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Abstract: 25 
The high cooling rates in laser directed energy deposition (DED-LB) of alloys lead to substantial 26 
amounts of solute trapping as solute atoms cannot diffuse away from the solid/liquid interface 27 
before it advances. In some concentrated alloys, this results in supersaturated solid phases that 28 
form nanoscale hierarchical microstructures when the solute atoms precipitate out during 29 
reheating from subsequent laser passes. We choose the Iron-Copper (Fe-Cu) binary alloy as 30 
model system as it is chemically homogeneous in the liquid phase and has negligible solid 31 
solubility at room temperature. Two alloys with nominal compositions in atomic (at.) %, 32 
Fe67Cu33 and Fe55Cu45, were manufactured using DED-LB. Scanning transmission electron 33 
microscopy (STEM), energy dispersive spectroscopy (EDS) and wavelength dispersive 34 
spectroscopy (WDS) were used to characterize the nanostructures and heterogeneous chemical 35 
compositions. A non-equilibrium solute partitioning model was used to compute the 36 
supersaturated chemistries of the constituent phases and validated with experimentally measured 37 
compositions. The measured phase compositions of the two alloys were very similar, at roughly 38 
12 at.% Cu and 4 at.% Fe in the α(bcc)-Fe and ε(fcc)-Cu phases respectively, despite having 39 
different processing parameters and mechanical behavior. This indicates that the total thermal 40 
history, that depends on both the processing parameters and laser scan pattern, plays a stronger 41 
role on the final microstructure evolution than just the initial quantity of trapped solute. 42 
Additionally, we find that current non-equilibrium solute partitioning models applied on the 43 
continuum scale fall short of predicting accurate quantitative phase compositions in concentrated 44 
alloys, although the qualitative trends are captured correctly. 45 
 46 



1) Introduction: 1 
Laser directed energy deposition (DED-LB) is an additive manufacturing process that flows a 2 
metal powder stream into a laser beam where it is melted and deposited onto a substrate. It slots 3 
alongside laser powder bed fusion (PBF-LB) and wire fed arc directed energy deposition (DED-4 
Arc) as well known and used additive manufacturing techniques. It usually trails the surface 5 
finish quality of PBF-LB and the build rate of DED-Arc. However, DED-LB has the advantage 6 
of flexibility in composition variation where the input powder composition can be controlled in-7 
situ via multiple hoppers containing elemental powders. This contrasts with PBF-LB and DED-8 
Arc where the entire build will generally be of a single composition using alloyed powder or 9 
drawn wire. As such, DED-LB is ideal for exploring new alloys and their solidification behavior 10 
under high cooling rate.  11 
 12 
The Iron-Copper (Fe-Cu) binary is one such material system of interest as the different 13 
equilibrium crystal structures of Cu and Fe at room temperature results in negligible solid 14 
solubility. Indeed, solubility of Cu in the Fe-rich phase is only moderate when Fe is in its 15 
austenite phase γ(fcc)-Fe at elevated temperatures where it has the same crystal structure as Cu. 16 
Above the melting point, Cu and Fe form a chemically homogenous liquid while below, the poor 17 
solubility presents itself with the long and flat liquidus curve of the γ(fcc)-Fe + Liquid two phase 18 
region of the equilibrium binary phase diagram [1].  19 
 20 
This changes of course under high cooling rates or undercooling amounts where solute trapping 21 
occurs during solidification. The γ(fcc)-Fe phase will solidify first and at the solid liquid 22 
interface, not all solute Cu atoms can diffuse away before the interface advances and traps them 23 
within γ(fcc)-Fe. As solid diffusion rates are orders of magnitude lower than that of liquid, back 24 
diffusion is minimal during the first laser pass yielding a non-equilibrium solidus α(bcc)-Fe 25 
phase. Meanwhile, the liquid phase is depleted of the equilibrium expected concentration of Cu 26 
and when cooled enough, will solidify into a non-equilibrium “liquidus” ε(fcc)-Cu phase.  27 
 28 
This phenomenon in the Cu-Fe system has been explored numerously in the past with water 29 
cooled molds, laser surface remelting, and droplet experiments. Munitz [2] explored the effect of 30 
cooling rates on the microstructure of several Cu-Fe alloys ranging from 27.4 to 77.9 at.% Cu 31 
using water cooled copper plates and electron beam powder bed fusion (PBF-EB). He found that 32 
for alloys with Cu concentrations near equimolar, a columnar microstructure will form for 33 
cooling rates below 102 K/s while cooling rates from 104 to 106 K/s will yield dense Fe 34 
spheroidal morphologies indicative of a liquid phase spinodal decomposition prior to 35 
solidification. While in-depth composition analysis was not done, Munitz briefly mentioned that 36 
that the PBF-EB samples had Fe spheroids with Cu solute concentrations near 32.1 at.% Cu. This 37 
is far above the 7.6 at.% equilibrium solubility limit for Cu in γ(fcc)-Fe at the 1367 K peritectic 38 
[1].  39 
 40 
Liu et al. [3] tested the effect of cooling rates on the solidification behavior of an Fe20Cu80 41 
alloy using both graphite and copper molds. The microstructure they found was remarkably 42 
similar to that of Munitz with smaller Fe spheroids as expected due to the higher Cu 43 
concentration. They also performed energy dispersive spectroscopy (EDS) characterization of 44 
the larger Fe spherulites and found around 26.4 at.% Cu within indicating high amounts of solute 45 
trapping. 46 



 1 
Lu et al. [4] explored the effect of undercooling an Fe50Cu50 alloy using both glass fluxing and 2 
container-less drop tube atomization. They found that their samples had undercoolings large 3 
enough to breech the spinodal decomposition curve alloying for liquid-liquid phase separation to 4 
occur. Similar to the previous authors, they found that the Fe-rich liquid phase solidified first 5 
into spherulites and that these spherulites had Cu solute concentrations around 32.1 at.%. 6 
Additionally, the authors measured Fe solute concentrations in the Cu matrix and found it to be 7 
much lower at 3.53 at.% for the glass fluxed sample and 9.8 at.% for the drop tube sample. They 8 
attributed the difference to the higher cooling rates of the drop tube sample. This seems to imply 9 
that the Cu solute concentration in the Fe phase which solidifies first is less dependent on cooling 10 
rate to reach a maximum compared to solute trapping of Fe in the Cu phase.  11 
 12 
The aforementioned experiments took advantage of small interaction volume [2] or small 13 
material quantity [3, 4] to achieve solidification rates high enough to approach the theoretical 14 
limit of Cu solubility in the Fe rich phase predicted by Turchanin & Agraval [5]. This 15 
thermodynamic theoretical limit comes from the intersection of the T0 curve with the spinodal 16 
curve that extends deeply into the γ(fcc)-Fe + Liquid two phase region. Here, T0 represents the 17 
temperature for a given composition where the free energy curves of the solid and liquid phase 18 
intersect. 19 
 20 
Indeed, to surpass this thermodynamic limit would require much high cooling rates. Cui et al. [6] 21 
ran MD simulations for the solidification of a Fe75Cu25 alloy and found that cooling rates on the 22 
order of 1012 K/s were needed to achieve amorphous solidification. In that case, the kinetic 23 
freezing of atoms in place is analogous to partition-free solidification and is different from 24 
partitionless crystalline solidification defined by Turchanin & Agraval [5] which is a 25 
thermodynamic process dependent on undercooling below T0.  26 
 27 
Recently, work by Chatterjee et al. [7] and Zafari et al. [8,9] showed that significant 28 
improvement in mechanical strength is achievable within Cu-Fe alloys manufactured by DED-29 
LB and PBF-LB respectively due to Cu and Fe nanoprecipitate formation. However, neither 30 
work focused on characterizing the phase compositions which were supersaturated non-31 
equilibrium prior to precipitating out during the reheating and remelting conditions of subsequent 32 
laser passes. As such, there has not been a significant effort to correlate the degree of non-33 
equilibrium partitioning to the laser-additive processing parameters nor the powder composition 34 
chosen. The degree of non-equilibrium partitioning will relate directly to the resultant quantity of 35 
precipitates which contributes greatly to the improved strength of the alloys, often multiple times 36 
greater than the Hall-Petch predicted strength. 37 
 38 
In this work, a comprehensive melt-pool and laser powder interaction model is applied to solve 39 
for the non-equilibrium phase compositions that form in two DED-LB manufactured 40 
concentrated Fe-Cu binary alloys. For the melt pool, governing equations of heat, fluid flow, and 41 
species transport are solved numerically in a manner similar to that of prior work by He et al. 42 
[10] and Qi et al. [11]. The laser powder interaction is solved in a semi-analytical manner with 43 
geometric assumptions regarding the powder flow trajectories. The laser intensity is not assumed 44 
to be Gaussian but follows a super-Gaussian formulation developed by Wu et al. [12,13]. 45 
Meanwhile, the coaxial annular powder concentration solution framework was built upon prior 46 



work on modeling powder nozzles by Lin [14], Pinkerton [15], Pinkerton et al. [16], and Wang 1 
et al. [17]. Together, the melt-pool transport model and the laser-powder interaction model allow 2 
us to simulate the DED-LB process. 3 
 4 
A concentrated non-equilibrium solute partitioning model developed in a prior work, Yin et al. 5 
[18], is applied to solve for the non-equilibrium chemical compositions of the Fe-rich and Cu-6 
rich phases that form as the homogeneous liquid cools through the (fcc)-Fe + liquid two-phase 7 
region. This non-equilibrium model is coupled with the aforementioned DED-LB model and 8 
thus, the non-equilibrium phase compositions can be solved and tracked for any node within the 9 
deposited track experiencing solidification.  10 
 11 
The prior work [18] was mainly a theoretical study and compared our non-equilibrium solute 12 
partitioning model against similar models by other authors. One simulation was run with DED-13 
LB processing parameters of the Fe55Cu45 alloy but severely overpredicted track height and 14 
non-equilibrium phase compositions. This is understandable as the old laser powder interaction 15 
model did not accurately predict the laser attenuation nor the powder stream broadening profile 16 
across the nozzle standoff distance. The old model assumed an ideal Gaussian beam with no 17 
defocus and a perfectly Gaussian powder stream profile with no broadening. And since the non-18 
equilibrium model is sensitive to the melt-pool conditions, its accuracy is directly dependent on 19 
the energy balance and mass addition at the free surface calculated by the laser powder 20 
interaction model.  21 
 22 
Finally, experimental samples produced by Chatterjee et al. [7] were sectioned and had their 23 
phase fraction and compositions characterized. Both the overall bulk composition as well as the 24 
compositions of the individual phases were mapped using wavelength dispersive spectroscopy 25 
(WDS) and scanning transmission electron microscopy–energy dispersive spectroscopy (STEM-26 
EDS) respectively. Phase fraction analysis was done with ImageJ on backscattered electron 27 
(BSE) images taken from the same composition mapped regions. These characterization results 28 
are then compared with the modeled non-equilibrium phase compositions along with prior work 29 
by Lu et al. [4]. A thorough analysis of both our non-equilibrium partitioning model as well as 30 
Aziz’s continuous growth model [19] is performed to explore the cause of deviations between 31 
predicted non-equilibrium phase compositions and their corresponding measured values. 32 
 33 
 34 
 35 
 36 
 37 
 38 
 39 
 40 
 41 
 42 
 43 
 44 
 45 
 46 



Table 1 Variables used in the transport and non-equilibrium partitioning model 1 
Nomenclature 

Latin Symbols 
ܽ solute atom diameter (m)  ݇௘௤ equilibrium partition coefficient 
 ௡௖௦ node cross-sectional area (m2)  ݇௡௘ non-equilibrium partition coefficientܣ
ܾ solvent atom diameter (m)  ܭ଴ Darcy coefficient  
 smoothing thickness factor (m) ܮ  composition (wt%) ܥ
 ത௠ mass averaged latent heat of melting (J/kg)ܮ  ௟ liquidus composition (wt%)ܥ
 ௟೐೜ equilibrium liquidus compositions (wt%)  ℒ latent energy term (J/kg)ܥ
 normal vector to free surface ∗࢔  ௟೙೐ non-equilibrium liquidus composition (wt%)ܥ
 ௦ solidus composition (wt%)  ܲ pressure (Pa)ܥ
 ௜ interface velocity (m/s)ݒ  ௦೐೜ equilibrium solidus composition (wt%)ܥ
 fluid velocity (m/s) ࢂ  ௦೙೐ non-equilibrium solidus composition (wt%)ܥ
 laser scan velocity (m/s) ࢙ࢂ  ௉ powder composition (wt%)ܥ
 time (s) ݐ  ௣̅ mass averaged heat capacity (J/(kg*K))ܥ
 ௣̅௟ mass averaged liquid heat capacity (J/(kg*K))  ܶ temperature (K)ܥ
 ௣̅௦ mass averaged solid heat capacity (J/(kg*K))  ௜ܶ ambient temperature (K)ܥ
݀ level-set height  ௠ܶ melting temperature (K) 
 x-component fluid velocity (m/s) ݑ  diffusion coefficient (m2/s) ܦ
 ௦ laser scan velocity, x-component (m/s)ݑ  ௔௕ interdiffusion coefficient (m2/s)ܦ
݁௫ unit vector in x-axis  ࢛ fluid velocity, x-component (m/s) 

௟݂ liquid mass fraction (%)  ܹ weight fraction (%) 
௟݂೐೜ equilibrium liquidus phase fraction (%)   
௟݂೙೐ non-equilibrium liquidus phase fraction (%)  Greek Symbols 

௦݂ solid mass fraction (%)  ߚ dimensionless solidification rate 
௦݂೐೜ equilibrium solidus phase fraction (%)  ߝ emissivity 

௦݂೙೐ non-equilibrium solidus phase fraction (%)  ߢ curvature 
௟ߤ   ௟௩ overall force function (m/s)ܨ  dynamic viscosity ((N*s)/m2) 
 density (kg/m3) ߩ  ௣ powder force function (m/s)ܨ
݃௫ standard gravity, x-component (m/s2)  ߩ௟ liquid density (kg/m3) 
݃௟ liquid volume fraction (%)  ߩ௦ solid density (kg/m3) 
ℎ௖ heat transfer coefficient (W/(m2*K))  ߪ surface tension (N/m) 
 ௕ Boltzmann constant (J/K)ߪ  smoothing layer function ܪ
݇ thermal conductivity (W/(m*K))  ߮ level-set (m) 
݇௠

∗ modified equilibrium partition coefficient  ߶ arbitrary physical property 

 2 
 3 
 4 
 5 
 6 
 7 
 8 



2) Description of Models: 1 
2.1) Transport Model 2 
A finite difference scheme is used to solve the transport model equations of heat, momentum, 3 
and species within the domain. For this model, we utilize a similar set of assumptions as in our 4 
prior work Yin et al. [18]. However, the introduction of a new laser-powder interaction model 5 
eliminates the assumptions of beam profile, powder heating, and powder concentration. The 6 
assumptions that remain are as follows: 7 
 8 

1. The fluid flow in the melt pool is Newtonian, laminar, and incompressible. 9 
2. Heat and mass loss from boiling in the melt pool are neglected. 10 
3. The solid/liquid two-phase region is a porous medium with isotropic permeability. 11 

 12 
The rationale for the assumptions is explained in detail within our prior work [18] and is omitted 13 
here for brevity. All the variables used in defining the transport model are listed in Table 1; the 14 
DED-LB processing parameters used are listed in Table 3.  15 
 16 
2.1.1) Governing Equations 17 
The implementation of the governing equations closely follows that of our prior work [18] with 18 
modifications to the condensed/gas phase interface boundary conditions due to the new laser-19 
powder interaction model.  20 
 21 
The conservation of mass is given by Eq. (1). 22 
 23 
ߩ݀ 

ݐ݀
+ ∇ ∙ (ࢂߩ) =  0 (1) 

 24 
In the heat Eq. (2), ℒ is the latent energy term. The solid/liquid source term ܵௌ ௅⁄

்  [Eq. (3)] 25 
represents Stefan’s condition which accounts for latent heat from phase change along a moving 26 
interface [20].  27 
 28 
 ݀൫ܥߩ௣̅ܶ൯

ݐ݀
+ ௣ܶ൯ܥ̅ࢂߩ൫ ߘ = ଶܶߘ݇ − ߘ ∙ ࢂߩൣ ௦݂൫̅ܥ௣௟ −  ௣̅௦൯ܶ൧ܥ

                                 − (ℒࢂߩ)ߘ + ࢙ࢂߩ)ߘ ௦݂ℒ) 
                       +ܵௌ ௅⁄

் + ௅ݍ ீ⁄  (߮)ߜ

(2) 

 29 
 

ܵௌ ௅⁄
் = −

ߩ)݀ ௟݂ℒ)
ݐ݀

 (3) 

 30 
 ℒ = ൫ܥ௣̅௦ − ௣̅௟൯ܥ ௠ܶ +  ത௠ (4)ܮ

 31 
The ݍ஼ ீ⁄  term encapsulates the energy input from the laser source (1030 nm disk laser), heated 32 
powder, as well as losses from convection and radiation [Eqs. (6)-(7)]. The ߜ(߮) term is a Dirac 33 
delta function of the level-set variable ߮. It ensures that ݍ஼ ீ⁄  contributes to the heat Eq. (2) only 34 
at the free surface where ߮ = 0. 35 
 36 



஼ݍ  ீ⁄ = ௡௖௦ܣ௔௧௧ܫ + ௣௢௪ௗ௘௥ܧ −  ௟௢௦௦ (5)ܧ

 1 
 

௣௢௪ௗ௘௥ܧ =

⎩
⎪
⎨

⎪
⎧ ௣̅௦൫ܥ௦ߩ௣ௗൣܨ ௣ܶௗ − ௜ܶ൯൧   ,   ௣ܶௗ < ௠ܶ

)௣̅௦ܥ௦ߩ௣ௗൣܨ ௠ܶ − ௜ܶ) ௦݂ + ത௠ܮ௟ߩ ௟݂൧   ,   ௣ܶௗ = ௠ܶ

௣ௗܨ ቂߩ௦̅ܥ௣௦( ௠ܶ − ௜ܶ) + ௟ߩ ቀܮത௠ + ௣௟൫ܥ̅ ௣ܶௗ − ௠ܶ൯ቁቃ   ,   ௣ܶௗ > ௠ܶ

 (6) 

 2 
௟௢௦௦ܧ  =  ℎ௖(ܶ − ௜ܶ) − ൫ܶସߝ௕ߪ − ௜ܶ

ସ൯ (7) 

The momentum equation for fluid flow and its boundary conditions are defined here for the x-3 
axis [Eq. (8)]. The equations for the other two cartesian axes (y, z) are identical.   4 
 5 
(ݑߩ)݀ 

ݐ݀
+ ∇ ∙ (ݑ࢛ߩ) =  ∇ ∙ ൬ߤ௟

ߩ
௟ߩ

∇࢛൰ −
݀ܲ
ݔ݀

+ ܵௌ ௅⁄
௨ + ܵ௅ ீ⁄

௨  (8) 

 6 
The source term in the solid/liquid two-phase region ܵௌ ௅⁄

௨  [Eq. (9)], has two components. The 7 
left-side term is an implementation of Darcy’s law for fluid flow retardation through a porous 8 
medium [21]. The right-side term is the body force caused by the temperature dependent density 9 
gradient. Since gravity has a non-zero value only in the z-axis, this term will not contribute to the 10 
source term in x and y. 11 
 12 
 ܵௌ ௅⁄

௨ = −
௟ߤ

ܭ
ߩ
௟ߩ

ݑ) − (௦ݑ − ݃௫(9) (ܶ)ߩ 

 13 
 

ܭ = ଴ܭ
݃௟

ଷ

(1 − ݃௟)ଶ (10) 

 14 
The source term at the liquid/gas interface ܵ௅/ீ

௨  [Eq. (11)], accounts for Marangoni flow caused 15 
by surface tension gradients at the free surface of the melt pool. These surface tension gradients 16 
are the result of high temperature gradients due to the focused laser beam. 17 
 18 
 ܵ௅/ீ

௨ = ൤−݁௫ ∙ ൬ߢ∗࢔ߪ − ∇ୗܶ
ߪ݀
݀ܶ

൰  ൰൨ (11)(߮)ߜ

 19 
The species governing Eq. (12) is defined in wt. %. Eq. (13) dictates that the boundary condition 20 
at the free surface of the melt pool and within the powder stream will be equal to the solved 21 
powder composition from the laser-powder interaction model. 22 
 23 
(ܥߩ)݀ 

ݐ݀
+ ∇ ∙ (ܥࢂߩ) =  ∇ ∙ (ܥ∇ܦߩ) + ∇ ∙ ௟ܥ)∇ܦߩ] −  [(ܥ

                                 −∇ ∙ ߩ] ௦݂(ܥ௟ − ࢂ)(௦ܥ −  [(࢙ࢂ
(12) 

 24 
ఝୀ଴|ܥ  =  ௉ (13)ܥ

 25 



2.1.2) Free Surface 1 
The level-set method [Eq. (14)] is used to track the free surface evolution.  2 
 3 
,ݔ)߮  ,ݕ (ݖ = ±݀ (14) 

Here, ݀ is the distance from the free surface located at d = 0. Positive ݀ values indicate positions 4 
above the free surface in the gas phase). Negative d values indicate positions below the free 5 
surface such as the substrate and deposited track. Multiple level-sets are calculated for small 6 
increments of ݀ near ݀ = 0 to track the change in the free surface from timestep to timestep using 7 
Eq. (15). 8 
 9 
 ݀߮

ݐ݀
+ |߮∇|௟௩ܨ =  0 (15) 

 10 
There is normally a large difference in thermophysical property values at the free surface 11 
between the gas and condensed phases. To ensure good convergence of the governing equations, 12 
a thin smoothing layer is used [Eq. (16)].  13 
 14 
 ߶௚௔௦ = ߶௚௔௦ + ൫߶௖௢௡ௗ௘௡௦௘ௗܪ − ߶௚௔௦൯ (16) 

 15 
ܪ  = (0.5)

ఝ
௅  (17) 

 16 
2.1.3) Thermophysical Property Averaging 17 
We use Kopp’s law [22] to average the thermophysical property values using the overall 18 
composition calculated in Eq. (12).  19 
 20 
 ߶஼௨ିி௘ = ߶஼௨ ஼ܹ௨ + ߶ி௘ ிܹ௘ (18) 

 21 
߶஼௨ିி௘ represents the averaged value while ߶஼௨ and ߶ி௘ are the property values of the pure 22 
elements. ஼ܹ௨ and ிܹ௘ are the mass fractions in weight percent. Temperature dependent heat 23 
capacities are calculated using the Shomate equations for pure Cu and Fe in the NIST database 24 
[23]. Temperature dependent thermal conductivities are calculated from best fit curves using 25 
pure element data tabulated in a NSRDS-NBS volume [24]. Other thermophysical values used in 26 
the transport model are listed in Table 2. 27 
 28 
 29 
 30 
 31 
 32 
 33 
 34 
 35 
 36 
 37 
 38 



Table 2 Physical and thermal properties of pure copper and pure iron 1 
 

Property 
 

 

Copper 
 

 

Iron 
 

 

Units 
 

Solid Density 8960.0 7874.0 g/m3 
Liquid Density 8020.0 6980.0 g/m3 
Latent heat of Fusion 202300.0 247291.610 J/kg 
Dynamic Viscosity 0.00403 0.0060 (N*s)/m2 
Thermal expansion 
coefficient 

1.65E-6 11.8E-6 1/K 

Surface tension at 
reference temperature 

1.52 2.28 N/m 

Surface tension thermal 
change 

-0.00021 -0.00026 N/(m*K) 

 2 
Table 3 DED-LB processing parameters used in transport model 3 
 

Parameter 
 

 

Fe55Cu45 
 

 

Fe67Cu33 
 

 

Units 
 

Laser Power 500 900 W 
Beam Radius 1.0 0.6 mm 
Scanning Speed 6.0 6.3 mm/s 
Powder Composition 50  50 at.% Fe 
Powder Flow Rate 0.1 0.1 g/s 
Powder Stream Radius 3.25 2.25 mm 
Convective heat transfer 
coefficient 

150.0 150.0 W/(m2*K) 

Emissivity 0.135 0.135 unitless 
Ambient temperature 298 298 K 

 4 
2.2) Non-Equilibrium Partitioning Model 5 
The original non-equilibrium partitioning concentrated model [Eq. (19)] was developed by Kar 6 
and Mazumder [25]. That model was a single equation and represents an undetermined system 7 
when trying to solve for the two non-equilibrium phase compositions. Therefore, we couple Eq. 8 
(19) with a general mass conservation equation [Eq. (20)] based on the lever rule so that a unique 9 
solution to the pair of non-equilibrium phase compositions can be calculated [18].  10 
 11 
 

݇௡௘
௡ =

௦೙೐ܥ
௡

௟೙೐ܥ
௡ =

௦೙೐ܥ
௡ିଵ

௟೙೐ܥ
௡ +

݇௠∗
௡ + ௡ߚ

1 + ௡ߚ ቆ1 −
௟೙೐ܥ

௡ିଵ

௟೙೐ܥ
௡ ቇ (19) 

 12 
 ௦݂೙೐

௡ ∗ ௦೙೐ܥ
௡ + ௟݂೙೐

௡ܥ௟೙೐
௡ = ௢௩௘௥௔௟௟ܥ

௡ (20) 

 13 
Eq. (19)-(20) are defined in timestep format where the superscript n denotes the current timestep. 14 
Solving the system of equations [Eq. (19)-(20)] yields Eqs. (21)-(22) which are the current 15 
timestep non-equilibrium solidus and liquidus compositions respectively. 16 



 1 
 

௦೙೐ܥ
௡ =

݇௠∗
௡ + ௡ߚ

1 + ௡ߚ ௡ܥ + ௟݂೙೐
௡ ൬ܥ௦೙೐

௡ିଵ − ݇௠∗
௡ + ௡ߚ

1 + ௡ߚ ௟೙೐ܥ
௡ିଵ൰

௟݂೙೐
௡ + ݇௠∗

௡ + ௡ߚ

1 + ௡ߚ ௦݂೙೐
௡

 (21) 

 2 
 

௟೙೐ܥ
௡ =

௡ܥ − ௦݂೙೐
௡ܥ௦೙೐

௡

௟݂೙೐
௡  (22) 

 3 
The non-equilibrium solidus and liquidus phase fractions used in Eqs. (20)-(22) are calculated 4 
using Eqs. (23)-(24). They are also a function of ߚ such that when ߚ becomes very large, their 5 
values become fixed. 6 
 7 
 

௦݂೙೐
௡ = ௦݂೙೐

௡ିଵ +
1

1 + ௡ߚ ቀ ௦݂೐೜
௡ − ௦݂೙೐

௡ିଵቁ (23) 

 8 
 

௟݂೙೐
௡ = ௟݂೙೐

௡ିଵ +
1

1 + ௡ߚ ቀ ௟݂೐೜
௡ − ௟݂೙೐

௡ିଵቁ (24) 

 9 
For the first instance of solidification, (n = 0), Eq. (21)-(22) cannot be solved as ܥ௦೙೐

௡ିଵ and 10 
௟೙೐ܥ

௡ିଵ are not known. Therefore, the initial non-equilibrium solidus and liquidus phase 11 
compositions are approximated using Eqs. (25)-(26). 12 
 13 
௦೙೐ܥ 

଴ = ௢௩௘௥௔௟௟ܥ
ିଵ +

1
1 + ଴ߚ ቀܥ௦೐೜

ଵ − ௢௩௘௥௔௟௟ܥ
ିଵቁ (25) 

 14 
௟೙೐ܥ 

଴ = ௢௩௘௥௔௟௟ܥ
ିଵ +

1
1 + ଴ߚ ቀܥ௟೐೜

ଵ − ௢௩௘௥௔௟௟ܥ
ିଵቁ (26) 

 15 
݇௠∗ is an “equilibrating” term that drives the non-equilibrium phase compositions solved by Eqs. 16 
(21)-(22) towards their respective equilibrium values when ߚ approaches 0. 17 
 18 
 

݇௠∗ =
௦೐೜ܥ

௡ − ௦೐೜ܥ
௡ିଵ

௟೐೜ܥ
௡ − ௟೐೜ܥ

௡ିଵ  (27) 

 19 
 

ߚ =
ܽଶ|ݒ௜

௡|
(ܽ + ௔௕ܦ(ܾ

௡ (28) 

 20 
 is the singular term that controls the degree of non-equilibrium partitioning and has a lower 21 ߚ
bound of 0 which represents equilibrium solidification conditions. Solving Eq. (21)-(22) at that 22 
lower bound will yield the equilibrium phase compositions. When ߚ is very large, ܥ௦೙೐

௡ and 23 
௟೙೐ܥ

௡ become fixed to their respective values of the previous timestep. 24 
 25 
 26 
 27 



Table 4 Variables used in the laser powder interaction model 1 
Nomenclature 

Latin Symbols 
 ௖௦ powder cross-sectional area (m2)  ௢ܶ௟ௗ previous powder temperature (K)ܣ
 ௦ powder surface area (m2)  ௣ܶௗ current powder temperature (K)ܣ
 Biot number  ௦ܶ shielding gas temperature (K) ݅ܤ
 ௣ௗ powder velocity (m/s)ݒ  ௣ௗ powder composition (at%)ܥ

 ௣̅೛೏ powder mass averaged heat capacityܥ
(J/(kg*K)) 

 ௦௛௜௘௟ௗ shielding gas velocity (m/s)ݒ 

 ௕௘௔௠ laser beam center x coordinate (m)ݔ  ௣ೞ೓೔೐೗೏ shielding gas heat capacity (J/(kg*K))ܥ
݀௡௟ distance nozzle to focusing lens (m)  ݔ௛௧ transformed node x coordinate (m) 
݀௡௦ distance nozzle to substrate (m)  ݔ௜௡ input node x coordinate (m) 

௟݂௘௡௚௧௛ focal length (m)  ݔ௦ input node shifted x coordinate (m) 
ℎ heat transfer coefficient (W/(m2K))  ݕ௕௘௔௠ laser beam center y coordinate (m) 
௔௧௧ܫ  attenuated laser intensity (W/m2)  ݕ௛௧ transformed node y coordinate (m) 
 ௜௡ input node y coordinate (m)ݕ  ଴ original laser intensity (W/m2)ܫ
݇௖௢௘௙ super Gaussian order fitting coefficient  ݕ௦ input node shifted y coordinate (m) 
݇௣ௗ powder thermal conductivity (W/(m*K))  ݖௗ௙ laser defocusing length (m) 

݇௦௛௜௘௟ௗ  shielding gas thermal conductivity 
(W/(m*K)) 

 ௙௢௖௔௟ powder nozzle focal height (m)ݖ 

݇ௌீ super Gaussian order  ݖ௛௧ transformed node z coordinate (m) 
௣ௗܮ  powder latent heat term (J/s)  ݖ௜௡ input node z coordinate (m) 
݉௣ௗ powder particle mass (kg)  ݖ௥ laser Rayleigh length (m) 
݉̇௣ௗ powder flow rate (kg/s)    

଴ܲ laser power (W)  Greek Symbols 
 (%) ௣ௗ powder absorptivityߙ  Prandtl number ݎܲ
ܴ݁ Reynolds number  Γ௖௢௘௙ Super Gaussian fitting coefficient 
௙௢௖௔௟ݎ  powder nozzle focal point radius (m)  ߞ௕ boiling phase change parameter 
ܴ௡௕௖ powder nozzle center to beam center (m)  ߞ௠ melting phase change parameter 
ܴ௡௢௭ current powder stream radius (m)  ߝ௣ௗ powder emissivity 
ܴ௡௢௭బ initial powder stream radius (m)  ߠ nozzle offset angle xy plane (rad) 
௣ௗݎ  powder particle radius (m)   ߤ௦௛௜௘௟ௗ shielding gas viscosity ((N*s)/m2) 
ܴௌீ஻ super Gaussian beam radius (m)  ߩ௦௛௜௘௟ௗ shielding gas density (kg/m3) 
 ௕ Boltzmann constant (J/K)ߪ  ௦௧௥௘௔௠ focused powder stream radius (m)ݎ
 ଵ super Gaussian radius coefficient 1  ߰ powder stream angle (rad)݃ݏ
 ଶ super Gaussian radius coefficient 2  ߱ powder stream broadening angle (rad)݃ݏ
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 



2.3) Laser-Powder Interaction Model 1 
A semi-analytical model is developed to simulate the powder stream of an annular powder 2 
nozzle. It calculates the powder number concentration, laser attenuation, and powder temperature 3 
used in the boundary conditions of the melt pool transport model. This laser powder interaction 4 
model operates under the following assumptions: 5 
 6 

1. The powder particle velocity is constant 7 
2. The powder particle trajectories are linear 8 
3. The laser attenuation is proportional to the cross-sectional area of powder particles 9 

 10 
The first assumption is reasonable given the short travel time of the powder before impacting the 11 
free surface. The effects of gravity and atmospheric drag will be negligible. Additionally, the low 12 
powder flow rate results in a small volume fraction of powder in flight which precludes the 13 
probability of inter-particle collisions. The second assumption allows us to formulate the linear 14 
projected powder path heating (LPPH) scheme used to calculate both the laser attenuation as 15 
well as powder temperature. The LPPH scheme dictates that any given node on the free surface 16 
has one linear powder path per powder stream that maps to each powder stream’s focal point. In 17 
an annular powder nozzle, the powder stream is radially symmetric and can be decomposed into 18 
a 2D representation with two diametrically opposite powder streams.  19 
 20 
In this model, the distance between the nozzle and the substrate ݀௡௦ in the z-axis is discretized. 21 
Starting at ݀௡௦, we step down one z-step for each iteration and calculate each projected path’s 22 
new xy position using the path’s slope and then solve for the powder number concentration, laser 23 
attenuation and powder temperature. The powder number concentration is summed between the 24 
two streams based on superposition theory. The cross-sectional area is proportional to the 25 
number concentration and dictates the laser attenuation. Meanwhile the powder temperature is 26 
mass averaged depending on each stream’s mass concentration. 27 
 28 
Finally, if a linear powder path does not fall within the nozzle’s powder tube radii at the nozzle 29 
height ݀௡௦, then that powder path’s powder stream will not contribute to the final averaged 30 
powder concentration and powder temperature.  31 
 32 
The full list of variables used in the laser-powder interaction model are compiled in Table 4; the 33 
nozzle and beam parameter values are listed in Table 5. 34 
 35 
2.3.1) Coordinate frame transformation: 36 
First, the ݔ௜௡ and ݕ௜௡ coordinates of the free surface must be shifted to the reference frame of the 37 
laser beam position given by ݔ௕௘௔௠(ݐ) and ݕ௕௘௔௠(ݐ) where ݐ is the current simulated time. In 38 
Eqs. (29)-(30), ݔ௦ and ݕ௦ represent the shifted coordinate inputs. This sets the laser beam center 39 
as the origin and simplifies the equations for both the powder number concentration and laser 40 
beam intensity. Our ݖ௜௡ input does not need to be shifted as it is independent of the beam’s travel 41 
in the x and y axes. 42 
 43 
௦ݔ  = ௜௡ݔ −  (29) (ݐ)௕௘௔௠ݔ

 44 



௦ݕ  = ௜௡ݕ −  (30) (ݐ)௕௘௔௠ݕ

 1 
Then, we define a homogeneous transformation matrix to convert from the coordinate frame 2 
 ௣൧. The overall transformation matrix 3ݖ௣ݕ௣ݔൣ of the laser beam to that of the powder nozzle [ݖݕݔ]
is the product of three sub-matrices. From left to right they are: a clockwise rotation about the y-4 
axis by the powder stream angle ߰, a counterclockwise rotation about the z-axis by the powder 5 
nozzle’s angle ߠ off of the positive x-axis, and a translation in the ൣݔ௣ݕ௣ݖ௣൧ coordinate frame. 6 
For the translation sub-matrix, ܴ୬ୠୡ is the distance from the nozzle to the laser beam center and 7 
݀௡௦ is the distance from the nozzle to the substrate. 8 
 9 
 HT୫ୟ୲୰୧୶

= ൦

cos(߰) 0 − sin(߰) 0
0 1 0 0

sin(߰) 0 cos(߰) 0
0 0 0 1

൪ ൦

cos(ߠ) sin(ߠ) 0 0
− sin(ߠ) cos(ߠ) 0 0

0 0 1 0
0 0 0 1

൪ ൦

1 0 0 −ܴ୬ୠୡ cos(ߠ)
0 1 0 −ܴ୬ୠୡsin(ߠ)
0 0 1 −݀௡௦
0 0 0 1

൪ 
(31) 

 10 
With the homogeneous transformation matrix Eq. (31), we can convert our input coordinates 11 
using Eq. (32). 12 
 13 
 

቎

௛௧ݔ
௛௧ݕ
௛௧ݖ
1

቏ = HT୫ୟ୲୰୧୶ ∙ ቎

௦ݔ
௦ݕ
୧୬ݖ
1

቏ (32) 

 14 
To represent the two powder streams of an annular powder nozzle, we use the convention that 15 
the node is at an angle ߠ off the positive x-axis. Then the first stream will be along angle ߠ while 16 
the second stream will be along the angle (ߠ +  The powder stream angle ߰ may be 17 .(ߨ
approximated from the internal geometry of the powder nozzle in use. In our DED-LB setup, we 18 
determine it to be approximately 9.8 degrees. 19 
 20 

 21 
Figure 1. (a) The schematic shows how a node, A, on the free surface has a set of (x,y) coordinates which when 22 
projected on the xy plane at z = 0, will have an angle ߠ off of the positive x-axis. An equivalent and opposite angle 23 



ߠ +  is also present based off a “mirrored” node B. Then there is a plane C, orthogonal to the xy plane, and along 1 ߨ
the line ܤܣሬ⃖ሬሬሬ⃗  for which we will define our 2D representation of the powder streams of an annular powder nozzle (b) A 2 
schematic (not drawn to scale) of the two distinct powder streams on plane C. The angles and lengths of importance 3 
are labeled. Note that the two powder streams are radially symmetric about the laser beam center such that the 4 
labeled lengths and angles apply to both streams. 5 
 6 
Table 5 Laser powder interaction model variable values 7 
 

Variable 
 

 

Symbol 
 

 

Value 
 

 

Units 
 

Powder stream angle ߰ 9.8 degrees 
Nozzle standoff distance ݀௡௦ 20 mm 
Nozzle center to beam center ܴ௡௕௖ 3.425 mm 
Initial powder stream radius ܴ௡௢௭బ 0.925 mm 
Focal length ௟݂௘௡௚௧௛ 270 mm 
Distance nozzle to focusing lens ݀௡௟ 150 mm 
Laser Rayleigh length ݖ௥ 8.95 mm 
Focused Gaussian beam radius ܴீ஻଴ 0.5 mm 

 8 
 9 
2.3.2) Powder stream broadening angle 10 
We must account for the powder stream broadening angle ߱ as powder streams will naturally 11 
expand upon leaving the nozzle. This angle is determined by first measuring both the powder 12 
nozzle opening half-width ܴ௡௢௭బ  and the powder stream radius ݎ௦௧௥௘௔௠ at the nozzle standoff 13 
distance ݀௡௦. For the Fe55Cu45 and Fe67Cu33 cases, ݎ௦௧௥௘௔௠ was 3.25 mm and 2.25 mm 14 
respectively. Then Eqs. (33)-(35) define the side-lengths of the complementary triangle formed 15 
underneath the radially expanding powder stream along the powder stream’s z-axis ݖ௣. Finally, 16 
Eq. (36) solves for ߱ where adj୮ୢ is subtracted from hyp୮ୢ to form an offset half isosceles 17 
triangle with known side-lengths. 18 
 19 
 

hyp୮ୢ = ටܴnbc
ଶ + ݀௡௦

ଶ (33) 

 20 
 adj୮ୢ = cos ቀ

ߨ
2

− ߰ቁ ൫ݎ௦௧௥௘௔௠ − ܴ௡௢௭బ൯ (34) 

 21 
 opp୮ୢ = sin ቀ

ߨ
2

− ߰ቁ ൫ݎ௦௧௥௘௔௠ − ܴ௡௢௭బ൯ (35) 

 22 
 

߱ = atan ቆ
opp୮ୢ

hyp୮ୢ − adj୮ୢ)
ቇ (36) 

 23 
 24 
 25 
 26 
 27 



2.3.3) Powder Nozzle Focal Point 1 
The calculated powder broadening angle ߱ then allows us to calculate the focal point of each 2 
powder stream. This focal point serves as the origin for which powder paths are linearly 3 
projected to all nodes on the free surface. In doing so, we identify which projected powder paths 4 
for a given node fall outside the powder tubes’ radii. These projected paths will therefore be 5 
excluded. The final powder number concentration and powder temperature for each free surface 6 
node will be from its non-excluded paths, if any. Calculating the focal point involves another 7 
triangle construction [Eqs. (37)-(38)] and gives us the height ݖ୤୭ୡୟ୪ and radius ݎ୤୭ୡୟ୪ of the focal 8 
point. While ݎ୤୭ୡୟ୪ is in the [ݖݕݔ] coordinate frame, ݖ୤୭ୡୟ୪ is in the ൣݔ௣ݕ௣ݖ௣൧ coordinate frame. It 9 
can be transformed to its corresponding [ݖݕݔ] coordinate frame value by multiplying with 10 
sin ቀగ

ଶ
− ߰ቁ. 11 

 12 
 

adj୤୭ୡୟ୪ =
ܴ௡௢௭బ

tan(߱) (37) 

 13 
 opp୤୭ୡୟ୪ = ܴ௡௢௭బ tan(߰) (38) 

 14 
୤୭ୡୟ୪ݖ  = adj୤୭ୡୟ୪ + opp୤୭ୡୟ୪ + hyp୮ୢ (39) 

 15 
୤୭ୡୟ୪ݎ  = sin(߰)  ୤୭ୡୟ୪ (40)ݖ

 16 
Using the calculated powder stream focal point, we can calculate the slope ݉(ݔ,  17 [Eq. (41)] (ݕ
from the node on the free surface and then check if the projected path falls within the powder 18 
tube radii using Eq. (42). In Eq. (41), the brackets [ݔ௦,  ௦] indicate that we are solving for slope 19ݕ
values in both the x and y directions. In Eq. (42), the vertical brackets represent taking the 20 
magnitude of the elements within.  21 
 22 

,ݔ)݉  (ݕ =
୤୭ୡୟ୪ݎ] cos(ߠ) , ୤୭ୡୟ୪ݎ sin(ߠ)] − ,௦ݔ] [௦ݕ

୤୭ୡୟ୪ݖ sin ቀߨ
2 − ߰ቁ − ௜௡ݖ

 (41) 

 23 
 ൫ܴ୬ୠୡ − ܴ௡௢௭బ൯ < ,௦ݔ]| [௦ݕ + ,ݔ)݉ ݏ݊݀)(ݕ − |(௜௡ݖ < ൫ܴ୬ୠୡ + ܴ௡௢௭బ൯ (42) 

 24 
For each iteration where we step down one z-node, the slope ݉(ݔ,  is used to calculate the 25 (ݕ
updated coordinates of each projected powder path using the homogeneous transformation 26 
matrix Eq. (32). It should then be clear that at the last iteration where we are at the free surface z-27 
node, both the input and transformed coordinates for all the nozzles will be the same and the 28 
powder concentration and laser attenuation equation will only need to be solved once. However, 29 
powder heating will still need to be solved separately as each powder path can experience 30 
unequal heating during their travel from the nozzle to the free surface. Only the node at the laser 31 
beam center ൫ݔ௕௘௔௠(ݐ),  ൯ will have equal powder heating from all powder streams. 32(ݐ)௕௘௔௠ݕ
 33 
 34 



2.3.4) Powder number concentration 1 
Using the calculated powder broadening angle ߱, we can solve for the expanded powder stream 2 
radius ܴ௡௢௭ [Eq. (43)] for each iteration’s transformed ݖ୧୬ value, ݖ௛௧. Then, following the 3 
assumption that each individual stream’s cross-section has a Gaussian profile in its ൣݔ௣ݕ௣ݖ௣൧ 4 
coordinate frame along the ݖ௣ axis, our summed powder number concentration may be solved by 5 
Eq. (44).  The presence of a summation is because each nozzles’ streams can contribute to the 6 
powder concentration at a given point (ݔ௛௧, ,௛௧ݕ  ௛௧) depending on whether the projected path 7ݖ
from the node’s free surface coordinates maps to within the powder tubes’ radii. As such, ݊ 8 
represents the number of projected paths that will be contributing to the powder number 9 
concentration. 10 
 11 
 ܴ௡௢௭ = ܴ௡௢௭బ − ௛௧ݖ tan(߱) (43) 

 12 

 N௣௢௪ௗ௘௥(ݔ௛௧, ,௛௧ݕ (௛௧ݖ = ෍
2݉̇௣ௗ

݉௣ௗݒ௣ௗܴߨ௡௢௭
ଶ exp ቈ−

௛௧ݔ)2
ଶ + ௛௧ݕ

ଶ)
ܴ௡௢௭

ଶ ቉
௡

௜ୀ଴

 (44) 

 13 
 14 
 15 
2.3.5) Laser intensity 16 
Instead of using the common approach of approximating the beam intensity as a pure Gaussian 17 
profile, we take the approach of Wu et al. [13] who characterized a fiber fed laser beam to more 18 
closely match that of a super-Gaussian profile. A super-Gaussian beam profile is similar to a top-19 
hat profile or square wave but with a gentler slope instead of a sharp discrete drop at the beam 20 
radius. 21 
 22 
We first calculate the defocusing length ݖௗ௙ given our focal length ௟݂௘௡௚௧௛ of 270 mm. Then we 23 
solve for the super-Gaussian parameter ݇ௌீ with Eq. (46) where ݇௖௢௘௙ = 0.04923 and Γୡ୭ୣ୤ =24 
3.174. Then we solve for the super-Gaussian beam radius ܴௌீ஻ using the measured focused 25 
beam radii ܴீ஻଴ of 0.5 mm. Here, the first super-gaussian coefficient ݃ݏଵ = −2.519 ∗ 10ିଵ଻ and 26 
the second super-gaussian coefficient ݃ݏଶ = 0.8936. Finally, we solve for the unattenuated laser 27 
intensity I଴ [Eq. (48)] where Γ is the Gamma function. 28 
 29 
ௗ௙ݖ  = ௟݂௘௡௚௧௛ − ݖ − (݀௡௦ + ݀௡௟) (45) 

 30 

 ݇ௌீ = 1 +
0.5Γୡ୭ୣ୤

݇௖௢௘௙൫ݖௗ௙
ଶ + (0.5Γୡ୭ୣ୤)ଶ൯

 (46) 

 31 

 ܴௌீ஻ = ܴீ஻଴ඨ1 + ൬
ௗ௙ݖ

௥ݖ
൰

ଶ
− ଵ݃ݏ exp ቈ− ൬

ௗ௙ݖ

ଶ݃ݏ
൰

ଶ
቉ (47) 

 32 



 I଴(ݔ௦, ,௦ݕ (ݖ =
2

ଵ
௞ೄಸ݇ௌீ ଴ܲ

ௌீ஻ܴߨ
ଶΓ ൬ 1

݇ௌீ
൰

exp ൥−2 ቆ
௦ݔ

ଶ + ௦ݕ
ଶ

ܴௌீ஻
ଶ ቇ

௞ೄಸ

൩ (48) 

 1 
2.3.6) Laser attenuation 2 
The beam attenuation is calculated using a laser attenuation scheme developed by Wang et al. 3 
[17] based on the powder/beam area obscuring ratio ݀݌௥௔௧௜௢. This scheme calculates an effective 4 
powder number ݀݌௘௙௙ [Eq. (51)] that describes the degree at which powder particles obscure the 5 
beam while accounting for powder particle overlap. This is dependent on the number of powder 6 
particles ݀݌௡௨௠ along the z-axis from the powder path’s current ݖ coordinate ݖ௜௡ up to the z-7 
height of the nozzle ݀௡௦.  8 
 9 

௥௔௧௜௢݀݌  =
ܴௌீ஻

ଶ

௥௔ௗ݀݌
ଶ (49) 

 10 

௡௨௠݀݌  = න
2݉̇௣ௗ

݉௣ௗݒ௣ௗ
exp ቈ−

௛௧ݔ)2
ଶ + ௛௧ݕ

ଶ)
ܴ௡௢௭

ଶ ቉ ݖ݀
ௗ೙ೞ

௭೔೙

 (50) 

 11 

௘௙௙݀݌  = 1 − ൤
௥௔௧௜௢݀݌ − 1

௥௔௧௜௢݀݌
൨

௣ௗ೙ೠ೘

 (51) 

 12 
,௦ݔ)௔௧௧ܫ  ,௦ݕ (ݖ = I଴(ݔ௦, ,௦ݕ (ݖ ∗  ௘௙௙ (52)݀݌

 13 
The integral in Eq. (50) is done in the [ݖݕݔ] coordinate frame because the laser beam intensity is 14 
defined in that coordinate frame. When integrating along ݔ ,ݖ and ݕ are constant in [ݖݕݔ] but not 15 
in ൣݔ௣ݕ௣ݖ௣൧, and so we must use the HT୫ୟ୲୰୧୶ to define Eq. (50) in terms of ݕ ,ݔ, and ݖ. As the 16 
integral in the modified Eq. (50) does not have an analytical form, we utilize an implementation 17 
of the tanh-sinh quadrature by van Engelen [26] to perform numerical integration.  18 
 19 
2.3.7) Powder temperature 20 
The powder temperature is calculated by the energy balance Eq. (56). We account for absorbed 21 
laser intensity, convective and radiative losses, as well as the latent energy from melting and 22 
boiling. The heat transfer coefficient of the powder in flight is calculated using Eqs. (53)-(55) 23 
which is an analytical relationship of the Reynolds and Prandtl number derived by Liu and Lin 24 
[27]. 25 
 26 

 Re = ௦௛௜௘௟ௗߩ௣ௗݎ2 ൬
௦௛௜௘௟ௗݒ − ௣ௗݒ

௦௛௜௘௟ௗߤ
൰ (53) 

 27 

 Pr =
௣௦௛௜௘௟ௗܥ

௦௛௜௘௟ௗߤ

݇௦௛௜௘௟ௗ
 (54) 

 28 



 ℎ =
݇௦௛௜௘௟ௗ

௣ௗݎ2
(2 + 0.6Re଴.ହPr଴.ଷଷ) (55) 

 1 

 ݉௣ௗܥ௣̅ௗ
݀ ௣ܶௗ

ݐ݀
=

1
4

௣ௗIୟ୲୲ߙ௦ܣ − ℎܣ௦( ௢ܶ௟ௗ − ௦ܶ) − ௦൫ܣ௣ௗߝ௕ߪ ௢ܶ௟ௗ
ସ − ௦ܶ

ସ൯ −  ௣ௗ (56)ܮ

 2 

௣ௗܮ  = ௠ܮ௠ߞ
݀݉௠

ݐ݀
+ ௕ܮ௕ߞ

݀݉௕

ݐ݀
 (57) 

 3 
If the increase in temperature ݀ܶ for a given timestep ݀ݐ is large enough to shift the temperature 4 
past the melting or boiling points, the effect of the latent heats must be accounted for. In those 5 
cases, the excess energy that would normally increase the temperature now goes to partially 6 
transforming the particle. Only once the powder particle has fully transformed will the 7 
temperature increase past the phase transformation temperature. Eq. (57) represents the latent 8 
heat terms where ߞ௠ and ߞ௕ are logical parameters equal to 1 at their respective phase change 9 
temperature and 0 elsewhere. 10 
 11 
 12 
3) Results and Discussion: 13 
3.1) Modeling: Non-Equilibrium Phase Compositions 14 
Two simulations were run with the parameters listed in Table 3 to match experimental samples 15 
made by Chatterjee et al. [7]. The substrate was initialized to 99.99 at.% Fe to emulate a mild 16 
steel substrate and its carbon concentration was neglected for composition calculations. The laser 17 
beam scans along the x-axis for a single pass and the simulations were run to a real time of 18 
around 0.7 seconds putting the laser beam center at roughly x = 4.2 mm and x = 4.4 mm for the 19 
Fe55Cu45 and Fe67Cu33 cases, respectively. 20 
 21 
Figure 2 shows the 2D cross-sectional plots of the non-equilibrium solidus and liquidus phase 22 
compositions for the Fe55Cu45 set of processing parameters. We note that there is an initial 23 
region of instability in the first two millimeters of deposited material as the melt pool shape has 24 
not yet developed into a steady state moving front. This results in a lower overall Fe 25 
concentration which affects the calculated non-equilibrium phase compositions due to its 26 
appearance in Eqs. (21)-(22). This initial instability in the overall composition profile is 27 
consistent with prior DED-LB simulations by Gan et al. [28] on a cobalt alloy steel.  28 
 29 



 1 
Figure 2. (a) A 2D cross-section plot of the non-equilibrium solidus phase compositions for a Fe55Cu45 simulation. 2 
Distance and height represent the x-axis and z-axis respectively. This plot depicts the xz plane at y = 3.659E-5 m. 3 
The solid red line indicates the free surface, the dashed red line indicates the original substrate height, and the 4 
dashed black line within the track and substrate indicates the melt-pool interface. The black bracket depicts the laser 5 
beam’s cross-sectional coverage (0.6 mm radius) at the current timestep with the arrowhead representing the beam 6 
center. (b) A 2D cross-section plot of the non-equilibrium liquidus phase compositions. Non-equilibrium liquidus 7 
compositions outside the melt pool represent the solidified non-equilibrium ε(fcc)-Cu phase. 8 
 9 



1 
Figure 3. (a) A 2D cross-section plot of the non-equilibrium solidus phase compositions for a Fe67Cu33 simulation. 2 
Distance and height represent the x-axis and z-axis respectively. This plot depicts the xz plane at y = 3.659E-5 m. 3 
The solid red line indicates the free surface, the dashed red line indicates the original substrate height, and the 4 
dashed black line within the track and substrate indicates the melt-pool interface. The black bracket depicts the laser 5 
beam’s cross-sectional coverage (0.6 mm radius) at the current timestep with the arrowhead representing the beam 6 
center. (b) A 2D cross-section plot of the non-equilibrium liquidus phase compositions. Non-equilibrium liquidus 7 
compositions outside the melt pool represent the solidified non-equilibrium ε(fcc)-Cu phase. 8 

  



Figure 3 shows a similar pair of 2D cross-sectional plots for the Fe67Cu33 set of processing 1 
parameters. The same initial instability region is also present here as expected. Comparing the 2 
two processing parameter sets, we note the difference in track height at roughly 0.27 mm in the 3 
Fe55Cu45 case and 0.41 mm in the Fe67Cu33 case. This difference is largely due to the larger 4 
focal powder flow radius of 3.25 mm in the Fe55Cu45 case compared to 2.25 mm for Fe67Cu33.  5 
 6 
The peak cooling rates of our simulations are around 20,000 K/s at the trailing end of the melt 7 
pool at the free surface. This falls within the expected range of cooling rates for DED-LB which 8 
ranges from 103 K/s to 105 K/s though the upper bound is generally more in the domain of PBF-9 
LB [29]. For the Fe55Cu45 case, the non-equilibrium solidus and liquidus compositions at nodes 10 
just below the free surface in the steady state region past x = 2 mm are 14.9 at.% Cu and 83.3 11 
at.% Cu respectively. For the Fe67Cu33 case, the corresponding non-equilibrium solidus and 12 
liquidus compositions are 14.3 at.% Cu and 74.3 at. % Cu respectively. We do not consider the 13 
nodes directly at the free surface as the shallow curvature of the melt-pool leads to nodes 14 
transitioning from being in the gas state to being incorporated into the track instantaneously. This 15 
leads to abnormally high initial values calculated by Eqs. (25)-(26) and skews the non-16 
equilibrium phase compositions above their expected values. This skewed layer is most apparent 17 
in the plotted non-equilibrium solidus compositions in Figure 2(a) and Figure 3(a) as the smaller 18 
composition range c-axis highlights the surface layer.  19 
 20 
The non-equilibrium solidus compositions in the Fe55Cu45 case have a very small gradient 21 
increasing towards the free surface. Nodes near the original substrate height have non-22 
equilibrium solidus compositions around 13.5 at.% Cu which increases to the aforementioned 23 
14.9 at.% Cu just under the free surface. This is expected as cooling rates increase towards the 24 
free surface. The Fe67Cu33 case has a similar gradient starting at roughly 12.5 at.% Cu near the 25 
original substrate height and increasing to 14.3 at.% Cu just under the free surface. However, a 26 
part of these non-equilibrium phase composition gradients is due to the overall composition 27 
gradient where Fe concentration increases down towards the substrate. This is due to the 28 
convective flow within the melt pool bringing substrate Fe species into the track and is expected 29 
for the initial deposition layers given how thin they are. Therefore, only nodes near the free 30 
surface have overall compositions close to the powder composition. Consequently, the non-31 
equilibrium liquidus phase compositions have a reverse gradient where the Cu concentration 32 
decreases towards the substrate. Normally, we would correlate decreasing Cu concentration in 33 
the non-equilibrium liquidus as increased non-equilibrium partitioning due to higher cooling 34 
rates. However, cooling rates decrease towards the substrate and this gradient is due to the 35 
influence of the overall composition term in Eq. (22). As overall composition decreases, it causes 36 
a commensurate decrease in the non-equilibrium liquidus compositions. 37 
 38 
3.2) Experiment: Composition Characterization 39 
Cross-sectional cutouts of the DED-LB made samples were taken for polishing prior to 40 
composition mapping. The Fe55Cu45 sample was manufactured as a 1 cm cube with a 0.5 mm 41 
track overlap pattern. The Fe67Cu33 sample was manufactured as a 4-layer single track 42 
deposition 2 cm in length. Bulk composition mapping was done with wavelength dispersive 43 
spectroscopy (WDS) on a Cameca SX100. This quantification was done with calibrated pure Cu 44 
and Fe standards; it used a method described by Donovan et al. [30]. Figure 4(a) shows the 45 
composition map for the Fe55Cu45 sample while Figure 4(b) is the corresponding map for the 46 



Fe67Cu33 sample. The overall composition was 55±2.5 at.% Fe for the Fe55Cu45 sample. 1 
Meanwhile the Fe67Cu33 sample had a bulk composition gradient ranging from 67±2.5 at.% Fe 2 
just above the substrate to 63±2.5 at.% Fe at the free surface.  3 
 4 
Both samples used a starting powder composition of 50 at.% Fe which is not reflected in the 5 
measured overall composition. However, this is expected as our model’s laser powder interaction 6 
solver predicts powder compositions at the free surface that match well with the measured 7 
overall compositions for both the Fe55Cu45 and Fe67Cu33 set of processing parameters. The 8 
difference between starting powder composition and resulting bulk composition is due to the 9 
preferential boiling of Cu powder with the Fe67Cu33 sample losing more Cu content due to the 10 
higher 900 W laser power.  11 
 12 

     13 
Figure 4. (a) WDS map of the  Fe55Cu45 sample with large Fe grains visible in white and the Cu matrix in blue. 14 
The red speckles within the Fe grains represent the contribution from Cu nanoprecipitates. (b) A corresponding 15 
WDS map of the  Fe67Cu33 sample also focused on the Fe grains. The higher Fe concentration and thinner dendrite 16 
spacing washes out the Cu matrix into a green shade. 17 
 18 
Subsequently, focused ion beam (FIB) milled lift outs were taken from both the Fe55Cu45 and 19 
Fe67Cu33 cutouts for scanning transmission electron microscopy energy dispersive spectroscopy 20 
(STEM-EDS) analysis. Composition mapping was focused on individual Fe and Cu grains to 21 
gauge their original non-equilibrium partitioned compositions. STEM-EDS was done on a 22 
Thermo Fisher Talos F200X G2 using a low background beryllium double-tilt holder. Figure 5 23 
shows the STEM-EDS maps of the Fe55Cu45 sample and reports a solute concentration of about 24 
12 at.% Cu in the Fe grains and roughly 4 at.% Fe in the Cu grains. STEM-EDS of the Fe67Cu33 25 
sample in Figure 6 reports nearly identical solute concentrations of about 12 at.% Cu in the Fe 26 
grains and roughly 4 at.% Fe in the Cu grains. It is important to note that these STEM-EDS 27 
results can only be considered semi-quantitative and will serve as a close approximation when 28 
compared with our model.  29 
     30 



 1 
Figure 5. (a) STEM-EDS map of a Cu grain from a Fe55Cu45 sample lift out with Fe nanoprecipitates uniformly 2 
dispersed. (b) STEM-EDS map of an Fe grain from the same lift out. Numerous larger Cu nanoprecipitates with a 3 
slightly oval shape are visible 4 
     5 

 6 
Figure 6. (a) STEM-EDS map of a Cu grain from a Fe67Cu33 sample lift out with Fe nanoprecipitates uniformly 7 
dispersed. Note the presence of some large precipitates compared to the smaller ones faintly visible in the 8 
background. (b) STEM-EDS map of an Fe grain from the same lift out. Precipitates have relatively uniform sizes. 9 
 10 
Coincidentally, the solute concentrations of Cu in the Fe grains and Fe in the Cu grains are very 11 
similar between the two samples despite the different DED-LB processing parameters used. 12 
Compared to the equilibrium solubility limits at the (fcc)-Fe + Liquid two-phase region 13 
peritectic at 1367 K, the iron grains have roughly twice the equilibrium amount of Cu solute 14 
retained within the grain. However, the Cu grains have Fe solute concentrations close to or 15 
below the equilibrium amount. In both cases, the lattice of each grain is mostly devoid of solute, 16 



indicative that almost all partitioned solute has precipitated out. This is expected as DED-LB 1 
builds layer by layer with subsequent layers reheating and partially remelting previously 2 
deposited tracks. However, the fine columnar and dendritic grain structures seen in Figure 7 3 
indicates that the reheating duration is not on a timescale long enough to coarsen the grains nor 4 
allow for significant macro segregation of phases. Additionally,  5 
 6 

 7 
Figure 7. (a) Secondary electron (SE) image and (b) Backscattered electron (BSE) image from the Fe55Cu45 8 
sample. Z contrast is such that the Cu phase is lighter and the Fe phase is darker. The orientation for both is 9 
perpendicular to the beam scan direction in a top-down view. (a) is just below the free surface and individual tracks 10 
are visible oriented diagonally from the bottom left towards the top right. (b) is from the middle of the deposit 11 
focused on an overlap region between two tracks. The grain structure is mostly cellular with some dendritic grains. 12 
(c-d) BSE images from the Fe67Cu33 sample. The orientation is parallel and in the beam scan direction for both. 13 
The grain structure is dendritic in (c) and cellular in (d).  14 
 15 
3.3) Comparison of Model vs. Experiment 16 
There are deviations between our model and the characterized phase compositions of the DED-17 
LB made samples. The deviation is more severe with the simulated non-equilibrium ε(fcc)-Cu 18 
phase when compared with the corresponding STEM-EDS measured Fe solute concentrations in 19 
the Cu grains for both the Fe55Cu45 and Fe67Cu33 samples. In both samples, the STEM-EDS 20 
measured Fe solute in the Cu grains was at or below the solubility limit for the (fcc)-Fe + 21 
Liquid two-phase region at the peritectic invariant reaction of 1367 K (5 at.% Fe solute in ε(fcc)-22 
Cu [1]). However, the measured Fe solute concentration in the form of precipitates is still larger 23 
than the negligible solubility predicted by the Cu-Fe equilibrium phase diagram at room 24 
temperature.  25 
 26 



Meanwhile, the simulated non-equilibrium α(bcc)-Fe phase compositions have better agreement 1 
with the measured Cu solute concentrations in the Fe grains. This seems to indicate the 2 
difference in cooling rate through the (fcc)-Fe + Liquid two-phase region between the 3 
Fe55Cu45 and Fe67Cu33 samples was not large enough to yield a difference. Indeed, Munitz [2] 4 
reported that cooling rates above 104 K/s and/or undercoolings greater than 100 K are needed to 5 
achieve liquid-liquid phase separation from cooling the homogenous liquid past the spinodal 6 
decomposition curve. In such cases, the microstructure of concentrated Cu-Fe alloys transforms 7 
from a mainly cellular/dendritic structure to one containing Fe-rich spherulites. The lack of such 8 
a microstructure in our DED-LB printed samples indicates that our cooling rate did not yield an 9 
undercooling needed to induce the spinodal decomposition. Thus, we can conclude that our 10 
samples’ solidification followed the normal solidus and liquidus curves and cannot approach the 11 
higher solubilities achievable from the liquid-liquid phase separation solidification pathway. 12 
Indeed, our Fe55Cu45 STEM-EDS measured solute concentrations have good agreement with 13 
those of the undercooled Fe50Cu50 droplets by Luo et al. [31] at the smallest undercooling of 20 14 
K.  15 
 16 
Subsequently, Munitz [2] mentions that the ability to achieve his reported upper limit of 32.1 17 
at.% Cu solute concentration in the Fe-rich phase is dependent on first achieving the liquid-liquid 18 
separation. This limit is supported by Turchanin & Agraval [5] who created a CALPHAD based 19 
thermodynamic model of the Cu-Fe phase diagram and showed that the intersection of the T0 20 
curve with the spinodal decomposition curve denotes the thermodynamic solubility limits of the 21 
partitionless crystalline solidified (fcc)-Fe and ε(fcc)-Cu phases. Those limits are unbalanced at 22 
34.4 at.% Cu solute in the (fcc)-Fe phase while only being 15.7 at.% Fe in the ε(fcc)-Cu phase. 23 
 24 
While the non-equilibrium solidus compositions of the Fe55Cu45 and Fe67Cu33 predicted by 25 
our model don’t differ significantly from the STEM-EDS measured Cu solute concentrations in 26 
the α(fcc)-Fe, this is slightly deceptive. The source of the deviation comes from Eq. (20) which is 27 
used in conjunction with Eq. (19) to solve for a unique set of non-equilibrium solidus and 28 
liquidus compositions. Since the non-equilibrium solidus and liquidus compositions are two 29 
independent variables, a second equation is a necessary condition to achieve a unique solution. 30 
Eq. (20) accounts for mass conservation and is a reasonable choice given that the overall 31 
composition is solved and known for every timestep. The phase fractions in Eq. (20) are defined 32 
in Eq. (23)-(24) and are scaled using the same dimensionless solidification term ߚ that shows up 33 
in the partitioning Eq. (19). Under equilibrium cooling conditions where ߚ = 0, the equation 34 
simplifies to the lever rule interpretation of the equilibrium phase diagram. Under rapid 35 
solidification where ߚ ≫ 0, the phase fractions of the current timestep do not change 36 
significantly from the prior timestep with a comparable effect on the non-equilibrium phase 37 
compositions. 38 
 39 
However, Eq. (23)-(24) include the equilibrium phase fractions ቀ ௦݂೐೜, ௦݂೐೜ቁ and this imposes a 40 
constraint that the non-equilibrium phase fractions will scale proportionally to the equilibrium 41 
phase fractions as they evolve with temperature within the (fcc)-Fe + Liquid two-phase region. 42 
This is untrue as the experimentally measured Fe-rich phase in both the Fe55Cu45 and 43 
Fe67Cu33 samples have phase fraction values larger than equilibrium.  44 
 45 



For the Fe55Cu45 case, the WDS measured overall composition is 45 at.% Cu and the STEM-1 
EDS measured Fe-rich and Cu-rich phase compositions are roughly 12 at.% Cu and 96 at.% Cu 2 
respectively. Lever rule calculation yields phase fractions at 0.607 and 0.393 for the Fe-rich and 3 
Cu-rich phases respectively. Measuring the phase fraction using ImageJ thresholding of BSE 4 
images of the polished Fe55Cu45 sample gives very similar results of roughly 0.622 and 0.378 5 
for the α(bcc)-Fe and ε(fcc)-Cu phases respectively. Meanwhile, our model predicts non-6 
equilibrium solidus and liquidus compositions of 14.9 at.% Cu and 83.5 at.% Cu respectively for 7 
nodes with an overall composition of 45 at.% Cu. Lever rule calculation using these 8 
compositions yields phase fractions of 0.56 and 0.44 for the Fe-rich and Cu-rich phases 9 
respectively. If we take the same overall composition but use the equilibrium solidus and 10 
liquidus compositions of the (fcc)-Fe + Liquid two-phase region at 6 at.% Cu and 96.1 at.% Cu 11 
respectively, we find the phase fractions are 0.567 and 0.433. It should be clear now that our 12 
predicted non-equilibrium phase compositions are strongly influenced by the choice of the 13 
second equation and our choice of Eq. (20) being proportional to the equilibrium phase fractions 14 
persists in the predicted non-equilibrium phase compositions.  15 
 16 
We have similar behavior the Fe67Cu33 case, where the model predicts non-equilibrium solidus 17 
and liquidus compositions are 14.0 at.% Cu and 78.0 at.% Cu respectively. Lever rule calculation 18 
with an overall composition of 33 at.% Cu yields phase fractions at 0.7 and 0.3 for the Fe-rich 19 
and Cu-rich phases respectively. These values match the lever rule calculated equilibrium phase 20 
fractions almost exactly. Meanwhile, the ImageJ measured phase fractions of the Fe67Cu33 21 
sample are 0.744 and 0.256 for the α(bcc)-Fe and ε(fcc)-Cu phases respectively. Applying the 22 
lever rule to the STEM-EDS measured phase compositions and using the WDS measured overall 23 
composition of 33 at.% Cu gives 0.75 and 0.25 for the α(bcc)-Fe and ε(fcc)-Cu phase fractions 24 
respectively. 25 
 26 
 27 
3.4) Dendrite Growth Model and Continuous Growth Model 28 
In general, prior work by Lu et al., Luo et al., and Xia et al. [4,31,32] utilized the more 29 
established continuous growth non-equilibrium partitioning model (CGM) by Aziz [19] which is 30 
a concise relationship [Eq. (58)] involving the equilibrium partition coefficient ݇௘௤, the 31 
solidification front velocity ܸ and a characteristic velocity ஽ܸ.  32 
 33 

 ݇௡௘஼ீெ =
݇௘௤ + ܸ

஽ܸ

1 + ܸ
஽ܸ

 (58) 

 34 
Like our model, Aziz’s CGM necessitates a second equation to define a unique set of solidus and 35 
liquidus phase compositions. Otherwise, there are infinitely many sets of solidus and liquidus 36 
phase compositions that may satisfy a given value of ݇௡௘. The aforementioned prior work chose 37 
to utilize an Ivantsov function relationship for solute concentration at the dendrite tip as the 38 
second equation [Eq. (59)] to define one of the phase compositions at the solid/liquid interface. 39 
This Ivantsov function appears in dendrite growth models such as the Lipton-Kurz-Trivedi 40 
(LKT) model [Eqs. (62)-(63)] [33, 34]. 41 
 42 
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௢௩௘௥௔௟௟ܥ
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1
1 − (1 − ݇௡௘)Iv(ܲܿ௦) (59) 

 1 
 Iv(ܲܿ௦) = ܲܿௌ exp(ܲܿ௦) Eଵ൫ඥܲܿ௦൯ (60) 

 2 

 ܲܿ௦ =
ௗ௘௡ௗ௥௜௧௘ܴݒ

௟ܦ2
 (61) 

 3 
The Ivantsov function itself depends on the solute Peclet number ܲܿ௦ which varies depending on 4 
the growth velocity and dendrite tip radius. A solution to the Ivantsov function representing the 5 
parabolic needle geometry is given [Eq. (60)] and used as this closely matches the microstructure 6 
morphology we observe. Other solutions to the Ivantsov function exist and can be derived from a 7 
general integral form [34]. 8 
 9 
As both growth velocity and tip radius are generally unknown and dependent on each other, they 10 
are solved as a system of equations [Eqs. (62)-(63)]. The first Eq. (62) is a relationship between 11 
the dendrite tip undercooling and its respective components from left to right: non-equilibrium 12 
solute effect undercooling, constitutional undercooling, curvature undercooling, and kinetic 13 
undercooling. The lack of thermal undercooling is because we are utilizing the directional 14 
growth model where the latent heat of solidification is dissipated into the already solidified 15 
material. 16 
 17 

 Δ ௧ܶ௜௣ =
݇௡௘Δ ଴ܶ

௏
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 19 
The second equation Eq. (63) represents the dendrite tip radius selection. Here, we relate the 20 
growth velocity to the radius via a selection criteria parameter ߪ∗. State-of-the-art work leans 21 
heavily on the micro-solvability theory which considers the anisotropic surface tension at the 22 
dendrite tip. However, applying the micro-solvability theory for the selection criteria parameter 23 
in three dimensions is difficult as the anisotropy is often determined experimentally. Therefore, 24 
when the interface anisotropy is unknown, the marginal stability criterion is used which assumes 25 
that there is negligible anisotropy at the tip. This reduces the selection criteria parameter to a 26 
constant value around 0.025 or ଵ

ସగమ. While this will introduce some error when applied to 27 
material systems where there is non-negligible anisotropy, the deviation from theory to 28 
experiment is usually less than 1 order of magnitude as examined by Lu & Hunt [35]. Thus, with 29 



the two equations we have three unknowns (Δ ௧ܶ௜௣, ܸ, ܴௗ௘௡ௗ௥௜௧௘) of which one is needed a priori 1 
to solve.  2 
 3 
 4 
3.5) Application of Dendrite Growth Model to DED-LB: 5 
Prior work by Lu et al. and Luo et al. [4,31] focused on small droplets of Cu-Fe alloys where the 6 
bulk undercooling could be measured from the temperature spike indicating recalescence. This 7 
eliminates one of the unknowns and allowed the authors to solve the system of equations [Eqs. 8 
(62)-(63)]. In DED-LB it is not possible to measure a single recalescence point as solidification 9 
is a continuous process with a solid/liquid interface that follows the laser-powder nozzle. 10 
However, with a couple assumptions, it is possible to utilize just Eq. (63) to solve for the 11 
Ivantsov function value and calculate non-equilibrium phase compositions.  12 
 13 

1. We assume that directional growth is the primary mode of solidification and neglect the 14 
contribution of equiaxed grains homogeneously nucleated from the melt pool. 15 
 16 

2. The directional dendrite growth velocity is assumed to directly related to the melt pool 17 
interface velocity via the angle of interface normal vector off the laser scanning direction. 18 

 19 
The first assumption is valid for most of the melt pool volume as partially remelted grains of the 20 
substrate or prior deposited layer serve as heterogenous nucleation points for directional 21 
solidification. Homogenous solidification requires a higher driving force for nucleation and is 22 
likely only near the free surface where the cooling rate is highest. Heterogenous nucleation is 23 
expected as most additively manufactured alloys display anisotropic mechanical properties from 24 
grains oriented in the laser scanning direction of each track. 25 
 26 
The second assumption [Eq. (64)] subsequently falls into place based on the principle defined by 27 
the first. Once a melt pool interface has developed, it will eventually stabilize into a parabolic 28 
ellipsoid shape that trails the laser focal point scanning across the surface. Dendrites will grow 29 
normal to this melt pool interface as the melt pool interface is matched by a temperature 30 
gradient. The dendrites’ growth velocity ܸ can be calculated as the product of the laser scan 31 
velocity ௕ܸ௘௔௠ and the cosine of the normal angle to the interface ߠ௦௟ . In laser additive processes, 32 
the energy input is small relative to the large substrate minimizing heat accumulation. Therefore, 33 
at steady state the melt pool interface will trail the laser focal point by a constant distance such 34 
that in the laser’s reference frame, the melt pool interface location will be constant.  35 
 36 
The second assumption itself is also dependent on the melt pool interface shape remaining 37 
consistent. This relies on the correct choice of laser power and scan speed from 2D process maps 38 
and falls apart at the two extremes. The first is where the laser power is very high, and the 39 
scanning speed is very low while the second is the inverse of the former. In the first extreme, 40 
high laser power leads to keyholing and the formation of trapped pores due to instability near the 41 
bottom of the sharp melt-pool. In the second, fast scan speed leads to balling where the shallow 42 
melt-pool is unstable and pinches off frequently due to surface tension effects. For the purpose of 43 
calculating non-equilibrium phase compositions, we consider that an appropriate choice of laser 44 
scan speed (and laser power) is implied with the second assumption. 45 
 46 



 ܸ = ௕ܸ௘௔௠ cos(ߠ௦௟) (64) 

 1 
Eq. (65) is a rearrangement of Eq. (63) where ܴௗ௘௡ௗ௥௜௧௘  is eliminated using the relationship 2 
established by the solute Peclet number [Eq. (61)]. Since the growth velocity is known from Eq. 3 
(64), the solute Peclet number can be solved in Eq. (65) and then utilized in Eq. (59) to solve for 4 
the non-equilibrium phase compositions. As the Ivantsov function contains the exponential 5 
integral and Eq. (65) does not simplify well, Newton’s method is used to solve for ܲܿ௦.  6 
 7 
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 8 
3.6) Source of Deviations: Models vs. Experiment 9 
Unfortunately, a direct implementation of the LKT model does not match well to experimental 10 
results of rapidly solidified concentrated Cu-Fe alloys. Therefore, neither solving Eqs. (62)-(63) 11 
nor Eq. (65) followed by Eq. (59) will yield appropriate non-equilibrium phase compositions. 12 
Luo et al. [31] reported their measured growth velocities of undercooled 50Cu50Fe alloys were 13 
much greater than those calculated using the LKT model for all measured undercoolings ranging 14 
from 20 K to 261 K below their selected equilibrium liquidus temperature of 1711 K.  15 
 16 
We identify the likely cause to be the characteristic velocity ஽ܸ used to solve for ݇௡௘஼ீெ in Eq. 17 
(58). This parameter should be fit to experimental data which normally precludes the use of this 18 
model for material systems with little data. In cases where experimental data is unknown a 19 
priori, many authors tend to define the characteristic velocity as a diffusive velocity [Eq. (66)] 20 
where ܦ௟ is the liquid interdiffusion coefficient and ܽ଴ is the characteristic diffusion length.  21 
 22 

 ஽ܸ =
௟ܦ

ܽ଴
 (66) 

 23 
This implementation leads to a relatively constant ஽ܸ as while ܦ௟ varies with temperature, it does 24 
not change significantly in order of magnitude. As such, we would normally expect the growth 25 
velocity to reach and exceed ஽ܸ at some undercooling which dictates the beginning of 26 
partitionless solidification at ܸ = ஽ܸ. This definition is a slight modification of Aziz’s CGM by 27 
Sobolev [36] as for large values of ݇௘௤, ݇௡௘஼ீெ would normally not approach 1 until ܸ ≫ ஽ܸ, 28 
contrary to experiment. 29 
 30 
In Figure 8(a), we observe that the calculated ஽ܸಽೠ೚ [Eq. (68)-(69)] is not constant with 31 
undercooling and has a curvature similar to the experimentally measured ௅ܸ௨௢. This is contrary to 32 
the previously defined method for calculating ஽ܸ as a diffusive velocity. Since the liquid 33 
diffusion coefficient ܦ௟ does not change significantly with temperature, ஽ܸ would appear as a 34 
relatively flat line in Figure 8(a) showcasing low undercooling sensitivity.  35 
 36 



 ௅ܸ௨௢ = 6.47 ∗ 10ିହΔܶଶ.ଶଶ (67) 

 1 

 ஽ܸಽೠ೚ = ௅ܸ௨௢൫݇௡௘௅௨௢ − 1൯
݇௘௤ − ݇௡௘௅௨௢

 (68) 

 2 

 ஽ܸಽೠ೚ = 4 ∗ 10ିଵସΔܶ଺ − 5 ∗ 10ିଵଵΔܶହ + 3 ∗ 10ି଼Δܶସ − 9 ∗ 10ି଺ΔTଷ

+ 0.0018Δܶଶ − 0.005Δܶ + 0.0099 
(69) 

 3 
Consequently, since ௅ܸ௨௢ approaches ஽ܸಽೠ೚ very slowly, ݇௡௘஼ீெ will not go to 1 which indicates 4 
that fully partitionless solidification is out of reach for concentrated Cu-Fe alloys. Indeed, in 5 
Figure (8)b, the plotted non-equilibrium partition coefficient curve is relatively linear which is 6 
contrary to normal ݇௡௘ curves that approach 1 with an error function like shape. This behavior 7 
differs from dilute Cu-Fe alloys with low Cu concentrations that lie within the δ(bcc)-Fe + 8 
Liquid two phase region. For those dilute Cu-Fe alloys, Xia et al. [32] showed that fully 9 
partitionless solidification was achievable in highly undercooled droplets solidified in a manner 10 
identical to the experiments done by Luo et al. [31]. Nevertheless, the key issue is that for 11 
݇௡௘಴ಸಾ to match ݇௡௘௅௨௢, ஽ܸ cannot be relatively constant in magnitude as predicted by Eq. (66) 12 
and which was used by Luo et al. [31]. Therefore, the ݇௡௘஼ீெ which they calculated and used for 13 
solving the LKT model [Eqs. (62)-(63)] would not yield the correct growth velocity ܸ as they 14 
showed, nor correctly predict the non-equilibrium phase compositions [Eq. (59)]. 15 
 16 
 17 
 18 
 19 
 20 
 21 
 22 
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 24 
 25 
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 27 
 28 
 29 
 30 



 1 
Figure 8. (a) Comparison of fit equation of growth velocity ௅ܸ௨௢ from multiple experimental measurements by Luo 2 
et al. [31] against back-calculated characteristic velocity ஽ܸಽೠ೚ . The solid lines represent the range of undercoolings 3 
(20 K – 261 K) achieved in experiment while the dotted portions are extrapolated. (b) Fit equations of non-4 
equilibrium partition coefficient kne and the Fe-rich phase fraction from experiment by Luo et al. [31]. The range of 5 
undercoolings (20 K – 261 K) is represented by solid lines while the dotted extensions are extrapolated. The 6 
horizontal grey line represents the equilibrium phase fraction of the γ(fcc)-Fe phase at the peritectic isotherm of 7 
1367 K located on the bottom of the γ(fcc)-Fe + Liquid two phase region in the Cu-Fe equilibrium phase diagram. 8 
Its extension across the undercooling range is merely for visual comparison against the non-equilibrium Fe-rich 9 
phase fraction that increases with higher undercooling. 10 
 11 



Additionally, Luo et al. [31] experimentally measured the degree of phase separation at various 1 
undercoolings and measured the solute concentrations within the Fe-rich and Cu-rich phases that 2 
formed post Liquid-Liquid spinodal decomposition. With those data points, we plot Figure 8(b) 3 
to show an approximate comparison of experimental Fe-rich phase fraction against the 4 
equilibrium value used in our model [Eq. (20)]. The plotted Fe-rich phase fraction curve 5 
represents the lower bound as it is calculated using the lever rule with an overall composition of 6 
50 at.% Cu. The actual measured overall composition of the Fe-rich phase decreases with 7 
increasing undercooling which is expected as the spinodal curve widens at lower temperatures. 8 
The lower bound is used as the measured bulk Cu concentrations of the Fe-rich zone in droplets 9 
solidified at higher undercoolings are less than their corresponding Cu solute concentrations in 10 
just the Fe-rich phase [31].  11 
 12 
We can see that the plotted phase fraction increases with higher undercoolings which 13 
corresponds with higher degrees of non-equilibrium partitioning. This is in line with our findings 14 
where our ImageJ measured Fe-rich phase fraction was slightly higher than equilibrium for both 15 
the Fe55Cu45 and Fe67Cu33 samples. Thus, we confirm our earlier analysis that another choice 16 
of the second equation to complete our model is needed as the non-equilibrium phase fractions 17 
are also variable with solidification velocity/undercooling. 18 
 19 
4) Summary and Conclusions: 20 
A comprehensive transport and laser powder interaction model was developed to accurately 21 
simulate the DED-LB process. The computed thermal and composition history from the transport 22 
model was then used to solve a non-equilibrium partitioning model predicting the non-23 
equilibrium phase compositions that form in rapidly solidified concentrated Cu-Fe alloys.  24 
 25 
The non-equilibrium phase compositions of the Fe55Cu45 and Fe67Cu33 alloys are very similar 26 
despite different processing parameters and very different mechanical behavior. The α(bcc)-Fe 27 
phases contained around 12 at.% Cu solute and the ε(fcc)-Cu phases had roughly 4 at.% Fe 28 
solute. Yet Chatterjee et al. [7] showed that the Fe55Cu45 alloy has twice the compressive yield 29 
but far less strain hardening compared to the Fe67Cu33 alloy. Therefore, just predicting initial 30 
trapped solute concentration is not sufficient to deriving a correlation to mechanical properties of 31 
the resulting alloy. Indeed, the authors [7] found that both the precipitate area fraction as well as 32 
type of precipitates (coherent, incoherent) played a role in strengthening the alloys above their 33 
theoretical Hall-Petch predicted strength. 34 
 35 
There is deviation in the predicted non-equilibrium phase compositions of our model compared 36 
to the STEM-EDS measured samples. The model generally predicts more non-equilibrium 37 
partitioning and higher solute concentrations in both the α(bcc)-Fe and ε(fcc)-Cu phases. The 38 
deviation is more severe with the predicted non-equilibrium liquidus compositions which 39 
represent the Fe solute concentration in the ε(fcc)-Cu phase at up to 20 at.% Fe greater than 40 
measured. Meanwhile the deviation is very minor for the predicted non-equilibrium solidus 41 
compositions at only 2.9 at.% Cu and 2.3 at.% Cu greater than measured for the Fe55Cu45 and 42 
Fe67Cu33 cases respectively. The difference in deviation between the non-equilibrium solidus 43 
and liquidus compositions is due to the higher phase fraction of α(bcc)-Fe which amplifies small 44 
inaccuracies of the non-equilibrium solidus. 45 
 46 



When compared against prior work on undercooled concentrated Cu-Fe alloys [4, 31], our DED-1 
LB made samples produce non-equilibrium phase compositions that would fall within the 5 K to 2 
10 K undercooling range. These undercoolings lie above the spinodal decomposition curve 3 
which is correlated by the lack of Fe spherulite in the microstructure that indicate the occurrence 4 
of a Liquid-Liquid separation. Our microstructure is a mix of cellular and dendritic grains 5 
indicating that localized solidification velocities fall within the cellular-dendritic transformation 6 
region. 7 
 8 
We identify the characteristic velocity ஽ܸ as being the key deficiency in utilizing the Aziz CGM 9 
for concentrated Cu-Fe alloys. Prior work has often utilized the Aziz CGM alongside the LKT 10 
dendrite growth model [37, 38, 39] to account for the non-equilibrium effects. And indeed, in 11 
dilute alloys and for material systems where ஽ܸ may be fit to experimental data the CGM does 12 
work well. Similarly, we identify the deficiency in our non-equilibrium partitioning model as the 13 
second Eq. (20) which assumed non-equilibrium phase fractions were proportional to their 14 
equilibrium counterparts. This was proven false, and those phase fractions deviate from 15 
equilibrium dependent on the undercooling. 16 
 17 
Modeling non-equilibrium partitioning in concentrated Cu-Fe alloys will require additional 18 
research as neither the Aziz CGM with LKT model nor our model can account for the unique 19 
behavior of the spinodal curve that extends deep into the γ(fcc)-Fe + Liquid two phase region. 20 
This is despite the former model showing good agreement when compared against rapidly 21 
solidified dilute Cu-Fe alloys that fall solely in the δ(bcc)-Fe + Liquid two phase region [32]. 22 
 23 
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