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Short Communication: Symmetry-correct bonding in
density functional theory calculations for delta phase Pu

Sven P. Rudin
Los Alamos National Laboratory, NM 87545, USA

Abstract

The long-held conclusion that magnetic order in delta phase Pu makes the
structure mechanically unstable in density functional theory calculations is
incorrect if the magnetic order is allowed to be non-collinear. The non-
collinear 3Q) spin structure is intrinsically cubic and makes all structurally
equivalent bonds equivalent in their bonding character. Applied to density
functional theory calculations on delta phase Pu, the 3Q spin structure results
in elastic constants and phonons with the correct symmetry. The calculated
phonon dispersion agrees better with experiment than previous calculations,
and the calculated thermal expansion shows the unique behavior seen exper-

imentally: it is negative.

Advances toward a better understanding of plutonium continue after
many decades of research. The driver for the advances is two-fold: the na-
ture of the 5f electrons, and the effects due to the material’s self-irradiation.
The challenging nature of the 5f electrons stems from Pu demarcating the
boundary between the early actinides with itinerant 5f electrons and the

late actinides with localized 5f electrons [1]. Self-irradiation continuously

Email address: srudin@lanl.gov (Sven P. Rudin)



introduces lattice imperfections that affect the phase stabilities of Pu-based
materials [2], including the face-centered cubic (fcc) crystal structure of the
d-Pu phase, whose temperature range of stability, 315-450 °C [3], can be ex-
panded to include room temperature by doping with Ga and other elements
[4]. The lattice imperfections, be they from doping or from self-irradiation,
change the thermal properties; these effects need to be understood if they
are to be controlled. For this to be successful, the first challenge must be
further addressed.

Even the high-symmetry delta phase of Pu remains incompletely under-
stood. In particular, aspects of d-Pu related to magnetism remain unlike
the behavior of conventional magnetic materials. Density functional theory
(DFT) calculations with spin polarization have advanced to where many of
the material’s remarkable and unusual facets are well described [5, 6, 7, 8, 9].
This approach has its critics since magnetic moments are not observed as in
conventional magnetic materials [10]. Recent experiments indicate a fluctuat-
ing spin structure [11], which underpins DFT calculations in which a special
quasi-random spin structure models the magnetic disorder and is interpreted
as a static snapshot of the fluctuations [8].

The introduction of disordered spin structures also serves to overcome the
mechanical instabilities caused by ordered spin structures [8, 9, 12, 13]. In
particular, the AFM spin structure is the lowest-energy spin structure and
is frequently used in calculations. To date it has been assumed that any
magnetic order in J-Pu is mechanically unstable [8, 9].

The work here shows that this assumption is incorrect if the spin structure

is allowed to be non-collinear. The non-collinear 3Q spin structure identified



in 7 Fe-Mn alloys by Umebayaski and Ishikawa [14] is intrinsically cubic.
With it, all equivalent bonds in the fcc structure become equivalent in their
bonding character, and the delta phase of Pu is mechanically stable. The
3Q spin structure generalizes the antiferromagnetic (AFM) spin structure;
comparisons of results from the two spin structures are made below. Com-
parisons with experiment show improved results for the 3Q) spin structure,
but these comparisons are an imperfect gauge: experimentally, J-Pu is a
high-temperature phase and not stable at low temperatures.

Results presented here stem from calculations performed with DFT as im-
plemented in the VASP package [15, 16]. The electronic states are treated
with the projector augmented wave method [17], in the generalized gradi-
ent approximation of Perdew, Burke, and Ernzerhof [18], with first-order
Methfessel-Paxton smearing (width 0.2 eV) [19], and a cutoff energy for the
plane wave basis set of 500 eV. The k-point mesh density is well converged;
specifically, the elastic constant calculations on the four-atom conventional
unit cell use a 12 x 12 x 12 mesh, and the phonon calculations on the 64-atom
supercell (4 x 4 x 4 primitive unit cells) use a 6 x 6 x 6 mesh. Spin-orbit
coupling is included in all calculations. Orbital polarization is not included,
though it is key to getting the correct equilibrium volume [9].

Phonons are calculated with the small-displacement method [20, 21, 22].
One atom in the computational cells is displaced in all symmetry-inequivalent
Cartesian directions, and the forces calculated with DFT serve to construct
the force constants. These are used to construct the dynamical matrix for
wave vectors q, and diagonalization delivers the phonon frequencies at each

q. The elastic constants are calculated analogously: the computational cell



is strained along individual and pairs of Cartesian directions, and the stresses

calculated with DFT serve to construct the elastic constants.
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Figure 1: Conventional four-atom fcc unit cell with (a) AFM and (b) 3Q spin structures
and (c) the calculated energy plotted as a function of applied tetragonal strain at fixed
volume (24.97 A3). The calculations employ the four-atom conventional unit cell and use

a 16 x 16 x 16 k-point mesh.

The mechanical instability due to the AFM spin structure relates di-
rectly to structurally equivalent bonds differing in their bonding character
[9]. Fig. 1(a) shows the AFM spin structure, whose alignment along the
lattice parameter ag breaks the cubic symmetry. For the AFM spin struc-
ture, Fig. 1(c) shows the calculated energy at fixed volume is minimized by a
tetragonal strain of approximately ¢ = +0.01. This strain increases the lat-
tice parameters a; and ay by 1% and decreases az by almost 2%. Referring to
bonds between atoms with the same spin as “FM bonds” and bonds between

atoms with opposite spins as “AFM bonds,” the FM bonds lengthen, and the



AFM bonds shorten. These changes correlate with the pressures calculated
for the corresponding spin structure: the pressure for the FM spin structure
(all FM bonds) is positive, the pressure for the AFM spin structure (2/3
AFM bonds, 1/3 FM bonds) is negative.

Fig. 1(b) shows the non-collinear 3Q spin structure in which all struc-
turally equivalent bonds are equivalent in their bonding character. The 3Q
spin structure is the linear combination of the AFM spin structures oriented
along the z, y, and z Cartesian coordinates. Whereas the AFM spin struc-
ture flips the spin polarization between nearest-neighbor atoms along one
Cartesian direction, the 3Q) spin structure flips two Cartesian components of
the spin polarization between all nearest-neighbor atoms (leaving the third
Cartesian component unchanged). This move from AFM to 3Q retains the
2/3 AFM and 1/3 FM character of the bonding, but this 2 : 1 distribution
changes from global over all bonds to local within each bond. For the 3Q spin
structure, Fig. 1(c) shows the energy is minimized by zero tetragonal strain:
with the 3Q spin structure §-Pu is mechanically stable in DFT calculations.

The DFT calculations in Fig. 1(c) show the energies of the 3Q and AFM
spin structures are nearly equivalent. While these calculations with VASP
show the 3Q having slightly lower energy, similar calculations with the all-
electron code Elk [23] reverse the order. The difference between AFM and
3Q energies, which is very sensitive to the applied smearing, will be explored

elsewhere.



C11 1 C(22 033 Cl 2 Cl 3 023 C(44 C(5 5 C166

AFM 53.92 54.02 36.04 | 37.15 34.88 34.80 | 32.48 32.18 32.88
3Q 50.10  50.09 50.13 | 33.94 33.95 33.95 | 34.80 34.81 34.83

experiment 36.28 26.73 33.59

Table 1: Elastic constants calculated for §-Pu at a = 4.64 A, given in units of GPa. The
excessive precision is chosen to show how closely calculations with the 3Q spin structure
respect the cubic symmetry in which C1; = Cyy = Cs3, C12 = Ci13 = Cas, and Cyy =
Cs5 = Cgs. The experimental values [24] are given for reference, they are measured on
samples that necessarily contain lattice defects due to the self-irradiation. Furthermore,
the experimental values are measured at room temperature on a §-Pu sample stabilized

with 1 wt. % Ga, while the calculated values are for pure 6-Pu at 0 K.

The change from inequivalent to equivalent bonding similarly affects the
elastic constants, as shown in Tab. 1. The AFM spin structure has to be
aligned along one Cartesian direction, chosen here to be parallel to the lattice
parameter a3, which breaks the cubic symmetry, seen most clearly in Cs3 #
C11 = Cy. For the intrinsically cubic 3Q spin structure, the stress-strain
responses retain the cubic symmetry to high precision. The values of the
elastic constants remain, in general, stiffer than the experimental values. This
difference is likely due to the effects of lattice imperfections, which are present
in measurements but not in these calculations, the effects of temperature,
which is 300 K for the measurements and 0 K for the calculations, and the
doping with 1 wt. % Ga of the experimental system.

The inherently cubic symmetry of the 3Q) spin structure implies that the
phonons also obey the symmetries imposed by the fcc crystal structure. Fig. 2

shows the calculated phonon dispersion agrees well with the experimental

6



data of Wong et al. [25]. The exception to this is at shorter wave lengths
along the [111] direction, though the agreement is better than for previous
theoretical results, as is the case for most of the dispersion. As with the
elastic constants, the comparison is approximate, as the experimental data
is measured at 300 K on a system stabilized with 2 wt. % Ga, while the

calculations are for a pure Pu system at 0 K.
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Figure 2: Phonon dispersion for d-Pu at the experimental lattice constant (4.64 A) cal-
culated at 0 K with the 3Q spin structure. Circles represent the room temperature ex-
perimental data for 6-Pu stabilized with 2 wt. % Ga [25]. Previous theoretical results
employing DFT at 0 K and 4.635 A (Soderlind [9]) are represented by dashed green lines
and results employing dynamical mean field theory (DMFT, Dai et al. [26]) are represented

by maroon diamonds with dot-dashed lines to guide the eye.

Elastic constants and phonons that have the correct finite-temperature

symmetries provide a reliable foundation for investigating Pu’s properties at



finite temperatures. The correct symmetries are well approximated in DF'T
calculations with a disordered spin structure, which more accurately repre-
sents the fluctuating spin structure indicated in experiment. Evidence for a
corresponding symmetry breaking by the electrons appears in DFT+U cal-
culations, wherein a Hubbard correction U is added [27]. In this case, the
fce structure reveals unstable phonon modes at 0 K. From a practical point
of view, however, there are advantages to a spin structure that has all ap-
propriately equivalent bonds: calculations of, e.g., how a lattice imperfection
affects thermal properties can be performed with a single atomic configura-
tion. The same calculations with a disordered spin structure would require
multiple configurations with the lattice imperfection sampling different local
environments.

An example of 6-Pu’s unique thermodynamic behavior is its thermal ex-
pansion, which is evaluated here with the quasi harmonic approximation.
Based on the phonons calculated on a 40% mesh of wave vectors throughout
the first Brillouin zone, the free energy is evaluated at a given volume for a se-
quence of temperatures. Repeating this procedure for a sequence of volumes
and fitting the sequence of free energies for a specified temperature gives an
isotherm with an equilibrium volume for that temperature. Within the DF'T
framework, the quasi harmonic approximation captures the anharmonicity,
because the forces calculated in response to the displacement remain essen-

tially unchanged with a doubling of the displacement’s magnitude.
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Figure 3: Phonon dispersion for 6-Pu at a sequence of lattice constants calculated with

the 3Q spin structure.

Fig. 3 shows that changing the volume affects the phonons in a unique
way. As the volume contracts toward the theoretical minimum at approxi-
mately a = 4.52 A, the longitudinal modes stiffen as in most materials and as
expected from the compression of the bonds. Both transverse modes along
[100] and [111] and transverse mode one along [110], however, soften. To the
author’s knowledge, no experiments have attempted to measure how volume
influences the phonons of §-Pu. A measurement of the influence of temper-
ature shows no sign of softening of the transverse mode at L [28], albeit for
a sample containing 0.6 wt. % Ga for which the thermal contraction is quite
small [29]. (Also notable is how at smaller volumes the phonon dispersion

starts to exhibit the kink along [110] and the downward bending along [111]



seen in experiment [25] but not in the present calculations at the experimen-

tal volume.)
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Figure 4: Thermal expansion of §-Pu calculated with the 3Q spin structure in the quasi
harmonic approximation. (a) The 3Q results give a volume that is too small compared to
experiment [29, 30] and compared to previous theory [9], but the slope is negative unlike
the results of a DebyeGrneisen model for the lattice vibrations (SL&S2019 1). (b) The 3Q
result, shifted upward in volume for comparison, decreases about half as fast as experiment
and the previous theory result (SL&S2019 2) that combines contributions from the lattice

vibrations and spin fluctuations [9].

The unique changes to the phonons lead to a thermal expansion that is
negative. The typical positive thermal expansion of most materials comes
from the softening of the phonons with increasing volume. Lower frequen-
cies enhance the entropic contribution of the phonons to the free energy,
increasingly lowering the free energy with larger volumes. Fig. 4 compares
the negative thermal expansion to experimental data [29, 30] and previous

theoretical results [9]. In the latter, the thermal expansion calculated with
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a disordered spin structure and a DebyeGrneisen model for the lattice vi-
brations is positive, but adding the effects of spin fluctuations produces a
negative thermal expansion. The thermal expansion calculated here with
the 3Q spin structure is negative, though with a lesser slope. The difference
in the slope of the volume contraction shows the importance of including
spin fluctuations. Additional influences on the slope can be expected from
self-irradiation induced defects, which are present in experiment but not the
calculations. Such defects result in local bonding structures that resemble
the lower-volume phases of Pu [31] and may induce additional phonon modes
that soften with contraction.

In summary, the observation that an ordered spin structure leads to me-
chanical instability in DFT calculations of delta phase Pu is correct, but
only for collinear spins. The ordered, non-collinear, and intrinsically cubic
3Q spin structure introduced to d-Pu here removes the mechanical instabil-
ity. Elastic constants and phonons of -Pu calculated with DF'T calculations
and the 3Q spin structure show the correct symmetry, and the phonons agree
with experiment better than previous DFT and DMFT calculations. Finally,
the 3Q-DF'T calculations show a unique stiffening of most transverse phonon
modes at contracted volumes, which in turn leads to a calculated thermal

expansion that is negative, as observed in experiment.

Data availability

The raw/processed data required to reproduce these findings may be
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11



ments.

Declaration of competing interests

The author declares that he has no known competing financial interests
or personal relationships that could have appeared to influence the work

reported in this paper.

Acknowledgements

The author thanks S. Hernandez for helpful and encouraging discus-
sions and S. Halverson for generous computational support. This work was
supported by the LDRD program at Los Alamos National Laboratory un-
der project 20210001DR, by the Equation of State project under the ASC-
PEM Program at Los Alamos National Laboratory, and by the U.S. Depart-
ment of Energy National Nuclear Security Administration under Contract

No. 89233218CNA000001.

References

[1] R. C. Albers, An expanding view of plutonium, Nature 410 (6830) (2001)
759-761. doi:10.1038/35071205.
URL https://doi.org/10.1038/35071205

[2] C. Thiebaut, N. Baclet, B. Ravat, P. Giraud, P. Julia, Effect of
radiation on bulk swelling of plutonium alloys, Journal of Nuclear

Materials 361 (2) (2007) 184-191, tMS 2007:Wechsler Symposium.

12



doi:https://doi.org/10.1016 /j.jnucmat.2006.12.024.
URL https://www.sciencedirect.com/science/article/pii/S0022311506006015

F. Ellinger, C. Land, V. Struebing, The plutonium-gallium

system, Journal of Nuclear Materials 12 (2) (1964) 226-236.
doi:https://doi.org/10.1016/0022-3115(64)90145-X.

URL https://www.sciencedirect.com/science/article/pii/002231156490145X

S. S. Hecker, Plutonium plutonium: An element at odds with itself, Los

Alamos Science 26 (2000) 16.

P. Soderlind, Ambient pressure phase diagram of plutonium: A unified
theory for a-pu and §-pu, Europhysics Letters (EPL) 55 (4) (2001) 525—
531. doi:10.1209/epl/i2001-00447-3.

URL https://doi.org/10.1209/epl/i2001-00447-3

G. Robert, A. Pasturel, B. Siberchicot, Calculated thermodynamic prop-
erties of plutonium metal, Journal of Physics: Condensed Matter 15 (49)
(2003) 8377-8387. doi:10.1088/0953-8984/15/49/015.

URL https://doi.org/10.1088/0953-8984/15/49/015

P. Soderlind, B. Sadigh, Density-functional calculations of alpha, beta,
gamma, delta, delta’, and epsilon plutonium, Phys. Rev. Lett. 92 (2004)
185702.

P. Soderlind, F. Zhou, A. Landa, J. E. Klepeis, Phonon and magnetic
structure in d-plutonium from density-functional theory, Scientific Re-
ports 5 (1) (2015) 15958. doi:10.1038/srep15958.

URL https://doi.org/10.1038/srep15958

13



[9]

[10]

[11]

[12]

[13]

P. Soderlind, A. Landa, B. Sadigh, Density-functional the-
ory for plutonium, Advances in Physics 68 (1) (2019) 1-
47. arXiv:https://doi.org/10.1080/00018732.2019.1599554,
doi:10.1080,/00018732.2019.1599554.

URL https://doi.org/10.1080/00018732.2019.1599554

J. C. Lashley, A. Lawson, R. J. McQueeney, G. H. Lander, Absence of
magnetic moments in plutonium, Phys. Rev. B 72 (2005) 054416.

M. Janoschek, P. Das, B. Chakrabarti, D. L. Abernathy, M. D. Lums-
den, J. M. Lawrence, J. D. Thompson, G. H. Lander, J. N. Mitchell,
S. Richmond, M. Ramos, F. Trouw, J.-X. Zhu, K. Haule, G. Kotliar,
E. D. Bauer, The valence-fluctuating ground state of plutonium, Sci-

ence Advances 1 (6) (2015) €1500188. doi:10.1126/sciadv.1500188.

A. M. N. Niklasson, J. M. Wills; M. I. Katsnelson, I. A.
Abrikosov, O. Eriksson, B. Johansson, Modeling the actinides
with disordered local moments, Phys. Rev. B 67 (2003) 235105.
do0i:10.1103 /PhysRevB.67.235105.

URL https://link.aps.org/doi/10.1103/PhysRevB.67.235105

P. Soderlind, A. Landa, B. Sadigh, L. Vitos, A. Ruban, First-principles
elastic constants and phonons of ¢ pu, Phys. Rev. B 70 (2004) 144103.
doi:10.1103 /PhysRevB.70.144103.

URL https://link.aps.org/doi/10.1103/PhysRevB.70.144103

H. Umebayashi, Y. Ishikawa, Antiferromagnetism of v fe-
mn alloys, Journal of the Physical Society of Japan 21 (7)

14



[15]

[18]

[19]

[20]

(1966) 1281-1294. arXiv:https: //doi.org/10.1143/JPSJ.21.1281,
doi:10.1143/JPSJ.21.1281.
URL https://doi.org/10.1143/JPSJ.21.1281

G. Kresse, J. Furthmuller, Efficient iterative schemes for ab initio total-
energy calculations using a plane-wave basis set, Phys. Rev. B 54 (1996)
11169.

G. Kresse, D. Joubert, From ultrasoft pseudopotentials to the projector

augmented-wave method, Phys. Rev. B 59 (1999) 1758.

P. E. Blochl, Projector augmented-wave method, Phys. Rev. B 50 (1994)
17953-17979. doi:10.1103/PhysRevB.50.17953.
URL https://link.aps.org/doi/10.1103/PhysRevB.50.17953

J. P. Perdew, K. Burke, M. Ernzerhof, Generalized gradient ap-
proximation made simple, Phys. Rev. Lett. 77 (1996) 3865-3868.
d0i:10.1103 /PhysRevLett.77.3865.

URL https://link.aps.org/doi/10.1103/PhysRevLett.77.3865

M. Methfessel, A. T. Paxton, High-precision sampling for brillouin-
zone integration in metals, Phys. Rev. B 40 (1989) 3616-3621.
do0i:10.1103 /PhysRevB.40.3616.

URL https://link.aps.org/doi/10.1103/PhysRevB.40.3616

G. Kresse, J. Furthmiiller, J. Hafner, Ab initio force constant approach
to phonon dispersion relations of diamond and graphite, Europhysics
Letters (EPL) 32 (9) (1995) 729-734. doi:10.1209/0295-5075/32/9/005.
URL https://doi.org/10.1209/0295-5075/32/9/005

15



[21]

[22]

[23]

[24]

[25]

[26]

D. Alfe, G. D. Price, M. J. Gillan, Thermodynamics of hexagonal-
close-packed iron under earth’s core conditions, Phys. Rev. B 64 (2001)
045123. doi:10.1103/PhysRevB.64.045123.

URL https://link.aps.org/doi/10.1103/PhysRevB.64.045123

D. Alfe, Phon: A program to calculate phonons using the small

displacement method, Computer Physics Communications 180 (12)

(2009) 2622-2633, 40 YEARS OF CPC: A celebratory issue focused

on quality software for high performance, grid and novel computing

architectures. doi:https://doi.org/10.1016/j.cpc.2009.03.010.

URL https://www.sciencedirect.com/science/article/pii/S0010465509001064

The Elk Code, http://elk.sourceforge.net/.

H. Ledbetter, R. Moment, Elastic properties of face-centered-

cubic plutonium, Acta Metallurgica 24 (10) (1976) 891-899.
doi:https://doi.org/10.1016/0001-6160(76)90037-7.

URL https://www.sciencedirect.com/science/article/pii/0001616076900377

J. Wong, M. Krisch, D. L. Farber, F. Occelli, R. Xu, T.-C. Chiang,
D. Clatterbuck, A. J. Schwartz, M. Wall, C. Boro, Crystal dynamics of
0 fce pu-ga alloy by high-resolution inelastic x-ray scattering, Phys. Rev.
B 72 (2005) 064115. doi:10.1103/PhysRevB.72.064115.

URL https://link.aps.org/doi/10.1103/PhysRevB.72.064115

X. Dai, S. Y. Savrasov, G. Kotliar, A. Migliori, H. Ledbet-
ter, E. Abrahams, Calculated phonon spectra of plutonium

at high temperatures, Science 300 (5621) (2003) 953-955.

16



[27]

28]

[29]

arXiv:https: / /www.science.org/doi/pdf/10.1126 /science.1083428,
doi:10.1126 /science.1083428.
URL https://www.science.org/doi/abs/10.1126/science. 1083428

B. Dorado, F. Bottin, J. Bouchet, Phonon spectra of pluto-
nium at high temperatures, Phys. Rev. B 95 (2017) 104303.
d0i:10.1103/PhysRevB.95.104303.

URL https://link.aps.org/doi/10.1103/PhysRevB.95.104303

R. Xu, J. Wong, P. Zschack, H. Hong, T.-C. Chiang, Soft phonons in
d-phase plutonium near the d-a/ transition, EPL (Europhysics Letters)
82 (2) (2008) 26001. doi:10.1209/0295-5075/82/26001.

URL https://doi.org/10.1209/0295-5075/82/26001

A. C. Lawson, J. A. Roberts, B. Martinez, M. Ramos,
G. Kotliar, F. W. Trouw, M. R. Fitzsimmons, M. P. Hehlen,
J. C. Lashley, H. Ledbetter, R. J. Mcqueeney, A. Migliori,
Invar model for d-phase pu:  thermal expansion, elastic and
magnetic properties, Philosophical Magazine 86 (17-18) (2006)
2713-2733. arXiv:https://doi.org/10.1080,/14786430500155262,
do0i:10.1080/14786430500155262.

URL https://doi.org/10.1080/14786430500155262

D. C. Wallace, Electronic and phonon properties of six crys-
talline phases of pu metal, Phys. Rev. B 58 (1998) 15433-15439.
doi:10.1103 /PhysRevB.58.15433.

URL https://link.aps.org/doi/10.1103/PhysRevB.58.15433

17



[31] S. C. Hernandez, F. J. Freibert, B. P. Uberuaga, J. M. Wills, Role of
electronic and magnetic interactions in defect formation and anomalous
diffusion in d-pu, Journal of Nuclear Materials 532 (2020) 152027.
doi:https://doi.org/10.1016/j.jnucmat.2020.152027.
URL https://www.sciencedirect.com/science/article/pii/S002231151930618X

18



	Blank Page



