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Abstract

Understanding phonon and charge propagation in superconducting devices plays an important role
in both performing low-threshold dark matter searches and limiting correlated errors in superconducting
qubits. The Geant4 Condensed Matter Physics (G4CMP) package, originally developed for the Cryo-
genic Dark Matter Search (CDMS) experiment, models charge and phonon transport within silicon and
germanium detectors and has been validated by experimental measurements of phonon caustics, mean
charge-carrier drift velocities, and heat pulse propagation times. In this work, we present a concise frame-
work for expanding the capabilities for phonon transport to a number of other novel substrate materials
of interest to the dark matter and quantum computing communities, including sapphire (Al5O03), gallium
arsenide (GaAs), lithium fluoride (LiF), calcium tungstate (CaWOQy,), and calcium fluoride (CaF3). We
demonstrate the use of this framework in generating phonon transport properties of these materials and

compare these properties with experimentally-determined values where available.
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1 Introduction

Mounting astrophysical and cosmological ob-
servations indicate the existence and abundance of
a cold, frictionless nonbaryonic “dark” matter in
the universe [1, 2, 3]. As direct detection searches
for particle-like candidates with masses above the
GeV/c? scale have yielded only null results in the
past few decades [4, 5], there has recently been in-
creased interest in developing low-energy threshold
detectors capable of probing parameter space at
lower masses, down to the keV /c? scale [6]. A com-
mon class of such detectors rely on cryogenic (mK)
solid-state substrates coupled to superconducting
films, in which energy depositions in the substrate
generate phonon excitations that can be sensed in
the films [7, 8, 9, 10]. These phonons may be gen-
erated from a number of different potential inter-
action types: direct nuclear recoils of dark matter
on lattice ions, phonons produced from electron-
hole recombination after a dark matter ionization
event, and Neganov-Trofimov Luke phonons from
drifting freed electrons through the crystal using
an electrostatic field. The phonon response of sil-
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icon and germanium under these effects has been
well-studied [11, 12, 13, 14].

In recent years there has been a broaden-
ing of the landscape of materials proposed for
phonon-mediated cryogenic dark matter search
experiments. While historically these detectors
have been made from silicon, germanium, cal-
cium tungstate (CaWOy,), or calcium fluoride
(CaFq) [15, 16, 17, 18], future dark matter de-
tectors may benefit from other carefully chosen
novel target materials. For example, polar crys-
tals like sapphire (AlOs3) and gallium arsenide
(GaAs) increase sensitivity to DM candidates cou-
pling to the dark photon. These materials, espe-
cially those with many accessible optical modes,
give sufficiently strong directional dependence of
DM scattering rates to enable daily modulation
searches, increasing DM discovery power [19, 20].
A thorough grasp of (and ability to model) phonon
propagation in these materials will be required for
signal- and background-model building in these ex-
periments.

Moreover, some of these materials (like sap-
phire) are commonly used in the quantum comput-
ing community as chip substrates due to their low
dielectric losses [21]. As superconducting qubits
have been shown to experience catastrophic corre-
lated errors due to the presence of phonons pro-
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duced by ionizing radiation, quantitatively under-
standing phonon transport in such chips may facil-
itate developing strategies that mitigate such er-
rors [22, 23, 24, 25].

Modeling phonon propagation in novel mate-
rials is therefore a foundation for studying sig-
nals and backgrounds in particle-like dark matter
searches and sources of correlated errors in super-
conducting qubits. The Geant4 Condensed Mat-
ter Physics (G4CMP) package is an open-source
particle-tracking simulation tool built to perform
this modeling, originally in the context of low-mass
dark matter experiments [26]. While it success-
fully models phonon transport within silicon and
germanium substrates, it currently does not in-
clude information for phonon propagation in other
target materials. As other substrate materials are
adopted in dark matter searches or quantum com-
puting, a thorough understanding of chip response
to energy depositions will rely on a corresponding
expansion of the set of materials in which GACMP
can model phonon transport.

In this work we achieve an expansion of
G4CMP’s phonon-modeling capability for a large
number of materials of interest to the low-mass
dark matter and quantum information communi-
ties, and provide a framework for extending this
to further materials. In Section 2, we discuss the
phonon physics that underlies GACMP’s transport
modeling and present the set of parameters needed
for modeling phonon response in a new material.
In Section 3, we calculate this set of parameters
for several new materials, demonstrate successful
integration into G4CMP, and validate the results
against experimental results available in the lit-
erature. We discuss potential extensions to this
modeling and its impact on dark matter detection
and quantum computing efforts in Section 4, and
conclude in Section 5.

2 Phonon Kinematics

When high-energy phonons are created from
energy deposits in a chip, the system evolves in
a way governed by several distinct phonon kine-
matics processes. We consider as an example an
optical phonon created from a DM scatter in the
substrate. First, this phonon can undergo anhar-
monic decay into multiple lower-energy phonons
via one of several possible channels, including
the Klemens channel! (LO—XA+XA), the Ri-

1Here, LO indicates longitudinal optical phonon modes,
TO indicates transverse optical modes, and XA indicates
either longitudinal or transverse acoustic modes. In the
acoustic mode, we keep this general as arbitrary combina-
tions may be energetically prohibited in certain materials
depending on the phonon dispersion.

dley Channel (LO—TO+XA), and the Valée-
Bogani channel (LO—LO+XA) [27]. All of these
optical phonon decay channels occur on O(ps)
timescales. Once downconversion from the optical
branch phonons to acoustic branch phonons oc-
curs, there is further downconversion of the acous-
tic phonons, fragmenting the initial phonon energy
even more. Scattering on isotopic impurities may
change acoustic phonon’s trajectories and polar-
izations, and has been noted to possibly also play
a role in phonon thermalization [28]. Selection of
the proper final-state phonon polarizations during
downconversion and scattering is governed by the
fractional density of states (DOS) for the various
possible phonon polarizations. At sufficiently low
acoustic phonon energies, the scattering and down-
conversion mean free paths may extend beyond the
substrate dimensions, and the phonon trajectory
becomes limited by boundary scatters (i.e. enters
the “ballistic regime”). At all energies, phonon
propagation is governed by the substrate’s crystal
structure, leading to formation of caustics, pre-
ferred directions into which phonons’ group veloci-
ties are focused by the crystal anisotropy. G4CMP
simulates the subset of these physical processes
involving acoustic phonons: acoustic phonon an-
harmonic downconversion, isotopic scattering, and
transport along caustics.?

The set of parameters needed to integrate this
physics into G4CMP for a given material is enu-
merated in Table 1. Because rigorous model-
ing of some of the above-mentioned physics pro-
cesses in a fully anisotropic medium is nontriv-
ial, it is often useful to simplify calculations using
the “isotropic continuum approximation,” (ICA)
in which phonons are assumed to be long enough in
wavelength that anisotropy in the crystal may be
ignored [29]. While we (and G4CMP) use this ap-
proximation to simplify calculations of the rate co-
efficients for anharmonic decay and isotopic scat-
tering, the DOS and caustics modeling account for
the anisotropic crystal structure.

The thrust of this section is to discuss the
mathematical foundation for these physics pro-
cesses and estimate the corresponding required
simulation parameters for a set of substrates useful
to the dark matter detection community. In doing
so we also hope to provide a streamlined recipe
for performing this G4CMP upgrade for any other
materials later deemed of interest to the cryogenic

2While scattering and downconversion of phonons at
surfaces is simulated in G4CMP, the complexity of that
topic puts it beyond the scope of this work. Optical
phonons are not simulated in G4CMP due to a combination
of factors: not only are these phonons’ dispersion and dy-
namics nontrivial to model, but they also downconvert to
acoustic phonons fast enough that that their dynamics are
unimportant to capture in typical superconducting devices
with > pm-scale dimensions.



Table 1: Parameters required for GACMP to model phonon transport within a given solid-state material.

Parameter Units  Description

Cij GPa Second-order elastic constants

W GPa Lamé constant, 2nd-order isotropic elastic constant

A GPa Lamé constant, 2nd-order isotropic elastic constant

B GPa 3rd-order isotropic elastic constant

5y GPa 3rd-order isotropic elastic constant

A st Anharmonic downconversion rate coefficient

B s3 Isotopic scattering rate coefficient

Frr None Fraction of L — TT' downconversion

LDOS None Longitudinal phonons’ density of states (fractional)
STDOS None  Slow transverse phonons’ density of states (fractional)
FTDOS None  Fast transverse phonons’ density of states (fractional)
Debye Energy THz Debye Energy for phonon primaries

instrumentation community.

2.1 Anharmonic Downconversion

Anharmonic decay of an acoustic phonon into
two lower-energy acoustic phonons is phonon-
polarization-dependent. Under the isotropic con-
tinuum approximation, this decay can only pro-
ceed for initial longitudinally-polarized phonons,
and can only proceed via two potential decay chan-
nels: L - L+ T and L — T + T, in which the fi-
nal products are a longitudinal (L) and transverse
(T) phonon and two transverse phonons, respec-
tively. Here, transverse phonons can be either on
the transverse-slow phonon branch or transverse-
fast phonon branch. Though beyond the scope of
this work’s modeling, we also note for complete-
ness that additional decay modes, including those
for transverse phonons, are possible if the ICA is
relaxed [30, 31, 32].

Formally, the combined L. — T 4+ T and
L — L + T rate of anharmonic decay within a
crystal can be calculated by adding the third-
order terms of the crystal’s potential energy to
the Hamiltonian governing the crystal’s evolution.
Using first-order time-dependent perturbation the-
ory, one can derive a characteristic mode decay
rate, Ianharmonic, With the following form:

I‘anharmonic = AV57 (]—)

where A is a constant [29, 33] and v is the phonon
frequency. This form holds for normal (i.e. non-
Umklapp) phonon processes at low temperatures
(kT << hv).

Calculating the constant A in Equation 1 re-
lies on knowing the second- and third-order elastic
constants considered in the total potential energy
of the material. Here, it is useful to apply the ICA,
giving rise to a separate set of “isotropic elastic
constants:” the Lamé constants p and A at second
order, and a set of three constants «, 3, and v at

third order. Ref. [33] gives the L — T + T and
L — L+ T decay rates in terms of these parame-
ters.

To numerically calculate the phonon anhar-
monic decay rate in a material of a specific crystal
structure, the isotropic elastic constants pu, A, «,
B, and v can be expressed using the true second-
order elastic constants Cj;j; and third-order elastic
constants Cjjkimn corresponding to the material’s
crystal group. A general form of this parameteri-
zation is found using the development by Ref. [34],
where Einstein notation is used:

p = (3Cuar — Curx)/30

A= 2CHk — Cugr)/15

a = (8Ciinn — 15Ciinin + 8Ciniun) /105 @)
B = (=5Ciunn + 19Ciinin — 12Cininm) /210

Y= (zciillnn = 9Ciinin + gcinilln) /210

For a specific crystal space group these pa-
rameters can be calculated by taking advantage of
symmetries present in the second- and third-order
elastic constants [35]. Most of the materials of in-
terest to the dark matter search community that
we consider here, including Si, Ge, GaAs, LiF and
CaF,, belong to cubic space groups. For these,
space-group-specific expressions for the second-
and third-order isotropic elastic constants have
been documented extensively in literature, and as
aresult we do not reproduce them here [34, 33, 36].
However, a few materials of interest, including sap-
phire (Al;O3) and calcium tungstate (CaWOy),
have non-cubic space groups for which expressions
of v, B, 7y, i, and X have not yet been documented
in literature (to the authors’ knowledge). In Ta-
ble 2, we present expressions for these in terms of
the materials’ third-order elastic constants, using



Table 2: Expressions for the Lamé constants and third-order isotropic elastic coefficients, calculated for the two non-cubic
space groups (for which such expressions could not be found in literature). The space groups for these two materials are

included for completeness.

Material Space Parameter Expression
Group
Al,O4 R3c 7 (2611 — C12 —2C13 + C33 + 6Cyy + 3066)/15
A (2C11 +4C12 + 8C13 — 4C4y + C33 — 2Cs6) /15
o (—17C111 4+ 30C112 +33C113 + 78C123 — 57C133 — 156C144 + 84C155 —
17C599 4+ C535 — 12C'344)/105
B (710111 +4C112 — 11C113 — 68C123 + 103C133 + 220C 144 — 140C 55 —
55C599 + 2C333 + 40344)/210
5 (*346’111 —24C112 +3C113 + 300123 - 510133 —144C144 + 126C155 +
92C599 + 2C333 + 180344)/210
CaWO4 141/3 12 (2011 — 012 - 2013 + 033 + 6044 + 3066)/15
A (2C11 + 4C12 + 8C13 + Cs3 — 4Cyy — 2C6) /15
o (2C111 + 18C112 + 42C113 + 48C123 — 6C133 — 60C144 — 12C155 —
12C166 + Cs33 — 120344 — 30C366 + 12C}56) /105
3 (40111 +8C112 — 7C113 — 30C 123 +23C1133 + 76C144 +4C155 +4C166 +
2C333 + 4C344 + 38C366 — 720456)/210
5 (2C111 — 3C112 4 6C123 — 6C133 — 18C144 + 9C155 + 9C166 + C333 +
9C344 — 9C'366 + 27C456)/105

Voigt notation [37] for reduction from 2n to n in-
dices, where n is the order of the elastic constant.

Once these isotropic second- and third-order
elastic constants are calculated for a material, the
value A in Equation 1 can be calculated via the
treatment in Ref. [33], and used as an input to
G4CMP. Results of our calculations for various
materials of interest are presented in Section 3.1.

2.2 Isotopic Scattering

Phonons may also be scattered on isotopic
impurities in the crystal, where slight variations
in atomic mass break the regularity in the crys-
tal structure. Considering these impurities as a
small perturbation to the otherwise uniform crys-
tal Hamiltonian, one can again use perturbation
theory to obtain an expression for the scattering
rate of a single phonon via this channel [29]. This
rate is proportional to the fourth power of phonon
energy:

Fisotopic = BV4 (3)

47T3Fmdﬂ 4
TV ) (4)

where € is the volume per atom in the crystal
unit cell, (c®) is the polarization-averaged (cubed)
speed of sound in the material, and I';,,4 is a mass
defect coefficient capturing the average deviation
of the crystal from isotopic purity [38, 39]. This
expression holds true in the isotropic continuum
approximation, which holds for phonons with long
wavelengths relative to the interatomic spacing.

The mass defect coefficient is given by [40, 41]

(8177)
()

where <AM 2> refers to the average mass variance

; ()

Fmd =

—\ 2.

and <M > is the average mass. The average mass
of each component is given by the stoichiometry-
weighted average of each site average mass M,

>ocn M,
<M> = ann (6)
E = Zfi,nMim- (7)

where the index n refers to the the n'" atom of
the chemical formula, the index i refers to isotope
i of atom n, M; ,, refers to the atomic mass of the
it" isotope of atom n, M, is the average isotopic
mass of atom n, and f; , refers to the fractional
abundance of the i*" isotope of atom n.? In the

same way, the average mass variance is
S en AM?
AMZ) = 8
< >en )
n

AM’% = Zfi,n (Mi,n - E)Q . (9)

3We note here that formally, the sum over i may be
different for different atoms s in the unit cell.



In this development, our use of the isotropic con-
tinuum approximation implies that Equation 3
represents an average scattering rate for all acous-
tic phonon polarizations. While we use this defi-
nition in this work, it is worth noting that other
interpretations of the mass defect coefficient have
also been used [42, 43].

Once the coefficient B is calculated, it can be
input into G4CMP to model isotopic scattering,
where it acts as the scattering rate coefficient for
all three phonon polarizations. We present the re-
sults of this calculation of B for several materials
of interest in Section 3.2.

2.3 Density of States (DOS)

During both anharmonic downconversion pro-
cesses and isotopic scattering processes (discussed
in Section 2.2) GACMP uses the phonon density of
states to determine the randomly-drawn polariza-
tions of phonons produced after downconversions
and scatters. The LDOS, STDOS, and FTDOS
parameters in Table 5 are the fractional densities
of states for longitudinal, slow transverse, and fast
transverse acoustic phonons, respectively, and sum
to unity.

The calculation of the DOS values for these
materials is performed in two steps: computation
of a 3D phonon dispersion relationship w(E) for
a material using its lattice properties, and com-
putation of the DOS from the phonon disper-
sion relationship. For each material, we use lat-
tice force constant information from the Materials
Data Repository [44] as an input to Phonopy, a
separate software used in the calculation of three-
dimensional phonon dispersion relationships [45,
46].* From these dispersion curves, which are cal-
culated at a discrete grid of w(k) points for each
branch, we compute the contribution of the DOS
per phonon branch A at given frequency w, defined
as

ga(w) = %Za (w—w;). (10)

Here, the sum is over all phonon frequencies w; of
this branch in the first Brillouin zone, and N is
the total number of grid points in the first Bril-
louin zone. In practice, the delta function in this
expression is treated as a gaussian of finite width.
From this expression, we can obtain the fractional
contribution at 1 THz for acoustic phonons, which
is the fractional DOS input required by G4CMP.
Moreover, calculating the total DOS we can obtain
the maximum acoustic phonon energy and maxi-
mum optical phonon energy (Debye Energy), the
latter of which is also an input to G4ACMP.

4Materials files used for CaWQ, were from Ref. [47].

2.4 Propagation along Caustics

The propagation of acoustic phonons in a crys-
tal is governed by the Green-Christoffel equation:

pw26i = CijklkjkkEh (11)

where w is the phonon frequency, ¢; is the phonon
polarization (longitudinal, transverse fast and
transverse slow), k is the phonon wavevector, p
is the crystal’s mass density, and Cjji; is again the
elastic constant tensor. This equation arises from
considering plane monochromatic elastic wave so-
lutions to the equations governing an elastically
deformed medium.

Propagation direction is governed by the group
velocity v, = Viw. As a result of an arbitrary
crystal’s anisotropic elastic tensor Cjjx, the group
velocity of a phonon may not be parallel with
the phonon’s wavevector k [48, 49]. An initially
isotropic distribution of wavevector k therefore in
general gives a nonuniform distribution of group
velocity. This leads to a phenomenon known as
“phonon focusing” in a crystal, from which “caus-
tic” patterns are formed (Figure 3). These have
been measured experimentally in several experi-
mental setups for a variety of different materials
[50, 51, 52].

To successfully characterize acoustic phonon
propagation direction in a new material, one then
only requires the second-order elastic tensor com-
ponents Cjji; for the new material. These elas-
tic tensor components used in this work are avail-
able for for Al,O3 [53], GaAs [54], CaWO, [55],
CaF; [31] , and LiF [56]. For simulating phonon
propagation in a new material, G4CMP only re-
quires these second-order elastic tensor compo-
nents. While in practice the caustic patterns
emerging from crystal anisotropies are dependent
on the energy of the phonon [54], G4CMP does not
yet include this energy dependence and instead ap-
proximates this dependence as being weak in the
limit of low phonon energy.

3 Model Results and Validation

In this section we demonstrate the above cal-
culations as applied to Si, Ge, GaAs, Al;Og3, LiF,
CaWOy, and CaFs, and where possible use exist-
ing literature measurements to do a coarse vali-
dation of our calculations and the implementation
into G4CMP. These are done for all four physi-
cal properties discussed in the subsections of Sec-
tion 2: anharmonic downconversion, isotopic scat-
tering, phonon density of states (DOS) and prop-
agation along caustics.



Table 3: Anharmonic downconversion parameters for a variety of target materials of interest. The calculated Lamé
parameters (u, A) and third-order isotropic elastic coefficients (o, B, ) (units of pressure) are used to compute the
anharmonic decay rate coefficient A found in Equation 1 and are included for completeness. We focus on using elastic
constants that are all collected under similar cryogenic conditions. One could attempt to estimate some uncertainty on these
estimates by redoing our calculations for elastic constants measured at slightly different temperatures for each material,
but since it is nontrivial to find multiple such measurements, we just quote a single estimate of A. For comparison, we
include calculated literature values A.; and measured literature values A,, ; for these materials where available. Values
of A;; do not always assume the same ICA used in our calculation of A, and may quote a range of rates representing
multiple propagation directions. A,,; was difficult to find in the literature for most materials here. We were also unable to
find literature values for the third-order elastic constants of CaWQOy4 for calculation of «, 3, and 7, but nonetheless include
CaWOy4 as other literature calculations of A.; were found. For literature values A.; and A,, ;, references are provided
after the stated values.

A o 5 A A, A
Material 1opo jaPa]  [GPa]  [GPa]  [GPa]  TTT (10755 ¢4] [10-% ] (10755 §1]
Si 6358 53.68  -227.37 -55.97 -107.97 0.5 1.15  0.741 [33] -

Ce 56.6 336 -179.3  -60.5 -821 072 6.8 16.5 [33] -

GaAs 442  47.2  -170.11 -5471 -67.51 0.7 777 T7135[33

ALO; 16624 1398 9513  -27.02 -1528 0.67 127 188 [57] -

LiF 5151 30.72 -84.74 -83.94 -87.54 0.68 55 5.14 [33] -

CaF, 4515 652  -135.21 -9585 -43.69 0.75 614  7.0104[32]  9.3[58

CaWO, 40.78 57.94 - - - - 7.9 [59-140 [60] -
Energy [meV] 3.1 Results: Anharmonic Downcon-

. 10 20 30 40 50
W71 — T T T T T T T

version

Table 3 presents our calculations of the second-
and third-order isotropic elastic coefficients and
the subsequent calculation of the parameter A in
Equation 1. In these calculations, the second or-
der elastic constants Cjjr; used in computing p
and A as well as the third order elastic constants
Cijkimn used in computing o, S, and v can be
found in Appendix A. The calculations are done
L assuming phonon energies of 1 THz, which are

Lann [um]

Engrgy THe 12 within the “low-temperature” approximation as-

sumed for Equation 1. We also present in Table 3

Energy [meV] two additional values, A1 and Ay, 1, which are cal-

107 1? ‘ %0 30 ‘ 4‘0 _ 5‘0 ‘ culated values for A found in literature and experi-

10° mentally measured values for A found in literature,

10° respectively. Our calculations of A agree with lit-

10t erature calculations of A.; to within a factor of

T 400 few for most materials. There is some additional

2 disagreement for sapphire, which we attribute to
8 102 . .

4 two factors: the non-isotropy assumed in the cal-

10 culations in Ref [57], and the steep fifth-power de-

1 pendence on the assumed sound speed used to con-

10” vert the results in Ref [57] into the form given in

107 Lo, L e Equation 1. To the authors’ knowledge, only one

Energy [THz] of these materials has an A,,; that has been mea-

sured directly: CaF3. In Ref. [58], this parame-

Figure 1: Characteristic length scales for anharmonic de- ter is measured using an optical technique that is

cay (top) and isotopic scattering (bottom) extracted from . .
a cross-check simulation after implementing the calculated sensitive to phonon absorption by a doublet of an

rate coefficients from Table 3, demonstrating the v® (top) Eu** dopant in the crystal that is tunable with
and v* (bottom) rate scalings. The dot at the right-  applied stress. We leave additional discussion on
most point of each curve represents the maximum acoustic experimental validation of this parameter for Sec-
phonon energy w4 extracted from table 5. .
tion 4.
With these values calculated, we also integrate
them into G4CMP and run a cross-check simu-



Table 4: Isotopic scattering rates for the set of target materials of interest. We also include some inputs to the calculation
that gives those rates: the lattice cell volume © and the polarization-averaged cubed sound speed (c?), as well as our
calculation of the mass defect coefficient I';,q. Ranges in the B,, ; column correspond to measurements of different phonon
polarizations. For literature values B, ; and B,, i, references are provided after the stated values.

. Q C3 B Bc,l Bm,l
Material [43] Lina E1021 m3/s¥]  [10742 3] [10742 s3] (10742 9]
Si 2.0 2.02x107% 2.13 2.33 2.42 2.42-2.56 [61]
Ge 2.26 5.88x107% 0.46 35.4 36.7 [38] -
GaAs 2.38 9.16x107°  0.479 7.22 7.38 [39] 5.9-29.5 [61]
AlbO; 0.5 1.25x107°  3.06 0.025 — 0.04 [59]
LiF 0.81 1.36x10~*  1.19 1.17 1.69 [33] -
CaFy 1.4 1.83x107* 0.84 4.83 9.13 [62] 20.3 [62]
CaWO, 1.3 2.02x107% 0.22 15.0 2.4 [59]-59 [60] -

lation to confirm the expected interaction rate.
In this simulation, one million longitudinal acous-
tic phonons of varying energies are generated in a
large block of material and allowed to propagate
with isotopic scattering processes turned off. The
block is large enough that surface interactions do
not affect the phonon trajectories. For every lon-
gitudinal phonon generated, the distance from cre-
ation point to subsequent decay is tabulated and
inserted into a histogram corresponding to that
phonon’s energy. For each histogram, a charac-
teristic decay length is tabulated, and that decay
length appears as a function of energy in the top
panel of Figure 1. In all materials tested, we find
that the value of A derived from fits to these plots
is consistent with the value of A used as input to
G4CMP.

3.2 Results: Isotopic Scattering

Table 4 presents elements of the calculation for
the isotopic scattering rate coefficient B found in
Equation 3. Since in the isotropic continuum ap-
proximation the isotopic scattering rate simplifies
to Equation 3, the main requirement is to calcu-
late the mass defect coefficient I',,,4 for the mate-
rial. For our calculations, we assume natural abun-
dances of every atom within each material consid-
ered [63], which yields the values of T, in the
table. While isotopic enrichment of materials is
possible, we present the rates from natural isotopic
abundances to demonstrate a baseline strategy for
how this calculation can be extended to other ma-
terials of interest for integration into G4CMP.

For isotopic scattering, we again show our own
calculation of B in Table 4 accompanied by lit-
erature calculations B.; and literature measure-
ments B,, ; along with references. Here, calculated
scattering rates found in literature are generally
found to be within a factor of a few of our esti-
mates. Where there are measurements of this iso-
topic scattering rate, our estimates are similarly

within a factor of a few of the measured litera-
ture values. Methods available in the literature
have taken on three forms: thermal conductivity
measurements in Ref. [62], a phonon backscatter-
ing technique used by Ref. [59], and a technique
in which phonons are scattered around a slot cut
into the chip under test as in Ref. [61]. While these
measurements are more commonly available than
measurements of the anharmonic decay coefficient
A, they are nonetheless still difficult to find for all
of the materials we study.

To test isotopic scattering’s implementation
into G4ACMP we implement the same cross-check
procedure as before, but with anharmonic decay
turned off within GACMP. The results are shown
in the bottom panel of Figure 1. As the isotopic
scattering rate is averaged over the multiple differ-
ent polarizations, this represents an average char-
acteristic length for all phonon polarizations. We
again find that the characteristic decay lengths are
consistent with the input rates used and a v* de-
pendence.

3.3 Results: Density of States

For each of the crystal structures we study in
this work, we compute phonon dispersion curves
for the various phonon branches, and use these to
construct branch-specific density of states curves
as a function of energy (Figure 2). Fractional
density of states contributions are then computed
for acoustic longitudinal, fast transverse, and slow
transverse phonons at 1 THz, with the results
shown in Table 5. These values are used as in-
puts to GACMP. Energy-dependent DOS curves
are shown for additional materials in Appendix B.

3.4 Results: Propagation along Caus-
tics
To demonstrate successful implementation of

the physical processes responsible for phonon
propagation along caustics, we compare simulated



Table 5: Fractional density of states STDOS:FTDOS:LDOS at 1 THz, maximum acoustic phonon frequency w 4, maximum
acoustic optical phonon frequency wp, and experimental maximum optical frequency wopg. The theoretical values are
obtained using Phonopy [45]. The rightmost column provides references for the wop column’s values. Due to limited
availability of Phonopy input files for Ge, the values quoted here for Ge are from Refs. [26, 64], and are not new calculations.

wA wo WOE

Material STDOS:FTDOS:LDOS [TH] [TH, [TH] Refs.
Si 0.521 : 0.406 : 0.071 12.14 15.28 15.5 [64]
Ge 0.535 : 0.366 : 0.097 6.63 9.02 9.02 [64]
GaAs 0.584 : 0.337 : 0.078 6.56 8.58 8.82 [65]
Al,O3 0.511 : 0.351 : 0.137 8.41 26.29 26.35 [66]
LiF 0.5156 : 0.386 : 0.0983 10.73 18.19 19.7 [67]
CaF, 0.599 : 0.318 : 0.0819 7.55 13.65 13.67 [68]
CaWO, 0.475: 0.408 : 0.115 2.72 25.94 26.07 [69]
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Figure 2: Contribution of phonon density of states per
branch, for sapphire, showing the three acoustic branches
solid lines (red, green, blue) separately and showing all op-
tical branches in the same color (dashed blue lines). The
total density of states is the dashed black line. Black solid
arrows are used to indicate the maximum acoustic w4 and
optical wo phonon frequencies.

caustic patterns against experimental heat-pulse
caustic measurements. For each material, we cre-
ate a simple G4ACMP geometry consisting of a
4mm cube of substrate with its +z face acting as
a phonon collection plane (similar to Figure 3).
Anharmonic downconversion and isotopic scatter-
ing are turned off to have ballistic phonons. 40
million low-energy phonons (at 1 THz) are simu-
lated isotropically from a point at x = 0, y = 0,
and a z chosen to ensure that the collecting plane
subtends the same angular scan range 6 as those
reported in experimental caustics probes. The lo-
cations of phonons landing on the collection plane
are recorded, and histogrammed. The ratio of lon-
gitudinal to transverse-fast to transverse-slow po-
larizations used here is 0:1:1. This ratio is used pri-
marily for comparison with the experimental data
(see below), which often uses arrival-time-based
gates to select the transverse phonon signal and

Figure 3: A rendering of the simulation to test G4CMP’s
propagation along caustics. The gray box is the sub-
strate (sapphire, in this image), the red lines are transverse
fast phonon trajectories, the green lines are the transverse
slow phonon trajectories, and 6 is the angular scan range.
The blue rectangle on the top surface of the substrate is
the phonon collection plane, where brighter colors indicate
more densely concentrated phonon impacts. In this visual-
ization, phonons were generated at the bottom of the sub-
strate.

cut away the longitudinal signal.> The top panel
in Figure 4 (Figure 5) shows the resulting caustic
patterns for sapphire, with the crystal direction
[1102] ([0010]) oriented out of the page. We also
show simulated caustics for GaAs (Figure 6), LiF
(Figure 7), CaWOQ, (Figure 8), and CaF, (Fig-
ure 9).

We validate our simulations against experimen-
tal caustics measurements from literature, shown
in the bottom panels of Figures 4-9. Phonon
caustics imaging has been achieved in a vari-

5Tt is also worth noting that the longitudinal phonon
signal commonly shows less pronounced caustic structures
than transverse phonon signals in a variety of materials, of-
ten displaying only a central “hotspot” of detected phonons
in such images.
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Figure 4: Top: phonon caustic image for sapphire (Al2O3)
obtained from G4CMP. The crystal direction [1102] is at
the center of the pattern, oriented out-of-page. Bright
regions indicate directions of high phonon flux. Bottom:
phonon caustic image for sapphire measured at 1.6 K in
Ref. [70], where the crystal direction [1102] is out of page
and horizontal scan range is +32°. This angular scan range
(and that in all subsequent caustic images) matches that in
the above simulations.

ety of materials, including all of the materials
shown in Table 3. Such experiments typically pro-
ceed as follows. A crystal substrate under test
is outfitted with a small, single bolometer (area
~ 50um x 50pm) on one side and a metal film on
the other, and is then cooled to cryogenic temper-
atures (few K scale or below). A phonon burst is
then produced at cryogenic temperatures by pass-
ing a short burst of current through the metal film
or by illuminating the metal film locally with laser
light. In this process, several non-spherical shells
of longitudinal and transverse phonons are pro-
duced locally. Of these locally-created phonons,
only those traveling in the direction of the bolome-
ter are detected. This process is repeated for
multiple source locations. While this experimen-
tal data-taking scheme is geometrically different
from our simulation, functionally the mappings are
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Figure 5: Top: phonon caustic image for sapphire (AloO3)
obtained from G4CMP. The crystal direction [0010] is at
the center of the pattern, oriented out-of-page. Bottom:
phonon caustic image for sapphire measured at 1.6 K in
Ref. [70], where the crystal direction [0010] is out of page
and horizontal scan range is +58°.

identical: the pattern of phonons radiated from
a point onto a surface (collecting plane) should
be the same as the pattern of phonons radiated
from an extended surface onto a point (bolometer).
This enables direct comparisons between the simu-
lated and experimentally-acquired images of these
phonon caustics. In the comparisons we present,
exact normalization of the different polarization
components is not known for many of the experi-
mental images, but in most® cases the phonon im-
ages have been time-gated to select only transverse
phonons. We therefore attempt to coarsely match
this weighting of polarizations by using a 0:1:1 ra-
tio for L:TF:TS phonons, but acknowledge that
this may not yield a perfect match to the relative

SNB: Ref. [55] does not specify if these are time-gated
to select only transverse phonons.
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Figure 6: Top: phonon caustic image for GaAs obtained
from G4CMP. The crystal direction [110] is at the center of
the pattern, oriented out-of-page. Bottom: phonon caustic
image for GaAs measured at 1.8 K in Ref. [71], where the
crystal direction [110] is out of page and horizontal scan
range is £59°.

amplitudes of the measured caustic signals.

Even despite this uncertainty in the polariza-
tion weighting, the shapes of the resulting caustic
images constructed with G4CMP and the shapes
of the corresponding experimental images agree
well, given the identical lateral scan ranges. This
implies successful integration of these new mate-
rials’ phonon transport properties into G4CMP.
Direct quantitative comparisons of the brightness
of different regions is challenging given the format
of the literature data and the unknown degree to
which the experimental response displays a satu-
ration in intensity. For this reason, we focus on
shape comparisons.”

It is worth noting that many of the studies
from which we’ve obtained the experimental im-
ages also perform caustic simulations which show

"This also contributes to our decision to display our
plots with a logarithmic intensity (z-)axis: even though
they are less comparable to the literature heat-pulse im-
ages, such logarithmic plots give more insight into the
caustic structures than what is available in the sometimes-
saturated experimental images.
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Figure 7: Top: phonon caustic image for LiF obtained from
G4CMP. The crystal direction [100] is at the center of the
pattern, oriented out-of-page. Bottom: phonon caustic im-
age for LiF measured at 2.2 K in Ref. [72], where the crystal
direction [100] is out of page and horizontal scan range is
+40°.

good agreement with their experimental results.
However, to the authors’ knowledge, these simula-
tions have largely been done with separate custom
simulation software dedicated to exploring caus-
tics. This current work is not only a demonstra-
tion of a framework that we can use to reproduce
similar results within a single public-facing soft-
ware package, but also that we can do so within
a package whose primary goal is an application of
this physics to understanding low-energy detector
response.

4 Discussion

The primary goal of this work has been to
present and demonstrate a streamlined framework
for integrating new materials into the G4CMP low-
energy simulation software. The striking agree-
ment between simulated and measured caustic dia-
grams for sapphire, LiF, GaAs, CaWQy, and CaFy
illustrate the general success of this implementa-
tion and the relatively small set of required pa-
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Figure 8: Top: phonon caustic image for CaWOy4 obtained
from G4CMP. The crystal direction [010] is at the center of
the pattern, oriented out-of-page. Bottom: phonon caustic
image for CaWO4 measured below 2 K in Ref. [55], where
the crystal direction [010] is out of page and horizontal scan
range is £56.3°. In the simulation used to produce the top
image, the crystal has been laterally extended to 9.1 mm
square and 3 mm thick to enable a match to the scan range
from the (bottom) experimental data.

rameters needed for modeling this phonon trans-
port within a publicly available software package.
Moreover, the similar simplicity in input parame-
ters for modeling anharmonic decay and isotopic
scattering continues to paint an encouraging pic-
ture of accessibility for efforts to model phonon
transport in future novel detector materials.

Given this modeling success, three natural top-
ics of future interest are how one can further im-
prove G4ACMP’s modeling capabilities, what work
needs to be done to validate these models, and
how this framework plays a role in particle detec-
tion and QIS applications.

From this work, we identify a few areas where
future effort could be reasonably made to further
improve realism in G4CMP’s phonon modeling.
First, the calculations here could be redone with-
out using the isotropic continuum approximation
in modeling downconversion and isotopic scatter-
ing. In G4CMP, the rates of these processes are ag-
nostic to the direction of the decaying/scattering

11

Figure 9: Top: phonon caustic image for CaF2 obtained
from G4CMP. The crystal direction [111] is at the center of
the pattern, oriented out-of-page. Bottom: phonon caustic
image for CaFy measured in Ref. [73], where the crystal
direction [111] is out of page and horizontal scan range is
+23°. No measurement temperature was reported.

phonon. Ref. [32] demonstrates not only that
the rates of phonon downconversion can vary by
factors of a few depending on the direction of
propagation, but also that in a rigorously-modeled
anisotropic scenario, more decay modes are possi-
ble than the L — T + T and L — L + T that
G4CMP currently models: both transverse fast
and transverse slow phonons may undergo anhar-
monic decay. As G4CMP preserves the phonon di-
rection and polarization information step-by-step,
a natural extension of this work may therefore be
to implement this direction-dependence and more
complex polarization dependence of rate. Further-
more, while phonon scattering on isotopic impuri-
ties is handled as being isotropic in momentum
(k-)space according to GACMP, this is not univer-
sally true: experiments in Ref [61] indicate that
there is also a degree of anisotropy to be expected
in the phonon scattering process, beyond that in-
curred from just propagation along caustics from
the scattering site. Second, an improvement to
G4CMP may include accounting for dispersion’s



impact on the phonon caustics, which currently do
not (but should) change as a function of phonon
energy [54]. This energy dependence may also
be responsible for small degrees of disagreement
observed between simulated and measured caus-
tics patterns in Figures 4-9. Other improvements
to G4CMP include modeling electron/hole trans-
port and processes in these newly-added materi-
als, adding photon interactions with the substrate,
and developing functionality for quanta to tra-
verse boundaries between different crystals (such
as the interface between a substrate and its super-
conducting film). While a thorough discussion of
these efforts is beyond the scope of this work, they
will be the topic of follow-up studies.

This work has also highlighted strategies used
to validate phonon transport models in our ex-
panded set of target materials, as well as the
fact that measurements are still needed to per-
form this validation for many of the materials con-
sidered. Measurements of the anharmonic decay
rate coeflicient, A, ;, are largely absent: we were
only able to find one direct measurement A,, ; for
CaF5. This direct measurement relies on doping
a crystal with Eu?t atoms and taking advantage
of the stress-dependence of optical transitions in
that atom. Employing this strategy in an arbi-
trary material clearly runs into prohibitive chal-
lenges when the material bandgap is lower than the
energy of the optical transitions accessible, which
may help explain why A,,,; has not been measured
(to the authors’ knowledge) for any of the optically
opaque materials studied here. This strategy may
be viable for directly measuring anharmonic de-
cay rates in other optically clear materials, but
it is unclear how broadly applicable it may be
in validating estimates of A for arbitrary materi-
als. Another possible (albeit less direct) means of
measuring this may follow the heat-pulse strategy
employed in Ref. [59]. Here, heat pulse transmis-
sion measurements are taken at cryogenic temper-
atures using a bolometer, and for sufficiently large
heater powers, they are (plausibly) affected by an-
harmonic downconversion in the material. While
such measurements are also affected by isotopic
scattering and would have to simultaneously fit for
both A and B, they nonetheless may grant some
sensitivity to directly measuring downconversion
rates. The isotopic scattering rate B seems more
straightforward to measure than A, which may be
partly due to the more diverse set of measurement
techniques cited in Table 4. However, we were still
not able to find a measured isotopic scattering rate
coefficient B, ; for all materials. Overall, these ob-
servations illustrate that most materials are miss-
ing measurements of fundamental phonon trans-
port parameters needed for validation of transport
models in our expanded set of materials.
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Lastly, it is worth discussing how the tools de-
veloped here strengthen particle detection and QIS
applications. While we used this framework to
model several new materials, it can be readily ex-
tended in kind to arbitrary solid-state materials
that are well-motivated from low-threshold sensing
and QIS standpoints. Diamond, SiO5 and AIN are
particularly well-motivated dark matter targets
as they are advantageous for looking for single-
phonon excitations produced from a DM interac-
tion through a hadrophilic scalar mediator [47].
Other materials like SiC are also well-motivated as
DM targets, as they may enable sensitive probes
of a broad set of DM models [74]. More com-
plex crystals with low electronic bandgaps such as
EusIn,Sbhg are also of current interest for their low-
ered threshold (relative to Si and Ge) for charge
readout [75]. If those are also used in an NTL
phonon-amplification and sensing scheme, being
able to understand phonon propagation within
them will also be critical for detector response
modeling. Other materials such as LiosMoQO4 and
TeO4 might also modeled to the benefit of the neu-
trinoless double beta decay communities, where
detector energy resolution, not detector energy
threshold, is commonly prioritized [76, 77]. From
a QIS perspective, Si and Al,Og are the most com-
mon substrates used, and are now both modeled
in G4CMP. However, superconductors such as alu-
minum, niobium, and tantalum are all commonly
used in ground plane and circuit design. Cou-
pling this framework (applied to those materials)
with an expansion of G4ACMP’s ability to transport
phonons between different crystals will enable rig-
orous characterization of microphysics in the su-
perconducting layer, which is important for mod-
eling quasiparticle-induced qubit errors. Though
it is challenging to discuss and analyze all well-
motivated materials candidates for sensing and
QIS, the framework presented here will nonethe-
less enable more efficient modeling of these mate-
rials in G4CMP.

The results of this work may provide additional
use in applications where particle impacts are ex-
pected to be spatially localized within a device.
In such a scenario, these phonon models (and no-
tably caustic patterns) may enable one to place
sensors to maximize the chances of observing the
emergent phonon pulses created from the impact
point [26, 8]. As more materials’ phonon transport
properties are integrated into G4CMP, such strate-
gies may be more easily used to improve a device’s
detection efficiency. Overall, this framework’s gen-
eral assistance in understanding a material’s mi-
crophysical phonon response provides the founda-
tion for modeling signal and background responses
in particle physics experiments and for modeling
phonon-induced correlated errors in superconduct-



ing qubits.

5 Conclusion

In this work, we have presented a condensed
framework for adding phonon transport modeling
into the G4CMP simulation package for new ma-
terials of interest to the dark matter direct de-
tection and QIS communities. We have used this
framework to explore phonon transport parame-
ters needed by G4CMP for seven materials, five
of which have not yet been integrated into a com-
prehensive low-energy simulation package: GaAs,
Al;,O3, LiF, CaWOQ,, and CaFy. Moreover, we
have accompanied this exploration with a liter-
ature search of calculated and measured phonon
transport parameters for those materials, and have
found that the integration of our calculations into
G4CMP gives phonon propagation that is largely
consistent with calculated and measured decay
rates, scattering rates, phonon density of states,
and phonon caustics in those materials. As mea-
surements for all materials were not found in this
search, it is also apparent that there is further
need for experimental work to help validate these
phonon transport parameters for many materials
of interest.
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Figure B.10: Partial density of states of GaAs for transverse
slow (green), transverse fast (red) and longitudinal (blue)
acoustic phonons (solid lines). The blue dashed curves to
the right of the acoustic curves show the partial contri-
bution of optical phonon channels to the DOS. The total
density of states is the black line. w4 corresponds to the
maximum acoustic phonon energy and wo is the maximum
optical phonon energy.

Appendix A Elastic Constants

In Table A.6 we provide numerical values of the
elastic constants used in this work. The second-
order elastic constants are used to model caustic
propagation, and are also used to calculate the
second-order parameters  and A needed for calcu-
lation of the anharmonic decay coefficient A. The
third-order elastic constants are used in finding «,
B, and -y, also needed for calculating the anhar-
monic decay coefficient. All coefficients are given
in (pressure) units of GPa. Sources for the elas-
tic constants are found in the rightmost column.
Standard third-order elastic constants for CaWQO,
were not found.

Appendix B Density of States

We display phonon density of states curves for
GaAs (Figure B.10), LiF (Figure B.11), and CaF,
(Figure B.12). These curves have significantly re-
duced complexity in their optical branches relative
to AlsOs due to the smaller number of atoms in
a unit cell. The Debye Frequency wp is used in
G4CMP. The jitter in the DOS values at energies
below approximately 5 THz is due to low-statistics
in the numbers of points computed during the dis-
persion calculation. However, for LDOS, FTDOS,
and STDOS values in Table 5, a separate simula-
tion with increased E—space point density was used
to avoid these fluctuations.



Table A.6: Values of the second and third-order elastic constants in units of pressure (GPa) used in the calculation for
anharmonic downconversion. We note that these are not all taken at the same temperature.

Material Second-order Third-order Refs.
C11,C12,Ca4 [GPa] C111,C112,C123,C144,C166,Cas56 [GPa]
Si [167.8,65.2,80.1] [-880,-515,27,74,-385,-40] [31]
Ge [126,44,67] [-760,-410,-70,0,-310,-46) [78]
GaAs [121.1,57.4,59.5] [-620,-392,-62,8,-274.3,-43| [54]
CaF, [174.5,56.4,35.93] [-1246,-400,-254,-124,-214,-75] [79]
LiF [111.2,42.0,62.8] [-1646,-252,92,98,-261,97] [80]
Second-order Third-order
C11,C12,C13,C14,C34,Caq [GPa] C111,C112,C113,C114,C123,C124,C133,C134,
C144,C155, C222,C333,C344,C444 [GPa]
[-394.6,-112.7,-91.9,8.1,-20.4,-5.5,-96.4- .
Al O3 [495, 161.1, 111.1, -22.2, 499.9,-147.7] 7.8.-38.2,-106.2,-453.4,-312.8-113.1,4.1] [53, 81]
Third-order
Second-order C111,C112,C113, C123,C133,C114,C155,C166,C333,
C11,C12,C13,C16,C33,C44,Co6 [GPa) C344,C366, Cas6 [GPa]
CaWOy [151.5,65.6,45,18.8,134,35.4,40] e [55]
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Figure B.11: Partial density of states of LiF for transverse
slow (green), transverse fast (red) and longitudinal (blue)
acoustic phonons (solid lines). The blue dashed curves to
the right of the acoustic curves show the partial contri-
bution of optical phonon channels to the DOS. The total
density of states is the black line. wp corresponds to the
maximum acoustic phonon energy and wo is the maximum
optical phonon energy.
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Figure B.13: Partial density of states of CaWOy for trans-
verse slow (green), transverse fast (red) and longitudinal

(blue) acoustic phonons (solid lines).

The blue dashed

curves to the right of the acoustic curves show the partial
contribution of optical phonon channels to the DOS. The
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