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High-Q superconducting resonators have been proposed and developed as detectors of
light-by-light scattering mediated by the hypothesized axion or virtual electron—positron
pairs in quantum electrodynamics: the Euler—Heisenberg (EH) interaction. Photon fre-
quency and mode conversion is central to the scheme for detecting such rare events. Super-
conducting resonators are nonlinear devices. The Meissner screening currents that confine
the electromagnetic fields to the vacuum region of a superconducting RF cavity are non-
linear functions of the EM field at the vacuum-superconducting interface, and as a result
can generate source currents and frequency conversion of microwave photons in the cav-
ity. In this report we consider photon frequency and mode conversion in superconducting
resonators with high quality factors from Meissner currents in single- and dual-cavity se-
tups proposed for axion and QED searches based on light-by-light scattering. In a single
cavity with two pump modes, photon frequency conversion by the Meissner screening cur-
rent dominates photon generation by the EH interaction for cavities with Q < 10'%. The
Meissner currents also generate background photons that limit the operation of the res-
onator for axion detection in three-mode, single-cavity setups. We also consider the leakage
of photons from pump modes into the signal mode for both axion- and EH-mediated light-
by-light scattering. Photon frequency conversion by the EH interaction can compete with
Meissner and leakage radiation in u/tra-high-Q cavities that are beyond the current state
of the art. Meissner radiation and leakage backgrounds can be suppressed in dual-cavity
setups with appropriate choices for pump and spectator modes, as well as the single-cavity
setup proposed for heterodyne detection of galactic axion dark matter.

Subject Index B71, B73, 161, 168

1. Introduction

The axion was proposed as an elegant solution to the strong CP problem [1-3]. It was later
realized that if it exists it would be a viable candidate for dark matter over a wide range of
possible axion masses [4—6]. The pseudoscalar axion field has a symmetry-allowed coupling
to the electromagnetic field described by the interaction Lagrangian (in this paper we follow
as much as possible the notation of Ref. [7]) £ = —1g,,, aF,,F* = g,,, aE B, where
a is the axion field, F,, is the EM field tensor, Frv = " F , is the dual EM field tensor,
and E - B is the pseudoscalar constructed from the EM fields. The axion—photon coupling is
8ayy- This interaction, and the corresponding axion sources to Maxwell’s equations, spawned
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Fig. 1. Feynman diagrams for the light-by-light scattering mediated by the axion field (left diagram) and
electron—positron pairs (right diagram), where the wavy, dashed, and solid lines denote photon, axion,
and electron, respectively. Two modes are pumped with photons with frequencies w; and w;, while signal
photons are generated at the intermodulation frequency w; = 2w; — w,, designed to be a resonant mode
of the cavity.

proposals for detecting axions or the axion field [8]. For a recent review of ongoing and pro-
posed experimental searches, see Ref. [9].

Here we consider recent proposals for axion detection based on superconducting radio-
frequency (SRF) cavities in the absence of static magnetic fields. Niobium SRF cavities have
been developed with quality factors in the range Q ~ 10°~10!!" for the resonant frequencies
f ~ 50 MHz—4 GHz, and can support field energy densities as high as N &~ 10> photons per
mode [10-12]. These cavities, developed for high-energy particle accelerators [13,14], are now
being developed as detectors to capture physics beyond the Standard Model and nonlinear
QED corrections to the free electromagnetic (EM) field, as well as gravitational wave (GW)
detectors [7, 15-20]. High-Q cavities are also nonlinear superconducting devices that can be
used to study novel nonequilibrium and nonlinear superconducting phenomena, including mi-
crowave photon generation [21], which is central to the analysis and results reported here.

1.1.  Photon—photon scattering via the axion field
To leading order in the axion—EM coupling, virtual axions mediate a quartic interaction be-
tween photons governed by the effective Lagrangian [8,15]

Soyy I N
i Sayy 2
Lo’ = 1287 mzcz(FWFM y O

for photon energies, hw, < myc?, where m, is the axion mass. This interaction describes
photon—photon scattering mediated by the axion field as shown in Fig. 1 [7].

Bogorad et al. proposed using three resonant modes of a single high-Q SRF cavity as a plat-
form for detecting the axion field [15]. An alternative proposal by Gao and Harnik is based
on an emitter and receiver cavity that requires only two resonant modes, but identical mode
spectra for both cavities [17]. A single-cavity setup was also proposed by Berlin et al. [18] to
detect galactic axion dark matter (DM) by observing axion-induced transitions of microwave
photons between two nearly degenerate resonant modes. These setups take advantage of the
high quality factor of SRF cavities to enhance the number of signal photons. The single-cavity
setup eliminates the need to engineer identical emitter and receiver cavities.

For the single-cavity setup of Ref. [15] the idea is to use the cubic nonlinearity of axion elec-
trodynamics to detect the axion field by measuring photons at a signal frequency w; = 2w; — w;
in an SRF cavity simultaneously pumped with photons at two resonant frequencies w; and w;.
The pump modes are chosen to optimize E - B £ 0 in the volume of the cavity. Amplification of

2127

Gz0z ftenuer 90 uo Jesn qejiwisd Aq G99916/2/101€Z L/ZL/¥20z/21011e/de1d/woo dnoolwspeoe//:sdiy woly papeojumoq



PTEP 2024, 123101 H. Ueki and J. A. Sauls

the signal is ensured by designing the cavity such that the signal frequency is a resonant mode
of the cavity.

1.2.  Photon—photon scattering a la QED

Bogorad et al. also proposed this platform to detect photon—photon scattering mediated by
virtual electron—positron pairs as the perturbative QED correction to the free-field Maxwell
equations predicted early on by Euler and Heisenberg (EH) [22] (cf. Fig. 1). The corresponding
effective Lagrangian is [15,7,23]

1 he*

128 Tnde? W E" 1B FY]. @

Len=
The Euler—Heisenberg Lagrangian also generates cubic nonlinear corrections to the free-field
Maxwell equations via both quartic invariants of the EM field, (F,,F*")* oc (|E|> — |B|?)? as
well as (F,, F*")? oc (E - B)’.

Thus, for pump modes chosen for axion detection, E - B # 0, there are also photons expected
to be generated at the signal frequency from the EH interaction. Alternatively, one can choose
pump modes with E - B = 0 in order to directly measure photon—photon scattering via the EH
interaction. Such a measurement would not only confirm the EH prediction of light-by-light
scattering, but also provide a proof of principle for discovery of rare events using high-Q SRF
cavities as detectors.

1.3.  Photon frequency conversion by Meissner screening currents

With any proposal for detection of rare events the possibility of false positives has to be con-
sidered, such as the thermal background of photons at the signal frequency, mechanical vibra-
tions, or leakage of photons from the pump mode resonances into the signal resonance [15-18].
Here we discuss the generation of photons at the signal frequency that arise from the screening
currents that confine the EM fields within the SRF cavity.

In contrast to “perfect conductors” for which the EM field is excluded from the conductor, the
EM field penetrates into a superconductor a distance of the order of the London penetration
depth, A ~ 50 nm in Nb. The surface field generates a supercurrent that screens the field from
the bulk of the superconductor. The Meissner screening current is a function of the gauge-
invariant condensate momentum per electron,

h e
s =—=|Vy——A]), 3
p 2( x ) )

where 9 is the phase of the condensate amplitude and A is the vector potential. For weak
surface EM fields, B < By &~ 200mT, the Meissner current is approximately linear in the EM
field, j; ~ -~ ny ps, where n; is the zero-field superfluid fraction, e is the electron charge, and m*
the mass of the conduction electrons in the normal metal. This leads to the well known London
equation for B = V x A and screening of the field from the bulk of the superconductor on the
scale of the London penetration depth defined by ){2 = 4mng e*/m*c>. However, the Meissner
current is in general a nonlinear function of the condensate momentum, and thus the EM field
at the vacuum-superconductor interface:

2
L=fﬂuP—9(&)}m- )
n Pe
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The magnitude of the nonlinear correction to the screening current is determined by the
dimensionless parameter, 6, and the critical momentum set by the gap and Fermi velocity, p. =
A/vy. These parameters depend on temperature and disorder, the latter parametrized by the
electron—impurity scattering rate, 1/7; cf. Ref. [21]. The nonlinear Meissner (NLM) current has
been studied in many different superconducting materials, both theoretically [21,24-26] and
experimentally [27-30]. In the context of SRF cavities the nonlinear field dependence of the
Meissner current becomes important for cavity modes with large field energy density.

Equation (4) can be extended to finite frequency at low temperature provided that microwave
photons do not break pairs, i.e. hw < 2A, which for Nb is 2A/h >~ 700 GHz. Thus at GHz
frequencies the nonlinear screening current at a vacuum-superconducting interface is to good
approximation given by Eq. (4) with n; and 6 given by their static limits. Furthermore, the
dissipative component of the current response from thermally excited quasiparticles is expo-
nentially suppressed by the gap for 7' « A. Thus, the screening current is given by Eq. (4),
for any A(r, ¢) in the limits hw < 2A and T < T,. The EM field can host a large number of
photons in any mode, N; > 1, provided that the surface field is below the threshold for vortex
generation. In this case we can fix the gauge and absorb the condensate phase into the vector
potential: A — ’;—gVﬁ — A. The current response in the superconductor in the transverse gauge
can then be expressed as

jy= - {1—i|A|2}A, 5)

where Ay is the London penetration depth, 4. = H A1, and H., is the critical field.

For photons on the vacuum side of the cavity the screening current reflects the radiation
back into the vacuum. Thus, for photons in two resonant modes with frequencies w; and
w3, the superconductor provides nearly perfect lossless reflection of incident photons. How-
ever, the cubic nonlinearity of the screening current of Eq. (5), proportional to |A|*> A, gen-
erates current sources, jy(w,), at the vacuum-superconductor interface with frequencies w, €
{w1, w2, 3w, 3wz, 2w + Wy, 2wy £ w)} that radiate photons into the vacuum at third harmonic
and intermodulation frequencies distinct from those of the pump modes [21]. If any of these
frequencies correspond to resonant modes of the cavity, then the large mode density oc Q will
lead to significant photon conversion from the pump modes to the resonant mode. We analyze
this situation in detail since it is a potentially relevant background source of photons in axion
searches and tests of QED based on photon—photon scattering in SRF cavities.

1.4.  Frequency shift of cavity resonances by nonlinear Meissner currents

Penetration of the EM field into the superconductor also leads to small changes in the reso-
nant frequencies of modes compared to the geometrically determined frequencies of a perfect
conductor. For Nb these frequency shifts are typically of the order of § f ~ 10 kHz for modes
with /'~ 1-10 GHz, and depend on the material properties of the superconductor that deter-
mine the London penetration depth, and thus temperature and frequency [31,32]. In the linear
response limit the frequency shift of a mode is determined by the London penetration depth
and is independent of the EM power (photon number) in the mode. However, the nonlinear
contribution to the Meissner screening current leads to an additional frequency shift that de-
pends on the EM power (photon number). This power dependence of the frequency shift can, in
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principle, be used to differentiate signal photons from axion frequency conversion from pho-
tons generated by nonlinear Meissner screening currents.

In what follows we report calculations of the number of NLM photons, leakage of photons
in the pump modes into the signal mode (hereafter “leakage noise”), and the resulting impact
of these sources on the sensitivity of SRF cavities to axion- and QED-mediated photon con-
version. Our analysis also agrees with earlier calculations of the number of photons generated
by the EH interaction in the volume of the cavity.

For the single-cavity setup proposed in Ref. [15] we show that, for SRF cavities with ultra-
high O ~ 10?2, the NLM effect parametrically shifts surface-generated photons away from the
signal frequency sufficiently to allow for detection of nonlinear QED conversion by the EH
interaction. Detection also requires suppression of unbound electrons in the superconducting
cavity, and thus operational temperatures of 7 ~ 0.1 K.

In Section 2 we derive the EM fields at the surface of the cavity resulting from the NLM effect
and leakage noise at the intermodulation frequency generated by two pump modes in a single
SRF cavity. Our analysis is based on Slater’s method for calculating the EM fields in hollow
cavities [33]. In Section 3 we report our results for the number of photons due to the NLM eftfect
and leakage noise, and compare them with predictions based on the EH interaction. Finally,
we discuss the impact of the NLM effect and leakage noise on sensitivity of the single-cavity
setup to the axion signal, and related advantages of the emitter/receiver cavity setup proposed
by Gao and Harnik [17].

2. Formalism: Slater’s method

We consider a cylindrical SRF cavity pumped simultaneously with two resonant frequen-
cies w; and wy, and calculate the NLM signal and leakage noise fields from the pump fields.
The axion field, EH term, and NLM effect give signal photons at intermodulation frequency
w3 = 2w — w; due to their cubic nonlinearity. We choose solenoidal vector functions at three
resonant mode frequencies, 0 = wfi, ®° = o}y, and w$° = @, for a cylindrical cavity
of radius R and height L. = 3.112R, where the superscript co denotes the ideal “perfect con-
ducting” cavity-mode frequencies [15]. The corresponding TM and TE mode frequencies are
given by o™ = ¢\/(Z,,/R)* + (Ix /L)* and oE, = ¢\/(S,n/R)* + (I /L)%, with Z,,, and S,,,,
denoting the mth zero and extremum of the nth Bessel function of the first kind J,(p), re-
spectively (see Appendix A). One can check that the TM(,y mode corresponds to the desired
intermodulation frequency, wjy) = 2w4); — wil, using Zo; = 2.405, So; = Z1; = 3.832, and
Zyy = 5.521 [34]. The exact mode frequencies include the frequency shifts relative to w?® result-
ing from field pentration into the superconductor as discussed in Section 2.3.

Our formalism for predicting photon conversion within SRF cavities follows Slater [33]. We
expand the EM field in the electric and magnetic basis functions of an ideal cavity for each
mode, i.e. e;(r) and b;(r) for i € {1, 2, 3}. We then obtain the equation for the amplitude of the
electric field, E3(r, 1) = e3(r) [, E(r', 1) - e3(r')dV/, at the intermodulation mode frequency, w3,

as (see Appendix B for details)

2de? 2

1 d? a)g’o2
2 dt

) [ e N-exmdv= -4 [ w0 e
|4 Vv
_ o5 / [E(r, 1) x by(r)] - da. (6)
¢ Js
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The first term on the right-hand side of Eq. (6) is the vacuum term that includes source currents
from the axion field and the EH interaction [15]. The second term is the conductive surface
term, which contains the NLM source currents as well as the leakage of the pump modes into
the signal mode. Bogorad et al. considered only the vacuum term and calculated the signal EM
fields from the effective charge currents generated by the axion field and EH interaction [15],

4 1 da(r,t
(6 1) = Gy [E(r, 1) x Ve, 1)~ B(r, 01 )] ,
C C

(7

where the axion field a(r, ¢) is sourced by the pseudoscalar invariant of the EM field [8,15],

2,2
mgc

(Cl—zaf -Vt = ) a(r, ) = guyy E(r, 1) - B(r, 1). (8)

Similarly, the corresponding EH current density is given by

4
47njEH(r, 1) = 45775% [%% {2[E2(r, 1) — BX(r, )] E(r, ) + T[E(r, 1) - B(r, )]B(r, t)}

—V x {2[E2(r, 1) — B, 1)]B(r, 1) — 7[E(r, 1) - B(r, )]E(r, z)}}. )

From these equations we can calculate the number of photons converted to the signal mode
by the EH interaction based on Eq. (9), and sensitivity to the axion—photon coupling and ax-
ion mass based on Egs. (7) and (8). Our analysis follows closely, and the results agree with
those reported by Bogorad et al. [15]. In the next section we develop a method for calculating
photon conversion via the NLM source currents at the intermodulation frequency, as well as
the leakage noise from the surface term in Eq. (6) based on the cavity perturbation method of
Slater [33] combined with the theory of the nonlinear Meissner currents for superconducting
resonators [21].

2.1. NLM signal and leakage fields

Here we calculate the EM field generated by the NLM screening current at the signal frequency,
as well as the field resulting from the leakage of the pump modes into the signal mode [21]. We
start from an electric field that is a sum of the fields of the pump modes and the resonant
intermodulation (signal) mode,

3 0
E(r.0)= Y Er,0), with Eir, )= ReE(r)e ™ 0", (10)
i=1

where Q; is the quality factor of the ith mode at frequency w; = ?° + Sw;, which includes the
frequency shift w; resulting from the penetration of the field E;(r, 7) into the superconduc-
tor [13,14,35]. For high-Q resonances we have Q; > 1 for all three modes. Note that Bogorad
et al. neglected the frequency shift in their analysis [15]. In the case of photon conversion via
the NLM currents the frequency shifts for pump and signal modes are inequivalent, and this
fact is relevent to the number of signal photons generated via both the NLM effect and leakage
into the signal mode.
i

_e5,
2
03 ,

Substituting Eq. (10) into the surface term of Eq. (6), multiplying both sides by &
then averaging over time we obtain the complex amplitude and spatial profile of the electric
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field of the signal mode,
Eq(r) = ch—egm f [E(r) x by()] - d (1)
where C; is given by
e WA - B R
T E e oy — 0720, — 03 /205
1 ;o o, L1,
1 — eii(wifw.?)rp 1
— ; it i
=G Py Kol <O (12)
(—iw5°/03)
, i >y,
o= 0720 — o2, <O
t, is the period of the pump field, and
—iw3”/ Qs —iw3°/203
G=— 3 A 3 (13)
w5 — a)3 — iw305°/ 0O w3 — w3 — iw§ /2Q3

For the TEy;; (mode 1) and TMy;¢ (mode 2) pump modes and TMy (mode 3) signal mode
we have Ei(r) = E1,(p, 2) @, Ex(r) = E>.(p) Z, E3(r) = E3.(p) Z, and b3(r) = b3,(p) . Thus, the
contribution to Eq. (11) from E;(r) vanishes. The result for Eq. (11) can then be written as

E;3(r) = Epeak(r) + Enpm(r), (14a)

Bl (r) = ~211RLC, 2 . (R) by (R) e5(r), (14b)
3

Exiu(r) = —2711RLC3&E3A(R) b1, (R) e3(r), (14c)

w3
where Ej,i(r) is the field resulting from the leakage of the pump fields into the signal mode,
and Expm(r) is the field of the signal mode due to the NLM effect.

Figure 2 is a representation of the period of pump fields, 7, and the total integration time,
tint, for a measurement of photon conversion to the signal mode. If wf°t, <« Q;, the pump fields
are undamped until the measurement is stopped. We can then replace the cavity bandwidths,
B; = w{°/Q;, with B; = 1/tiy;, Where tiy, 1s the integration time for measurement of photon con-
version into the signal mode [15-17]. In this limit the signal power is large, but the leakage noise
may be also significant since G = [1 — e~/©2=@9)%]Cy /[—i(wy — w3)t,]. However, if 1, > O,
the leakage noise is greatly suppressed due to the frequency difference of the order of GHz
between the pump and signal modes.

2.2, Field amplitudes on the cavity walls

The frequency shifts of the pump and signal modes can be calculated by first computing the
amplitude of electric field on the cavity walls, neglecting the damping of the modes (see Sec-
tion 2.3). The surface integral for a cylindrical cavity at the radial wall, p = R, is carried out for
the NLM screening profile. Since the cavity radius is much larger than the penetration depth,
R > X1, we can neglect the curvature of the cylindrical cavity wall. Then, using Faraday’s
law (B6a), E;(r) = E;-(p)z, and B;(r) = Bj,(p)@ for i = 2, 3, we obtain the amplitude of electric
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(a) wt, > Q; (b) wit, < Q;
tint P tint R
> >
tp

Fig. 2. A schematic illustrating the pumping period and experimental integration (total measurement)

times, ¢, and tjy, respectively, for the time-dependent pump field, £,:(¢) = e_;[Ti sinw;t. (a) For wf*t, >
Q; the damping of the pump field is significant during each pump cycle. (b) For w°t, <« O; the damping
rate is ~ 1 /.

field on the cavity wall:

| " dxBy ). (15)

The penetration of the magnetic field into the superconductor is given by Eq. (91) of Ref. [21]
in the limit hw; < 2A, and was obtained by solving the nonlinear London equation (cf. Ap-
pendix C). The resulting spatial integral of the magnetic field on the right-hand side of Eq. (15)
is then

/RdB( t)—/od/ He " N A
e A (R Y T A T 4\H.) |’

(16)

where H is the magnetic field at the surface and the right-hand side of Eq. (16) is the approx-
imate result to leading order in the nonlinear field dependence. The field scale is set by the
thermodynamic critical field H. = (c¢/e)(A/vsAr) where e and v, are the electron charge and
Fermi velocity, respectively. The other material parameters are the London penetration depth,
AL, and 6 = 6(T'; 7) is the dimensionless coefficient for the nonlinear correction to the Meiss-
ner screening current, given by Eq. (85) in Ref. [21] with 7" and t denoting temperature and
mean electron—impurity scattering time, respectively.

The nonlinear contribution to the surface magnetic field at the intermodulation frequency is
determined by the magnetic fields of the pump modes,

Bp(rv t) :BTO(I., t)+B§o(r7 l)’ (17)
where B{°(r, 7) is the TEg;; mode and B5°(r, ) is the TMy;9 mode (Appendix A):

B (r, 1) = [ B (r)p + B (r)z] cos i1, (18a)

B3°(r, 1) = —iB5, ()@ sin wy°t. (18b)
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The resulting cubic contribution to the surface field reduces to

H ~ B3 (R) sin’ o z—EBCfSZ(R)B (R) cos® 0t sin w3 ¢, (19)

after averaging the z dependence of |B3°(p, z)|* o sin(wz/L) over the length of the cav-
ity and using the fact that Bj,(R) =0 (see Appendix A). Then, using cos? ot sin st =
—(1/4) sin 05°t + (1/4) sin((2w® + @3°)t) + (1/2) sin 05°¢, we obtain the surface electric fields
of the pump and intermodulation modes:

iw3° -
Er.(R) = +7)\-L X [1 + — 32H2 ’B (R)’ ]BZW(R), (20a)

Ev(R) =~ x o [ BR(R) B(R). (20b)

32H 2

2.3.  Surface impedance and frequency shifts

We tacitly assumed in Section 2.2 that photon conversion via the NLM current and the leakage
noise occur at the same frequency, i.e. w$°. However, as we show below, the photon frequency
from these two sources depends on the amplitudes of the NLM source field and the leakage
noise field, and thus NLM photons and leakage noise photons are generated at slightly different
frequencies. Thus, to account for the nonlinear frequency shifts we write Egs. (12) and (14) as

Bl (r) = ~21RLCieas 22 Ex- (R}, (R)es(r), (1a)
w3
Exim(r) = ~2miRL i o B (R)bs, (R)es(r), (21b)
w3’
where
_leO/Q _leO/ZQ 1 — e—l(wz Dleak ) p— 2Q2 t,, 2Q3 t[,
Cleak = 3 ’ X 3 > ’
l—e (33 t,  Wleak — w§° - iw§°/2Q3 @) — Wieak — 107 /205 — w3 /203
(222)
—iw® /2
Cain = iw3”/20s (22b)
wNLM — ©3° — 057/ 205
where
Wieak = W3~ + 8Wicak (Bieak (R)), (23a)
oNLM = @5 + Sonim(BNim(R)), (23b)

where Bje.(R) and Bnpm(R) are the amplitudes of surface magnetic fields resulting from the
leakage of the pump modes and the NLM current, respectively. These fields are obtained from
the equation for the magnetic field at the intermodulation frequency, w3°,

1 d®  oF? 1d
(C—zd—tz ) ) [ B0 bawras = =25 [ B0 x baco) - (24)
and thus the surface magnetic fields,
Brekg (R) = —27 RL it <22 Ex.(R) 3, (R), (250)
w3
BNLM(p (R) =2 RLCNLM gE& (R) b (R) (25b)

3
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Self-consistent equations for the frequency shift Sonpm are obtained by first expressing the
NLM fields as

Expm(r, 1) = RCENLM(l’)eii(wgonNLM)tfﬁt, (26a)
—i(w3°+dw 7ﬁ
Bim(r, 1) = ReBypp(r)e N gy ! (26b)

then using Eqs. (26) and Slater’s method [31,33], to express the frequency shift as

o0

SontM = — o2 XY 27)
2G,  NLM»
where XY ,, 1s the NLM contribution to the surface reactance,
Zy

G (28)

3= c )
< / Ibs(r)Pda
a)3 S

is the geometric factor of the signal mode, and Zy = 47 /¢ = 376.7 Q2 is the impedance of the
vacuum.

The EM fields generated by the NLM currents are those of the TMgyp mode, and have the
form Expm(r) = Enxim:(p)Z and Baom(r) = Byiwme(0)@. The corresponding surface reactance
for this mode can be obtained from Faraday’s law (B6a) as shown below. As in Section 2.1
we can neglect the curvature of the cavity wall, in which case the surface magnetic field is
given by

H = ReBNLMw (R)e_ﬁt cos wnLm! + ImBNLM(p (R)e_ﬁt sin wNLMi, (29)

The time-averaged electric field Enpm-(R) at the surface reduces to

30$°

.Cl)go 9 1 - eiﬁtﬁ 2
Exumz(R) = i=—ALBrimg(R) x| T+ s = [Brmg (R | (30)
¢ ¢ 1_e

. . s by vy e
and the corresponding surface impedance, Z{; \; = R\ — IX3 > 1S given by

Exim:(R)
Zam = —“Zo———. 31
NLM 0 BNLMga (R) (31)
Thus, we obtain the surface reactance at low temperatures from Egs. (30) and (31):
3(4)?0

: w3 6 1—e 2057

Xim = Zo—hL x | 14+ —— —— [Bnimg (R | (32)
c 16H | — ot

The field-independent term in Eq. (32) is the same as the surface reactance at low temperatures
given by Eq. (E3) of Ref. [14]. However, the frequency shift also includes the contribution from
the field-dependent NLM effect obtained from Eqs. (27) and (32):

30°

002 -3
w3 )»LZ() 0 l—e 257 2
—_ 1 B R . 33
G x | 1+ 1372 = | By ( )] (33)

¢ l—e %"

donim = —

Similarly, the frequency shift of photons from the leakage of the pump modes into the inter-
modulation mode is given by

o0

-3
a)OOCOOO)LLZO 0 1 — 6_@%
Soteak = == = x| 1+ 1o 7 Bk (R | . (34)

¢ l—e W7
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The resonant frequencies of the pump modes are also shifted due to field penetration and
damping from a cavity wall. Expressing the EM fields of the two pump modes (i = 1, 2),

Ei(r, t) = ReE;(r)e " *5‘”1‘)’*%’, (35a)
Bi(r, 1) = ReB;(r)e " ”‘“”’**’ (35b)
the resonant frequencies are,
w) = o° + 8w (B-(R)), (36a)
wy = w3 + dwar(Bay(R)). (36b)

Following the same analysis procedure as described for the calculation of the frequency shift of
photons generaged by the NLM effect, we obtain the frequency shifts §w; and Sw; for photons
in the pump modes,

_ . _
wOOZALZO 0 1—e 2Q1
S = ————"— 1 —|B.(R)* |, 37
] —_re) x |14 YV7E T | 12(R)] (37a)
B C 1 —e 20,7 N
[~ 303° .
03?01 Zo 0 1—e¢ 207
Sy = ——2 """ 1+ — B, (R)* |, 37b
w) 2CG2 X 16H2 L ;)ézt,, | 2(,0( )l ( )

where B1.(R) and B,,(R) are obtained by replacing {® with ; in B{?(R) and B3, (R). From the
above equations for the resonant frequencies of photons in the two pump modes w; and w», the
frequency of the signal photons sourced in the vacuum region of the cavity by the axion field
or the EH interaction is given precisely by wy = 2w; — wy; i.e. only the nonlinear shifts of the
two pump modes enter the intermodulation frequency for photons sourced by the axion field
or EH interaction.

The NLM and leakage noise fields evaluated at the signal frequency, w;, are given by Eq. (21)
with w$° replaced by wj, except in the equations for wiex and wnpwm,

cQy

Eleak(r) = _27TiRLcleak w, EL (R) bsw(R)es(r) (383)
Exi(r) = —27iRLCin Q‘E32<R> by (Rey(r), (38b)
where
. i _ —i(wz—wleak)lp—%lp—%lp
e = —20/ L /20, Mze P (300)
l —e o Wk — 05 — i05/2Q0s @) — Wieak — IW2/207 — iws /20y
—iwg /20
G = , 39b
NLM WNLM — Wy — iws/20; (39%)
and
Biae (R) = 21 RLGea 2 Ex.(R)V, (R), (40a)
Bty (R) = =27 RLCin "2 Ex.(R)E () (40b)
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Note that Q, denotes the quality factor at wy, while eg(r) and by(r) are basis functions for the
signal mode. They are equal to e;(r) and b;(r), respectively, to excellent approximation. The
cavity damping effect is also included by extending Eq. (20):

30$°

i 6 1—e 07
E>.(R) = —21 1+ B, (R | Boy(R), 41
2-(R) o 96H21 “’301,,| 20(R)] 20 (R) (41a)
.00 9 OOZ 2 1_ Q lp ;)ét
En(R)= 5, O o728 L BL(RIBy(R). (41b)
32H< | — ei%tp (1)1 Zp/Ql +a)§otp/2Q2

We can also use Bi-(R) ~ BYY(R) and By, (R) ~ B3, (R), which are an excellent approximation.
By solving Egs. (33), (34), and (40) self-consistently, we can obtain the frequency shift as a
function of the pump field strength.

3. Results: NLM, leakage, and EH photons

The mean numbers of photons generated by the NLM current and the leakage of the pump
field into the resonant signal frequency w; are given by

1 dv 5,
NniMm = o /g| Expm(r)] —f dre” o |CNLM|2N1(\?3M, (42a)
1 dv

1 o
— |Ejear (1)>— Y die o' = | Cear |’ N,

Nieak =
leak’
Ty | 87 iy Jo ca

(42b)

where Nl(\?ﬂM and N, © eak are the numbers of NLM and leakage photons that would be predicted if
we neglected the nonhnear frequency shifts of the photons generated by the NLM and leakage
fields,

2 2 6 —t
(0) . Q VE 1 —e r 2
Nyim = S7h w;, w1,/ 0, KNLMKNLM’ (43a)

o0

%
PQVE Sl —e o
leak = 87 haw? a)% w3ty/ Oy

L2 NL
(Kleak I(leak + 2Kleak Kleak1<leak I<lea

k + K Kleak L2]<11;Ialf(2) (43b)

where V =mR’L is the volume of the cavity and EOE\/(I/V)fdle?O(r)P:

\/ (1/V) [ dv|ES°(r)|? is the spatially averaged electric field strength of either pump mode.

The electric fields of the pump modes are then E{°(r) with of® = “’011 and E3°(r) with
S = wy i, and are given by (see Appendix A)

EX(r) = zJ‘/(;Ef)J (S‘” p) sin %@, (44a)
E Z
EQX(r) = o (ﬂp) 7. (44b)

The numbers of resonant NLM and leakage photons are proportional to 02, Eg, and the fac-
tors kNLM, Kllgak’ Klljali’ KNLM’ I<llgak’ and I(lyalf(’
e, e
w? o5 tp/ZQS l—e a7 " 3.0
KNLM = —
2 L e_@ , w°t,/ 01 + w5°t, /20, 4H?

2
(Lo oM
leak 2 Eg’

(45a)

(45b)

12/27

Gz0z ftenuer 90 uo Jesn qejiwisd Aq G99916/2/101€Z L/ZL/¥20z/21011e/de1d/woo dnoolwspeoe//:sdiy woly papeojumoq



PTEP 2024, 123101 H. Ueki and J. A. Sauls

3030
Wil — e_ﬁt" rL0O
NL _ % L

Kpor = —= — , (45¢)

leak = "2 l—e_ﬁ”’ 4H?
Knim = ]-da|, (45d)

C ~

KL E—/ELT x b3(r)] - da 45¢
leak wsﬁ‘s[ 7 (r) x b3 (r)] (45¢)
KNLEL‘/ENLT x bs(r)] - da|, 45
leak CUS\/V S[ 2 () 3( )] ( f)

where  Ej(r) = (c/o)knimESEs(r),  ELX(r) = (c/on)kl,  EoEb(r), and EN(r)=
(C/a)z)KleakE 3ENL(r) The superscripts “L” and “NL” denote the linear and nonlinear terms,
respectively.

In the analysis to follow we choose the same cavity parameters used in Ref. [15]: R = 0.5
m, L =1.56 m, and f3° = »3°/27 = 527 MHz; however, we study the variation of photon
conversion as a function of the pump field strength, quality factor, and cavity bandwidth. In
what follows we adopt material parameters appropriate for N-doped Nb SRF cavities: the ther-
modynamic critical field H, = 54 MV/m, the zero-temperature energy gap A = 1.55 meV, the
transition temperature 7,, = 9.33 K, the Fermi velocity v, = 0.26 x 108 cm/s, the clean-limit
London penetration depth Ay = 33 nm [36], and the dimensionless strength of the nonlinear
Meissner current 6§ = 0.001 [21]. We also assume equal quality factors for the pump modes and
the signal mode, i.e. Q1 = Q» = Q. (Thus, we neglect the weak frequency depdence, as well as
the field dependence, of the quality factor; the range of variation is relatively modest for E be-
low the maximum field gradient [10-14]. ) The pump magnetic field profiles, B{°(r) and B5°(r),
as well as the signal mode basis vector function, bs(r), are given by (see Appendix A)

2F /S Soi . (S
BX(r) = V2Eo [_ = (ﬂp) TeosZp4 —20, <ﬂp> sin %Z] (46)

JoSol o' \RT)LT LT o R R
E Z
B0 = iy ( Olp) 4 @
1 Zpy >A
b — (== 48
3(r) = NS ( o) o. (48)

These functions determine the coupling coefficients: Ky = 0.084, KL, = 0.362, and K =
0.271.

The EH interaction provides a baseline for detection of rare events in the two-pump mode,
single-cavity detection scheme. In particular, Bogorad et al. calculated the number of photons
converted to the signal frequency w, by the EH interaction [15]. Scaled in terms of standard pa-
rameters, the EH interaction generates a low yield of signal photons even for long measurement
integration times. We confirmed their result given below:

N 3.1 < = )2 ( i >6 Lo wootp/zQs 1 — e ot
EH = 9. X
1012 45MV/m)  wt,/ Oy | — o tr @1 1,/ 01 + 05°t, /20

(49)
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Fig. 3. Number of photons from NLM currents (red lines), leakage noise (green lines), and the EH
interaction (blue lines) at the signal frequency wy as a function of the pump field strength E for cavities
with quality factors Qs = 10'2 (left panel) and 10%? (right panel) and pumping periods 7, = 5 x 10" /o, &
tint (upper row) and 100/w; (lower row). The nonlinear coefficient used to calculate Ny is 6 = 0.001.

Figure 3 shows the predicted number of photons generated by NLM, leakage, and EH
sources at the EH signal frequency wy, Nnim, Nieak, and Ngy, as a function of the pump
field strength E, for cavities with quality factors Q; = 10'> and 10%> and pumping period times
1, =5x 10" /w; ~ fip and 100/ ws.

Note that photon conversion via the NLM effect, Nnp v, dominates the leakage of pump
photons into the signal mode, Nk, for the long period case, ¢, & t;y;. In this limit the spectral
function, |Cieak|?, is suppressed due to the frequency difference of the order of GHz between
wieak and w; (see Egs. (39a) and (12)). However, for short periods, £, = 100/w;, the denominator
that suppresses Cieai is canceled, and the spectral weight |Cieax|> becomes larger than |Cnpm|>.
This crossover is highlighted in Fig. 4 for the spectral weights |Cieax|* and |Cnim|? as a function
of ¢, for cavities with Qs = 10'> and 10 at high pump power, Ey = 45 MV/m. Note that | Cieax |*
dominates over |Cnpm|? only for short pump cycles. The predicted oscillations in Eq. (12) for
|Cleak | as a function of 1 « w$t, K Qy are evident in Fig. 4, as well as the upper right panel
of Fig. 3.

For ultra-high-Q cavities, Q; = 10>2, shown in the right panels of Fig. 3, the generation of
signal photons by the EH interaction exceeds false positive photons from the NLM effect.
However, leakage of pump photons into the signal mode still overwhelms photon generation
by EH interaction for short pulse times. For long pulse times and ultra-high Q the production
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Fig. 4. Coefficients in Eqs. (42) for the number of NLM photons for cavities with Q; = 10'? (red line)
and 10?2 (orange line) and similarly for the leakage noise, Q; = 10'? (green line) and 10?? (yellow green
line). The pump field strength was set to £y = 45 MV/m.

of photons by the EH interaction exceeds false positives from both the NLM effect and the
leakage noise. A key to understanding the power dependence of photon conversion from the
NLM and leakage fields, and thus the suppression of false positive signals for detection of the
EH interaction, is the frequency of photons generated by the NLM and leakage fields. Figure 5
shows the frequency shifts of the distributions of photons generated by the NLM effect and
the leakage from the pump modes into the signal mode relative to that of photons generated
by the EH effect at the signal frequency wy, 1.6. AONLM = ONLM — @5 A®Djeak = Wjeak — Wy, AS
functions of Ey and Q; for ¢, & iy and 100/ ws.

We calculate the frequency shifts by solving Egs. (33), (34), and (35) self-consistently; for
comparison we include the perturbative (nonself-consistent) value for the shifts obtained by
replacing the surface magnetic fields on the right-hand side of Eqgs. (33) and (34) with fields
that do not include the frequency shifts. The frequency shifts obtained from a self-consistent
calculation exhibit weaker dependence on the pump field strength, and are nearly independent
of Q, except for the the small change “jump” at O, ~ w°t), (cf. Egs. (33) and (34)). By contrast,
the perturbative results for the frequency shifts diverge at high Q, and Ej, signaling the failure
of the perturbation calculation for high pump power and high Q.

We also calculated the power spectra as a function of frequency Pnim (@) = (hw?/Oy) NNim,
Peak(@) = (hw? / Q5) Nieak, Peni(®) = (hw?/ Q) Ngn, where the expressions for Nnpw, Mieak. and
Ngp are evaluated as functions of w [13,17]. Figure 6 shows the power spectra for photons
generated by the NLM, leakage, and EH sources for SRF cavities with Q, = 10'> and 10,
Ey =45MV/m, and t, ~ t;p;. The maximum (“peak”) positions of the power spectra from these
different sources separate due to the different frequency shifts. As Qy increases, the frequency
shift remains constant, but the contribution of the EH term begins to dominate at w = w; as
the spectra become sharper.

3.1. Sensitivity to axion-generated signal photons

The generation of photons by the NLM effect and the leakage of photons from the pump
modes into the signal mode also impact the sensitivity of the cavity to detection of possible
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Fig. 5. Frequencies of photons generated by the NLM current (left panels) and photons leaking from
the pump modes into the signal mode (right panels) relative to the axion or EH signal frequency at w;:
ONLM = @y + Aonpy and wjeax = oy + Awieak. The upper row shows the dependence of the frequency
shifts on the pump field strength E, for quality factors Q; = 10'> (magenta lines) and 10'7 (cyan lines)
and pumping periodic time 7, = 5 x 10"/, & f;,. The inset shows the failure of the perturbation the-
ory result for the frequency shift for high field amplitudes. The lower row shows the dependence of the
frequency shifts on Q for cavities with pumping periods ¢, ~ ti,; (orange lines) and 100/w, (yellow green
lines) at £y = 45 MV/m. The solid (dotted) lines are based on a self-consistent (perturbative) calculation
described in Section 2.3.
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Fig. 6. Power spectra for NLM radiation (red lines), the EH interaction (blue lines), and leakage radiation
(green lines) as a function of frequency relative to the EH signal frequency w, for cavities with Q; = 10'2
(left panel) and 10%? (right panel) at Ey = 45 MV/m. The peaks are the exact maximum peak values of
each power spectrum.
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axion-mediated photons, and thus place a limit on the sensitivity to the axion—photon interac-
tion strength, g,,, . Berlin et al. considered several background noise sources including thermal
photons at the signal frequency. The thermal background is given by Ny, = kg T /hws, where kg
is the Boltzmann constant [16]. Here we analyze the limiting sensitivity to the axion—photon
coupling including the NLM background, leakage noise, and thermal noise. We replace Ny,
in Eq. (17) of Ref. [15] with Ny, + Nnim + Neak, and consider the dependence of the lim-
iting axion—photon coupling as functions of pump mode amplitude, £y, and quality factor,
Q. Other parameters such as the pump period and signal frequency are the same as those
used in the calculation of the number of photons generated by the NLM effect, leakage noise,
and EH interaction to generate Fig. 3. Then, the lower limit of sensitivity to the light axion—
photon interaction strength, defined as g,,, for light axions at signal-to-noise ratio, SNR=1,
becomes [7,15]

1012>1/4 (45 MV/m

‘ 3/2
gim 1.6 x 107" GeV~! x ( ) (20 days x B)'/®

ary.0 = Oy Ey
1/4 00 174
5 (Nth + NnLwm + Nleak) o [ 3 1p/ Os
Nth 1 _ e_&;%tp
o 1/2
1 —e 22" 01,/ Oy + 05°1,/205
o0 2 e 0w ’ (50)
w3 t]’/ Os 1 — e‘ﬁ%‘ﬁ’p
where the cavity bandwith B is given by
w3/ Qs, @51, > Oy, (51)

B 1/tint» wgotp < Qs-

Results for the limiting value of ggr]’fy o as a function of the pump field amplitude based on the
thermal background are compared with the result based on the combined backgrounds from
the NLM effect, leakage noise, and thermal noise in Fig. 7. The limits are shown as functions
of the pump field amplitude E, for the quality factors Q, = 10> at T = 1.5 K and Q, = 10?
at T = 0.1 K, and for pump periods of 7, ~ f;5; and 100/w;. Also shown are the limits on
Sayy < 6.6 x 10711 GeV~'and 5.4 x 10712 GeV~! that were obtained from solar axion searches
with the CERN Axion Solar Telescope (CAST) [37] and magnetic white dwarf polarization
(MWD Pol.) measurements [38], respectively.

The NLM background, proportional to E?, is dominant for !, A tint, In which case gg‘;y’o 1S
nearly constant since the number of photons generated by a light axion is also proportional to
E§. For short periods, 7, = 100/, the leakage noise dominates, and g]f;y’o varies with E, as
Mieak 1.€.  polynomial with E2, Ej in addition to E. A setup with o°t, > Oy, i.e. B= 0$°/0;,
removes the leakage noise, but also weakens photon conversion by the axion field and EH
interaction [15]. In terms of the potential for detecting the axion field, the NLM effect is most
problematic; the NLM background cannot be removed in the single-cavity setup, and thus
the limit for the axion—photon coupling is significantly worse than previously estimated. The
bottom line is that the NLM background and leakage noise significantly impact the sensitivity
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Fig. 7. Sensitivity to the light axion—photon interaction strength gg‘;‘%o with combined background pho-
tons from NLM radiation, leakage noise, and thermal noise (red lines) compared with only thermal
noise (blue lines) as a function of pump field strength E, for the quality factors Q, = 10> at T = 1.5
K (left panels) and Q; = 10*? at 7 = 0.1 K (right panels), and pumping periods 7, = 5 x 105 /o, ~
tine (upper row) and 100/w; (lower row). The gray and black lines are the limits g,,, < 6.6 x 101!
GeV~! and 5.4 x 10712 GeV~! obtained from solar axion searches with the CERN Axion Solar Tele-
scope [37] and polarization measurements of thermal radiation from magnetic white dwarf stars [38],
respectively.

to light axions, with glti‘;‘y,o above the CAST and MWD polarization limits over the full range
of parameters that we explored.

3.2. Detecting the axion field with two SRF cavities

Lastly we discuss the two-cavity setup proposed by Gao and Harnik [17]. We show that it may
be suitable for searching for photon conversion by the axion field. Their method is summarized
as follows:

e Two identical SRF cavities, an “emitter” and a “receiver” cavity, are required.

e Two modes, e.g. a TM mode (mode 0) and a TE mode (mode 1) with E - B # 0 and mode
frequencies wy and w;, are pumped with photons.

e A receiver cavity—identical to the emitter cavity—is pumped in mode 0 while mode 1 is
otherwise unpopulated, and thus serves as the signal detection mode.
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e The axion field is sourced by the two pump modes in the emitter cavity at frequencies wy =
lwo £ wi].

e An axion at w; — wy can convert to a photon in the receiver cavity with frequency w; pro-
viding detection of photon conversion by the axion field created in the emitter.

This method avoids the generation of a large population of background photons at the signal
frequency from the NLM effect since the screening current of the pump mode in the receiver
cavity generates NLM photons only at 3wy, which is not a resonant mode of the receiver, and
can be chosen to be far from resonance with the signal mode at w;. The two-cavity method can
also avoid leakage noise of the spectator mode at wy into the signal mode at w,. In particular,
the leakage noise field is proportional to the surface integral:

Eieac () o €1(r) /S [Eo(t') x by(r')] - da. (52)

We obtain (Eg x b;) - da = 0 if we choose mode 0 as TE(;; and mode 1 as TMy, or vice versa,
as Gao and Harnik propose. As a result we can use the two-cavity setup with B = 1/#;,¢ and
zero leakage noise.

The heterodyne detection of axion DM with an SRF cavity as proposed by Berlin et al. [16,18]
is similar in terms of noise suppression to the two-cavity setup with the emitter cavity “replaced”
by the universe. Thus, Berlin’s method can also avoid photon conversion by the NLM effect,
B = 1/t;y; and no leakage noise. It is important to note that we cannot use the setup with B =
1/t;n without the leakage noise for the TE mode into higher-frequency TE modes, discussed in
Appendix A of Ref. [16]. Lastly, we note that the EH interaction allows for photon conversion
from the pumped spectator mode at wg to the third harmonic at 3wy. However, detection of
the photon conversion by the EH interaction for current state-of-the-art cavities is not feasible
because the NLM effect will generate photons at 3wy.

4. Summary and challenges
Summary: High-Q superconducting resonators provide promising platforms for search and de-
tection of physics beyond the Standard Model, including DM candidates, light-by-light scat-
tering in QED, and gravitational waves. Essential to many of these detection schemes is pho-
ton frequency conversion. Superconducting resonators are nonlinear devices. As a result the
screening currents that confine photons in the cavity also generate frequency conversion of
microwave photons in the cavity. We consider photon frequency conversion for nonlinear ax-
ion electrodynamics, the EH interaction, and Meissner radiation in high-Q superconducting
(SRF) cavities. In a single SRF cavity with two pump modes, photon frequency conversion by
the Meissner screening current dominates photon generation by the EH interaction for cavities
with Q < 10'2. Meissner currents also generate background photons that limit the operation of
the resonator for axion detection in three-mode, single-cavity setups. Leakage of photons from
pump modes into the signal mode for detection of both axion- and EH-mediated light-by-light
scattering is also considered. We find that photon frequency conversion by the EH interac-
tion can exceed Meissner and leakage radiation for ultra-high-Q cavities at low temperatures,
requirements that are beyond current state-of-the-art cavities.

Challenges: The theory of nonequilibrium superconductivity for weakly disordered fully
gapped superconductors provides predictions and targets for possible ultra-high-Q supercon-
ducting cavity sensors. In the case of the multimode, single-cavity setup, suppressing the back-
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Fig. 8. Impurity dependence of the quality factor with Nb SRF cavities in the linear response limit at
temperatures 7 = 0.2207; (red line), 0.1007, (blue line), 0.0657, (green line), and 0.0107; (yellow line).

ground of photons generated by the NLM current and leakage noise is a challenge because
the materials and cryogenic requirements are beyond the current state of the art. In particular,
Fig. 8 shows the quality factor for Nb SRF cavities in the linear response limit as a function of
the quasiparticle scattering time t calculated using the method described in Ref. [31], where T,
is the transition temperature of the disordered superconductor. Note that to reach Q; ~ 10?
requires the removal of two-level-system losses from niobium oxides as well as subgap states
from disorder-induced pair-breaking in the superconducting material, in addition to operating
the SRF cavity at very low temperatures, 7'~ 0.017. =~ 0.1 K for Nb. Both the material pu-
rity and the cryogenic requirement in the presence of high-power microwave pump fields pose
major challenges. The signal power peak is very narrow, Aw; = ws/Qs. To capture this peak,
shown in Fig. 6, the cavity design requires errors of AL/L and AR/R < 1/Qy. Thus, advances
in cavity engineering may be required to address this challenge.

Another challenge arises from the potential frequency shifts due to pressure of the electro-
magnetic field, referred to as Lorentz force detuning in Refs. [13] and [39]. Table II of Ref. [39]
reports frequency shifts of TESLA Test Facility cavities due to the Lorentz force detuning of
~ 600 Hz. Lorentz force detuning depends on cavity construction; thus it may be necessary to
design cavities in order to suppress the effects of electromagnetic pressure for QED measure-
ments and axion searches, perhaps by engineered reinforcement of cavities. Lastly, the dual-
cavity setup for detection of axion-mediated photon frequency conversion can avoid significant
backgrounds from NLM radiation and leakage noise, but the setup requires two cavities with
identical mode spectra, a design and engineering challenge.
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Appendix A. Cavity basis functions for TE and TM modes

We include the TE and TM mode functions for an ideal cylindrical cavity [17,34,35]. Assuming
that the charge and current densities, p and j, are zero in a hollow cavity, the wave equations for
the EM fields in the vacuum region of the cavity are given by

v?— Lo E(r,1)=0 (Ala)
c? 912 T
» 1 92 Alb
\% Sap B(r,t) = 0. (Alb)
First consider the TE modes with £. = 0, and assume that the form of B. is given by
B.(r, 1) = B.(p)e"™ == emie" (A2)

Substituting Eq. (A2) into Eq. (A1b), we obtain Bessel’s equation for B.,

d*B.(p) dB-(p) ®\?2 I
I +[[(z> ‘(J}p —"}Bz@):o, (A3)

where / is given by / = 0, 1, 2, - - - so that B, vanishes at z = 0 and L. The solution for B. to be

finite at p = 0 is given by
w\2 In\?
By =Ch [ J(Z) = (T) e| (A4)

where C is an integration constant. Using the boundary condition so that B, and E,, vanish at
p=0,(0B-/0p)|,=r, we obtain w as

Sum\> [ 17\?
w_wTEl_c\/(R) +(f”> (A5)

Here we restrict ourselves to the modes at n = 0, and then obtain the rest of E and B from
Egs. (B6a) and (B6c) and C = B.(0) forn = 0 as

TE R SO
ElE (r,1)=iB. (0) Bomt 25 (295 ¢ o=ttt (A6a)
Som R
It R Som \ » Som \ 4
BIE (r, 1) = BZ(O)[ zf”S—Jl ( S ) bt o ( " p) }e’ Bl (A6b)
We next consider the TM modes at B, = 0, and assume that the form of E. is given by
E.(r,1) = E.(p)e"™ == e~ (A7)

Substituting Eq. (A7) into Eq. (Ala), we obtain an equation for £, as

d’E-(p) | dE.(p) N2 (I
4 i TP, +{[(?> _<L>:|’O _”}Ez(/’)=0v (A8)

where / is also given by / = 0, 1, 2, - - - so that E. vanishes at z = 0 and L. By solving Eq. (AS),
E. to be finite at p = 0 is given by

w\?2 I7\?
i =cn [ \() —(f) o). (A9)
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We consider the boundary condition so that E. vanishes at p = R, and then obtain w as

Zwm\> (17
vai=o)(Z2) + (). A1)

Again, we restrict ourselves to the modes at » = 0, and then obtain the rest of E and B from
Egs. (B6a) and (B6d) and C = E.(0) for n = 0 as

Imr R Z()m N ZOm A iz
Om,(l‘ t) = E—(0)|: IIZ_OmJl ( R )p + J() (Tp> Z:| X eL 0’”/[ (Alla)

Zom
B M(r, 1) = —iE. (O)a)Om,ZmJ1< =

The TEy;; and TMy;9 EM fields can be chosen from Egs. (A6) and (A11) as [15]

)go x ¢l T (Allb)

wili R (S
EOTFl(r t) =iB.(0)— ol SmJ (%p) sin %(p X sma)(mz (Al2a)
Sot \ 7 Tz Sot . mz,
B[ (r, 1) = iB. (0)[ - S_(nJ1 <?p> T Cosp +Jo <T'O> sin fz] cos wyit,
(A12b)
Zol
010 M, 1) = E.(0)J, ( R ) Zcos a)g%lt, (Al2c)
™ Zoi Ao TM
Byo(r, 1) = —E.(0)J; (?p> @ sinwyt. (A12d)

Using the average of the electric field given by Ej= \/ (1/V) [dvIELE(r)? =
\/(I/V)fdv|E010 (r)|2, we can express Eq. (A12) as

E S . .
Ejfi(r,t) = J:)/(;OI))J ( Ol,o) sin %(osmwgﬁt, (A13a)
\/EE() c S()1 T Tz C S()1 S()1 Tz
BE(r, t) = J — ' S0 (22 L TE
o11(rs 7) Jo(501)[ T I(R ,0) 7 ©0s LP+ oF R 0( R P) sin in| COS wy;
(A13b)
E Zot \ .

Ej(r, t) = m] (—,0) Zcoswyit, (Al3c)

™ Zoi Ao TM

We adopt Eq. (A13) as the pump fields.

Appendix B. Maxwell’s equations in a hollow cavity

We consider the EM fields in a hollow cavity, and calculate the EM fields based on Slater’s
method [33]. Starting with the general principles of vector analysis, we can expand the EM
fields, and charge and current density as (see also chapter 3 in Ref. [33])

E(r,t) = Z |:e,-(r) / E(', t) - e;(r')dv + fi(r) / E(,1)- fl-(r/)dv/], (Bla)
B(r.1) =) bi(r) f B, 1) - bi(r)dV, (B1b)
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p(e.) = 3 uitn) [ o' iy, (B1o)

it =3[ [ 0700w+ 10 [[i, 0600 | (B1d)

where e;(r) and b;(r) are the solenoidal vector functions that satisfy k;e; = V x b; and k;b; =
V x e, f;(r) is the irrotational vector function, which is the gradient of a scalar function ;(r)
as k;f; = Vi, and k; is the propagation constant associated with the ith mode in an ideal cavity.
These functions also satisfy the normalization and orthogonality conditions as

fei-ejdv=8ij, /bi-bjdv=8ij, (B2a)
/fi-fjdv:(sij, /w,wjdv= Sij’ (sz)
/e,- . fjdV = 0, (BZC)
the wave equations as

Ve + k?e; =0, V2b;+ k’b; =0, (B3a)
VA + k=0, Vi kY, =0, (B3b)

and the boundary conditions as
nxe =0 n-b=0 nxfi=0 ;=0 onS§, (B4a)
nxb,=0, n-¢=0, nxfi=0, ;=0 on¥, (B4b)

where n is the outer normal to the surface, and S and S’ are the conductive and insulating
surfaces, respectively.
We can also expand V x E, V x B, and V - E in terms of the functions e;, b;, f;, and ; as

VxE:Zb,-/(VxE)-b,-dv:Zbi[k,-/E-e,-dv-l—/(Exb,-)-da}, (B5a)

S

V xB= Ze,/(VxB) edv_Ze,[k,-/B-bdv—l— (B xe)- da] (B5b)
V.E= Zw, / (V-E)idv = — ZW‘ / E-fidv, (B5¢)

where da is the vector surface element given by da = nda. Substituting Egs. (B1) and (BY) into
Maxwell’s equations given by

19B
VxE+-— =0, (B6a)
c ot
10E 4
VxB--—="T (B6b)
c 0t c
V.-B=0, (B6c)
V -E = 47p, (B6d)

we then obtain
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19
k,~/E-e,-dv+——fB-b,~dv=—/(Exb,-)-da, (B7a)
cat S
4 [
k/B bdv——— E-e,-dv:—/]-e,-dv—/(Bxel-)-da, (B7b)
¢ 5
10 4
2 | E fdv= —n/j-fidv, (B7¢)
cdt c
—k,-/E-f,-dv=47r/,ow,-dv, (B7d)

where ¢ is the speed of light in vacuum. Using Eqs. (B7¢) and (B7d), we can show the equation of
continuity given by

3
a—'O+V j=0. (B8)

We also obtain separate equations for [ E - e;dv and [ B - b;dv from Egs. (B7a) and (B7b) as

1 92 10 [4n
—— | E.e 2 | E. — = Ji.edv— B .
290 eldv—l-k,/ e;dv 81[ f] e;dv S/( X €;) dai|
— k,/(E X bl-)-da, (B9a)
S
1 92 4
——/B-b,-dv+k3f3-b,-dv:k,~ —”/j.e,-dv— (B x ¢;) - da
2 0r? c g
— ——f(Exb) da. (B9b)

We can obtain the expansion coefficients of the EM fields in a hollow cavity by solving these
wave equations.

Appendix C. Solution for the nonlinear London equation and surface reactance
With the same procedures in Appendix B of Ref. [25], we obtain a solution for the nonlinear
London equation, and then, with the same procedures in Ref. [32], we also reproduce the surface
reactance due to the NLM effect of an SRF cavity in Bogorad’s setup [15].

In the absence of phase vortices, we absorb the phase gradient V& into the vector poten-
tial, A + (hc/2e)V9 — A, and work in the transverse gauge, V - A = 0. Then, the nonlinear
London equation is given by

1 A\?
VZA—A—2|:1—0<A—)}A=0, (C1)
L c

with 4. = H_.\y. We consider the geometry in which the superconductor occupies the half-space
x > 0. The surface field H = HY is parallel to the interface, and the vector potential A = Az
is parallel to z. The field in the superconductor is given by B = (dA/dx)y. Continuity of the
parallel field at the interface imposes the following boundary condition:

dA

- — H. C2
dx|,._g (€2)

The field and vector potential vanish deep inside the superconductor. We introduce a dimen-
sionless vector potential a = /6(A4/A,) and distance x = x/A, and then the differential equa-
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tion for a(y ) is given by

d*a 5
d—XZ—(l—a)a=O, (C3)
with the following boundary conditions:
d H
ad == =h, a(x — o00) =0. (C4)
dx x=0 H,

By multiplying Eq. (C3) by da/d x and integrating the resulting equation with the asymptotic
boundary a(x — oo) = 0, we obtain a first integral of Eq. (C3) as

da a?
a_ _gh-L
Ix a 7 (C5)

In the physically relevant limit |a| < 1, we replace \/1 — a?/2 with 1 — a?/4, integrate the re-

sulting equation, and then obtain the dimensionless vector potential « as
do

a= , (Co)
\/aé/4 + (1 — aj/4) e
with ap = a(x = 0). Using this, we also obtain the dimensionless magnetic field as
poda _ ao(l—ay/4)e (C7)

A (@244 (1 — adjaen ]
The constant a is determined by the boundary condition (C4) as 7 = —ay(1 — ag /4), and then
Eq. (C7) is rewritten as
he?x
b= . C8
[2/4 + (1 — h?/4)e2x]3/2 (€8)
For weak nonlinearity, a is also given by

0 h2
a0=/ dxb%—h<1+—>, (C9)
o 4
and then « is expressed with / as
h(l + h?/4
_ (1 +h=/4) . (C10)
V2[4 + (1 — h2/4)ex
Therefore, we obtain the vector potential up to the first order in 6 as
~ —Hipe M| 1+ A (3 — e M) (C11)
8 \ H, '

We consider the same system in Section 2 and use Eq. (29) for the surface magnetic field.
Expressing the vector potential as

00 00

Anim:=(x) = ReANLMz(x)e_ﬁ[ cos wnLm! + ImANLMz(x)e_ﬁt sinonimt,  (C12)

and using Eq. (C11) replacing x with x + R, we obtain Anpm: as
3020
—x' /i 0 1- eiﬁlp 2 —2x'/x
Anim:(X) = —=Baimep(R)ALe /7t x [ 14 7P = |Bnimo(R)IP(3 — e Y,
a1

c l_e_2Q3P

(C13)

with X’ = x — R. We can obtain an equation for the frequency shift at low tempera-
tures from the boundary conditions and its derivative at the vacuum-superconductor inter-
face. The NLM signal vector potential on the vacuum side is the TMy mode given by
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Anpm:(x) = AgJo(wnimx/c). Then, the ratio of the two boundary conditions reduces to

3,0 -1

_e
_dAnim:(x)/dX|x=r _ oxum Ji(onimR/e) 1 0 1—¢ 2057 B (R)2
Anm:(x=R) ¢ Jo(onumR/e) AL 16H? 1 e—%tp N

(C14)

We can obtain the frequency shift relative to »3° due to the NLM effect by solving Eq. (C14)
with Eq. (40b) directly.
We calculate the surface reactance using Eq. (C14). The corresponding EM fields are given

by Exnpm:(X) = (ionim/ ) AoJo(onimx/c) and Bnime(X) = (onem/c)AoJi(wnimx/c) (see also
Appendix A). Using these NLM EM fields and Eqgs. (31) and (C14), we obtain the surface
reactance at low temperatures as

_5,
WNLM 0 1—e 2257 )
A 1 B R . Cl15
x| 1+ T T | BNLMy (R)] (C15)

| — e "

leILM =2

Noting that the frequency shift in the Caucy—Lorentz distribution cannot be neglected even if
SonLm <K @$°, we can replace wnpy in the prefactor with w$° and then reproduce Eq. (32).
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