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Abstract Analysis of the ordinary mode (O‐mode) instability is performed to comprehend the nonthermal
continuum (NTC) radiation near the plasmapause, taking into account the relativistic wave‐electron resonance
effect. The energy source is the anisotropy in the velocity of the minority suprathermal electron population.
Numerical solutions demonstrate that the O‐mode can be unstable with multiple narrow frequency bands located
close to harmonics of the electron cyclotron frequency above the local electron plasma frequency. These waves
have narrow beaming angle bands of nearly 90° relative to the ambient magnetic field. Our findings indicate that
NTC radiation generated by this wave‐electron resonance instability near the plasmapause can propagate nearer
to the magnetic equator with multiple harmonics, which is in agreement with a recent statistical study using Van
Allen Probes.

1. Introduction
Non‐thermal continuum (NTC) radiation, which is associated with strong density gradients, non‐thermal elec-
trons, and upper hybrid waves, has often been detected at Earth and magnetized planets (Boardsen et al., 2008,
2023; Décréau et al., 2004, 2015; Green & Boardsen, 1999; Grimald et al., 2007; Gurnett, 1975; Gurnett
et al., 1988; Hashimoto et al., 1999, 2005; Kasaba et al., 1998; Kurth & Gurnett, 1991; Kurth et al., 2016; Louis
et al., 2021; Morgan & Gurnett, 1991; S. Y. Wu et al., 2022; Ye et al., 2009, 2010). At Earth, NTC radiation is
generated over a broadband frequency range from a few hundred to several hundred kHz. Because NTC radiation
can freely escape from the Earth's magnetosphere at frequencies above the magnetopause electron plasma fre-
quency, this emission has been referred to as escaping continuum radiation (Kurth et al., 1981). Continuum
radiation in the 100–800 kHz frequency range is identified as kilometric continuum (KC) radiation (Hashimoto
et al., 1999).

Escaping NTC radiation is generated near the plasmapause, a region with a strong density gradient (Gur-
nett, 1975; Kurth et al., 1981) and KC radiation is also observed to be associated with density depletions or notch
structures in the plasmasphere as well as near the plasmapause (Green et al., 2002, 2004; Hashimoto et al., 1999).
The NTC and KC emission is radiated obliquely with the beaming angle (Θ) 40◦ ≤Θ< 90◦(Morgan & Gur-
nett, 1991). However, these radiations are occasionally detected near the magnetic equator with Θ ≈ 90°
(Boardsen et al., 2008, 2023; Hashimoto et al., 2005). The radiation patterns of both KC and escaping NTC
radiation have large longitudinal extents and often exhibit harmonics in their frequency spectra (Décréau
et al., 2015; Grimald & Santolík, 2010; Morgan & Gurnett, 1991).

For many years, the origin of this radiation has been studied, yet its primary source remains unknown. It could be
produced either directly by local plasma instabilities or indirectly through a process such as linear or nonlinear
mode conversion. Linear mode conversion (LMC) theory is widely accepted as the generation mechanism for
NTC and KC radiation. In this theory, when the plasma density gradient is nearly perpendicular to the magnetic
field (B0), upper‐hybrid (UH) electrostatic (ES) waves convert to Z‐mode radiation which converts to ordinary‐
mode (O‐mode) free space electromagnetic (EM) waves at a frequency close to the electron plasma frequency
(ω ≈ ωpe) (Budden & Jones, 1987; Jones, 1980; Kalaee & Katoh, 2020; Kim et al., 2007, 2008, 2013; Oya, 1971;
Schleyer et al., 2013, 2014). This process results in two symmetric free space beams in magnetic latitude
propagating in the lower‐density region in both the northern and southern hemispheres (Gurnett et al., 1988;
Jones, 1980; Jones et al., 1987). Although not pertinent to this study, we note that the LMC theory beaming angle
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can be modified when the angle between the density gradient and B0 is not perpendicular (Budden, 1980; Kalaee
& Katoh, 2016a, 2016b; Kalaee et al., 2014).

A recent statistical analysis of the NTC beaming angles using the Van Allen Probes computed over the entire
mission (Boardsen et al., 2023) has provided strong evidence in favor of LMC theory in the lower frequency range
(17− 100 kHz). In this frequency range, mission‐duration scatter plots of beaming angle versus magnetic latitude
form an inverted V pattern with the apex at the magnetic equator. Such a pattern is predicted by LMC theory for
large statistical studies covering multiple years and orbits due to the variation of the plasmapause location.
However, for higher frequencies (100− 400 kHz) this pattern was weakly observed, with the bulk of the beaming
angles strongly concentrated near 90° to the magnetic field. KC studies by Hashimoto et al. (2005) and Boardsen
et al. (2008) also concluded that the beaming angle was directed much closer to the equatorial plane than that
predicted by LMCT.

Nonlinear theories have proposed a three‐wave interaction to generate energy in the free space wave mode (Fung
& Papadopoulos, 1987; Melrose, 1981; Rönnmark, 1983). Fung and Papadopoulos (1987) showed that two UH‐
branch ES waves can create daughter EMwaves, which can propagate quasi‐perpendicular to B0, which is similar
to the KC radiation detected near the magnetic equator (Boardsen et al., 2008, 2023; Hashimoto et al., 2005).

The direct generation of O‐mode due to suprathermal electrons can also potentially explain the multiple har-
monics of the NTC (Cheng, 1975; Farrell, 2001; Freund & Wu, 1976; Gaffey et al., 1972, 1973; Shi et al., 1986;
C. S. Wu & Lee, 1979). Cheng (1975) investigated the O‐mode instability with a finite real frequency (ωr) near
the electron cyclotron harmonics for waves propagating perpendicular to B0. He demonstrated that the non‐
resonant O‐mode could be unstable under conditions of high β‖ and growth rates (γ) comparable to the cyclo-
tron frequency (ωce) when suprathermal electrons with ring distributions in the perpendicular velocity and a
counter streaming Maxwellian distribution in the parallel velocity were adopted.

The effects of relativity on the wave‐particle resonance were also studied (Freund & Wu, 1976; C. S. Wu &
Lee, 1979). Freund and Wu (1976) found that the O‐mode can become weakly unstable (γ ≪ωce) at low β‖ and
T‖ <T⊥, where T‖(⊥) is the electron temperature parallel (perpendicular) to B0. C. S. Wu and Lee (1979) used a
perturbative approach (γ ≪ωr) for a suprathermal electron loss cone distribution to show that the quasi‐
perpendicular propagating O‐mode can be unstable due to the relativistic wave‐particle resonance. Later, Far-
rell (2001) proposed that O‐mode emission can be generated by mildly energetic electron beams (1 − 10 keV) in a
highly dense (ω ∼ ωpe ≫ωce) warm plasma. He demonstrated that the resonant O‐mode instability mechanism
can generate narrow‐banded EM electron cyclotron harmonic emissions at the magnetopause. Recent numerical
simulations also demonstrated that electrostatic emission caused by ring instability can generate O‐mode waves
that can be emitted at an oblique angle (Horký & Omura, 2019; Horký et al., 2018).

Previous research on the direct generation mechanism demonstrated O‐mode generation and applied theories for
terrestrial continuum radiations, but no examination of NTC generation near the plasmapause has been conducted.
This paper investigates the generation of NTC and KC near the plasmapause by providing numerical solutions of
the O‐mode instability with finite wavenumber parallel to B0 when the relativistic wave‐particle resonance with
suprathermal electrons at the plasmapause is considered. Spacecraft observations have revealed that the electron
velocity distribution consists of a core thermal component and a suprathermal component during intense upper
hybrid wave activities near the magnetic equator. The detected suprathermal electron distribution shows weak
ring distributions with a positive slope in velocity perpendicular to B0 (Figure 2 of Sentman et al. (1979) and
Figure 3 of Kurth et al. (1979)) and the same with the addition of counterstreaming parallel beam features with
positive slope (Figure 2 of Kurth et al. (1980)). Thus, we consider mildly energized electrons with perpendicular
ring and parallel counter streamingMaxwellian velocity distributions (Cheng, 1975). Numerical surveys of the O‐
mode instability are also presented, showing how each physical parameter affects the O‐mode generation.

This paper is organized as follows. Section 2 presents the relativistic O‐mode wave dispersion relation, which is
solved using ring‐ and counter streaming velocity distributions. The cutoff conditions of unstable O‐mode
generation for each cyclotron harmonic number are then calculated. Section 3 numerically solves the real
wave frequency and the growth rate and examines the effect of each physical parameter on the wave growth rate.
The last section discusses the wave generation at the plasmapause using typical plasmapause parameters and
includes a summary.
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2. Relativistic O‐Mode Wave Dispersion With Suprathermal Electrons
By including the relativistic effect only in the resonance denominator, the O‐mode dispersion equation is given by
(Freund & Wu, 1976; C. S. Wu & Lee, 1979)

ω2 − k2⊥c
2 = 2π∑

s
ω2

ps∫

∞

− ∞
dv‖∫

∞

0
dv⊥[v2‖

∂fs0
∂v⊥

− v⊥v‖
∂fs0
∂v‖

]

+ 2π∑
s
ω2

ps∫

∞

− ∞
dv‖∫

∞

0
dv⊥[(ω − k‖v‖)

∂fs0
∂v⊥

+ k‖v⊥
∂fs0
∂v‖

]

× ∑
∞

n=− ∞

v2‖ J
2
n

k‖v‖ + nωcs(1 − v2/c2)1/2 − ω
,

(1)

whereω ≡ ωr + iγ,ωr is a real frequency, γ is a growth rate, k‖(⊥) and v‖(⊥) are the components of the wave vector
and electron velocity parallel (perpendicular) to B0, v is the particle velocity, f0s ( v‖,v⊥) is the particle distribution
function of particle species s, ωps and ωcs are the plasma and cyclotron frequencies for particle species s, n is a
cyclotron harmonic number, and Jn is the order n Bessel function of the first kind with an argument of k⊥v⊥/ωcs,
respectively. Here, the relativistic resonance condition for particle species s is derived as

ω − k‖v‖ = nωcs
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − v2/c2

√
. (2)

To include the effects of suprathermal electron effects on the O‐mode dispersion equation, the plasma is assumed
to consist of core cold electrons and minor suprathermal electrons. Then, the electron density (ne) is the sum of
the core cold electron densities (nc) and suprathermal (nh) electron densities, ne = nc + nh. The suprathermal
electron velocity distribution function ( feh) is chosen to be feh = fe‖ fe⊥, where fe‖(⊥) is the parallel (perpendicular)
velocity distribution. We assume that the parallel velocity distribution fe‖ is a counter streaming Maxwellian
distribution with parallel drift velocities ±u and the perpendicular velocity distribution fe⊥ is a delta function ring
distribution, respectively:

fe‖ ( v‖) = (2
̅̅̅
π

√
ve‖)

− 1
[exp(−

(v‖ − u)2

v2e‖
) + exp(−

( v‖ + u)2

v2e‖
)], (3)

fe⊥ (v⊥) = (2πv⊥0)
− 1δ(v⊥ − v⊥0), (4)

where ve‖ is the parallel thermal speed of the suprathermal electrons and v⊥0 is the perpendicular ring speed of the
suprathermal electrons, respectively. Here, fe⊥ is similar to the previous calculations (Cheng, 1975; Freund &
Wu, 1976).

Then, the O‐mode dispersion equation becomes,

ω2 = ω2
pe + k2⊥c

2

− ω2
ph (1 + ζ20 [2 + (ζ0 − te) Z(ζ0 − te) + (ζ0 + te)Z(ζ0 + te)]) J20

+ ω2
ph
v2e‖/2 + u2

v⊥0

∂J20
∂v⊥0

− ω2
ph ∑

∞

n=1

2k2‖c2

k2‖c2 + n2ω2
ce
[

An J2n
ζn+ − ζn−

−
v2e‖
v⊥0

∂
∂v⊥0

(
Bn J2n

ζn+ − ζn−
)],

(5)

where ωpe( ph) is the electron (suprathermal) plasma frequency, Z is the plasma dispersion function, and the
argument of the J‐Bessel functions is k⊥v⊥0/ωce. The coefficients An and Bn in the summation over n are given by
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An = (ζn+ − ζn− )

+ (ζn+ − ζ0)ζ2n+ [2 + (ζn+ − te)Z(ζn+ − te) + (ζn+ + te)Z(ζn+ + te)]

− (ζn− − ζ0)ζ2n− [2 + (ζn− − te)Z(ζn− − te) + (ζn− + te)Z(ζn− + te)],

(6)

2Bn = (ζn+ − ζn− ) (1 + 2t2e)

+ (ζn+ − ζ0)
2ζn+ [2 + ζn+Z(ζn+ − te) + ζn+Z(ζn+ + te)]

− (ζn− − ζ0)
2ζn− [2 + ζn− Z(ζn− − te) + ζn− Z(ζn− + te)],

(7)

where ζ0 ≡ ω/ k‖ve‖, te ≡ u/ ve‖, and ζn± ≡ vn±/ ve‖, respectively. Here, vn± is the suprathermal electron resonant
parallel velocity for each integer n and can be determined when the suprathermal electron resonance condition is
satisfied,

(ω − k‖vn±)
2
+ n2ω2

ce v
2
n±/c

2 − n2ω2
ce (1 − v2⊥0/c

2) = 0. (8)

From perturbative theory, the real frequency is much higher than the growth rate (|ωr|≫ |γ|) ; thus vn± can be
written as a function of ωr as

vn±
c
=

ωrk‖c ± nωce

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(k2‖c2 + n2ω2
ce) (1 − v2⊥0/c2) − ω2

r

√

k2‖c2 + n2ω2
ce

. (9)

Here, vn± can have a real solution only for (k2‖c2 + n2ω2
ce) (1 − v2⊥0/ c2)≥ω2

r ; thus, we define a cutoff frequency

(ωcut,n) for each harmonic number n as

ω2
cut,n ≡ (k2‖c

2 + n2ω2
ce) (1 − v2⊥0/c

2). (10)

Since the O‐mode real frequency is approximately given by the cold plasma dispersion relation,
ω2

cut,n ≈ ω2
pe + k2c2, where k is the wavenumber, the cutoff wave number perpendicular to B0 satisfying

ω = ωcut,n is

kcut,n =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω2

cut,n − ω2
pe

√

c
. (11)

Therefore, the wave‐particle resonance occurs only when ω2
r <ω2

cut,n and k⊥ < kcut,n, where k⊥ is the real wave-
number perpendicular to B0. In addition, in dense plasma (ω2

pe ≫ω2
ce) , such as near the plasmapause, when waves

propagate strongly obliquely to B0 (i.e., k2‖ ≪ k2⊥), a higher harmonic cyclotron number (n) is required for the
appearance of particle resonance.

3. Resonant O‐Mode Instabilities at the Plasmapause
We normalize the wave frequencies, velocities, and wavenumbers to ωce, the speed of light c, and k0 ≡ ωce/c,
respectively. Then the normalized complex wave frequency (Ω ≡ ω/ωce) can be described as a function of the
normalized wavenumbers K⊥(‖) ≡ k⊥(‖)/ k0, total and hot electron plasma frequencies Ωpe( ph) ≡ ωpe( ph)/ωce,
normalized electron ring speed V⊥0 ≡ v⊥0/c, parallel thermal speed Ve‖ ≡ ve‖/c, and parallel drift speedU ≡ u/c,
respectively:

Ω = Ω(K‖, K⊥, Ωpe, Ωh, V⊥0, Ve‖, U). (12)
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We perform a numerical study to evaluate the influence of Ωpe,Nh ≡ nh/ne, V⊥0, Ve‖, andU on wave growth rates.
We use an empirical plasmasphere model (Gallagher et al., 1988, 2000) near the plasmapause and select physical
parameters near L = 2.5 at the magnetic equator, which has been used in the previous NTC observations
(Boardsen et al., 2023), of Ωpe = 2 − 4 and Nh = 0.05 − 0.2 for Kp = 6. Mildly energized electrons with
V⊥0 = 0.1 − 0.4 (equivalent to 10–40 keV electron energy), Ve‖ = 0.05 − 0.2, and U = 0 − 0.2, are also
considered.

We first demonstrate that the O‐mode can be unstable because of the relativistic wave‐particle resonance effect.
Figures 1a and 1b show the normalized real frequency Ωr ≡ ωr/ωce and the corresponding wave growth rate
Γ ≡ γ/ωce as a function of K⊥ for a fixed K‖ = 0.4. Other parameters are Ωpe = 3.5, Nh = 0.2, V⊥0 = 0.4,
Ve‖ = 0.2 and U = 0, respectively. The horizontal and vertical gray lines in the figure are Ωcut,n and Kcut,n from
Equations 10 and 11 for various harmonic numbers of cyclotrons 4≤ n≤ 9, respectively.

Figure 1a shows that Ωr increases with increasing K⊥, and is almost identical to the frequency of the O‐mode in
the cold plasma approximation. In this figure, the thick red lines represent frequencies that are unstable. In
Figure 1b, unstable O‐modes have a weak growth rate in the narrow Ωr and K⊥ bands when both the conditions
Ω2

r ≤Ω2
cut,n and K2

⊥ ≤K2
cut,n for the same n cyclotron harmonic are satisfied. As anticipated in Section 2, higher

harmonic cyclotron numbers are required for particle resonance in this dense plasma, and a strong Γ is seen for
n = 5, 6, and 7, respectively. The corresponding harmonics in Ωr are close to nωce. Maximum growth (Γmax) is
observed for n = 5 at Ω ∼ Ωcut,n ∼ 4.59 and K ∼ Kcut,n ∼ 2.97, close to, but not exactly, the same as the cutoff
conditions. Here, the generated wave frequency is much higher than the frequency ΩLMC ∼ Ωpe = 3.5 from the
LMC theory.

Using Equation 8 we can calculate the resonant velocity Vn± for each harmonic number n, as shown in Figure 1c.
Black and magenta represent the ± signs, respectively. As Vn± is a function of (Ωcut,r − Ωr), it increases when Ωr

(and the corresponding K⊥) decreases. When Γmax occurs at Ωr ∼ Ωcut,r, the resonant velocity can be approxi-
mated as

Vn± ∼ ΩrK‖/(K2
‖ + n2). (13)

Γmax is achieved for n = 5 and Vn± = 0.073 under the given conditions.

The angle of wave propagation (θ = tan − 1 (K⊥/K‖)) with respect to B0 increases as K⊥ increases, as shown in
Figure 1d. The values of θ with the highest growth rate are approximately 82.4° and 84.5° for n = 5 and 6,
respectively, which is higher than the beaming angle of the LMC theory, θB = tan − 1

̅̅̅̅̅̅̅̅
Ωpe

√
≈ 61°. Thus, the O

mode radiation directly generated via an energetic electron can propagate very close to perpendicular to B0.

We now investigate the influence of K‖ on the resonance and growth rate. Figures 1e–1h show Ωr and Γ as a
function of K‖ for fixed K⊥ = 2.9 and n = 5. The other parameters (Ωpe, Nh, V⊥0, Ve‖, and U) remain the same as
in Figures 1a–1d. Ωr is nearly constant, slightly increasing from 4.548 to 4.549. Γ is positive only in the range of
0<K‖ < 1 and reaches its maximum value of Γ≃ 8 × 10− 6 at Ωr ≃ 4.548 and K‖ ≃ 0.38. Resonant parallel ve-
locities Vn± and wave propagation angle θ increase with K‖, and when Γ → Γmax, Vn± ≃ 0.2 and − 0.0627,
and θ ∼ 83°.

3.1. Plasma Density and Magnetic Field Effects

We investigate the influence of plasma density and magnetic field strength on the frequency of the O‐mode and
the growth rate. Figure 2a displays Ωr in relation to K⊥ for Ωpe = 2, 3, and 4, respectively, with the other fixed
parameters (K‖, Nh, V⊥0, Ve‖, and U) being the same as in Figures 1a–1d. Ωr is almost the same as the frequency
solutions obtained from the cold plasma wave dispersion, and it increases as Ωpe increases.

We then plot Γ as a function of Ωr in Figures 2b–2d for Ωpe = 2, 3, and 4, respectively. Since Ωr is proportional to
K⊥ as shown in Figure 2a, the x axis in Figure 2b is also aboutK⊥. In this figure, we first find that positive Γ occurs
at higher Ωr and n when Ωpe increases. For example, Γ> 0 for 3< n< 5 and Ωpe = 2 and for 5< n< 8 and
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Ωpe = 4. The maximum growth rate Γmax decreases as Ωpe increases and shifts to higher Ωr, K⊥, and n; thus, Γmax

are 0.001, 9.5 × 10− 5, and 3.9 × 10− 6 for (Ωpe, Ωr, Kr, n) ∼ (2, 2.77, 1.92, 3), (3, 3.68, 2.13, 4), and
(4,5.51,3.7,6), respectively. Near Γ ∼ Γmax, θ is∼78°, 79°, and 83°, which is larger than the LMC beaming angles
θB = 55°, 60°, and 63°, respectively, for Ωpe = 2, 3, and 4. Vn± near Γmax from Equation 13 is about 0.12, 0.09,
and 0.06, which decreases as n increases.

The maximum growth rate Γmax diminishes with increasing Ωpe mainly because the resonant cyclotron harmonic

number n increases, which can be seen from the asymptotic behavior of Jn(x) ∼ (x/2)n/n! for 0< x≪
̅̅̅̅̅̅̅̅̅̅̅
n + 1

√
.

For similar k⊥v⊥0/ωce values, J2n (k⊥v⊥0/ωce) decreases with increasing n.

Figure 1. The calculated normalized real frequency Ωr ≡ ωr/ωce, growth rate Γ ≡ γ/ωce, normalized resonant wave velocity
Vn± and wave normal angle θ = tan − 1 (K⊥/K‖) as a function of (a–d) K⊥ = k⊥/ k0 with K‖ ≡ k‖/c = 0.4 and (e–h)
K‖ = k⊥/ k0 forK⊥ = 2.9. The physical parameters used are Ωpe = 3.5,Nh ≡ nh/ne = 0.2, V⊥0 ≡ v⊥0/c = 0.4, Ve ≡ ve/c = 0.2,
and U ≡ u/c = 0, respectively. In the left column, the horizontal gray lines in (a) and the vertical gray lines in (a)–(d) represent
the cutoff frequency Ωcut,n and the wavenumber Kcut,n ≡ kcut,nc/ωce for different cyclotron harmonic numbers n. The thick red
lines in (a) and (d) indicate the regions where the waves are unstable, and the black and magenta lines in (c) and (e) are Vn+ and
Vn− , respectively. The vertical lines in the right column show the point at which the growth rate is maximized.

Journal of Geophysical Research: Space Physics 10.1029/2024JA032626

CHENG ET AL. 6 of 11

 21699402, 2024, 10, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2024JA

032626, W
iley O

nline L
ibrary on [10/10/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



3.2. Suprathermal Electron Density Effects

We investigate how the suprathermal electron density affects the O‐mode
generation. We take three cases with Nh values of 0.05, 0.1, and 0.2, and
assume that the total electron density (ne) is the same in each case. Therefore,
the Ωr shown in Figure 3a is not influenced by the suprathermal density ratio
and follows the wave dispersion relation in the cold plasma approximation.

At almost identical locations of (Ωr, K⊥) , the waves become unstable in each
case of varying Nh, as shown in Figure 3b. For a fixed K‖ and V⊥0, Ωcut,r is
only a function of n; thus, Ωcut,n is also independent of Nh. However, Γ is
proportional to the suprathermal electron density, so Γ for Nh = 0.1 (and 0.2)
is twice (and four times) higher than the one for Nh = 0.05, as seen in
Figure 3b. Since Γ≪Ωr, the perturbative approach of previous studies
(Farrell, 2001; Freund & Wu, 1976) should give reasonably accurate results.
The results in Figure 3 support the perturbative approach and the numerical
results suggest that the growth rates can be scaled to other Nh values as long
as Nh ≪ 1.

3.3. Suprathermal Electron Velocity Distribution Effects

We explore the influence of suprathermal electron velocities on the real
frequency Ωr, growth rate Γ, and resonant velocity Vn±, as shown in Figure 4.
The first, second, and third columns of the figure show the effects of the
suprathermal ring speed (V⊥0) , parallel thermal speed (Ve‖), and the drift
speed (U), respectively.

Figure 4 plots (a) Ωr versus K⊥, (b)–(d) Γ versus K⊥, and (e) Vn± versus K⊥,
respectively, for V⊥0 = 0.1, 0.2, and 0.4 (equivalent to 10, 20, and 40 keV
electron energy). The figure shows that the real frequency is not significantly
affected by V⊥0, but Γ changes drastically with V⊥0: Γmax increases by a factor
of 3 × 103 when V⊥0 increases from 0.1 to 0.4. In Figures 4b–4d, the vertical
lines indicate Ωcut,n: Ωcut,n is inversely proportional to V⊥0 for a fixed K‖ and
n as shown in Equation 10, thus the calculated Ωcut,n decreases as V⊥0 in-
creases. Γmax shifts to higher n, occurring at n = 4 for V⊥0 = 0.1, n = 4 for
V⊥0 = 0.2, and n = 5 for V⊥0 = 0.4, respectively. Since Ωcut,n decreases but Γ
occurs at higher n numbers as V⊥0 increases, Γmax does not vary mono-
tonically with Ωr and n, appearing at Ωcut,r = 3.99, 3.93, and 4.59, for
V⊥0 = 0.1, 0.2, and 0.4, respectively. In these cases, the resonant parallel
speeds can be calculated in Figure 4e for Γmax, showing that they have similar
values. Therefore, these results suggest that the main source of free energy is
due to the suprathermal electron ring speed V⊥0 rather than the parallel
resonance, and the increase of the maximum growth rate is mainly caused by
the increase of J2n (k⊥v⊥0/ωce) .

We now investigate the effect of the suprathermal electron parallel thermal speed (Ve‖) . Figures 4e–4h show the
variation of Ωr with K⊥ and of Γ with Ωr for Ve‖ = 0.05, 0.1, and 0.2. As in Figure 4a, Ωr is independent of Ve‖

and is similar for these three cases. However, the maximum growth rates for these three cases are slightly different
with Γmax ≃ 6.5 × 10− 6, 2.7 × 10− 5, 2 × 10− 5 for Ve‖ = 0.05, 0.1, and 0.2 in Figures 4b–4d. Ωcut,n is independent
of Ve‖, so Ωcut,n is also the same for each case, and the maximum Γmax occurs at almost the same location in
(Ωr, K⊥) . Additionally, Vn± = Vn± (Ωr, K‖, n, Ωcut,n) from Equation 9, so Vn± is also almost the same for the
given K‖ and n at Ω ∼ Ωcut,n. Due to the plasma dispersion function Z(ζn±) = i

̅̅̅
π

√
exp (− ζ2n±) − 2ζn± for ζn± ≪ 1,

Im(Z(ζn±)) is inversely proportional to ζn±. For Ωr ∼ Ωcut,n, ζn± ∼ Ωcut,rK‖/ (Ve‖(K2
‖ + n2)) from Equation 13,

thus ζn± is also inversely proportional to Ve‖ for a constant Ωcut,n, K‖ and n. Therefore, the difference in growth

Figure 2. Plasma density effects on wave growth: (a) Ωr versus K⊥ and (b)–
(d) Γ versus Ωr when K‖ = 0.4 for Ωpe = 2, 3, and 4, respectively. The other
fixed parameters are the same as in Figures 1a–1d, Nh = 0.2, V⊥0 = 0.4,
Ve‖ = 0.2, U = 0, respectively. The vertical gray lines are Ωcut,n for different
cyclotron harmonic numbers n.
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rate is mainly due to the change in the thermal spread in the suprathermal
electron parallel velocity distribution, with larger Ve‖ leading to increased
growth.

Finally, the effect of suprathermal electron parallel drift speed (U) is
considered. In this case, Ωr is almost independent ofU, as shown in Figure 4j,
and almost the same as in Figures 4a and 4f. As U increases, the maximum
growth rate decreases slightly, with Γmax approximately 2 × 10− 5,
1.25 × 10− 5, and 0.5 × 10− 5 for U = 0, 0.1, and 0.2, respectively. When U
becomes faster, Γ can be significant in a wider range of Ωr, and the value of
Ωr with maximum Γ shifts to lower frequency: Γmax occurs at
Ω ∼ Ωcut,r = 4.59 for U = 0 and 0.1 but occurs at Ω ∼ 4.54 for U = 0.2. For
Γ ∼ Γmax, Vn± is ∼0.073 for U = 0 and Ue = 0.1 and increases to 0.21 for
U = 0.2. Consequently, the difference in the growth rate is mainly due to the
change in the parallel drift speed.

4. Summary and Discussion
From our studies of the O‐mode instability for different core plasma and
suprathermal electron parameters, we found that the O‐mode can be
destabilized via the semi‐relativistic wave‐particle resonance by supra-
thermal electron velocity space free energy sources in low β plasma
conditions. In this paper, we perform numerical calculations of the O‐
mode instability for a ring beam velocity distribution of suprathermal
electrons. For the suprathermal electron ring velocity distribution at v⊥0,
to satisfy the semi‐relativistic wave‐particle resonance condition
for a given cyclotron harmonic n, the wave frequency and the perpen-
dicular wave vector must satisfy ω2

r ≤ω2
cut,n and k2⊥ ≤ k2cut,n, where

ω2
cut,n = (k2‖c2 + n2ω2

ce) (1 − v2⊥0/ c2) and k2cut,nc2 = ω2
cut,n − ω2

pe.

We found that resonant O‐modes are unstable over multiple narrow frequency and wavevector ranges. Typically,
the growth rate rapidly increases as cyclotron harmonic number n increases and gradually decreases after it
reaches the maximum value. For a fixed k‖, the wave frequency increases with k⊥. Because k⊥ > k‖, this implies
that the O‐mode propagation angle is close to 90° with respect to the ambient magnetic field. The most important
parameters that determine the magnitude of the growth rate are the density of the core plasma frequency to the
electron cyclotron frequency, ωpe/ωce, the suprathermal electron ring speed v⊥0/c, and the density nh/ne. The
growth rate is weak for these resonant O‐mode instabilities with γ/ωr in the range of 10− 9 − 10− 5 for
nh/ ne ≃ 0.05 − 0.2, ωpe/ωce ≃ 2 − 4, v⊥0/c≃ 0.1 − 0.4, ve‖/c≃ 0.05 − 0.2, and u/c≃ 0 − 0.2.

This study focuses on analyzing the O‐mode instability without considering the competing instability of the
electrostatic mode. However, in cases where the growth rate of the electrostatic modes is significantly higher than
that of O‐mode waves, the electrostatic waves quickly change the velocity distribution within the wave source at a
rate that exceeds the growth rate of the O‐mode waves. Consequently, this effect should be the subject of future
investigation.

Plasmapause parameters typically have ωpe/ωce in the range of 1 − 5, nh/ne ≃ 0.001 − 0.1, and v⊥0/c ≈ 0.2 for
electron energy at 20 keV. Therefore, the numerical results in Section 3 are relevant to the plasmapause situation.
The numerical solutions indicate that multiple harmonic structures of the NTC (Décréau et al., 2015; Grimald &
Santolík, 2010; Morgan &Gurnett, 1991) with harmonic spacings ≃ωce can be supported by the resonant O‐mode
excited in the plasmapause region. Moreover, the Omodes exhibit a beaming angle close to 90°with respect to the
magnetic field in the plasmapause region, which is much higher than that predicted by the LMC theory. The
electron gyrofrequency at the plasmapause near L = 2.5 can be approximated by fce = ωce/2π ∼ 56 kHz using the
dipole model. In this case, the corresponding wave frequency ranges from 112 to 336 kHz for a normalized
frequency Ωr between 2 and 6. The results of this study show good agreement with previous observational
findings that the detected wave beaming angle is much higher than the theoretical values of the LMC theory

Figure 3. Suprathermal electron density effects on wave growth. (a) Ωr and
(b) Γ for Nh = 0.05 (blue), 0.1 (red), and 0.2 (green), respectively. Other
parameters are the same as in Figure 1. The growth rates in (b) for each curve
are scaled by factors of 1, 2, and 4, for Nh = 0.05, 0.1, and 0.2, respectively.
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(Boardsen et al., 2008, 2023; Hashimoto et al., 2005). Specifically, the findings strongly support the recent
statistical study that the NTC radiation beam angle for the higher frequency range (100–400 kHz) is close to 90°
(Boardsen et al., 2023). The results are also similar to the previous direct generation mechanism (Farrell, 2001),
which used bi‐Maxwellian distributions of electrons to produce instability.

The lower frequency NTC with frequencies between 51 and 100 kHz, Boardsen et al. (2023) obviously supports
the LMC theory; however, these NTCs are also detected near the magnetic equator with a wave beaming angle of
approximately 90°. Assuming the same suprathermal electron conditions, the maximum growth rate is expected to
occur near Ωr ∼ 4.5. This suggests that lower‐frequency NTC radiations with frequencies between 50 and
100 kHz can be generated at an outer L‐shell, and it can be estimated that it occurs near the magnetic equator at
3< L< 4. However, for more precise results, further calculations should be performed.

Figure 4. (a)–(e) Suprathermal electron ring speed effect for (a)–(d) V⊥ = 0.1, 0.2, and 0.4, (f)–(i) suprathermal electron
parallel thermal speed effect for Ve‖ = 0.05, 0.1, and 0.2, and (j)–(k) suprathermal electron parallel drift speed effect for
U = 0, 0.1, and 0.2, respectively. The first row is Ωr versus K⊥, the second to fourth rows are Γ versus K⊥, and the fifth row is
Vn± versus K⊥, respectively. The other fixed parameters are the same as Figures 1a–1d.
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Data Availability Statement
The data on which this article is based are available in Cheng et al. (2023). The Zip file includes eight directories
(Figxx) in the directory. Each directory number xx represents the figure numbers and includes Matlab data or
binary text files and Matlab source files that can reproduce the figures.
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