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Abstract

Potential vorticity (PV) is one of the most important quantities in atmospheric

science. In the absence of dissipative processes, the PV of each fluid parcel is

known to be conserved, for a dry atmosphere. However, a parcel's PV is not

conserved if clouds or phase changes of water occur. Recently, PV conservation

laws were derived for a cloudy atmosphere, where each parcel's PV is not con-

served but parcel-integrated PV is conserved, for integrals over certain volumes

that move with the flow. Hence a variety of different statements are now possi-

ble for moist PV conservation and non-conservation, and in comparison to the

case of a dry atmosphere, the situation for moist PV is more complex. Here, in

light of this complexity, several different definitions of moist PV are compared

for a cloudy atmosphere. Numerical simulations are shown for a rising ther-

mal, both before and after the formation of a cloud. These simulations include

the first computational illustration of the parcel-integrated, moist PV conserva-

tion laws. The comparisons, both theoretical and numerical, serve to clarify

and highlight the different statements of conservation and non-conservation

that arise for different definitions of moist PV.

KEYWORD S

clouds, conservation law, latent heating, moist potential vorticity, phase changes, water
vapor

1 | INTRODUCTION

Potential vorticity (PV) is one of the central conserved
quantities in geophysical fluid dynamics (Müller, 1995;
Salmon, 1998), with its roots traced back to about a cen-
tury ago in the works of Rossby (1939) and Ertel (1942).
The PV conservation law also has a deep connection to
the classic Kelvin and Bjerknes' circulation theorems
(Bjerknes, 1898; Thomson, 1867; Thorpe et al., 2003).
Material conservation enables the use of PV as a tracer of
fluid parcels. PV also possesses an inversion principle

that allows one to recover the slowly varying component
of the wind and temperature fields from the PV distribu-
tion, with suitable balance relations and boundary con-
ditions (Hoskins et al., 1985; Martin, 2013). Owing to
these properties, PV has been used extensively to study
the dynamics of synoptic and mesoscale weather sys-
tems (Davis & Emanuel, 1991; Hoskins et al., 1985;
Lackmann, 2002; Thorpe, 1985) and also ocean circula-
tions (Holland et al., 1984; Marshall & Nurser, 1992;
Pollard & Regier, 1990; Rhines, 1986; Ruan et al., 2021;
Taylor & Ferrari, 2010).
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Moist versions of PV have also been proposed and
investigated extensively (Bennetts & Hoskins, 1979;
Emanuel, 1979; Marquet, 2014; Schubert et al., 2001;
Wetzel et al., 2019, 2020). Moist PV has been useful for
many purposes, including the diagnosis of the effects of
latent heating (Abbott & O'Gorman, 2024; Bennetts &
Hoskins, 1979; Brennan & Lackmann, 2005; Büeler &
Pfahl, 2017; Cao & Cho, 1995; Davis & Emanuel, 1991;
Emanuel, 1979; Emanuel, 2008; Gao et al., 2004; Hittmeir
et al., 2021; Korty & Schneider, 2007; Lackmann, 2002;
Lackmann, 2011; Madonna et al., 2014; Martin, 2013).

Note, though, that moist PV is not conserved for each
fluid parcel, and inversion of moist PV is problematic
(e.g., see the sequence of three studies of Cao & Cho, 1995;
Schubert et al., 2001; Wetzel et al., 2020). The traditional
conservation and inversion properties of dry PV are for
idealized single-component flows, not for the more realis-
tic cases of binary or multi-component fluids such as a
moist atmosphere with clouds and phase changes, and
salty oceans.

For inversion, the moist case is different than the dry
case in several ways. For instance, the balanced portion is
comprised of not one but two components (PV and M,
where M represents a slow moist component), and corre-
spondingly it is not PV inversion but PV-and-M inversion
that recovers the balanced portion of the system (Remond-
Tiedrez et al., 2023; Smith & Stechmann, 2017; Wetzel
et al., 2019, 2020). Also, among many different moist PV
quantities that have been used, only certain moist PV quan-
tities are slowly evolving in the presence of phase changes
of water and cloud latent heating (Wetzel et al., 2020;
Zhang et al., 2021a, 2021b, 2022).

For conservation, recently, we generalized the PV
conservation laws to cases with phase changes of water,
for both a compressible flow (Kooloth et al., 2022) and a
Boussinesq flow (Kooloth et al., 2023). We showed that
moist PV is not materially conserved as in a dry atmo-
sphere; instead it is conserved over certain ‘material’ vol-
umes that move with flow. Such conservation laws hold
for many, but not all, moist PV quantities.

The purpose of this letter is to present a detailed com-
parison of different statements of PV conservation and
non-conservation for various definitions of moist
PV. One part of this comparison is the first numerical
illustration of the parcel-integrated PV conservation law.
From these comparisons, we hope to bring some clarity
to the complex landscape of cases including dry versus
moist PV, conservation and non-conservation, and
parcel-wise versus parcel-integrated conservation.

In what follows, the equations of PV conservation and
non-conservation are described for a compressible atmo-
sphere (Section 2) and under the Boussinesq approxima-
tion (Section 3). The setup of the numerical simulation

and the simulation results are also presented in Section 3.
Finally, Section 4 includes a concluding discussion and
summary of the laws of conservation and non-conservation.

2 | COMPARISON OF PV
CONSERVATION LAWS

In this section, we compare a variety of statements of
conservation and non-conservation of moist potential
vorticity, including recently discovered conservation laws
that apply for binary or multi-component fluids such as
an ocean with salinity or an atmosphere with water
vapor, and even in the presence of phase changes and
clouds (Kooloth et al., 2022, 2023).

The dry case without water vapor is considered in
Section 2.1, where PV is conserved for each fluid parcel.
Then the moist case with clouds and phase changes is
considered, where each fluid parcel's PV is not conserved
(Section 2.2), but where a local-volume-integrated PV is
conserved (Section 2.3).

The setting in this section is a compressible atmo-
sphere. See Section 3 below for an alternative setting
under the Boussinesq approximation.

For the evolution equations and assumptions, for
velocity u

!¼ u,v,wð Þ and density ρ, the form of the equa-
tions is the same for both the dry and moist cases:

Du
!

Dt
¼�1

ρ
rpþrϕ,

Dρ
Dt

¼�ρr� u!, ð1Þ

where r¼ ∂x , ∂y, ∂z
� �

is the gradient operator,
D=Dt¼ ∂=∂tþ u

!�r is the material derivative, p is the
pressure and ϕ is the force potential, which could
include, for example, the gravitational potential. In
Equation (1) a case without dissipation (friction, viscos-
ity, etc.) is assumed. Rotation could be added with some
modifications (Kooloth et al., 2022) but is left out for sim-
plicity here. Also, in Equation (1), the density ρ and pres-
sure p should be interpreted as total density and total
pressure, for the dry case and also for the moist case, so
that the form of Equation (1) is the same in both cases.
To complete the specification of the dynamical evolution,
equations are also needed for thermodynamic quantities.

For a dry atmosphere, the thermodynamic evolution
equation can be described in terms of potential tempera-
ture θ as

Dθ
Dt

¼ 0, ð2Þ

and an equation of state, θ¼ θ p,ρð Þ. The evolution is
assumed to be (dry) adiabatic.
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For a moist (and possibly cloudy) atmosphere, the ther-
modynamic evolution equations can be described in terms
of equivalent potential temperature θe and total water spe-
cific humidity qt as

Dθe
Dt

¼ 0,
Dqt
Dt

¼ 0, ð3Þ

along with an equation of state, θe ¼ θe p,ρ,qtð Þ. The evolu-
tion is assumed to be (moist) adiabatic, with reversible
phase changes between water vapor and liquid water, as
in warm, liquid clouds. No rain, ice, or precipitation is
considered. The total water qt can be decomposed as
qt ¼ qvþql, where qv and ql are water vapor and liquid
water, respectively, and can be recovered from qt by com-
parison against the saturation specific humidity, qvs ¼
qvs T,pð Þ, where T is temperature. We refer to states with
qt < qvs and qt ≥ qvs as the unsaturated and saturated
phases, respectively.

In what follows, we consider various definitions of
moist PV that have been proposed in the past. All defini-

tions involve the vorticity, ω!¼r� u
!
. In analogy with

dry PV, ω
!�rθ
� �

=ρ, the various moist PV definitions are

distinguished by which thermodynamic quantity is used

in ω
!�rψ , where common choices of ψ include potential

temperature θ, virtual potential temperature θv, equiva-
lent potential temperature θe, or liquid water potential
temperature θl.

2.1 | Dry PV is conserved for each fluid
parcel

Dry PV, ω
!�rθ
� �

=ρ, is a material invariant—that is, con-
served for each fluid parcel. To see this, the starting point
is its evolution equation:

ρ
D
Dt

ω
!�rθ

ρ

 !
¼�rθ �r� 1

ρ
rp

� �
¼�rθ � r1

ρ
�rp

� �
,

ð4Þ

which can be derived by using Equations (1) and (2) (see,
e.g., Kooloth et al., 2022).

To see that the “solenoidal” term on the right-hand
side of Equation (4) is zero for a dry atmosphere, recall
a fundamental property of thermodynamics for a dry
atmosphere: the potential temperature (or any other
thermodynamic property) can be expressed as a function
of pressure and density only, so that θ¼ θ p,ρð Þ. Conse-
quently, we have

rθ¼ ∂θ

∂p
rpþ ∂θ

∂ρ
rρ, ð5Þ

and it follows that the right-hand side of Equation (4) is
zero, so that

D
Dt

ω
!�rθ

ρ

 !
¼ 0: ð6Þ

Hence, dry PV is conserved for each fluid parcel.

2.2 | Moist PV is not conserved for each
parcel, due to clouds

We now describe several common choices of moist PV
definitions (based on θ, θv, θe, and θl), and show how
each one is not a material invariant, in the presence of
clouds and phase changes.

As a way to encapsulate any definition of moist PV,
consider a moist PV defined as ω

!�rψ
� �

=ρ, for a generic
thermodynamic quantity ψ . Assume that the evolution of
ψ is given by Dψ=Dt¼ _ψ , where _ψ represents all sources/
sinks of ψ . Then the evolution of the generic moist PV is
given by

D
Dt

ω
!�rψ

ρ

 !
¼ 1
ρ3
rψ � rρ�rpð Þþ1

ρ
ω
!�r _ψ ð7Þ

which follows from Equation (1) (see, e.g., Kooloth
et al., 2022; Schubert et al., 2001). Two potential sources
of non-conservation appear on the right-hand side in
Equation (7): the “solenoidal” term involving a cross
product and the source term involving _ψ .

First choose ψ ¼ θ and consider PV θ based on poten-
tial temperature. From Equation (7) its evolution equa-
tion is

D
Dt

ω
!�rθ

ρ

 !
¼ 1
ρ3
rθ � rρ�rpð Þþ1

ρ
ω
!�r _θ: ð8Þ

In an atmosphere with clouds and phase changes,
Equation (8) cannot be further simplified. The _θ term
arises from cloud latent heating and does not vanish, and
the solenoidal term on the right hand side of Equation (8)
remains nonzero in Equation (8), since, for a moist atmo-
sphere with phase changes, the potential temperature is
no longer completely determined by only the two vari-
ables of pressure and density, since three variables are
typically needed to specify a thermodynamic relationship

KOOLOTH ET AL. 3 of 12
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in a moist setting (see, e.g., chapter 4 of Iribarne &
Godson, 1973; Ooyama, 2001; Pauluis, 2008). Consequently,
PV θ is not a material invariant if clouds and phase
changes are present.

Next consider PV θv based on the virtual potential tem-
perature θv. Its evolution equation is

D
Dt

ω
!�rθv

ρ

 !
¼ 1
ρ
ω
!�r _θv, ð9Þ

which follows from choosing ψ ¼ θv in Equation (7). The
solenoidal term from Equation (7) has vanished and does
not appear in Equation (9), which is one of the desirable
properties of PV θv (Schubert et al., 2001). It vanishes
because θv is a special quantity that is a function of the
two variables p and ρ alone: θv ¼Tv p0=pð ÞRd=cpd , where
virtual temperature is Tv ¼ p= ρRdð Þ, and the constants
are the reference pressure p0, gas constant Rd for dry air
and specific heat cpd at constant pressure for dry air. The
right hand side of Equation (9) still has a source term
resulting from non-conservation of θv, such as cloud
latent heating, so that PV θv is not a material invariant in
general. As a special case, though, while a parcel remains
in the unsaturated phase, we have _θv ¼ 0 due to the
absence of latent heating, and consequently PV θv remains
materially conserved in the unsaturated phase.

Another commonly used definition of moist poten-
tial vorticity is PV θe defined in terms of the equivalent
potential temperature θe. Note that θe is often assumed to
be a materially conserved quantity, that is, Dθe=Dt¼ 0.
Hence, from Equation (7), the evolution of PV θe is
given by

D
Dt

ω
!�rθe

ρ

 !
¼ 1
ρ3
rθe � rρ�rpð Þ: ð10Þ

Here, in the case of PV θe , the non-conservation is due
to the solenoidal term.

As a final common choice, one may also consider poten-
tial vorticity PV θl defined in terms of liquid water poten-
tial temperature θl. Note that θl is often assumed to be a
materially conserved quantity, that is, Dθl=Dt¼ 0 (e.g.,
Betts, 1973; Stevens, 2005). Hence, from Equation (7), the
evolution of PV θl is given by

D
Dt

ω
!�rθl

ρ

 !
¼ 1
ρ3
rθl � rρ�rpð Þ, ð11Þ

and non-conservation of PV θl is seen to be due to the
solenoidal term.

Note that the PV evolution would be in the form of
Equations (10) and (11) for any PVψ based on a thermo-
dynamic quantity ψ that is assumed to be conserved
(Dψ=Dt¼ 0), including, for example, entropy s or the
moist potential temperature θs proposed by Mar-
quet (2011, 2014). For further discussion, see Supporting
Information (SI) Section 1.

In summary, the four moist PVs here involve four
common potential temperature variables: θ, θv, θe, and θl.
The discussion above serves to illustrate the different
properties of the four cases. They are all non-conservative
in different ways, due to either sources/sinks or the sole-
noidal term. For instance, θv has a source term due to
cloud latent heating, so PV θv is conserved (a material
invariant) in the unsaturated phase but is not conserved
in the saturated phase. On the other hand, the variables
θe and θl are conserved, so non-conservation of PV θe and
PV θl is due to the solenoidal term only. Hence, it appears
that there may not be a moist PV quantity that is a mate-
rial invariant, due to clouds and phase changes.

2.3 | Moist PV is conserved over certain
local volumes, even with clouds

While moist PV may be non-conservative for each fluid
parcel, it has been recently shown by Kooloth
et al. (2022, 2023) that moist PV can be conserved when
integrated over certain local volumes (for PV θe or PV θl ,
but not PV θ or PV θv). Here we sketch the key ideas of
these conservation principles.

As motivation for integrating over local volumes, start
with the PV θe evolution equation in Equation (10),
rewritten as1

ρ
D
Dt

ω
!�rθe

ρ

 !
¼r� 1

ρ
r� θerpð Þ

� 	
: ð12Þ

Given that a divergence appears on the right-hand
side, one might try to integrate in order to remove this
divergence term.

Pursuing this direction, we integrate Equation (12) over
a material volume2 Vm (i.e., a volume that moves with the
fluid flow) and use the divergence theorem to arrive at

d
dt

ð ð ð
Vm

dV ω
!�rθe
� �

¼∯Sm
dS
! � 1

ρ
rθe�rp

� �
ð13Þ

where Sm is the material surface that bounds the material
volume. The right-hand side is still non-zero, so conser-
vation has not yet been demonstrated.

4 of 12 KOOLOTH ET AL.
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To simplify the right-hand side of Equation (13), first
choose the material volume Vm to be a distorted cylinder
with base and lid given by surfaces of constant θe (say
θe ¼ θe1 and θe ¼ θe2, respectively) and sides given by
qt ¼ qt θeð Þ. (An illustration of such a cylinder is shown
below in Section 3.) On the base and lid, dS

!krθe that is,
the normal to the surface is parallel to rθe, so the base
and lid provide zero contribution to the integral. There-
fore the surface integral over Sm is the same as a surface
integral over only the sides of the cylinder:

∯Sm
dS
! � 1

ρ
rθe�rp

� �
¼
ð ð

Ssides

dS
! � 1

ρ
rθe�rp

� �
ð14Þ

¼�
ð ð

Ssides

dS
! �r� g p,θeð Þrpð Þ: ð15Þ

Also, to obtain the last line above, a second key observa-
tion, from fundamentals of moist thermodynamics, is
needed: ρ can be written as ρ¼ ρ p,θe,qtð Þ as a function of
the three moist thermodynamic quantities p,θe,qtð Þ
(e.g., chapter 4 of Iribarne & Godson, 1973; Ooyama, 2001;
Pauluis, 2008). Furthermore, since qt ¼ qt θeð Þ on the sides
of the cylinder, we have ρ¼ ρ p,θe,qt θeð Þð Þ and ρ is a func-
tion of p and θe alone. It follows that the integrands of
Equations (14) and (15) are equal for a function g p,θeð Þ
that satisfies ∂g=∂θe ¼ 1=ρ p,θe,qt θeð Þð Þ.

To complete the derivation, by using Stokes theorem,
the surface integral in Equation (15) can be converted to
two closed line integrals along the edges of the cylinder,
C1 and C2, and we have

d
dt

ð ð ð
Vm

dV ω
!�rθe
� �

¼ �
þ
C1

dx
!� g p,θeð Þrpð Þþ

þ
C2

dx
!

� g p,θeð Þrpð Þ:
ð16Þ

By noting that θe is a constant on both C1 and C2, the
integrands above reduce to exact differentials which integrate
to zero on the closed curves. This gives us our final result,

d
dt

ð ð ð
Vm

ω
!�rθe

ρ
ρdV ¼ 0, ð17Þ

of conservation of PV θe when integrated over certain
local material volumes.3

A similar conservation law can be derived for PV θl or
PV based on entropy or even PVqt (Kooloth et al., 2022).
The key property shared by θe, θl, s (entropy), and qt is
that they are all material invariants. On the other hand, θ

and θv are not material invariants in the presence of
phase changes and clouds, and hence the derivation
above does not hold for PV θ or PV θv .

3 | NUMERICAL SIMULATIONS
OF PV CONSERVATION AND
NONCONSERVATION

For numerical demonstration of the conservation laws
from Section 2, we will set aside the compressible setting
that includes acoustic/sound waves and use the simpler
setting of the Boussinesq approximation. The governing
equations under the Boussinesq approximation are
described in the SI, and they are similar to equations of
moist Boussinesq dynamics that have been used in other
studies (e.g., Bretherton, 1987; Grabowski & Clark, 1993;
Hernandez-Duenas et al., 2013; Kuo, 1961; Marsico
et al., 2019; Pauluis & Schumacher, 2010; Stechmann,
2014; Stechmann & Stevens, 2010). The Boussinesq case
admits statements of PV conservation and non-conservation
(Kooloth et al., 2023) that are analogous to the compressible
case from Section 2. Details are described in SI Section 2. A
summary is as follows.

As a particular moist PV quantity for illustration, we
use PVu which is based on the total buoyancy bu in the
unsaturated phase:

PVu ¼ω
!�rbu: ð18Þ

The evolution of PVu is then given by

D
Dt

PVu ¼ D
Dt

ω
!�rbu
� �

¼rbu � r�b0bzð Þ: ð19Þ

The buoyancy b0 depends on the phase and is noncon-
servative; see the SI for its detailed definition. Conse-
quently, it appears as a source term in the evolution of
PVu, which is then also nonconservative.

As a special case, though, note that the right-
hand-side goes to zero in the unsaturated phase since
rbu � r�bu0Hubzð Þ¼ 0, and therefore

D
Dt

PVu ¼ D
Dt

ω
!�rbu
� �

¼ 0 if unsaturated, ð20Þ

so that PVu is materially conserved for any parcels that
are not inside a cloud.

For a general scenario involving phase changes, fol-
lowing similar steps as presented for the compressible
case in Section 2.3, a parcel-integrated PVu conservation
principle can be obtained:

KOOLOTH ET AL. 5 of 12
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d
dt

ð ð ð
Vm

ω
!�rbudV ¼ 0, ð21Þ

which follows from integrating Equation (19) over a
material volume Vm that is a distorted cylinder whose
base and lid are given by bu ¼ const: and the sides are
given by bs ¼ const:, where bs is the total buoyancy in the
saturated phase. This PVu conservation statement can
also be shown to be valid for a material volume enclosed
by isosurfaces of the more physically relevant quantities,
θe and qt. The main ideas of the derivation are the same
as in the compressible case; the interested reader can
refer to the SI for the detailed derivation.

Parcel-integrated conservation principles can also be
derived for many other potential vorticity quantities for
the Boussinesq system. One such quantity is potential
vorticity PVs ¼ω

!�rbs based on the total saturated buoy-
ancy; two others are PVe ¼ω

!�rθe based on equivalent
potential temperature θe, and PVl ¼ω

!�rθl based on liq-
uid water potential temperature θl. Additionally, it can
be shown that PVs is materially conserved in the satu-
rated phase using a similar reasoning as for PVu in the
unsaturated phase (Kooloth et al., 2023).

The three-dimensional (3D) numerical simulations in
this study are performed using the code of Hernandez-
Duenas et al. (2013). The channel domain is periodic in
the x and y directions, and assumes a rigid top and bot-
tom. The domain size Lx �Ly�H is 8000�8000�7000
m3 and the number of grid points is 256�256�400, cor-
responding to horizontal and vertical grid spacings of
31:5 m and 17:5 m, respectively. Additional details are
described in SI Sections 3 and 4 and Figures S1.

The case study for illustration is the well-known case
of a rising moist thermal (e.g., Ahmad & Lindeman, 2007;

Carpenter Jr et al., 1990; Grabowski & Clark, 1991, 1993;
Lilly, 1962; Morrison et al., 2021). Details of the setup are
described in SI section 3. The basic aspects of the simulation
are as follows. A vertical slice through the initial, unsaturated
perturbation is shown in Figure 1 (at y¼ 3500 m). At t¼ 0,
the velocity is zero, and the perturbation potential tem-
perature is spherically symmetric, while the perturbation
in qt is non-spherical in order to allow PVu to be gener-
ated according to the PVu source term in Equation (19).
Evolution of the perturbation in a x,zð Þ plane is shown in
Figure 2. For t>0, the warm bubble rises due to its buoy-
ancy and a non-zero velocity field develops. In the plane
at y¼ 3500 m, the vapor starts to condense near the cen-
ter of the plane at t≈ 1:8 min, contributing to the forma-
tion of a 3D cloud (Figures 2 and 3). The size of the cloud
grows as more fluid parcels change phase (see Figure 2 at
t¼ 3 min and Figure 3 at t¼ 1:2 min).

3.1 | Local-volume integrated PVu
conservation

In order to verify volume-integrated PVu conservation, a
material volume is identified and tracked over time in
the rising bubble simulation described above. The mate-
rial volume consists of roughly 29,500 grid cells and is
specified by certain level surfaces for θe and qt, such that
their intersection encloses a moving material volume. As
shown in Figure 3, at an early time of t¼ 0:3 min, the
fluid parcels in the material volume are unsaturated. By
the later time of t¼ 1:2 min, however, a cloud has devel-
oped in upper levels of the volume, and 31% of the fluid
parcels within the material volume have undergone a
change of phase in their water content, from water vapor

FIGURE 1 Initial conditions for the 3D rising thermal. Plots are shown in the x,zð Þ plane with fixed y¼ 0:5Ly ¼ 3500m. Anomalies of

potential temperature θ (left) and total water specific humidity qt (right), defined as anomalies from a horizontally uniform background

state, ~θ zð Þ and ~qt zð Þ. The units for x and z are meters, and the units for θ and qt are K and kg/kg respectively. The black closed curve

represents the vertical cross-section of the material volume Vm considered in Section 3.1.
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to liquid water. Two more times, t¼ 3 min and t¼ 4:5
min, are considered in Figure 3, by which time 99% and
100% of the parcels have become saturated, respectively.

Concurrently, within the cloud, the local values of PVu

are evolving (see Figure 2 and further details in SI
Section 4).

FIGURE 2 Snapshots of the warm bubble in the plane with fixed y¼ 0:5Ly m. Rows show θ�~θ, u, w, ql and PVu and columns show

times t¼ 0:6, 1:8 and 3 minutes. The units for x and z are meters, and the units for θ, velocities (u,v,w), ql and PVu are K, m/s, kg/kg and s�3

respectively.
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On the other hand, we can numerically check for
local volume-integrated PVu by computing

IPV ¼
ð ð ð

Vm

dV PVu, ð22Þ

where Vm is the specified material volume. Noting that
the initial velocity field is zero everywhere in the domain,

then the IPV starts at the value zero, to machine preci-
sion. By monitoring Equation (22), we find that the IPV
within the material volume remains small. For instance,
at time t¼ 1:2 min, the IPV is O 10�14ð Þ, which is small or
negligible in comparison to the maximum PVu value of
O 10�8ð Þ within the volume. Similarly, at the later time
t¼ 4:5 min, the IPV is O 10�12ð Þ, which is small in com-
parison to the maximum PVu value of O 10�5ð Þ within

FIGURE 3 Illustration of a material volume, at times t¼ 0:3, 1.2, 3 and 4.5min. Evolution of a material volume enclosed between

θe >325:5 K and qt <6:0�10�3 (in kg/kg). The inset figures are the vertical cross-sections through the material volumes. The red and the

cyan dots represent the unsaturated and saturated parcels respectively.

FIGURE 4 Demonstration of parcel-wise non-conservation of PVu (s
�1), due to phase change between t¼ 0:6 and 1.2min. (Top row)

Evolution of a closed material curve of θtote ≈ 326:48 K and qtott ≈ 0:00566 kg/kg. (Bottom row) Evolution of PVu on the closed material curve.

The points on the material curve are ordered using the arc length coordinate.
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the volume. Hence, for the duration of the simulation,
and given the inherent numerical errors in the simula-
tion, the conservation statement for parcel-integrated PV
is verified.

3.2 | Material PVu conservation and
non-conservation

In this section, we investigate the material conservation
of PVu. It is shown that PVu is materially conserved prior
to the time when fluid parcels undergo phase change
from vapor to liquid, but not for later times after the
cloud has formed. We identify and track a closed material
curve within the material volume, which are both rising
along with the bubble, as shown on the first row of
Figure 4. The material curve is initially unsaturated, but
by t¼ 1:2 min, all the parcels composing the material
curve have undergone a change of phase.

To quantify material conservation and non-
conservation, we measured the maximum of the absolute
value of PVu within the material volume (Figure 3). At
representative early time t¼ 0:3, before a significant
number of parcels have experienced a change of water
phase, the max absolute value of PVu within the entire
material volume is 5:7�10�11 s�3. In comparison, at later
time t¼ 1:2 min, by which time a robust cloud has
formed, the max absolute value of PVu within the volume
has increased by roughly 3 orders of magnitude, to
6:8�10�8 s�3.

As a graphical illustration, the bottom row of Figure 4
shows the PVu values along the selected material curve.
The figure shows PVu associated with each grid point
along the curve, at three different times t¼ 0, 0:6, 1:2
minutes. At t¼ 0 and t¼ 0:6 min, when the material
curve is unsaturated, the PVu values are close to zero. At
t¼ 1:2 min, some PVu values associated with the material
curve are of the order of 10�8 s�1, demonstrating that
PVu does not remain conserved along the material curve
once the parcels undergo change of water phase.

4 | CONCLUSIONS

In this work, a main goal was to compare and contrast
the different moist PV conservation statements and non-
conservation statements, in light of the rich variety of
possibilities in the literature, including recent develop-
ments (e.g. Bennetts & Hoskins, 1979; Emanuel, 1979;
Kooloth et al., 2022, 2023; Marquet, 2014; Schubert
et al., 2001).

As a summary, Table 1 lists the different formulations
of PV considered here and their conservation laws. We
note that in a moist flow with phase changes, there are
no material invariant PVs; the strongest conservation
principle realizable in this setting is an integrated PV
invariance for certain material volumes. In both the fully
compressible and Boussinesq cases, PVs based on θe
and θl possess a material-volume-integrated conservation
principle, even with phase transitions. In the moist

TABLE 1 Summary of various PV formulations and their conservation, inversion, and balance/slow variation properties.

PV definition Material invariant Material-volume-integrated invariant Inversiona Slowly varyingb

Dry

PV θ ¼ ω
! �rθ

ρ
Everywhere All Vm PV Yes

Moist

PV θv ¼ ω
! �rθv

ρ
Unsaturated phase All unsaturated Vm None No

PV θe ¼ ω
! �rθe

ρ
Nowhere Certain Vm, even with phase changes PV-and-M Yes

PV θl ¼ ω
! �rθl

ρ
Nowhere Certain Vm, even with phase changes PV-and-M Yes

Moist Boussinesq

PVu ¼ω
!�rbu Unsaturated phase Certain Vm, even with phase changes, and also

all unsaturated Vm

PV-and-M Yes

PVs ¼ω
!�rbs Saturated phase Certain Vm, even with phase changes, and also

all saturated Vm

PV-and-M Yes

PVe ¼ω
!�rθe nowhere certain Vm, even with phase changes PV-and-M Yes

PVl ¼ω
!�rθl Nowhere Certain Vm, even with phase changes PV-and-M Yes

Note: Vm refers to a material volume.
aTo recover the balanced or slowly evolving component(s) of the system.
bWith phase changes in the moist cases.
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Boussinesq setting, PVu and PVs, based on the unsatu-
rated and saturated buoyancy, respectively, also have an
integrated PV invariance principle within certain mate-
rial volumes even with phase changes. Additionally, as
special cases, PVu and PVs remain materially invariant in
the unsaturated and saturated phases respectively.

A more complete set of desirable properties is often
associated with PV, including conservation, inversion,
and balance/slow variation. Table 1 also summarizes
these other properties. As one note about inversion and
balance/slow variation, since PV θv is not slowly varying,
any inversion with PV θv will not completely remove the
fast wave contributions in the presence of phase changes
(Wetzel et al., 2020). The moist PV quantities that are
defined in terms of conserved thermodynamic variables
(e.g., θe or θl or entropy s) are slowly evolving, and they
are associated with a PV-and-M inversion principle (see
the discussion of inversion in Section 1, and associated
references such as Wetzel et al. (2020)).

One application of parcel-integrated PV conservation
laws is for diagnosing diabatic processes in the atmo-
sphere or ocean (see discussion in Section 1). In the past,
(parcel-wise) PV non-conservation was often used to indi-
cate cloud latent heating, as a leading diabatic process. In
contrast, for the new conservation laws of PV as a parcel-
integrated invariant, the conservation law holds even in
the presence of phase changes and cloud latent heating;
consequently, any non-conservation must be due to other
diabatic processes, such as friction/viscosity, radiative
cooling/heating, or precipitation. Therefore, the parcel-
integrated conservation laws can potentially provide new
information about other diabatic processes in diagnostic
studies.
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ENDNOTES
1 Using vector calculus identities, note that �rθe �r� 1

ρrp
� �

¼
�rθe �r1

ρ�rp¼r1
ρ �rθe�rp ¼r 1

ρ �r� θerpð Þ¼r� 1
ρr�
h

θerpð Þ�:
2 Recall that, for a material volume, we have

d
dt

R
Vm

dV ω
!�rθe
� �

¼ RVm
dV ρ D

Dt
ω
! �rθe

ρ

� �
.

3 It is an open question to understand how general the material vol-
umes could be. See Kooloth et al. (2022, 2023) for some other
known examples.
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