solver.

3.4 Temporal integration

The final weak formulations lead to a system of ODE as follows:

m	

duj

dt
= Ri, (30)

where Ri is the residual vector. The ODE system is integrated in time using an explicit third-order TVD Runge…Kutta
method18:

U(1) = Un + � tmŠ1R(Un), (31)

U(2) =
3
4

Un +
1
4

[U(1) + � tmŠ1R(U(1))], (32)

Un+1 =
1
3

Un +
2
3

[U(2) + � tmŠ1R(U(2))]. (33)

This scheme is linearly stable for a CFL number less than or equal to1
2p+1

, where p is the order of the polynomial
solution.

4 LIMITING STRATEGY

The occurrence of spurious oscillations near discontinuities is a well-known issue for high-order methods. One of the
strategies for dealing with such issues is to apply slope limiters to the numerical solution to ensure stability. However, such
limiters can significantly affect the accuracy of high order solution in the smooth regions. Therefore, a shock indicator
that marks discontinuous regions is a key part for maintaining the accuracy of high order method. A novel shock indicator
based on the interface condition is introduced in Section4.1. Once a discontinuity is detected in a cell, the third-order
(P2) degrees of freedom are dropped altogether in that cell, and the vertex-based limiter is applied on the second-order
(P1) degrees of freedom. Note that for unmarked cells, the third-order DG(P2) solution is unchanged, so that high-order
is maintained in smooth regions. Thus, the shock indicator plays a critical role in maintaining high-order accuracy in
smooth regions.

The density, pressure and total energy for each material are required to be positive. The high-order solutions can easily
violate positivity despite application of TVD limiters, thereby leading to failure of the computation. A positivity-preserving
limiter 25 is used to enforce positivity of these quantities.

Furthermore, it has been established before that naive implementation of slope-limiting can severely reduce accu-
racy of multimaterial solutions13,19by violating closure-laws at the discrete level. A conservative strategy to reinstate this
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8 LI �� ��.

consistency with closure-laws was developed in previous work.19 It consists of a local (element-wise) projection that elim-
inates closure law violations at the discrete level. This minimizes unphysical oscillations, thereby avoiding the need for
excessive limiting. This strategy is applied after slope-limiting marked cells.

Therefore, the limiting strategy consists of the following steps:

1. Shock indicator to mark elements containing discontinuities,
2. Slope-limiter for marked elements,
3. Positivity-preserving limiter25 for material densities, pressures and total energies,
4. Projection to reinstate closure-law consistency.19

4.1 Shock indicator

By applying the conservation law on the cell interfaces, the interface condition can be given as,

FL � n Š FR � n = 0, (34)

whereFL and FR are flux vectors at the left and right side of the element boundary.n is the normal vector for the element
interface. Equation (34) will always be satisfied in the smooth flow regions. Whereas, for the flow regions with discon-
tinuities, the interface condition can be achieved only if the discontinuity is perfectly aligned with the cell interface. In
general, this is not the case for the numerical solution produced by the conventional DG scheme with shock capturing,
especially using unstructured meshes. Therefore, the interface condition is a suitable choice for detecting discontinuous
regions. In the current work, we introduce a shock indicator based on the interface condition by evaluating theL2-norm
of the jump for the flux along the cell interfaces, given as,

� =

� 3
j=1�� Fj,L � n Š Fj,R � n�� L2

� 3
j=1�� (Fj,L � n + Fj,R � n)� 2�� L2

, (35)

wherej is the dimensional index. Since the interface condition is satisfied only for conservation laws, the momentum flux
is chosen to evaluate Equation (35). If the shock indicator is larger than a threshold� , the cell is marked as a troubled
cell and the vertex-based limiter will be applied. A universal estimation of the threshold can be derived by assuming the
flux is in the same solution space as the conservative variables. Hence, assuming the flux can be represented by(p + 1)th
order of polynomial approximation, the flux jump along the interfaces for smooth regions is the size ofO(hp+1). Near
discontinuities, the size of the flux jump isO(1). By applying a simple average, the threshold used in the current work is
given as,

� = ch(p+1)� 2, (36)

where the mesh sizeh is the length of the smallest edge of the element under consideration, andc � [ 0, 10] is a constant.
A value of c = 1 is used for the problems considered here.

4.2 Vertex-based slope limiter

In the current work, a vertex-based slope limiter for the finite element method26 is adopted to restrict the oscil-
lations produced by high-order numerical solutions in the trouble cells marked by the shock indicator. Unlike the
conventional slope limiter methods, the upper and lower bounds are defined in the regions of nodal neighboring
cells where the elements share at least one vertex with the limiting element. The limited numerical solution can be
represented as,

{ u(x)} = u1B1 + �

�
n�


 =2

u
 B


�

. (37)
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The slope limiter function for cell ecan be written as,

	 e =

�
�
�
�
�
�
�
�
�

min
	

1,
umax Š uc

ui Š uc



, if ui Š uc > 0,

1, if ui Š uc = 0,

min
	

1,
umin Š uc

ui Š uc



, if ui Š uc < 0,

(38)

where umax and umin are the extrema at the nodal neighboring regions.ui is the high-order numerical solution anduc is
the cell-average solution for the celle. In troubled cells, the numerical solution is projected to a linear solution space and
then the slope-limiter function given in Equation (38) is applied. Note that the presented DG method is not restricted to
the specific limiter presented here, and can be easily extended to others.

Details of the positivity-preserving limiter and closure-law consistency projection can be found in Wang et al.25 and
Pandare et al.19 respectively.

5 NUMERICAL RESULTS

5.1 Manufactured solution: Advection of equilibrium interface

A manufactured solution problem is developed for the multimaterial system of equations using the method described in
Reference27. Since this problem is smooth, it is used to verify the order of accuracy of the DG method. THINC recon-
struction is not used for this problem, since the interfaces are not sharp by design, so as to allow order-of-accuracy studies.
The analytical solution for this problem is:

�
�
�
�
�
�
�
�

� 1

� k

uj

pk

� ek

�
�
�
�
�
�
�
�

=

�
�
�
�
�
�
�
�
�

1
2

(1.0 Š tanh (10((x Š xc(t)) + (y Š yc(t)) + (z Š zc(t)))))

x + y + z + 5.0

(3,2,1)

p0

(p0(� k Š 1))Š1

�
�
�
�
�
�
�
�
�

, (39)

where,xc(t) = x0 + u1t, yc(t) = y0 + u2t, andzc(t) = z0 + u3t. The valuesx0 = y0 = z0 = 0.45 are used. The source-terms for
this manufactured solution are:

�
�
�
�
�
�
�

s� k

s� k

suj

sEk

�
�
�
�
�
�
�

=

�
�
�
�
�
�
�
�
�
�

0
�

j

ujs� k

uj(s� 1
+ s� 2

)

1
2
ujujs� k

�
�
�
�
�
�
�
�
�
�

, (40)

Here p0 = 0.4. A one-dimensional representation of the partial material densities and bulk density for this problem is
shown in Figure 1. Both material partial densities have nonlinear distributions, making this problem ideal for testing the
order-of-accuracy.

An order of accuracy study was performed on 3D tetrahedral meshes for the second- and third-order multimaterial
DG method. A set of meshes with 35,974, 287,792, 2,302,336, and 18,418,688 tetrahedra was used. TheL2 norms of errors
in �� k for each of these meshes (max. edge length� x) using DG(P1) and DG(P2) are shown in the Table1. The two
methods demonstrate design order-of-accuracy, as shown in Figure2. Second- and third-order trend lines are shown
for reference.
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10 LI �� ��.

F I G U R E 1 Material density and bulk density distributions for the manufactured solution problem. [Colour figure can be viewed at
wileyonlinelibrary.com]

TA B L E 1 L2-norms of errors in solution (�� k) using DG(P1) and DG(P2)

� x NDOFP1 log �� e�� P1 NDOFP2 log �� e�� P2

0.042752 143896 7.911897e-03 359740 6.022763e-04

0.021376 1151168 1.920980e-03 2877920 7.408737e-05

0.010688 9209344 4.694062e-04 23023360 9.095131e-06

0.005344 73674752 1.159295e-04 184186880 1.120956e-06

F I G U R E 2 Error reduction in partial density with mesh refinement for 2nd and 3rd order multimaterial DG. [Colour figure can be
viewed at wileyonlinelibrary.com]

5.2 Gas impact problem

The gas impact problem is used to verify the accuracy and robustness of the DG method for a problem involving multi-
material impact, in the presence of a background material. The impactor material is launched with a high speed towards
the slab material. This impact leads to large deformations at the three material interface region, which is challenging for
the numerical scheme to capture accurately. The initial setup with different zones shown in the Figure3. Each zone is
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LI �� ��. 11

F I G U R E 3 Initial setup for the gas impact problem. [Colour figure can be viewed at wileyonlinelibrary.com]

TA B L E 2 SG-EOS parameters for the gas impact problem.

Material � Pc(Pa) Cp(J� K )

Impactor 50.0 0 16.2698

Slab 5/3 0 47.8333

Background 1.4 0 1004.5

initialized as follows:

(� 1, � 2, � 3, u, pk,Tk) =

�
�
�
�
�

(1.0 Š 2� M), � M, � M, 0.2m� s,2.0,6.2717771× 10Š3 for zone A,

� M, (1.0 Š 2� M), � M, 0m� s,1.0,3.4843206× 10Š3 for zone B,

� M, � M, (1.0 Š 2� M), 0m� s,1.0,3.4843206× 10Š3 for zone C,

(41)

where � M = 10Š12.
The SG-EOS parameters used for this problem are given in Table2.
The above configuration give densities of 20.0, 15.0, and 1.0 kg/m3 in the zones� , � , and 	 respectively. The den-

sity and material indicator distributions using DG(P1) on a mesh with 3,800,800 tetrahedra are shown in Figure4. The
obtained DG results captures the interface evolution in the three-material regions accurately and the results are consistent
with previous work in Reference21.

5.3 Two-dimensional triple-point problem

The triple-point problem is a three-state two-dimensional Riemann problem. The three domains are shown in Figure5.
There is a pressure jump between zone� and zone� Š 	 . The initialization for each zone is as follows:

(� 1, � 2, � 3, u, pk,Tk) =

�
�
�
�
�

(1.0 Š 2� M), � M, � M, 0, 1.0,4.3554007× 10Š4 for zone A,

� M, (1.0 Š 2� M), � M, 0, 0.1,3.4843206× 10Š4 for zone B,

� M, � M, (1.0 Š 2� M), 0, 0.1,3.4843206× 10Š4 for zone C.

(42)
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12 LI �� ��.

F I G U R E 4 Density (top-half) and material indicator (bottom-half) distributions for the gas impact problem. [Colour figure can be
viewed at wileyonlinelibrary.com]
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LI �� ��. 13

F I G U R E 5 Initialization of the triple-point problem. [Colour figure can be viewed at wileyonlinelibrary.com]

TA B L E 3 SG-EOS parameters for the triple-point problem.

Material � Pc(Pa) Cp(J� K )

1 1.5 0 4592.0

2 1.4 0 1004.5

3 1.5 0 4592.0

TA B L E 4 Meshes used for convergence studies of the 3D triple point problem.

Mesh NumTets Avg. edge length

1 59,096 0.206

2 491,163 0.101

3 (ref.) 31,595,960 0.025

The SG-EOS parameters for the three materials are listed in Table3.
The above configuration give the densities of 1.0, 1.0, and 0.125 in the zones� , � , and	 respectively. The distribution

of density and material indicator is shown in Figure6. The DG method is able to accurately capture the interactions
between shocks and material interfaces. The Kevin…Helmholtz instability due to the velocity difference between zones�
and 	 is also captured. Figure7 shows troubled cells marked by the interface-condition based shock detection. The shock
indicator only marks cells in the close vicinity of discontinuities. Density and pressure line plots along the symmetry axis
are shown in Figure8. The reference solution is obtained with DG(P1) on a refined mesh. The DG methods produce more
accurate solution than the FV method. Furthermore, the DG(P2) solution shows better resolution of features than the
DG(P1) solution.

5.4 Three-dimensional triple-point problem

In order to validate shock-interface interactions in 3D, the 3D triple-point problem is presented here. The initialization
is obtained by rotating the problem in Figure5 about the x-axis. A set of three tetrahedral meshes is used to assess
convergence with mesh refinement (see Table4).

A quarter domain is considered, to exploit the symmetry of the problem. Meshes 1 and 2 are coarse, while mesh-3 is
significantly finer. This problem is solved on Meshes 1 and 2 using DG(P2). Mesh-3 is used to generate a reference solution
using an FV method to assess convergence.

Density distributions and interface location of material-2 are shown in Figure9. Higher density peaks than the
2D triple point problem at the symmetry axis are expected due to the shock getting focused at a single point in



14 LI �� ��.

F I G U R E 6 Density and material indicator distribution for the triple-point problem. [Colour figure can be viewed at
wileyonlinelibrary.com]

F I G U R E 7 Density distribution for the triple-point problem with discontinuities highlighted by the shock indicator. [Colour figure can
be viewed at wileyonlinelibrary.com]
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F I G U R E 8 Line profiles for the triple-point problem along the symmetry-axis att = 5s. [Colour figure can be viewed at
wileyonlinelibrary.com]

F I G U R E 9 Density, velocity magnitude, and interface location for the 3D triple point problem. [Colour figure can be viewed at
wileyonlinelibrary.com]

3D. Some interface fragmentation is observed at regions of high vorticity, which is common when algebraic interface
reconstructions.

Density profiles along the central axis and an axis offset iny and z directions by 1.5 units are shown in Figure10.
Solutions obtained on mesh-1 and mesh-2 are compared with the reference mesh-3 to assess convergence. Both locations
show converging trends in density profiles, i.e. The shocks are captured more sharply on mesh-2 compared to mesh-1. A
sharp density peak is observed along the central axis that is captured better on mesh-2 compared to mesh-1, indicating
convergence with mesh refinement.

5.5 Shock interaction with cylindrical slug

This test problem involves a shock interacting with a cylindrical slug. The initial conditions are similar to the 3D triple
point (Figure 5 rotated aboutx-axis), but with zone � truncated at x = 3. Zone	 continues after this truncation (see



16 LI �� ��.

F I G U R E 10 Density along the central axis (left) and an offset axis (right) of the domain with mesh refinement. [Colour figure can be
viewed at wileyonlinelibrary.com]

F I G U R E 11 Initial conditions for shock interaction with cylindrical slug. Pressure (top quadrant) and material indicator (bottom
quadrant). [Colour figure can be viewed at wileyonlinelibrary.com]

Fig.11). The resulting setup represents realistic shock-hydrodynamics applications more closely. A single-material version
of this problem can be found in References28 and 29. A three-material version is demonstrated here. This problem is
solved on mesh-3 from Table4 using DG(P2).

Interface location and solution contours are shown in Figure12. Vortex driven roll-ups at the front and rear interfaces
are accurately captured and compare well with References28and 29. The benefits of the high-order method are clearly
seen in the resolution of the shocks and reflected waves.

5.6 Shock-helium bubble interaction

This testcase investigates the capability to capture the material interface during a shock-bubble interaction. Initially, a
shock with Mach number 1.22 travels toward the Helium bubble of radius 25 mm. The problem is solved in the domain
of [0, 0.2225 m] × [ 0,0.0445 m] × [ 0,0.0445 m] and the bubble is located at(0.1725,0,0). Only a quarter of the bubble is
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F I G U R E 12 Shock interaction with cylindrical slug using DG(P2). Material-2 interface contour (top quadrant) and bulk density
(bottom quadrant) at t = 3 (left), and t = 5 (right). Solutions are shown on mesh-3. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 13 Initial conditions for the shock He-bubble interaction. All dimensions in mm. [Colour figure can be viewed at
wileyonlinelibrary.com]

TA B L E 5 The EoS parameters for shock-bubble interaction.

Material � Pc(Pa) Cp(J� K )

Helium 1.648 0 5192.6

Air 1.4 0 1004.5

solved. A mesh with 258,157 tetrahedra is used here. The initial conditions are:



� 1, � 2, u, pk,Tk

�
=

�
� M, (1.0 Š � M),Š113.5 m� s,1.5698× 105 Pa,283.86 K for x � 0.2125 m,

� M, (1.0 Š � M), 0 m� s,105 Pa,248.88 K for x < 0.2125 m,

The bubble is initialized in the region (x Š 0.1725)2 + y2 + z2 < (0.025 m)2: with � 1 = (1.0 Š � M) and � 2 = � M. Initial
conditions are also shown in Figure13, where 
 and � denote the pre- and post-shock states respectively.

The EOS parameters for both materials are given in Table5:
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F I G U R E 14 Density and material indicator distribution for the shock-bubble interaction problem. [Colour figure can be viewed at
wileyonlinelibrary.com]

The material indicator and density distributions are shown in Figure14. The numerical results indicate that the devel-
oped DG method is able to maintain a sharp interface solution in such a shock-bubble interaction scenario. The density
and pressure profiles along the symmetry-axis are shown in Figure15. The peaks of the pressure from DG method indicate
a less diffused solution than 2nd order FV method. Furthermore, the DG method is able to accurately capture variations
in the density and pressure downstream of the bubble (x � 0.15) as well.

5.7 Shock-air bubble interaction in water

The final problem considered here involves a shock that impacts an air-bubble in water. This impact causes severe bubble
deformation, subsequently leading to its collapse. This problem is commonly used to assess robustness of numerical
methods.15,16This is primarily because it involves a strong shock impacting an interface separating two fluids with a large
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F I G U R E 15 Line profiles for the shock-bubble interaction problem along the bubble center att = 360	 s. [Colour figure can be viewed
at wileyonlinelibrary.com]

TA B L E 6 The EoS parameters for shock-air bubble interaction.

Material � Pc (Pa) Cp (J/K)

1 (Water) 4.4 6× 108 4186.0

2 (Air) 1.4 0 1004.5

density ratio. The initial conditions are:



� 1, � 2, u, pk,Tk

�
=

�
�
�
�
�

1.0 Š � M, � M, 661.81 m� s,1.6 × 109 Pa,513.836 K forx � Š4 mm,

1.0 Š � M, � M, 0 m� s,1.0 × 105 Pa,185.523 K forx > Š4 mm,

� M, 1.0 Š � M, 0 m� s, 1.0 × 105 Pa, 348.432 K forx2 + y2 + z2 < (3 mm)2

representing the post-shock, pre-shock, and air bubble regions respectively. These conditions result in aM = 1.4 shock,
which impacts the bubble att � 0.3 	 s. The bubble is initially centered atx = 0. The EOS parameters used for water and
air are given in Table6.

The problem is solved on a quarter domain, to exploit the symmetry of the problem. The dimensions of the result-
ing domain are: [Š15 mm, 20 mm] × [ 0 mm, 15 mm] × [ 0 mm, 15 mm]. The domain is discretized using an unstruc-
tured mesh with 1,544,811 tetrahedral elements. The region near the bubble[Š5 mm, 10 mm] × [ 0 mm, 5 mm] ×
[0 mm, 5 mm] is meshed with a� xmin = 0.15 mm, resulting in 40 cells across the bubble diameter. The rest of the region
is meshed with a� xmin = 1 mm.

The problem is solved using DG(P1). Interface locations and density contours are shown in Figure16. The numerical
algorithm captures fine-scale phenomena robustly and can run until late physical times. Reflection of the incident shock
wave as a rarefaction wave is visible in the density contours. Att = 3.75 	 s, the bubble collapses onto itself, due to water
jet impingment. The bubble interface is captured sharply despite large deformations of the bubble after the collapse. The
solutions compare well with Reference15.

The numerical results presented in this section demonstrate the robustness and accuracy of the presented DG method
for challenging multimaterial problems. The unique combination of a novel shock-detector with a consistency reinstating
limiting strategy ensures that limiting is applied only when necessary, and that when it is applied it does not violate
closure laws.
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F I G U R E 16 Shock interaction with air-bubble in water. Air-bubble interface contour (top quadrant) and bulk density (bottom
quadrant) at: (from top-left to bottom-right) t =1.25, 2.5, 3.75, 4.75, 6, and 7.5	 s. [Colour figure can be viewed at wileyonlinelibrary.com]

6 SUMMARY

A discontinuous Galerkin discretization of the pressure nonequilibrium multi-material system of equations is pre-
sented. The discretization relies on a novel limiting strategy that is based on an interface-condition shock detector and
a consistency reinstating projection. The shock detector ensures that limiting is applied only in elements containing
discontinuities, thereby maintaining high accuracy in smooth regions. The consistency projection eliminates oscilla-
tions resulting from closure law violations at the discrete level. The result is a robust and highly accurate DG method
that is capable of simulating complex multi-material interactions. The accuracy of the method is verified using several
benchmark problems. Robustness of the method is demonstrated using three-dimensional problems involving complex
multi-material interactions.
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