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High- Q super conducting r esonators hav e been proposed and de v eloped as detectors of 
light-by-light scattering mediated by the hypothesized axion or virtual electr on–positr on 

pairs in quantum electrodynamics: the Euler–Heisenberg (EH) interaction. Photon fre- 
quency and mode conversion is central to the scheme for detecting such rare e v ents. Super- 
conducting r esonators ar e nonlinear devices. The Meissner scr eening curr ents that confine 
the electromagnetic fields to the vacuum region of a superconducting RF cavity are non- 
linear functions of the EM field at the vacuum–superconducting interface, and as a result 
can generate source currents and frequency conversion of microwave photons in the cav- 
ity. In this report we consider photon frequency and mode conversion in superconducting 

resonators with high quality factors from Meissner currents in single- and dual-cavity se- 
tups proposed for axion and QED searches based on light-by-light scattering. In a single 
cavity with two pump modes, photon frequency conversion by the Meissner screening cur- 
rent dominates photon generation by the EH interaction for cavities with Q � 10 

12 . The 
Meissner currents also generate background photons that limit the operation of the res- 
onator for axion detection in three-mode, single-cavity setups. We also consider the leakage 
of photons from pump modes into the signal mode for both axion- and EH-mediated light- 
by-light scattering. Photon frequency conversion by the EH interaction can compete with 

Meissner and leakage radiation in ultra-high-Q cavities that are beyond the current state 
of the art. Meissner radiation and leakage backgrounds can be suppressed in dual-cavity 

setups with appropriate choices for pump and spectator modes, as well as the single-cavity 

setup proposed for heterodyne detection of galactic axion dark matter. 
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1. Introduction 

The axion was proposed as an elegant solution to the strong CP problem [ 1–3 ]. It was later
realized that if it exists it would be a viable candidate for dark matter over a wide range of 
possible axion masses [ 4–6 ]. The pseudoscalar axion field has a symmetry-allowed coupling
to the electromagnetic field described by the interaction Lagrangian (in this paper we follow
as much as possible the notation of Ref. [ 7 ]) L 

int 
a = − 1 

4 g aγ γ a F μν
˜ F 

μν = g aγ γ a E · B , where
a is the axion field, F μν is the EM field tensor, ˜ F 

μν = εμνλρF λρ is the dual EM field tensor,
and E · B is the pseudoscalar constructed from the EM fields. The axion–photon coupling is
g aγ γ . This interaction, and the corresponding axion sources to Maxwell’s equations, spawned
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Fig. 1. Feynman diagrams for the light-by-light scattering mediated by the axion field (left diagram) and 

electr on–positr on pairs (right diagram), where the wavy, dashed, and solid lines denote photon, axion, 
and electron, respecti v ely. Two modes are pumped with photons with frequencies ω 1 and ω 2 , while signal 
photons are generated at the intermodulation frequency ω s = 2 ω 1 − ω 2 , designed to be a resonant mode 
of the cavity. 
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proposals for detecting axions or the axion field [ 8 ]. For a recent re vie w of ongoing and pro-
posed experimental searches, see Ref. [ 9 ]. 

Here we consider recent proposals for axion detection based on superconducting radio- 
frequency (SRF) cavities in the absence of static magnetic fields. Niobium SRF cavities have
been de v eloped with quality factors in the range Q ∼ 10 

9 –10 

11 for the r esonant fr equencies
f ∼ 50 MHz –4 GHz, and can support field energy densities as high as N ≈ 10 

25 photons per
mode [ 10–12 ]. These cavities, de v eloped for high-energy particle accelerators [ 13 , 14 ], are now
being de v eloped as detectors to capture physics beyond the Standard Model and nonlinear
QED corrections to the free electromagnetic (EM) field, as well as gravitational wave (GW)
detectors [ 7, 15–20 ]. High- Q cavities are also nonlinear superconducting devices that can be
used to study novel nonequilibrium and nonlinear superconducting phenomena, including mi- 
crowave photon generation [ 21 ], which is central to the analysis and results reported here. 

1.1. Photon–photon scattering via the axion field 

To leading order in the axion–EM coupling, virtual axions mediate a quartic interaction be-
tween photons governed by the effective Lagrangian [ 8 , 15 ] 

L 

eff 
a = 

g 

2 
aγ γ

128 π

� 

2 

m 

2 
a c 2 

(F μν
˜ F 

μν ) 2 , (1) 

for photon energies, � ω γ � m a c 2 , where m a is the axion mass. This interaction describes
photon–photon scattering mediated by the axion field as shown in Fig. 1 [ 7 ]. 

Bogorad et al. proposed using three resonant modes of a single high- Q SRF cavity as a plat-
f orm f or detecting the axion field [ 15 ]. An alternati v e proposal by Gao and Harnik is based
on an emitter and recei v er cavity that requires only two resonant modes, but identical mode
spectra for both ca vities [ 17 ]. A single-ca vity setup was also proposed by Berlin et al. [ 18 ] to
detect galactic axion dark matter (DM) by observing axion-induced transitions of microwave 
photons between two nearly degenerate resonant modes. These setups take advantage of the
high quality factor of SRF cavities to enhance the number of signal photons. The single-cavity
setup eliminates the need to engineer identical emitter and recei v er cavities. 

For the single-cavity setup of Ref. [ 15 ] the idea is to use the cubic nonlinearity of axion elec-
trodynamics to detect the axion field by measuring photons at a signal frequency ω s = 2 ω 1 − ω 2 

in an SRF cavity sim ultaneousl y pumped with photons at two resonant frequencies ω 1 and ω 2 .
The pump modes are chosen to optimize E · B � = 0 in the volume of the cavity. Amplification of 
2/27 
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the signal is ensured by designing the cavity such that the signal frequency is a resonant mode
of the cavity. 

1.2. Photon–photon scattering à la QED 

Bogorad et al. also proposed this platform to detect photon–photon sca ttering media ted by
virtual electr on–positr on pairs as the perturbati v e QED corr ection to the fr ee-field Maxwell
equations predicted early on by Euler and Heisenberg (EH) [ 22 ] (cf. Fig. 1 ). The corresponding
effecti v e Lagrangian is [ 15 , 7 , 23 ] 

L EH 

= 

1 

128 π

� e 4 

45 πm 

4 
e c 7 
[
4( F μνF 

μν ) 2 +7( F μν
˜ F 

μν ) 2 
]
. (2) 

The Euler–Heisenberg Lagrangian also generates cubic nonlinear corrections to the free-field
Maxwell equations via both quartic invariants of the EM field, ( F μνF 

μν ) 2 ∝ ( | E | 2 − | B | 2 ) 2 as
well as ( F μν

˜ F 

μν ) 2 ∝ ( E · B ) 2 . 
Thus, for pump modes chosen for axion detection, E · B � = 0 , ther e ar e also photons expected

to be generated at the signal frequency from the EH interaction. Alternati v ely, one can choose
pump modes with E · B = 0 in order to directly measure photon–photon scattering via the EH
interaction. Such a measurement would not only confirm the EH prediction of light-by-light
scattering, but also provide a proof of principle for discovery of rare events using high- Q SRF
cavities as detectors. 

1.3. Photon frequency conversion by Meissner screening currents 
With any proposal for detection of rare e v ents the possibility of false positi v es has to be con-
sidered, such as the thermal background of photons at the signal frequency, mechanical vibra-
tions, or leakage of photons from the pump mode resonances into the signal resonance [ 15–18 ].
Here we discuss the generation of photons at the signal frequency that arise from the screening
currents that confine the EM fields within the SRF cavity. 

In contrast to “perfect conductors” for which the EM field is excluded from the conductor, the
EM field penetrates into a superconductor a distance of the order of the London penetration
depth, λL 

≈ 50 nm in Nb. The surface field generates a super curr ent that screens the field from
the bulk of the superconductor. The Meissner screening current is a function of the gauge-
invariant condensate momentum per electron, 

p s = 

� 

2 

(
∇ 

∇ ∇ ϑ − 2 e 
� c 

A 

)
, (3) 

where ϑ is the phase of the condensate amplitude and A is the vector potential. For weak
surface EM fields, B � B s ≈ 200 mT , the Meissner current is a pproximatel y linear in the EM
field, j s ≈ e 

m 

∗ n s p s , where n s is the zero-field superfluid fraction, e is the electron charge, and m 

∗

the mass of the conduction electrons in the normal metal. This leads to the well known London
equation for B = ∇ 

∇ ∇ × A and screening of the field from the bulk of the superconductor on the
scale of the London penetration depth defined by λ−2 

L 

= 4 πn s e 2 /m 

∗c 2 . Howe v er, the Meissner
current is in general a nonlinear function of the condensate momentum, and thus the EM field
at the vacuum–superconductor interface: 

j s = 

e 
m 

∗ n s 

[ 

1 − θ

(
p s 

p c 

)2 
] 

p s . (4) 
3/27 
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The magnitude of the nonlinear correction to the scr eening curr ent is determined by the
dimensionless parameter, θ , and the critical momentum set by the gap and Fermi velocity, p c =
�/v f . These parameters depend on temperature and disorder, the latter parametrized by the
electron–impurity scattering rate, 1 /τ ; cf . Ref . [ 21 ]. The nonlinear Meissner (NLM) current has
been studied in many different superconducting materials, both theoretically [ 21 , 24–26 ] and
experimentally [ 27–30 ]. In the context of SRF cavities the nonlinear field dependence of the
Meissner current becomes important for cavity modes with large field energy density. 

Equation ( 4 ) can be extended to finite frequency at low temperature provided that microwave
photons do not break pairs, i.e. � ω � 2�, which for Nb is 2�/h 	 700 GHz . Thus at GHz
frequencies the nonlinear screening current at a vacuum–superconducting interface is to good 

approximation gi v en by Eq. ( 4 ) with n s and θ gi v en by their static limits. Furthermore, the
dissipati v e component of the current response from thermally excited quasiparticles is expo-
nentially suppressed by the gap for T � �. Thus, the screening current is gi v en by Eq. ( 4 ),
f or an y A (r , t) in the limits � ω � 2� and T � T c . The EM field can host a large number of 
photons in any mode, N k 
 1 , provided that the surface field is below the threshold for vortex
generation. In this case we can fix the gauge and absorb the condensate phase into the vector
potential: A − � c 

2 e ∇ 

∇ ∇ ϑ → A . The curr ent r esponse in the super conductor in the transverse gauge
can then be expressed as 

j s = − c 

4 πλ2 
L 

{
1 − θ

A 

2 
c 
| A | 2 

}
A , (5) 

where λL 

is the London penetration depth, A c ≡ H c λL 

, and H c is the critical field. 
For photons on the vacuum side of the cavity the scr eening curr ent r eflects the radiation

back into the vacuum. Thus, for photons in two resonant modes with frequencies ω 1 and
ω 2 , the superconductor provides nearly perfect lossless reflection of incident photons. How-
e v er, the cubic nonlinearity of the screening current of Eq. ( 5 ), proportional to | A | 2 A , gen-
erates current sources, j s (ω a ) , at the vacuum–superconductor interface with frequencies ω a ∈
{ ω 1 , ω 2 , 3 ω 1 , 3 ω 2 , 2 ω 1 ± ω 2 , 2 ω 2 ± ω 1 } that radiate photons into the vacuum at third harmonic 
and intermodulation frequencies distinct from those of the pump modes [ 21 ]. If any of these
fr equencies corr espond to r esonant modes of the cavity, then the large mode density ∝ Q will
lead to significant photon conversion from the pump modes to the resonant mode. We analyze
this situation in detail since it is a potentially relevant background source of photons in axion
searches and tests of QED based on photon–photon scattering in SRF cavities. 

1.4. Frequency shift of cavity resonances by nonlinear Meissner currents 
Penetration of the EM field into the superconductor also leads to small changes in the reso-
nant frequencies of modes compared to the geometrically determined frequencies of a perfect
conductor. For Nb these frequency shifts are typically of the order of δ f ∼ 10 kHz for modes
with f ≈ 1 –10 GHz , and depend on the material properties of the superconductor that deter-
mine the London penetration depth, and thus temperature and frequency [ 31 , 32 ]. In the linear
response limit the frequency shift of a mode is determined by the London penetration depth
and is independent of the EM power (photon number) in the mode. Howe v er, the nonlinear
contribution to the Meissner screening current leads to an additional frequency shift that de-
pends on the EM power (photon number). This power dependence of the frequency shift can, in
4/27 
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principle, be used to dif ferentia te signal photons from axion frequency conversion from pho-
tons generated by nonlinear Meissner screening currents. 

In what follows we report calculations of the number of NLM photons, leakage of photons
in the pump modes into the signal mode (hereafter “leakage noise”), and the resulting impact
of these sources on the sensitivity of SRF cavities to axion- and QED-mediated photon con-
version. Our analysis also agrees with earlier calculations of the number of photons generated
by the EH interaction in the volume of the cavity. 

For the single-cavity setup proposed in Ref. [ 15 ] we show that, for SRF cavities with ultra-
high Q ∼ 10 

22 , the NLM effect par ametrically shifts surface-gener ated photons away from the
signal frequency sufficiently to allow for detection of nonlinear QED conversion by the EH
interaction. Detection also r equir es suppr ession of unbound electrons in the superconducting
cavity, and thus operational temperatures of T ≈ 0 . 1 K. 

In Section 2 we deri v e the EM fields at the surface of the cavity resulting from the NLM effect
and leakage noise at the intermodulation frequency generated by two pump modes in a single
SRF cavity. Our analysis is based on Slater’s method for calculating the EM fields in hollow
cavities [ 33 ]. In Section 3 we report our results for the number of photons due to the NLM effect
and leakage noise, and compare them with predictions based on the EH interaction. Finally,
we discuss the impact of the NLM effect and leakage noise on sensitivity of the single-cavity
setup to the axion signal, and related advantages of the emitter/recei v er cavity setup proposed
by Gao and Harnik [ 17 ]. 

2. Formalism: Slater’s method 

We consider a cylindrical SRF cavity pumped sim ultaneousl y with two resonant frequen-
cies ω 1 and ω 2 , and calculate the NLM signal and leakage noise fields from the pump fields.
The axion field, EH term, and NLM effect gi v e signal photons at intermodulation frequency
ω 3 = 2 ω 1 − ω 2 due to their cubic nonlinearity. We choose solenoidal vector functions at three
r esonant mode fr equencies, ω 

∞ 

1 = ω 

TE 

011 , ω 

∞ 

2 = ω 

TM 

010 , and ω 

∞ 

3 = ω 

TM 

020 , for a cylindrical cavity
of radius R and height L = 3 . 112 R , where the superscript ∞ denotes the ideal “perfect con-
ducting” cavity-mode frequencies [ 15 ]. The corresponding TM and TE mode frequencies are
gi v en by ω 

TM 

nml = c 
√ 

( Z nm 

/R ) 2 + ( l π/L ) 2 and ω 

TE 

nml = c 
√ 

( S nm 

/R ) 2 + ( l π/L ) 2 , with Z nm 

and S nm 

denoting the m th zero and extremum of the n th Bessel function of the first kind J n (ρ ) , re-
specti v el y (see A ppendix A ). One can check that the TM 020 mode corresponds to the desired
intermodulation frequency, ω 

TM 

020 = 2 ω 

TE 

011 − ω 

TM 

010 , using Z 01 = 2 . 405 , S 01 = Z 11 = 3 . 832 , and
Z 02 = 5 . 521 [ 34 ]. The exact mode frequencies include the frequency shifts relati v e to ω 

∞ 

i result-
ing from field pentration into the superconductor as discussed in Section 2.3 . 

Our formalism for predicting photon conversion within SRF cavities follows Slater [ 33 ]. We
expand the EM field in the electric and magnetic basis functions of an ideal cavity for each
mode, i.e. e i (r ) and b i (r ) for i ∈ { 1 , 2 , 3 } . We then obtain the equation for the amplitude of the
electric field, E 3 (r , t) = e 3 ( r ) 

∫ 
V 

E ( r ′ , t) · e 3 (r ′ ) dv ′ , at the intermodulation mode frequency, ω 3 ,
as (see Appendix B for details) 

(
1 

c 2 
d 

2 

dt 2 
+ 

ω 

∞ 

3 
2 

c 2 

)∫ 
V 

E (r , t) · e 3 (r ) dv = −4 π

c 2 
d 

dt 

∫ 
V 

j (r , t) · e 3 (r ) dv 

− ω 

∞ 

3 

c 

∫ 
[ E (r , t) × b 3 (r )] · da . (6) 
S 

5/27 
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The first term on the right-hand side of Eq. ( 6 ) is the vacuum term that includes source currents
from the axion field and the EH interaction [ 15 ]. The second term is the conducti v e surface
term, which contains the NLM source currents as well as the leakage of the pump modes into
the signal mode. Bogorad et al. considered only the vacuum term and calculated the signal EM
fields from the effecti v e charge currents generated by the axion field and EH interaction [ 15 ], 

4 π

c 
j a (r , t) = g aγ γ

[
E (r , t) × ∇ a (r , t) − B (r , t) 

1 

c 
∂a (r , t) 

∂t 

]
, (7) 

where the axion field a (r , t) is sourced by the pseudoscalar invariant of the EM field [ 8 , 15 ], (
1 

c 2 
∂ 2 t − ∇ 

2 + 

m 

2 
a c 

2 

� 

2 

)
a (r , t) = g aγ γ E (r , t) · B (r , t) . (8) 

Similarly, the corresponding EH current density is gi v en by 

4 π

c 
j EH 

(r , t) = 

� e 4 

45 πm 

4 
e c 7 

[ 

1 

c 
∂ 

∂t 

{ 
2[ E 

2 (r , t) − B 

2 (r , t)] E (r , t) + 7[ E (r , t) · B (r , t)] B (r , t) 
} 

− ∇ ×
{ 

2[ E 

2 (r , t) − B 

2 (r , t)] B (r , t) − 7[ E (r , t) · B (r , t)] E (r , t) 
} ] 

. (9) 

From these equations we can calculate the number of photons converted to the signal mode
by the EH interaction based on Eq. ( 9 ), and sensitivity to the axion–photon coupling and ax-
ion mass based on Eqs. ( 7 ) and ( 8 ). Our analysis follows closely, and the r esults agr ee with
those reported by Bogorad et al. [ 15 ]. In the next section we de v elop a method for calculating
photon conversion via the NLM source currents at the intermodulation frequency, as well as
the leakage noise from the surface term in Eq. ( 6 ) based on the cavity perturbation method of 
Slater [ 33 ] combined with the theory of the nonlinear Meissner currents for superconducting
resonators [ 21 ]. 

2.1. NLM signal and leakage fields 
Here we calculate the EM field generated by the NLM screening current at the signal frequency,
as well as the field resulting from the leakage of the pump modes into the signal mode [ 21 ]. We
start from an electric field that is a sum of the fields of the pump modes and the resonant
intermodulation (signal) mode, 

E (r , t) = 

3 ∑ 

i=1 

E i (r , t) , with E i (r , t) = Re E i (r ) e 
−iω i t− ω ∞ 

i 
2 Q i 

t 
, (10) 

where Q i is the quality factor of the i th mode at frequency ω i = ω 

∞ 

i + δω i , which includes the
frequency shift δω i resulting from the penetration of the field E i (r , t) into the superconduc-
tor [ 13 , 14 , 35 ]. For high- Q resonances we have Q i 
 1 for all three modes. Note that Bogorad
et al. neglected the frequency shift in their analysis [ 15 ]. In the case of photon conversion via
the NLM currents the frequency shifts for pump and signal modes are inequivalent, and this
fact is rele v ent to the number of signal photons generated via both the NLM effect and leakage
into the signal mode. 

Substituting Eq. ( 10 ) into the surface term of Eq. ( 6 ), m ultipl ying both sides by e iω 3 t− ω ∞ 

3 
2 Q 3 

t ,
then averaging over time we obtain the complex amplitude and spatial profile of the electric
6/27 
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field of the signal mode, 

E 3 (r ) = i 
3 ∑ 

i=1 

C i 
c Q 3 

ω 

∞ 

3 

e 3 ( r ) 
∫ 

S 
[ E i ( r ′ ) × b 3 (r ′ )] · da 

′ , (11) 

where C i is gi v en by 

C i ≡ C 3 
−iω 

∞ 

3 /Q 3 

1 − e −
ω ∞ 

3 
Q 3 

t p 

1 − e −i(ω i −ω 3 ) t p − ω ∞ 

i 
2 Q i 

t p − ω ∞ 

3 
2 Q 3 

t p 

ω i − ω 3 − iω 

∞ 

i / 2 Q i − iω 

∞ 

3 / 2 Q 3 

= C 3 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

1 , ω 

∞ 

i t p � 1 , 

1 − e −i(ω i −ω 3 ) t p 

−i(ω i − ω 3 ) t p 
, 1 � ω 

∞ 

i t p � Q i , 

(−iω 

∞ 

3 /Q 3 ) 
ω i − ω 3 − iω 

∞ 

i / 2 Q i − iω 

∞ 

3 / 2 Q 3 
, Q i � ω 

∞ 

i t p , 

(12) 

t p is the period of the pump field, and 

C 3 ≡
−iω 

∞ 

3 
2 /Q 3 

ω 

2 
3 − ω 

∞ 

3 
2 − iω 3 ω 

∞ 

3 /Q 3 
≈ −iω 

∞ 

3 / 2 Q 3 

ω 3 − ω 

∞ 

3 − iω 

∞ 

3 / 2 Q 3 
. (13) 

For the TE 011 (mode 1) and TM 010 (mode 2) pump modes and TM 020 (mode 3) signal mode
we have E 1 (r ) = E 1 ϕ (ρ, z ) ˆ ϕ , E 2 (r ) = E 2 z (ρ ) ̂  z , E 3 (r ) = E 3 z (ρ ) ̂  z , and b 3 (r ) = b 3 ϕ (ρ ) ˆ ϕ . Thus, the
contribution to Eq. ( 11 ) from E 1 (r ) vanishes. The result for Eq. ( 11 ) can then be written as 

E 3 (r ) = E leak (r ) + E NLM 

(r ) , (14a) 

E leak (r ) = −2 π iRLC 2 
c Q 3 

ω 

∞ 

3 

E 2 z ( R ) b 3 ϕ ( R ) e 3 ( r ) , (14b) 

E NLM 

(r ) = −2 π iRLC 3 
c Q 3 

ω 

∞ 

3 

E 3 z ( R ) b 3 ϕ ( R ) e 3 ( r ) , (14c) 

where E leak (r ) is the field resulting from the leakage of the pump fields into the signal mode,
and E NLM 

(r ) is the field of the signal mode due to the NLM effect. 
Figure 2 is a representation of the period of pump fields, t p , and the total integration time,

t int , for a measurement of photon conversion to the signal mode. If ω 

∞ 

i t p � Q i , the pump fields
are undamped until the measurement is stopped. We can then replace the cavity bandwidths,
B i = ω 

∞ 

i /Q i , with B i = 1 /t int , where t int is the integration time for measurement of photon con-
version into the signal mode [ 15–17 ]. In this limit the signal power is large, but the leakage noise
may be also significant since C 2 = [1 − e −i(ω 2 −ω 3 ) t p ] C 3 / [ −i(ω 2 − ω 3 ) t p ] . Howe v er, if ω 

∞ 

i t p 
 Q i ,
the leakage noise is greatly suppressed due to the fr equency differ ence of the order of GHz
between the pump and signal modes. 

2.2. Field amplitudes on the cavity walls 
The frequency shifts of the pump and signal modes can be calculated by first computing the
amplitude of electric field on the cavity walls, neglecting the damping of the modes (see Sec-
tion 2.3 ). The surface integral for a cylindrical cavity at the radial wall, ρ = R , is carried out for
the NLM screening profile. Since the cavity radius is much larger than the penetration depth,
R 
 λL 

, we can neglect the curvature of the cylindrical cavity wall. Then, using Faraday’s
law ( B6a ), E i (r ) = E iz (ρ ) ̂  z , and B i (r ) = B iϕ (ρ ) ̂  ϕ for i = 2 , 3 , we obtain the amplitude of electric
7/27 
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Fig. 2. A schematic illustrating the pumping period and experimental integration (total measurement) 

times, t p and t int , respecti v ely, for the time-dependent pump field, E pi (t) = e −
ω ∞ 

i t 
2 Q i sin ω i t . (a) For ω 

∞ 

i t p 

Q i the damping of the pump field is significant during each pump cycle. (b) For ω 

∞ 

i t p � Q i the damping 

rate is ∼ 1 /t int . 
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field on the cavity wall: 

E iz (R ) = − iω 

∞ 

i 

c 

∫ R 

∞ 

dxB iϕ (x ) . (15) 

The penetration of the magnetic field into the superconductor is gi v en by Eq. (91) of Ref. [ 21 ]
in the limit � ω i � 2�, and was obtained by solving the nonlinear London equation (cf. Ap-
pendix C ). The resulting spatial integral of the magnetic field on the right-hand side of Eq. ( 15 )
is then ∫ R 

∞ 

dxB iϕ (x, t) = 

∫ 0 

∞ 

dx 

′ H e −x ′ /λL 

[1 + θ ( H/ 2 H c ) 2 ( e −2 x ′ /λL − 1)] 3 / 2 
≈ −λL 

H 

[ 

1 + 

θ

4 

(
H 

H c 

)2 
] 

, 

(16) 

where H is the magnetic field at the surface and the right-hand side of Eq. ( 16 ) is the approx-
imate result to leading order in the nonlinear field dependence. The field scale is set by the
thermodynamic critical field H c ≡ ( c/e )( �/v f λL 

) where e and v f are the electron charge and
Fermi v elocity, respecti v ely. The other material par ameters are the London penetr ation depth,
λL 

, and θ = θ (T ; τ ) is the dimensionless coefficient for the nonlinear correction to the Meiss-
ner screening current, gi v en by Eq. (85) in Ref. [ 21 ] with T and τ denoting temperature and
mean electron–impurity scattering time, respecti v ely. 

The nonlinear contribution to the surface magnetic field at the intermodulation frequency is
determined by the magnetic fields of the pump modes, 

B p (r , t) = B 

∞ 

1 (r , t) + B 

∞ 

2 (r , t) , (17) 

where B 

∞ 

1 (r , t) is the TE 011 mode and B 

∞ 

2 (r , t) is the TM 010 mode (Appendix A ): 

B 

∞ 

1 (r , t) = 

[
B 

∞ 

1 ρ ( r ) ̂  ρ + B 

∞ 

1 z ( r ) ̂  z 
]

cos ω 

∞ 

1 t, (18a) 

B 

∞ 

2 (r , t) = −iB 

∞ 

2 ϕ (r ) ̂  ϕ sin ω 

∞ 

2 t. (18b) 
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The resulting cubic contribution to the surface field reduces to 

H 

3 ≈ iB 

∞ 3 
2 ϕ (R ) sin 

3 
ω 

∞ 

2 t − i 
2 

B 

∞ 2 
1 z (R ) B 

∞ 

2 ϕ (R ) cos 2 ω 

∞ 

1 t sin ω 

∞ 

2 t, (19) 

after averaging the z dependence of | B 

∞ 

1 z ( ρ, z ) | 2 ∝ sin ( πz/L ) over the length of the cav-
ity and using the fact that B 1 ρ (R ) ≡ 0 (see Appendix A ). Then, using cos 2 ω 

∞ 

1 t sin ω 

∞ 

2 t =
−( 1 / 4) sin ω 

∞ 

3 t + ( 1 / 4) sin ( ( 2 ω 

∞ 

1 + ω 

∞ 

2 ) t) + ( 1 / 2) sin ω 

∞ 

2 t, we obtain the surface electric fields
of the pump and intermodulation modes: 

E 2 z (R ) = + 

iω 

∞ 

2 

c 
λL 

×
[

1 + 

θ

32 H 

2 
c 

∣∣B 

∞ 

2 ϕ (R ) 
∣∣2 ]B 

∞ 

2 ϕ (R ) , (20a) 

E 3 z (R ) = − iω 

∞ 

3 

c 
λL 

× θ

32 H 

2 
c 

∣∣B 

∞ 

1 z (R ) 
∣∣2 B 

∞ 

2 ϕ (R ) . (20b) 

2.3. Surface impedance and frequency shifts 
We tacitly assumed in Section 2.2 that photon conversion via the NLM current and the leakage
noise occur at the same frequency, i.e. ω 

∞ 

3 . Howe v er, as we show below, the photon frequency
from these two sources depends on the amplitudes of the NLM source field and the leakage
noise field, and thus NLM photons and leakage noise photons are generated at slightly different
frequencies. Thus, to account for the nonlinear frequency shifts we write Eqs. ( 12 ) and (14) as 

E leak (r ) = −2 π iRLC leak 
cQ 3 

ω 

∞ 

3 

E 2 z ( R ) b 3 ϕ ( R ) e 3 ( r ) , (21a) 

E NLM 

(r ) = −2 π iRLC NLM 

cQ 3 

ω 

∞ 

3 

E 3 z ( R ) b 3 ϕ ( R ) e 3 ( r ) , (21b) 

where 

C leak ≡
−iω 

∞ 

3 /Q 3 

1 − e −
ω ∞ 

3 
Q 3 

t p 
× −iω 

∞ 

3 / 2 Q 3 

ω leak − ω 

∞ 

3 − iω 

∞ 

3 / 2 Q 3 
× 1 − e −i(ω 2 −ω leak ) t p − ω ∞ 

2 
2 Q 2 

t p − ω ∞ 

3 
2 Q 3 

t p 

ω 2 − ω leak − iω 

∞ 

2 / 2 Q 2 − iω 

∞ 

3 / 2 Q 3 
, 

(22a) 

C NLM 

≡ −iω 

∞ 

3 / 2 Q 3 

ω NLM 

− ω 

∞ 

3 − iω 

∞ 

3 / 2 Q 3 
, (22b) 

where 

ω leak = ω 

∞ 

3 + δω leak (B leak (R )) , (23a) 

ω NLM 

= ω 

∞ 

3 + δω NLM 

(B NLM 

(R )) , (23b) 

where B leak (R ) and B NLM 

(R ) are the amplitudes of surface magnetic fields resulting from the
leakage of the pump modes and the NLM curr ent, r especti v ely. These fields are obtained from
the equation for the magnetic field at the intermodulation frequency, ω 

∞ 

3 , (
1 

c 2 
d 

2 

dt 2 
+ 

ω 

∞ 

3 
2 

c 2 

)∫ 
B (r , t) · b 3 (r ) dv = −1 

c 
d 

dt 

∫ 
S 
[ E (r , t) × b 3 (r )] · da , (24) 

and thus the surface magnetic fields, 

B leak ϕ (R ) = −2 πRLC leak 
ω 

∞ 

2 cQ 3 

ω 

∞ 2 
3 

E 2 z ( R ) b 

2 
3 ϕ ( R ) , (25a) 

B NLM ϕ (R ) = −2 πRLC NLM 

cQ 3 

ω 

∞ 

3 

E 3 z ( R ) b 

2 
3 ϕ ( R ) . (25b) 
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Self-consistent equations for the frequency shift δω NLM 

are obtained by first expressing the
NLM fields as 

E NLM 

(r , t) = Re E NLM 

( r ) e −i(ω 

∞ 

3 + δω NLM 

) t− ω ∞ 

3 
2 Q 3 

t 
, (26a) 

B NLM 

(r , t) = Re B NLM 

( r ) e −i(ω 

∞ 

3 + δω NLM 

) t− ω ∞ 

3 
2 Q 3 

t 
, (26b) 

then using Eqs. (26) and Slater’s method [ 31 , 33 ], to express the frequency shift as 

δω NLM 

= − ω 

∞ 

3 

2 G 3 
X 

s 
NLM 

, (27) 

where X 

s 
NLM 

is the NLM contribution to the surface reactance, 

G 3 ≡ Z 0 

c 
ω 

∞ 

3 

∫ 
S 
| b 3 (r ) | 2 da 

, (28) 

is the geometric factor of the signal mode, and Z 0 = 4 π/c = 376 . 7 � is the impedance of the
vacuum. 

The EM fields generated by the NLM currents are those of the TM 020 mode, and have the
form E NLM 

(r ) = E NLM z (ρ ) ̂  z and B NLM 

(r ) = B NLM ϕ (ρ ) ̂  ϕ . The corresponding surface reactance
for this mode can be obtained from Faraday’s law ( B6a ) as sho wn belo w. As in Section 2.1
we can neglect the curvature of the cavity wall, in which case the surface magnetic field is
gi v en by 

H = Re B NLM ϕ ( R ) e −
ω ∞ 

3 
2 Q 3 

t cos ω NLM 

t + Im B NLM ϕ ( R ) e −
ω ∞ 

3 
2 Q 3 

t sin ω NLM 

t, (29) 

The time-averaged electric field E NLM z (R ) at the surface reduces to 

E NLM z (R ) = i 
ω 

∞ 

3 

c 
λL 

B NLM ϕ (R ) ×
⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B NLM ϕ (R ) | 2 

⎤ 

⎦ , (30) 

and the corresponding surface impedance, Z 

s 
NLM 

= R 

s 
NLM 

− iX 

s 
NLM 

, is gi v en by 

Z 

s 
NLM 

= −Z 0 
E NLM z (R ) 
B NLM ϕ (R ) 

. (31) 

Thus, we obtain the surface reactance at low temperatures from Eqs. ( 30 ) and ( 31 ): 

X 

s 
NLM 

= Z 0 
ω 

∞ 

3 

c 
λL 

×
⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B NLM ϕ (R ) | 2 

⎤ 

⎦ . (32) 

The field-independent term in Eq. ( 32 ) is the same as the surface reactance at low temperatures
gi v en by Eq. (E3) of Ref. [ 14 ]. Howe v er, the frequency shift also includes the contribution from
the field-dependent NLM effect obtained from Eqs. ( 27 ) and ( 32 ): 

δω NLM 

= −ω 

∞ 2 
3 λL 

Z 0 

2 cG 3 
×
⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B NLM ϕ (R ) | 2 

⎤ 

⎦ . (33) 

Similarly, the frequency shift of photons from the leakage of the pump modes into the inter-
modulation mode is gi v en by 

δω leak = −ω 

∞ 

2 ω 

∞ 

3 λL 

Z 0 

2 cG 3 
×
⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B leak ϕ (R ) | 2 

⎤ 

⎦ . (34) 
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The r esonant fr equencies of the pump modes ar e also shifted due to field penetration and
damping from a cavity wall. Expressing the EM fields of the two pump modes ( i = 1 , 2 ), 

E i (r , t) = Re E i ( r ) e 
−i(ω 

∞ 

i + δω i ) t− ω ∞ 

i 
2 Q i 

t 
, (35a) 

B i (r , t) = Re B i ( r ) e 
−i(ω 

∞ 

i + δω i ) t− ω ∞ 

i 
2 Q i 

t 
, (35b) 

the resonant frequencies are, 

ω 1 = ω 

∞ 

1 + δω 1 ( B 1 z ( R )) , (36a) 

ω 2 = ω 

∞ 

2 + δω 2 ( B 2 ϕ ( R )) . (36b) 

Following the same analysis procedure as described for the calculation of the frequency shift of 
photons generaged by the NLM effect, we obtain the frequency shifts δω 1 and δω 2 for photons
in the pump modes, 

δω 1 = −ω 

∞ 2 
1 λL 

Z 0 

πcG 1 
×
⎡ 

⎣ 1 + 

θ

24 H 

2 
c 

1 − e −
3 ω ∞ 

1 
2 Q 1 

t p 

1 − e −
ω ∞ 

1 
2 Q 1 

t p 
| B 1 z (R ) | 2 

⎤ 

⎦ , (37a) 

δω 2 = −ω 

∞ 2 
2 λL 

Z 0 

2 cG 2 
×
⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

2 
2 Q 2 

t p 

1 − e −
ω ∞ 

2 
2 Q 2 

t p 
| B 2 ϕ (R ) | 2 

⎤ 

⎦ , (37b) 

where B 1 z (R ) and B 2 ϕ (R ) are obtained by replacing ω 

∞ 

i with ω i in B 

∞ 

1 z (R ) and B 

∞ 

2 ϕ (R ) . From the
above equations for the resonant frequencies of photons in the two pump modes ω 1 and ω 2 , the
frequency of the signal photons sourced in the vacuum region of the cavity by the axion field
or the EH interaction is gi v en precisely by ω s ≡ 2 ω 1 − ω 2 ; i.e. only the nonlinear shifts of the
two pump modes enter the intermodulation frequency for photons sourced by the axion field
or EH interaction. 

The NLM and leakage noise fields evalua ted a t the signal frequency, ω s , are gi v en by Eq. (21)
with ω 

∞ 

3 replaced by ω s , except in the equations for ω leak and ω NLM 

, 

E leak (r ) = −2 π iRLC leak 
cQ s 

ω s 
E 2 z ( R ) b sϕ ( R ) e s ( r ) , (38a) 

E NLM 

(r ) = −2 π iRLC NLM 

cQ s 

ω s 
E 3 z ( R ) b sϕ ( R ) e s ( r ) , (38b) 

where 

C leak = 

−iω s /Q s 

1 − e −
ω s 
Q s 

t p 
× −iω s / 2 Q s 

ω leak − ω s − iω s / 2 Q s 
× 1 − e −i(ω 2 −ω leak ) t p − ω 2 

2 Q 2 
t p − ω s 

2 Q s 
t p 

ω 2 − ω leak − iω 2 / 2 Q 2 − iω s / 2 Q s 
, (39a) 

C NLM 

= 

−iω s / 2 Q s 

ω NLM 

− ω s − iω s / 2 Q s 
, (39b) 

and 

B leak ϕ (R ) = −2 πRLC leak 
ω 2 cQ s 

ω 

2 
s 

E 2 z ( R ) b 

2 
sϕ ( R ) , (40a) 

B NLM ϕ (R ) = −2 πRLC NLM 

cQ s 

ω s 
E 3 z ( R ) b 

2 
sϕ ( R ) . (40b) 
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Note that Q s denotes the quality factor at ω s , while e s (r ) and b s (r ) are basis functions for the
signal mode. They are equal to e 3 (r ) and b 3 (r ) , respecti v ely, to e xcellent approximation. The
cavity damping effect is also included by extending Eq. (20): 

E 2 z (R ) = 

iω 

∞ 

2 

c 
λL 

×
⎡ 

⎣ 1 + 

θ

96 H 

2 
c 

1 − e −
3 ω ∞ 

2 
2 Q 2 

t p 

1 − e −
ω ∞ 

2 
2 Q 2 

t p 
| B 2 ϕ (R ) | 2 

⎤ 

⎦ B 2 ϕ (R ) , (41a) 

E 3 z (R ) = − iω 

∞ 

3 

c 
λL 

θ

32 H 

2 
c 

ω 

∞ 

3 t p / 2 Q 3 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
× 1 − e −

ω ∞ 

1 
Q 1 

t p − ω ∞ 

2 
2 Q 2 

t p 

ω 

∞ 

1 t p /Q 1 + ω 

∞ 

2 t p / 2 Q 2 
| B 1 z ( R ) | 2 B 2 ϕ ( R ) . (41b) 

We can also use B 1 z (R ) ≈ B 

∞ 

1 z (R ) and B 2 ϕ (R ) ≈ B 

∞ 

2 ϕ (R ) , which are an excellent approximation.
By solving Eqs. ( 33 ), ( 34 ), and (40) self-consistently, we can obtain the frequency shift as a
function of the pump field strength. 

3. Results: NLM, leakage, and EH photons 
The mean numbers of photons generated by the NLM current and the leakage of the pump
field into the resonant signal frequency ω s are gi v en by 

N NLM 

= 

1 

� ω s 

∫ 
dv 
8 π

| E NLM 

( r ) | 2 1 

t p 

∫ t p 

0 
dte −

ω ∞ 

3 
Q s 

t = | C NLM 

| 2 N 

(0) 
NLM 

, (42a) 

N leak = 

1 

� ω s 

∫ 
dv 
8 π

| E leak ( r ) | 2 1 

t p 

∫ t p 

0 
dte −

ω ∞ 

3 
Q s 

t = | C leak | 2 N 

(0) 
leak , (42b) 

where N 

(0) 
NLM 

and N 

(0) 
leak are the numbers of NLM and leakage photons that would be predicted if 

we neglected the nonlinear frequency shifts of the photons generated by the NLM and leakage
fields, 

N 

(0) 
NLM 

= 

c 2 Q 

2 
s V E 

6 
0 

8 π� ω 

3 
s 

1 − e −
ω ∞ 

3 
Q s 

t p 

ω 

∞ 

3 t p /Q s 
κ2 

NLM 

K 

2 
NLM 

, (43a) 

N 

(0) 
leak = 

c 2 Q 

2 
s V E 

6 
0 

8 π� ω 

3 
s 

ω 

2 
s 

ω 

2 
2 

1 − e −
ω ∞ 

3 
Q s 

t p 

ω 

∞ 

3 t p /Q s 

(
κL2 

leak K 

L2 
leak + 2 κL 

leak κ
NL 

leak K 

L 

leak K 

NL 

leak + κNL 2 
leak K 

NL 2 
leak 

)
, (43b) 

where V = πR 

2 L is the volume of the cavity and E 0 ≡
√ 

( 1 /V ) 
∫ 

dv | E 

∞ 

1 ( r ) | 2 =√ 

( 1 /V ) 
∫ 

dv | E 

∞ 

2 ( r ) | 2 is the spatially averaged electric field strength of either pump mode. 

The electric fields of the pump modes are then E 

∞ 

1 (r ) with ω 

∞ 

1 = ω 

TE 

011 and E 

∞ 

2 (r ) with
ω 

∞ 

2 = ω 

TM 

010 , and are gi v en by (see Appendix A ) 

E 

∞ 

1 (r ) = i 

√ 

2 E 0 

J 0 (S 01 ) 
J 1 

(
S 01 

R 

ρ

)
sin 

πz 
L 

ˆ ϕ , (44a) 

E 

∞ 

2 ( r ) = 

E 0 

J 1 ( Z 01 ) 
J 0 

(
Z 01 

R 

ρ

)
ˆ z . (44b) 

The numbers of resonant NLM and leakage photons are proportional to Q 

2 
s , E 

6 
0 , and the fac-

tors κNLM 

, κL 

leak , κ
NL 

leak , K NLM 

, K 

L 

leak , and K 

NL 

leak , 

κNLM 

≡ ω 

2 
s 

c 2 
ω 

∞ 

3 t p / 2 Q s 

1 − e −
ω ∞ 

3 
2 Q s 

t p 

1 − e −
ω ∞ 

1 
Q 1 

t p − ω ∞ 

2 
2 Q 2 

t p 

ω 

∞ 

1 t p /Q 1 + ω 

∞ 

2 t p / 2 Q 2 

λL 

θ

4 H 

2 
c 

(45a) 

κL 

leak ≡
ω 

2 
2 

c 2 
λL 

E 

2 , (45b) 

0 
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κNL 

leak ≡
ω 

2 
2 

c 2 
1 − e −

3 ω ∞ 

2 
2 Q 2 

t p 

1 − e −
ω ∞ 

2 
2 Q 2 

t p 

λL 

θ

4 H 

2 
c 
, (45c) 

K NLM 

≡ c 

ω s 
√ 

V 

∣∣∣∣
∫ 

S 
[ ̃  E 3 (r ) × b 3 (r )] · da 

∣∣∣∣ , (45d) 

K 

L 

leak ≡
c 

ω s 
√ 

V 

∣∣∣∣
∫ 

S 
[ ̃  E 

L 

2 (r ) × b 3 (r )] · da 

∣∣∣∣ , (45e) 

K 

NL 

leak ≡
c 

ω s 
√ 

V 

∣∣∣∣
∫ 

S 
[ ̃  E 

NL 

2 (r ) × b 3 (r )] · da 

∣∣∣∣ , (45f) 

where E 3 (r ) ≡ (c/ω s ) κNLM 

E 

3 
0 

˜ E 3 (r ) , E 

L 

2 (r ) ≡ (c/ω 2 ) κL 

leak E 0 ̃  E 

L 

2 (r ) , and E 

NL 

2 (r ) ≡
( c/ω 2 ) κNL 

leak E 

3 
0 

˜ E 

NL 

2 ( r ) . The superscripts “L” and “NL” denote the linear and nonlinear terms,
respecti v ely. 

In the analysis to follow we choose the same cavity parameters used in Ref. [ 15 ]: R = 0 . 5
m, L = 1 . 56 m, and f ∞ 

3 ≡ ω 

∞ 

3 / 2 π = 527 MHz; howe v er, we study the variation of photon
conversion as a function of the pump field strength, quality factor, and cavity bandwidth. In
what follows we adopt material parameters appropriate for N-doped Nb SRF cavities: the ther-
modynamic critical field H c = 54 MV/m, the zero-temperature energy gap � = 1 . 55 meV, the
tr ansition temper ature T c 0 = 9 . 33 K, the Fermi velocity v f = 0 . 26 × 10 

8 cm/s, the clean-limit
London penetration depth λL 

= 33 nm [ 36 ], and the dimensionless strength of the nonlinear
Meissner current θ = 0 . 001 [ 21 ]. We also assume equal quality factors for the pump modes and
the signal mode, i.e. Q 1 = Q 2 = Q s . (Thus, we neglect the weak frequency depdence, as well as
the field dependence, of the quality factor; the range of variation is relati v ely modest for E 0 be-
low the maximum field gradient [ 10–14 ]. ) The pump magnetic field profiles, B 

∞ 

1 (r ) and B 

∞ 

2 (r ) ,
as well as the signal mode basis vector function, b 3 (r ) , are given by (see Appendix A ) 

B 

∞ 

1 (r ) = 

√ 

2 E 0 

J 0 (S 01 ) 

[
− c 

ω 

∞ 

1 

J 1 

(
S 01 

R 

ρ

)
π

L 

cos 
πz 
L 

ˆ ρ + 

c 
ω 

∞ 

1 

S 01 

R 

J 0 

(
S 01 

R 

ρ

)
sin 

πz 
L 

ˆ z 
]
, (46) 

B 

∞ 

2 (r ) = −i 
E 0 

J 1 (Z 01 ) 
J 1 

(
Z 01 

R 

ρ

)
ˆ ϕ , (47) 

b 3 (r ) = 

1 √ 

V J 1 (Z 02 ) 
J 1 

(
Z 02 

R 

ρ

)
ˆ ϕ . (48) 

These functions determine the coupling coefficients: K NLM 

= 0 . 084 , K 

L 

leak = 0 . 362 , and K 

NL 

leak =
0 . 271 . 

The EH interaction provides a baseline for detection of rare e v ents in the two-pump mode,
single-cavity detection scheme. In particular, Bogorad et al . calculated the number of photons
converted to the signal frequency ω s by the EH interaction [ 15 ]. Scaled in terms of standard pa-
r ameters, the EH inter action gener ates a low yield of signal photons e v en for long measurement
integration times. We confirmed their result gi v en below: 

N EH 

= 3 . 1 

(
Q s 

10 

12 

)2 ( E 0 

45 MV / m 

)6 1 − e −
ω ∞ 

3 
Q s 

t p 

ω 

∞ 

3 t p /Q s 
×
⎛ 

⎝ 

ω 

∞ 

3 t p / 2 Q s 

1 − e −
ω ∞ 

3 
2 Q s 

t p 

1 − e −
ω ∞ 

1 
Q 1 

t p − ω ∞ 

2 
2 Q 2 

t p 

ω 

∞ 

1 t p /Q 1 + ω 

∞ 

2 t p / 2 Q 2 

⎞ 

⎠ 

2 

. 

(49) 
13/27 



PTEP 2024 , 123I01 H. Ueki and J. A. Sauls 

Fig. 3. Number of photons from NLM currents (red lines), leakage noise (green lines), and the EH 

interaction (blue lines) at the signal frequency ω s as a function of the pump field strength E 0 for cavities 
with quality factors Q s = 10 

12 (left panel) and 10 

22 (right panel) and pumping periods t p = 5 × 10 

15 /ω s ≈
t int (upper row) and 100 /ω s (lower row). The nonlinear coefficient used to calculate N NLM 

is θ = 0 . 001 . 
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Figure 3 shows the predicted number of photons generated by NLM, leakage, and EH
sources at the EH signal frequency ω s , N NLM 

, N leak , and N EH 

, as a function of the pump
field strength E 0 for cavities with quality factors Q s = 10 

12 and 10 

22 and pumping period times
t p = 5 × 10 

15 /ω s ≈ t int and 100 /ω s . 
Note that photon conversion via the NLM effect, N NLM 

, dominates the leakage of pump
photons into the signal mode, N leak , for the long period case, t p ≈ t int . In this limit the spectral
function, | C leak | 2 , is suppressed due to the frequency difference of the order of GHz between
ω leak and ω 2 (see Eqs. ( 39a ) and ( 12 )). Howe v er, for short periods, t p = 100 /ω s , the denominator
that suppresses C leak is canceled, and the spectral weight | C leak | 2 becomes larger than | C NLM 

| 2 .
This crossover is highlighted in Fig. 4 for the spectral weights | C leak | 2 and | C NLM 

| 2 as a function
of t p for cavities with Q s = 10 

12 and 10 

22 at high pump power, E 0 = 45 MV/m. Note that | C leak | 2 
dominates over | C NLM 

| 2 only for short pump cycles. The predicted oscillations in Eq. ( 12 ) for
| C leak | 2 as a function of 1 � ω 

∞ 

3 t p � Q s are evident in Fig. 4 , as well as the upper right panel
of Fig. 3 . 

For ultra-high- Q cavities, Q s = 10 

22 , shown in the right panels of Fig. 3 , the generation of 
signal photons by the EH interaction exceeds false positi v e photons from the NLM effect.
Howe v er, leakage of pump photons into the signal mode still overwhelms photon generation
by EH interaction for short pulse times. For long pulse times and ultra-high Q the production
14/27 
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Fig. 4. Coefficients in Eqs. (42) for the number of NLM photons for cavities with Q s = 10 

12 (red line) 
and 10 

22 (orange line) and similarly for the leakage noise, Q s = 10 

12 (green line) and 10 

22 (yellow green 

line). The pump field strength was set to E 0 = 45 MV/m. 
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of photons by the EH interaction exceeds false positi v es from both the NLM effect and the
leakage noise. A key to understanding the power dependence of photon conversion from the
NLM and leakage fields, and thus the suppression of false positi v e signals for detection of the
EH interaction, is the frequency of photons generated by the NLM and leakage fields. Figure 5
shows the frequency shifts of the distributions of photons generated by the NLM effect and
the leakage from the pump modes into the signal mode relati v e to that of photons generated
by the EH effect at the signal frequency ω s , i.e. �ω NLM 

≡ ω NLM 

− ω s �ω leak ≡ ω leak − ω s , as
functions of E 0 and Q s for t p ≈ t int and 100 /ω s . 

We calculate the frequency shifts by solving Eqs. ( 33 ), ( 34 ), and (35) self-consistently; for
comparison we include the perturbati v e (nonself-consistent) value for the shifts obtained by
replacing the surface magnetic fields on the right-hand side of Eqs. ( 33 ) and ( 34 ) with fields
that do not include the frequency shifts. The frequency shifts obtained from a self-consistent
calculation exhibit weaker dependence on the pump field strength, and are nearly independent
of Q s except for the the small change “jump” at Q s ≈ ω 

∞ 

3 t p (cf. Eqs. ( 33 ) and ( 34 )). By contrast,
the perturbati v e r esults for the fr equency shifts di v erge at high Q s and E 0 , signaling the failure
of the perturbation calculation for high pump power and high Q s . 

We also calculated the power spectra as a function of frequency P NLM 

(ω) = (� ω 

2 /Q s ) N NLM 

,
P leak (ω) = (� ω 

2 /Q s ) N leak , P EH 

(ω) = (� ω 

2 /Q s ) N EH 

, where the expressions for N NLM 

, N leak , and
N EH 

are evaluated as functions of ω [ 13 , 17 ]. Figure 6 shows the power spectra for photons
generated by the NLM, leakage, and EH sources for SRF cavities with Q s = 10 

12 and 10 

22 ,
E 0 = 45 MV/m, and t p ≈ t int . The maximum (“peak”) positions of the power spectra from these
differ ent sour ces separa te due to the dif fer ent fr equency shifts. As Q s incr eases, the fr equency
shift remains constant, but the contribution of the EH term begins to domina te a t ω = ω s as
the spectra become sharper. 

3.1. Sensitivity to axion-g ener ated signal photons 
The generation of photons by the NLM effect and the leakage of photons from the pump
modes into the signal mode also impact the sensitivity of the cavity to detection of possible
15/27 
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Fig. 5. Frequencies of photons generated by the NLM current (left panels) and photons leaking from 

the pump modes into the signal mode (right panels) relati v e to the axion or EH signal frequency at ω s : 
ω NLM 

≡ ω s + �ω NLM 

and ω leak ≡ ω s + �ω leak . The upper row shows the dependence of the frequency 

shifts on the pump field strength E 0 for quality factors Q s = 10 

12 (magenta lines) and 10 

17 (cyan lines) 
and pumping periodic time t p = 5 × 10 

15 /ω s ≈ t int . The inset shows the failure of the perturbation the- 
ory result for the frequency shift for high field amplitudes. The lower row shows the dependence of the 
frequency shifts on Q s for cavities with pumping periods t p ≈ t int (orange lines) and 100 /ω s (yellow green 

lines) at E 0 = 45 MV/m. The solid (dotted) lines are based on a self-consistent (perturbati v e) calculation 

described in Section 2.3 . 

Fig. 6. Power spectra for NLM radiation (red lines), the EH interaction (blue lines), and leakage radiation 

(green lines) as a function of frequency relati v e to the EH signal frequency ω s for cavities with Q s = 10 

12 

(left panel) and 10 

22 (right panel) at E 0 = 45 MV/m. The peaks are the exact maximum peak values of 
each power spectrum. 

16/27 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2024/12/123I01/7916665 by Ferm

ilab user on 06 January 2025



PTEP 2024 , 123I01 H. Ueki and J. A. Sauls 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2024/12/123I01/7916665 by Ferm

ilab user on 06 January 2025
axion-mediated photons, and thus place a limit on the sensitivity to the axion–photon interac-
tion strength, g aγ γ . Berlin et al. considered se v eral background noise sources including thermal
photons at the signal frequency. The thermal background is gi v en by N th ≡ k B 

T / � ω s , where k B 

is the Boltzmann constant [ 16 ]. Here we analyze the limiting sensitivity to the axion–photon
coupling including the NLM background, leakage noise, and thermal noise. We replace N th 

in Eq. (17) of Ref. [ 15 ] with N th + N NLM 

+ N leak , and consider the dependence of the lim-
iting axion–photon coupling as functions of pump mode amplitude, E 0 , and quality factor,
Q s . Other parameters such as the pump period and signal frequency are the same as those
used in the calculation of the number of photons generated by the NLM effect, leakage noise,
and EH interaction to generate Fig. 3 . Then, the lower limit of sensitivity to the light axion–
photon interaction strength, defined as g aγ γ for light axions at signal-to-noise ratio, SNR = 1,
becomes [ 7 , 15 ] 

g 

lim 

aγ γ , 0 = 1 . 6 × 10 

−11 GeV 

−1 ×
(

10 

12 

Q s 

)1 / 4 (
45 MV / m 

E 0 

)3 / 2 

( 20 days × B ) 1 / 8 

×
(

N th + N NLM 

+ N leak 

N th 

)1 / 4 

×
( 

ω 

∞ 

3 t p /Q s 

1 − e −
ω ∞ 

3 
Q s 

t p 

) 1 / 4 

×
⎛ 

⎝ 

1 − e −
ω ∞ 

3 
2 Q s 

t p 

ω 

∞ 

3 t p / 2 Q s 

ω 

∞ 

1 t p /Q 1 + ω 

∞ 

2 t p / 2 Q 2 

1 − e −
ω ∞ 

1 
Q 1 

t p − ω ∞ 

2 
2 Q 2 

t p 

⎞ 

⎠ 

1 / 2 

, (50) 

where the cavity bandwith B is gi v en by 

B = 

{ 

ω 

∞ 

3 /Q s , ω 

∞ 

3 t p 
 Q s , 

1 /t int , ω 

∞ 

3 t p � Q s . 
(51) 

Results for the limiting value of g 

lim 

aγ γ , 0 as a function of the pump field amplitude based on the
thermal background are compared with the result based on the combined backgrounds from
the NLM effect, leakage noise, and thermal noise in Fig. 7 . The limits are shown as functions
of the pump field amplitude E 0 for the quality factors Q s = 10 

12 at T = 1 . 5 K and Q s = 10 

22 

at T = 0 . 1 K, and for pump periods of t p ≈ t int and 100 /ω s . Also shown are the limits on
g aγ γ < 6 . 6 × 10 

−11 GeV 

−1 and 5 . 4 × 10 

−12 GeV 

−1 that were obtained from solar axion searches
with the CERN Axion Solar Telescope (CAST) [ 37 ] and magnetic white dwarf polarization
(MWD Pol.) measurements [ 38 ], respecti v ely. 

The NLM backgr ound, pr oportional to E 

6 
0 , is dominant for t p ≈ t int , in which case g 

lim 

aγ γ , 0 is
nearly constant since the number of photons generated by a light axion is also proportional to
E 

6 
0 . For short periods, t p = 100 /ω s , the leakage noise dominates, and g 

lim 

aγ γ , 0 varies with E 0 as
N leak , i.e. a polynomial with E 

2 
0 , E 

4 
0 in addition to E 

6 
0 . A setup with ω 

∞ 

3 t p 
 Q s , i.e. B = ω 

∞ 

3 /Q s ,
removes the leakage noise, but also weakens photon conversion by the axion field and EH
interaction [ 15 ]. In terms of the potential for detecting the axion field, the NLM effect is most
pr oblematic; the NLM backgr ound cannot be removed in the single-cavity setup, and thus
the limit for the axion–photon coupling is significantly worse than previously estimated. The
bottom line is that the NLM background and leakage noise significantly impact the sensitivity
17/27 
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Fig. 7. Sensitivity to the light axion–photon interaction strength g 

lim 

aγ γ , 0 with combined background pho- 
tons from NLM radiation, leakage noise, and thermal noise (red lines) compared with only thermal 
noise (blue lines) as a function of pump field strength E 0 for the quality factors Q s = 10 

12 at T = 1 . 5 

K (left panels) and Q s = 10 

22 at T = 0 . 1 K (right panels), and pumping periods t p = 5 × 10 

15 /ω s ≈
t int (upper row) and 100 /ω s (lower row). The gray and black lines are the limits g aγ γ < 6 . 6 × 10 

−11 

GeV 

−1 and 5 . 4 × 10 

−12 GeV 

−1 obtained from solar axion searches with the CERN Axion Solar Tele- 
scope [ 37 ] and polarization measurements of thermal radiation from magnetic white dwarf stars [ 38 ], 
respecti v ely. 
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to light axions, with g 

lim 

aγ γ , 0 above the CAST and MWD polarization limits over the full range
of parameters that we explored. 

3.2. Detecting the axion field with two SRF cavities 
Lastly we discuss the two-cavity setup proposed by Gao and Harnik [ 17 ]. We show that it may
be suitable for searching for photon conversion by the axion field. Their method is summarized
as follows: 

� Two identical SRF cavities, an “emitter” and a “recei v er” cavity, are required. 
� Two modes, e.g. a TM mode (mode 0) and a TE mode (mode 1) with E · B � = 0 and mode

frequencies ω 0 and ω 1 , are pumped with photons. 
� A recei v er cavity—identical to the emitter cavity—is pumped in mode 0 while mode 1 is

otherwise unpopulated, and thus serves as the signal detection mode. 
18/27 



PTEP 2024 , 123I01 H. Ueki and J. A. Sauls 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2024/12/123I01/7916665 by Ferm

ilab user on 06 January 2025
� The axion field is sourced by the two pump modes in the emitter cavity at frequencies ω ± =
| ω 0 ± ω 1 | . 

� An axion at ω 1 − ω 0 can convert to a photon in the recei v er cavity with frequency ω 1 pro-
viding detection of photon conversion by the axion field created in the emitter. 

This method avoids the generation of a large population of background photons at the signal
frequency from the NLM effect since the screening current of the pump mode in the recei v er
cavity generates NLM photons only at 3 ω 0 , which is not a resonant mode of the recei v er, and
can be chosen to be far from resonance with the signal mode at ω 1 . The two-cavity method can
also avoid leakage noise of the spectator mode at ω 0 into the signal mode at ω 1 . In particular,
the leakage noise field is proportional to the surface integral: 

E leak (r ) ∝ e 1 (r ) 
∫ 

S 
[ E 0 (r ′ ) × b 1 (r ′ )] · da 

′ . (52) 

We obtain (E 0 × b 1 ) · da = 0 if we choose mode 0 as TE 011 and mode 1 as TM 010 or vice versa,
as Gao and Harnik propose. As a result we can use the two-cavity setup with B = 1 /t int and
zero leakage noise. 

The heterodyne detection of axion DM with an SRF cavity as proposed by Berlin et al. [ 16 , 18 ]
is similar in terms of noise suppression to the two-cavity setup with the emitter cavity “replaced”
by the uni v erse. Thus, Berlin’s method can also avoid photon conversion by the NLM effect,
B = 1 /t int and no leakage noise. It is important to note that we cannot use the setup with B =
1 /t int without the leakage noise for the TE mode into higher-frequency TE modes, discussed in
Appendix A of Ref. [ 16 ]. Lastly, we note that the EH interaction allows for photon conversion
from the pumped spectator mode at ω 0 to the third harmonic at 3 ω 0 . Howe v er, detection of 
the photon conversion by the EH interaction for current state-of-the-art cavities is not feasible
because the NLM effect will generate photons at 3 ω 0 . 

4. Summary and challenges 
Summary: High- Q super conducting r esonators pr ovide pr omising platf orms f or search and de-
tection of physics beyond the Standard Model, including DM candidates, light-by-light scat-
tering in QED, and gravitational waves. Essential to many of these detection schemes is pho-
ton fr equency conversion. Super conducting r esonators ar e nonlinear devices. As a result the
scr eening curr ents that confine photons in the cavity also generate frequency conversion of 
microwave photons in the cavity. We consider photon frequency conversion for nonlinear ax-
ion electrodynamics, the EH interaction, and Meissner radiation in high- Q superconducting
(SRF) cavities. In a single SRF cavity with two pump modes, photon frequency conversion by
the Meissner screening current dominates photon generation by the EH interaction for cavities
with Q � 10 

12 . Meissner currents also generate background photons that limit the operation of 
the resonator for axion detection in three-mode, single-cavity setups. Leakage of photons from
pump modes into the signal mode for detection of both axion- and EH-mediated light-by-light
scattering is also considered. We find that photon frequency conversion by the EH interac-
tion can exceed Meissner and leakage radiation for ultra-high-Q cavities at low temperatures,
r equir ements that are beyond current state-of-the-art cavities. 

Challenges: The theory of nonequilibrium superconductivity for weakly disordered fully
gapped superconductors provides predictions and targets for possible ultra-high- Q supercon-
ducting cavity sensors. In the case of the multimode, single-cavity setup, suppressing the back-
19/27 
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Fig. 8. Impurity dependence of the quality factor with Nb SRF cavities in the linear response limit at 
temperatures T = 0 . 220 T c (red line), 0 . 100 T c (blue line), 0 . 065 T c (green line), and 0 . 010 T c (yellow line). 
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ground of photons generated by the NLM current and leakage noise is a challenge because
the materials and cryogenic r equir ements ar e beyond the curr ent state of the art. In particular,
Fig. 8 shows the quality factor for Nb SRF cavities in the linear response limit as a function of 
the quasiparticle scattering time τ calculated using the method described in Ref. [ 31 ], where T c 

is the transition temperature of the disordered superconductor. Note that to reach Q s ∼ 10 

22 

r equir es the remo val of tw o-le v el-system losses from niobium oxides as well as subgap states
from disorder -induced pair -br eaking in the super conducting ma terial, in addition to opera ting
the SRF cavity at very low temperatures, T ≈ 0 . 01 T c ≈ 0 . 1 K for Nb. Both the material pu-
rity and the cryogenic r equir ement in the presence of high-power microwave pump fields pose
major challenges. The signal power peak is very narrow, �ω s = ω s /Q s . To capture this peak,
shown in Fig. 6 , the cavity design r equir es errors of �L/L and �R/R � 1 /Q s . Thus, advances
in cavity engineering may be r equir ed to address this challenge. 

Another challenge arises from the potential frequency shifts due to pressure of the electro-
magnetic field, r eferr ed to as Lorentz for ce detuning in Refs. [ 13 ] and [ 39 ]. Ta ble II of Ref. [ 39 ]
r eports fr equency shifts of TESLA Test Facility cavities due to the Lorentz force detuning of 
∼ 600 Hz. Lor entz for ce detuning depends on cavity construction; thus it may be necessary to
design cavities in order to suppress the effects of electromagnetic pressure for QED measure-
ments and axion searches, perhaps by engineered reinforcement of cavities. Lastly, the dual-
cavity setup for detection of axion-mediated photon frequency conversion can avoid significant 
backgr ounds fr om NLM radiation and leaka ge noise, b ut the setup r equir es two cavities with
identical mode spectra, a design and engineering challenge. 
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Appendix A. Cavity basis functions for TE and TM modes 
We include the TE and TM mode functions for an ideal cylindrical cavity [ 17 , 34 , 35 ]. Assuming
that the charge and current densities, ρ and j , are zero in a hollow cavity, the wave equations for
the EM fields in the vacuum region of the cavity are gi v en by (

∇ 

2 − 1 

c 2 
∂ 2 

∂t 2 

)
E (r , t) = 0 , (A1a) 

(
∇ 

2 − 1 

c 2 
∂ 2 

∂t 2 

)
B (r , t) = 0 . (A1b) 

First consider the TE modes with E z = 0 , and assume that the form of B z is gi v en by 

B z (r , t) = B z (ρ ) e inϕ e ik z z e −iωt . (A2) 

Substituting Eq. ( A2 ) into Eq. ( A1b ), we obtain Bessel’s equation for B z , 

ρ2 d 

2 B z (ρ ) 
dρ2 

+ ρ
dB z (ρ ) 

dρ
+ 

{ [ (ω 

c 

)2 
−
(

l π
L 

)2 
] 

ρ2 − n 

2 

} 

B z (ρ ) = 0 , (A3) 

where l is gi v en by l = 0 , 1 , 2 , · · · so that B z vanishes at z = 0 and L . The solution for B z to be
finite at ρ = 0 is gi v en by 

B z (ρ ) = CJ n 

⎛ 

⎝ 

√ (ω 

c 

)2 
−
(

l π
L 

)2 

ρ

⎞ 

⎠ , (A4) 

where C is an integration constant. Using the boundary condition so that B ρ and E ϕ vanish at
ρ = 0 , (∂ B z /∂ ρ ) | ρ= R 

, we obtain ω as 

ω = ω 

TE 

nml = c 

√ (
S nm 

R 

)2 

+ 

(
l π
L 

)2 

. (A5) 

Here we restrict ourselves to the modes at n = 0 , and then obtain the rest of E and B from
Eqs. ( B6a ) and ( B6c ) and C = B z (0) for n = 0 as 

E 

TE 

0 ml (r , t) = iB z (0) 
ω 

TE 

0 ml 

c 
R 

S 0 m 

J 1 

(
S 0 m 

R 

ρ

)
ˆ ϕ e i 

lπ
L z −iω 

TE 
0 ml t , (A6a) 

B 

TE 

0 ml (r , t) = B z (0) 
[

− i 
l π
L 

R 

S 0 m 

J 1 

(
S 0 m 

R 

ρ

)
ˆ ρ + J 0 

(
S 0 m 

R 

ρ

)
ˆ z 
]

e i 
lπ
L z −iω 

TE 
0 ml t . (A6b) 

We next consider the TM modes at B z = 0 , and assume that the form of E z is gi v en by 

E z (r , t) = E z (ρ ) e inϕ e ik z z e −iωt . (A7) 

Substituting Eq. ( A7 ) into Eq. ( A1a ), we obtain an equation for E z as 

ρ2 d 

2 E z (ρ ) 
dρ2 

+ ρ
dE z (ρ ) 

dρ
+ 

{ [ (ω 

c 

)2 
−
(

l π
L 

)2 
] 

ρ2 − n 

2 

} 

E z (ρ ) = 0 , (A8) 

where l is also gi v en by l = 0 , 1 , 2 , · · · so tha t E z vanishes a t z = 0 and L . By solving Eq. ( A8 ),
E z to be finite at ρ = 0 is gi v en by 

E z (ρ ) = CJ n 

⎛ 

⎝ 

√ (ω 

c 

)2 
−
(

l π
L 

)2 

ρ

⎞ 

⎠ . (A9) 
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We consider the boundary condition so that E z vanishes at ρ = R , and then obtain ω as 

ω = ω 

TM 

nml = c 

√ (
Z nm 

R 

)2 

+ 

(
l π
L 

)2 

. (A10) 

Again, we restrict ourselves to the modes at n = 0 , and then obtain the rest of E and B from
Eqs. ( B6a ) and ( B6d ) and C = E z (0) for n = 0 as 

E 

TM 

0 ml (r , t) = E z (0) 
[

− i 
l π
L 

R 

Z 0 m 

J 1 

(
Z 0 m 

R 

ρ

)
ˆ ρ + J 0 

(
Z 0 m 

R 

ρ

)
ˆ z 
]

× e i 
lπ
L z −iω 

TM 

0 ml t , (A11a) 

B 

TM 

0 ml (r , t) = −iE z (0) ω 

TM 

0 ml 
R 

Z 0 m 

J 1 

(
Z 0 m 

R 

ρ

)
ˆ ϕ × e i 

lπ
L z −iω 

TM 

0 ml t . (A11b) 

The TE 011 and TM 010 EM fields can be chosen from Eqs. (A6) and (A11) as [ 15 ] 

E 

TE 

011 (r , t) = iB z (0) 
ω 

TE 

011 

c 
R 

S 01 
J 1 

(
S 01 

R 

ρ

)
sin 

πz 
L 

ˆ ϕ × sin ω 

TE 

011 t, (A12a) 

B 

TE 

011 (r , t) = iB z (0) 
[

− R 

S 01 
J 1 

(
S 01 

R 

ρ

)
π

L 

cos 
πz 
L 

ˆ ρ + J 0 

(
S 01 

R 

ρ

)
sin 

πz 
L 

ˆ z 
]

cos ω 

TE 

011 t, 

(A12b) 

E 

TM 

010 (r , t) = E z (0) J 0 

(
Z 01 

R 

ρ

)
ˆ z cos ω 

TM 

010 t, (A12c) 

B 

TM 

010 (r , t) = −E z (0) J 1 

(
Z 01 

R 

ρ

)
ˆ ϕ sin ω 

TM 

010 t. (A12d) 

Using the average of the electric field given by E 0 ≡
√ 

( 1 /V ) 
∫ 

dv | E 

TE 

011 ( r ) | 2 = √ 

( 1 /V ) 
∫ 

dv | E 

TM 

010 ( r ) | 2 , we can express Eq. (A12) as 

E 

TE 

011 ( r , t) = 

√ 

2 E 0 

J 0 ( S 01 ) 
J 1 

(
S 01 

R 

ρ

)
sin 

πz 
L 

ˆ ϕ sin ω 

TE 

011 t, (A13a) 

B 

TE 

011 ( r , t) = 

√ 

2 E 0 

J 0 ( S 01 ) 

[
− c 

ω 

TE 

011 

J 1 

(
S 01 

R 

ρ

)
π

L 

cos 
πz 
L 

ˆ ρ + 

c 

ω 

TE 

011 

S 01 

R 

J 0 

(
S 01 

R 

ρ

)
sin 

πz 
L 

ˆ z 
]

cos ω 

TE 

011 t, 

(A13b) 

E 

TM 

010 ( r , t) = 

E 0 

J 1 ( Z 01 ) 
J 0 

(
Z 01 

R 

ρ

)
ˆ z cos ω 

TM 

010 t, (A13c) 

B 

TM 

010 (r , t) = − E 0 

J 1 (Z 01 ) 
J 1 

(
Z 01 

R 

ρ

)
ˆ ϕ sin ω 

TM 

010 t. (A13d) 

We adopt Eq. (A13) as the pump fields. 

A ppendix B . Maxwell’s equations in a hollo w ca vity 

We consider the EM fields in a hollow cavity, and calculate the EM fields based on Slater’s
method [ 33 ]. Starting with the general principles of vector analysis, we can expand the EM
fields, and charge and current density as (see also chapter 3 in Ref. [ 33 ]) 

E (r , t) = 

∑ 

i 

[
e i (r ) 

∫ 
E (r ′ , t) · e i (r ′ ) dv ′ + f i (r ) 

∫ 
E (r ′ , t) · f i (r ′ ) dv ′ 

]
, (B1a) 

B (r , t) = 

∑ 

i 

b i (r ) 
∫ 

B (r ′ , t) · b i (r ′ ) dv ′ , (B1b) 
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ρ(r , t) = 

∑ 

i 

ψ i (r ) 
∫ 

ρ(r ′ , t) ψ i (r ′ ) dv ′ , (B1c) 

j (r , t) = 

∑ 

i 

[
e i (r ) 

∫ 
j (r ′ , t) · e i (r ′ ) dv ′ + f i (r ) 

∫ 
j (r ′ , t) · f i (r ′ ) dv ′ 

]
, (B1d) 

where e i (r ) and b i (r ) are the solenoidal vector functions that satisfy k i e i = ∇ × b i and k i b i =
∇ × e i , f i (r ) is the irrotational vector function, which is the gradient of a scalar function ψ i (r )
as k i f i = ∇ ψ i , and k i is the propagation constant associated with the ith mode in an ideal cavity.
These functions also satisfy the normalization and orthogonality conditions as ∫ 

e i · e j dv = δi j , 

∫ 
b i · b j dv = δi j , (B2a) ∫ 

f i · f j dv = δi j , 

∫ 
ψ i ψ j dv = δi j , (B2b) ∫ 

e i · f j dv = 0 , (B2c) 

the wave equations as 

∇ 

2 e i + k 

2 
i e i = 0 , ∇ 

2 b i + k 

2 
i b i = 0 , (B3a) 

∇ 

2 f i + k 

2 
i f i = 0 , ∇ 

2 ψ i + k 

2 
i ψ i = 0 , (B3b) 

and the boundary conditions as 

n × e i = 0 , n · b i = 0 , n × f i = 0 , ψ i = 0 on S , (B4a) 

n × b i = 0 , n · e i = 0 , n × f i = 0 , ψ i = 0 on S 

′ , (B4b) 

where n is the outer normal to the surface, and S and S 

′ are the conducti v e and insulating
surfaces, respecti v ely. 

We can also expand ∇ × E , ∇ × B , and ∇ · E in terms of the functions e i , b i , f i , and ψ i as 

∇ × E = 

∑ 

i 

b i 

∫ 
( ∇ × E ) · b i dv = 

∑ 

i 

b i 

[
k i 

∫ 
E · e i dv + 

∫ 
S 

(E × b i ) · da 

]
, (B5a) 

∇ × B = 

∑ 

i 

e i 

∫ 
( ∇ × B ) · e i dv = 

∑ 

i 

e i 

[
k i 

∫ 
B · b i dv + 

∫ 
S ′ 

(B × e i ) · da 

]
, (B5b) 

∇ · E = 

∑ 

i 

ψ i 

∫ 
( ∇ · E ) ψ i dv = −

∑ 

i 

ψ i k i 

∫ 
E · f i dv, (B5c) 

where da is the vector surface element given by da = n da . Substituting Eqs. (B1) and (B5) into
Maxwell’s equations gi v en by 

∇ × E + 

1 

c 
∂B 

∂t 
= 0 , (B6a) 

∇ × B − 1 

c 
∂E 

∂t 
= 

4 π

c 
j , , (B6b) 

∇ · B = 0 , (B6c) 

∇ · E = 4 πρ, (B6d) 

we then obtain 
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k i 

∫ 
E · e i dv + 

1 

c 
∂ 

∂t 

∫ 
B · b i dv = −

∫ 
S 

(E × b i ) · da , (B7a) 

k i 

∫ 
B · b i dv − 1 

c 
∂ 

∂t 

∫ 
E · e i dv = 

4 π

c 

∫ 
j · e i dv −

∫ 
S ′ 

(B × e i ) · da , (B7b) 

−1 

c 
∂ 

∂t 

∫ 
E · f i dv = 

4 π

c 

∫ 
j · f i dv, (B7c) 

−k i 

∫ 
E · f i dv = 4 π

∫ 
ρψ i dv, (B7d) 

where c is the speed of light in vacuum. Using Eqs. ( B7c ) and ( B7d ), we can show the equation of 
continuity gi v en by 

∂ρ

∂t 
+ ∇ · j = 0 . (B8) 

We also obtain separate equations for 
∫ 

E · e i dv and 

∫ 
B · b i dv from Eqs. ( B7a ) and ( B7b ) as 

1 

c 2 
∂ 2 

∂t 2 

∫ 
E · e i dv + k 

2 
i 

∫ 
E · e i dv = −1 

c 
∂ 

∂t 

[
4 π

c 

∫ 
j · e i dv −

∫ 
S ′ 

(B × e i ) · da 

]

− k i 

∫ 
S 

(E × b i ) · da , (B9a) 

1 

c 2 
∂ 2 

∂t 2 

∫ 
B · b i dv + k 

2 
i 

∫ 
B · b i dv = k i 

[
4 π

c 

∫ 
j · e i dv −

∫ 
S ′ 

(B × e i ) · da 

]

− 1 

c 
∂ 

∂t 

∫ 
S 

(E × b i ) · da . (B9b) 

We can obtain the expansion coefficients of the EM fields in a hollow cavity by solving these
wave equations. 

Appendix C. Solution for the nonlinear London equation and surface reactance 

With the same procedures in Appendix B of Ref. [ 25 ], we obtain a solution for the nonlinear
London equation, and then, with the same procedures in Ref. [ 32 ], we also reproduce the surface
reactance due to the NLM effect of an SRF cavity in Bogorad’s setup [ 15 ]. 

In the absence of phase vortices, we absorb the phase gradient ∇ ϑ into the vector poten-
tial, A + (� c/ 2 e ) ∇ ϑ → A , and work in the transverse gauge, ∇ · A = 0 . Then, the nonlinear
London equation is gi v en by 

∇ 

2 A − 1 

λ2 
L 

[ 

1 − θ

(
A 

A c 

)2 
] 

A = 0 , (C1) 

with A c ≡ H c λL 

. We consider the geometry in which the superconductor occupies the half-space
x > 0 . The surface field H = H ̂

 y is parallel to the interface, and the vector potential A = A ̂

 z
is parallel to z . The field in the superconductor is gi v en by B = (d A/d x ) ̂  y . Continuity of the
parallel field at the interface imposes the following boundary condition: 

dA 

dx 

∣∣∣∣
x =0 

= H. (C2) 

The field and vector potential vanish deep inside the superconductor. We introduce a dimen-
sionless vector potential a ≡ √ 

θ (A/A c ) and distance χ ≡ x/λL 

, and then the differential equa-
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tion for a (χ ) is gi v en by 

d 

2 a 

dχ2 
− (1 − a 

2 ) a = 0 , (C3) 

with the following boundary conditions: 
da 

dχ

∣∣∣∣
χ=0 

= 

√ 

θ
H 

H c 
≡ h, a (χ → ∞ ) = 0 . (C4) 

By m ultipl ying Eq. ( C3 ) by d a/d χ and integra ting the resulting equa tion with the asymptotic
boundary a (χ → ∞ ) = 0 , we obtain a first integral of Eq. ( C3 ) as 

da 

dχ
= −a 

√ 

1 − a 

2 

2 

. (C5) 

In the physically relevant limit | a | � 1 , we replace 
√ 

1 − a 

2 / 2 with 1 − a 

2 / 4 , integrate the re-
sulting equation, and then obtain the dimensionless vector potential a as 

a = 

a 0 √ 

a 

2 
0 / 4 + 

(
1 − a 

2 
0 / 4 

)
e 2 χ

, (C6) 

with a 0 ≡ a (χ = 0) . Using this, we also obtain the dimensionless magnetic field as 

b ≡ da 

dχ
= − a 0 

(
1 − a 

2 
0 / 4 

)
e 2 χ[

a 

2 
0 / 4 + (1 − a 

2 
0 / 4) e 2 χ

]3 / 2 . (C7) 

The constant a 0 is determined by the boundary condition ( C4 ) as h = −a 0 (1 − a 

2 
0 / 4) , and then

Eq. ( C7 ) is rewritten as 

b = 

he 2 χ

[ h 

2 / 4 + (1 − h 

2 / 4) e 2 χ ] 3 / 2 
. (C8) 

For weak nonlinearity, a 0 is also gi v en by 

a 0 = 

∫ 0 

∞ 

dχb ≈ −h 

(
1 + 

h 

2 

4 

)
, (C9) 

and then a is expressed with h as 

a = − h (1 + h 

2 / 4) √ 

h 

2 / 4 + (1 − h 

2 / 4) e 2 χ
. (C10) 

Ther efor e, we obtain the vector potential up to the first order in θ as 

A ≈ −H λL 

e −x/λL 

[ 

1 + 

θ

8 

(
H 

H c 

)2 

(3 − e −2 x/λL ) 

] 

. (C11) 

We consider the same system in Section 2 and use Eq. ( 29 ) for the surface magnetic field.
Expressing the vector potential as 

A NLM z (x ) = Re A NLM z ( x ) e −
ω ∞ 

3 
2 Q 3 

t cos ω NLM 

t + Im A NLM z ( x ) e −
ω ∞ 

3 
2 Q 3 

t sin ω NLM 

t, (C12) 

and using Eq. ( C11 ) replacing x with x + R , we obtain A NLM z as 

A NLM z (x ) = −B NLM ϕ (R ) λL 

e −x ′ /λL ×
⎡ 

⎣ 1 + 

θ

32 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B NLM ϕ (R ) | 2 (3 − e −2 x ′ /λL 

)⎤ 

⎦ , 

(C13) 

with x 

′ = x − R . We can obtain an equa tion for the frequency shift a t low tempera-
tures from the boundary conditions and its deri vati v e at the vacuum–superconductor inter-
face. The NLM signal vector potential on the vacuum side is the TM 020 mode gi v en by
25/27 
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A NLM z (x ) = A 0 J 0 (ω NLM 

x/c ) . Then, the ratio of the two boundary conditions reduces to 

−d A NLM z (x ) /d x | x = R 

A NLM z (x = R ) 
= 

ω NLM 

c 
J 1 (ω NLM 

R/c ) 
J 0 (ω NLM 

R/c ) 
= 

1 

λL 

⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B NLM ϕ (R ) | 2 

⎤ 

⎦ 

−1 

.

(C14) 

We can obtain the frequency shift relati v e to ω 

∞ 

3 due to the NLM effect by solving Eq. ( C14 )
with Eq. ( 40b ) directly. 

We calculate the surface reactance using Eq. ( C14 ). The corr esponding EM fields ar e gi v en
by E NLM z (x ) = (iω NLM 

/c ) A 0 J 0 (ω NLM 

x/c ) and B NLM ϕ (x ) = (ω NLM 

/c ) A 0 J 1 (ω NLM 

x/c ) (see also
Appendix A ). Using these NLM EM fields and Eqs. ( 31 ) and ( C14 ), we obtain the surface
reactance at low temperatures as 

X 

s 
NLM 

= Z 0 
ω NLM 

c 
λL 

×
⎡ 

⎣ 1 + 

θ

16 H 

2 
c 

1 − e −
3 ω ∞ 

3 
2 Q 3 

t p 

1 − e −
ω ∞ 

3 
2 Q 3 

t p 
| B NLM ϕ (R ) | 2 

⎤ 

⎦ . (C15) 

Noting that the frequency shift in the Caucy–Lorentz distribution cannot be neglected e v en if 
δω NLM 

� ω 

∞ 

3 , we can replace ω NLM 

in the prefactor with ω 

∞ 

3 and then reproduce Eq. ( 32 ). 
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